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Preface to the Second Edition

This book is based on the lectures on the theory of plasticity given by the
author in the Mechanics-Mathematics Faculty of the University of Leningrad.

The author has not attempted an exhaustive treatment of the whole of
plasticity theory. The book is mainly concerned with plastic deformation of
metals at normal temperatures, as related to questions of strength of machines
and structures. The prime concern of the book is to give a simple account of
the basic equations of plasticity theory and of the most well-developed
methods for solving them; also to discuss problems characterizing the special
nature of the plastic state and the diversity of the mechanical problems
involved.

The second edition has been substantially revised, reflecting important
developments in the progress of the theory during recent years. Thus, more
attention has been given to yield surfaces and to the associated yield law,
and the chapters devoted to plane stress and the axisymmetric problem have
been extended. The section on extremum principles and energetic methods of
solution has been essentially rewritten. A new chapter has been included on
the theory of shakedown, which is of great significance in connection with
the role of varying loads in the origin of rupture. In the last ten years marked
progress has been made with the model of a rigid-plastic body in dynamic
problems; and so some additions have been introduced in Chapter XI.

xi



xii PREFACE TO THE SECOND EDITION

In order to avoid overloading the course with unnecessary details, some of
the more difficult problems have been omitted from the second edition, and
the chapters on the stability of equilibrium and composite plastic media have
been shortened.

It is assumed that the reader is familiar with the basic ideas of strength of
materials and of the theory of elasticity. In order to facilitate study of the
book, the more difficult passages that may be omitted on a first reading have
been indicated by small type or by asterisks.

The list of references is not exhaustive. To assist orientation in the vast
literature on the theory of plasticity, books and review articles in which
supplementary references can be found are given in special lists.

The author acknowledges the readers who have pointed out defects in the
first edition, and is grateful to A.A. Vakulenko, A.l. Kuznetsov, V.1. Rozen-
blyum, and G.S. Shapiro for their valuable comments in connection with the
manuscript. A.I. Kuznetsov also read the proofs; the author expresses sincere
thanks to him for a number of important corrections.

L.M. Kachanov
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Basic Notation

— components of the stress ten-
SOr.

— components of the stress devi-
atoric.

— components of the strain ten-
sor.

— components of the strain devi-
atoric.

— components of the rate of
strain tensor.

— displacements components.

—velocity components.

— Kronecker symbol.

— the intensities respectively of
the tangential stress, the shear-
ing strain and the shear strain
rate.

— the yield limits respectively for
tension and pure shear.






Introduction

1. Theory of Plasticity

It is well known that solid bodies are elastic only if the applied loads are
small. Under the influence of more or less substantial forces, bodies
experience inelastic, plastic deformations. Plastic properties are extremely
varied, and depend both on the materials under investigation and the ambient
conditions (temperature, duration of the process and so on). Thus, the plastic
deformation of durable metals (steel, various hard alloys, etc.), in conditions
of normal temperature, is virtually independent of time; while metals
operating under conditions of high temperature (components of boilers,
steam and gas turbines) experience plastic deformation which increases with
time (creep), i.e. roughly speaking they flow rather like a viscous fluid.

When speaking of plasticity theory, one usually has in mind the theory of
time-independent plastic deformations (athermal plasticity). Just such plastic
deformations are considered in the present book; only in the last chapter are
the effects of viscosity discussed. Plastic flow in which time has an influence
is studied in the theory of creep, the theory of viscoplasticity, and rheology.

Plasticity theory aims at the mathematical study of stresses and displace-
ments in plastically deformable (in the above sense) bodies.

The theory of plasticity is an aspect of the mechanics of deformable

1



2 INTRODUCTION

bodies and is closely related to the theory of elasticity, in which the stresses
and strains in perfectly elastic bodies are studied; many of the basic concepts
of elasticity theory are also to be found in the theory of plasticity.

The methods of plasticity theory are those commonly used in analyzing
the mechanics of deformable media. The first problem is to establish the basic
laws of plastic deformation on the basis of experimental data (and, if
possible, certain considerations borrowed from theoretical physics). With the
help of these laws, which have a phenomenological character, a system of
equations is obtained. The solution of these equations, so as to obtain a
picture of the plastic deformation of a body in various circumstances, is then
the other major problem of plasticity theory.

Let us dwell on some particular features of the theory of plasticity. In the
first place, a large part of the theory (in contrast with elasticity theory) is
taken up with the question of establishing laws of plastic deformation in a
complex stress state. This is a difficult question, and it should be noted that
laws which agree satisfactorily with experimental data (with certain limita-
tions) have been established mainly for metals, although they probably retain
their validity for many other materials. Another characteristic of plasticity
theory is the nondinearity of the principal laws, and hence of the basic
equations of the theory. The solution of these equations presents great
mathematical difficulties; the classical methods of mathematical physics are
useless here. The development of methods of investigation which overcome
these difficulties for specific problems is therefore extremely important.
Under these conditions the use of new computing techniques is also very
significant.

2. Application of the Theory of Plasticity

Plasticity theory has important applications in engineering and physics.

The resolution of many questions relating to the strength of various kinds
of machines and structures is based on the inferences of plasticity theory. The
theory opens up prospects of a more complete use of the strength resources
of bodies and leads to a progressive method of calculating details of machines
and structures as regards their load-bearing capacity. This method is
characterized by its simplicity, and also it often permits an approach to the
problem of the direct design of optimum structures (the theory of optimal
design, see [73]).

The economic value of the use of processes involving plastic deformation
of metals in hot and cold conditions is well known (rolling, drawing, forging,
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stamping, cutting of metals, etc.); the analysis of the forces necessary to
accomplish these processes and of the corresponding deformation distribu-
tions constitutes another very important area for the application of plasticity
theory.

The study of the strength-properties of materials is based on the results of
plasticity theory, since as a rule plastic deformation precedes fracture.

Analysis of the behaviour of structures under impacting, impulsive loads
requires the development of the dynamical theory of plasticity.

In recent years plasticity theory has been successfully employed in
research into the mechanism of pressure in rocks, a matter of consider-
able interest for the mining industry.

Finally, it should be noted that there is a series of works projecting the use
of the methods of plasticity theory in geophysical and geological problems.

3. A Brief Historical Account

The earliest contributions to a mathematical theory of plasticity were
made in the seventies of the last century and are associated with the names of
Saint Venant, for his investigation of the equations of plane strain [156,157],
and M. Levy, who, following the ideas of Saint Venant established the
equations for the three-dimensional case [129]; he also introduced the
method of linearization for the plane problem [130].

Subsequently the development of the theory of plasticity proceeded
slowly. Some progress was made at the beginning of this century, when the
works of Haar and von Karman ([162], 1909) and R.von Mises ([136],
1913) were published. The former was attempt to obtain equations for
plasticity theory from a certain variational principle. In von Mises’ work a
new yield criterion was clearly formulated ! (the condition of the constancy
of the intensity of the tangential stresses).

During the last twenty years the theory of plasticity has been intensively
developed, at first mainly in Germany. In the works of H. Hencky [94,96],
L. Prandtl [144], R.von Mises [136] and other authors important results
were obtained, both in the basic equations of plasticity theory and in the
methods of solving the plane problem. At the same time the first systematic
researches into the laws of plastic deformation in a complex stress state were
undertaken, and also the first successful applications of plasticity theory to

! We note that a similar condition was given earlier, though in a less precise form, and
not in ion with the ion of the h ical theory of plasticity.
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engineering problems. In recent years plasticity theory has come to attract
the attention of a wide circle of scientists and engineers; intensive theoretical
and experimental research is proceeding in many countries, including the
Soviet Union. The theory of plasticity, together with gas dynamics, is
becoming the most energetically developed branch of continuum mechanics.



Basic Concepts in the Mechanics

of Continuous Media

In this chapter we outline the basic formulae of the theory of stress and
strain; in the process we identify the most important information for the
development of the theory of plasticity.

§1. Stress

1.1. Stress

At a given point in a continuous medium the state of stress is characterized
by a symmetric stress tensor

O Tyy Txz
To= |7y o0y 1yl a.n

Txz Tyz O

where o,, 0y, 0; are the normal components, and 7y, 7, 7, the tangential
components of stress in a rectangular coordinate system with axes x, y, z.

The stress vector p on an arbitrarily oriented surface with unit normal n
(fig. 1) is given by Cauchy’s formulae:

s
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Px = 0xRy + Tyyny, + 7507,
Py=Tyyny+Oyn, +1,.n,, 1.2)
Pz = Txgly ¥ Ty 0y, + 0,0,
where n,, n,, n, are the components of the unit normal n and are equal res-
pectively to the direction cosines cos (n, x), cos (n, ), cos (n z).

z

X
Fig. 1.

The projection of the vector p in the direction of the normal gives the nor-
mal stress 0,,, acting on the surface in question:

= 2 2 2
0 = Oyny oy +on; + 21, ,n,n, + 21,00, + 27,0y, . (1.3)

The magnitude of the tangential stress 7,, equals
Ta=Vp2+p2+p2-ol. (14)

At each point of the medium there exist three mutually perpendicular sur-
face elements on which the tangential stresses are zero. The directions of the
normals to these surfaces constitute the principal directions of the stress ten-
sor and do not depend on the choice of the coordinate system x, y, z. This
means that any stress state at the given point may be induced by stretching
the neighbourhood of the point in three mutually perpendicular directions.
The corresponding stresses are called principal normal stresses; we shall denote
them by 0y, 05, 05 and number the principal axes so that

01> 02>03. (1.5)
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The stress tensor, referred to principal axes, has the form

.} 0 0
Ta =10 oy 0
0 0 o3

Fig. 2.

It is not difficult to show from formulae (1.2)—(1.4) that in cross-sections,
which bisect the angles between the principal planes and pass respectively
through the principal axes 1, 2, 3 (fig. 2), the tangential stresses have magni-
tudes

loy—0y1, $lo3—0,l, 1lo)-a,l.

The tangential stresses on these cross-sections have extremum values and
are called principal tangential stresses. We define these by the formulae

1n1=4003-05), 1=13-0), 13=4@1-0y). (1.6)

With change in the orientation of a surface, the intensity of the tangential
stress 7, acting on it also changes. The maximum value of 7, at a given point

is called the maximum tangential stress Tp,y. If condition (1.5) is satisfied,
then

Tmax = — T2 -

It is not difficult to determine from equation (1.3) that the normal stresses
on the planes on which the principal tangential stresses (1.6) act, respectively
equal
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joato)),  osto),  3(o1+0y. an

Once the principal stresses 0y, 02, 03 and the principal directions 1, 2, 3
have been assigned, the stress tensor can be determined. This designation is
notable for its mechanical clarity. The principal stresses o; (i = 1, 2, 3) are the
roots of the cubic equation

G Ty Ty
Tey  O~A Ty, [=0
Txz Tys 0,—A
or
N HLTIN+INT)N+Iy(T,)=0. 1.8)

It is evident that the normal stresses o, on a given surface do not depend
on the choice of the coordinate system and are changed only by a rotation of
the surface. The principal stresses 0y, 0, 03 are extremum values of the nor-
mal stress o, and hence are independent of the choice of the coordinate sys-
tem. Equation (1.8) may be obtained as the condition for extremum values of
0,. Consequently the coefficients of the cubic equation (1.8) do not change
on transformation from one orthogonal coordinate system to another, i.e.
they are invariants. These coefficients

I(T,)=0y+0y+03=30,
I)(T,) = —(0104 + 0504 + 0301) , 1.9
I13(T,) = 010503,

written for brevity in principal axes, are called respectively the linear, qua-
dratic and cubic invariants of the tensor; it is convenient to work with them
because they are completely rational functions of the stress components and
moreover are symmetrical (i.e. are not changed by a permutation of the inde-
pendent variables).

The quantity

[ =%(ax +o,+ a,)

is called the mean (or hydrostatic) pressure at a point. The significance of the
other invariants will be explained below.

1.2, The stress deviatoric
Since, as a rule, materials possess different mechanical properties as regards
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shear and uniform, cubical compression, it is advantageous to write the stress
tensor in the form ')

T,=oTy+D,, (1.10)

is a spherical tensor corresponding to the mean
0 o

pressure at the point, and

g 0 O
where oT, = ”o ¢ 0
0

0,—0 Ty Txz
D,= Ty 00 Ty, (1.11)
Txz Tyy 66

is a tensor characterising the tangential stress at the given point, termed the
stress deviatoric.

The normal components of the latter (i.e. 0,—0, 0y—0, 0,—0) will some-
times be designated by s, s,, 5,. The principal directions of the stress devia-
toric D o and of the stress tensor T, coincide, but the principal values s; differ
from o; by the mean pressure, and they are determined, obviously, by the
cubic equation

N +1,(D,)\+13(D,)=0, 1.12)

whose roots are all real.
The invariants of the deviatoric are easily obtained from (1.9), if we re-
place 0y, 03, 03 by sy, 55, 53 respectively:

nL»,)=0,
1,(D,) = }[(01-02) + (03-03)2 + (03-01)?] , (1.13)
I3D,) = sy5253 .

It is evident that the stress deviatoric is characterized by only five indepen-
dent quantities.

1) Ty is so-called unit tensor

1 0 0
=0 1 of,
0 0 1

for which any direction is principal and which has disgonal elements equal to unity in an
arbitrary orthogonal system of coordinates x, y, z.
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The non-negative quantity
T=+V1,(D,) =

1
=ﬁ\/ (0,=0,)2 +(0,~0,)2 + (0,0, )2 + 6 (1,2 +Ty,2 +1,0)  (1.14)

is called the tangential stress intensity *).
The tangential stress intensity is zero only when the state of stress is a
state of hydrostatic pressure.
For pure shear
0 =7, 9;=0, 03=-7,
where 7 is the shear stress. It follows that
T=rt.
In the case of simple tension (compression) in the direction of the x-axis

0,=0y; 4

y=xz=Tx

Yy =Ty =T =0;

yz
then
T=lo,IN3. 1.15)

Since the cubic equation (1.12) has real roots, its solution can be ex-
pressed in trigonometrical form. Using well-known algebraic formulae we can
express the principal components of the deviatoric in terms of an invariant
[43, 44]:

5y =\/L§Tcos (w0—§1r) ,
2
s2=%Tcos(w,+%1r), (1.16)

-2
.\‘3—\/§-Tcosw°.

The angle w, is specified by the equation

W3 13(D,)

o7 1.17)

—cos 3w, =

hs imes one iders the reduced stress (or stress intensity) equal to\/37: in
the case of simple tension (compression) the reduced stress equals |0, .
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From (1.6) and (1.16) it is not difficult to find the principal tangential
stresses:
7,=-Tsin (wa—%ﬂ) ,
12=—Tsin(w,+13~1r), (1.18)
73=T'sin wg .
The angle w,, lies in the range
0<w,<im. (1.19)
In fact, since 0; > 05 > 03, then 7y >0, 7, <0,73 >0, i.e.sin (wc—iﬂ)
<0, sin (w, + %ﬂ) 20, sin w, >0, whence (1.19) follows.
We have aiready shown that 7, = —7,, and so from (1 .19) we obtain the
inequality
T 2
I€S—<7=, (1.20)
Tmax \/_
established by A.A. I'yushin by another method. Thus the tangential stress
intensity T and the maximum shear stress 7, are not significantly different.
Indeed

T~ 1.08 7y 21

with a maximum error of about 7%.

As shown by V.V. Novozhilov [139], the tangential stress intensity T is
proportional to the mean square of the tangential stresses evaluated over the
surface of a small sphere surrounding the point of the body under considera-
tion.

1.3. Tensor notation

The analysis and presentation of general questions in plasticity theory are
greatly simplified and clarified by the use of tensor notation. This notation is
becoming increasingly widespread in contemporary scientific literature on
plasticity theory, and therefore it will be used in various parts of this book.

The cartesian coordinates x, y, z will be denoted by x, x5, x3 and written
as x;, where the index i takes the values 1, 2, 3. Of course in place of i it is
possible to take another letter (for example, j, j = 1, 2, 3; usually latin letters
are used). By n; (or, say, n;) we denote the components of unit vector normal
to a surface; it is obvious that n; equal the direction cosines of the normal.

It is now possible to specify the components of the stress tensor by 9,
i, j=1,2,3. Because of the reciprocity law of the tangential stresses, 0jj = 0j;.
The relation between the tensor notation and the “technical” notation used
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earlier is evidently: 0y = 0y, 0} = Txy, etc. We shall, moreover, refer to the
stress tensor as the tensor o;;.
Cauchy’s formulae (1.2) can now be rewritten in the form

3
p;= i§ 0, j=1,2,3.

Widespread use is made of the summation rule, introduced by A. Einstein.
The summation sign is omitted, with the convention that every repeated latin
index in a monomial indicates summation over the numbers 1, 2, 3. Then the
preceeding formula is written in the form

pj=oin;. (1.22)
A repeated index i is called a dummy index (or summation index); it may
be substituted by any other (usually latin) letter. In each monomial the same
dummy index must not be repeated more than twice. The index j is some-
times called free.
It is easy to see that the normal stress g, (1.3) equals

On = Oy (1.23)

here there are two dummy indices i, j and it follows that two summations are
to be carried out. There are no free indices.
The mean pressure equals

o= %o,-ﬁ %(all +0,+054) .
The Kronecker symbol (delta symbol) is defined by the relations

_ | 1wheni=j,

8;= Owheni#j.

A tensor with these components in a coordinate system x; is called the unit
tensor (see Ty).
The stress deviatoric has the components

5= 05— 08 5. (1.29)

The linear invariant of the deviatoric is zero, 1.e. s;; = 0. It is not difficult
to see that the tangential stress intensity in the new notation equals

T= syt - (125)
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The mean pressure can also be expressed in the form

=1
0=30;8;.

1.4. Geometrical interpretation

Let us now return to an examination of the quantities o, T, w,, through
which the principal stresses are evaluated. It is possible to give the quantities
0, T, w, a simple geometrical interpretation. For this purpose we introduce
the space of the principal stresses 0;, 03, 03. Then the stress at a given point
in this stress space can be represented by a vector OP, with components g,
0,9, 05 respectively (fig. 3). The surface

0, +0y+33=0 (1.26)

passes through the origin of coordinates and is equally inclined to the axes.
Since the sum of the squares of the cosines of the angles between the normal
n and the axes equals unity, then cos (n, 0) = 1/7/3. It follows that the unit
vector normal to the surface in question is given by

D EP
n—\/§(|l+|2+l3),
where iy, iy, i3 ate unit vectors along the axes 0;, 0,, 03. The straight line

0)1=02=03
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passes through the origin and is perpendicular to the surface under considera-
tion. Points on this line, called the hydrostatic axis, correspond to the hydro-
static stress state.

We introduce the vector OP in the form

OP = i, + 04iy + 03i3 .

The projection of OP on the normal is proportional to the mean pressure:
©P,n)=+/30.

We now introduce the vector 0Q:
0Q = sy + 55iy + 5413,

which characterizes the deviatoric D, It is easily seen that OP = 0Q ++/3 on.
We note that

©Q,m=0,

i.e. the vector OQ lies in the plane (1.26); we shall call the latter the deviator-
ic plane.
The length of the vector OQ is proportional to the shear stress intensity

10QI=v2T. 1.27)

The angle w,, defines the location of the vector OQ in the deviatoric plane.

Fig. 5.
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lndeed suppose that the axes 14, 2’ and 3’ are the projections of the axes oy,
, 03 on the pla.ne D (fig. 4). We shall calculate the projection of the vector
on the axis 3'. Since

cos (03,3") = \/_, cos (01,3") = cos (05,3") = —-\}_6—’

then
3

proj. 0Q = 'El 5i€0s(0;,3") = /2T cos w, .
i=

Thus the angle between the vector OQ and the negative 3' axis equals w,_.
The vector OQ cannot be inclined to the negative 3' axis by more than 60°.

Consider the plane which at a given point of the medium is equally in-
clined to the principal axes. This plane will be called the octahedral plane
(since it is the face of a right octahedron, fig. 5). The projections of the stress
vector p (cf. fig. 3) acting on the octahedral plane are, by Cauchy’s formulae
(1.2), equal respectively to ol/\/§ y 02/\/5, 03/\/5. Hence the normal stress on
this surface is

o, =0,

i.e. equals the mean pressure; the shear stress is proportional to T
Th= \/;T .

1.5. Mohr’s circle

A graphical representation of the stresses in different cross-sections passing
through a given point is provided by Mohr’s diagram. Suppose that at this
point the directions of the coordinate axes coincide with the principal direc-
tions; then because of formulae (1.3) and (1.2) we have

n= oln} + azn% +a3n3,
o? +12= o3n? + 03n3 + o3n?,
while
1= n1 +n2+n3

From this system of equations we find the squares of the direction co-
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sines:

1’: +(0,—03) (0,—03)
(01-02) (01-03)
7121 +(0,—03) (0,—0¢)
(02-03) (02-0y)
1,2‘ +(0,—01) (0,—07)
(03-01) (03-02)

nt

nl , (1.28)

n

Since 0, > 0, > 03, and the left-hand sides of these equalities are non-nega-
tive, it follows that

1’% +(0,—-0,) (0,—03) 30,
r: +(0,—03) (0,—0,) <0,
12+ (0,=0,) (0,=0) >0,

i.e. the stresses 0, 7, lie inside the region bounded by the semi-circles and
shown cross-hatched in fig. 6; the points on any circle have corresponding sur-
face elements which contain the respective principal axis. The direction co-
sines of the surface element, with given o, 7,,, are calculated from formulae
(1.28). It is evident that the radii of the circles are not changed when a uni-
form additional pressure is imposed on the body and the whole figure merely
shifts along the horizontal axis o,,.

Tn

(o]
| O3 02 3 On

Fig. 6.

It is possible to express the inter-relationship between the principal com-
ponents of the stress tensor by means of the coefficient

0-03

=2 -1, (1.29)

? Ta-0y
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introduced by Lode and Nadai. This characterizes the position of the point o,
in Mohr’s diagram, and loses its meaning only in the case of hydrostatic pres-
sure.

For the same values of u, Mohr’s diagrams are similar. It is evident that at
afixed value of u, the character of the stress is precisely defined up to a mul-
tiplicative factor and an additive hydrostatic pressure. In this sense it is possi-
ble to regard u, as representing the shape of the stress tensor (or deviatoric),
and as being characteristic of the “nature of the stress state”. The multiplica-
tive factor, which characterizes the “scale”, is proportional to the intensity T,
as is evident from (1.16).

The parameter u, varies in the range —1 to + 1; thus, for pure tension
(0, >0,0,=03=0)

Mg =-1,

for pure compression (0) =0, =0, 03 =—-0,)
Hg=+1,

for pure shear (0, >0, 0, =0, 03 = —0,)
H,=0.

The parameter u, is a function of the invariants /(D ), /3(D,,) and bears a
simple relationship to the angle w,. From (1.29) and (1.16) it follows that

=3 cot (w, +3m) . (1.30)

The angle w_ is sometimes called the angle of the nature of the stress state.
Notice that for tension w, = %n, for shearing w, = én, and for compression
w,=0.

o

§2. Strain

2.1. The strain tensor

Suppose that on deformation the points of a medium undergo a displace-
ment u, whose components we shall designate by u,, uy, u,. The deformation
of the medium is characterized by the symmetric strain tensor

1 1
€x RET 2 Yxz
T.=|3 Txy €y %7}'2 »
i— 7,\1 ‘ 'ZL 7yz Ez

with components
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[ (2 (2]
&= ax+2 ox * ox ax v
BN L
X 9y ox x 9y ox 9y ox ay ]’
The strain tensor, as with any symmetric tensor, can be reduced to diago-
nal form:

e 0 O
Te= 0 €2 of ,
0 0 €3

where €, €, €3 are called principal elongations. This means that any strain
may be realised by simple extensions in three mutually perpendicular direc-
tions (principal directions).

The differences

Y1 =€y—€3, vy =€3—€1, Y3=€1—€3 (2)

are called principal shears. The greatest in value of the shears at a given point
will be called the maximum shear 7y, .

2.2. Small deformation

In the case of small deformation the components ¢,, €)s e s Ty ATE small
compared with unity; if, moreover, the angles of rotation are sufficiently
small (an analysis of this question is given in the course on elasticity theory
by V.V. Novozhilov [27]), then it is possible to neglect the products
(bux/ax)z, (3u,/dx) (3u,/dy), ... , in formula (2.1). Consequently

ou, duy, ou,
™ TR TwL
du, u, _du, . ou, ou, du,

7xy=$+3_x" V2= % W: 'Yx,=5+ax.

Here ¢,, €y, €, represent the relative elongations respectively in the directions
of the axes x, y, z, and 7y, 7y, 7y, the relative shears (,, is the change in
angle between the axes x, y, and so on); the relative change in volume equals

€= te, te,. 2.4)

These simple formulae are inadequate if we wish to describe substantial
changes in the shape of massive bodies; for then the strain components are
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comparable in size with unity and it is necessary to proceed from the general
relations (2.1). We also emphasize that even with small elongations and
shears, the linear relations (2.3) often prove to be inadequate in problems of
deformation and stability of flexible bodies (rods, plates, shells), because ele-
ments of the bodies undergo considerable displacements and rotations. Sub-
sequently, when talking about small deformation, we shall mean deforma-
tion such that (2.3) are applicable.
We shall often use tensor notation for the strain components:

_1 aui aui 25
fii‘i(a—xi“iﬂ)’ @9

where x; are cartesian coordinates, and u; are the components of the vector
displacement. It is easily seen that

€=€;8;.

2.3. Invariants
The invariants of the strain tensor are formed just as for the stress tensor,
and in principal axes have the form

I(T)=€ teytes,
LT =162+ €63+ €3¢1) , (2:6)
K(T,) =€j€e5€5 .
It is convenient to represent the strain tensor as the sum
Te=4¢Ty +D, @7

where %eTl is a spherical tensor corresponding to volumetric dilatation, and
the strain deviatoric
_1 1 1
ef 3€ 27x Vxz |
‘De - %7_(}: e{_je ;
1
Mxz  IMyz  €3€
chara}cterizes the change in shape of elements of the medium caused by shear.
The invariants of the strain deviatoric are

5L(®y)=0,
D) = [(e1—ex) + (ep—e3 + (e3-€1)] , 28)
3D, = 61-}e) (e-3€) (e3-3€) -

Tyz
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In plasticity theory an important role is played by the quadratic invariant
15(D,), which may be considered as a global characteristic of the distortion in
shape of an element of the medium. The non-negative quantity

r=+2/5L0,)=
ViV (e )P+ (ee ) + 302, + 12 +7%) @9

is called the shear strain intensity ').
In the case of pure shear

=€y =€ =7 =V =0, Yxy =7

Introducing these values into (2.1) we find:
T=lyl.

The numerical factor before the root in (2.9) is chosen so that in pure
shear the intensity I' equals the magnitude of the shear 7.
The relation (2.7) can also be written in the form

€T %eb,-,- tej, (2.10)
where e, are the strain deviatoric components. In this notation the first equal-
ity in (2.8) appears as ¢;; = 0, and the shear strain intensity equals

T = (2 ,,)* 2.11)
2.4, Geometrical interpretation

A geometrical interpretation, analogous to that discussed above for the
stress tensor, can be developed for any symmetrical tensor, and in particular

for the strain tensor.
As in our earlier analysis we obtain

1

e = ﬁ I cos (w— ;n)
e, = %l" cos (w, + 31r) (2.12)
-_ L
ey = —ﬁf‘coswe,
) we i ider the reduced strain (or strain mtenmy) whn:h equals T/\/3.
In the case of simple tension (compression) of a rod of i p ial, the re-

duced strain equals le; .
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where

—cos 3w, = 1—2—\/%&‘) . (2.13)
So, just as before,

0<w.< %n
and we find the approximate relation

I~ 1.08*Ymax - (2.149)

Mohr’s diagram retains its significance; it is necessary to measure along the
abscissa the relative elongation € in a given direction and along the ordinate
half modulus of the shear v, on the plane perpendicular ta n.

Corresponding to the parameter u, we introduce the parameter

€2—€3
€1—€3

He=2 -1,

associated with the angle of the nature of the shear w, by the relation
B =/3 cot (w, +3m). 2.15)

2.5. The strain compatibility conditions
The strain components must satisfy the six homologous relations of Saint
Venant:

a2e, 3%, 82'7,),

ayz ax2 oxoy '’

2
9 €& _d ( a~,ﬂ+a7x,+a-y,y) .

258 " Ty T

(2.16)

The rest of the relations are obtained by cyclic substitution of the indices.

2.6. Strain components in cylindrical and spherical coordinates

Later we shall need expressions for the strain p in cylindrical and spherical
Coon‘hnates we quote them wnhout derivation [20, 48].
diy r, ¢, z. Suppose that the di of the displ vec-

:’ Up, ugy, “z are independent of y; then the relative extensions and ;he‘u strains have
e form
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o= Ouy ur Qg
=3 w="", =3
Bu B’u a: B, @i
e YUy - el e
™ T Wt Wy ta
Spherical coordinates r, y, x. In the case of interest, namely that of spherical sym-
metry, the p of the displ. vector u, = uy = 0, and
Quyp ur
¢,=?. ¢¢=ex=—"; 'ym,='ywx=7,-x=0. (2.18)

§3. Rate of strain

3.1. The strain-rate tensor
Let the particles of the medium move with velocity v, whose components
are

U =ox 3, 2,1),  v,=u(ny,2,0), v, =ukyz1).

In an infinitesimal time dr the medium experiences an infinitesimal strain,
determined by the translations u,dt, uydt, u,dt. The components of this
strain, calculated from (2.3), have a common factor dr, and on dividing this
out we get the components of the symmetrical strain-rate tensor

1 1
&y My Mz

1 1
Te= |27y & Myz|| »

%ﬂxz %"yz Ez
where
- v, _y, _%,
x = B 5}'_5’ E’_W'
3.0
o, 8vy - a&, . 922_ v, N o,

Wi TR WTa 'y TEtw

The quantities £, £y, £, determine the rates of relative elongations of an ele-
mentary volume in the directions of the coordinate axes; Nyyy, Mz, Mz deter-
mine the angular rates of change of initially right angles. The rate of relative
volume dilatation is

E=b +E, +E=divy 3.2)

Besides the rate of pure shear characterized by the tensor TE' a volume ele-
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ment experiences rigid body displacement, determined by the translatory ve-
locity v, and a rotation with angular velocity

w=gcurlv.

The acceleration of a particle of the medium is given by the total (mate-
rial) derivative of the velocity

v, o v, o,
Wx=3[{+vxa_;+v}'a_;+uzf-’"' 3.3)
Here the first term on the right characterizes the local change, and the re-
mainder represents the translatory part, which takes into account the change
produced by following the particle motion through space.

In tensor notation the components of the rate of strain are

1 du; dv;
b3 (i),
j i
where v; are the components of the velocity vector.

3.2. Invariants of the strain-rate tensor

The invariants of the tensor Ty and of the deviatoric D, may be obtained
from formulae (2.6) and (2.8) on replacing €, . . . , 7, by &, ..., M,,. We
shall write out only the expression for the shear strain-rate intensity:

H=+2/T,D)=
VIV Gt P bR Gt At l) . (G4
Mohr’s diagram and the coefficient Mg can also be applied to the strain-

rates. The quantity wy and corresponding formulae for the principal values of
the deviatoric Dy can be introduced as before.

3.3. Strain and rate of strain

Since velocities are the total derivatives of the displacement with time,
du;

v,-=?,

then
_1(a 4 5 du/)
b 2(ax,- Tt @)
It is evident that

(3.5)
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d
& # ar i -

In the case of small deformation simple relations exist between the strain
components and the strain-rate components, namely,

Vi= 37 Ui
and
Ej= 5 € 3.6)
The acceleration is given by the formula
3%,
w;= ? . 3.7

The translatory part in the expression for the total derivative is omitted on
the grounds that, with small strains, it is usually possible to assume that the
coordinate derivatives of displacement and velocity can be neglected.

One should finally record that §;# (3/0¢) €;, since the principal axes of the
strain tensor and the strain-rate tensor do not, in general, coincide.

3.4. Increments in the strain components

The mechanical properties of metals in conditions of relatively slow, plas-
tic deformation at not too high a temperature, are practically independent of
the rate of deformation, as will be explained below. In this case the interest
lies in fact, not in the rate of strain, but in the infinitesimal increments ';’,-pt
(conventionally we shall denote them by de,-l-, bearing in mind that generally
speaking these quantities are not differentials of the components of strain).
These are determined in accordance with (3.5) by the formula

1/ 3 )
d€,<i ) (a—x, du; +—a;; du/) . (3.8)
They generate a tensor T4, and have a simple physical meaning. The relations
(3.8) are useful for describing large strains, which may be obtained by inte-
grating the infinitesimal changes (3.8).

In formulae (3.8) the increments in the strain components are evaluated
with respect to the instantaneous state; the system of coordinates x; is as-
sumed to be fixed in the volume element.
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Consider, for example, a uniform tension along the axis of a cylinder, the
axis coinciding with x,; then
de; =dl/l,

where / is the instantaneous length of the cylinder and d/ is the infinitesimal
change in it. Integration leads to the so-called natural elongation

I
lo °
where [, is the initial length.

If the principal axes do not rotate under deformation, the integrals f de;
have a simple physical meaning, being equal to the corresponding natural
elongations In (fl;,). It is evident that with this quite simple law strains are
additive: the sum of successive natural elongations equals the resultant natu-
ral elongation.

In the general case the integrals [ deij can not be evaluated and do not have
a specific physical meaning; these integrals can be found if the strain path is
known, i.e. if the components de,-,- are known as functions of some parameter
(for example, the load). This limits the range of application of natural elon-
gations as measures of strain to the case of fixed principal directions.

The invariants of the tensor Ty, (deviatoric Dg,), which are obtained from
the corresponding invariants of the tensor T, on passing to the components
de,-i, will be denoted by

de , dr, Hye » Wye -

We emphasize once more that the quantities de,-’» must not be regarded as
differentials of the strain components €;. The latter is true only for small
strains, when (2.3) are valid; in this case simple superposition of strains is per-
missible and the integrals f de;; are the strain components.

3.5. Compatibility conditions for the rates of strain
The strain-rate components, like the strain components (§2), can not be
specified arbitrarily. They must satisfy six compatibility conditions, fully ana-
logous to those of Saint-Venant (2.16):
a2 ax2 Axdy '

% _a (_3_",-_13@3"_»)
ax oy 0z

(3.9)

9dz ox
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3.6. The case of incompressible media
For incompressible media ¢ = 0, i.e.

9;/ax;=0 . (3.10)

With this condition the components §;j are components of the deviatoric of
the strain-rate, and the intensity of the shear strain-rate is

H= @t G.11)
§4. Differential equations of motion. Boundary and initial conditions

4.1. The differential equations of motion

We shall denote the density of the medium by p, the components of body
force per unit mass by F,, Fy, F,, and the components of acceleration of a
particle of the medium by w,, Wy, W The motion of an element of the me-
dium is determined by the forces applied to it; once these forces are specified,
we obtain the differential equations of motion of a continuous medium, first
derived by Cauchy:

90, 1y, 37y,
gi’gi’yi’p(px- x)—O,

ar,, do0, 0T
Lot st N w )=
B + % + 2 p(F, y) 0, @“@.1)
or,, 97, a0
7 S 7 it 4 _ =
ox +by +az to(Fywy)=0.

We emphasize that these equations describe the motion of the elements
about the medium, regarded as a solid particle.
In tensor notation these equations may be written in the form

%% v o Frwy=0 “2)
ax, TP Erwp=0.

Later we shall require the differential equations of equilibrium in cylindrical
and spherical coordinates; we quote these equations without derivation (see
[21,48]).

4.2. Equations of equilibrium in cylindrical coordinates
In cylindrical coordinates , g, z the equilibrium equations have the form
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90, | 07y, 37, 0,0,

Tttt TR0

or,, | 90, 97, 2

DAL S s e, } ‘=

P vty St Rl B @3)
a7, la'r@z %, 7,

oty e ta Ty teR=0

4.3. Equations of equilibrium in spherical coordinates
In spherical coordinates r (radius), ¢ (longitude), x (latitude) the equations
of equilibrium have in the case of spherical symmetry the form

do, 2

Fi’;(ﬂ,—ov) + pF,= 0, (4.4)
while

0,=0y, Tro=Tox = Trx 0.

4.4. Boundary conditions

Besides the equations quoted above, we require some boundary condi-
tions, which can be of various types.

On the boundary S of a body loads p,, p,, p, may be given. In this case
equations (1.2) must be satisfied on S; these are the conditions for the equili-
brium of an elementary tetrahedron adjacent to the boundary and under the
influence of internal and external forces.

Alternatively the displacements (or velocities) of points on the body’s
boundary may be prescribed.

Finally the boundary conditions may be mixed, with the loads given on
one part and the displacements (or speeds) given on another part on the
boundary.

4.5. Initial conditions

If the process of deformation is non-stationary and is described by equa-
tions containing derivatives with respect to time or with respect to a load par-
ameter, it is necessary to prescribe the initial state of the body.

§5. The mechanical constituti tions of a body

1

S.1. The hanical
The quantities considered above (force, stress, displacement, rotation,
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strain, strain-rate, etc.) are necessary for a description of the dynamic and
kinematic states of an elementary particle of the body and may be called the
mechanical variables. As we have seen, they are connected by the three equa-
tions of motion (4.1) only. For the construction of a complete phenomeno-
logical theory of the motion of a continuum it is necessary to have in addi-
tion the relationship between the dynamic and kinematic states of a particle.
A collection of such relations may be termed “mechanical constitutive equa-
tions”; it is necessary to distinguish them from the equations of motion (4.1),
which derive from d’Alembert’s principle and which describe the mechanics
of translation and rotation of particles of the medium.

The mechanical properties of real bodies are extremely complicated. It is
not, however, necessary to attempt to formulate constitutive equations des-
cribing all details of the mechanical behaviour of a body under the influence
of loads. On the contrary, it is expedient to choose the simplest mechanical
model, one that reflects only the most essential properties. Then it becomes
possible to develop satisfactorily a general mathematical theory. Such simple
models form the basis for subsequent refinements, and this explains the great
importance that models of ideal elastic bodies and ideal fluids have occupied
in mechanics and its applications.

5.2. Elastic body; ideal and viscous fluid

Continuum mechanics has long been concerned with the motions of ideal
and viscous fluids and also the deformations of ideal elastic bodies. For the
latter, we have as a constitutive relation the generalized Hooke's law:

€=3ko, G.1)
D,=2GD,, (52)

where k, G are constants of the material ').

In this form, the law emphasizes the distinction between the resistance of
an elastic body to changes in volume and to changes in shape (shearing). The
constants k, G can be regarded as independent.

For an ideal fluid we have the characteristic equation

flo,p)=0 (5.3)
and the condition of zero viscosity

D,=0.

1) The coefficient of volumetric compression, k = (1-2v)/E, where E is Young’s mod-
ulus, v is Poisson’s coefficient; the shear modulus G = E/2(1 + v).



PROBLEMS 29

For a viscous fluid, in addition to the characteristic equation (5.3), there
is the generalized Newton’s law

Dy=2uDy, (54)

where u'= const. is the coefficient of viscosity.

5.3. Concluding remarks

The above examples characterize the simplest mechanical properties of real
bodies. In particular the solid bodies described here have only the property of
ideal elasticity. Unfortunately solid bodies can be treated as elastic only with-
in narrow limits, and it is necessary to consider the important question of
plastic deformation. To do this it is first of all necessary to establish equa-
tions for the plastic state. In principle one can pose the question of deriving
such equations on the basis of solid-state physics. But the process of plastic
deformation is extremely complicated, being connected above all with various
defects of the crystal lattice. This fact, together with the complexity of the
structure of modern metallic alloys, makes clear the difficulty of the prob-
lem. There remains a second method, namely the use of equations for plastici-
ty based on experimental data. Such methods were introduced for the model
of an ideal elastic body and for ideal and viscous fluids considered above. It
was only much later that these equations were evolved from physical consid-
erations.

Finally, we remark that thermodynamic analysis contributes greatly to the
foundations of the equations of the plastic state, in particular the thermody-
namics of irreversible processes, which has been successfully developed in re-
cent years [42, 57, 69, 89].

PROBLEMS

1. Show that the principal directions of a tensor and its deviatoric coincide.
2. Show that from the relation

De=yD, ,

‘f’hﬂe V is a scalar, it follows that the deviatorics D, Do have identical principal direc-
tions, and that Be=p

3. Show by direct £ jon from the di system x, y, z to another co-
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ordinate system §, n, ¢ that the mean pressure and the shear stress intensity are invari-
ants:

ox oy +oz=0p+optogp,
(ox-0y)2+. ..+ 602, + .. )= (og-op)2+ ... +6F +.. ).

4. Find the radial displacement in the case of strain with spherical symmetry for an

p Calculate the natural strains.
5. Find the radial displacement in the case of small axi-symmetrical strains of an in-
pressibl di the displ u; in the direction of the z-axis is assumed to be
zero

How do the results change if u; is constant?



Equations of the Plastic State

§6. The mechanical properties of solids

6.1. Changes in density and shape of a solid

It is common practice to draw a distinction between solids and fluids, al-
though from a physical point of view this categorization is to some extent
conditional. Solid bodies and bodies sufficiently liquid to form drops are dif-
ferentiated by the effect of external forces on them, namely by unequal re-
sistance to change of shape. Water offers little resistance to change of shape,
whereas to change the shape of a piece of steel the application of great force
is ired. Experi by Bridg and others have shown that volumet-

ric compression of solids (not porous) and liquids is an elastic deformation,
with the dependence of the relative volumetric change on the pressure being
very nearly linear [6, 25). Thus, change of density of a body is an elastic de-
formation, determined by the mean pressure.lt is usually possible to neglect
as insignificant changes in density caused by plastic deformation.

The change of shape of a body is caused by shear strains. For isotropic
materials shear strains are almost independent of pressure, provided the pres-
sure is not very high. Bridgeman’s experiments show that the increase of the
shear modulus at a pressure of 10° atm., compared with its value at zero pres-
sure, is + 2.2% for coiled steel, + 1.8% for nickel and so on. The influence of

31
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pressure may prove to be important for questions of the movement of rock at
great depths in the earth.

It should be noted that for anisotropic materials the shear strains do de-
pend on pressure; pressure also plays an important role in questions of Limit-
ing equilibrium of freely-flowing media.

6.2. Elastic and plastic deformations

A picture of the resistance of a solid to change of shape is given by experi-
ments involving the extension of cylindrical specimens by the action of a
gradually increasing force P. The upper part of fig. 7 illustrates tension dia-
grams for soft steel and copper at room temperature.

L Tension
Fo
D Llithium
30t B Cc Iron
20HfA Jpp— Copper
of =77
-003 -002 -001 ol AL
- oot 002 o003 ‘o
_--" f-10
- AJ{-20
1-30
o Compression
Fig. 7.

The stress P/F,, where F is the original cross-sectional area of the rod, is
measured along the vertical axis, and the relative elongation Al/l,,, where [ is
the initial length of the specimen, is taken along the horizontal axis. Point A
corresponds to the so-called /limit of proportionality and lies a little below the
elastic limit B, beyond which residual strains appear and the elongations rap-
idly increase; the characteristic yield plateau BC is displayed, after which the
stress again increases. Section CD corresponds to the hardening state of the
material. The diagram for the compression of such materials is on the whole
similar to the tension disgram, although the values of the stresses at points
A’, B, C', D' are usually somewhat larger than those at the corresponding
points A, B, C, D. Transition to the yield plateau is sometimes associated
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with a sharp peak. The stress which characterizes the plateau BC will be called
the yield limit ).

For certain materials (e.g. annealed copper, aluminium, high alloy steels,
etc.) the tension curve does not possess a yield plateau and sometimes it does
not have a linear section.

If the load is reduced, then in general the unloading curve ABC (fig. 8) is
nearly a straight line, whose slope is the same as that of the line of the elastic
section; the magnitude of the residual strain is given by the distance OC.

P
Fo E

e

Fig. 8.

Experiments with pure shear (torsion of a tube) result in strain curves
completely analogous to the tension curves.

In plasticity theory strain curves are usually schematic. In fig. 9 we show
such a schematic diagram of the dependence between shear strain vy and tan-
gential stress y in experiments with pure shear. Initially, for 7 < 7, the mater-
ial follows Hooke’s law

7=Gy. 6.1)

Then a phase AB of yield sets in, which is characterized by the growth of
shear strain at constant tangential stress

T=const. = 7. 6.2)
') Notice that this definition does not conform with the concept, widely used in en-

zineering, of a conditional yield limit as the stress corresponding to a residual strain of
.2%.
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Fig. 9.

This state continues until y reaches the value v, which we shall call the shear
yield limit. After this the material passes to a strain-hardening phase BC,
where the dependence between 7 and y may be written in the form

T=g(¥)7. (6.3)

The function g(y) is sometimes called the modulus of plasticity,; experi-
ments give 0 < g(y) < G. In the absence of a yield plateau, the strain-harden-
ing phase BC directly joins the linear elastic section OA.

6.3. Strain-hardening

For metals the unloading curve ABC (fig. 8) is in general a straight line; if
the specimen is again loaded, then the stress curve CDE will differ little from
the line ABC. In this way, owing to the original stretching, the metal seems to
acquire elastic properties and to increase its elastic limit; to a significant ex-
tent it in fact loses the capacity for plastic deformation. This phenomenon is
called strain hardening.

In the course of time it is observed that the hardening is partially relieved.
This phenomenon, called relaxation of the material, becomes more noticeable
with increase in temperature. At high temperatures the acquired hardening
disappears (annealing of the material).

6.4. Strain anisotropy

Hardening usually has a directional character. Therefore as a result of plas-
tic deformation, material acquires so-called strain anisotropy. One of the re-
sults of strain anisotropy is the Bauschinger effect, namely that an initial plas-
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tic deformation of one sign reduces the resistance of the material with respect
to a subsequent plastic deformation of the opposite sign. Thus plastic tension
of a rod leads to a noticeable drop in the yield plateau in a subsequent com-
pression of that rod.
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8
A
1.0
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Ar Ar

b b M Y
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Fig. 10.

6.5. Influence of the strain rate

If tests take place at normal time intervals at room temperature, the mech-
anical properties of steel and other refractory metals are almost independent
of the strain rate. Fig. 10 illustrates the experimental results of Ziebel and
Pomp for the following rates of relative compression: A ~ 1.25 sec™'
B~ 0.2 sec™, C ~ 0.025 sec™, D near zero. Nevertheless the rate of testing
is very important in experiments with very malleable materials (lead, tin,
etc.), in prolonged tests at high temperatures with steel, copper and other
metals, and at large strain rates. The influence of the rate of testing is strongly
dependent on temperature; namely it diminishes with reduction in tempera-
ture and at sufficiently low temperatures virtually disappears. The same de-
pendence on rate also emerges in the increase of resistance to deformation
with increasing strain-rate.

This is indicative of the fact that in “normal” conditions, the plastic de-
formation of “hard” metals is practically unrelated to the thermal motion of
atoms (athermal plasticity).

6.6. Creep
At sufficiently high temperatures, plastic deformation is observed with
quite small stress after a sufficient length of time. This phenomenon is called
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creep, and manifests itself in some cases in the growth of deformation in the
course of time at a fixed load, and in other cases in a continuous reduction of
stress at constant strain (relaxation). At high temperatures creep determines
the reliability and life of machines. In connection with this we may note the
rapid development of a theory of creep.

§7. Experimental studies of plastic deformations in complex stress states.
Simple and complex loading

7.1. The experiments

In the last ten years much work has been devoted to the study of flow and
hardening in a complex stress state. Most researchers have carried out experi-
ments using thin-walled tubes (fig. 11); by a combination of tension, torsion
and internal pressure it is possible to produce in the wall of the tube an arbi-
trary, plane (more accurately, “almost plane”) stress state. Thus, under the in-
fluence of an axial force P and a torque M we have the stress (P + M-tests)
;= M
Y2 oma’h’

P
0,~0, = Smah’

where a is the mean radius of the tube and A is its thickness. Under the action
of an axial force P and an internal pressure p (P + p-tests)

0 =~ i 0, = L 7. .=~0
o~ Py 2" Jmah’ w2~ 0
The stress o,, of order p, is negligible compared with the stresses o, o1 920 since

afh>>1.
By measuring the strains in the tube (the change in diameter, length of the
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tube and its angle of twist) and comparing them with a known stress state,
we can estimate the laws of plastic strain.

In recent years attempts have been made to load the tube with some ex-
ternal pressure g in addition to the internal pressure p. From this the behavi-
our of the material in a triaxial stress state is successfully obtained. Addition
of the outer pressure substantially complicates the experiments.

Investigation has also been carried out on the tension and torsion of a solid
cylinder, subject to a pressure on the lateral surface. Such experiments
are not difficult to carry out, but yield less, since the stress distribution
in a solid cylinder is not uniform and cannot be directly calculated from the
measured loads.

7.2. Simple and complex loading

Simple loading is characterized by the fact that the components of stress
increase during each experiment in proportion to a single parameter (in ex-
periments with thin-walled tubes it is evident that the external loads also in-
crease in proportion to the same parameter). Consequently the form of the
stress tensor and its principal directions remain constant in time.

In complex loading the directions of the principal axes and the inter-
relations between the principal stresses can change.

We shall take as an example the P + M-tests. In P, M coordinates the load-
ing process is represented by a certain curve OC (fig. 12). Simple loading cor-
responds to a straight line, say 0O;. Any other loading path corresponds to
complex loading.

Experiments with simple loading are easier to achieve, as the arrangement
of the testing device is simpler (in this case one power source is sufficient,
e.g. one hydraulic press).

We give an example of complex loading: a thin-walled tube is first twisted,

P ol

Fig. 12.
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then subjected to tension at constant moment M; in fig. 12 this case is re-
presented by the line OAB. Loading of this type is sometimes called step-
shaped.

Remarks. As has been shown, the influence of hydrostatic pressure on the
process of plastic deformation is negligible. Because of this, the criterion of
simple loading can be stated in a somewhat weakened form: with simple load-
ing the components of the stress deviatoric change in proportion to an in-
creasing parameter t
where sg- is a constant deviatoric.

Then the principal axes of the stress deviatoric and the coefficient of Lode
and Nadai u, (the shape of the stress tensor) do not vary; the mean pressure o
can change in an arbitrary way.

8=

§8. Yield criteria. Yield surface and yield curve

The strain curves given above were associated with a uniaxial stress state. It
is important to know the behaviour of the material for a complex stress state.
In particular it is necessary to have an idea of what conditions characterize
the change of the material from an elastic state to a yield state (plateau AB,
fig. 9). In the yield state o, = const. = o for simple tension and 7 = const. = 7,
for pure shear.

Here the question arises of a possible form of the condition which charac-
terizes the transition to the elastic limit with a complex stress state. This con-
dition, satisfied in the yield state, is called the yield criterion (or plasticity
condition). For an isotropic medium this condition must be a symmetric
function of the principal stresses

f(01,0,,03)=const. =K ,

where K is a constant of the material and is connected with the yield limit.
Because of the basic symmetry of the functions, a stress component can be
replaced by its invariants, and the last condition can also be written in the
form

flo,Iy(T,), I5(T)] =K .

It has been observed above that in the majority of problems the influence
of mean pressure on the process of change of shape is negligible; then the
yield condition takes the form
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flh®,), 13D,)] =K , @®.1)

j.e. in fact it depends only on the difference of the principal stresses. Note
that the yield criterion is often written in the shorter form

i), 13D,)] =0,

in which the presence of the “yield limit” parameter K is implicit.

If we take advantage of the geometrical interpretation of the stress state
developed above, then equation (8.1) will be the equation of a cylinder, the
axis of which is the straight line o) = 03 = 03, perpendicular to the deviatoric
plane, since the mean pressure does not enter-into (8.1). It is sufficient to ex-
amine the trace of this cylinder on the deviatoric plane. This will be a curve
C, symmetrical relative to the axes 1', 2', 3', and called the yield curve
(fig. 13).

Fig. 13.

The yield curve C possesses the following properties:

(1) The curve C does not pass through the origin of coordinates O, since
the yield condition is attained with considerable shear stresses.

(2) Let us assume that the properties of the material are identical under
compression and tension. Then the curve C must be symmetrical with respect
to straight lines perpendicular to the axes 1', 2', 3', since a yield state also
occurs on changing the sign of the stress.
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(3) The yield curve must be convex, i.e. it must lie on one side of a tangent
(or a reference line if C consists of straight sections).

This restriction follows from the condition of non-negative work of plastic
deformation (Drucker’s postulate, see §18).

Since the principal directions for an isotropic body are equivalent and the
yield limits on compression and tension are equal, the yield curve must pass
through six points Aj, A, ..., Ag on the axes 1',2’, 3' equidistant from the
origin (fig. 13).

In consequence of the above the yield curve consists of twelve equal arcs.
Thus, it is sufficient in experimental studies of the yield criteria to trace the
behaviour of the material on one of these arcs.

Some generalizations concerning plasticity conditions will be examined
in §16.

§9. Condition of constant maximum tangential stress (Tresca-Saint Venant
criterion)

From his experiments on the efflux of metals through an orifice, the
French engineer Tresca inferred the hypothesis that in the yield state the
maximum tangential stress has the same value at all points of the medium for
a given material. This value equals %y, as follows from an examination of the
case of simple tension. Somewhat later Saint Venant gave a mathematical
formulation of this condition for plane strain.

In the three-dimensional case we have

27y 1= loy—031<og,
2ityl= log—0,1<0g, ©.1)
2lr3l=loy—0,I< o,

where here (and in the next section) the conditions o = 03 > 03 can remain
unfulfilled (otherwise we should always have 27, = 0;—03).

In the elastic state all the conditions (9.1) are satisfied with the inequality
signs.

In the yield state the equality signs must hold in one or two of these con-
ditions. Since o, > 0, we cannot have all three principal tangential stresses
simultaneously equal to the constant o (because it is impossible for the sum
of an odd number of terms of equal modulus to be equal to zero, and we have
T1+72+73=0).

From (9.1) we obtain the following relation between the yield limit o  un-
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der tension and the yield limit 7 under pure shear (recall that in this case
01=1,02=0,03=—7,ie 7, =7):

0g=2r,. ©.2)

The conditions (9.1) define a right hexahedral prism with axis o) =0, =03
perpendicular to the deviatoric plane. (It is easy to see, for example, that the
equation 0,—03 = * o represents a pair of parallel planes passing through the
axis 01 and the line 0] = 05 = 03.) The trace of the prism on the deviatoric
plane is a right hexagon (fig. 14). The impossibility of satisfying simultane-
ously all three equality signs in (9.1) is geometrically obvious.

Fig. 14.

The planes concerned intercept segments of length o on the axes 0y, 0y,
03; since cos (03, 3') = /3, iL is easy to see that the radius of the circle cir-
cumscribing the hexagon is /5 0.

We note one further fact: the maximum tangential stress equals half the
difference of the greatest and least principal stresses; the intermediate princi-
pal stress has no influence on the yield state.

On the whole the Tresca-Saint Venant criterion satisfactorily characterizes
the yield state of a material and agrees with the observations of Lueders.
More thorough experimental research reveals a small systematic deviation
from the Tresca-Saint Venant criterion in the behaviour of malleable metals
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in yield state. In particular, experiments suggest some influence of the inter-
mediate principal stress on the yield state.

§10. Condition of constant intensity of tangential stresses (von Mises cri-
terion)

The use of the Tresca-Saint Venant criterion, expressed by inequalities, is
associated with certain mathematical difficulties in three-dimensional prob-
lems. This situation gave von Mises ') the idea of replacing the hexahedral
prism with the circumscribed circular cylinder:

(01=07)% + (09—03)2 + (03—0,)2 =202 . (10.1)

The intersection of this cylinder with the deviatoric plane is the circle circum-
scribing the hexagon (fig. 14).
Von Mises’ criterion may be written in the form

T= % (10.2)

In the case of pure shear T = 7 and (10.2) gives
aS
=5 0.5770;. (10.3)

Von Mises regarded Saint Venant’s criterion as exact and (10.1) as ap-
proximate; but numerous experiments showed that, in the yield state for poly-
crystalline materials, the von Mises’ criterion was satisfied generally rather
better than the condition of constant maximum tangential stress. In particu-
lar, the relation (10.3) turns out to be better than (9.2), agreeing with experi-
ments carried out with malleable metals. Thus von Mises’ criterion has ac-
quired an independent significance. At the same time it should be noted that
in certain cases the Tresca-Saint Venant criterion is in accord with experimen-
tal results. Therefore the von Mises and Tresca-Saint Venant criteria may be
regarded as being equally valid formulations of the yield condition.

Note that the left-hand side of equation (10.1) corresponds precisely, up
to a constant multiplicative factor, with the energy of elastic change of shape.
Thus the yield state is attained at some constant energy of elastic change of
shape.

1) It was later found that Huber had proposed a criterion similar to (10.1) as early as
1904.
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Earlier (§1) it was noted that the quantities T and 7, ,, are close in value.
From this it follows that the yield conditions of Tresca-Saint Venant and von
Mises are not significantly different. The difference can be further reduced if
we take the circle which lies midway between the circumscribed and inscribed
circles (fig. 14). This corresponds to the approximate formula T~ 1.08 7.,
considered in §1.

§11. Conditions of hardening. Loading surface

11.1. Loading and unloading

Plastic deformation leads to the hardening of a metal and the increase of
its elastic limit (in the direction of the deformation). In simple tension
(fig. 15a) the elastic limit is oy) when the state M is attained; the range of
values 0—0oyy can be called elastic. If stress changes are within these limits,
only elastic deformation will occur. With further loading at the point M plas-
tic deformation will take place. Thus the stress is like a current elastic limit,
which depends on previous plastic deformation and which distinguishes be-
tween loading (accompanied by further plastic deformation) and unloading
(accompanied by pure elasticity).

change

(a) (b)

Fig. 15.

In a complex stress state it is considerably more difficult to delineate these

concepts; for example, the same value of the intensities T and I' may now
correspond to a range of stress and strain states.
) In connection with this point the following question arises. Let a body be
in a plastic state, characterized at the instant under consideration by stresses
;. If we give the latter infinitesimal increments doj; (additional loading), will
this additional load cause further plastic deformation?
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The complexity of the physical processes that occur in plastic deformation
and the inadequacy of experimental results do not allow a complete answer
to this question. Nevertheless it is possible to indicate the required criterion
under rather wide loading conditions.

11.2. Loading surface

Turning to the complex stress state, we introduce the concept of a loading
surface T (sometimes called a flow surface). This is a surface in the space of
the stresses 0;; which, for a given state of the medium, separates the regions of
elastic and plastic deformation (fig. 15b). The origin of coordinates 0 corres-
ponds to zero stresses. The additional loading do;; produces either elastic
strain (unloading if the vector doj; is directed inwards from Z) or plastic
strain (loading if the vector doj; is directed outwards from Z). An increment
do;; which lies in the tangent plane to the loading surface (neutral changes )
leads to elastic strain only (continuity condition, cf. §17).

The loading surface.is not fixed (as in the case of ideal plasticity), but ex-
pands and is displaced as hardening develops. The shape and position of the
loading surface Z depend, in general, not only on the current stress state, but
also on the whole preceding history of deformation. The loading surface is
convex (cf. §18).

We shall restrict ourselves here to the simplest variety of loading surface.
The construction of more general loading surfaces, taking into account the
development of strain anisotropy, will be considered in §17.

Let the loading surface Z experience uniform (isotropic) expansion with
plastic deformation of the material; then its equation can be written in the
form

flI,(D,), 13(D,)] = F(g) , @11.1)

where F is an increasing function of some parameter g characterizing the pre-
ceding plastic deformation. The yield condition (8.1) follows from (11.1) on
setting F(q) = const. = K.

11.3. Unloading

With unloading the deformation of an element of the medium continues
because of the accumulation of elastic potential energy. This, of course, can
only be seen from experimental results.

1) An example of neutral loading is the following: a rod elongated by a stress o is ad-
ditionally loaded with a small torsion. Then o #0,do; =0, 7=0,d# %0, and obviously
dT ~0,do; + 7d7 =0, cf. §12.
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On the basis of the latter, one can assume (since the gradient of the branch
AC, fig. 8, is approximately the same as that of the elastic section) that the
components of elastic strain do not depend on the plastic deformation. This
allows the hypothesis that the components of the total stram €;j (on condi-
tion that it is small) are compounded of an elastic part e -and a plastic part
e

€= esi+eb. (11.2)

The elastic strain components are related to the stress components by the
generalized Hooke’s law; the values of the elastic constants can be regarded as
invariant. With unloading, changes occur only in the elastic strain compo-
nents, i.e.

e;,.:zlc(a,. 20, ) (13)

The components of total strain in unloading are determined ') by equation

(11.2); here the components e}’,— do not change, and are equal to the respec-

tive plastic strains attained at the initial instant of unloading. The compo-

nents €f; are found from equation (11.3), where the o;; are the stresses at the
end of unloading.

§12. Conditions of isotropic hardening

12.1. A simple version of the isotropic hardening condition

A simpler formulation of the isotropic hardening condition (11.1) contains
only the quadratic invariant of the stress deviatoric. In this case equation
(11.1) can be written in the form

T=1q). (i2.l)

The loading surface is now the surface of a circular cylinder whose axis
coincides with the hydrostatic axis (§1). With.plastic deformation the radius
of the cylinder increases. Depending on the choice of the hardening param-
eter g, various conditions of hardening are obtained.

We note that, just as for the yield condition, it is possible in the hardening
conditions to cross to a neighbouring value — to the maximum tangential
stress 7, . (then 73(D,) is also affected).

!) If the deformations are not small equation (11.2) has to be written in incremental
form, cf. (13.2).
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12.2. The “single curve” hypothesis
If the value attained by the shear strain intensity I' is taken as a measure of
the hardening, then we obtain a relation of the form

T=g()T, (12.2)

where g(I") is some positive function, characteristic for a given material. If we
construct the curve (12.2) in the coordinates T, T, then for different stress
states we obtain the same (“single””) curve. Since the shape of the curve does
not depend on the stress state it is possible to determine g(I"), for example,
from experiments with simple tension or pure shear (§6).

Equation (12.2) can be formally regarded as a general condition encom-
passing different phases of strain. Thus, putting

M) =1JT,

we obtain von Mises’ yield criterion T = 7; while putting

T=gOIr

gm

g(r)

Fig. 16.
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gD)=6,

we obtain the case of Hooke’s elastic medium, where T=GT.

The function g(T') is sometimes called the modulus of plasticity (cf. §6);
for real materials d7/dT" > 0, where the equality sign is applicable only in the
yield state. In the hardening state the strain curve becomes concave down-
wards (fig. 16). Because of this the slope of the tangent is smaller than the
slope of the secant, i.e.

dr 17_,
ﬁ,—F—g(I‘)F<0 .

Thus, g'(T") < 0 and g(I") is a decreasing function of T, with 0 <g(I') < G; an
inverse function exists:

r=gnr, (12.3)
whereupon it is easy to see that
=16, gm>o0, gMaNn=1.

The condition of hardening (12.2) is satisfied with sufficient accuracy in
in the simple loading of an isotropic material.

It should be emphasized that the relation (12.2) is also frequently used
when the principal axes of stress are rotated and the similarity of the stress
state is disturbed. The reason lies in the fact that the experiments confirm the
hardening condition (12.2) for somewhat more general loadings.

On increase of the intensity of shear strain I' hardening develops and in-
creases the intensity of the tangential stresses T. Consequently, on loading
dT > 0, on unloading dT < 0, while when dT = 0 neutral changes occur.

12.3. Energetic condition of hardening
One may take as a measure of hardening g the work of plastic deformation

4, =fo,~,-de,1;. (12.4)
The condition of hardening (12.1) is then
T=14p). (12.5)

The function f can be determined, for example, from the tension curve;
then T = 0;/3/3, and the work A, is as a function of the relative elongation
€1. The condition of hardening (12.5) may be also written in the form

4p= (1),
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where the function ®(T) is characteristic for a given material, and indepen-
dent of the nature of the stress state.

Since the work of plastic deformation is positive, it follows that $(7) > 0.
With developing plastic deformation the work 4, increases, and the loading
surface expands, i.e. the intensity T increases. Consequently, &'(T)> 0. Un-
der loading dd =@'(T)dT>0and

dT>0 ) (12.6)

When dT < 0 a body unloads according to the elastic law. When dT = 0 the
increment of work of plastic deformation becomes zero. The neutral changes
dT =0 lead to elastic deformation.

The energetic condition of hardening 1s more general than the preceding
condition (12.2), and conforms with experiments for a wider class of loading.
It is necessary to remember however that condition (12.5) does not take into
account the development of strain anisotropy and may be used only for rela-
tively uncomplicated loading paths (without abrupt zigzags and in the ab-
sence of significant changes of direction of the loading path). It is also neces-
sary to bear in mind that significant displacements with respect to the loading
surface are accompanied by some plastic deformations.

12.4. Odquist’s condition
As a measure of the hardening q it is possible to take the parameter

q=[ @, = [Vaiegaey, a2

characterizing the accumulated plastic deformation.

§13. The theory of plastic flow

13.1. General relations

The process of plastic deformation is irreversible, the greater part of the
work of deformation being transformed into heat. The stress in the final state
depends on the path of deformation. In connection with this, the equations
describing plastic deformation cannot in principle be finite relations connect-
ing the components of stress and strain (as are the Hooke’s law relations), but
must be differential (and, moreover, non-integrable) relations.

The equations of the theory of plastic flow establish a connection between
infinitesimal increments of strain and stress, the stresses themselves and cer-
tain parameters of the plastic state.

Let us consider the starting points of this theory:
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(1) The body is isotropic.
(2) The relative volumetric change is small and is an elastic deformation
proportional to the mean pressure:

€=3ko,
or
de = 3kdo . (13.1)

(3) The total increments in the strain components de;; jjare compounded of
the increments in the components of elastic strain de,, and the components of
plastic strain de

de;; = def; + el . (13.2)

The increment in elastic strain components is connected with the incre-
ment in elastic stress according to Hooke’s law:

de§; = 210 (do ] Ty i da) ) (13.3)

(4) The stress deviatoric D ; and the deviatoric of the plastic strain incre-
ments DY, are proportional, i.e.

D8, =d\D,, (13.4)

where d\ is some infinitesimal scalar multiplier. This formula generalizes ex-
perimental results on complex loading, in which the directions of the princi-
pal axes and the relations between the principal stresses have changed. Ac-
cording to experiments the increments to the plastic strain components
(“plastic strain-rates’”) are proportional to the stresses at a given moment of
time. In other words, the stress distribution determines the instantaneous in-
crements to the plastic strain components.
From (13.4) we have the relations

deP = dhs;; (13.5)

(since deP = 0). Calculating now the increment in the work of plastic defor-
mation, we find '

4, = 0;;def = dh-os;;= 2d0-T2 . (13.6)
Thus the mulupller d\ is related to the magnitude of the increment in the
work of plastic deformation; since dA 2 0 so also dA > 0. From (13.2) we
obtain the total increments in the stram components:
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= € .
de;; = dej; + dA-s;;, (13.7)
where the increments in the elastic strain components must be taken in ac-
cordance with Hooke’s law (13.3).
It is easy to see, moreover, that the increment to the work of deformation
is
dd=dd.+d4,, (13.8)

where d4,, is given by (13.6), and the increment in the work of elastic de-
formation is given by d4, = dIl, with elastic potential
32+ L2
I 2ka +2GT . (139)
When dX = 0 equations (13.7) reduce to Hooke’s law in differential form.

In the general case equations (13.7) are incomplete since they contain an un-
determined multiplier, whose evaluation requires an additional relation.

13.2. The yield state, equations of Prandtl-Reuss
We take as our additional relation von Mises’ yield condition

T=1,.
Then
MP
d=—2, (13.10)
21y

i.e. the quantity dX is proportional to the increment in the work of plastic de-
formation; since the latter is given by the expression a,-,deg' we do not have a
unique dependence of the increments in the strain components on the stress
components and their increments in the yield state under consideration ').

If von Mises’ criterion is satisfied, dT = 0 and plastic deformation occurs.
If dT < 0, the medium leaves the yield state and unloading begins, proceed-
ing in accordance with Hooke’s law. Equations (13.7), subject to the von
Mises’ yield criterion, were proposed by Reuss [39] in 1930; for plane prob-
lems these equations were introduced by Prandtl in 1924.

13.3. The Saint Venant-von Mises theory of plasticity
If in the Prandtl-Reuss equations the elastic strain components are ignored

') This property may be regarded as the definition of a perfectly plastic body; the
yield dition is then a q see [50].
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(which is permissible during the development of plastic deformation), we ob-
tain the equations of the Saint Venant-von Mises theory of plasticity

de; = d\-s;;,
usually written, on division by dt, in the form

Ei=Ns;, (13.11)

where the quantity

p .1
= 0k = — 8k
2 dr 52 it 2t
is proportional to the rate of work of plastic deformation, i.e. it characterizes
the dissipation. Eliminating the stress components from the latter equation
with the aid of (13.11), we easily find

N =H[2r,.
Consequently equation (13.11) can also be written as
E,-,-/H = s,~l-/21's . (13.12)

For the case of plane strain with the yield condition 7,,, = const., equa-
tions (13.11) were given by Saint-Venant [156] in 1871. For the general case
these equations were established by M. Levy [129] and von Mises [136].

It is evident that the strain rates 5,-,- are not uniquely determined for given
stress; but if the strain rates &;; are given, the components of the stress devia-
toric 5;; are uniquely determined. It is easy to see that the components s;;,
which are determined by formulae (13.12), identically satisfy the von Mises’
yield criterion. We observe also that in the yield state (i.. when the von
Mises’ yield criterion is satisfied) the indeterminacy of the strain-rate compo-
nents, which is connected with the indeterminacy of quantity X', is necessary
for the fulfilment of the strain compatibility conditions.

The Saint Venant-von Mises equations have wide applications in the math-
ematical theory of plasticity and its various applications.

13.4. The hardening state
We take as the additional relation the condition of isotropic hardening
(12.5), according to which

aa, = '(T)dT.
Introducing this value into (13.6) and defining
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$ Dk,
we obtain

d\=F(T)dT . (13.13)
Thus

de,-l-=defl-+F(T) dTs;;. (13.14)
These relations are true when

dT>0.

If dT = 0, we have neutral changes of the stress state; in this case the in-
crements in the strain components must be related with increments in the
stress components by Hooke’s law, since neutral charges proceed elastically
(§12). Equations (13.4) are found to be in agreement with these conclusions.

We see that in the case of hardening the above relations determine unique-
ly the dependence of the increments in the strain components on the stresses
and their increments.

In the hardening state there is no condition connecting the stress compo-
nents (as in the case of perfect plasticity) and the quantity dA is wholly deter-
minate.

Moreover, in transition from loading to neutral changes and to unloading,
increments in the strain components vary continuously. This does not happen
for the equations of plastic deformation theory (see §14).

13.5. Concluding remarks

The Prandtl-Reuss equations (13.7) in the case of perfect plasticity, and
equations (13.14) in the case of hardening, relate the stress components to in-
finitesimal increments in the components of stress and strain, i.e. they are not
finite relations (in contrast with the equations of deformation theory). Rela-
tions (13.7) and (13.14), are in general not integrable, i.e. in other words they
do not reduce to finite relations between the components of stress and strain.
This mathematical fact reflects the dependence of the results on the history
of the deformation. If, for example, in the stress space we cross from some in-
itial point O (fig. 17), characterized by zero stresses, to a point O, (with
stresses afl»”) by two paths I and II, then according to the equations of plastic
flow theory the strain components at the point O will be different.

Equations (13.7) and (13.14) do not contain the time; if, however, they
are divided by dt, it is possible formally to change from increments dei/ to



§13 THEORY OF PLASTIC FLOW s3

Fig. 17.

strain rates £;;. Then the equations will superficially resemble the equations of
viscous fluid flow. To some extent this analogy justifies the expression ““theo-
ry of plastic flow”. It should be emphasized that the variable ¢ can here mean
either the time or a monotonically-increasing loading parameter, or even some
other monotonically-increasing quantity (for example a characteristic dimen-
sion of the plastic zone). The transformation to “strain-rates” is often con-
venient, since it permits the use of the descriptive terminology of hydrodyna-
mics. The equations of plastic flow theory are in principle different from the
equations of viscous flow. In contrast with the latter, it is always possible to
discard df and return to formulae (13.7) and (13.14), which do not contain
the time.

In the sequel we shall usually speak about flow theory (in place of the the-
ory of plastic flow). This expression is obviously not entirely suitable but it is
brief and is used extensively here and abroad.

In the case of hardening it is possible to calculate the strain for given load-
ing paths, i.e. for given 0;; = 0;{r), where ¢ is some parameter (for example,
time); in principle it is also possible to find the stresses if the path of defor-
mation is given, i.e. ;= ;).

The Saint Venant-von Mises’ equations of plasticity theory have a signifi-
cantly greater simplicity of structure and represent finite relations between
the stress components and the strain-rates. It should be emphasized also that
in these equations time is not an essential feature and may be eliminated (by
cancelling out) or replaced by some monotonically changing parameter.
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§14. Deformation theory of plasticity

14.1. General relations

Consider the slow tension of a rod (fig. 18a). Loading occurs along the
segment OAB and unloading corresponds to the line BC. The area OABC re-
presents the work lost in deformation. Experiments show that a large part of
this work is transformed into heat, but, in the absence of heat transfer, there
is very little change in temperature (about 2°C for a strain €; = 4%) of the
test specimen. Therefore, with monotonic increase in the external load, the
curve OAB remains unchanged irrespective of whether the work of deforma-
tion has gone into heat or into elastic potential energy of the rod. On the
other hand, in unloading, when deformation of the medium occurs owing to
the accumulation in it of elastic energy, dissipation of energy becomes im-
portant, and the larger it is the more the unloading line BC diverges from the
loading line OAB. Thus, the equation 0} = f{e,) for the loading branch can re-
present both plastic and non-linear elastic deformation of a rod. From these
observations we can attempt to construct equations for plastic deformation in
the form of finite relations between stress and strain. Such equations would
be substantially simpler than the equations of plastic flow theory. Pursuing
this idea, we shall consider the equations of plastic deformation as some gen-
eralization of Hooke’s law. We shall base ourselves on the following proposi-
tions:

(1) The body is isotropic.

(2) The relative volumetric change is an elastic deformation, proportional
to the mean pressure:

e=3ko. (14.1)

This assumption, as noted earlier, conforms well with experiment.

o o

(a) Fig. 18. (b)
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(3) The stress and strain deviatorics are proportional:
D .=yD,, (14.2)

Thus the elements of the strain deviatoric equal the corresponding ele-
ments of the stress deviatoric multiplied by a scalar y; the latter is some as
yet undetermined function of the invariants of the stress and strain tensors. It
is evident that the stress and strain deviatorics are coaxial (i.e. they have .the
same principal directions), and their principal values are respectively propor-
tional, viz.

e;=ys; (i=1,2,3). (14.3)

Hence it follows immediately that the principal shears are proportional to
the principal tangential stresses, or in other words that the Mohr diagrams for
the stress and strain states are similar, i.e.

He=Hg .
Putting ¢ = const. = 1/2G, we arrive at Hooke’s law (5.2). Thus equation
(14.2) represents a natural and simple generalization of this law.

If we put y = 1/2G + ¢, we obtain the strain components in the form of a
sum of elastic strain components ef/ and plastic strain components

eh= e}’i = s - (14.4)

The third proposition above must be treated as a known idealization of ex-
perimental data. We shall write (14.2) in components
€= Vs;;. (14.5)

Eliminating the volumetric dilatation from this with the aid of (14.5), we eas-
ily derive Hencky’s relations [96] :

€= kobi+ ys;; . (14.6)
The relations (14.5) can easily be solved with respect to the stresses:
=£5 1
o= 58t ey (14.7)

_Calculating the intensity of shear strain with the aid of (14.5), we obtain the
important relation

r=297. (14.8)

We now calculate, with the aid of (14.6), the increment to the work of de-
formation:

dA =o,de;=d (U+YT?) + Ty, (14.9)
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where U denotes the elastic energy of volumetric compression:
U=3ko? = 2/6k . (14.10)
Eliminating the function ¥ from (14.9), we find
d4 =ode + TdI" . (14.11)

Here the first term is the increment in the elastic energy of volumetric com-
pression, and the second is the increment in the work of shape deformation.

The above equations are incomplete since they contain the unknown func-
tion y; to determine the latter a supplementary relation of the form

V=¥, T,u,) (14.12)

is required. The invariants o, € are not present here, since it is possible to dis-
regard the influence of the mean pressure on the process of change of shape;
notice that, generally speaking, the relation (14.12) can contain even more
complicated variables, for example the work of plastic deformation Ap.

14.2. Linear elastic state (Hooke's law)
Let
Y =const. = 1/2G .

In this case we arrive at Hooke’s law

1 3v
= o (o125 0y - (4.13)

Solving these relations for the stress components, we obtain another form of
the law:

0= Neb i+ 2ue;; (14.19)

where A and u = G are the Lamé elastic constants.
The tangential stress intensity is here proportional to the intensity of shear
strain

T=Gr. (14.15)

The increment in the work of deformation is the total differential of the
elastic potential

= N(e;) = e¥/6k + 3G 2. (14.16)

Comparing the formula for dIl with formula (14.9), we conclude that
there is a relation
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0;;=0I1/3¢;; (14.17)

ij»
expressing in essence Hooke’s law in the form (14.14).

14.3. Yield state
Let us take as our supplementary relation the von Mises’ yield criterion

T=r1g.
In accordance with (14.8), we have in this case
v =T/27g, (14.18)

ji.e. in the yield state the function y is a measure of the intensity of shear.
Here too there is a potential of the work of deformation

N=ej6k + 7, (14.19)

equal to the sum of the energy of elastic volumetric compression and the
work of change of shape 7[".

The quantity y = I‘/2‘r may be introduced into Hencky s relation (14.6);
but we do not achieve a unique determination of strain components from the
stress components, natural enough if we recall that on the yield plateau
(fig. 9) there is no single-valued relation between stress and strain.

Further, from (14.7) we find

27

€
0= 0,;t—e

= 338+ T+ € (14.20)

Notice that the stresses described by these formulae are single-valued func-
tions of the strain components and identically satisfy the von Mises’ yield cri-
terion.

In the case of an incompressible medium (k = 0), the stresses are deter-
mined by the strains, apart from the hydrostatic pressure:

27

ol-i—obii = T Ci- (14.21)

Formulae (14.17), valid also for the yield state, lead here to the relations
(14.20).
14.4. Hardening state

We take as supplementary relation the hardening condition (12.2)

=&(NT.
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By virtue of (14.8) we obtain

v=3aDn. (14.22)
In agreement with (14.6) we have
€= kb + (D) s, (14.23)

Hence it is easy to find the inverse relations
€
%= 3% 8;;+2(M)e;. (14.24)

The relations obtained for dT/dI" # 0 determine the mutually single-valued
dependence between the stress and strain components.

In the hardening state the increment to the work of deformation (14.9) is,
owing to (14.22), the total differential of some function I1 = I(e;)) — the po-
tential of the work of deformation. It is easy to see that

1= e2/6k + f g(C)Tdr. (14.25)

The second term characterizes the work of the change of shape of an element
of the body.

The formulae (14.17) obviously apply to the hardening state under consid-
eration.

Notice that when g(I') = G we obtain Hooke’s elastic medium, and when
&(T) = 7T we arrive at the yield state.

In §12 we also idered her hardeni dition (12.5). It is easy to see that
we would have arrived at the same result by using the second hardening condition in our
model. Indeed the work of plastic deformation equals

= _T2
a5 frdr T226.

By virtue of (12.3) T is a single-valued function of the intensity 7, and hence 4y, de-
pends only on the intensity of the tangential stresses; this agrees with the condition
(12.5).

14.5. Discussion of the equations

The above equations of plastic deformation theory were formulated by
Hencky [96] in 1924 for the yield state; some time later they were genera-
lized to the case of hardening.

The equations of this theory are non-linear, but owing to their relative sim-
plicity they have found wide application, in spite of certain basic deficiencies.

The equations of deformation theory fully describe plastic deformation
under simple loading (§12), when the components of the stress deviatoric in-
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crease in proportion to a single parameter; they are also applicable in cases
when there is some deviation from simple loading.

Under conditions of complex loading in the hardening state, it is possible
to have deformations in which the value of T (or I') is conserved, while the
components of the stress (or strain) tensor change. In so far as the single
curve (12.2) required the assumption that the hardening be the same “for all
directions”, in so far d7 = 0 is necessary to assume that all changes are elas-
tic.

In connection with this, it is possible to raise various objections to plastic
deformation theory.

Let us consider, for example, two loading paths up to some state 1%2),
characterized by a value of the intensity T,; one path consists of loading to
the state 79) with the same intensity T, and a subsequent transition to 7(02)
at constant intensity T,; then at the end of the path we obtain plastic strains
corresponding to Tf,“. The other path is initially the same as the first, but it
does not quite reach the state Tf,l ; it deviates and goes to the state 79) at in-
tensity T, which gradually increases and approaches T,. In as far as this path
may be as close as desired to the first, it is natural to expect that the plastic
strains in state Tf,z) will be as previously obtained. However according to de-
formation theory equations, we obtain different values of the plastic strain
corresponding to 7(02 , since loading is proceeding all the time.

The question arises: what do the equations of plastic deformation theory
represent?

Later it will be shown that these equations are the equations for a non-
linear elastic body. It is natural that the use of these equations to describe
plastic deformations under complicated zig-zag loading paths can lead to un-
satisfactory results.

It is reasonable to assume that the equations of deformation theory are
satisfactory for plastic deformations which develop in some definite direc-
tion. We shall return to this question later (§15).

We now d that the ions of deft ion theory are the equations of a
non-linear elastic body.

We return to the example of extension of a rod (fig. 18) by a slowly varying force.
Let a fixed value of the stress oy correspond to some strain ey, invariant with time, and
conversely a fixed value e, pond to the time-independent stress o,. Every such
state of the rod will be an equilibrium state. A process of deformation consisting of a
sequence of equilibrium states is called an equilibrium deformation process.

We represent a process of slow unloading as taking place along the curve BAO
(fig. 18a), and passing, in reverse order, through the same states as are realized under the
loading OAB. If, having arrived at the initial point O, we are unable to perceive any
changes, then the process is called reversible. Such a process can be achieved with the
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help of an ideal elastic body, for example with Hooke’s elastic medium (fig. 18b); in the
case when the stresses are not proportional to the strains, we shall speak of a non-linear
elastic body.

As an example of a non-reversible process one may use the elastic-plastic deformation
OABC (fig. 18a); for any, even infinitesimal, decrease in stress, the strain does not in-
crease along the curve BAO, but follows the unloading line BC. We emphasize that both
reversible and irreversible processes are in our case equilibrium processes.

In an isothermal process of elastic deformation there is a unique relation between
stress and strain, oy = f(e}).

We consider now an irreversible equilibrium process of deformation; here the stress is
no longer a function only of the instantaneous values of the strain; furthermore the pro-
cess of deformation depends on the direction of motion along the deformation curve, i.e.
on whether loading or unloading is taking place.

We are considering an equilibrium irreversible process of deformation; thus the re-
quired relation must not contain time (and this means the strain-rates also); it is suffi-
cient to indicate the behaviour of the material in loading and unloading.

Thus, it is possible to represent the eqmllbnum irreversible proce.\': of the extension

of a rod at each segment of loading and unle g by the q of some
ideal non-linear elasnc body.
Th dynamic id, ions, which were developed earlier, also relate to the de-

formation of a body in a complex stress state; here also one may pose the question of
representing an equilibrium plastic deformation by state equations of a non-linear elastic
body. In connection with these points, it is necessary to ascertain what are the possible
forms of state equations for a non-linear elastic body. To provide an appropriate th
dynamic analysis it is necessary to determine the properties of the medium under con-
sideration.

We assume that the state of the body is fully defined by six independent state par-

( lized state ), for which it is possible to take either the strain
components e, or the stress components oj;.

We shall decide on the set of parameters ¢;; ') and shall retain the previous initial po-
sitions 1, 2, 3 (§14.1), from which the relations (14.6)—(14.9) result.

In the sequel, however, we shall not base ourselves on experimentally determined
yield and hardening conditions, but shall take advantage of the condition of reversibility
of the deformation process in studying our ideal elastic body. This will suffice for our
thermodynamic analysis.

Consider the elementary parallelepiped dx,dx;dx3, conceived as being cut out from
the medium. Stresses o;; act on its faces. The increment in the internal energy of the ele-
ment dUdx;dx,dx; is made up of the increment in the work of deformation
dA4dxdx,dx3, and the increment in the quantity of heat dQdx,dx,dx3 absorbed by the
element, i.e.

dU=dA +dQ,
where dA is determined by (14.9), and the stress components, in general, depend on the
state parameter e;;.
According to the first law of thermodynamics the internal energy U is completely de-

1) For si plicity we shall ider an isoth | process; this imposes an insignificant
constraint, and one may carry out an analogous thermodynamic analysis for changing
temperature [117].
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d by the il state of the system !); consequently dU must be a total
differential.

The existence of internal energy U = Ulejp), being a consequence of the conservation
of energy, is the case for every process. The second law of thermodynamics allows on2 to
distinguish the reversible processes; namely only for reversible processes is the ratio
dQ/e, where @ is the absol p a total diffe ial of a fi ion of state, the
entropy J:

dg/e=dJ.

Since for an isothermal process © = const., so d( is a total differential. But then dA
must also be a total differential. The formula for d4 was obtained earlier (14.9); it now
follows that a non-linear-elastic body can only have the state

1) y = const. , 2) T = const. , )y = %f(n s

where f(T) is some function.
These states correspond respectively to the linear elastic state (Hooke'’s law), the
yield state and the hardening state considered above on the basis of experimental data.

The thermodynamic analysis not only elimi these suppl y hypoth and
leads to both yield and hardening conditions, but, what is more important, elucidates
the nature of the equations of plastic deft tion theory and the possibility of using the

equations of a non-linear-elastic body 2) in plasticity theory. Finally the concepts devel-
oped here make apparent the existence of a potential of the work of deformation.

§15. Connection between flow theory and deformation theory

15.1. The case of simple loading
For simple loading (§7) the components of the stress deviatoric change in
proportion to an increasing parameter ¢, i.e.

s=10  (=1,2,3),

where s,.o are some fixed principal values of the deviatoric D. In this case the
plasticity theories we have been considering coincide for conditions of small
deformation %) [12].

Indeed the principal axes of the stress deviatoric are fixed and the ratio of

!) That is, independent of the path which takes the body from one state to another;

otherwise a perpetuum mobile of the first kind would be possible, i.e. the creation of en-
ergy from nothing.
) ) we emphasize that in the model of a non-linear-elastic body even *“the yield statc™
l_s a particular elastic state. A model of a non-linear-elastic body is a spring with a non-
linear ch istic. It is possible to develop a certain analogy between the *‘yield state™
(T = const.) and the potential field due to gravity force (gravity being constant).

3) LI Sedov showed [155] that simple loading with finite deformations of bodies
cannot as a rule be achieved.
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its principal values do not change (1, = const.); according to the equations of
flow theory (13.5) we have

deP =dn-rs? . @as.1)

Let hardening be absent, then from von Mises’ yield criterion it follows im-
mediately that ¢ = const., i.e. the stresses s; = fs;’ are constant. The quantity
dX is proportional to the increment in the work of plastic deformation d4,,

2 X . .
namely d\ = d4,/27;. Integrating the increments in the components of plas-
tic strain def’ we obtain the components of plastic strain E}’; integration of the
work elements dA4 leads to the plastic work 4. The latter is a scalar func-
tion; we designate it by 21'3\0. Then the relation 8’15.]) takes the form
EF =5,

but these are equations of deformation theory (if the components that per-
tain to the elastic part of the deformation and obey Hooke’s law are sub-
tracted). This was noted by Hohenemser and Prager [39] in 1932.

If hardening occurs, then according to (13.13) d\ = F(Tot) T, dt, where
T, is the intensity of the tangential stresses for the state s;. Introducing a new
variable Tyt = 7 and integrating the increments in the components of plastic
strain deP in the relations (15.1), we obtain on the left the comgonents €P
themselves. On the right-hand side (after dividing by the factor s;/T}) inte-
gration leads to some function 7. Returning to the original variable we obtain

eP=F (To)s;,

where F, is some function, i.e. the equations of deformation theory in the
case of hardening.

Conversely, if equivalence of the two theories is required, we equate the
increments in the plastic strain components (13.5) to the increments in the
plastic strain components evaluated according to the equations of deforma-
tion theory (14.4). We then obtain

d\ s =s;de + o ds;;.
From this it follows that

dA\—dy _ E’L
[ B Sij ’
On the left-hand sides of these equations we have an infinitesimal incre-
ment to some scalar quantity. Integrating we find that the stresses Sij have the
form
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=0
si=si¥,

co-responding to simple loading (¥ is a scalar).

Thus, the two theories coincide only in the case of simple loading,

With complex loading, deformation theory and flow theory lead to differ-
ent results. Anticipating somewhat, we can say that these results are very
close in one important practical deformation situation. In strain space the de-
formation path is represented by some line (fig. 19); beginning at some in-
stant, let the deformation path approach a straight line (as shown). We then
say that the deformation develops in a definite direction. If this occurs then
the stresy states derived from the two theories converge. In this case the in-
fluence of the complex history of the deformation quickly fades, and a con-
stant stress state is established which is determined by the fixed strain rates
characteristic of the rectilinear segment (cf. below).

Fig. 19.

It is interesting to observe that if we begin with more general representa-
tions of the loading surface, having singularities (cf. § 17), then there is a cer-
tain class of loading paths for which the equations of flow theory reduce to
the equations of deformation theory (cf. work of B. Budiansky [88], V.D.
Klyushnikov [125], Yu.N. Rabotnov [33]).

15.2. Example. Combined torsion and extension of a thin-walled tube

As an example which illustrates the properties of the plasticity equations
introduced above, we consider the symmetric deformation of a circular thin-
walled tube under the action of a twisting moment and an axial tension. This
case corresponds to the so-called P + M-tests (§ 7).

As we have seen earlier, we can here take stress components g,and 7 oz (in
cylindrical polar coordinates r, y, z) which are different from zero. The stress
components o,, 0,, 7,, and 7., are neglected, since they are small compared
with 0, and ,,. The strain components Yrp» Trz are small in comparison with
Y42+ To simplify the calculations we shall suppose the material to be incom-
pressibic; this does not affect significantly the general picture of the deforma-
tion. Then from the incompressibility condition and the equations (14.23) of
deformation theory it follows that €, = €, = —3¢€,. If we proceed from the
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equations of flow theory (13.7) we obtain in a similar fashion de, = de, =
= -4 de,. Let us restrict ourselves to the case of ideal plasticity only, and in-
troduce the dimensionless quantities

[ T, €
q==, 7=, t==, 7=ZLZ‘
OS Ts s 75
where Eeg= 0, Gy = 7.
Solution from deformation theory. Proceeding from (14.20) we easily ob-
tain
q=—,
Vi2+ 42
where the yield condition is
qr+r2=1. (15.3)
Consequently, putting

q=sinv for 0<v<121r,

(15.2)

15.4)
tan%—u=w for o<w<l, (

we find

w=—%+ (%)2+1 , (15.5)

where the quantities y, { are supposed positive (with complex loading a
change of sign leads to the Bauschinger effect, which is ignored in these
theories).

Solution from flow theory. From equations (13.7) we obtain

df =dgq +dAq, dy=dr+dA-7, (15.6)
where, by virtue of (13.6) and the yield condition (15.3),
dA=2Ed=qdt+7dy. 5.7

This should be taken together with the yield condition (15.3); we then ob-
tain, with the aid of (15.6) and (15.7), the differential equation
d
:ig = (\/l—qz—q%)\/l—q2 .
It must be emphasized that in order to determine g from this equation it is

necessary to prescribe the deformation path v = y({); this requirement does
not arise if we proceed from deformation theory (cf. (15.2)).
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The prescribed deformation path vy = ¥({) is assumed to be smooth and to
satisfy the loading condition dA > 0. On substituting from (15.4) we trans-
form the last equation into a Riccati equation:

:—‘; = dwiowy')+ L (15.8)
Special cases. For certain special functions y({) it is easy to construct par-
ticular solutions of this equation, of interest for the analysis of the equations
of plastic flow theory and for the devising of experiments. We consider a few
particularly simple solutions.
Linear deformation path. Let

1) =A+ B ;
if y =0 when { =§, and y =) when { ={}, then

7051718 -7
A=0171o' B=71 (U
§1=%o §1—%0
The differential equation takes the form
dw

1w _
& 2(w +2Bw-1).

This equation is separable in its variables; its solution, satisfying the condition
w=wy when $=%0,
has the form
Zwy Fw,

o]
Fig. 20.
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Here we have introduced the notatior

exp [VB2+1¢-¢0)]
wyf_ 5 >0
w;}_-—Bi 82—1<0 .

When w > wj, we have to take the — sign in (15.9), and the + sign when
w<wi.

Step-like path. In experiments, step-like loading is often adopted (fig. 20);
on each step either { or 7y is constant. The respective solutions are easily de-
rived from (15.6) and (15.7). Thus, if { = const., then d¢ = 0 and

dy =dr/(1-72).

Wo—W)
B Wo—w2

Integrating and satisfying the condition 7 = 7; when ¥ =1, we find
=G-1 =2
T Ok q 1-72, (15.10)

where we have put

1+7
1—

6= 1‘ exp [2(r-1)] - s.11)

T

Now let y = const. Then by a similar process we obtain
= ZEr1 =J132
1=z T T=V14*,
where g =q) for { = ¢, and

1 +q,
26)= 1 exp -1 -

15.3. Convergence of results for development of deformation in a specified
direction

Fig. 21 illustrates in the {, ¥ plane various deformation paths corres-
ponding to some of the cases that have been examined. The numbers indicate
the values of ¢ according to flow theory, while the numbers in brackets give
values of ¢ from deformation theory; the circle of unit radius bounds the
shaded region of elastic deformation.

These data enable us to estimate, to some extent, the differences in the
stress states (values of q) according to flow theory for different transition
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(054) g0 58

Fig. 21.

paths to the same deformation state. It is readily seen, moreover, that the
stresses, as calculated from flow theory and deformation theory respectively,
tend to converge with increase of strain in a prescribed direction.

If the deformation path tends to some linear path (fig. 19), it can be shown
rigorously that the results are asymptotically convergent.

Beginning at some instant, let the deformation path tend to the straight line
= A+ Bt as ¢ increases; then y'(¢) = B where B > 0.
According to (15.5), the deformation theory solution w tends to the value

W=-B+\B2+1

with increasing ¢. The flow theory solution w is given by equation (15.8). If we intro-
duce the new unknown

u=w-w,

then the differential equation (15.8) becomes

du — =
@~ PO u-du2-(B-v'0] % (15.12)

It is easy to see that the coefficients in this equation satisfy the ditions of Ascoli’s
theorem, and therefore the solution exists and tends to zero as ¢ —> o0 Consequently

ww.

. A similar result follows form an analysis of the deformation of a tube under the ac-
tion of an internal pressure and an axial force.
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It can be shown [121] that even in the general case of a three-dimensional
stress state, the stresses calculated from the two theories converge if the strain
develops in a prescribed direction (which essentially means convergence to
simple loading).

15.4. Simple loading and proportional increase of loads

The results derived above indicate the great importance of the class of sim-
ple (or nearly simple) loadings. In this case the relatively uncomplicated equa-
tions of deformation theory are applicable. The conditions for simple loading,

0= 10}, (15.13)

where the of; i are functions of the coordinates alone, and ¢ is some parameter,
must be satisfied for every element of the body. It is usual to apply surface
forces p; to the body (for simplicity body forces are neglected), with the
stresses 0;; acting on elements of the body being a priori unknown. When the
surface loads change arbitrarily it is naturally impossible to speak of simple
loading of the body elements. But suppose that the loads increase in propor-
tion to some parameter

pi= 1}, (15.14)

where p,'- are given functions of the coordinates of points on the surface alone.
Following A.A. II'yshin, we can easily show that the loading will be simple
if, for small strains,
1. the material is incompressible (e = 0),
2. the intensities of stress and strain are related by a power law of the form

T=ATQ, (15.15)

where 4, @ > 0 are constants.

Suppose that when ¢ = 1 stresses o ;and strains e are present in the body.
It follows that these quantities sanst[y the dlfferentlal equations of equili-
brium (4.2) with FI =0,w; =0, the boundary conditions (1.22), the Saint
Venant compatibility conditions (2.16) and the equations of deformation
theory (14.24) subject to the power law (15.15).

If the parameter is assigned some value 7, then it is easily seen that the
stresses 0;; = 10}; and the strains €;; = t1/0€. are the required solution of the
problem. Actua{ly, the differential equations of equilibrium, the boundary
conditions and the Saint Venant compatibility conditions are homogeneous
(with respect to stresses, external forces and strains respectively), and there-
fore are satisfied by the new values of the stresses (15.13), external forces
(15.14) and strains. The equations of deformation theory (14.24) are also sat-
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isfied, since their right-hand sides are homogeneous functions of the strain
components, of degree a.

Returning now to the original restrictions, we note first that compressibili-
ty can usually be neglected for sufficiently developed (though small) plastic
deformations. The power-law approximation (15.15) is a considerably more
drastic limitation. There is a number of cases (for example, perfect plasticity)
when this law gives a bad approximation. The law (15:15) leads to more or
less acceptable results for developed plastic deformations and appreciable
hardening of the material.

The foregoing analysis permits the assumption that simple loading is ap-
proximately achieved with developed plastic deformation and appreciable
hardening under proportional increase of loads. In other cases simple (or near-
ly simple) loading does not apply (cf. also [155]).

15.5. Experimental data

Tests agree with plastic flow theory significantly better than with deforma-
tion theory. Equation (13.5) implies a similarity condition for the forms of
the plastic strain-increment tensor and the stress tensor:

He = H, -

In tests, small but systematic deviations from the similarity condition are
observed. Fig. 22 shows the results of a number of tests; u, is measured along
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the horizontal axis, and u§, along the vertical; the dotted line corresponds to
the similarity condition. The deviations imply small violations of the linear
tensor equation (13.4). It is possible to achieve agreement with the experi-
mental data shown in fig. 22 by introducing a non-linear tensor relationship,
but this substantially complicates the original equations.

Experimental data also indicate that the directions of the principal axes of
the stress tensor and the strain-increment tensor coincide.

It should be noted, however, that with complex loading, especially with in-
termediate unloading, the anisotropy which the material acquires in the pro-
cess of plastic deformation has a considerable influence.

A description of the effects of strain anisotropy is difficult and requires a
more complicated theory.

§16. Generalizations in the case of perfect plasticity. Associated flow law

We consider a number of generalizations of the theory in the case of per-
fect plasticity. As before, the increments in total strain are compounded of
the increments in elastic and plastic strain:

= €
de;;= def; + deb. (16.1)
The increments in the components of elastic strain de,?i are related to the

increments in the elastic stress components by Hooke’s law (13.3). Further-
more, plastic volume changes are absent, i.e.

deP=0. (16.2)

16.1. Yield function and plastic potential
For a perfectly plastic medium there is, in the space of stresses 0,3, a yield
surface

flo)=K (K>0), (16.3)

bounding the region of plastic deformation, in which f> K. Plastic flow is as-
sociated with stresses corresponding to points on the yield surface.
Thus, according to the von Mises yield criterion,

flo) = T2, K= 13 . (16.4)

The material is in an elastic state if T < 7, and in a plastic state if 7= 7.
In the space of principal stresses 01, 02, 03 this equation defines the surface
of a circular cylinder with axis o) = 03 = 03 (the hydrostatic cylinder, §1).
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The yield surface (16.3) is convex (cf. below, §18), i.e. it lies on one side
of a tangent plane (or of a reference plane in the case of plane segments).

In addition to the yield function, we sometimes introduce the plastic po-
tential d’(o,-i), which enables the equations of plastic flow to be written in the
form

aq>

def=dn->—
d0;; 'I

(16.5)
where d\ > 0 is some undetermined, infinitesimal scalar multiplier. The in-
compressibility condition (16.2) then gives

ad

30, =0. (16.6)

The relations (16.5) can be best understood if we consider a representation

of the tensors deg, 0;; by vectors in the nine-dimensional space of the stresses

0;;. Of course this represemanon is not complete and can be used only in a
certain sense. In analyzing the equations of the plastic state, we usually use
only the simplest operations on tensors, and we can establish a correspon-
dence between these operations and operations on the representational vec-
tors. The vector formulation is convenient, facilitates interpretation of experi-
mental data, and is widely employed in analysis of the equations of the plas-
tic state.

The simplest operations on tensors are the following:

1. Multiplication of a tensor by a scalar y; this means multiplication of
each component of the tensor by the scalar y; i.e. if the tensor T, has compo-
nents a;;, then the tensor ¢T, has components ya;;.

2. Addition of tensors; we add the components having the same indices,
i.e. the tensor T, + T, has components a;t b

3. Contraction of two tensors with respect to both indices; this is the sum
a;;b;;. An example of a contraction is the increment in the work of plastic de-
formauon dA, = 0;deP.

We introduce vectors A, B, having components a;;, b;; in 9-dimensional
space. Then the first operation corresponds to multiplication of the vector by
a scalar, i.e. the vector pA. The second corresponds to addition of vectors
A + B. Finally, the contraction of tensors corresponds to the scalar product
of vectors:

(A,B)= a,, ij -

Remark. Because of their symmetry the tensors of stress T, and strain Te have only
six different components. Nevertheless it is convenient to represent these tensors by vec-
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tors in 9-dimensional space, since then the scalar product of the vectors o;; and €jj will
immediately give the contraction. This is connegted with the fact that the components
of the strain tensor are not the shears themselves, but half the shears. We can also con-
sider a six-dimensional space, taking as components of the stress vector the six compo-
nents of the stress tensor multiplied by some numbers. The latter are chosen so that the
scalar product of vectors correspond to the contraction of tensors. It is more convenient,
however, to have the same components for the vectors as for the tensors — in 9-dimen-
sional space.

If the principal directions of the tensor T, are fixed, we can represent the
tensor T, by a vector A with components a1, a3, a3 in three-dimensional space
a;. This interpretation has been used previously, in §1.

Thus, the stress state in 9-dimensional space can be represented by a vector
jj. The plastic strain-increments deg- can also be represented by a vector in
the same space, if de};- is multiplied by a constant of the appropriate dimen-
sionality. The equation ®(0;)) = const. defines the surface (hypersurface) of
the plastic potential. Since the direction cosines of the normal to this surface
are proportional to 3%/doy;, the relations (16.5) imply that the plastic flow
vector de}; is directed along the normal to the surface of plastic potential.

16.2. Associated flow law
Of great importance is the simplest case when the yield function and plas-
tic potential coincide:

f=0.

Apart from its simplicity, this case enables the derivation of a uniqueness
theorem and extremum principles, which give the theory a certain complete-
ness.

(”\‘

Fig. 23.
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Thus,
P = of
de,l da 30.~,- , (16.7)

and plastic flow develops along the normal to the yield surface (fig. 23).
The increments in the work of plastic deformation are
of
= P = g\-0.: ——
a4, =0,dej; =dA-o;; 20, (16.8)
If f is a homogeneous function of the stresses of degree m, then
dAp =d\'mf=d\'mK ,

i.e. the multiplier d\ is proportional to the increment in the work of plastic
deformation:
Uy
mK -~
In flow theory (§13) this leads to formula (13.10), which was obtained
earlier
Note that (16.7) covers both the equations of plastic flow theory (13.7)
and the equations of the Saint Venant-von Mises plasticity theory (13.11).
It is easy to show that in this case

d\= (16.9)

of _or2_

d0;; 00 Sij»

and equations (16.7) take the form de}} = d\s;;. The incompressibility condi-
tion (16.2) is obviously satisfied.

The relation (16.7) is called the associated law of plastic flow, because it is
connected (associated) with the yield criterion. The associated flow law en-
ables various generalizations of the plasticity equations by considering yield
surfaces of more complex form.

If we consider the flow in the space of principal stresses (convenient for
fixed principal directions, for example, in axisymmetric problems), then in
place of (16.7) we can use the relations

w=al  (=1,23). (16.10)
0j
16.3. Piecewise-smooth yield surfaces

The associated flow law in the form (16.7) requires that the yield surface
be smooth, i.e. that it have a continuously turning tangent plane, with a de-
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fined normal to the surface. However, we cannot really exclude from our con-
siderations singular yield surfaces (having. edges and vertices). Thus, the
Tresca-Saint Venant criterion defined the surface of a hexahedral prism (§9),
the normal along its edges being undefined. As we shall see later, the use of
the Tresca-Saint Venant yield criterion in place of the von Mises criterion
frequently leads to substantial mathematical simplification (for example, in
problems of plane stress). For this reason it is necessary to supplement the
relations (16.7), valid at points of continuity of the yield surface, in such a
way that plastic flow corresponding to edges and vertices of the yield surface
can also be determined. For simplicity we shall restrict ourselves to consider-
ation of an edge. This is the most common case in practice; cases of vertices
can be analyzed in a similar way.

Following Prager [29] and Koiter [124] we assume that the flow on the
edge is a linear combination of the flow on the right and left of the edge
(fig. 24):

ofy 2
P=d\ — == ;
def=d\; a”ii+ dx, 30" (16.1
Here f] = const., f2 = const. are the equations of the yield surfaces on the two
sides of the edge. The undetermined multipliers dA;, dA; are non-negative, as
a result of which the flow develops along a direction lying within the angle
formed by the normals to the two adjacent faces.

Elastic
region

f,= const.

Fig. 24.

At a smooth point of the surface the plastic flow is fixed in direction,
while its magnitude is undetermined; the multiplier d\ is expressed in terms
of the increment in the work of plastic deformation, and is found in the pro-
cess of solving particular problems.

On an edge of the yield surface, both the direction and the magnitude are
undetermined. The multipliers d\;, d\, are also found in the course of solv-
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ing individual problems. Along the edge “two yield criteria” are satisfied
(f1 = const. and f3 = const.); this compels us to introduce two arbitrary multi-
pliers in order to avoid inconsistency with the compatibility conditions for
strain.
If the flow is considered in the space of principal stresses, then in place of
(16.11) we shall have
of;

deP=dr, B—ot»+ d,

of)
E‘ (16.12)

16.4. Example: Flow on the edge of the Tresca-Saint Venant prism

By way of illustration we consider the flow corresponding to stress states
for points on the edge of a hexahedral Tresca-Saint Venant prism. Suppose
for definiteness that the edge is generated by the intersection of the planes

(cf. §9)
fi=01-0y=05; fr=01-03=0;.

The intercepts of these planes on the deviatoric plane are shown by the
solid lines in fig. 25. For the first plane the flow can be written in the form
(we use (16.10), change to strain rates £P and omit the index p; d\; =A1ds,
d\y =23d0):

For points on the edge, the law (16.12) gives
=N+ BN BN
The rate of work of plastic deformation (dissipation) for points on the
Aedge is equal to
Ap=oi=0 A1 +13).
Here \j + \3 = £ is the largest principal rate of extension.

A similar analysis for the flow on the other edges easily shows that in all
cases the dissipation is given by the simple formula

A.p="sEmaxv (16:13)
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Fig. 25.

where £, is the absolute value of the numerically largest principal strain
rate.

The physical interpretation of flow on an edge determined in this way
gives rise to certain difficulties, which have already appeared in connection
with, for example, simple tension at the corner point C (fig. 25) of the
Tresca-Saint Venant hexagon. Here the flow is given by the relations

E=N+N BN BE-A,

where the first principal direction is directed along the axis of the rod. Thus,
the transverse strains are arbitrary, satisfying only the incompressibility con-
dition. This picture is not consistent with the usual concept of tension in an
isotropic rod (according to these relations a circular rod can become ellipti-
cal). However, such paradoxical results appear in extreme cases only and re-
late mainly to the velocity field. Limit loads obtained on the basis of the
present model are good approximations.

The Prager-Koiter model should be regarded as an idealized approxima-
tion, which is often useful. It is scarcely expedient to try to find a physical
meaning in individual paradoxical results.

16.5. Anisotropic medium

On the basis of the representation given above it is possible to derive equa-
tions for the plastic flow of an anisotropic body. It is only necessary to intro-
duce an anisotropic yield function. In the simplest version this function is
given by the quadratic form

f=Cijka%ii9% »
where Cijkt are coefficients of anisotropy. Other versions of a similar type are
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discussed in the works of von Mises [52, 70], Hill [54] and other authors. A
theory has also been developed based on a generalization of the Tresca-Saint
Venant yield criterion [11].

§17. Generalizations. Case of a hardening medium

17.1. Loading surface

The equations of flow theory, derived in §13, give a satisfactory descrip-
tion of the mechanical behaviour of a hardening medium only in cases of not
too complex loading. But hardening which accompanies plastic deformation
has a directional character, and in a triaxial (or biaxial) stress state it is a com-
plex and, in general, not sufficiently understood effect. Its description re-
quires a substantial extension of the theory.

At the basis of the theory lies the concept of a loading surface Z (fig. 15b),
in the space of the stresses 0y, which separates a region of elastic deforma-
tion from a region of plastic deformation for a given state of the medium. An
infinitesimal increment in the stress do;; leads either to elastic deformation
(unloading if doj; is directed inside Z) or to continuation of plastic deforma-
tion (loading if da,i is directed outside X). Increments do,~,- which lie in the
tangent plane to the loading surface (neutral changes) can only lead to elastic
deformation (i.e. if the representative point moves on the surface Z plastic
deformation cannot occur). This condition (continuity condition) is neces-
sary for a continuous transition from plastic to elastic deformation with con-
tinuous change in the direction of the vector doj;.

The loading surface expands and is displaced with the development of
hardening, and the elastic limit changes (differently in different directions).
In perfect plasticity the yield surface is the limiting position of the loading
surfaces if these all contract on the initial surface.

In general the shape and position of the loading surface depend not only
on the current stress but also on the whole preceding history of the deforma-
tion.

17.2. Example. Construction of a loading surface from experimental data

As a simple example we consider the construction of a loading surface
from experimental data. It is not possible to perform experiments with ar-
bitrary, triaxial stress, and therefore we examine loading curves in certain sec-
tions of the loading surface. Usually we restrict ourselves to loading curves in
plane stress, where one of the principal stresses is zero. Here we shall con-
sider, in particular, experiments on thin-walled tubes under the action of an
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internal pressure p and an axial force P (p + P-tests, §7). The tube is in a state
of plane stress, with the principal stresses equal to 0, and 0,. Denote by o the
yield limit in uniaxial tension, equal, say, to the stress which corresponds to a
residual strain of 0.2%, and consider the plane of the stresses 0,, 0, We con-
struct an initial yield curve which bounds the elastic region for the original
(non-hardening) material. To do this, experiments are performed for a series
of specimens with different values of the ratio P/p (fixed for each test); the
corresponding loading paths, which are obviously rays, are shown by dotted
lines in fig. 26a. On each ray an experimental point is located for which the
residual strain is 0.2%. This number is, of course, conditional and in principle
can take other values. However, an examination of various secondary effects
(after-effect, creep) which complicate the picture suggests that it would be
unwise to choose excessively small criteria. Joining the experimental points
by a smooth curve, we obtain the initial loading curve Z, (fig. 26a). If the
material has experienced plastic deformation previously, the loading surface
is constructed in the following way. Suppose, for example, that we have to
construct a loading curve for steel which has previously experienced plastic
deformation under loading along the ray OA (fig. 26b). We take the tubes and
subject them to loading along OA, then we remove the load and test each
tube at a certain fixed value of P/p (i.e. along the ray) until a residual strain
of 0.2% is attained on the ray chosen for the given tube. Marking the corres-
ponding points on the 0,, ¢, plane and joining them by a smooth curve, we
obtain the required loading curve (fig. 26b). According to experiments, the
loading curve is displaced in the direction of the prior plastic deformation.

Experiments carried out in plane stress conditions with different loading

(a)

Fig. 26.
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programmes enable us to build up a picture of the dependence of the loading
surface on the process of plastic deformation.

17.3. Some forms of the loading surface

We consider some simple forms of the loading surface . We assume that
in its original state the material has yield limits which are identical in magni-
tude for compression and tension.

Remark. It is necessary to emphasize the difficulties of constructing the loading sur-
face experimentally. Finding the yield limit from the limit of proportionality or in the
presence of a small amount (0.01% or 0.02%) of residual strain A can lead to invalid con-
clusions, because of the influence of secondary effects. For this reason one sometimes be-
gins from a rough tolerance-limit (for example, A = 0.2%). This is acceptable if the yield
limit is sufficiently high and the hardening relatively small; the relative errors will then be
low. When the hardening is large or the elastic limit low, the range 0.2% can lead to gross
distortion. Some authors avoid this difficulty by adducing the values of the yield limit in
accordance with different tolerance-hmnts (from 0.02% to 0.2%, or even 0.5%). This

useful i but dicts the th ical model of a unique
yleld surface for a given state.

The material experiences hardening in the direction of p. def tion, while in
the reverse direction unhardening takes place (B hil effect). For an unhardening
material the yield limit is comparatively low (sometimes it can scarcely be discerned at
all), and then its experimental determination d d ially on the tol

With existing experimental data there is a sharp decrease (approximately 10-fold) in
the accuracy of the yield limit as the distance from the direction OA (fig.26b) of the
previous plastic deformation increases. In effect, only a small, frontward part of the
loading surface has its actual value, depending on the choice of the tolerance limit and
characterized by a more or less sharp transition to the plastic zone. The rear part of the

loading surface depend ially on the itude of the tol In particular, this
is a conventional method for determining the Bauschinger effect
In this connection the question arises of the relationship b the th ical

model and the experimental data, and also of the method of expenmenhtlon
It is possible that for some materials the construction of the rear portion of the yield

surface can be achieved with optimally-diminished tol and an appropriate estimate
of the associated secondary effects. It is also possible to d the foll g
general method of establishing the ‘‘true” yield limit from the test data. Suppose yield
limits have been obtained experi lly with adj sufficiently wide tolerance-

limits (for example, Ay =0.1% and A, = 0.2%); then we find the “true” yield limit by
extrapolating to “zero” tol When additional points are available the accuracy of
the extrapolation can be improved.

If for some reason the construction of a yield surface cannot be reliably effected, it is
probably inevitable that the concept of a yield surface has to be abandoned. In particular
problems, of course, a limited use of the yield surface (front portion) is still possible.

Isotropic hardening. In the preceding section the equation of a fixed yield
surface had the form fo;) = K. If we assume that, with plastic deformation,
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hardening develops equally in all directions and is independent of the hydro-
static pressure o, the equation of the loading surface can be written in the
form

fGsi) = (@) , a7.1)

where the scalar ¢ > 0 is some measure of isotropic hardening, and y is an in-
creasing function.

One common measure of hardening q is the work of plastic deformation
Ap, ie.

q= Joydel.

Another, less frequent, measure is characteristic of the accumulated plastic
strain (Odquist’s parameter):

q=JV2defdef;.

Note that equation (17.1) can contain, in general, several measures of
hardening ¢, g5, 43, - . . . If the medium is isotropic the function must de-
pend only on the invariants of the stress deviatoric. In particular, if we take
into account only the quadratic invariant — the intensity of tangential stresses
T — (which is quite sufficient in the first approximation), then equation
(17.1) takes the form

858 = 9(9) - 172)

A similar condition has been considered earlier (§12).

According to (17.1) the loading surface expands uniformly (*‘isotropical-
ly”") and remains self-similar with increasing plastic deformation (fig. 27). It
should be understood that the Bauschinger effect is not involved here, since
the yield limits in the direct (OM®) and inverse (OM) loading directions are
equal in magnitude.
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The concept of an isotropic loading surface is useful in describing simple
experiments on plastic deformation where the development is in some pre-
ferred direction, and in particular for experiments on simple loading.

Translational hardening. Let the loading surface T experience rigid dis-
placement in the direction of deformation. In fig. 28 the solid line shows the
initial position of the loading surface, and the dotted line its position after
some plastic deformation. If now the material is again loaded, then the elastic
limit increases in the direction of the preceding deformation (OM"); if harden-
ing has taken place, the elastic limit in the inverse direction (OM") diminishes.
This model describes the Bauschinger effect, at least qualitatively. In the case
under consideration the equation of the loading surface has the form

i) =K, (17.3)
where g;; are the coordinates of the centre of the loading surface, which
change with plastic deformation and generate a deviatoric. For the incre-
ments da; differential relations are in general required [84, 141, 178]. The
simplest version, which is well known, [115], is

a;=cef, (17.4)
where ¢ is a positive constant, characteristic for a given material, and e}} are
components of plastic strain. Thus the components of a rigid displacement of
the loading surface are here proportional to the components of plastic strain.

Translation and expansion. A combination of the two preceding cases
leads to the more general scheme

fGsi—a;) = (@) . 17.5)

The loading surface experiences translation and uniform expansion in all
directions, i.e. it retains its shape.

Equation (17.5) satisfactorily described the hardening of a material in
quite a wide range of variation of loading path.

Fig. 28.
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If the medium is isotropic in its initial state and its behaviour depends on-
ly on the quadratic invariant — the intensity of tangential stresses T — then
equation (17.5) takes the form

(s,-,—a,-,-) (Si,—ﬂi,') =v(q): (17.6)

According to experimental data the right-hand side (the “radius” of the
surface) undergoes comparatively little change.

It is not difficult to examine more general equations of the loading sur-
face, including initial anisotropy of the medium and containing not one but
several hardening parameters [84, 69].

17.4. Associated flow law

To derive the equations which relate the increments in the strain compo-
nents with the stress components and their increments, we utilize some prop-
ositions which have already been encountered earlier.

First of all we assume that the increment in total strain is made up of the
increments in elastic and plastic components:

de;; = defj + defy. (17.7)

The increments in elastic strain components can be found from Hooke’s
law. Plastic volume changes are neglected, i.e.

def=0.

The next assumption is the continuity condition, which we have touched
on at the beginning of this section. Let the current state be described by some
position of the loading surface Z (fig. 15). An infinitesimal stress-increment
do;; either is accompanied by elastic strain alone, or it induces plastic strains
deg as well. We have already seen that if the plastic components are to vanish
continuously in transition to elastic deformation, it is necessary to introduce
neutral changes d"i/’ which lie in the tangent plane to the loading surface
and which lead only to changes in the elastic strains def,-. Hence it follows that
the increments in the plastic strain components de}; must be proportional to

the quantity
_ Of
df=—do;,
a0y Y

where the prime signifies that the increment d'f is evaluated only with respect
to increments in the stress components '). Then if the stress-increment du,~l~

1) That is, with constant plastic strains.
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lies in the tangent plane to the loading surface, we have d'f =0 and def;= 0.
Note that with condition (17.1),

AA g e,
90;; 05y
A further assumption is the associated flow law, according to which the
direction of the increment vector def; is along the normal to the loading sur-
face T in the case of hardening as well. As a consequence, the components
del’ must be proportional to the direction cosines of the normal to Z, differ-
mg only by a general scalar multiplier from the partial derivatives 3f/d0;;.
Thus

del’ =g aal"f for df=o0,

, (17.8)
de}; =0 for d'f <0 (unloading) .

The proportionality factor g is called the hardening function: it characterizes
the level of hardening attained and, in general, depends on the history of the
deformation. If the current stress state 0;; corresponds to points inside Z, i.e.
is elastic, then def: = 0.

Since do; deP $ 0 for a hardening body (cf. Drucker’s postulate, §18), it
follows from (17 8) that for loading g(d'f)2>0,i.e.g> 0.

Specification of a smooth loading surface under the associated flow law
completely determines the plastic strain-increments; the hardening function g
is found from the equation of the loading surface (i.e. from the hardening
condition) if we take into account that df = dy and use equations (17.8).

As an example, let the loading surface be given by equation (17.2), where
q is Odquist’s parameter. Then df = ¢'dg = ‘4:\/2_dw Pdfp Forming dgq with
the aid of (17.8), we obtain

g=@s'T)!.

If for g we take the work of plastic deformation, then dg = oiide}}. Evaluating
dg from (17.8), we easily find

g=W@y'TH 1.

A special case of these equations is the equations of flow theory with hard-
ening (13.14), which we have considered in §13. These equations follow
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from (17.7), (17.8) with
flo)=T%;  g=F(D)2T. 179)
Equations (17.8) were formulated by Prager.

17.5. Singular loading surfaces

It has been assumed above that the loading surface Z is regular, i.e. that it
has a continuously turning normal. But loading surfaces with edges and coni-
cal points have often to be considered. Here it is convenient to distinguish the
two cases.

Sometimes the loading surface has an edge, whose position on the surface
is fixed. For example, we have already seen that the solution of a problem is
often simplified if we change from the intensity of tangential stresses T to the
approximately equal quantity 7.,,, (§1). This corresponds to a transforma-
tion from the von Mises circle in the deviatoric plane to the Tresca-Saint
Venant hexagon (fig. 25). Then the flow on the edge is determined as the
linear combination of the flows on the two sides of the edge.

In the second case the singularity is of a more essential character. It is in
fact possible to assume that in the neighbourhood of a point M of the loading
surface where a stress-increment doj; occurs, a singularity (conical point) de-
velops (fig. 29). There are several theories relating to the development of
these singularities on loading surfaces [67, 69, 70], but the equations of plas-
ticity theory become extremely complicated in this case. Nevertheless the an-
alysis of such situations is clearly of interest. Experimental data are somewhat
contradictory, and do not at present allow a definitive statement to be made
about the existence of singular points.

17.6. Concluding remarks
The development of plasticity theory for hardening media is of great prac-
tical significance, since many modern structural metals experience perceptible
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hardening. As we have already noted, the theories of hardening media devel-
oped above do not fully describe the behaviour of metals in conditions of
complex loading. At the same time these equations are themselves extremely
complicated, and their solution in concrete problems involves considerable
mathematical difficulty. It is therefore customary in applications to proceed
either from the Prandtl-Reuss equations (13.14) with an isotropic hardening
condition, or from the equations of deformation theory (14.23) with the
“single-curve™ law (the intensity of the tangential stresses is a function of the
intensity of the shear strain, § 12). The isotropic hardening law is useful for
comparatively simple loading paths. The single curve model is applicable in an
even narrower range of situations. It follows that solutions of boundary value
problems on the basis of either theory are in fact restricted to “sufficiently
simple” loading. It does not seem possible to formulate this condition more
precisely. A comparison of available solutions found from the two theories
usually indicates little difference between them.

A question of great importance is that of plastic deformation under cyclic
loading. Experimental data on this question can be found in the book by
V.V. Moskvitin [24]; this book also presents a technique for utilizing the
equations of deformation theory to describe these processes. Expressions des-
cribing repeated loading of an elastic-plastic medium have been derived by
R.A. Arutyunyan and A.A. Vakulenko [84] on the basis of the physically
more correct flow theory. These authors begin with the equation of the load-
ing surface (17.6), where the “coordinates of the centre™ a;; are determined
by certain differential relations. The theoretical results agree satisfactorily
with experimental data.

For more complex loading paths the above theories for a hardening me-
dium often turn out to be inadequate.

In the circumstances it is natural to try to go beyond the preceding formal
representations of loading surface and associated flow law, and to consider
different approaches to developing a theory of hardening media. Various
treatments of this problem have been investigated, but they are outside the
scope of this book. We shall limit ourselves to a few references to the litera-
ture.

First of all we note a series of works [42, 57, 69, 89] in which the meth-
ods of thermodynamics of irreversible processes are used. This approach has
been widely developed in recent years, with the aim of ascertaining the struc-
ture of the equations of plastic deformation.

Another method consists in imposing sufficiently general restrictions on
the structure of the tensor equations. We have already (§16) noted condi-
tions in which tensors can be represented by vectors. A.A. II'yushin [13] de-
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rived a class of tensor relations having a corresponding invariant vector formu-
lation. This makes the analysis convenient, but not fully general.

Finally, we should draw attention to the so-called “physical theories of
plasticity”, in which the properties of media are inferred on the basis of an
analysis of the deformation of individual crystals. A similar theory (“slip the-
ory””) has been proposed for a complex stress state by Batdorf and Budiansky
[85]. The metal consists of randomly distributed crystals, in each of which
the plastic slip takes place along certain planes. Statistical averaging of the slip
leads to “stress-strain” relations having a complex structure. Several other ver-
sions of slip theory have been developed in the works of A.K. Malmeister
[22] and other authors. Note that the equations of slip theory admit a purely
phenomenological treatment [125].

Not only are the Batdorf-Budiansky equations complex, but also there is a
series of important properties which they do not describe (for example, the
Bauschinger effect). Further complication of the theory is needed to allow
for this effect.

§18. Drucker’s postulate. Convexity of the loading surface. Justification of
the associated flow law

18.1. Hardening condition and Drucker’s postulate

In the preceding sections we have repeatedly considered a hardening me-
dium, by which we have meant a medium whose elastic limit increases in the
process of deformation. But no rigorous definition of hardening has been
given. On the other hand a few simple examples are enough to convince us of
the need for a more precise definition of a hardening material.

In fig. 30 the o, € curves symbolize the relation between stress and strain.

In the case (a) the material is actually hardening. Here an additional load-
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ing Ao > 0 gives rise to an additional strain Ae > 0, with the product
Ao-Ae > 0. The additional stress Ao does positive work — represented by the
shaded triangle in the diagram. Material of this kind is called stable.

In case (b) the deformation curve has a descending branch, where the
strain increases with decreasing stress. On this segment the additional stress
does negative work, i.e. Ac-Ae < 0. This material is called unstable.

In case (c) the strain decreases with increasing stress, so that Ao-Ae < 0
again. In the mechanical scheme this case contradicts the law of conservation
of energy, since it allows “free” extraction of useful work (for example, an
extended rod raises slightly the load P under an additional load AP).

Only the first of these cases is relevant to the deformation of real materi-
als. Drucker’s postulate generalizes these ideas and provides a suitable defi-
nition of hardening.

Consider an element of a hardening medium in which there is an original
stress ofj' to this element we apply additional stresses (in general, of arbitrary
magnitude), and then remove them. We assume that changes take place suffi-
ciently slowly for the process to be regarded as isothermal. Then it is postu-
lated that

1. In the process of loading additional stresses produce positive work.

2. For a complete cycle of additional loading and unloading, additional
stresses do positive work if plastic deformation takes place. For a hardening
material the work will be equal to zero only for purely elastic changes.

We emphasize once again that what we have in mind here is not the work
of the total stresses, but only the work of the additional stresses on the addi-
tional strains. Returning to case (b) in fig. 30, we observe that the work of
the stress o is positive (i.e. cAe > 0), even though Ao-Ae < 0. According to
Drucker’s postulate the prolongation of plastic deformation of a hardening
medium requires additional forces.

Drucker’s postulate leads to an important inequality.

Let Z be the current position of the loading surface (fig. 31). Consider
some loading path A -+ B - C. The initial stress 03 corresponds to an initial
point A lying inside or on the surface Z. The point B (stress a,-,-) is on the sur-
face Z. An infinitesimal stress-increment doj; proceeds from the point B, and
causes a corresponding elastic strain def; and plastic strain def. Denote by ' a
new, neighbouring position of the loading surface. We now return to the
point A by some path C - A. Drucker’s postulate states that the work of
the additional stresses is positive over the whole cycle, i.e.

Poj-0f) de;>0.
For a closed path ABCA, the work of the additional stresses on the elastic
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Fig. 31.

strains defi is zero, and consequently
0
Plo;~0Y det>0.

Since plastic deformation takes place only on an infinitesimal segment B> C,
the last inequality takes the form

(0509 def>0. (18.1)

This inequality is sometimes called the local maximum principle. For a hard-
ening medium the expression can only be equal to zero in the absence of
plastic deformation.
Consider now a different cycle, in which the initial stress is %jj» correspond-
ing to the point B on the loading surface . Then by Drucker’s hypothesis:
For the loading process B > C

dojde; >0 . (18.2)
For the cycle of loading and unloading B - C -~ B
do,-/de}} >0 (18.3)

(since the work on elastic strains is zero in a closed path).

18.2. Convexity of the loading surface and necessity of an associated flow
law
From the inequality (18.1) we have that the scalar product of the vector

of additional stresses oil—ag (vector AB in fig. 32) and the vector of the plas-
tic strain-increments deg- is positive. Consequently these vectors always gener-
ate an acute angle. From this we infer the convexity of the loading surface
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and also the associated flow law (i.e. the orthogonality of the vector de};- to
the surface Z).

de?;
def
—
(a) (b)

Fig. 32.

Let the loading surface Z be convex (i.e. Z lies on one side of a tangent
plane (fig. 32a), or of a reference plane, as in the case of the Tresca-Saint
Venant hexagonal prism). Condition (18.1) will only be satisfied if the vector
de}} is normal to Z; otherwise there will always be a vector o,-,—o}} making an
obtuse angle with des-. Note that def; depends on the form of the loading sur-
face Z, but not on the choice of the point A inside Z.

If the surface X is not convex (fig. 32b), then whatever the inclination of
the vector deg- to the surface Z it is always possible to choose the point A
such that the condition (18.1) is violated.

Equation (18.1) also imposes definite restrictions on the plastic flow along
edges of the loading surface and at its conical points. It was assumed earlier
(§17) that the flow on an edge is a linear combination of the flows on the
left and right of the edge, i.e. the vector deB- is perpendicular to the edge and
lies inside the angle generated by the normals to £ on the two sides of the
edge (fig. 33a). This picture now follows from condition (18.1). In the case of
a conical point the flow vector def; must, for .the same reason, lie inside the
cone generated by the normals to the loading surface in the neighbourhood of
the apex (fig. 33b).

18.3. Case of perfect plasticity

We have already observed in the preceding section that the case of perfect
plasticity, when the loading (yield) surface Z is fixed, is a limiting case of
hardening if all consecutive loading surfaces contract to their initial position.
If we return to the o0, € deformation curve, which symbolizes the relation be-



90 EQUATIONS OF THE PLASTIC STATE ch.2

Fig. 33.

tween stress and strain, we see that in a perfectly plastic body Ag = 0, and
consequently Ac-Ae = 0. The stress-increment do;; now lies in the tangent
plane to the yield surface. The requirement that the work of the additional
stresses be positive must now be replaced by the requirement that it be non-
negative. In this extended form Drucker’s postulate continues to hold for a
perfectly plastic material. The inequality (18.1) is now valid with the sign >,
and consequently the yield surface must be convex. Precisely as before, the
plastic flow vector de}; is normal to the yield surface, i.e. the associated flow
law holds.
In perfect plasticity the condition (18.3) becomes the equation

doydel=0, (18.4)

expressing the orthogonality of the two vectors. This condition is valid for a
loading process B - C and for every cycle B C - B.

18.4. Concluding remarks

Drucker’s postulate is essentially a generalization of simple facts. It leads
to important conclusions regarding the convexity of the loading surface and
the necessity of the associated law of plastic flow. It is evident that the equa-
tions of plasticity could now be constructed in a different way from that of
previous sections. It would be sufficient to begin with the concept of a load-
ing surface and to assume Drucker’s postulate and the continuity condition
(§17). The equations of plastic flow (§13) would ensue directly from these
propositions.

We note finally that the inequalities (18.1) and (18.2) which follow from
Drucker’s postulate are a convenient basis for a simple derivation of unique-
ness theorems and maximum principles (ch. 8).
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§19. The equations of thermoplasticity

The elements of many machines and installations are loaded in conditions
of high and, frequently, variable temperature. Plastic deformation often oc-
curs in such circumstances. In the presence of a temperature field the analysis
of plastic behaviour of metals becomes substantially more complicated, be-
cause the yield limit depends on temperature. Henceforth we assume that
the temperature is not too high, so that creep can be neglected. This condi-
tion can be relaxed if the deformation takes place in the course of a short
time interval; for then deformation due to creep does not have time to devel-
op and can be disregarded.

19.1. Equations of plastic flow theory
With variable temperature the relative volumetric change is given by the
well-known expression

€=3ko +3af 19.1)

where k is the coefficient of volumetric compression, « the coefficient of line-
ar thermal expansion, and 6 the temperature.

The components of the strain deviatoric e;; obviously do not involve ther-
mal expansions, and consequently the increments in these components are
made up of elastic strain-increments and plastic strain-increments:

de;; = def; + def. (19.2)

The components of the stress and elastic strain deviatorics are related by
Hooke’s law, i.e.

1
€=
deil- =36 ds,-i ,
where G is the shear modulus.
Consider now the plastic components dep As in the isothermal case, the
theory is based on the concept of a loading surface Z in stress space, which
bounds the region of elastic deformation. In the non-isothermal case the load-

ing surface depends also on the temperature, i.e. it is defined by a relation of
the form

(19.3)

fsj.0,q,..)=0. (19.4)

We limit ourselves to consideration of the simple case of isotropic harden-
ing, corresponding to condition (17.2). Then the equation of the loading sur-
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face can be written in the form
f= .\‘,-,-:,-,-—\o(q, 6)=0. (19.5)

With developing plastic deformation a representative point is located on
the loading surface (19.5), so that

- af of of . -
df= d: i* 36 d0+a—q-dq—0. (19.6)
We examine the loading and unloading criteria. The first two terms in
(19.6) are denoted by d'f.
Unloading. In this case the representative point moves inwards with res-
pect to the loading surface, i.e. df < 0; the plastic strains remain unchanged;
consequently dg = 0 and

of
d'f= ds += 26 d6 <o0.
Neutral changes. lf the representative point is displaced along the loading
surface Z, then df = 0. Here no plastic strains occur, i.e. dg =0, and thus we
have neutral changes. In this case

- f 4=
d'f= d.s + % de=0.
Loading. If plastlc deformation takes place, the representative point con-
tinues to lie on the moving surface Z,i.e. df = 0.
Plastic loading is described by the condition

d'f= afd.s +afd0>0
a0

We now proceed to formulate the dependence relation for the increments
in plastic strain components. As in the isothermal case (§17), these incre-
ments must be proportional to the quantity d'f, which characterizes the tran-
sition from loading to unloading. In the non-isothermal case also we assume
the validity of the associated flow law. As a consequence the displacement
vector dep must be directed along the normal to the loading surface Z in
stress space That is, the quantities de¥  must be proportional to the direction
cosines of the normal to Z, in other words proportional to df/s;;. Thus

de}; =0 for d’f <0 (unloading) , as.7)

def=g5— af df for dr=o0,
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where g > 0 is the hardening function, which characterizes the level of hard-
ening attained and which depends on the history of the deformation and
heating. The function g is related to the equation of the loading surface
§17).

The construction of equations of thermoplasticity which are valid for a
sufficiently wide range of variations in stress and temperature is a very diffi-
cult task. Various aspects of this problem have been examined in the works
[5,69,87,90].

19.2. Case of perfect plasticity
If there is no hardening, the yield surface is defined by an equation of the
form

fGs;5,6)=0.
In particular, for the von Mises yield criterion
f= %‘ii‘ii_kz(o) =0, (19.8)

where the yield limit & is a function of the temperature 6. From the associ-
ated flow law (16.7) and the condition (19.8) we find

def=0 for unloading

(19.9)
de}; =d\'s; for =0 and df=0,

where the multiplier dX is proportional to the work of plastic deformation.

19.3. Deformation theory equations

As in flow theory, the relative volume changes are here determined in ac-
cordance with (19.1), and the components of the strain deviatoric are made
up of elastic and plastic strain components:

ej=efi+el. (19.10)

The components of the elastic strain deviatoric are given by Hooke’s law
(19.3), while the components of the plastic strain deviatoric are given by rela-
tions analogous to (14.5):

ef=vs;, (19.11)

where for the case of hardening ¢ = ¢(T, ). The deficiencies of deformation
theory are even more apparent in the non-isothermal case. Finite temperature
changes give rise to single-valued plastic strains. Nevertheless, deformation
theory is applied quite widely in calculating thermal stresses at the elastic
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limit. But it should be emphasized that this procedure is subject to strong res-
trictions: the loading must be close to simple, and the temperature must
change monotonically.

We have been considering the case of hardening. If we have a situation of
perfect plasticity, the function v remains indeterminate, but a yield condition
is applicable (such as the von Mises yield condition (19.8)).

19.4. Concluding remarks

In thermal problems it it usually not possible to neglect elastic deforma-
tions. Nevertheless there are some cases in which the development of plastic
flow can be described by a rigid-plastic model.

Singular loading (yield) surfaces can be taken into account, just as in the
isothermal case. For example, we can consider the Tresca-Saint Venant hexa-
gonal prism, when the flow on an edge is represented just as before (§§16,
17).

The reader will find the solutions to various problems and further generali-
zations in the literature on thermoplasticity [5, 74, 87,90].

PROBLEMS

1. Obtain the von Mises plasticity condition for the case of axisymmetric deforma-
tion of a thin-walled tube (§7).

2. Obtain the T Saint Venant plastici dition (rmax = const.) for a thin-
walled, closed spherical shell under the action of an internal pressure.

3. A thin-walled, closed, spherical shell, made of a hardening material, experiences an
internal pressure. Find how the change in the shell’s di d ds on the p

4. The equations of deformation theory (§14) and of flow theory (§13) are equiva-
lent in the case of uniaxial tension. What is then the relation between the functions g(T)
and F(T)?

5. A thin, plane sheet is stretched uniformly in all directions in its own plane. Obtain
the von Mises and Tresca-Saint Venant yield criteria.

6. A thin plane sheet lying in the x, y-plane, experiences uniform tension q in the x-
direction and a uniform compression p in the y-direction. Obtain the von Mises and
Tresca-Saint Venant yield criteria. What are the directions of the surfaces on which the
maximum tangential stress acts?

7. In the plane of the principal stresses oy, 0, the yield curve is defined by the condi-
tions loyi= og, lop|= og. Write down the flow equations in the various regimes according
to the associated law.

8. Find the hardening function g in the case of a loading surface of the form
(Si/—t'f’;‘) (S,‘,’—ce?,‘) =K




Equations of Elastic-Plastic Equilibrium.

The Simplest Problems

§20. System of equations for plastic equilibrium

In regions of elastic deformation Hooke’s law is valid, and the stress and
strain fields are described by the system of equations of elasticity theory.
In regions of plastic deformation the equations of deformation theory or
of plastic flow theory (or, possibly, more complicated relations) apply. In
these cases the systems of equations which characterize the stress and strain
fields are substantially more complex. We shall briefly examine these systems.

20.1. Deformation theory
In this case we obtain, fqr loading, equations which are superficially rather
similar to the equations of elasticity theory. Here we can also derive equa-
tions of plastic equilibrium which contain only displacements or only stresses.
The differential equations of equilibrium in displacements are generaliza-
tions of the well-known Lamé equations in elasticity theory, and can be ex-
pressed in the following form. We utilize formulae (14.17)

aNn
0= (20.1)
U 3¢
where I1, the potential of the work of deformation, is a function of the com-

95
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ponents of strain. Substituting (20.1) into the equilibrium equations (4.2) we
arrive at a system of three equations:

3 (ol
a—x,- (E) +pF;=0. (20.2)
Eliminating the strain components with the aid of formula (2.3), we obtain a
system of three non-linear partial differential equations of second order with
respect to the unknown functions u;. For the yield state and the hardening
state the systems will be different, because the potentials of the work of de-
formation are different. If we take for I1 the expression (14.16) for the elas-
tic potential, the equations (20.2) reduce to the Lamé differential equations.

In order to derive the system of equations in stress components it is neces-
sary to supplement the differential equations of equilibrium with certain re-
lations analogous to the Beltrami-von Mises identities of elasticity theory. To
do this we need to introduce into the Saint Venant compatibility conditions
(2.16) the strain components from Hencky’s equation (14.6). In the yield
state it is necessary to add the von Mises plasticity equation, which is re-
quired for definition of the function y. In the hardening state the function ¢
is determined directly from the stress 2y = g(T), and hence an additional re-
lation is unnecessary.

Because of their complexity the respective systems of equations have not
been written out in detail; it is more convenient to formulate the equations
directly in specific problems.

It should be understood that for the differential equations of plastic equi-
librium the classical methods of solution of elasticity theory are not available.
On the other hand numerical methods of solution are very appropriate. Vari-
ous methods of successive approximation have also been used with success.
As a rule, of course, the application of these methods depends on the use of
electronic calculating machines.

It is worth mentioning here that modifications of a different method, de-
veloped by Southwell [60], have also been successful. In addition it is possi-
ble to utilize variational formulations of the corresponding boundary-value
problems to construct approximate solutions (cf. § §67, 68).

The solutions of the non-linear equations of deformation theory in the
case of hardening can be obtained by different versions of a method of suc-
cessive approximation. The solution of problems in plasticity theory then re-
duces to the solution of a sequence of linear problems, each of which can be
interpreted as some problem in elasticity theory (“the method of elastic solu-
tions” [12, 86]).

Let us consider, briefly, some of these approaches.
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Method of additional loads. Equations (14.24) are written in the form
0= (2k 5t 2Ge,,) +2[g(NM"-G] ejj -

The underlined terms in this expression represent divergences from Hooke’s
law. We substitute these relations into the differential equations of equili-
brium and boundary conditions (1.2). We then transfer to the right-hand sides
of the equations the components arising from the underlined terms, and re-
gard them as known. The equations so obtained can now be integrated as
equations of elasticity theory in displacement, but with additional volume
and surface forces. In the zeroth approximation we neglect these additional
loads and solve the problem of elasticity theory. The values u( ) thus obtained
are then substituted in the right-hand sides, and the first approximation is the
solution of the elastic problem with given loads. The process is then repeated.
Method of additional strains. We write (14.23) in the form

(kv& i*t5G ,,) +% [S(T) —é] Sij

and solve the problem in stresses. The differential equations of equilibrium
and the boundary conditions (1.2) remain unchanged, but the continuity
equations contain additional terms which can be interpreted as additional
stresses, and can be determined by successive approximation.

Method of variable coefficients of elasticity. The system of equations can
be written in the form of the equations of elasticity theory with variable
“coefficients of elasticity”. A successive approximation method can then be
applied.

The convergence of these approximation methods has only been partially
investigated.

20.2. Theory of plastic flow

Here the equations are substantially more complicated. Since the equa-
tions of plastic flow contain both the stress components and infinitesimal in-
crements in these components, combined in non-integrable form, it is in gen-
eral not possible to solve these equations for the stresses. Consequently it is
impossible to formulate a system of equations in displacements, analogous to
(20.2).

A system of equations involving stresses alone can be formulated; however,
in addition to derivatives of the stress components with respect to the coordi-
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nates, it will also contain derivatives of the infinitesimal increments in the
stress components.

In particular problems various methods of numerical integration are usual-
ly used, following step by step the development of the plastic state with suc-
cessive small increments in the load parameter. Examples of such calculations
can be found in Hill's book [54]. At each stage it is necessary to solve a cer-
tain problem for an elastic isotropic body with variable coefficients of elas-
ticity (complicated, of course, by possible regions of unloading).

The problem is somewhat simplified if it is possible to neglect increments
in the components of elastic strain by comparison with increments in the
components of plastic strain.

§21. Continuity conditions at the boundary of elastic and plastic regions

As long as the intensity of the tangential stresses T nowhere reaches the
yield limit ¢, the body remains wholly in an elastic state. With increase of the
loads on the body, regions of plasticity will in general develop, and these are
separated from the elastic part of the body by a surface

=0 or ¥ =const. = 1/2G , 21.1)
on the basis of deformation theory, and by a surface
A4,=0, (21.2)

on the basis of the equations of flow theory ').

We clarify how the components of stress and strain change on passage
through the surface £ which separates the regions Vy, V; of the different
states of the medium.

We construct at an arbitrary point of this surface an orthogonal system of
coordinates x, y, z such that the z axis is along the direction of the normal to
Z, while the x and y axes lie in the tangent plane (fig. 24). Quantities in the
region V| will be designated with a single prime, while quantities in V, will
have two primes.

The equilibrium equations for an element of the surface Z obviously lead
to the conditions

] " ' " ’

o
0,=0;, Txz = Txz» Tyz = Tyz - (21.3)

') Note that  and y (as well as Ap) vary continuously, i.e. that the elastic state
passes continuously into the plastic state.
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Fig, 34.

We shall assume that the displacements are continuous functions (i.e. that
there are no *“‘cracks” or “slips™). Then an arbitrary arc on the surface £ must
experience the same elongation, independently of from which side the surface
T is approached; this requirement will be fulfilled if

€ =€y, €, =¢y, Yoy = Tay (21.4)
onZ,

Consider first the equations of deformation theory; here ¢ = 0 on Z, so
that from the above relations and Hencky’s equations it follows that

0, —v(0), + 07) = 03 —v(0}, + 0y,

0,—¥(0y + 07) = gy—v(0y + 07) , (21.5)
¢ _
Ty = Tay

Utilizing the first of relations (21.3), we find from (21.5) that o = a;,
0;, = o;',, i.e. on the separation surface Z all the components of stress are con-
tinuous. It then follows from Hencky’s equations that all strain components
are continuous on Z.

Turn now to the equations of plastic flow theory. For elements lying on
on the side of the plastic region, the components of plastic strain are zero.
Consider an arbitrary point of the body; initially this point experiences elastic
strain, and as the load increases up to the yield limit the separation surface £
approaches the point. Since the elastic state passes continuously into the
yield state, the components of stress and strain on both sides of the surface
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are related by Hooke’s law. But then the arguments applied to the preceding
case are again completely relevant, together with the conclusion that all the
components of stress and strain are continuous on X.

A similar analysis establishes the continuity of stress and strain compo-
nents in transition from yield state to hardening state.

§22. Residual stresses and strains

If on loading a body experiences inhomogeneous deformation, then un-
loading will be accompanied, in general, by the appearance not only of resi-
dual strains, but also of residual stresses.

Suppose we have a state of maximum loading (which can be represented
schematically by the point B in fig. 18a), followed by unloading. Let there be
body forces F, surface forces F,, stress components o;; ;j and strain components

;- In unloading the body conforms to Hooke’s law (§11); let the unloading
be completed with the vanishin g of all the external forces whereupon the
body acquires residual stresses 0j; and residual strains e,, Assuming the strains
to be small we can represent t.he unloading as the application of reverse
forces —F, —F,.

The original stresses 0;; and strains €;; can be regarded as some initial (in-
trinsic) stresses and strains in the body. It is well known that for small elastic
strains (when, as a rule, the superposition principle for the application of
loads is valid) the presence of the initial stresses and strains does not affect
the values of the stresses and strains arising from the external forces. In other
words, the elastic stresses and strains produced by the external forces can be
determined by assuming that there are no initial stresses and strains in the
body ).

Thus, it is possible to find the stresses of; and the strains €}, corresponding
to the imaginary applied forces —F, —F,, without considering the original dis-
tribution of stresses 0;; and strains e Smce superposition is possible, the resi-

ij
dual stresses and strains are equal to the respective sums:

+ 0% +ef. (22.1)

0_= . O
9ij = 04+ 0 5 €= €

/)]
The residual displacements u? will obviously be equal to
ud=a;+up . (222)

1) In elasticity theory it is assumed that there are no stresses and strains in a body in
the absence of external forces (hypothesis of the natural state of a body).
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The results have meaning only so long as Hooke's law is not violated dur-
ing unloading, i.. so long as the intensity of the residual stresses T9 does not
exceed a certain value, depending on the properties of the material. If this
condition is violated then unloading is accompanied by secondary plastic de-
formation. Analysis of unloading in this case is considerably more compli-
cated (see [24, 84]).

We consider as a simple example a system consisting of three rods of equal
length / and equal cross-sectiomal area F (fig. 35). We shall assume the vertical
rod to be superfluous and let x be the stress in it. From the equilibrium con-
ditions we find that the stresses in the rods are

s =s3=p-x; $p=Xx; p=PJF. (22.3)
For an elastic system

s2=%p ; sl=s3=§p ; p<%os. (22.9)
When p = %o, the rod 2 passes to a plastic state, and then s, = 0. The stresses

in the rods in the elastic-plastic system equal

5p=0g; 51 =53=p—o0;. (22.5)
This solution is correct as long as §; = §3 < o; when 5 = §3 = 0, the limit
load is reached and the whole lattice passes into the plastic state. Thus,
P <20,

Subtracting from (22.5) the stresses (22.4) in the elastic state, we find the
residual stresses

B=0-3p;  Q=s3=dp-0,. @29)

Because of the condition p < 20, secondary plastic deformations do not
occur with unloading in this case.
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§23. Plastic-rigid body

For sufficiently small loads a body will be in an elastic state. With increase
of loads regions of plastic deformation develop in the body; for the non-
hardening material we are considering in this section these will be regions of
yield. The boundaries of the latter are unknown a priori and are determined
by the conditions of continuity (§21). The mathematical difficulties which
emerge in solving such mixed problems are very great; solutions are known
only for the simplest cases. Because of this, further possible simplifications in
the formulation of the problem acquire great significance.

First of all one should mention the frequently used assumption of incom-
pressibility of the material (k = 0). This leads to a considerable simplification
of the equations, and in many problems it is a completely acceptable approxi-
mation. However, the principal difficulty, that of having to solve a mixed
elastic-plastic problem, is not removed.

In recent times there has been significant development of the model of a
plastic-rigid body; in this model elastic deformations are completely disre-
garded. The equations of the plastic state are then substantially simplified; we
have, for example, the Saint Venant-von Mises equations (13.12).

In other words, the modulus of elasticity is taken to be infinite (E - %),
which corresponds to changing from a deformation curve with an elastic seg-
ment (fig. 36a) to a deformation curve with only one yield plateau (fig. 36b).
Dotted lines with arrows show how unloading takes place in both cases.

T
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In such an arrangement the body remains completely undeformed
(“rigid™), so long as the stress state in it does not anywhere come to satisfy
the yield condition and the possibility of plastic flow does not arise. If it
does, then some parts of the body remain rigid and it is necessary to find so-
lutions in the plastic zones such that the velocities on their boundaries match
the velocities of motion of the rigid parts.

Naturally this scheme is not always suitable. It leads to an acceptable ap-
proximate solution if the plastic region is such that nothing restrains the de-
velopment of plastic deformations. A problem that may serve as an example
of such a type is the extension of a bar with a sufficiently large hole (figs.
102 and 103); here the plastic deformation is localized in the weakened cross-
section. Owing to this the plastic deformations may considerably exceed the
elastic deformations, which justifies the use of the model of a plastic-rigid
body.

If the plastic region is enclosed within the elastic region (as in the case of a
space with a spherical cavity under the action of an internal pressure, fig. 41)
or if plastic flow is hindered by the geometric peculiarities of the body’s
shape or the special character of the boundary conditions, then this plastic-
rigid model of a body may lead to considerable errors.

A consistent interpretation of the plastic-rigid model of a body is associa-
ted with a series of difficulties. In the first place we note that a solution based
on this model may not in general agree with the solution of the elastic-plastic
problem in the limit £ - oo, In a series of cases (for example, in pure bending
of a rod) elastic regions disappear only with infinitely large curvature, i.e. the
indicated limiting transition requires the analysis of large deformations (or
the formulation of special conditions for a simultaneous increase in E). There
are no theorems that would allow us to estimate the closeness of solutions of
the elastic-plastic problem to solutions of the plastic-rigid model. Further-
more it is necessary that the stresses in the rigid part should have an accepta-
ble character on their continuation from the plastic zone and should not
reach the yield condition, i.e. that T < 7. This condition is difficult to test,
since in the rigid parts the stress distribution is undetermined. Associated
with this is the absence, characteristically for the plastic-rigid model, of a uni-
que velocity field.

Nevertheless the concept of plastic rigidity of a body has permitted the
construction of a series of new solutions (for both static and dynamic prob-
lems; see, for example, §78), well confirmed by experiment, and has led to a
more accurate formulation of many problems in plasticity theory.

In conclusion we note that analogous to the plastic-rigid model of a body
(characterized by. the yield plateau), the model of a rigid-hardening body is
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sometimes introduced. This is shown in fig. 36d, for the case of linear harden-
ing. Here also elastic strain is completely neglected.
§24. Elastic-plastic bending of a beam

We consider the problem of elastic-plastic bending of a beam; for simplici-

ty we shall take a beam whose cross-section possesses two axes of symmetry
(fig. 37).

Elastic Elastic -plastic
sec'tmn section !
! !

z
| Regiofof | A !
plastic L % ‘
deformation y
¢ bly)
¢
=
%
Fig. 37.

24.1. Pure bending

We shall consider pure bending of a beam of constant cross-section. Let all
stress components, except 0, equal zero, while o, is a function only of the
coordinate y. For an elastic beam

o.=My/J,

where M is the bending moment and J is the moment of inertia of the section.
When hardening is absent, the yield condition gives that in the plastic
zones

lo 1= 0.

It is evident that with increasing M the loading on each element is simple,
and consequently we can proceed from the equations of deformation theory.
It is not difficult to see that, on the hypothesis of planar sections and by
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the equations of this theory, the strain components will be

= d?v e,=¢,=—1e +1ko Yy =Tz =Vz =0
ex"_a;y- 'y = €= —3€x T 3K0s, xy = Vyz = Vxz ’
where v =u(x) is the displacement of the axis of the beam (sagging). Since the
strain comnponents are linear functions of the coordinate y, Saint Venant’s
identities are satisfied. In addition the continuity conditions are identically
satisfied on the surface of separation. Thus ')

ok for WISE,

= (24.1)
x los-signy for =g,

where ¢ is the distance from the neutral plane of the beam to the yield zone
on the given section. The bending moment M is assumed positive; with nega-
tive moment a minus sign should be placed in front of o,

The moment of stresses is equal to the bending moment

OS

M =?Je +oS,, (24.2)
1

where J, is the moment of inertia of the elastic nucleus and 25, is the static

moment of one of the plastic zones with respect to the axis z:

§ h
Je=2{b(y)y2dy. Sp=2 [ b0)ydy.
&

Here b(y) is the width of the cross-section, and 24 is the full height of the
profile. Thus a cross-section of given form implies a specific relationship,
M = M(%) or, inversely ¢ = §(M). By Hooke’s law we have for the nucleus:

. d%y
0y = —Ey p .
On the boundary of the elastic nucleus y = ¢, 0, = g, therefore the curvature

of the axis of the beam is determined by the equation
v o
—e_ 24.3
&2~ F ton @43)

') The function sign y is given by the equalities: sign = + 1 for y >0, sign = -1 for
»<0, sign 0= 0.
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The solution obtained satisfies all the equations of elastic-plastic equilibrium.
With a negative moment the sign in front of o should be changed.
When the bending moment in the beam is removed residual strains and
-stresses develop. These are calculated according to the model discussed in
§22. Suppose that an elastic-plastic distribution of stresses 0, (continuous
curve in fig. 38a) corresponds to a given bending moment M. On this graph
the stress distribution o in an elastic beam with the same bending moment is
indicated by a dotted line. Subtracting these curves we obtain the graph of
the residual stresses 02 (fig. 38b). The residual curvature of the beam can be
found by subtracting the curvature of the elastic beam from the curvature of
the elastic-plastic beam.

(a) (b)
Fig. 38.

As the bending moment increases the zone of plastic deformation expands
(i.e. § decreases); in the limit { = 0 and the bending moment is
M, =0S,. (24.49)

This value of the bending moment is called its limit value; it corresponds
precisely to the plastic state of the beam, when the stress curve in cross-
sections has the form shown in fig. 39.

O

Fig. 39.
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The neutral plane here is the plane of stress discontinuity, and the curva-
ture for the limit state tends to infinity. It must be emphasized, however,
that even for comparatively small plastic deformations the value of the bend-
ing moment is close to its limit, so that the concept of a limit moment has
practical significance. Consider as an example a rectangular cross-section; here

M, =bh2o;,  M/M,=1-3@/m)?. (24.5)

Hence it is clear that even when {/h = %, the bending moment differs from its
limiting value by less than 4%.

24.2. Transverse bending

Bending under the action of a transverse load is more complex and is ac-
companied, in particular, by tangential stresses 7,,;but in most applications
(i.e. in sufficiently long beams) the latter can be neglected. This is due to the
fact that the hypotheses of the theory of thin rods have on the whole a geo-
metric character.

The bending moment varies along the length of the beam and so does §.
The distribution of plastic zones along the length of a beam of given cross-
section can be easily calculated if we introduce the bending moment as a
function of x into the relation ¢ = {(M). It is necessary to distinguish between
the segment of the beam which is elastically deformed and the segment which
undergoes elastic-plastic deformation (fig. 37). The differential equation of
bending of an elastic beam holds on the former, while on elastic-plastic seg-
ments it is necessary to proceed from the differential equation (24.3). In stat-
ically determinate problems the right-hand side of the equation will here be a
known function of x; in statically indeterminate problems we have to intro-
duce superfluous unknowns. In either case the differential equation (24.3) is
easy to solve. At points where the elastic and elastic-plastic segments meet,
the deflection and the angle of slope of the tangent line to the elastic segment
must be continuous.

The limit moment can be found from our previous formula (24.2); in
contrast with pure bending, we have here the characteristic appearance of a
“plastic joint”, which forms in the section, experiencing the action of the
maximum bending moment.

As an example consider the bending of a beam of rectangular cross-section
under a concentrated force 2P (fig. 40). Here

18 /M = x
A oy M PI(]—I).

Thus the separation boundary is a parabola; in the limit state the vertex of
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2P

Fig. 40.

the parabola passes through the origin. The value of the limit load is found
from the condition of development of a plastic joint (§ = 0)

PI=M,.

At this instant the load-bearing power of the beam is depleted, and the
beam is converted into a ‘“‘mechanism” with a plastic joint (fig. 40b). The
length of the elastic-plastic segment 2/, attains its maximum value 2 X 0.3l

It is natural to assume that the limit load is the breaking load for a
beam, and that consequently the choice of the latter’s dimensions should be
governed by a safety factor based on the limit load.

The method of calculation based on limit loads has considerable advan-
tages over the method based on limit (maximum) stresses. The latter have
a local character and do not typify the strength of the whole structure when
it is built of plastic metal and works under a dead load. In these conditions
local overstresses are not dangerous, and their evaluation from the elastic
model gives an incorrect representation of the reserve strength of the struc-
ture.

Experimental data substantially confirm both the distribution of plastic zones and
the itudes of the bending and limit The ding results can easily be
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pnenlized to the case of a cross-section with one axis of symmetry. It is also quite easy
to take into account, approximately, the tangential stresses under bending.

Calculations of beams and frames with limit loads have been extensively carried
out and are to be found in a series of monographs. We mention here in particular the
books by A.A. Gvozdev (7], B. Neal [26] and P. Hodge [55]; extensive references can
be found in these. See also the work by G.S. Shapiro [170].

It is interesting to examine the behaviour of a beam proceeding from the
model of a rigid-plastic body (§23). In this model the beam remains rigid (un-
deformed) as long as the bending moment does not reach the limit value
M, Plastic deformation then occurs in the section under the force (fig. 40c),
and the beam is *“partially broken™. Localization of the plastic deformation
is, of course, connected with the fact that the beam is being regarded as a
one-dimensional continuum, with tangential stresses neglected. A more com-
plete picture of the limit equilibrium of a rigid-plastic beam will be con-
sidered later (in ch. 5).

24.3. Bending of beams of hardening material

The bending of beams of hardening material can be examined on the basis
of assumptions similar to those introduced earlier. We shall not discuss this
question, referring only to sources in the literature [25, 26].

We note that when the hardening is insignificant the bending of beams can
be treated according to the foregoing formulae, provided that the stress o is
taken as the mean stress on the hardening segment in the deformation interval
under consideration.

§25. Hollow sphere under pressure

25.1. Formulation of the problem

Consider the elastic-plastic equilibrium of a hollow sphere under the action
of an internal pressure p. Because of the spherical symmetry (r, v, X are spher-
ical coordinates) the shears Vrp Yoxo Yo 304 the tangential stresses 7,,, 7.,
T,r are zero, and €, = €,, 0, = 0,. Each element of the sphere experiences
simple loading since the principal directions are invariant and the coefficient
Hy =% 1 (the upper sign corresponds to the case 0, > 0,, and the lower to the
case 0, < g,). Thus the solution to this problem can be directly obtained
from the equations of deformation theory.

The intensity of the tangential stresses in this problem is

1
T=7§ Iaw—o,l.
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The normal stresses o0,, 0,, satisfy the equilibrium equation
do, 0,0
(]
—_ —
- 2 ; 0, (25.1)

and the components of strain

i . (25.2)
The boundary conditions have the form

when r=a 0,=-p, (25.3)
when r=b 0,=0. (25.4)

25.2. Initial elastic state
If the pressure is moderate the sphere is in an elastic state.
Using the above equations together with Hooke’s law we easily find

-5 (14122
0,=p (]+2 ’3) , (25.5)

where

The stress distribution is shown by a dotted line in fig. 41. The intensity
of the tangential stresses

~V3 b3
T=p-Y——
273

is a maximum whenr =a.
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Fig. 41.

When the pressure

. _2(a\3 _.
pP<3 (E) 95=py
the sphere remains in an elastic state. When p = b, the material of the sphere

goes over into a plastic state on the inner surface r = a. On further increase
the region of plastic deformation is enlarged.

25.3. Elastic-plastic state
The yield condition (neglecting hardening) takes the form

0,~0,=*0. (25.6)

The sign of the difference 0,—0, at the onset of plastic deformation is known
from the solution of the elastic problem (25.5). With increasing pressure the
zone of plasticity grows but the sign of 0,—0, remains the same by virtue of
the continuity of 7. Note that this method of choosing the sign is based on
knowledge of the “history” of the onset of the plastic zone, and is, of course,

available in other problems; thus,
0,~0,=+0. (25.7)

With the aid of this condition we can reduce the equilibrium equation to
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the form

do [
-L_23=0,
r

dr
from which it follows immediately that
6,=204lnr+Cy,

where C| is an arbitrary constant. On determining its value from the bound-
ary condition (25.3), we obtain

0,= Zasln%—p,
(25.8)
0,=0,+0;.
Here we have an example of a “statically determinate problem”, where the
stresses in the yield zone are completely determined by the equilibrium equa-
tions and the yield conditions (without involving the strains). Statically de-
terminate problems constitute an important class of problems, characteristic
for the yield state.
To determine the strains and displacements in the yield zone we make use
of Hencky’s relations:

(25.9)

Since the strain components have to satisfy the continuity condition (25.2),
it follows that if we substitute €,, €, from (25.9) and g,, 0, from (25.8) we
obtain the differential equation

whose solution has the form

c
=2k +-2, (25.10)
,3

where C is an arbitrary constant.
To solve the mixed elastic-plastic problem it is necessary to write down the
solution of the elastic problem in the region (¢ <r < b), where the boundary
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¢ has to be determined. This solution can be obtained from formulae (25.5),
if we replace —p and a by the quantities ¢ and c, where q is the stress 0, on
the boundary of the regions of elasticity and yield.

To determine the unknown constants c, g, C, we have the condition of
continuity of state

Vv =1/2G when r=c,
the condition of continuity of radial stress

°r|r=c—0 = orlr=c+0

and the condition of continuity of the displacement

U|p=e_0=U|p=cr0 -

From the first of these we find

_ 1 c)3
y=-2k+ (ZG+2k) (7)
The others lead to the equations

q=2051n§—p,

c 1(c\3_p 1
'";—3(7,\) *20,73"

The stress distribution in the elastic-plastic state is shown in fig. 41.

(25.11)

25.4. Influence of compressibility

The above solution enables us to estimate the influence of the compressi-
bility of the material. First of all we note that the stresses in the elastic and
plastic zones, as well as the radius of the extent of the latter, are independent
of the coefficient of volumetric compression k. Moreover equation (25.5)
shows that in the elastic zone the ratio of the displacement u to the displace-
ment u’ for an incompressible sphere (k = 0) is

ufu' = 1+4kG (r/b)3 .

When v = 0.3 the maximum value of this ratio is attained when » = b and is
equal to 1.615; thus in a given elastic-plastic problem the displacements de-
pend significantly on the value of the Poisson coefficient. We can obviously
assume that in other problems also neglect of changes in volume introduces
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insignificant errors in the determination of the basic components of the stress
state, if the loads on the surface of the body are prescribed.

25.5. Residual stresses and strains

Let the pressure p be removed; then residual stresses and strains arise in
the sphere. To calculate these it is necessary to find the stresses oy, o, in an
elastic sphere subject to a tension p. These stresses can be determined from
formulae (25.5) if the sign in front of p is reserved.

From (22.1) the residual stresses have the form

0= AP _b_a)
o, 2051na p-p (l 3
for a<r<c, (25.12)

o
w
S—

r -
02=20,ln;-—p +0p (l +5’—

where we have put

o

These formulae are valid so long as the intensity of the residual tangential
stresses does not exceed the yield limit (in accordance with the condition
70 < 7). Since max |03—09I is attained when r =g, it follows that these for-
mulae are valid when

p<25,. (25.13)

The distribution of residual stresses 02 is given on the left-hand side of fig. 41;
in the neighbourhood of the cavity the residual stresses are compressible.

If now a pressure is reintroduced, which does not exceed the original value,
then no new plastic deformations take place in the sphere. Indeed the first ef-
fect of new loading will be the emergence of additional stresses and strains, in
accordance with the equations of elasticity theory and independent of the
presence of intrinsic stresses. On the other hand the attainment of the elastic
limit will be determined also by the sizes of the intrinsic (in this case residual)
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stresses, which must be added to the stresses induced by the new loading. The
sphere behaves as if it were strengthened in comparison with its first loading.-

This effect is called strengthening of the structure, or autofrettage. It is
widely used as a technique for enhancing the strength of a structure by means
of preliminary plastic deformation. The term shakedown is also used. The
structure shakes down to a variable load as a result of the emergence of a fa-
vourable field of residual stresses. In a given problem condition (25.13) deter-
mines the region of shakedown. General theorems on shakedown will be
presented in ch. 9.

25.6. Limit load

If we increase the pressure p, the plastic zone will expand (c = b) until it
reaches the outer surface of the sphere (¢ = b). The solution (25.8) will then
be valid up to r = b; because of the boundary condition (25.4) we have

2041n (b/a)-p=0.

This equation defines the limit pressure for which the sphere is entirely in
a yield state:

p, =20In (b/a) .

It should be emphasized that the limit pressure can be found very simply;
it is not necessary to consider the elastic solutions, and in our problem it is
not even necessary to consider the strains.

Let us look at the displacements of the outer surface of the sphere. Initial-
ly, when the sphere is in the elastic state, the displacement is proportional to
the pressure. After this it has a transition section, corresponding to the elas-
tic-plastic state (fig. 42). When the limit value p, is reached the displace-
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Fig. 42.
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ment is equal to u, (fig. 42); subsequently the displacement is indeterminate,
since it contains a function Y with the integration constant C; in a purely
plastic state the latter can be found without the imposition of any conditions
(it is also necessary to prescribe the displacement on r = a, for example).

Thus, when the limit load p, is reached the sphere loses the ability to
resist increasing external forces; it “opens up”, its load-bearing capacity
has been exhausted. When considering the strength of a sphere under static
pressure, it is natural to think in terms of the limit load p, in introducing
some safety factor. Note that the model of a plastic-rigid body leads to the
same value of the limit load.

25.7. Solution of the problem in displacements
The solution of our problem in displacements is easily found. From
(14.20) we have

(+2e>§

g, =

w!
?:-l"‘

9, 3k(e + 2 )+

Introducing here the values of the strain components and then substituting
0,, 0, in the equilibrium equation (25.1), we obtain the differential equation
2 8 +2r§r——2u+6kor—0

its solution is
u=C‘1r+C'2rl212kosrlnr,

where Cj, C; are arbitrary constants. Further calculations lead to the deter-
mination of the arbitrary constants from the continuity condition at r = ¢ and
the boundary condition at r = a. These lead to the previous results.

25.8. Plastic deformation around a spherical cavity in an unbounded body

We superpose on our preceding solutions in elastic and plastic regions a uni-
formly applied tension + p. The plasticity condition remains unchanged and
in the yield zone we have

0,=205In (r/a) ,

0,=0,+0.
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The inner surface of the sphere is free from stresses and the outer surface
is subject to the applied tensile stresses p. Taking the limit b - o we obtain
in the elastic part of the space

L‘3
%=p*+@-pr)5,
r

3
= 1 c*
0,=p-3 (q—p)r3 .
The relations (25.11) take the form

= 2 = 14 1
q=p—70,, c=aexp (—_ )
3% 20 3
Since ¢ > a, the condition for emergence of a yield zone is
p= %os.

The solid lines in fig. 43 indicate the stress distribution, while the dotted
line shows the stresses in an ideal elastic body. Thus the coefficient of stress
concentration is decreased as a result of plastic deformation. In the lower part
of fig. 43 a diagram of the residual stresses o0 is illustrated.

Note that for a sphere the problem is soluble in quadratures in the pre-
sence of hardening, a temperature jump and body forces [16]. The case of
large deformation of a hollow sphere has also been examined (cf., for exam-
ple, the book by Hill [54]).

Fig. 43.



118 EQUATIONS OF ELASTIC-PLASTIC EQUILIBRIUM ch. 3
§26. Cylindrical tube under pressure

26.1. Formulation of the problem

A cylindrical tube subject to internal pressure is an important element of
many machines and structures; it is therefore natural that a large number of
theoretical and experimental investigations should have been devoted to eval-
uating the plastic deformation of tubes. A rigorous analysis of this problem
presents considerable difficulties and results are achieved by numerical meth-
ods or the method of successive approximation. However it is possible to ob-
tain a simple approximate solution if we introduce a number of simplifica-
tions, which are justified by the results of numerical integration.

We shall examine in detail the case of a long tube; a force pma? acts along
the axis of the tube, where a is its internal radius. Other cases are briefly dis-
cussed at the end of the section.

26.2. Initial elastic state
The stress distribution in an elastic tube is described by the well-known
Lamé solution

o,=—p (b¥r2-1),
0,=p(Yr2+1), (26.1)
0,=5=3(0,+0,),
where
P =pa?/(b?-a?).

Graphs of the stresses are shown dotted in fig. 44.

The intensity of the tangential stresses is calculated with the aid of the ex-
pressions (26.1). It is easy to see that, according to the yield condition, the
plastic state is reached on the interior surface of the tube when the pressure is

Po=Ts(1 —a?/b?).

26.3. Case of a thin-walled tube
A purely plastic state for a thin-walled tube is characterized by stresses

~ ~ P2
o=0, 0~y o

r ¥

where

p=2ry(bja-1).
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Fig. 44.

26.4. Elastic-plastic state of a thick-walled tube

As we have pointed out already, an exact solution of this problem involves
substantial difficulties. An approximate solution can be based on the follow-
ing considerations, which are confirmed by solutions obtained through num-
erical integration.

In the elastic state o, is half the sum o, + o,; this is also true for a purely
plastic state of a thin-walled tube. It can be assumed that in other cases 20, =
=0, + 0, too. The parameter , is then constant (u, = 0}, and, consequently,
the loading is simple and we can proceed directly from the equations of de-
formation theory. Note that the mean pressure is 0 = 0,.

Plastic deformation develops in the annulusa <r<c.

In the elastic zone ¢ < r < b the formulae (26.1) are valid if in place of p
we introduce

- —ac?
b2—02 ’

where q is the radial stress on the separation line 7 = c.
In the plastic zone we have the differential equation of equilibrium
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do, o,—0,

T T
The von Mises yield criterion in our case takes the form

0,0, =27, (26.2)
But now the differential equation is immediately integrable; using the bound-
ary condition 0, = —p when 7 = a, we obtain

0,=—p +275In (r/a) , 0,=0,+ 2. (26.3)
The stress distribution is shown in fig. 44 by solid lines (on the left in the limit
state, on the right o, in the elastic-plastic state).

On the separation line r = ¢ the stresses g,, 0, must be continuous; these

(4
requirements will be fulfilled if ¢ satisfies the equation
c,1 c? p .
ln;+7 (l—b—z) 3 (26.4)

This gives the radius ¢ of the plastic zone; moreover, (26.3) enables the eval-
uation of ¢ and the determination of the stresses in the elastic region. From
Hooke’s law

u_1
=T fp [o,~¥(0,+ 0,)]

we obtain the displacements in the elastic region.
By Hencky’s relations the components of strain in the plastic zone are
e, =ko-1 , €,=kotry.
Substituting these values into the continuity condition
G, 75
dr r

and calculating the mean pressure with the aid of formula (26.3), we obtain
for the function y the differential equation

d¢+2w+’ 0.

Hence we find that
C
= _k+—=,
v 2

where C is an arbitrary constant.



§26 CYLINDRICAL TUBE UNDER PRESSURE 121

It is still necessary to satisfy the condition of continuous transition from
the plastic state to the elastic, ¢ = 1/2G at r =c, and the condition of conti-
nuity of the displacement u when r = c. Since the mean pressure o is continu-
ous, it follows from the second condition that whenr =¢

7Y =TIG (0,~0,) .

But on the separation line the yield condition is satisfied; hence it follows
that Y = 1/2G when r = ¢, i.e. the first condition. Consequently both condi-
tions will be fulfilled if

1
C=ct =+ k)
2G
The corresponding axial elongation is equal to €, = ko and for a long tube this
must be constant. In our approximate solution this requirement is not satis-
fied in the plastic zone. For an incompressible material (k = 0) the solution is
exact, since €, = 0.

26.5. Limit state
The limit state is attained when ¢ = b; from (26.4) we obtain the limit
pressure

p, =27In (b/a).

This formula is widely used in calculating the strength of thick-walled cy-
lindrical tubes and vessels. The stress distribution o,, 0, in the limit state is
shown on the left-hand side of fig. 44.

26.6. Other cases

We dwell briefly on other cases of plastic deformation of a tube.

If the tube experiences plane strain, it is necessary to begin with the con-
dition €, = 0. In this case the solution obtained earlier will be valid for an in-
compressible material. The corresponding elongation will be small if compres-
sibility is taken into account; this fact enables the earlier solution for 0,,0,t0
be used as an approximation for the case of plane strain.

If the ends of the tube are free the axial force is zero. In this case an ap-
Proximate solution based on the assumption o, = 0 gives good results.

Note that in all cases exact calculations using plastic flow theory and de-
formation theory give close results.
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26.7. Concluding remarks

As we have pointed out this problem has been studied by many workers. Inclusion
of the hardening does not give rise to any significant additional difficulties.

Numerical methods of calculation for the tube, using plastic flow theory, have been
considered by Hill, Lee and Tupper [S4] and Thomas [194] ; numerical methods in de-
formation theory have been used by V.V. Sokoloskii [44], Allen and Sopwith [176]
and others. Large deformations of a tube have been discussed in [54]. The influence
of thermal stresses has also been examined.

The book by A.A. llyshin and P.M. Ogibalov [15] treats various problems of elastic-
plastic deformation of hollow cylinders.

PROBLEMS

1. Consider the bending of a cantilever of rectangular transverse cross-section under a
force applied at the end. Find the regions of plastic deformation, the limiting value of
the force, and the deflection of the cantilever in an elastic-plastic state.

2. Find the limit load for a uniformly loaded beam of circular transverse cross-
section, supported at an end.

3. Derive the differential equation for the deflection of a beam

a2y 1/u
SV-+
D 2 * M|

(where D is the “‘rigidity™) on the condition that the stress oy is related to the strain e
by the expression

ax=Blsx|“‘lex o<u<)),

where B, u are constants.

4. A solid, non-uniformly heated sphere (the temperature 6 is a function of radius)
experiences elastic-plastic strain. Find the stress distribution if the von Mises criterion is
satisfied in the plastic zone, and 6 = 6¢ [1-(r/b)8], where g >0, 69 > 0 are constants.

S. Find the stress distribution in a long (e; = 0) rotating tube subject to elastic-plastic
strain. (Assume the condition of incompressibility, and that the von Mises yield criterion
is satisfied in the plastic zone.) Determine the angular speed of rotation for which the
limit state is attained.

6. Show that the problem of deformation of a thin-walled tube under the action of
an internal pressure and an axial force reduces to the integration of a Riccati equation
(cf. the case in §15).



Torsion

§27. Torsion of prismatic rods. Basic equations

27.1. Preliminaries

We consider the torsion of a prism of arbitrary cross-section. Let the lower
end of the rod be clamped and the z-axis be parallel to the axis of the rod
(fig. 45); the rod twists under the action of a moment M. Following the hypo-
theses of Saint Venant in the theory of elastic torsion, we assume that the
cross-sections experience rigid rotation in their planes, but are distorted in the
direction of the z-axis:

u=-wzy, | u,=owex, u, =wx, y;w),

where w is the torsion per unit length of the rod, and w(x, y; w) is an un-
known function. Then the components of strain will be

(27.1)

The function w(x, y; w) characterizes the distortion (warping) of a cross-
section. Beginning with the equations of flow theory (13.7), we can easily

123
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Fig. 45.

show that the normal stresses and the tangential stress 7, are equal to zero:

0,=0,=0,=7,,=0. (27.2)

x Yy z
Consequently the tangential stress vector t; = 1,,i + 7,,j acts in sections
z = const. (fig. 46). The intensities T and I are respectively
T2= 1;‘:2 + f)z,z s re= 732 + 732 . (27.3)

It is easy to see that the third invariant of the stress deviatoric is equal to
zero; therefore it follows from (1.17) that w, = const. = %n, i.e. that the form
of the stress deviatoric is retained at all times.

From formulae (1.16) we obtain:

0 =T, 0,=0, 03=-T,

i.e. we have a state of pure shear. Examining the principal directions, we find
that cos (i, z), i = 1, 2, 3, are constant, while the remaining direction cosines
are proportional to one of the ratios 7,,/T, 7,,/T. The maximum tangential
stress is equal to

Tmax = 1%,/ =T. (27.4)
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Fig. 46.

The maximum tangential stresses act along planes z = const. and along the
cylindrical surfaces with generators parallel to the z-axis and with polar curve
perpendicular at each point to the vector 7,. The intercepts of these cylindri-
cal surfaces (slip surfaces) on the plane z = 0 are called slip lines.

27.2. Basic equations
The components of tangential stress must satisfy the differential equation
of equilibrium
ar,, a‘ryz _

x +$—0 . (27.5)

From (27.1) the continuity condition follows:

- 2= 2w (27.6)

The equilibrium equation (27.5) implies that the expression
Tredy—7,dx = dF
is a total differential of the stress function F(x, y), i.e.

oF oF
7 =% =_9

TR -3 (21.7)

Here —dF is the flux of the tangential stress 1, through an element of arc ds.
The curves on a level surface of stresses (surface z = F(x, y)) are called stress
curves (stress trajectories). Along the stress trajectories F = const. or dF = 0,
Consequently, 7, /7., = dy/dx, i.e. the vector t, is directed along the tangent
{0 the stress trajectories.
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The lateral surface of the rod is free of stresses and therefore along a con-
tour C
Ty cos (n, x) + 17, cos (n,y)=0.

Since dy = ds cos (n, x), dx = —ds cos (n, ), it is obvious that the vector t,
is directed along the tangent to the contour. From (27.7) we obtain:

3F/3s=0,

i.e. F = const. on the contour. In other words, the contour is one of the stress
trajectories. For a simply-connected contour it is possible to write

F=0.
The twisting moment M is balanced by the moment of the stresses:
M= [[ (xrypyry) axdy,

where the integration extends over the whole area of the cross-section. Sub-
stituting from (27.7) and integrating by parts, we obtain

=— S6F [x cos (n, x) +y cos (n, y)] ds+2fde.xdy.
C

For a simply-connected contour this formula reduces to
M=2 f f Fdxdy , (27.8)

i.e. the twisting moment is numerically equal to twice the volume enclosed
within the stress surface z = F(x, y).

If the contour is multiply-connected (fig. 47) then the stress function can
take different constant-values F, Fy,. . ., F,, on the contours — the outer Cy

Co

Fig. 47.
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and the inner Cy, . . ., C,,. One of these constants may be arbitrarily as-
signed, since the additive constant in the stress function does not affect the
solution of the torsion problem; let Fy = 0. Then we obtain

m
M=2 'Zjl Fy+2 [ [ Faxdy @79
where ;is the area bounded by the contour C;.

27.3. Elastic torsion
In elastic torsion we have by Hooke’s law

1 9F,
Yx2T g 0 Yyz=—
where we distinguish the “elastic” stress function by the suffix “e”.
Substituting these expressions in the continuity equation, we obtain the
differential equation of torsion:
92F, . 3%F,
ax2  9y?

= -26w. (27.10)

Since the boundary conditions for F, do not contain w, it follows from
(27.10) that the stress function F, has w as a multiplier. The ratios 7,,/T,
7y,/T are independent of w, and consequently in elastic torsion the principal
directions at each point are fixed. Further, from (27.1) and Hooke’s law it
follows that in elastic torsion, warping is proportional to the angle of torsion
w.

If a hole, having the outlines of a cross-section of the rod, is cut in a plate,
the hole is then covered with a film (membrane) at tension N, and the film is
subjected to the action of uniform pressure g, then a small bending of the
film u(x, y) satisfies the differential equation

M g

x2 gy? N
and the contour condition v = 0. Consequently, the stress function F, satisfies
the same equations as the bending v. This analogy, observed by Prandtl, en-
ables an experimental solution of a torsion problem to be found with the
help of a soap film or any other film, in cases where the solution of the Pois-
son equation (27.10) for a given contour is difficult.
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§28. Plastic torsion

28.1. The stress state

We consider torsion of a rod, on the assumption that the whole section is
in the yield state. Since 7., = T, the von Mises and Tresca-Saint Venant
yield criteria have the same form:

132 + 1§z =k2, (28.1)
where k = os/\ﬁ according to von Mises criterion, and k = %0 according to
the Tresca-Saint Venant criterion.

Substituting the formulae (27.7) in the yield criterion we obtain the dif-
ferential equation of the “plastic™ stress function:

aF\2 [oF,\2
“p Pp) 2
(ax) + ( ay) k*, (28.2)

where on the contour

Fp = const.

It is easy to see, that the surface of plastic stresses
z=Fy(x, y)

is the surface with constant angle of slope (the surface of natural slope, “the
roof”), constructed on the contour of a cross-section !). It is easy to con-
struct such a surface for a simply-connected contour by pouring sand on a
horizontal sheet of cardboard set out in the shape of a cross-section. This sur-
face is obviously independent of the angle of torsion. In the case of a multi-
ply-connected contour Fj, takes different constant values on the contours and
the construction is somewhat complicated; numerous examples of plastic
stress surfaces have been given in the book by A. Nadai [25].

The stress trajectories Fp = const. are equidistant curves, parallel to the
contour of the cross-section. The slip lines coincide with the normals to the
contour.

Notice that the first order equation (28.2) has one family of characteris-
tics: straight-lines, which coincide with the slip lines. The stress trajectories
and slip lines (dotted) for a rectangular contour are shown in fig. 48. The

l) By virtue of (28.1) the direction cosines of the normal to the surface z = Fp(x, ik
are equal to

o, L o5,
oy

1
cos(n,x)=—\/%‘ ol cos(n,y)=-72=—k cos(n,z)=72-.
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Fig. 48.

Fig. 49.

stress surface has edges (fig. 49), and the projections of these edges on the
X, y-plane are called lines of rupture. These are indicated by the heavy lines in
fig. 48,

Thus, the tangential stress vector in the plastic region is constant in mag-
nitude, and its direction is perpendicular to the normal to the contour of the
region (fig. 50). It follows that the stresses are calculated most simply from
the contour of the region. For example, in torsion of a rod of rectangular pro-
file (fig. 48), Ty, = 0, Ty = k in the right-triangular region and 7, = —k,
Tyz = 0 in the upper trapezoidal region.

If the contour has a re-entrant angle, the stress trajectories flow around it
along the arc of a circle (fig. 51). In fig. 52 we show the “roof” for a cross-
section in the shape of a corner. A portion of the surface of a circular cone
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Fig. 50.

Fig. S1.

Fig. 52.
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emerges from the re-entrant angle, while an edge emerges from the convex
angle of the contour.

Along the lines of rupture the components 7, 7,,, have discontinuities,
that is, the direction of the tangential stress 1, changes discontinuously.

28.2. Limit moment

The purely plastic state of the rod which we have been considering is
called a limit state. There is a corresponding limit twisting moment (for
a simply-connected contour)

M =2 f f Fpdxdy , (28.3)

equal to twice the volume under “the roof” constructed on the given con-
tour.
Evaluation of M, is easily effected. Thus, for a rectangle (fig. 49)

M, =1k(3a-b) b2,
while for a circle of radius a (fig. 53)
M, =%k1m3 s My= Q—kmz3 .

The limit moment characterizes the load-bearing capacity of the rod un-
der torsion; the moment corresponding to the appearance of plastic deforma-
tions is denoted by M.
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ds
Fig. 54.

28.3. Thin open profile
For a very thin and long rectangle (fig. 54a) M, ~ %-klh2. If the thickness
changes slowly, then (fig. 54b)

l
M, =3k [ hAs)ds. (28.4)
0

This formula is also valid for a bent profile (fig. 54b), as the form of the
stress surface shows.
For a thin-walled circular tube with a cut (¢ is the radius of the mean line),

M, =mkh%c .
It is interesting to compare this value with the limit moment M‘_’ for the
whole tube of the same section:
MO = 2nkhc? = 2M), c/h ,
i.e. the cut tube has a lower load-carrying capacity:
MI>M, .

28.4. Determinatioi of the axial displacement (warping)

In the limit state the question of warping is not of much interest. We in-
vestigate here the relations which permit us to find the axial displacement in
the plastic zone for elastic-plastic torsion (§29).
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In the elastic zone Hooke’s law gives:

Yy T
xz_xz (28.5)
7yz Tyz

In the plastic zone we have to begin with the equations of flow theory
(13.7)

1
vy, =Edfx2 +dN'Ty,,

| .
d’yy, =6 dryz + d)\“ryz .

But in this zone the tangential stresses at a given point do not change; con-
sequently their increments are equal to zero and

Txz
dvy, =?Z dvy, .

This also gives (28.5). Substituting now in (28.5) the components of stress
given by (27.1), we obtain the differential equation for the axial displacement

)z (g—‘: —wy) _sz(% + wx) =0, (28.6)

where the tangential stresses are known functions. This first-order partial dif-
ferential equation is easy to solve (see for example, [31]).

§29. Elastic-plastic torsion

29.1. Nadai’s analogy

In elastic-plastic torsion which precedes the limit state, there will be
elastic and plastic zones in a section of the rod.

In the elastic zones the stress function F, satisfies the differential equation
of elastic torsion (27.10). In the plastic zones the stress function Fy is calcu-
lated from the differential equation of the “roof” (28.2).

On the boundary of the elastic and plastic zones the stresses dfe eontinu-
ous, i.e.

LA

ox  ox' y oy
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It follows that, on a curve of separation,
Fy=F+ const. (29.1)

If F, = F, at some point, then this condition holds along the whole bound-

Analytic solutions of elastic-plastic torsion problems present great mathe-
matical difficulties. A visual representation of elastic-plastic torsion is given
by Nadai’s analogy.

A rigid roof (for example, of glass) with a constant angle of slope is con-
structed over the given contour. A membrane is stretched over the base of the
roof and is loaded with a uniformly distributed pressure. For small pressures
the membrane does not touch the roof — this corresponds to elastic torsion
(fig. 55a). As the pressure increases an instant is reached when the membrane
begins to adjoin the roof at a number of points, which corresponds to the de-
velopment of plastic deformations. As the pressure continues to increase the
membrane becomes more and more in contact with the roof (fig. 55b, c).
Here the projections of the contact zones correspond to regions of plastic de-
formation, while the remainder will be an elastic nucleus. It is clear that the
relevant differential equations, the condition F, = F, and the contour condi-
tion are all satisfied. The twisting moment will be equal to twice the volume
under the membrane.

Fig. 55.

For simply-connected profiles the elastic zones degenerate into lines of
rupture in the limit (infinite angle of torsion).

Nadai’s analogy can be used for an experimental solution to the problem
of elastic-plastic torsion (see [25]).

Fig. 56 shows the development of plastic regions for a rectangular section.
The shading indicates the direction of the slip lines; the latter are easily dis-
played if the plastically twisted rod is cut across the section subjected to etch-
ing. Fig. 57 shows photographs of etchings on ground edges for rods of rect-
angular cross-section with various angles of torsion; with increase of the angle
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Fig. 57.

of torsion, dark zones, corresponding to plastically deformed slip layers,
spread increasingly over the cross-section.

29.2.  Rod ofcircular section
The tangential stress (fig. 58) is
rk/c for r<c,
k for r>c .

The twisting moment is
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Elastic
nucleus

f 13
M=2 [ rr2a=M, (1-— —) ,
0 a

where the limit moment M, = 31ra3k. The angle of torsion is found by con-
sidering the deformations of the elastic nucleus:

The slip lines coincide with the radial directions (fig. 58). The limiting state
(c = 0) is attained at infinite angle of torsion, when the elastic nucleus degen-
erates to a point of rupture. It should be emphasized, however, that with the
development of torsion the moment M rapidly approaches the limit mo-
ment M, (thus, when c/q = %, M= %M ,); the load-carrying capacity of the
rod is practically exhausted at comparatively small angles of torsion.

29.3. Inverse method of solution of the elastic-plastic problem

It was emphasized earlier that if the directions of the normals to the con-
tour are known, then the stresses in the plastic region are edsily determined,
because in this case we know the magnitude of the tangential stress 7, at each
point. This enables the development of inverse methods of solving elastic-
plastic problems. We shall consider here a simple approach, proposed by V.V.
Sokoloskii. Let us suppose that we know the elastic nucleus, bounded by the
contour L, and the solution of the differential equation of elastic torsion
(27.10) which satisfies the plasticity condition on the contour of the nucleus
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Elastic
nucleus

Fig. 59.

L. Along L we calculate the directions of the tangential stress vector, and con-
struct normals AB, A;B,, . . . to it (fig. 59). The orthogonal trajectory
BB;B, . . . to the family of normals, if it is closed, gives the outline of the
contour C of the rod.

29.4. Example: elastic-plastic torsion of an oval rod
Using this method V.V. Sokolovskii found the solution to the problem of
elastic-plastic torsion of a rod having oval cross-section (fig. 60).
Let the contour L be the ellipse
22
a2 p?

Fig. 60.
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The solution for the elastic nucleus which satisfies the yield criterion T = k on
L is elementary

T, =—ky/b, Ty, =kxfa;
here the angle of torsion is

wok ath
2G ab -

Suppose x = —a sin Y, y = b cos Y are the parametric equations of the el-
lipse L; the tangential stresses then are
Ty, =—kcosy, Ty, =—ksiny.

The direction of the tangential stress T, on the ellipse is determined from
the relation

TyplTy, =tan § .
The equation of the straight line normal to the vector ¢, and passing through
points of L takes the form

y=-—xcoty+(b-a)cosy .

For fixed g, b this is the equation of a one-parameter family of straight slip
lines. It is now necessary to construct the orthogonal trajectories of this fam-
ily. The differential equation of these trajectories is:

x+asiny
y=bcosy ’

dy
~ =tany = —
ax v

It is easy to show that the orthogonal trajectories have the parametric

equations
2x = —sin Y [a + ¢ + (a—b) cos2Y] ,
2y =cos Y [b + c—(a—b) sin2y] ,

where c is an arbitrary constant.

These equations define an oval with two axes of symmetry and semi-axes
%(a + ¢) and %(b + ¢). The outlines of the oval do not differ significantly
from the outlines of an ellipse with corresponding semi-axes. The solution is
meaningful if ellipse L lies entirely inside the oval C, which is satisfied for suf-
ficiently large angles of torsion w. With increasing angle w the elastic nucleus
(ellipse L) flattens, and in the limit degenerates to the line of rupture.
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29.5. Concluding remarks

Another inverse method has been proposed by L.A. Galin [92]; in this method it is
possible to blish the eq of the L and C, if the distribution of tangen-
tial stresses along L is given, and satisfies certain additional conditions. Using this result,
L.A. Galin solved a number of elastic-plastic problems for rods with nearly polygonal
cross-section. He also gave a method for solving the direct problem for rods of polygonal
cross-section [93]. L.A. Galin's results agree well with Nadai’s experiments.

We note in conclusion that a series of elastic-plastic problems (torsion of an angular
profile, torsion of rods of square and triangular section) are soluble by numerical (*‘relax-
ation™) methods [60].

The question of the existence of a solution to the elastic-plastic problem has been in-
vestigated by L.A. Galin and other authors.

One final point should be made. In the analysis of elastic-plastic torsion, it is tacitly
assumed that with increasing torque (or with increasing angle of torsion w) loading takes
place at all points of the plastic zone. But the boundary of the plastic zone is changing,
and g lly speaking, unloading can begin in certain parts of the zone. This question
has been investigated in Hodge’s work [183], which show that unloading does not occur
with increase of torque in rods with a simply d cross-section. On the other
hand, unloading can occur with a multipl: d tion (for ple, in a
hollow cylinder). This greatly complicates the problem of elastic-plastic torsion of mul-
tiply-connected rods, since different equations are required in regions of unloading.

A generalization of the torsion problem for a straight rod is the problem of torsion of
a circular annulus of unchanging cross-section, investigated by Freiberger and also by
Wang and Prager (see [70]).

The stress state in plastic zones of a twisted circular rod of variable diameter, was
studied by V.V. Sokolovskii [44]; the limit load for such a rod will be determined
later (ch. 8).

Torsion of anisotropic and heterogeneous rods has also been studied (see [70, 71]).

The problem of elastic-plastic anti-plane deft ion is math ically similar to the
problem of elastic-plastic torsion. Here too a state of pure shear is achieved, but the
stresses on the contour of the body are given (see the works of G.P. Cherepanov [173]).

§30. Torsion of hardening rods

30.1. General remark

With torsion of a rod of hardening material, simple loading does not take
place; the form of the stress deviatoric is maintained, but the directions of the
principal axes change. It is possible, however, to assume that these deviations
are small, since a relatively simple stress state (pure shear) occurs and the di-
rections of the principal axes are not substantially changed under torsion. In
fact, the contour is one of the stress trajectories (§27) and the principal di-
rections are obviously retained along it. The remaining stress trajectories act
as if to “repeat” the outlines of the contour, therefore changes in these curves
are relatively small under torsion. Changes in the directions of the principal
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axes which are connected with the rotation of the vector (tangential to the
stress trajectories), can be assumed insignificant. Thus, it is possible to pro-
ceed approximately from the equations of deformation theory (see §15, par-
agraphs 15.1 and 15.4). Analysis of torsion of hardening rods on the basis of
flow theory is associated with great difficulties and is not discussed here.

30.2. Differential equation
Substituting the strain components given by equations (14.23) of deforma-
tion theory

Ve =BM Tz, 1, =BT, (30.1)

into the continuity condition (27.6) and introducing the stress function F, we
obtain

%[E(T)gi:] +% [E(ng—ﬂ +2w=0, (30.2)

2 2
2= (%)%, a—F) .
ox ay
On the contour F = const. as before. The differential equation (30.2) is re-
lated to Monge-Ampere type equations; it is linear with respect to the second
derivatives and by virtue of the properties of g(T) (see §12) it is of elliptic

type. For g(T) = const. = 1/G (Hooke’s elastic medium) we arrive at Poissons’
equation (27.10).

where

30.3. Solution for a circular section
For a circular section the solution is elementary, since the cross-sections
remain plane, i.e.

Yxz=—WY, Vyz = WX
and
Ve =T =0r, rvz=T=g(wr)wr.

The angle of torsion w is calculated from the condition of static equivalence

a
M =2nw fg(wr)r3dr.
0
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30.4. Torsion of thin-walled rods

First we consider torsion of open thin profiles. Our starting point is the
problem of torsion of a long, thin rectangle (fig. 54a). Here it can be assumed
that the stress function F is independent of x; then from (30.2) we have:

d [_{dF\ aF _
dy [g(dy) dy] *2w=0,
and so

—(dF\ dF _
g-(dy ) o —2wy + const.

By virtue of the eveness of the stress function dF/dy =0 when y =0, and
the arbitrary constant is equal to zero; now

aF
- —£(-2wy) 2wy,

and since F = 0 on the contour,
n
F=Fhwy)=-20 [ g(-2wy)ydy.
y

For open profiles of arbitrary outline (fig. 54b)

1 4h)
M=2 [ [ Fl@), o) dyds,
0 -4k

where s is measured along the mean curve of the profile.
Torsion of closed, thin-walled profiles is discussed on the basis of a theo-
rem concerning circulation of shear [16]. Consider the integral

I,= ¢ Tadx + 7y, dy (30.3)
C.
along the closed contour C ,» lying entirely within the section. Introducing the
strain components from (27.1) and using the condition of uniqueness of the
displacement u, = w(x, y, w), we obtain:
I,=20Q,,

where 2, is the area, bounded by the contour C,_ (fig. 61).
On the other hand, let us introduce in (30.3) the strain components given
by (30.1), where stress components are expressed in terms of the stress func-
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tion (27.7); since

i Mt L

we find
__dF
1,=- P anz &
Ctl
Thus,
— OF, _
[ HT)5 ds = 200, . (30.4)

*

When g(T) = const. = 1/G we obtain Brett’s theorem on the circulation o tan-
gential stress.

We consider now a thin-walled tube, whose section is bounded by the
curves Cg, C, (fig. 62); here C, is the mean curve. On the contours C, C, the
stress function takes certain constant values Fy, F,; one of these can be set
equal to zero (§27); let F = 0.

Owing the small thickness of the tube A(s), we can assume that F changes
linearly from F = F| on the inner contour to ' = F; = 0 on the outer contour.
From (27.9) we find:

M=~2F\Q,,

where Q_ is the area, bounded by the curve C,.Further,
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Fig. 62.

By the circulation theorem (30.4),

_(F1\ F1
$ (=) FLas=200,, (30.5)
ZE\n) .

*

from which the angle of torsion w can be determined.

30.5. Concluding remarks

In particular problems integration of the differential equation (29.2) can be achieved
by one or other method of successive approximations. There is a solution to the problem
of.concentration of stresses, due to a fine groove un the surface of a twisting rod [17].
In a series of cases it is possible to construct an approximate solution with the aid of var-
iation methods (see §68).

Problems of the existence of solutions to the differential equation (30.2) and their
properties have been studied.

PROBLEMS

1. Calculate the limit turning moment for a rod of equilaterial triangular section.

2. Calculate the limit turning moment for a eesner section.

3. Calculate the kimit turning moment tor a thin-walled (k = const.) square tube.

4. Investigate the limit state of a circular (radius a) cylindrical rod under simultan-
eous torsion and extension (proceeding from the Saint Venant-von Mises equations of
Plasticity theory (13.12)); the cross-sections remain plane and rotate as a whole, only the
stress components 0z, Tpz being non zero); find the distribution of stress and the values
of the axial forces and the torque.
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°s=\/l+p292’ s V+p2p2’ p=\/3_5z

ch. 4

r
p=q"

5. Use plastic flow theory to investigate the torsion and extension of a circular, cy-
lindrical rod for the following loading path: the rod is stretched until it reaches the yield

limit, then is twisted with fixed axial elongation.

Answer
oz Toz Gaw
—= —— = tanh =—.
os sechqp , ™S P, q s
6. In the torsion of a circular rod of variable di only the
ment u, = "w(" z) is non-zero. Pr ding from the relations of def

rive the differentual equation for u,, in the case of hardening.

theory de-



Plane Strain

§31. Basic equations

31.1. General concepts
In plane strain the displacements of particles of the body are parallel to
the x, y-plane, and are independent of z:

u, =u.x,y), uy=uy(x.y), u,=0. (31.1)

This kind of situation arises in thin prismatic bodies under loads which are
normal to the lateral surface and independent of z.

As usual we suppose the body to be homogeneous and isotropic. In any
section z = const. there will be the same stress-strain configuration; the com-
ponents of stress depend only on x, y, and 7,,, 7, are zero on account of the
absence of the corresponding shears. Thus o, is one of the principal stresses.

In elasticity theory the above conditions are known to be sufficient for
formulating the plane strain problem. In plasticity theory, however, addition-
al simplifications are needed, since otherwise it is not possible to derive an
acceptable mathematical formulation of the problem.

In the sequel we shall use the plastic-rigid body model. As we have pointed
out earlier (§23), this concept introduces an error which is difficult to esti-
mate. On the other hand it is extremely difficult to undertake any systematic

145
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analysis of the plane strain problem without using the plastic-rigid model. In
the problems we consider, the limit state js usually reached with some re-
gions of the body still in an elastic state (e.g. the case of bending of a beam,
§24). A different situation occurs in the torsion problem (ch. 4) or in the
hollow sphere problem (§25), where in the limiting state every section of the
rod (sphere) is affected by plastic deformation.

Thus it is really necessary to consider the elastic-plastic problem, but the
difficulties of solving it are enormous. Complete neglect of the elastic regions
deprives the formulation of determinacy and makes physical interpretation of
solutions difficult.

It is far more expedient to proceed from the plastic-rigid model. This al-
lows the stress field and the displacement field to be investigated simultane-
ously, the latter being related to the displacements of the rigid regions. In this
way we can construct neaningful approximate solutions of elastic-plastic
problems. g

It should be understood that the error depends on the type of problem be-
ing considered. In technological problems, where large plastic deformations
occur in definite paiws 01 the body, the use of the plastic-rigid model can scar-
cely be disputed. Fig. 146 shows the deformation in a square network with
the drawing of a strip through a hard conical matrix. It is obvious that the
parts of the strip on the left and right of the matrix can be regarded as rigid,
and that plastic defermation is localized in the neighbourhood of the contact
surfaces. Technological problems of this type are related to plastic flow with
large deformations (§49).

Another type of problem is that characterized by small deformations.
These are problems on limiting loads, and are closely related to questions of
strength. In this case the regions of plastic deformation for plastic-rigid and
plastic-elastic bodies can be quite different. This assertion will be justified in
ch. 8, where extremum principles are applied to plasticity theory.

To estimate the error it is desirable to have a collection of experimental
data. As we shall see. recent tests are in good agreement with many of the re-
sults obtained from the plastic-rigid model.

31.2. Basic equations

It follows from (31.1) that €, = 0. Using this condition we find, both from
the deformation theory equations (14.3) and from the flow theory equations
(13.5), that on neglecting the elastic strains ') we have

') It is easily shown that (31.2) can be derived by assuming the incompressibility con-
dition alone.
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0,—0=0, (31.2)
and hence )

0=3(0,+0,). (31.3)

As already stated, 0, is one of the principal stresses. The other principal
stresses 0; are the roots of the quadratic equation

|0x—0,- rxy -0
Txy 0y—0;
This gives
[} .
max ] =30, +0)t 1/ (0,0 2 +472, . (31.4)
%min

It is clear that o, is the mean principal stress, so that the maximum tangen-
tial stress will be

Tmax = %(amax_omin) = %m =r.
The intensity of the tangential stresses is obviously also equal to 7,.:
T=r1. 31.5)
Thus, the principal stresses are

0=0+7, [

,=0, 0y=0-7,

i.e. the stress state at every point is characterized by superposition of the hy-
drostatic pressure o on the pure shear stress 1 (fig. 63).

-3

Fig. 63.
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The values of the cosines which determine the first (taking 0y > ;) princi-
pal direction are found from the system

(0,—0y) cos (1,x) + 7,y cos (1,y)=0,
Tyy €OS (1,x)+ (oy—ol) cos(1,y)=0.

Eliminating ¢, we obtain

tan 2(1,x) = :Tz . (1.6)
x "y
The directions of the surfaces on which the maximum tangential stresses
act make angles £ }.ﬂ with the principal directions.
In the sequel an important concept will be that of slip lines. A slip line is
a line which is tangent at every point to the surface of maximum tangential
stress. It is obvious that there are two orthogonal families of slip lines, charac-
terized by the equations

x =x(a, ), y=y(a,B),

where a, 8 are parameters. The lines of the first family (a-lines) correspond to
fixed values of the parameter 8 (8 = const.); along -lines the parameter a is
constant. The a-line is inclined to the right of the first principal direction at
45° (fig. 64); the B-line is inclined to the left of the first principal direction at
the same angle.

02

(-] (1,x) x

Fig. 64.

Let us fix the directions of the a and f lines in such a way that they gener-
ate a right-handed coordinate system; the tangential stress 7 is then posi-
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tive ') (fig. 64). The angle of inclination of the tangent to the a-line, measured
in the positive x-direction, will be denoted by 6.
The differential equations of the a, § families are respectively

Y

Ix tan 6 ,

dy _

Fe —cot 6 . (31.7)
The slip lines cover the region with an orthogonal grid. An infinitesimal

element cut out by slip lines experiences identical tension in the directions of

the slip lines (fig. 65).

Fig. 65.

31.3. Yield state
Suppose the medium to be in a perfectly plastic state. Then we have the
yield condition

7 =const. =7
or

27,

g, s

‘max Y}

‘min =
Denoting 7, by k, we obtain
(0,— y)z + 41'2}, =ak? . (31.8)
To this we must add the two differential equations of equilibrium (body
forces being absent):

') Note that this condition remains true if the coordinate system is rotated through
an angle  with respect to that depicted in fig. 64.
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a0, 97, a7,y 00,
— 2 =2 = —_— —==
x oy , x oy 0. (31.9)

If the stresses are prescribed on the boundary of the body, then we have
available a complete system of equations for the determination of the stress
state (independent of the strain). Problems of this type are called statically
determinate.

The above equations must be supplemented by relations which link the
stress components with the increments in the strain components. Such rela-
tions are (13.7), with terms corresponding to elastic strain omitted, i.e. the re-
lations of the Saint Venant-von Mises plasticity theory (13.12). For the case
of plane strain we are left with only three relations (for £,, Ey, nxy), and from
these we obtain the equation

0,—0, Bvxlbx——avylay
2‘rxy avx/ay+avy/ax .

(31.10)

This states that the direction of the surface of maximum tangential stress
coincides with the direction of the surface which experiences the maximum
rate of shear strain. In addition the incompressibility condition must be sat-
isfied:

Bt S
oty 0 (31.11)

We now have five equations (31.8)—(31.11) for the five unknowns o,, 0,,
Txys Uxs Uy

31.4. Semi-inverse method

If the problem is statically determinate, the stresses o,, 0Oy, Tyy Can be
found independently of the velocities v,, vy; once the stresses are known the
velocities can be found from a linear system of equations (31.10), (31.11).
With prescribed boundary conditions these can now be solved to give the ve-
locity field.

If the problem is statically indeterminate, then the equations for stresses
and velocities have to be solved in conjunction, and this we know to be ex-
tremely difficult. Such problems can sometimes be treated by a semi-inverse
method; we attempt to choose a slip-line field such that the velocity distribu-
tion is in accord with the boundary conditions. To do this we have to pres-
cribe to some extent the configuration of the plastic zone and to satisfy the
boundary conditions for the stresses. Despite their obvious limitations, such
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methods have been used to find many important solutions. For this reason,
analysis of the system of equations (31.8), (31.9) for stresses is very impor-
tant. We therefore turn now to a detailed study of the properties of the solu-
tions of this system. A more complex method of treating the combined stress
and velocity equations will be discussed later (§51).

§32. Slip lines and their properties

32.1. Characteristics
We consider the equations in stresses (31.8), (31.9).
We have the well-known formulae of stress theory:

0, =30y + 09) + H0-0y) cos 2(1, %),
0, =3(0) + 03)-5(01—07) cos 2(1, %) ,
Ty = %(01-02) sin 2(1,x) .

In these equations we write o for half the sum of the principal stresses, k for
half their difference (as in the yield criterion), and transform to the angle
6= (l,x)——%n. Then

e = 0—k sin 20 ,

oy=o+ksin29 s (32.1)

Txy =k cos 26 .

It is clear that the yield criterion (31.8) is satisfied.

Substituting these quantities into the equilibrium equations, we obtain
two non-linear partial differential equations of first order with respect to the
unknown functions o(x, y), 6(x, y):

39 2k cos 262 + sin 20@_) =0,

ax ox ay

F) 20 20 ¢22)
g . =

5—2k(m20$—c0520 ay) 0.

Before we can construct solutions of this system and investigate their proper-
ties, we must first of all determine the type of the equations (cf. appendix).
We show now that the system is of hyperbolic type.

To establish the hyperbolicity of the system it is necessary to show that
there exist two distinct real families of characteristic curves (characteristics).
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This can be done in various ways. The usual “determinantal” proof (cf. ap-
pendix) involves a good deal of algebra and is not very convenient. We shall
therefore use an alternative, simpler method, as follows.

Sz s
L
/
/
/
/
/\0 X
[§)

Fig. 66.

Suppose that along some line L in the x, y-plane (fig. 66), given by
x=x(s), y=y()

the values of the required functions are known:
o=o0(s), 0=6(s) .

We shall seek a solution a(x, y), 6(x, y) which assumes given values o(s),
0(s) along the line L. The problem of constructing this solution is called
Cauchy'’s problem. In geometric terms it is the problem of finding an integral
surface through a given curve.

If L is a characteristic, Cauchy’s problem is insoluble, since in that case it
is not possible to determine uniquely the first derivatives of the solution
along the line L from the differential equations (geometrically — it is not pos-
sible to determine uniquely the tangent plane to the integral surface along L).
The functions o and 6 are known on the curve L. This means that their deri-
vatives 90/ds;, 30/ds, are also known, if they are differentiable functions.
Here s, and s, are measured in a local coordinate system, generated by the
tangent and normal to L at any point P (fig. 66). Note that the equilibrium
equations and the plasticity condition remain unchanged in transforming
from the coordinate system x, y to the system s,, s,. The differential equa-
tions (32.2) also retain their previous form:
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a—0—2k(cos20ﬂ+sm20 30) =0,

bsl 1 0!

(32.3)
20 -2k (sm 20 3% —cos 20 ﬁ) =0,

s, sy 0s;

where the angle 8, which defines the direction on the slip surface at the point
P, is measured from the s,-axis. If § is different from O or 3, then (32.3) will
give the derivatives 80/ds;, 90/9s; and solve Cauchy’s problem, so long as the
derivatives 90/ds,, 30 /ds, are known on L.

If L coincides with a slip line, then § =0 or 51r and these derivatives can-
not be determined from the differential equations (32.3). In this case the line
L is a characteristic.

Thus, characteristics coincide with slip lines; it is apparent that two dis-
tinct real families of characteristics exist, and, consequently, our original sys-
tem is of hyperbolic type.

If the coordinate axes s;, s, coincide in direction with the tangents to the
slip lines, then the differential equations (32.3) take the simple form

il = 2 =
35, CHO=0, 2, (0+2k0)=0, (32.4)

where /35, 6/1):,S are derivatives along the a and f lines.

These equations have a simple mechanical interpretation: they are the dif-
ferential equations of equilibrium of an infinitesimal element of a plastic me-
dium, generated by a grid of slip lines (slip element, fig. 65), which has the
character of a natural coordinate grid for the given problem.

Since P is an arbitrary point on the slip line, it follows that along slip lines
of the a and B families we have respectively

dy _ _z -
i =tan@ , —cotf ,
(32.5)

a
—-+t0 =const.=q.

[ = =
= —0 =const.=¢, 2%

2k

These equations for plane problems of plasticity theory were first obtained
by Hencky (1923). They were derived earlier in a slightly more general form
by Kotter (1903), for a brittle medium.

In passing from one slip line of the family a to another, the parameter £
generally changes. Similarly the parameter n changes in going from one line of
the 8 family to another. Thus, £ depends only on the parameter 8, and n only
ona,i.e.
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£=(@), n=n(@).

If both the slip-line field and the values of the parameters £, n on the lines
are known, then o, 8 are determined at each point, i.e. the stress components
Oy, Oy, Ty, are known. Note that in the present problem the characteristics
depend on the required solution — the stress field — which is in contrast with
the situation in linear problems (such as the wave equation). In particular,
any curve y = y(x) can be a characteristic if a suitable stress state is attained
along it (i.e. the corresponding angle 8 is defined).

32.2. Properties of slip lines

Slip lines have a series of important properties (investigated principally
by Hencky), which we now consider.

1. Along a slip line the pressure changes in proportion to the angle be-
tween the line and the x-axis. This property is obvious: along the a-line
0 = 2k6 + const., while 0 = —2k6 + const. along the f-line.

2. The change in the angle 6 and the pressure o is the same for a transition
from one slip line of the B-family to another along any slip line of the a-fami-
ly (Hencky’s first theorem).

From the relations

of2k-0 =&, o/2k+6 =1 (32.6)
it follows that
o=k(t+n), 6 =5(n-§). (32.7)
Take two arbitrary slip lines 8 = §;, 8 = 8, of the f-family and two slip lines
a = ay, a = ay of the a-family (fig. 67). Along these lines we have respective-
ly:
£=§, £=£; n=mn, n=n;.
Substituting these values into (32.7) for points of intersection Ay, . . .,
Ay, we easily find
- - - -1
01=0hy,-04,, =311 s  92=0ay30a,, = 3(a-my),
i.e. p; =¢,. In the same way we obtain

OA217% 1 T %A%z
It is apparent that we arrive at analogous results if we consider a transition
from one a-line to another along a $-line.
(3) If the value of o is known at an arbitrary point of a given slip grid, then
it can be found everywhere in the field.
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a=a;

p=B.
B=,

Qe0ty

Fig. 67.

Fig. 68.

Suppose g, is known at the point A (fig. 68); at this point we know 6,
and consequently we can immediately calculate the value of the parameter n;
for the B slip line passing through A.

Furthermore, we easily find og = 2k (n,—0p) and &, = 0g/2k—0p at the
point B; the pressure o at the point C is then obtained from the formula
Oc=2k () + 00)-

4. If some segment of a slip line is straight, then 0,0, the parameters &, 0,
and the stress components Oy, 0y, Tyy are constant along it. Suppose in fact
that a segment of an a-line is straight; then 6 = const. along it and the param-
eter £ is constant. But then from (32.6) o = const. also. Consequently the
Parameter 7 is also constant along the segment.
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If in some region both families of slip lines are straight, then the stress dis-
tribution is uniform and the parameters &, 1 are constant in this region.

S. If some segment of a B (or «) slip line is straight, then all the corres-
ponding segments of B (a) lines which are cut off by a () lines are-also
straight (fig. 69).

Fig. 69.

This conclusion follows from the second property, since the angle between
respective tangents to any two slip lines remains constant as we move along
the prescribed S-line.

In this region the stresses o,, 0y, Tyy are constant along each straight seg-
ment, but change from one segment to another. We shall call a stress state of
this kind simple.

We have shown that both the parameters £, n are constant along each
straight segment; since the parameter £ has a constant value along each a-line,
it follows that & = const. in the whole region ABB'A’.

6. Straight segments cut off by slip lines of the other family all have the
same length. To show this, consider the slip lines AA’, BB'. The evolute (locus
of the centre of curvature) of an arbitrary curve is the envelope of the family
of normals to the curve. It is evident that the slip line AA’ and BB’ have the
same evolute U. As we know, the original curve can be constructed by uncoil-
ing a filament from the evolute. But then the filament will be shorter on the
segment AB when the curve BB’ is traced than when the curve AA' is traced.
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7. Suppose that we move along some slip curve; then the radii of curvature
of the slip lines of the other family at the points of intersection change by, the
distance travelled (Hencky'’s second theorem).

The radii of curvature Ry, R‘3 of the a, f-lines are defined respectively by

1_ 2  1_ %
Ry 3> Ry 3 (28)

The radius of curvature Ry (RB) is positive if the centre of curvature is
located on the side of increasing s; (increasing sq). Consider neighbouring
lines of the a, g-families, bounding a slip element AsyAs; (fig. 70). It is appar-
ent that

Rm,AO" =Asy , —RaAO' =As.
We evaluate the derivative of Asy along the g-line:
(Ra—Asp) AB8"-RA0"

Asg

As we have shown, the angle A9” between the two f-lines is constant, and
consequently

AR R

o=l ple=-l. (32.9)
55 5o

The second relation is derived just as the first.

3 " "
a—so(RaAa )~ —A0" .

' o”
n

ad))

I \ p

I
|
I
|
|
|
|
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The points of intersection O', 0" of the normals O'A, O'A’ and O"A,
0"A" are the centres of curvature respectively of the B, a-lines at the point A.

The radius of curvature AP of the -line at the point A is equal to the sum
of the radius of curvature BQ of the f-line at the point B and the arc length
AB (fig. 71).

Fig. 71.

Hencky’s theorem can also be presented in a different form (Prandtl); the
centre of curvature of the f-lines at points of intersection with a-lines gener-
ate the involute PO of the a-line.

8. Hencky's theorem shows that the radius of curvature of the p slip lines
diminishes with motion towards their concave side.

If the plastic state is of sufficiently great extent, then the radius of curva-
ture of the f-lines must tend to zero. This corresponds to the intersection of
the involute OP with the slip line AO. In this case a line of the g-family has a
cusp at the point O. It is clear from the construction (fig. 71), moreover, that
the neighbouring slip lines AO, A'O converge at the point O. The point O be-
longs to the envelope of the family of slip lines. Thus, the envelope of the slip
lines of one family is the geometric locus of the cusps of the slip lines of the
other family.

Since they have a cusp at O the £ slip lines cannot intersect the envelope.
In other words, the envelope is the boundary of an analytic solution.

Let AB be the envelope of a-lines, and let s, 55 be a local coordinate sys-
tem constructed at some point P of it (fig. 72). It follows from the relations
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Fig. 72.

(32.8) that the derivative 36/ds, is bounded at the point P, while 36/0s,
tends to infinity, since the radius of curvature RB = 0 on the envelope for §-
lines. But then we see from the differential equations of equilibrium (32.4)
that 30/ds, is bounded, and 80/{‘)s‘i - oo, Thus, the normal derivative of the
mean pressure o tends to infinity along the envelope.

9. If derivatives of the stress components are discontinuous in moving
through a slip line (for example, through some B-line), then the curvature of
the slip lines of the second family (c) is discontinuous along the p-line.

In the local coordinate system sq, sz the normal stresses are equal to the
mean pressure o (fig. 65), and the tangential stresses are constant.

The derivative c’)a/i)s,J is continuous, while the derivative d0/ds, is discon-
tinuous along a -line.

On an a-line we have (3/9sy) (0—2k6) = 0, and consequently in moving
through a f-line the derivative

36/3s, = 1Ry ,

is discontinuous, i.e. the curvature also changes discontinuously.

Thus, an orthogonal grid of slip lines can be composed of pieces of distinct
analytic curves; there is a continuously turning tangent in patches, and, in
general, the curvature experiences discontinuities.

In conclusion we note that slip fields have a number of other interesting
properties (cf., for example, [52, 54]), but we shall not dwell on them here,
as they are not frequently used in solving problems of plasticity theory.



160 PLANE STRAIN ch.§
§33. Linearization. Simple stress states

33.1. Linearization

As suggested by M. Levy, the original system of differential equations
(32.2) can be linearized. We note first of all that the unknown functions can
conveniently be replaced by the parameters £, n. Substituting in (32.2)

o=kE+n), 60=3(n-f),
then multiplying the second of the equations so obtained by tan 6 and —cot 6

in turn, and adding to the first, we eventually obtain

9 Lok on_on

Ix ay tanf =0, ax "3y cot§=0. (33.1)
These are homogeneous non-linear equations, whose coefficients are func-
tions of £, n only. Such a system is called reducible, since by interchanging
the dependent and independent variables we can reduce it to a linear sys-
tem '). Thus let

x=x(&m), y=yEmn,

where in the region under consideration the Jacobian of the transformation is
different from zero:

D(¢,n) _0& on 3t on
AEM=D0 )y ax ay ay ax” O

Substituting the values of the partial derivatives

%0 % b o b o
ax on’ ay on’ ox o’ ay ot

in the differential equations (32.1), and cancelling the multiplier A # 0, we
obtain

ay x dy ox
== 3.2
3% a P cotf =0, an " an tanf=0. (33.2)

This is a linear system with variable coefficients; it is called canonical,
since in each of the equations we find derivatives with respect to one variable
only.

!) Cf. appendix.
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S.G. Mikhlin suggested the substitution
x=Xxcos0-ysing, y=Xsing+ycoso,

where X, y are new variables. The system (33.2) is then transformed into a system with
constant coefficients:

W 15 & Lo
on 7% 0, -a? 2}' 0. (33.3)
It is easy to see that each of the new variables (x and y) satisfies the telegraph equa-
tion, for example
& 1o,
0t0n 4 .

33.2. Integrals of the plane problem

The system (33.2) is in general not equivalent to the original equations
(32.2), since in the process of inversion we have lost those solutions for which
the Jacobian A(%, n) is identically zero. However, these solutions (“integrals
of the plane problem”), which are often encountered in applications and
which have appeared earlier in a different way (§32), can be determined
directly.

We shall follow the method adopted by S.A. Khristianovich [167] in in-
vestigating these solutions. With the aid of (33.1) we find that the condition
A(¢,7m) = 0 can be written in the form

-2 ddm_ 2 3k dm_

AEM =026 ax ax  sin26 3y oy
From this there arise three cases for which the solutions of (32.1) reduce the
Jacobian A(%, n) to zero in some domain:

1) E=const. = &g, n = const. =7 ;

2) n=const. =ng ;

3) E=const. =&,

The first case corresponds to a uniform stress state in some domain. The

slip lines will here be two orthogonal families of straight lines (fig. 73a).

In the second case one of the equations (33.1) is satisfied. Since £ = —20 +
*+19, the other equation can be rewritten in the form

a0 a0 . ,_
ox cos 6 + y sind=0. (33.4)
This is a quasilinear differential equation, whose integral surface consists
of characteristics. The equations of the latter have the form:
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(a)
(b)

Fig. 73.

The solutions of this system of ordinary differenual equations are clearly
6 =const.=Cy, y-xtan6 =const.=C, .

Thus, one family of slip lines is a family of straight lines depending on the
two parameters C), C,. Since 0 = 2k (ng—9) it follows that the stresses are
constant along each such line (though they change from one line to another).
That is, we have a simple stress state (§32). The general solution of equation
(33.4) can be represented in the form

y-xtan 6 = ®(0),

where ®(0) is an arbitrary function.

The second family of slip lines can be constructed by standard methods as
a family of orthogonal curves (fig. 73b). The differential equation of this fam-
ily can be integrated in closed form [167].

The third case is similar to the second and can be investigated by repeating
the preceding arguments.

33.3. Mapping.

The solution & = £(x, ), n = n(x, y) can be interpreted as a mapping of the
“physical” plane x, y on to the parameter plane £, n. The region in the x, y-
plane in which the Jacobian of the transformation is different from zero is
mapped on to some region (generally, multi-sheeted, cf. [56]) of the &, 7-
plane.
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The integrals of the plane problem lead to a different mapping. Thus, in
the first case & = &y, n = ng (uniform stress state) some domain D in the x, y-
plane is mapped into a point of the &, n-plane (fig. 74a).

In the second case n = ng (simple stress state) the domain D is mapped into
a segment cf the straight line n = ng (fig. 74b). A similar mapping occurs in
the third case £ = &, (fig. 74c).

33.4. Simple stress states

We shall consider in detail a number of solutions corresponding to simple
stress states.

A special case of these solutions is the uniform stress state; in these regions
the slip-line grid is generated by two orthogonal families of parallel straight
lines (fig. 73a), and the parameters £, 1 are constants (£ = £y, n =1y, fig. 74a).

In the general simple-stress case one family of slip lines (a, say) consists of
straight lines, while the second family () is generated by orthogonal curves
(fig. 73b). The parameter 7 is here constant (fig. 74b). The picture is similar
if the B-family consists of the straight lines (fig. 74c).

For a simple stress state the straight slip lines (for example, the f-lines,
fig. 75) are tangential to the envelope of the family (cf. § 32, fig. 69); this en-
velope is called the limit curve. In the present case the a-family is gener-
ated by equidistant curves, which are involutes with respect to the limit
curve.

An important case of simple stress is the centrat slip-line field, generated
by a pencil of straight lines together with concentric circles (fig. 76). Here the
envelope degenerates to a point — the centre O. In this example, when the a-
lines are straight, the parameter n = const. = 1. The normal stresses on radial
and circular surfaces are obviously equal to the mean pressure 0 = 2k (—6 +
+1), i.e. they are linear functions of the angle of inclination of the line. The
Stresses are discontinuous at the centre O which is a singular point of the
given stress field.
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Fig. 75. Fig. 76.

From the preceding remarks we can infer an important theorem:

A region adjoining a region of uniform stress is always in a state of simple
stress.

Suppose the region A (fig. 77) is in a state of uniform stress, i.e. § = &,
n = ng. A segment of the slip line L which bounds the region A and belongs,
say, to the f slip-line family, is straight, so that £ = £y, 7 = ng on it as well. As
we have shown earlier, the adjoining region B will have one family of slip lines
(B) consisting of straight segments of equal length, and the parameter ¢ =
= const. = £, since each of the a-lines intersecting L bears the same constant
value &,.

In the &, n-plane we have the following configuration: the domain A is
mapped into the point £, ng, and the domain B into the segment of the line
£ = £ which originates from this point.

The given solution along the rectilinear boundary of the region can only be
contiguous with simple stress states (in particular, uniform stress states).

Fig. 77.
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Fig. 78.

Regions of uniform stress can be linked in various ways through regions of
simple stress. We shall illustrate this with simple examples.

Fig. 78a depicts a slip field consisting of two separate domains of uniform
stress joined by a central field B. The stress field is continuous in the whole
domain A + B + C (excluding the centre O): the parameter £ is constant
(¢ = £g). The mapping in the £, n-plane is shown on the right-hand side of
fig. 78b.

A somewhat more complicated case is illustrated in fig. 79. Here the re-
gions A, C, E of uniform stress are linked by two central fields B, D. The
stresses are continuous, except at the point O. The mapping in the £, n-plane
consists of two intersecting straight segments.

These kinds of constructions of slip fields are widely used in solving parti-
cular problems.

T 1 1]

»)

Fig. 79.
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§34. Axisymmetric field

It will be shown in §36 that an axisymmetric stress field is achieved in the
neighbourhood of a circular part of a contour (either free or uniformly
loaded). Such fields are often encountered in the solution of a variety of
problems.

34.1. The case Tro = 0

Consider the slip field around a circular hole of radius a, loaded uniform-
ly with a pressure p. Let r, p be polar coordinates. Since there is no tangen-
tial stress on the edge of the hole, the equilibrium condition gives 7, = 0.
Then at every point of the field the principal planes have radial and circum-
ferential directions. The slip line will be a curve which intersects at each of
its points a ray, emerging from the centre, at an angle L7 But this property
is unique to the logarithmic spirals

¢-In(r/a)=B, ¢+In(/a)=a, (34.1)

which generate two orthogonal families (fig. 80). These lines have been ob-
served in experiments (fig. 81).

If 6,> 0, 6, <0 in the neighbourhood of the boundary, the yield condi-
tion has the form 0,~0, = 2k, and the stress is determined by our previous
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Fig. 81.

formulae (26.3):
or=-p +2k In(r/a), =ar+2k . (34.2)

It is easy to confirm that the relations (32.6) are fulfilled along the loga-
rithmic spirals (34.1).

If the yield condition has the form o”—ar = —2k, we have to substitute a
minus sign in front of 2k in formulae (34.2).

34.2. The general case
The general case of an axisymmetric field with # 0 was considered by
S.G. Mikhlin. The yield condition now has the form

Gv-anU 4rl =4k2.
The differential equations of equilibrium can be written

dor ar-a

ae o =0 or -0. (34.3)

Suppose the normal and tangential stress components are given on the
boundary of the hole:

when r=a, or=~P, T =Q, (34.4)
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where |q| < k. From the second equilibrium equation and the boundary con-
ditions we find

Tro = q(a/r)? . (34.5)
The yield condition now gives
0,0, = \/k2—q¥a/r)* . (34.6)

We substitute this in the equilibrium equation, integrate and determine the
arbitrary constant from the first boundary condition. We then obtain

VAP A (\/r“—Az _\Ja*-42 )]
Va—A +\JaZ+ A r? a?

where 4 = a%(q/k).
When g # 0 the slip lines are no longer logarithmic spirals.

0, =-pt k[2 In s (34.7)

§35. Boundary conditions for stresses

Suppose that the normal and tangential components of stress are given on
a contour C, and denote them by o,, 7, respectively, with |7,| < k. From
(1.3), (1.4) we have that oy, 7,, are related to the components o, 0y, Txy bY
the formulae
0y =0, cos2p+0,sin2p+ Tyy Sin 29, @s1)
Th= %(o},—ax) sin 2p +7,, cos 29 . ’
Here ¢ denotes the angle between the normal to the contour C and the x-axis
(fig. 82). Since the medium is in a plastic state, we substitute formulae (32.1)
into (35.1) and obtain
o, =0-k sin 2(0—p) ,
" (352)
Tn=kcos 2(0—) .
If x = x(s), ¥ = y(s) are the equations of the contour, o,(s), 7,(s) are the pres-
cribed stresses, then we can assume that o = o(s), 6 = 6(s) are known on the
contour, and consequently the parameters £, 7 also. In particular, if a segment
of the boundary is straight (p = const.) and the stresses o, 7, are constant on
it, then o, 8, and also £, 1, are constant on it.
Note that o, 6 (and, consequently, the stresses o,, 0, Tx},) are uniquely
determined from (35.2):
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Fig. 82.

Tn

0=.pt%arccos %

+mm,

(35.3)
=0, +ksin2(0—),

where by arccos we mean its principal value, and m is an arbitrary integer.
The presence of two solutions for o, 6 satisfying the yield condition is ex-
plained by the quadratic character of the latter.

To choose the sign we need to impose additional conditions, and these
must be obtained from the mechanical formulation of the problem in each in-
dividual case. It is occasionally helpful to consider the normal stress o, at the
contour C (fig. 82):

0,=20-0,.

The sign of o, can sometimes be predetermined, and this enables the correct
choice of solution to be made.

An important special case occurs when there is no tangential stress on the
contour C (7, = 0). Then formulae (35.3) take the simpler form

[’} =¢t%1r +mm,
(35.4)

og=o0,%k,

and, correspondingly, 0, = o, £ 2k.

Consider the simplest example of a free rectilinear boundary x = 0
(fig. 83); on this boundary we have ¢ =0, 0,=0,7,=0, and, consequently,
20=% %1! +2mm,0=+k,0,=0,0,=0,=12k ie. in the neighbourhood of
the boundary there can only be either tension in the y direction, or compres-
sion.
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§36. Fundamental boundary value problems

When considering particular problems it is necessary to find solutions of
the hyperbolic equations (32.2) which satisfy certain boundary conditions.
This usually involves the solution of a series of boundary value problems. We
now give a brief account of the most important of these; more extensive in-
formation can be found in standard textbooks on mathematical physics.

36.1. Cauchy’s problem

The most important is Cauchy’s problem (the initial value problem). In the
x, y-plane let AB (fig. 84), x =x(s), y = y(s), where s is some parameter, be a
given smooth arc, which nowhere coincides with a characteristic and which
intersects each characteristic once only '). Let the functions o = a(s), 8 = (s)
be continuous together with their first and second derivatives on the arc AB.
It is required to find a solution of equations (32.2) which assumes the pres-
cribed values on AB. The required solution exists and is unique in a triangular
region APB, bounded by the arc AB and the a, 8 slip lines (characteristics)
which originate at the end points of the arc. In particular the functions
o(x, y), 0(x, y) are also determined on the sides AP, BP. The solution is con-
tinuous together with its derivatives up to second order.

A similar construction can be effected on the other side of the arc AB.

The solution at the point P depends only on the data along AB. The trian-
gle APB is called the domain of dependence for the point P. If the data are
changed on the arc AB, then the solution changes only inside the triangle
APB. It follows that a fixed solution inside the triangle can, in general, be
supplemented by different solutions along the slip lines. In other words solu-
tions in adjoining regions can have different representations.

1) If the latter condition is not fulfilled Cauchy’s problem is in general insoluble.
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Fig. b4.

Further, prescribed values of a(s), 8(s) at an arbitrary point Q of the arc
can influence the solution only at points lying within a ““characteristic angle”
generated by the slip lines originating at Q.

Exist and uniq of the solution apply if the requirements of
smoothness of the arc and continuity of the initial data are satisfied. If deri-
vatives of the initial data are discontinuous at some point C, then the above
results will be valid only in triangular regions ACP', BCP". A solution in the
remaining region CP'PP” can also be constructed, but its derivatives will be
discontinuous along the characteristic CP', CP". Discontinuities of derivatives
propagate only along characteristics, and cannot vanish along them.

We note now some simple corollaries which are very useful in application.

The stress field at a boundary, which is free of forces, depends only on the
shape of the boundary.

Since the tangential stress 7, on the boundary is zero, the normal to the
contour is one of the principal directions and the slip lines approach the con-
tour at an angle of 45°. Consequently, the contour coincides nowhere with a
characteristic direction, and we have Cauchy’s problem, whose solution is
unique.

In particular, a rectilinear free boundary will always have a field of unix-
ial uniform tension or compression, of magnitude 2k and parallel to the line
of the boundary (fig. 85a). For example, if the x-axis is parallel to the bound-
ary AB, then in the domain APB, 0, =*2k, 0y =Ty = 0.

At a circular free boundary BA (fig. 85b) the slip field is generated by log-
arithmic spirals, and the stresses are given by formulae (34.2) with p = 0.

By (34.1) the equations of the slip lines BP, AP are respectively

r r

r 1 r 1
—Iln—= —Iln— +in—=+1n—
«plna lna. (4 na lna’
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(a)
Fig. 85.

where r; is the distance of the point P from the centre. At the point By =+
consequently In (r/a) =y and the stresses at P are

0,=2ky; 0,=2k(1+7). (36.1

Note that if the yield condition has the form 0,~0,= —2k, a minus sig
must be inserted in front of 2k in the preceding formulae.

These results continue to apply almost entirely if a uniform normal pre
sure p is applied along the relevant portion of the contour. The geometry ¢
the slip lines is just as before. At a rectilinear boundary we now have a un
form stress state (with the previous choice of axes):

0,=-p, 0,=*2k—p, T, =0.

xy

At a circular boundary we have an axisymmetric stress field, given by fo
mulae (34.2). This field is not influenced by initial data outside the arc Al
Just as before, this solution is independent of the shape of the boundary ou
side the circular arc AB. For example, if the boundary consists of a circult
arc AB and a rectilinear segment BC (fig. 86), then the slip field near AB wi
be generated by logarithmic spirals, and that near BC will be a rectangult
grid.

36.2. Initial characteristic problem (Riemann problem)

Suppose the values of the functions g, 8 are known on segments of the sli
lines OA, OB (fig. 87). Since g, 6 satisfy on OA, OB the differential equatior
of equilibrium of a slip element (31.4), it follows that these values cannot b
completely arbitrary: they are connected by the relations

% —@=const.=¢ alongOA, (36.%
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Fig. 86. Fig. 87.

50; 1 9 =const.=n along OB, (36.3)

The solution is thus determinate in the quadrilateral OACB. Note that the
functions o, € on the segments OA, OB are usually determined from con-
structing solutions in adjoining domains, so that the above relations are auto-
matically satisfied. Thus, in the example illustrated in fig. 86, an initial char-
acteristic problem is to be solved in the domain BDEF. The values of o, § on
the characteristics BD, BF are known from respective solutions of Cauchy
problems in the domains BCD and ABF.

An important case is the degenerate initial characteristic problem, when
the segment of the slip line OB (or OA) contracts on the point O, such that
its radius of curvature becomes vanishingly small while the angle 6 remains
constant (fig. 88). All the a slip lines come together at the point O and the
stress is discontinuous.

Fig. 88.
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The solution can be determined in the triangle OAC for given angle of
spread at the nodal point O and given values of 0, 6 on the arc OA.

36.3. Mixed boundary value problem

The functions o, 6 satisfying the equilibrium condition (36.2), are known
on a segment of the slip line OA (fig. 89). The segment OA joins a character-
istic curve OB, along which the angle 6 is prescribed. This kind of problem
arises, for example, if OB is a friction-free boundary of the medium; the slip
lines approach the curve OB at an angle %ﬂ, and, consequently, 8 is known.
It is assumed that the angle AOB is acute (i.e. lies inside the characteristic

angle).

Fig. 89.

The solution to the mixed boundary value problem is determinate in the
triangle OAB. The actual construction is different, depending on the magni*
tude of the angle 6 defined on the curve OB at the point O. If this angle is
equal to the angle § on OA at the point O, then the slip line field has the
form shown in fig. 89. In particular, if OB is frictionless, the angle between
the curves OA, OB must be equal to %n at the point O.

If an o-line, originating from the point O, lies inside the region BOA
(fig. 90), then the latter is divided into two parts, BOA' and A'OA. The con-
dition of the previous case will apply to the first of these if we can find the
values of o,  on the slip line OA’. But these values can be determined by
solving an initial characteristic problem for the domain AOA', since the angle
of spread of the characteristic pencil AOA’ is known.
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Fig. 90.

§37. Numerical methods of solution

The boundary value problems we have been discussing can also be solved
by other methods. In particular, the solutions of the Cauchy problem and in-
itial characteristic problem for the linearized equations (33.2) can be repre-
sented in closed form by means of the Riemann function [54]. But the use of
these solutions requires a considerable amount of calculation.

The apparatus of so-called meta-cylindrical functions, introduced by L.S.
Agamirzyan [83] can be used to construct an analytical solution of various
boundary value problems encountered in plane plasticity problems. With the
aid of tables of these functions the amount of calculation can be consider-
ably reduced.

Much simpler, however, are approximate methods of constructing slip
fields based on the idea of transforming to finite-difference equations and
utilizing certain properties of the slip lines (note that the method in its gen-
eral form was developed by Masso (1899), cf. [52]). Different versions of
this technique have been used by Sokolovskii [44], Hill [54], Prager and
Hodge [31], and other authors.

We shall now present an outline of some methods of solving numerically
the fundamental boundary value problems.

37.1. Initial characteristic problem
The segments OA, OB of slip lines (fig. 91) are divided into small intervals
by the points

(1,0),(2,0),...,(m,0),..., 0,1,(0,2),...,0,n),
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Fig. 91.

The intersections of the slip lines passing through these points will be
called the nodal points of the grid and will be denoted by (m, n). The func
tions o, § are known on the sides OA, OB; by Hencky’s first theorem we can
find the values of these functions at the node (m, n):

Omn=0m0* 00,000 (371.1)

%mn =m0 %n—%,0 - (37.2§

The coordinates of the nodal points are calculated step by step. Suppose we
know the coordinates of the nodal points (m—1, n), (m, n—1), and the angle
0 at these points. The position of the point (m, n) is determined by the inters:
section of small arcs; we replace the latter by chords, whose inclinations are:
equal to the mean value of the inclinations at the initial and final points *).i
The differential equations of the slip lines, ¢

dy _

-dl=tan0, Fra —cot 6

dx
are replaced by the differences

Ymn=Y m-1,n= Cmp—Xm_1,) tan %(Om_" +0m_1,), (37.3)

YmnYmn-1= —Xmn—Xmp-1) cOt %(om,, +0pmn_1) (37.4)
and we determine X,,, ,, ¥, , from these. It is always necessary to begin at the

point (1.1).

1y The inclination of the chord is often taken equal to the inclination at the initial
point; this leads to somewhat inferior resu'ts.
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The last relations give simple formulae for calculation of Xy, n, Ym,n- The results of
the calculation can conveniently be written in a table (fig. 92). In the fquues of ﬂ,e
shaded strips we insert the known values of x, y; g, 6 at the selected points of the slip
lines OA, OB. Then we calculate consecutively the values of x, y; o, 6 at th_e nodes and
insert them in the appropriate squares of the table. We then plot the ct_)ordmntes of the
nodal points Xy . Ym,n Which have been found. Joining one line of points, conespf)nd-
ing to one row of the table, we obtain an a-line; points corresponding to a column give a

pline.

Fig. 92.

In the degenerate case o, 0 are known on the segment OA (fig. 93), as well
as the change in the angle 6 at the vertex O (i.e. the angle AOC). We divide
this angle into a number of small sectors 00'0, 6015 ---» 00,,, ...where 00,,
is the angle between the slip lines On and OA at the vertex O. The value of
0,5 at the node (m, n) is found from formula (37.1). The pressure o is dis-
continuous at the point O and cannot be directly computed from formula
(?7.2). We first determine 0}, at the points (1, n); the values 010, 019 are
given at the point (1, 0), and consequently we know the parameter n; =
=010/2k+6 1,0 Which is constant along the f-line passing through (1, 0); then
%1 = 2k(n,8 ,). For the rest we can use (37.2) replacing g0 by the val-
ues of oy .. The coordinate of the nodal points are computed as before.

37.2. Cauchy’s problem
We divide the arc AB into small intervals with the points (0,0), (1, 1), .. . ,
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Fig. 93. Fig. 94.

(m, m), . . . The values of g, 6 at nodal points in the neighbourhood of the arc
(fig. 94), are found from the condition of constancy of the parameters £, n
on the a, f-lines:

Omm+1~2k0m m+1 = O —2k0 1

Omm+1 ¥ 20 st = Opat ma1 + 2K0,may et -

The coordinates of the nodes are determined by the previous formulae. The
slip grid is then calculated in the same way as for the initial characteristic
problem.

The results of the calculation can be shown in the cells of a square table (fig. 95). The
known values of x, y; o, 6 are inserted in the shaded cells along the principal diagonal
The values of x, y; o, 8 obtained for the nodal points of the grid complete the table on
one side of the diagonal.

37.3. Mixed boundary value problem

We consider the general case of the mixed problem shown in fig. 90.

In the domain OAA’ the solution can be constructed just as for the degen-
erate case of the initial characteristic problem. Next we turn to the region
OA'B. We subdivide OA’ into small intervals by points (1, 0), (2, 0), . . -
(fig. 96). The values of o, 6 are known on OA’. We begin the construction at
the point (1, 0), and draw a straight line from this point towards the p-line
(i.e. along the normal to the a-line); this locates a point P’ on OB; the value
of 8 at P' is given from the condition on OB (§36). We calculate the mean
value of the angle 8 at the points (1, 0), P’, and then again draw a straight line
from the point (1, 0); this locates a point P” on OB, etc., until the difference
between consequtive positions of the points P becomes small. This determines
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Fig. 96.

the point (1, 1). The points (2, 1), (3, 1), . . . are computed as in the initial
characteristic problem. To determine the point (2, 2) we have to repeat the
preceding successive approximation method.

37.4. Concluding remarks

When the slip line grid has been constructed, the values of 0, § are known
at its nodal points, and, therefore, so are the stress components Oy, Oy, Txy-
With a sufficiently dense grid of slip lines the plastic state can be determined
to any desired degree of accuracy.
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We note that useful and convenient graphical methods of solution h;
also been suggested [8, 29]; but their application requires the use of a lar
scale diagram and involves substantial errors.

§38. Determination of the velocity field

38.1. General relations

We have been considering in some detail the stress field, and we now t1
to the remaining equations of plane strain (31.10), (31.11), which contain 1
components of the velocity vector. Taking into account the substituti
(32.1), we can write these equations in the form

o, au) v av)

P, Yy x %) _

(a,;*ax tan2£?+(a)r % o, (38
o, v,

"a;'*g-o. (38

Once the stresses have been found, the angle 6 is known and the problem
determining the velocities is linear. This system of equations is of hyperbc
type, and its characteristics coincide with the slip lines. Let the velocities
v, be continuous, and let their values be prescribed on some line L. The fo
of the equations remains unchanged if we transform (cf. §32) to a local co
dinate system x, y, generated by the tangent and normal to the line L. Sit
the velocities are given on L, we can calculate their derivatives along the t:
gent dv, /dx, dv),/dx. Then we can always find from (38.1), (38 2) the deri
tives along the normal dv, /3y, dv. /By as well, provided 6 # 0, —1r, ie. p
vided the line L does not comcxde with a slip line. If the latter is the case
before we denote the respective “characteristic” coordinates by s, sgand t
components of the velocity vector along these directions by u, v) the nom
stresses are equal to the mean pressure, 0y = 03=0, and the tangential str
is 7g = k. Then it follows from the system (38.1), (38.2) that

qufdsy =0,  dvfds;=0, (38

and the derivative du/ds; is indeterminate.

Thus, the rates of relative elongation along slip lines are zero; just as eq
tions (32.4) express conditions of equilibrium of a slip element, so equatic
(38.3) characterize the singular deformation of a slip element. We write th
equations in a different, somewhat more convenient, form.

Consider an infinitesimal segment ds, of an a-line (fig. 97). The rate
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Fig. 97.

elongation in the a-direction is (u + du—vd6)—u, neglecting second order
quantities. From (38.3) we have along the a-line

du—vd6 =0. (38.4)
Similarly we obtain for the f-line
dv+udg=0. (38.5)

These relations were found by Geiringer, and are called the equations for the
velocities along the slip lines.

38.2. Condition of positive dissipation

The velocity field is determined from the above equations and supplemen-
tary boundary conditions. In this situation the dissipation must be positive in
plastic zones (0j%;;> 0). This is a condition of compatibility of the stress and
velocity fields, and imposes limitations on the choice of the solution con-
structions. It is verified a posteriori,

38.3. Velocity fields for simple stress states

The velocity field which corresponds to a simple stress state has a series of
elementary properties. Thus, if the stress is uniform in some region, then
6 = const. everywhere, and, consequently, we find from (38.4), (38.5),

u=u(), v=u(a), (38.6)

where u(), u(a) are arbitrary functions.

The case u = u(8), v = 0 defines a shear flow in the a-direction, and the
other case u = 0, v = v(a) gives a shear flow in the S-direction. The general
case (38.6) is obtained by superposing two arbitrary shear flows in the given
directions,
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In the case of a central field the angle @ is constant along radial lines, for
example § = const. along a-lines (fig. 76). Then u = const. along the - hne
i.e.u =u(6). From (38.4), (38.5) it follows that

v=9(0)+ (),

387
u=—'0), @87

where ¢(0), Y(p) are arbitrary functions (p is the distance from the centre O,
fig. 76; the prime denotes derivative).

If p(8) = 0, then formulae (38.7) describe rotational motion (shear flow
with the streamlines in the form of concentric circles).

In the general case of simple shear 6 = const. along straight slip lines, and,
consequently, the velocity component along each straight line is constant.

It follows from (38.1), (38.2) that a uniform velocity field v, = const.,
v, = const. is possible in a plastic region, i.e. the plastic region is displaced
like a rigid body. These regions can be interpreted as regions of negligible
plastic deformation. Such fields are encountered, for example, in the prob-
lem of indentation by a flat die (§45).

38.4. Numerical construction of the velocity field

We consider the general case when neither of the slip-line families consists
of straight lines. In this case the velocity field cannot be determined by ele-
mentary means. As for the stress field (§37), the simplest method is that of
finite-differences. We shall outline here the solution of several boundary value
problems. We shall not give a detailed exposition of this method of construc-
tion, nor shall we investigate other types of boundary value problems, since
these are all very similar to their counterparts in the stress field case (§37).

Initial characteristic problem. In fig. 91, let normal components of veloci-
ty be prescribed on the segments OA, OB of the slip line (v on OA and u on
OB, so that the tangential components are determined from (38.4), (38.5)).
Both components can be prescribed if they satisfy equations (38.4), (38.5).

From (38.4), (38.5) we obtain the tangential components in the form

= f vdé +C, along a-line ,

y=_ fudo +Cy along g-line .

The constants are found from continuity conditions at the point O.

Denote by Uy, 1 ps Um—1,m m,n—1> Ymn—1 the values of the velocities u,
v at the nodal points of the shp gnd (m—l n), (m, n-1). If in (38.4), (38.5)
we replace the infinitesimal increments by finite ones, we obtain formulae for
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calculating u, v at the nodal point (m, n):

=1
UpnYUm-1n~ i(um,n + vm—l.n) (0m.n'0m— 1,7 (38.'8)

=_1
Umn~Vmn-1~ 'i("m.n Yy p_ D (om,n_om.n—l) -

In order to enhance the accuracy for the functions u, v, we have taken the
arithmetic mean of the values of u, v at neighbouring points. The construc-
tion begins at the node (1, 1).

Cauchy'’s problem. Let u, v be given on some arc AB (fig. 94), which is not
a slip line. The velocity field can then be constructed with the aid of relations
(38.8).

Mixed problem. The normal component of the velocity v is given along the
segment OA of the a-line (fig. 90), and the relation between the components
of the velocity vector is known on the curve OB:

au+v=0,

where a is a constant. We restrict ourselves to consideration of the slip field
for the case, shown in fig. 96, where the angle 6, given on OB at the point O,
is equal to the angle of inclination of the slip line at the same point. The slip
line grid is known (fig. 96); the values u; ;, v ; at the node (1, 1) are com-
puted from the formulae

_ 1
v 1v10= -5 tuy0) (61,910

2 (38.9)
auy vy ;= 0.

The relations (38.8) determine the values of the velocities u, v at consecutive
points (2, 1), (3, 1), . . . . For the point (2, 2) we have to begin again with
equations similar to (38.9), and so on.

38.5. The line separating plastic and rigid regions is a slip line or the envelope
of slip lines

We shall assume that the rigid region is at rest; this can always be done by
superposing a velocity field corresponding to a rigid translation of the body.
In the plastic zone there is some non-zero field.

We first assume that the velocities are continuous on the line of separation
L. Thenu =0, v = 0 on L. If the boundary under consideration has nowhere a
characteristic direction (i.e. nowhere coincides with a slip line), then we have
Cauchy’s problem for determination of the velocities u, v in the plastic zone.
Since the initial values are zero, and since the equations are homogeneous, the
velocities must be zero in the plastic region, which contradicts the original as-
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sumption. If the boundary L coincides with some slip line, the vanishing on it
of u, v does not imply the vanishing of the velocity field in the plastic zone.

We now suppose that discontinuities can occur on the line of separation.
The discontinuity can only be in the component of velocity v, tangential to
L, since discontinuity in the normal component v, is connected with the ap-
pearance of a “crack”. The boundary L can thus be thought of as the limit-
ing position of a thin plastic layer (fig. 98; here n is the normal, ¢ the tan-
gent), in which the tangential velocity v, changes rapidly through its thick-
ness, while the normal component v, is almost constant. It is evident that as
the thickness of the layer decreases the shear velocity 1, increases without
limit, while at the same time the other components of velocity will be almost
invariant. But then the Saint Venant-von Mises relations (13.12)

%%t T M
2k H'’ k H’

written in coordinates ¢, n, imply that
Oy, 00, ITnd > K,

since the intensity H = |n,,| - c. Thus the boundary L will be a slip line or
an envelope of slip lines. Note that the line of separation is often at the same
time a line of velocity discontinuity (§39).

Fig. 98.

38.6. Geiringer’s equation
We transform equations (38.1), (38.2) to new independent variables — the
characteristic parameters £, 0. Let

x=x(,n), y=yEn)
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subject to the condition that the Jacobian A(£, n) # 0 in the region under
consideration. Then using (33.1), we easily obtain the system

ov o, v, v,
a—E—tanOF{-O, a—n'FCO!OW—O.

We transform to the velocity components u, v in the a, § directions using

v,=ucosf-vsinf, v,=vcosf +usinf ,

y
and after some simplification obtain

2 2
3,0, Fpu=o. (38.10)

Hence it follows that each velocity component satisfies the telegraph equa-
tion.

§39. Lines of discontinuity in stress and velocity

39.1. General remarks

In the preceding sections we have already touched on the question of dis-
continuities in the derivatives of the stress (or velocity). Such discontinui-
ties, called weak, develop along slip lines and are a consequence of disconti-
nuities in derivatives of the initial data.

There are various cases where it is impossible to construct solutions with
continuous stresses or velocities. At the same time there exist solutions with
discontinuous stresses (velocities) which satisfy the boundary conditions
(these discontinuities are called strong).

We consider a few simple examples.

In the problem of bending of a beam (§24) the stress 0, in the limiting
State experiences a jump from + o, to —0; in passing through the neutral
plane. Again, problems of pure plastic torsion are characterised by the ap-
Ppearance of lines of discontinuity, along which the tangential stress is discon-
tinuous (in direction). In both cases the lines (or surfaces) of discontinuity
are limit positions of elastic regions.

It is natural that in the plane strain problem under consideration discon-
tinuous solutions are also possible. Nevertheless the significance of discontin-
Uous solutions in the plane problem has escaped the attention of researchers,
and has only comparatively recently been emphasized in the work of Prager

(cf. [31]).
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Discontinuous stress and velocity fields are also of interest because they
can be used to derive simple approximate solutions on the basis of extremum
principles. This question will be considered in ch. 8.

39.2. Relations on a line of stress discontinuity

Along a line of discontinuity it is necessary to satisfy some simple rela-
tions, which ensue from the equilibrium equations and the plasticity condi-
tion. Let L be a line of discontinuity (fig. 99), and consider an infinitesimal
element lying on L. We suppose the thickness of this element to be vanishing-
ly small. Normal stresses o0,, 0, and a tangential stress 7, act on the faces of
the element.

Fig. 99.

The values of the stress components on the two sides of the line of aiscun-
tinuity will be distinguished by the indices +, —. By virtue of the equilibrium
equations for the element, we must have (recalling that the thickness of the
element tends to zero)

‘oo =y-=
o,=0,=0,, Ta=Ta=Tp.

It follows that a discontinuity is possible only for the normal stress o,. The
plasticity condition (31.8), which is valid on both sides of L, can be solved
with respect to oy:

0,= 0, + 2Wk?-7Z. (39.1)

Since by hypothesis L is a line of discontinuity, the upper and lower signs res-
pectively in this formula should be taken for the values of oy, o; then the
jump in o, will be 4/k2—72. The jump in the mean pressure 0 = (o, + 0,)
will be equal to 2v/k*—77.

On a line of discontinuity the angle of inclination 6 of a slip line exper-
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iences a jump discontinuity. The normal and tangential stresses 0, and 7, on
the two sides of L can be expressed with the aid of formula (35.2). Then the
continuity conditions for g, 7, can be written in the following form:

o*—k sin 2(8 *—p) = 0" —k sin 2(60 "—) ,
k cos 2(8*—p) =k cos 2(0—) .
Hence
0'—p=t (0 —p)tmn,

where m is an integer. If we choose the + sign in front of the term in brackets
on the right-hand side, we can easily show that the stress distribution will be
continuous in the neighbourhood of L. We therefore choose the — sign, and
then

6-=—6"+2p+mm, (39.2)

0~ =0"-2ksin 2(0"—) . (39.3)

The first of these expressions gives that at each of its points the line of dis-
continuity L is the bisector of the angle generated by slip lines of the same
family which approach L from opposite sides. This is easily seen if we take
the x-axis to coincide with the tangent to the line L. Fig. 100 shows a slip ele-
ment intersected by the line L, and the four directions of the slip lines a*, 8,
a”, 8~ which meet at each point of L.

Thus, the slip-line configuration experiences reflection with respect to the
line of discontinuity L.

Fig. 100.
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It follows from the preceding analysis that stress discontinuities on slip
lines are impossible (since T, = k on slip lines, and then the normal stresses
0, = 0y, are continuous).

We note one further property of the stress field in the neighbourhood of
the line of discontinuity L.

The curvature of a slip line undergoes a jump in passing through a line of
stress discontinuity [54] .

39.3. Continuity of velocity near a line of stress discontinuity

Since we have excluded the possibility of cracks, a discontinuity in the
components of the velocity vector normal to the line L cannot occur, and we
need only consider discontinuities in the tangential components.

It is not difficult to show that the tangential component is also continuous
on L. Being the limiting position of the elastic region, the line of discontinui-
ty can be replaced by a thin elastic strip. From the equilibrium equations for
an element of the strip, it follows that the stresses o, 7, are almost constant
in this strip; the tangential stress o, changes very rapidly over the width of
the strip (from o" to o, fig. 101), which means, among other things, that the
narrow strip under consideration must be elastic (since with almost constant
0, T, and rapidly varying stress o, the yield condition cannot be fulfilled).

Oy

Fig. 101.

The velocity v, is continuous; we assume now that the component v, is dis-
continuous. Then the derivative dv,/n is unbounded in the limit, and, conse-
quently, so is the shear velocity n,,; the other derivatives, and hence the
other strain-rate components, are bounded. Repeating the argument used at
the end of §38, we can establish that

0,0, 0,~0, ITpl > k.

n



§39 LINES OF DISCONTINUITY IN STRESS AND VELOCITY 189

This implies that the directions n, ¢ coincide with the directions of the slip
lines. But then formula (39.1) with 7, = k yields the continuity of the stresses
along L, which contradicts the original hypothesis.

Thus, a discontinuity in the component v, is also impossible. Along L
vy = vy and hence £/ = £;; therefore, by virtue of the von Mises equation
(13.11), we have:

N (07—0") = X (07 -07) .
Using the expression (31.3) for the mean pressure, we have
of-0*=1(0{-0;), o;—0"=1(07-07).

By (39.1) these quantities are different in sign, and consequently, X" = —X.

Since A’ = 0 we must have A’ = 0 at every point of the line of discontinuity L,
i.e. the strain-rate components are zero along L:

En=0v E(=0» "7m=o~

Thus, a line of stress discontinuity is not extended. This result is natural
enough if we note that a line of discontinuity is the trace of an elastic strip,
where we are neglecting elastic strains.

39.4. Lines of velocity discontinuity

Suppose that along some line L the stresses are continuous but the velocity
vector is discontinuous. At an arbitrary point of L we construct a coordinate
system n, t, with the r-axis directed along the tangent to L. A discontinuity in
the normal velocity component v, is impossible, and therefore we need only
consider the tangential component v,. We repeat the argument given at the
end of the preceding section (fig. 98). The line of discontinuity L is the limit
position of the layer, in which the velocity v, is almost constant, while
the velocity v, is changing rapidly through the thickness of the layer (from vy
to v;). As the thickness of the layer decreases, the shear velocity Mg increases
without limit, and at the same time the other velocity components undergo
little change. This means that, in the limit, the direction of the line of discon-
tinuity must coincide with the direction of the slip line. Thus, a line of dis-
continuity in the velocity vector must be either a slip line or the envelope of
slip lines. In what follows we shall replace Up, Yy by u, v (the components of
the velocity vector in the direction of the slip lines a, 8; cf. §38). The veloci-
1y u can be discontinuous on an c-line, and v on a B-line. From (38.4), (38.5)
we obtain
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u= f vd@ + const. along a-line ,

v= fudo + const. along f-line .

Since v is continuous on an a-line and u on a B-line, we easily see that the
jump in u (or v) is constant along an a {) line of discontinuity.

The magnitude of the tangential stress along a line of discontinuity is equal
to k. In passing through such a line, an element experiences a finite shear in
the direction in which the tangential stresses act, and changes its direction.
Thus, for example, the jump in the velocity u and the direction of the tan-
gential stress 7 are related by the condition that the dissipation be positive:

w'-u)>0.
If the jump [u] >0 then 7=+ k;if [u] <O then7=—k.

39.5. In conclusion we note that questions in the general theory of discontinuities in
a plastic medium have been discussed in the books of Thomas [S0] and Iviev [11].

§40. Non-uniqueness of the velocity field. Criterion for selection. Complete
solution

The construction of the slip field depends on the choice of the plastic and
rigid domains. Since the stresses are indeterminate in the rigid zones, this
choice is to a large extent arbitrary. For this reason the plastic-rigid model is
characterized by .the non-uniqueness of the stress and velocity fields *). By
way of illustration we consider a simple example.

40.1. Extension of a strip with a hole

We shall examine the problem of the extension of a strip with a sufficient-
ly large ?) circular hole (fig. 102a).

Since the circular contour is stress-free, it can be adjoined by an axisym-
metric field of logarithmic spirals (§34). On the other hand, near the free
rectilinear boundary of the strip there can be a field of uniform uniaxial ten-
sion (§36). Let these fields meet at some point C (fig. 102a). The stresses in
the region ABC are determined from the formulae derived in §34:

0,=2kIn (r/a), 0,=0,+2k. (40.1)

') Note that the limit load is unique (cf. §65).
2) This condition guarantees the development of plastic deformation in weakened
sections.
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(a) (b) (c)

Fig. 102.
In a cartesian coordinate system x, y the stresses in the region CDE have
the form

Ox

The limit load is

=7,,=0, 0,=2k. (40.2)

e h
P_=2f owdr+2 faydx.
a

Te

Substituting here for 0, 0, we obtain

re
P, = 4k(h-a) + 4k f ln%dr.
a

The second term is easily evaluated, but this is now unnecessary. We need
only observe that the integral term is non-negative and is a monotonically in-
creasing function of r..

Consider now the velocity field. In the limit state the rigid parts of the
body move respectively up and down with velocity V. The normal velocity
components on the boundaries BC, AC; CD, CE are continuous and are easy
to calculate since these boundaries are known. The tangential velocity compo-
nents are discontinuous along lines of separation. The velocity fields in the
plastic regions ABC, CDE are uniquely determined from the solution of the
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initial characteristic problem. Thus, the stress and velocity fields are compat-
ible (it can be shown that the dissipation is positive at every point of the
field).

We see that we can have whatever solution we wish, depending on the
choice of the arbitrary point C; to each solution there corresponds some lim-
iting load. When r = a (fig. 102b) the load P, = 4k(h—a) is a minimum, and is
a maximum when r_ = k (fig. 102c).

40.2. Selection criterion

It is natural to pose the question, which of these solutions is preferred?
The answer can be given on the basis of theorems concerning extremal prop-
erties of the limit load, which will be treated later (cf. §65). Anticipating
somewhat, we shall formulate, without proof, a selection criterion ensuing
from these theorems.

The solution obtained in the present section defines throughout the whole
of the body (i.e. in both plastic and rigid zones) a velocity field compatible
with the boundary conditions. Such a field is called kinematically possible. It
will be shown below (§65) that every kinematically possible velocity field re-
sults in a lower bound of the limiting load.

Consequently, the most appropriate solution corresponds to the lowest
value of the load. We shall call this proposition the selection criterion.

We now assume that in the whole body (i.e. in both plastic and rigid
zones) a stress field o, 0,,, 7., has been constructed which

1. satisfies the differential equations of equilibrium;

2. satisfies given boundary conditions for stresses for some value of the
load parameter;

3. lies inside or on the yield circle, i.e.

2 2
(ox_oy)z +4ry, <4k*.

everywhere.

A stress field of this kind is called a statically possible plastic field.

From the second theorem (§65) every statically possible plastic stress field
results in a lower bound of the limiting load.

The solution to the problem obtained earlier does not give such a field,
since the stress state is unknown in the rigid zones. In accordance with the se-
lection criterion it is necessary to focus on the solution shown in fig. 102b.
This solution corresponds to the minimum load

P, = ak(h-a) (40.3)
and is supported by observations. Fig. 103 reproduces photographs [79] of
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Fig. 103.

slip lines in initial and subsequent stages of plastic flow. The plastic zones are
observed after special treatment (grinding, etching) of deforming steel speci-
mens.

Remark. The selection criterion is not always sufficient for estimating the
slip field. Cases can arise when different slip fields lead to the same limit
load. This situation occurs, for example, in solving the problem of indenta-
tion of a flat die (§45). In these cases it is necessary to adduce supplemen-
tary mechanical considerations.

40.3. Complete solution

In the example we have been discussing the construction of an appropriate
statically possible plastic stress field is easy; it is shown in fig. 104. The
stresses are equal to zero in the shaded strip, while in the side strips,

°x=Txy=0* oy =2k . (40.4)

It is obvious that the boundary conditions on the contour of the circular
hole and on the lateral edges are satisfied. The corresponding limiting load is
clearly equal to the previous value (40.3). Since the upper and lower bounds
of the limit load coincide, the value obtained for the latter is exact. Al-
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though the construction of the field in this particular case is elementary, the
general case of field construction involves considerable difficulties.

One further remark should be made. Suppose a kinematically possible so-
lution has been constructed (for example, the solution shown in fig. 102b). If
it is possible to extend the stress state in the plastic zones into the rigid zones
such that the yield criterion is nowhere exceeded, then the stress field so con-
structed in the whole of the body will be a statically possible plastic state. It
is evident that in this case the upper and lower bounds of the limiting load
will coincide. These solutions are called complete, since they result in the ex-
act value of the limiting load.

The solution of the problem discussed in this section (fig. 102b) is com-
plete; it can easily be extended through the whole body, as shown in fig. 104.

40.4. Problems of finding limit loads

We have repeatedly emphasized the significance of limit loads in deter-
mining a practical safety factor.

For an elastic-plastic body deformations usually develop gradually as the
load increases; initially the elastic regions restrict the deformations of the
body, the restricting effect diminishes as these regions contract until, finally,
unrestricted plastic flow, corresponding to a limiting state, sets in. We have

" shown in a series of examples that loads close to the limit can be achieved
with comparatively small deformations. As a rule the plastic deformations are
localized and increase rapidly, while at the same time the elastic deformations
change very little; as a consequence the latter can be neglected. This enables
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us to use a plastic-rigid model for the evaluation of the limit loads. The
conditions which have to be satisfied by solutions in the plastic-rigid model
have been discussed earlier (§23). In particular, it is necessary that the yield
criterion should not be exceeded in the rigid zones. As we have already ob-
served, this is not amenable to verification; but the construction throughout
the body of a statically possible plastic field enables a lower bound of the
limit load to be obtained.

Another requirement is that the dissipation be positive everywhere in the
slip field. This is a condition of compatibility of stress and velocity fields, and
can be verified, though not always simply.

The moment when the limit load is attained is characterized by an in-
stantaneous movement, corresponding to the transition of the body from a
rigid state to a “plastic mechanism”. It is evident here that all changes in the
exterior dimensions of the body can be neglected; the instantaneous move-
ment is associated with a given (“instantaneous’) combination of loads.

For a real elastic-plastic body a finite combination of loads can be
achieved in various ways, and the question arises of the dependence of the
limiting state on the loading path. In the sequel it is assumed that the limit
state is independent of the loading path. This hypothesis is supported by ex-
perimental data, which are in good agreement with solutions obtained from
the plastic-rigid model. Another important feature, which was discussed ear-
lier (§15), is the asymptotic convergence of the stresses (with developing
strain in a fixed direction) to a value independent of the strain path. As a rule,
approach to the limit state of a body is accompanied by rapid develop-
ment of strain in directions along which given external loads act; it can be as-
sumed that a stress state is then established which is practically independent
of the loading path.

A full evaluation of this hypothesis requires further investigation.

§41. Extension of a strip weakened by notch

We consider the problem of the extension of a strip weakened by sym-
metric, deep notches of various shapes. It is assumed that the strip is suffi-
ciently long so that the manner in which the ends are fixed has no influence
on the plastic flow in the weakened section. As the following discussion will
show, the form of the sides of the strip has no significance in the case of deep
notches.
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41.1. Strip with ideal (infinitely thin) cuts

The extension of a strip with ideal cuts (fig. 105) is the simplest problem
of this type. In the limit state the strip expands in the y direction along
both sides of the mean section with velocity V. The slip field, shown in fig.
105, consists of four equivalent regions. Along the stress-free boundary of
separation OA we have simple uniform compression or tension * 2k in
A OAB; we shall suppose that in A OAB we in fact have tension (as regards the
other possibility, cf. below). Adjoining the region OAB there is a central field
OCB, and then another triangular region OCD of uniform stress. The bounda-
ry of the plastic region is the p-line DCBA; the parameter n = const. in the
whole domain. But in AQABo=k,6 = —%n andn = %—%ﬂ; in AODC o is un-
known, 6 = —%n and n = o/2k—%1r. Comparing the values of 7, we see that
the mean pressure in A ODC is ¢ = k(1 + ). From formulae (32.1) the stress
components in A ODC are

o, =km, o),=k(2+1r),

Fig. 105.
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and consequently, the limit load is
PJPY=1+4m, @1.1)

where P? = 4kh is the limit extending force for a smooth strip of width 2h.

We now turn to the determination of the velocities. By symmetry the velo-
city normal to OD is zero. On the boundary CD the normal component of
velocity is continuous, since it is constant and equal to ¥/5/2 on this bound-
ary. Since u = u(B), v =v(a) in A ODC (cf. §38), thenu = —VN2. Projecting
on the vertical axis the velocity of the particles on OD, we have u/z/2 +
+ u/\/f =0, and consequently v = const. = ¥/»/2. Thus when the limit load
is achieved the triangle ODC begins to move like a rigid body with velocity V
in the directicn OD.

In the region OBC, u is constant along each of the straight a-lines; since the
normal velocity component on the boundary BC is continuous, therefore
u = V sin § on BC and everywhere in the region under consideration. Integrat-
ing now the relation (38.5), dv + ¥ sin 8 d6 = 0, along f-lines, we obtain
v ="V cos 6 + const. But along OC 6 = ——in, v=V//2,and sov = V(cos 0 +
++/2). Thus A OAB moves like a rigid body with velocities v, = ¥, v, =2V.
The tangential velocity component along the line ABCD experiences a discon-
tinuity.

The foregoing construction cannot be used in the case of strips with shal-
low notches.

It is easy to see that the load Pg = 4kh is the lower bound. For, assuming
that in the middle part of the strip of width 2k there is a uniaxial tension
(0, = 1,, =0, 0, = 2k), and that in the lateral zones |x| > h the stresses are
zero, we obtain a statically possible plastic stress field; to this there corres-
ponds the load PE'

In conclusion we note that the choice of the solution —2k in the region
OAB corresponds to compression of the strip with cuts.

41.2. Strip with angular notches (fig. 106)

In this case a solution can be constructed in a way similar to that of the
preceding problem. Omitting the details of the calculation, which are easy
enough, we find for the value of the limiting load

PJPO=1 +%1r—‘y. (41.2)
41.3. Strip with notches with a circular base (fig. 107)

Here the construction of the slip field depends on the ratio of the
length of the section 2k to the radius of curvature a. If h/a < 3.81 the
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P

Fig. 106.

slip field adjoins the circular base only and is completely determined by the
shape of the latter; this field is generated by logarithmic :pirals (§36). The
angle 1 is related to the distance & by the expression
y=In(l +h/a).
The stress distribution o), along the segment AB is given by the formula
0,=2k(1 +Inr/a), (41.3)

where r is distance measured from the centre O. The limit load is deter-
mined from the formula

%= (1 +%) In (1 +§) : (41.4)

Since y < %n this solution is only of use when %h < eé"—l =3.81.

The velocity field can be determined from the solution of a characteristic
problem for the region CC’'B, with normal velocity components known and
continuous for transition through BC.
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Fig. 107.

For large values of h/a the construction is so: hat more compli
Here the logarithmic field is bounded by the value y = 37, and the segment
AB (fig. 108) is equal to 3.81a. To the right of this region we have the trian-
gle BDE of uniform stress, and adjoining it the quadrilateral BEFC. In the lat-

q
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ter n = const. and the a-slip lines are equal segments of straight lines, perpen-
dicular to BC, while the f-lines are parallel to BC. Along FC this region is
linked to a triangle of uniform stress CFG, equal to BDE. Along AB the stress
distribution is given by formula (41.3). In A BDE we have 0, = 2k(1 + %n).
The limit load is now easy to find:

P
! +4n -2 @m1dm. (41.5)

*

The velocity distribution is as follows. We find as before that A BDE
moves like a rigid body, with velocity ¥ to the right. The velocities u, v are
then constant along BE; consequently, they are constant along each a-line in
the quadrilateral BECF and are compatible with rigid-body motion of A FCG.
The computation is completely analogous to that of par. 1.

41.4. Other types of notches

The same technique can easily be extended to investigate other types of
weakening (angular notch with circular base, rectangular notch, etc.). Stress
distributions with more complex weakening can be studied by the use of
numerical construction of slip fields. The solutions we have been discussing
are not applicable to shallow notches. The lower bound for the width of the
strip is determined by the possibility of constructing the slip field (for exam-
ple, the distance AD, fig. 108). However, the width of the strip must obvious-
ly be fairly large. Solutions of elastic-plastic problems obtained by numerical
integration, as well as experimental observations, show that in the presence of
shallow notches the plastic zones break through to the axis of the strip as the
load increases, not along the weakened section, but above and below it.

The shaded area in fig. 109 shows the plastic region in a strip under ten-
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sion, weakened by shallow semi-circular notches. Initially, as the force in-
creases, the regions A develop and expand; as the load approaches the limit, a
new plastic zone arises on the axis of the strip. This latter region, B, quickly
grows and merges with regions A as the limiting state is attained (fig. 109).

§42. Bending of a strip weakened by notches

Following Green [104] we consider the problem of pure bending of a strip
(fig. 110) weakened by notches of various shapes. In the construction of solu-
tions it will be assumed that the plastic region takes hold of the most weak-
ened section. This will be true for sufficiently deep notches; for shallow
notches an increase in load may result in the plastic zones breaking through
to the axis of the strip, away from the weakest section. This possibility is sup-
ported by experimental data and a number of numerical solutions of elastic-
plastic problems.

Fig. 110.

42.1. One-sided deep notch with a circular base

The notch is shown in fig. 111. As we shall see below, the method of ex-
tension of the circular arc is not applicable. Along the lower, stress-free
boundary, there is in the triangle AAC a uniform stress, namely the compres-
sive stress —2k, parallel to the base. The circular arc BB (of radius a) is also
stress free, and, consequently, the boundary conditions are independent of
the polar angle. In the neighbourhood of the arc there will be an axisymmet-
tic slip field (§36), where

0,=2kIn (r/a), 0,=2k (1 +In (r/a)) . 42.1)

Here r is the radius vector originating from the centre O; the sign is chosen so
that 0, represents tension.
In the limit state the regions AAC and BBC are joined at the point C,
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Fig. 111.

whose position is determined by the condition that the principal stress vector
along the section 00 is zero:

a+h
0,dr=0. 422)

a
Substituting in this the stress
_[2k(1+ln(r/a)) for a<r<ath,

%7 for at+h<r<a+h,
we obtain the equation

py(1+lnp))=p,
where

p1=1+h)/a, p=1+h/a.

The stress distribution on the segment OO’ is shown in fig. 111; the stress 9,
is discontinuous at the point C.

Evaluating the limit moment M, (for unit width of the strip) from the
equilibrium condition,

M =— f o rdr, 42.3)

we find
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=

—2=—[(p +py)?+(1-2p)-Tp% + 8p1] (0-1)?,

3

where M‘.’ = %kh2 is the limit bending moment for a smooth strip of height
h. This relation is depicted by the dotted line in fig. 112.

Fig. 112.

Note that the quantity M? is the lower bound of the limit load. Thus,
the moment M‘" corresponds to the elementary solution of the bending prob-
lem (cf. §24) for a smooth strip of height 4. We add this solution to a zero
stress field lying above this smooth strip. It is obvious that we now have in
the whole of the body a statically possible plastic stress state. This, of course,
does not allow us to assert that the solution shown in fig. 111 is complete
(since the solution is not extended throughout the body).

The presence of elastic (in our case, rigid) regions near the weakened sec-
tion restricts the development of plastic deformation and increases the limit
load by comparison with a smooth strip of height h. The ratio M, ‘/M? is
sometimes called the strength coefficient.

The rigid zones are rotated about the point C. The normal velocity compo-
nents along the slip lines BC, CA are known, and the velocity fields inside the
plastic zones AAC and BBC are determined from the solutions of character-
istic problems.

Consider now a different construction of slip field, shown in fig. 113. Ad-
joining the lower edge of the strip there is, as before, a region of uniform
compression —2k, and near the circular boundary the solution is again des-
cribed by the formulae (42.1). But the outline of these domains is now differ-
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ent; they are less developed, contain re-entrant angles and are joined by two
circular arcs — the so-called isolated slip lines PQ. The material inside PPQQ is
in a rigid state, and so is that outside the lines BPQA. In the limit state the
outer rigid portions experience complete rotation, for example the left-hand
portion is rotated with respect to the centre of arc D. The material inside the
nucleus PPQQ is stationary, so that the nucleus behaves like a journal around
which instantaneous rotation along the slip lines PQ takes place. The line
B'PQA’ is a slip line with a continuous tangent, consisting of a straight seg-
ment A'Q, a circular arc QP and a segment B'P of a logarithmic spiral. We de-
note L BOP by 7", the angle of spread of the arc PQ by 28, its radius by R,
and the anfle BOB by 2v. The mean pressure at the point P is equal to 0 =
= 2k(y" +3) (cf. §36). The values of the parameter 7 at the points P, Q res-
pectively are

medertln, rq=hedr.
Along the -slip line A'QPB’ 7 = const., and consequently np = nq. Hence
Y =25—-1.

Further, at the point B' we have 0 =k, 6 = 7'—%1r and from the condition
n = const. =7’ =1g We obtain

¥ = %n—l .
Finally, it is obvious that
y=27"—"= 46—%1r—1 .

To find the unknown parameters 8, R we have the two equations of equili-
brium.
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In the first place, the sum of the projections on the x-axis of the stresses
acting in any cross-section (for example, in the section OPQO") is equal to
zero. Note that along OP only the tensile stress o, acts; along PQ the tangen-
tial stress k and the normal stress o (varying on tﬁe arc PQ like a linear func-
tion of the angle 6) act; and along Q0" we have the normal compressive stress
—2k.

In the second place, the sum of the projections on the vertical y-axis of the
stresses acting in the cross-section is also equal to zero.

Next, the limit moment M, is found as the moment of the stresses (in
the same section OPQO" with respect to the point D, say).

The results of the calculations, the details of which are omitted, are shown
by the solid lines in fig. 112. Since R must be non-negative it follows that
52 %n which in its turn corresponds to h/(h +a) > 0.64. When § = %n, R=0
and the two constructions coincide. Beginning with a/(h +a) > 0.64, we find
that the limit moment in the second solution is less than the first.

The velocity field is determined by consecutive solution of characteristic
problems.

It is not possible to assert that the slip fields which have been constructed
correspond to statically possible plastic fields (§40), since the stress state in
the rigid zones is unknown. However, the corresponding velocity fields are
kinematically possible, and, consequently, both solutions give an upper
bound for the limit moment (§40). It is therefore necessary to take the so-
lution which leads to the smaller value of M.

42.2. Two-sided deep notches with circular base (fig. 114)
It is assumed that the notches are symmetric.

Fig. 114.
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The simplest slip field consists of two symmetric fields (generated by loga-
rithmic spirals) joined at the point C, which is a point of discontinuity of the
stress. The latter is given by the expressions

0,=%2kIn (r/a), 0,=+2k (1 +In(/a)),

where the plus sign relates to the upper field, the minus sign to the lower. The
radius vector r is measured from the respective centre (O, or 0_).
When h > 2a the angle 7 is given for the formula

v=In (h/2).

The equilibrium conditions reduce to one equation for the moments about
the point C:

h
M,-2 f apyiiy =0
0

(where y is the distance from C on 0,0_). This determines the value of the
limit bending moment M.

Putting y =a +%h—r, substituting o in the momeént equation and integrat-
ing, we obtain the dependence of the ratio M ‘/M? on the same parameter
h/(h + a); this relationship is shown by the dotted line in fig. 112.

If we begin with i/(h + a) = 0.398, another slip field is possible, whose
construction is similar to that for the second solution in the case of one
notch. Here the two axisymmetric fields are joined by circular arcs PQ
(fig. 114b), along which slip takes place — rotation of the outer rigid por-
tions. The calculations are as in the previous case; the solid lines in fig. 112
illustrate the respective dependence of the limiting moment on the geometric
parameter; this is to be used when h/(h +a) > 0.398.

42.3. Deep angular notch (fig. 115)

The construction of the slip field is clear from fig. 115. Since the free
boundaries are rectilinear, it follows that uniform stress states exist in the
triangles OBD, CAA (tension + 2k in A OBD, compression —2k in A CAA).
Central fields ODE join the triangle OBD with the square OECE, which ex-
periences uniform stress. It is apparent from symmetry considerations that,
in OECE, only the tension q acts along vertical sections.

Along the B-line CB (and B-lines parallel to it) the parameter n is constant.
Hence nc =ng, i.e.

o/2k—%1r = i + %n—‘y .
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Fig. 115.

But ¢ = o + k in the square OECE, and consequently we obtain q =
= k(2 + m—2v). The position of the point of discontinuity C, which deter-
mines the whole construction, is found from the equilibrium condition:
qh—2k(h—h)=0.

The limit moment is

M, =g} + k(n-hy)? . (42.4)
Substituting here the values of g and &, we obtain the relation

M _

R o) A @2.5)

MO 4+m-2y’
*

which is shown by the dotted line in fig. 116. As before, the rigid portions ex-
perience rotation about the point C; the velocity field is determined by con-
secutive solution of characteristic problems.

Consider now the other version of the slip field (fig. 115b); here the rota-
tion takes place along the circular slip line PQ around the solid, stationary
“journal” OPQQP. In A OBD there is a uniform tension + 2k, while in the
domain adjoining the lower boundary there is a uniform compression —2k.
The triangular region OBD is contiguous with the central field ODP, which is
linked to the plastic zone on the lower part of the circular slip lines PQ.
Along A'QPO 7 = const., and hence np = ng; since

% .1 - 1.1
Mp=sp t4m-26,  mQ=— 3T,

we have op = k(45—1); it is clear from geometric considerations that & + € +
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+lr+ v = m; moreover, £ = const. in the regions OPD, ODB, from which it
follows that 36 = 1—y + %ﬂ.

The construction is now defined by two parameters — the distance O'A’
and the radius of curvature R. As before, these are found from two equili-
brium equations. The calculations are straightforward, through somewhat in-
volved, and we pass directly to the results. When 4 = 1, R tends to zero and
the second type of field merges into the first. When y < 1 the second solution
gives a smaller value for the limit moment. The corresponding relationship
is represented by the solid lines in fig. 116. For small angles v the limiting
moment is practically independent of v; in this case the limit load will be the
same as for a notch with circular base when the radius of curvature tends to
zero.

42.4. Two-sided deep angular cuts, symmetrically distributed
This case can be treated in a similar way. The dependence of the limit
moment on the angle of the cut is shown in fig. 116.

42.5. Experimental data

With the aid of special processes (grinding, etching) it is possible to ob-
serve the plastic zones during the deformation of steel specimens. Fig. 117
shows photographs obtained by Handy for the cases 2y = 60° and 2y = 140°
[79]. Experimental data are in good agreement with the theoretical conclu-
sions regarding the two different types of slip field (shown on the left in fig.
117).
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Fig. 117.

§43. Bending of a short cantilever

43.1. Formulation of the problem

In §24 we considered the problem of the plastic bending of a beam by a
couple. However, just as in the case of an elastic material, the results of that
analysis can also be applied to bending by transverse loads, provided the beam
is sufficiently long (for then the effect of tangential stresses is negligible).

For short beams neglect of tangential stresses can lead to substantial er-
rors.

Let a cantilever beam of constant rectangular cross-section be bent by a
force P (per unit width), applied at the end (fig. 118); the left-hand end of
the beam is rigidly clamped. The width b in the horizontal direction is con-
stant and much greater (at least six times [104]) than the height 2h. In these
circumstances we can assume plane strain. As usual, we proceed from a
plastic-rigid model of the material.

43.2. First type ofslipfield
In this problem a possible slip field is that shown in fig. 119. In the tri-
angles ABC, A'B'C' the stresses are determined by the free boundaries, so that
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we have uniaxial tension + 2k in ABC, and compression —2k in A'B'C’. In
AABC 6 = —tn, 0=k & =1 +1n,n =1-In Adjoining this triangle is the
central field ACD, in which n = const. =n,. Letd denote the length AD (the
point D lies on the axis of the beam), and € the angle DAC. Then obviously

d cos (%n—e)=h .

Along AD 6 = -%n—e, and hence the mean pressure, equal on the slip line
AD to the normal stress, is 0) = k(1 + 2¢); the tangential stress on AD is clearr
ly equal to k. Along A'D the mean pressure is 0] = —k(1 + 2¢). At the point
D the stresses are discontinuous.

Consider now the equilibrium of the part of the cantilever to the right of
the line ADA’. We have the condition that the sum of the projections on the
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y-axis of the forces is equal to zero. This leads to the equation

cos (zrr—e)—(l + 2€) sin (z‘n—e) = _ZH ,
which determines the angle €. The length of the cantilever / cannot be arbi-
trary, and is found from the requirement that the sum of the moments with
respect to D are equal to zero:

k(1 +2€)d? = P[I~d sin (3 1—€)] .

These equations establish the relationship between P/2kh and I/2h.

In the limiting state a rotation of the rigid part of the cantilever (to the
right of BDB') takes place with respect to the point D. It is easy to show that
the velocity field in the plastic zones is compatible with the velocities on the
boundaries.

43.3. Second type of slip field (fig. 120)

Here again we have tension and compression respectively in the regions
ABC and A'B'C’. Adjacent to these are the central fields ADC, A'D'C’, which
are linked by the isolated circular slip line DD’ of radius R. The right-hand
part of the cantilever slides along this arc in the limit state.

Let d be the length of AD, € the anFle DAC and 28 the Ple subtended
by the arc DD'. In A ABC 0=k, 6 = —3mE = -2+ 1r n= E_Z" In the sec-
tor ACD n = n; and it is easy to see that along AD 0y =k(1+2€)and {,p =
=(1 +2¢)/e + 4n + e. Similarly we have along A'D’ 0} = —k(1 + 2¢€), £57p’ =
= —(1 + 2e€)le + %n—e. It is clear from geometrical considerations that § =
= gm—e. The curve ADD'A’ is a continuous slip line, with £ = const. on it, and

Fig. 120.
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s0 £5p = £5'p’- Hence
2e=jn-}=16°20".

Thus 26 = 73°40’. The length d is found from the geometrical relation
Rsind +dcosé=h.

The unknown radius R is determined from the condition that the sum of
the projections on the vertical of all the forces acting on the portion of the
beam to the right of the curve ADD'A’ is zero. Along the arc DD’ the tangen-
tial stress is zero, and the normal stress is computed from the condition
& = const. = £, p; since £ = o/2k—(x—%1r) we have on DD’ o = 2ky, where the
angle x is measured from the horizontal. Thus,

8 [
kd cos 6—0yd sin & + kR f cos xdx—2kR f X sin xdx = 3P
0 0

or
0.03d +0.43R =5P[k .
Next we form the momental equation relative to the point O:
KdR +}0,d2 +k6R2=1P1'
where ! is the distance of the loading end from the centre O:
I'=sI+Rcosb—dsinb .

As the force increases, the radius R increases, and the regions ABCD con-
tract rapidly. The plastic deformation is thus localized essentially along the
isolated circular slip line. The above equations establish the relationship be-
tween P/2kh and I/2h.

When 2¢ < %ﬂ-—% only the first solution is valid; when 2¢ = %n—% the sec-
ond solution leads to a smaller, and therefore more appropriate, value of the
limiting load P, /2kh (since these solutions, being kinematically possible, give
an upper bound for the load). The first type of field arises with long beams
1/2h > 13.73; when I/2h = 13.73 the two fields coincide, since R = 0. Obser-
vations on the deformation of beams [79] confirm the presence of two types
of slip fields. Fig. 121 shows the theoretical field and a picture of the bending
of a short cantilever obtained in experiment.

The elementary solution, based on ignoring the tangential stresses (§24),
leads to the relation

POj2kh =kl .
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Fig. 121,

The dependence of the limit loads PJP” on the parameter I/2h are
shown in fig. 122. It is easy to see that in the case of plane strain the approxi-
mate load P° obtained from the elementary solution is about 5% below the
exact load Pjjwhen 1/2h = 10.

For short beams the divergence increases, but does not exceed 13% for
1/2h > 1. As the length increases Po “mPj.

s34, Qrdudrgrenats

Methods similar to the above enable us to investigate the bending of a wedge-shaped
cantilever and cantilevers bounded by circular arcs. In the latter case the possible slip
field (type Il) is shown on the left of fig. 123. Because of the variable height of the
beam the region of plastic deformation begins at some distance from the fixed end. Ex-
perimental observations (cf. the photograph on the right of fig. 123) are in good agree-
ment with theoretical predictions. Another case which has been examined is that of the
bending of a cantilever by a uniformly distributed load [184].

We note in conclusion that the distribution of plastic deformation is strongly in-
fluenced by the method of fixing the end [184].

The lower bound of the limit load has been given in [170].
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Fig. 123,

§44. Rectangular neck

We have been considering the effects of tension and bending on a strip
weakened by notches. A.P. Green [102] investigated a series of problems on
the limit states when the weakening operated in conditions of shear and pres-
sure. Problems of this type arise, in particular, in the analysis of the behavi-
our of dry friction of metals, which is connected with plastic deformations at
uneven contact surfaces.

We shall examine one such case here, which is typical of a wider class.

Let the massive portions 1and Il be linked by a neck of height h and
length / (fig. 124); the upper portion | moves to the left with speed V, while
the lower portion moves to the right with the same speed. It is required to
find the limit load and the plastic zones.

Fig. 125 shows a possible construction of the slip field, symmetric with
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Fig. 125.

respect to the x, y-axes. There are plastic zones at the corners A, A', B, B.
These zones contain the triangles ACD, A'C'D’ of uniform uniaxial tension
+ 2k and the triangles BEF, B'E'F’ of uniaxial compression —2k, which ad-
join the free boundaries AB' and BA'. These triangles are adjacent to the cen-
tral fields CAS, EBT, . . . with angle of spread . The central zone GKG'K' is
a region of uniform shear with zero pressure o, and it is linked to the plastic
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zones by the circular slip lines SG, KT, S'G’, K'T’ of radius R. Denote the
lengths of the segments AC and GK' by a, b respectively. The regions
DCSGK'T'E'F' and KTEFD'C'S'G’ remain rigid (i.e. experience no plastic de-
formation). The lower part of fig. 125 shows, on a larger scale, a representa-
tion of the slip field near one of the corners. In A ACD

0= 11r, o=k and E=const.=%— T=§);
and in A BEF
0= 41r s o=-k and &=const.= —1— iT=E.

Along AS 6 = 31r + v, while along TB 6 = zn—y. It is evident that in each of
the regions ASCD, BTEF the parameter £ is a constant, equal to &, £, respec-
tively; these conditions enable us to find the mean pressure on the sides AS
and TB: 0y = k(1 + 2y), 05 = —k(1 + 27). We next calculate the values of the
parameter 1 on the sides AS, TB:

m=d+in+2y,  my=ledny.

Since ASGKTB is a contmuousﬁ line, n = const. along it; i.e. n; =7, from
which we find y = E"_Z It is clear from geometrical considerations that
LSNG=1n+}.

The unknown quantities R, a, b can be determined from the followmg
conditions. First, the vertical projection of the curve ASG is equal to i(h -b).
Next, the rigid region DCSGK'T'E'F’ must be in equilibrium; its boundary
F'D is free and a tangential stress equal to k in magnitude acts along the seg-
ment DSGK'T'F'. The normal stress is zero on GK', k on DC and —k on F'E'.
On the arc CS it ranges in value from k to k(1 + 27) as a linear function of the
angle of inclination of the slip line, while on the arc SG it decreases from the
latter value to zero. The normal stress along the line E'T'K’ has a similar var-
iation.

By symmetry, the sum of the projections of the stresses on the x-axis is
equal to zero (Z X = 0), and only two conditions remain: £ ¥ = 0 and
Z mom = 0. After some straightforward but tedious computation we can now
derive the values of the parameters:

af/h =0.052, R/n=1.076, b/h=0.739 .

Here the width of the segment GK depends only on the ratio //k, and, as is
easily seen, tends to zero when //h = 0.68. Thus the slip field under consider-
ation can be achieved when //h > 0.68.

Calculating the sum of the horizontal projections of the stresses acting
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along the slip line ASGKTB we obtain the limit shearing force
0,=0%1-0.249 1)1, (44.1)

where QQ = ki is the shearing force from an elementary result of strength of
materials. Obviously, Q, - Q(_) ash/l-0.

We now turn to the kinematic picture.

Denote by U the discontinuities (equal in magnitude) of the tangential
velocity components along the upper and lower f-lines (AGKB and A'G'’K'B’
respectively). The central zone experiences a uniform shear; points of the line
00’ are stationary, and the velocity of shear is equal to (2/b) (V-U). The
rigid regions rotate with respect to the points O (0") with angular speed w in
a positive direction. On the other hand, these regions undergo rotation with
respect to the lower and upper portions around the centres of the corres-
ponding circular arcs (SG, KT, . . .) with some angular speed w'.

From the continuity condition for the normal velocity components we can
easily find that

V-U=dwb, Rw'=U, R+p)o'=V,
and hence
w=UR, V=Q1+b/2R)U.

Fig. 126 is a photograph of the plastic deformation fields observed in a
neck after etching; the region of uniform shear in the central portion of the
neck is very clear.

In conclusion we note that analogous solutions can be constructed [102]
for symmetric necks of different shapes (e.g. with circular sides).

§45. Indentation by a flat die

We consider the problem of the occurrence of plastic flow due to indenta-
tion by a rigid die having a flat base (fig. 127). The plastic medium is
bounded by a plane, and friction at the contact surface is neglected. In the
limiting state the die moves downwards with velocity V. The deformations
are assumed small, so that changes in the shape of the free surface can be ig-
nored.

45.1. Prandtl’s solution
. Prandtl’s solution is an early approach to the plane problem. Suppose that
In the limiting state the distribution of pressure under the die is uniform.
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Then the slip field (fig. 127) can be constructed as follows: under the die and
bordering it there will be regions of uniform stress; in particular, the tri-'
angles BDE and AFG will experience simple compression, parallel to the
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boundary. In the triangle ABC the pressure o is unknown, and
9=%k. E=const.=a/2k+}nsg|‘

while in A BDE
o=k, 6=ir, H=-i-in.

The triangular domains are joined by central fields. The parameter £ is con-
stant along an a-line, and hence &, = £,, and ¢ = —k(1 + 7). From (32.1) we
find the stresses in A ABC:

0, =—km, 0,=—k(2+m).
The limit load is
P, =2akQ2+m). 45.1)

We next find the velocity distribution: A ABC moves downwards like a
rigid body, with the velocity ¥ of the die. Along BC the tangential velocity
component is discontinuous, while the normal component is equal to V//2.
Along CD the tangential velocity component is discontinuous, and the normal
component is zero. Then, from (38.7), v = 0 and u = V/4/2 in the central
field. Finally, the region BDE slips like a rigid body, with velocity ¥/v/2 in
the direction DE. A similar field can be constructed on the left-hand side of
fig. 127.

45.2. Hill's solution

A different solution, proposed comparatively recently by Hill, is shown in
fig. 128. Here too it is assumed that uniform pressure acts along the contact
line AB. Then we have in the region OCDEB the same stress field as in the
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region ACDEB of Prandtl’s solution (fig. 127). Again, the stress field in
OFGHA of fig. 128 is the same as in BCFGA of fig. 127. It is obvious that the
same uniform pressure 0, = —k(2 + ) acts along the line AOB. The limit
load P, has its previous value (45.1). However, the slip field and the kinematic
picture are different (fig. 128). In this case OCB slips like a rigid body with
velocity +/2V along OC. The velocity on BC is continuous, and in the central
field BCD v = 0, u =/2V. The triangular region BDE moves in the direction
DE with velocity +/2V. In contrast with Prandtl’s solution, the velocity field
in the plastic zones is continuous.

As Prager has observed, it is possible to construct a solution in the form of
a combination of the Prandtl and Hill solutions, and containing an arbitrary
parameter which characterizes the overlap of the regions OBC and OAF.

This problem illustrates the non-uniqueness of solutions based on the
plastic-rigid body model. For this reason the construction of possible slip and
velocity fields requires the introduction of various additional considerations
and the utilization of experimental results.

In particular, it is helpful to attempt to use elasticity theory or some other
considerations to represent the nature of the origin and development of plas-
tic zones. From this point of view Hill’s solution gives a more correct picture,
since plastic zones, if they arise from solution of the corresponding problem
of the pressure of a rigid die on an elastic half-plane, originate in the neigh-
bourhood of the corners A, B and later spread towards the centre.

A different approach to the question of choosing the solution is discussed
in the work of Ya. Rykhlevskii [151].

§46. Wedge under the action of a one-sided pressure

We attempt to find the limit load for a wedge acted on by a uniform
pressure p applied to its right-hand boundary (fig. 129).

46.1. Case of an obtuse wedge

We first consider the case of an obtuse-angled wedge, with 2y > %n. In the
triangular region OCD, generated by slip lines originating at the ends of the
segment OD, there is a uniform stress. It is evident that uniform stress is also
present in OAB, adjoining the free boundary OA.

By virtue of (35.4), o, = —p * 2k; the sign is chosen from some additional
consideration (or by trying out all possibilities). We suppose that the wedge is
“bent” as a result of the action of one-sided pressure; then we must expect a
tensile stress on the side OD and a compressive stress on the side OA. On this
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Rigid region -P

Fig. 129.

basis we assume that o, = —p + 2k in A OCD, and that o, = —2k in A OAB
(fig. 129). These two regions are joined by a central field (§33) OBC; in the
latter, stresses are constant along every ray and vary (as linear functions of the
angle of inclination of a ray) from their values on the slip line OC to their
values on the slip line OB. The line of separation ABCD, being a slip line, sup-
ports a tangential stress 7 = k. The normal stress is 0 = —p + k on the segment
CD and 0 = —k on the segment AB; on the segment BC it has a linear varia-
tion.

These regions can be in equilibrium only for a definite value of the pres-
sure p = p_, called the limit value. This quantity can be calculated from the
condition that the parameter 7 is constant along f-lines:

—p+k
2k

inAOCD 0=y-3r, n= +y-m,

inAOAB 6=—(y+in, n=-la-ir.
Equating the values of n, we obtain Prandtl’s formula
P, = 2k(1 +2y-m). (46.1)

In the £, n-plane, the solution is represented in the form of a segment of
the straight line n = const. When y = 7 (rectangular wedge) the central field
degenerates to a straight line, and the solution has a simple form — uniform
uniaxial compression everywhere (fig. 130). Suppose the normal component
is given along OD; the base of the wedge is stationary, and the normal veloci-
ty component on the line ABCD is zero. It is easy to see that the velocity
field can be determined by consecutive solution of boundary-value problems
for the regions OCD, BCO, BAO.
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-2k

Fig. 130. Fig. 131.

46.2. Case of an acute wedge

When v < %n the previous construction is no longer meaningful, since the
triangles OAB and OCD overlap, and this leads to non-uniqueness of the stress
state. In this case a continuous stress field is impossible, and the solution is
characterized by a discontinuous field, as shown in fig. 131. To the right and
left of the line of discontinuity we have, as before, a uniform stress state:

inAO0OD 0°=y-3n, o'=—p+k,
inAOO'A  07=—(y+im), o =—k.
On the line of discontinuity we obtain from (39.3)
P, = 2k(1—cos 2y) (46.2)

(for ¢ = 0).

It is worth noting that a discontinuous stress field can also be constructed
for an obtuse wedge, but, as we shall show, this leads to a contradiction. In
order to establish the validity of a solution it is necessary to verify that the
fields satisfy all outstanding conditions.

We consider briefly the velocity field for an acute wedge. The lines of sepa-
ration AQ’, O'D (fig. 131) are slip lines, and the normal velocity component
v, = 0 on them. Along the line of discontinuity 00’, v, = const. (§39); since
the base of the wedge is stationary, v, = 0 at the point O', and, consequently,
v), = 0 everywhere on the line of discontinuity. Suppose the normal velocity
component on the boundary OD is given. We partition the right-hand half of
the wedge by slip lines into an infinite sequence of decreasing triangles (fig.
131); in each of these the velocity field can be found by solving consecutive
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mixed boundary-value problems (§38), passing from triangle 1 to triangle 2,
and so on. In this way the velocity component v, on the line of discontinuity
00’ can be found.

We now turn to the construction of the velocity field in the left-hand half
of the wedge. In OO'E the velocities can be determined by solving Cauchy’s
problem with known values of v, v, on the straight line 00’. For O'EA we
have a characteristic problem.

An analogous construction of the velocity field for a discontinuous solu-
tion to the obtuse wedge leads to a contradiction. In A ODD’ we have a
mixed problem (fig. 132 — normal velocity components are given on the line
OD and on the characteristic DD'), which determines the velocity field in this
triangle. Next, we have to solve a characteristic problem for the triangle
00'D’, and this will then give the velocities on the line of discontinuity 00'.
It is now not possible to insist that v, =0 on O0’, which is a consequence of
the assumption that a discontinuous solution exists, and therefore this con-
struction is invalid.

In conclusion we note that the elastic-plastic problem for a wedge was also
examined by Shapiro and Naghdi; the equilibrium of a wedge of hardening
material was considered by Sokolovskii [44]. We mention also the recent
work of Nayar, Rykhlevskii and G.S. Shapiro [138].

Fig. 132.

§47. Compression of a layer between rigid plates

We consider the problem of compression of a plastic layer between paral-
lel, rigid, rough plates (fig. 133). The plastic layer is compressed sideways and
flows from the centre to the edges; large tangential stresses arise at the con-
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2h—=

Fig. 133.

tact surfaces. For developing plastic deformations it is necessary to assume
that these tangential stresses attain a maximum value k.

47.1. Prandtl’s solution for a thin layer

Let the thickness 2k of the layer be substantially less than its breadth 2.
Then the balancing loads at the end sections of the layer cannot influence
significantly the state of the layer at some distance from the ends. In these
circumstances we can reasonably consider solutions which do not exactly sat-
isfy the boundary conditions at the ends of the layer.

It is easy to see that the stresses

0, = —p—k(x/h-2/1-y?/n?),
0, =-p-kxih, 47.1)
Ty ™ ky/h

satisfy the differential equations of equilibrium (31.9) and the plasticity con-
dition (31.8) for any value of the arbitrary constant p. The components of
the velocity vector

v, =V +c(x/h- 2/1-yYn?),

v, =—c y/h
satisfy the incompressibility condition (31.11) and equation (31.10), for ar-
bitrary values of the constants ¢, V. It follows from (47.2) that each of the
plates moves on the layer with speed c.

We next find the slip lines. Comparing the last of formulae (32.1) with the
formula Ty = k y/h, we obtain

@12

y=hcos20 .
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Hence

dy _ . do
o —2h sin 20 o

With the aid of (31.7) we now find the differential equations of the slip lines:

. dé _ . do _
MsanOa——tanO, 2hsm203;—c0t0.
Separating the variables and integrating, we obtain the parametric equa-
tions of the families of slip lines:

x = —h(20 + sin 26) + const. , y=hcos20; (a)
x = h(20—sin 26) + const. , y=hcos20 . ®)

The slip-line field is generated by two orthogonal families of cycloids,
where the radius of the generating circle is equal to h. The straight lines
y =t h are the envelopes of these families of cycloids, and, consequently,
they are lines of discontinuity. It is easy to see that the derivatives 90,/dy
and v, /dy tend to infinity along the latter. The shear rate n,, is also un-
bounded on the linesy =+ h.

The conditions on the free edge x = O are satisfied in the sense of Saint
Venant, i.e. we require that when x =0

h
f a,dy=0.
~h

Substituting in this the stress components, we obtain p = gkm. The pressure
distribution (0,),,-, is linear. The limit compressive force (denoted by 2P)
is easily calculated:

l
2p=2 [ o,dx=—ki/h+m). (473)
0

The parameters ¢ and V are related through the incompressibility condition;
the flux of material through the section x = 0 must be equal to the amount of
material which extrudes in unit time and length / as the plates move together:

h
- f v dy=lc.
0
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Replacing v, from (47.2) with x'= 0, we obtain
V= c(%n—l/h) .

The normal stress o is constant through the thickness of the layer, and is
a linear function of x. Away from the free boundary the stress o, differs from
0, only by a small quantity, of order 4/ compared with unity; to this degree
of accuracy the flow velocity in the x-direction is constant through the layer.
The tangential stresses are small compared with the normal stresses.

Prandtl’s solution is unsatisfactory near the edges (when x = 0 the bounda-
ry condition is satisfied only in the sense of Saint Venant) and in the middle
portion (near x = 1), since the tangential stresses must vanish on the axis of
symmetry. It is necessary to assume that there is a rigid region in the middle
part of the layer, and that the material extrudes from it on both sides
(fig. 134). Nevertheless, Prandtl’s solution is a good approximation for a thin
layer.

o
G
A
a
"
4 B D F o

Fig. 134.

47.2. Moderately thick layer

For a layer of finite thickness it is not possible to neglect the effect of the
conditions at the ends of the layer and in its central portion; the solution
must satisfy all the boundary conditions for stresses and velocities. The con-
struction of the slip field for this case was also carried out by Prandtl; subse-
quently this problem was examined by Sokolovskii [44], Hill, Lee and
Tupper [54] and others.

We assume that the a-slip line which separates the plastic and rigid regions
is a straight line OA (fig. 134); the justification of this will be given later. By
symmetry the tangential stresses are zero on the axis of the layer, and there-
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fore the line OA is inclined at an angle %w. At the point O the stress field has
a singularity, and the solution in the region OAB is represented by a central
field which, in accordance with the condition on the contact surface, is
bounded by an a-slip line coinciding with the boundary. We consider the
forces acting on the rigid portion OAQ'. At the ends OA, O'A there are uni-
formly distributed tangential stresses, of magnitude k and directed towards
the vertex A; the normal stress is equal to the mean pressure. From the equi-
librium condition for the rigid portion OAQ' it is easy to see that the mean
pressure along the segment OA of the a-line must be equal to —k. By
Hencky’s theorem ¢ = —2k6 + const. along the circular f-line; determining
this constant from the values of 0, & on OA, and then passing to the contact
curve OB for which 6 = 0, we find that the pressure is constant and equal to
—k(1 + 71r) along OB. Next, the values of £, n are known on the segments AB,
AB' of the characteristics , 8, and the stress state in the region ABCB' can be
determined by the solution of a characteristic problem. In the region BCD we
have a mixed problem (the angle 6 = 0 is given along BD, since 7,,, = k on the
contact curve and the slip surfaces coincide with the boundaries).

We can proceed with this construction so long as we do not reach the axis
0"0". By symmetry the tangential stresses are zero on the line 0”"0", and
therefore the condition 7, = const. = k on the contact curve cannot be satis-
fied near the middle of the layer. A rigid zone occurs here, bounded by the
contact curve and the slip line FG, extending to the point G. The pressure
distribution on the portion FO" remains undetermined, and it is only possible
to calculate the mean pressure for the stresses acting along the line of separa-
tion FG. Our construction is possible if the point C does not get to the other
side of the axis of symmetry O”"0". The calculations show that this is the
case when I/h > 3.64. The solution to the right of AB is obtained by numeri-
cal methods.

An example of a numerically-calculated slip grid is shown in fig. 135 (the thickness of
the layer has been taken equal to two, i.e. & = 1). In the sector OAB the solution is
known. We divide the arc AB into 10 equal parts by the points (0, 0), (0, 1), . . . (0, 10).
The value of 6 at each of these points is equal to the inclination of the corresp g Q-
ray, for example ¢ = -%n at the point (0, 0),6 = —ﬁn at the point (0, §), etc. The mean
pressure on the arc AB is equal to o = —k(1 + 4 + 26).

The arc AB’ is also divided into 10 equal parts by the points (0, 0), (1,0), ...,
(10, 0). The p o at sy ic points its previous values; the angle 6 is
easily found. Next we calculate the coordmalcs of the nodes X0,15 0,1, X0,2 Y0,2» €1C-,
and we write all the data on the arcs AB, AB' in the top row and left-hand column of the
table pecti . The di of the node (m, n) and the values of the unknown
functions Om,n» o,,, n at this point are calculated from formulae (37.1), (37.2), (37.3),
(37.4). By symmetry it is sufficient to calculate the field above AC (we note that 6 =
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Compression of a plastic layer between rigid plates
n

x o 1 2 3 4 5 6 1 8 9 10

_6on 0.785 0.706 0.628 0.550 0.471 0.392 0.314 0.235 0.157 0.078 0.00
—oonfk o 100 116 131 147 163 178 194 210 226 241 2.57
Xon 1.00 1.07 1.14 121 126 131 134 137 140 141 141
Yon 0.00 0.08 0.17 026 036 046 0.56 0.67 0.78 0.89 1.06
61, 0.785 0.706 0.628 0.550 0.417 0.392 0.314 0.235 0.157 0.078
—ornlk | 131 147 163 178 1.94 210 226 241 257 2.73
xin 1.16 1.24 132 139 145 150 1.54 1.57 1.60 1.61
yin 0.00 0.09 0.18 029 0.39 051 0.62 0.74 0.86 0.99
~02n 0.785 0.706 0.628 0.550 0.417 0.392 0.314 0.235 0.157
—aanlk 1.63 178 194 2.10 226 241 257 273 2.88
Xan 134 143 151 159 166 171 1.76 1.80 1.82
yan 0.00 0.10 0.20 0.32 043 0.56 0.69 0.82 0.96
—03n 0.785 0.706 0.628 0.550 0.471 0.392 0.314 0.235
—oanlk 4 194 210 226 241 2.57 273 288 3.04
X3n 153 163 173 1.81 1.88 195 200 2.04
Yan 0.00 0.11 022 0.35 048 0.62 0.77 0.92
—84p 0.785 0.706 0.628 0.550 0.471 0.392 0.314
~oanlk 226 241 257 273 2.88 3.04 320
Xan 175 1.86 196 2.05 2.14 221 226
Yan 0.00 0.12 0.25 039 0.53 0.69 0.85
~Osn 0.785 0.706 0.628 0.550 0.471 0.392
—osnlk ¢ 2.57 273 2.88 3.04 320 3.36
Xs,n 198 2.10 2.12 232 242 249
Ysn 0.00 0.13 0.27 043 059 0.77
~O6,n 0.785 0.706 0.628 0.550 0.471
—oenlk 2.88 304 3.20 3.36 3.51
X6,n 224 238 250 262 272
Ye.n 0.00 0.15 0.31 0.48 0.66
87 0.785 0.706 0.628 0.550
—onnlk 3.20 3.36 3.51 3.67
X7n 253 268 2.82 295
Y1n 0.00 0.17 0.34 053
—O8,n 0.785 0.706 0.628
“osnlk g 351 3.67 3.83
Xg,n 2.86 3.02 3.18
Yan 0.00 0.18 0.38
89 0.785 0.706
—09,nlk 9 3.83 3.98
X9n 3.22 341
Yon 0.00 0.20
=910n 0.785
~o10,n/k 10 4.14
X10,n 3.62
0.00

Yion
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= —*n on AC; using this we can soive the mixed problem for the domain ABC). We find
consecutively the points (1, n) (i.e. we fill out the second row of the table), (2, n),etc.

Joining the nodes by straight lines we obtain a grid of slip lines (fig. 135). In the re-
gion BCD the field is determined from the solution to the mixed problem (§37), since
at the nodes (m, 10) on BC we now know o, 6, as well as having 6 = 0 on the line y = 1.

The calculated pressure distribution on the contact surface is shown by
solid lines in fig. 134. The dotted line shows the pressure according to
Prandtl’s solution. It is evident that Prandtl’s solution is a good approxima-
tion when / > h.

The slip field constructed in this way must be consistent with the velocity
field which corresponds to it. We now turn to this question.

By symmetry u = v on AG; on OF we have the boundary condition v = —¢
(fig. 134). Since the rigid zone in the middle region is displaced in a vertical
direction with velocity ¢ and the normal velocity component v is continuous
on the boundary FG, then v = —c cos 6 on the latter. Integrating now equa-
tion (38.4) and determining the arbitrary constant from the condition u =v
at the point G, for which § = ——%n, we find the second velocity component on
the boundary FG:

u=—c(/2+sinf).

In transition through the line of separation FG the tangential velocity compo-
ment u experiences a jump of magnitude cv/2,which implies an infinite veloci-
ty of shear. From calculation of the values u, v we construct the velocity
field, advancing consecutively from the right to the left, until the line ABis
reached; thus the velocities on AB are determined in a unique way. Next we
find the velocities in the sector OAB from the data on the segments AB and
OB. The velocity u is constant along each of the rays, i.e. u = u(6); then along
the B-lines (cf. §38)

v=—[u(®)do +y(p).

Since v is constant on OB, Y(p) = const. and so v = v(#). Thus the veloci-
ties u, v are constant along the line of separation OA. The condition that the
normal velocity component v is constant along AO corresponds to the re-
quired motion of the rigid part of the layer OAO’.

For a real plastic-elastic layer the deformation picture is shown schemati-
cally in fig. 136. The shaded zones are those in which elastic and plastic de-
formations are of the same order.

Note that in our solution h can be regarded as the thickness at a given mo-
ment of time, and hence the solution is valid for finite deformations. Here the
form of the extruded portion of the layer is easily determined from the in-
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Elastic
Fig. 136.

compressibility condition. Thus, suppose the plate to lave been displaced by
an amount dh; then hdx + Idh = 0, where dx is the displacement of the ex-
truded part of the layer (fig. 137). Hence

h=hge=x,

where hg is the initial thickness of the layer, and x is measured from its end.

1

—2hq

4

Fig. 137.

Calculations [54] have shown that the velocities undergo significant varia-
tions only in a narrow strip near the contact curve, and change very little in
the rest of the layer. These results are confirmed by observations on an initial-
ly square layer, compressed between rough plates. In fig. 138 the “rigid”
zones are clearly visible.

47.3. Short layer

For a short layer (I/h < 3.64) the above solution is unsuitable. In this case,
when 1 <I/h < 3.64 the slip field has the form shown in fig. 139. The straight
slip lines OA intersect the horizontal axis at an angle %n. The angle of spread
7 of the central field is determined from the condition on the slip line OBC at
the centre of the strip. The shaded regions remain rigid; the pressure distribu-
tion along the contact curve is indeterminate and we can only indicate its
mean value. When h/I = 1 the points A, C coincide; when h/I < 1 the slip field
is constructed in a different way (cf. [54]).
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Fig. 138.

Fig. 139

47.4. Concluding remarks

It has been assumed above that the maximum tangential stress rXy =k develops
along the contact surface. The case when the tangential stress is constant but less than k
has been studied by Sokolovskii [44].

Approximate methods of calculation have been developed on the basis of the preced-
ing solutions. Thus, the work of Meyerhof and Chaplin [187] gives approximate solu-
tions for the compression of layers of different planforms (circular, rectangular, etc.),
and indicates experimental confirmations. A.A. U'yushin [111] has considered plastic
flow of a layer between two non-deforming surfaces.

The stress state in a thin plastic layer with rigid attachments is a problem of consid-
erable practical interest. Problems of this kind arise, for example, in examining the work-
ing of a seam (soldered joint), of welded joints, etc.

The solution for a thin layer is relevant to the final stage of plastic flow, when tan-
gential stresses equal to the yield limit arise on a contact surface. However, the stress dis-
tribution in these layers changes, depending on the load, from simple uniaxial compres-
sion (tension) to the ultimate complex stress state discussed above. An approximate ana-
lysis of the development of stress in a thin layer is given in [120]; see also §60.
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We note finally that the f of a force bending the plate sub ially lowers the
limiting compressive force 2P. This question is briefly discussed below (§66).

§48. Elastic-plastic extension of a plane with a circular hole

48.1. Formulation of the problem

We consider the extension of a plane having a circular hole of radius 2 and
experiencing at infinity different tensions in the directions of the x, y-axes
(fig. 140); i.e. 0, > p, 0y>q, Tyy > 0 as 7 = oo, with g = p; the hole is stress-
free.

Fig. 140.

Plastic regions will develop for sufficiently large loads p and q. Ignoring
the history of the gradual development of these regions (which may be ac-
companied by unloading in some portions of the plastic zones) we assume
that the plastic zone completely surrounds the hole. We suppose further that
the material is incompressible, so that the plasticity condition (31.8) holds.
Then in the plastic zone the stress components in polar coordinates are (§34)

0,=2k In (r/a) , 0,=2k(1 +1n (/a)) . (48.1)
To construct the solution in the elastic zone we utilize the stress function
F=F(x, y):
%F 3% _ F

o,=—, 0,=——, T, =—o——.
T y? Y ax? o dxdy
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In polar coordinates the stress components are expressed in terms of the
stress function F = F(x, y) by the formulae .

_103F 1 3% _%F aF 1 3%

1
= &% (482
’2 )

K 1 ara¢

re

It is easy to see that there is a “plastic” stress function Fp corresponding
to the solution (48.1):
1

2F =_124.210r
ka“z’ +r lna. (48.3)

In the elastic zone the stress function F, satisfies the biharmonic equation.
Every biharmonic function can be represented by Goursat’s formula

F=Re [z®,(2) + ¥, )] , 48.4)
where ® (z), ¥ (z) are analytic functions of the complex variable z = x +iy.

The line above a symbol denotes complex conjugate, as usual. The stress com-
ponents can be found from the Kolosov-Muskhelishvili formula

o,to,= 4 Re ®,(2),
0,~0, +2iT,, =2 [z9) + ¥,()] ,
where we have put

¢,:)=9.,2), ¥(2)=Vi@).

For simplicity of notation we shall henceforth use the operators L and M,
corresponding to the expressions (48.5), namely,

(48.5)

2 2
L 8F+6F

ax2 ay?’

3F 3%F . 3%
MF) ="—-—

ax? - ay? - laxay'

Determination of the analytic functions &, and ¥, requires knowledge of
the boundary conditions. In particular, the stresses must be continuous ofi.
the unknown boundary C between the elastic and plastic zones.

48.2. Solution of L.A. Galin [91]

It is easy to see that the plastic stress function F described above satisfies
the biharmonic equation for an axisymmetric field. Thxs property permits the
construction of an elegant, closed solution with the aid of the complex re-
presentation (48.4).
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We introduce a new biharmonic function F = F—F . Here F is given by
formula (48.3) and can be represented (recall that z = ret¢) in the form
Fy=kRe [2Z(In (z/a)-})] - (48.6)
It is evident that
LF)=L(F)-L(Fp),  MF)=MEF)-MF,).

We formulate the boundary conditions for the function F. First of all we
observe that at infinity

L(F)=q+*p, MEF)=q-p,

(92,14, r
L(Fp)—(dr2+r d,) FP—2k(1+21na),

= kL = ype-2i
M(Fy) = 2k~ = 2ke~2i0 .

Consequently, L(F) and M(F) tend at infinity to the expressions
L(F)=q +p-2k(1 +21n (r/a)),
M(F) = q-p—2ke~2i¥
Continuity of stress gives, on the unknown boundary C,
L(F)=0, M@F)=0. (48.7)

We now transform the elastic region in the z-plane (i.e. the exterior of C)
on to the exterior of the unit circle vy in the {-plane. Let the point at infin-
ity in the z-plane map into the point at infinity in the {-plane. Then the
mapping function w({) has the form

z=w@)=ct +8(),

where c is a real positive constant, and g({) is a function analytic outside the
circle v; it can be assumed that g(e°) = 0.
The mapping function can be represented as a Laurent series

ﬂ"
wi =ct + E -, 48.8
©)=es+ 2 2 (48.8)
where the coefficients a,, are real because of the symmet-y of the contour C
with respect to the x-axis.
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We introduce the notation
() =2 [w@)], Y@®) =¥ [w@)] -
Then formulae (48.5) can be written in the form

L(F)=4Re ®(),

_ (48.9)
e -2[ 2o+ vo)] .
w')
Taking into account the behaviour of L(F) and M(F) at infinity and on the
contour v, as given by (48.7), we arrive at the following conditions for deter-
mination of the functions ®({), ¥($), w(¢):

0 ony,
4Re &)= { (48.10)
p+q-4k(+In(c/a)-In|fl)  forf—>eo,
1 0 onvy,
2[ ©8) gy + w ] ={ . 48.11
[28 w6+ v o meter. o magt forge o, 1D

By virtue of (48.10) the function ®({) has the form
®¢)=-kIn§ +h(), (48.12)

where A($) is a function analytic outside the unit circle ¥ and bounded at in-
finity; its real part is equal to zero on v, and consequently h({) is necessarily
equal to zero everywhere. Then comparing (48.12) with the condition at in-
finity we arrive at the requirement

p+q-4k(G+1n(c/a))=0,

from which it follows that

c=aexp (34%—1) . (48.13)

Moreover, when ¢ = o we have w({) = ¢f, w'(¢) = c. Substituting these
values in (48.11) we find that as { - oo

2[kTJE +¥Q)] =q-p-2ke~ 21,
Since 2k%/t = 2ke~2i%1, we have at infinity

Y@§)=3@-p) - (48.14)
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The condition on the unit circle gives

80 k
YO=on T (48.15)

Since E= 1/¢ on the unit circle, it follows that on y

&%) =%+ nl:)l aptn.

In consequence, condition (48.15) can be written in the form

[4 _l '
?+ nz=)1 anf"-kw((’) L {(9X 9P (48.16)

The right-hand side is a function analytic outside the unit circle every-
where except at the point at infinity where it has a first-order pole, since, as
§>oo,

Lomuet=res, «=TP. @8.17)

To determine the coefficients a, of the series we multiply (48.16) by
¢t-m-1(m =1,2,3,...)and integrate along the contour of the unit circle:

J [§+§>1 i £-m-tag = 1f [toovor]emi.

7
From Cauchy’s residue theorem we have

oo

7] [?af "Zjl a,,gn] ¢-m=1d¢ = 2mia,, .

On the other hand, the quantity w'($) W(¢) £~ is an analytic function in
the whole plane exterior to 7, and therefore the integral around 7y must equal
the integral around a circle of larger radius. Thus

_
Bm—ﬁ

S lomverma.
I§]=00
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Evaluating this integral we find that

KC when m=1,

m>1.

a. =
m 0 when

Hence

w@)=c +k/f).

(48.18)

As is well-known, this function is the mapping for the exterior of an ellip-
se, and consequently the boundary C will be elliptic (fig. 141). Using (48.15)
to evaluate the function ¥ on the contour of the unit circle, we obtain

1+kg2

Y@=k
©=k 55

When k = 1 the stress 7,,,, at infinity is equal to k and the whole plane is
in a plastic state. It is therefore necessary to assume that k < 1, and then the
poles of W lie inside y and W({) is in fact regular outside .

0.18k

~Co)i

051k
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The equation of the ellipse C has the form
2 2
x Y -
(1 +k)? c2(1-k)?
The solution is possible if the plastic zone completely surrounds the hole.
This requirement is satisfied if

c(1—«k)>a.

From this it follows that the stresses p and q at infinity cannot be very dif-
ferent. The stresses in the elastic region can be found once the potentials &
and W are known. We refer the reader to the article by Galin, which contains
detailed analysis, and merely state some results of the calculations for the
stress field in the case p = 2.4k, q = 3.0k. The semi-axes of the ellipse are here
equal to 3.04a, 1.64a respectively. The solid lines in fig. 141 show the curves
of the distribution of the intensity of tangential stresses along the x, y-axes.
For comparison, the dotted line shows the circle of radius 2.72a, which is the
line of separation in the axisymmetric elastic-plastic problem (when p =q =
= 3k); the distribution of the intensity of tangential stresses along the radius
vector is also shown by a dotted line.

48.3. Concluding remarks

In developing the solution we have made great use of the fact that the stress function
in the plastic zone adjoining the hole is biharmonic. With certain additional conditions
Galin’s solution has been lized to the case of a plastically inhomogeneous medium
(A.L. Kuznetsov) and to the case of a non-uniform thermal field (V.L. Fomin). An ap-
proximate method for solving the elastic-plastic problem for a plane with a hole was de-
veloped by P.I. Perlin in an inverse formulation (the plastic zone is given). Recently G I’
Cherepanov has utilized methods from the theory of fi i of a pl i H
here the biharmonic condition on the function Fp is not needed.

§49. Steady plastic flow. Drawing of a strip

49.1. Steady plastic flow

We have been considering (§ §40—47) problems of determining bearing
capacity, which are related to questions of strength of structures. In this we
have been able to limit ourselves to the examination of small deformations.

Another important area of application of plasticity theory is related to the
analysis of continuous technological machining processes of metals under
Pressure (rolling, drawing, indentation, cutting, etc.), which are widely used
in industry. Here the most interesting question is the prediction of the forces
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required to carry out the given machining process, and the analysis of the de.
formations which take place. In problems of this type it is natural to assume
that the stresses and velocities do not change at each fixed point of space,

As an illustration, we consider the drawing of a strip (fig. 142). Here the
strip, of initial thickness #, is pulled with constant velocity U through a rigid
tapering slit. As a result of the plastic deformation experienced by the strip
in passing through the slit, its thickness decreases to a value A, and its length
increases accordingly. The part of the strip to the left of the slit moves with
constant velocity ¥ < U. The velocity and stress fields do not change with
time (stationary); finally, the parts of the strip which are far from the slit are
assumed to be undeformed.

An example of pressing (or extrusion) of a sheet from a container through
a slit is shown in fig. 143a. In contrast with the previous case the force (pres-
sure) is now applied over a large part of the sheet. Metal of thickness A

NG EBEE
&\\\\\\\\\\\\\

(77777777277

(b) (c) (d)

Fig. 143.
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emerges from the slit. The shaded regions in fig. 143a are the zones of plastic
deformation.

The process of pressing has many variations. In fig. 143b we show an ex-
ample of inverse pressing (inverted extrusion). A rigid tool is indented into
the metal in the container. The metal extrudes upwards on both sides of the
die.

Another important process is that of rolling, different versions of which
are widely used. The simplest version is shown in fig. 143c. The cylindrical
balls turn in different directions, engage the sheet of thickness H and reduce it
to thickness A.

Various cutting processes for metals (turning, piercing, etc.) can also be re-
garded as steady plastic flows. Fig. 143d shows schematically the machining
of a plane surface. A chip of thickness & is cut off along the front edge of the
tool. A zone of plastic deformation accumulates locally at the edge of the
tool (shaded region in the diagram). Distant parts and the metal chips can be
assumed rigid.

An analysis of various technological processes on the basis of plane strain solutions
plays an important role in the monographs of Hill [S4], Sokolovskii [44] and Prager
[29], as well as in many articles.

Problems of steady plastic flow are closely related to the particular features of tech-
nological processes, and require special treatment. We note that significant developments
have been made in approximate (“‘one-di ional”) sch for calculating i
processes. We refer here to the books by Hoffman and Sachs [10] and Tomlenov [S1],
which present calculations of a ber of technological p of metal machining

under pressure. Further references to the literature can also be found in those books.

Turning now to the general case, we observe that the region occupied by
the medium divides into rigid and plastic zones; since plastic deformations are
large, the plastic-rigid model is completely acceptable. Large deformations are
connected with the development of hardening; nevertheless one usually pro-
ceeds from the perfect yield model, taking some mean value for the constant
k. When hardening is insignificant, comparison between theory and experi-
ment for cold machining processes gives good agreement, and the differences
between calculated and observed forces do not exceed 10%.

In hot machining processes changes in temperature are found to have a
substantial influence, and in this case experimental results can differ signifi-
cantly from theoretical predictions.

In the majority of technological processes involving steady plastic flow
contact boundary conditions are encountered. As a rule the distribution of
pressure on contact curves is difficult to estimate; it can only be done in the
simplest problems (in particular when the curves of contact with the tool are



242 PLANE STRAIN ch.§

straight lines). In general it is necessary to consider simultaneously the equa-
tions for stresses and velocities (cf. §51).

We shall consider below the drawing of a strip through a smooth conical
slit; a semi-inverse method turns out to be effective for this problem.

49.2. Drawing of a strip

The strip (of initial thickness H) is pulled with velocity U through a rigid,
smooth, tapering slit; the strip experiences plastic deformations in the region
adjoining the slit and its thickness is reduced to the value 4. The angle be-
tween the planes of the slit is 2y (fig. 142). At some distance from the slit the
portions of the strip move like a rigid body with velocities U and V. Incom-
pressibility of the material implies that the velocity V = (h/H)U.

For simplicity we neglect friction (though it is not difficult to allow for a
constant frictional force), and therefore the contact stress is normal to AB.
We assume that a uniform pressure p acts along AB, and show that all the
conditions are then satisfied.

In A ABC we now have a uniform stress state; adjoining AC and BC we '
have the central fields ACD and BCE, where the angles y and y are so far un-
known. The stress distribution in these regions depends on the pressure p.
For the quadrilateral CDOE we have an initial characteristic problem with
data on the slip lines CD, CE. By symmetry, the point O lies on the axial line
of the strip, and the slip lines intersect the axis at an angle of 45°. These con-
ditions determine the values of the angles ¢, ¥. In particular it follows from
the second condition that

Y=V @9.1)

Now in A ABC, 6 = —}n—'y, and we denote the magnitude of the mean
pressure by o’; the parameters £, n are constant and have the respective values
=02k + %‘n +7, 1" = 0'[2k—3m—y. Furthermore, n = const. =7’ in the re-
gion ADC; along AD 6 = —%1'—7—¢p and the mean pressure is constant; we de-
note it by o”. Equating the corresponding value of 7 with the above value of
7', we find 0"/2k = 0'/2k—y. At the point D we have £, = o'/2k +p+4n+
tyty.

Similarly & = const. = £’ for the region BCE, the mean pressure ¢"'/2k =
=0'/2k + ¥ on BE, and n = ng = 0'/2k + y—in—y + ¥ at the point E. Final-
ly,0 = —;‘{n at the point O, and we denote the unknown pressure by og. The
corresponding values of the parameters &, n at O will be &y = 0g/2k + 4T,
ng = 0g/2k—3m. But £ = const. along ADO and 7 = const. along BEO; conse-
quently £ = £p, Mg = Mg and hence equation (49.1) follows immediately.

On any section of the strip to the right of BOB' the sum of the horizontal
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stress components is equal to the unknown drawing force P, while to the left
of AOA’ this sum is zero, since the.left-hand part of the strip does not exper-
ience the action of internal forces. It is easy to see that

P=p(H-h).

The required pressure p and one of the angles (say, ) can be found from
the conditions that the sum of the horizontal stress components in the sec-
tion AOA' is zero, and that the point O lies on the axis. This requires numer-
ical calculations, since the solution for the quadrilateral ODCE is obtained by
numerical integration. In the work of Hill and Tupper results have been cal-
culated for different angles vy and ratios #/H. One of the results (for y = 15°)
is shown in fig. 144. The drawing force increases with large compression of
the strip.

L
2kh
04f
=15,
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Fig. 144,

We now show that the velocity field is consistent with the stress field.
Along ADO and BEO the normal velocity components are continuous and
therefore known, since the velocities of motion of the rigid portions are
given. From these data on DO, EO we can determine the velocity field in the
quadrilateral ODCE. Next we can find the velocities in the central fields, and,
finally, in A ABC. The normal velocity components are obviously constant
along the straight lines AD, BE; then because of (38.7) the velocity compo-
nents are constant along every straight slip line in the central fields. Conse-
quently u, v are constant on AC, BC; but then by (38.6) the velocities u, v are
constant everywhere in A ABC.

The equations of the velocity field are based on the incompressibility con-
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dition; by virtue of the relation VH = Uh between the velocities in the right
and left parts of the strip, the flux of mass through ADO is equal to its flux
through BEO; hence the flux through AB must be equal to zero. Since the
velocity is constant in ABC, its direction is along the contact line AB ') which
is a necessary condition for the velocity field to be correct.

Note that the tangential velocity component is discontinuous along the
slip lines ADO, BEO.

Our solution will be valid if for each 7 the compression ratio #/H does not
exceed some value. It is clear from the geometrical picture that the maximum
is attained for ¢ = 0, when the quadrilateral ODCE degenerates to the point O
(fig. 145). In this case the solution is elementary and

P _2(1+y)siny
2kh 1+2siny

Fig. 146 shows the distortion of an initially square grid, evaluated at ¢ = 0,
v = 15°, h/H = 0.66. The quantity 2kh is equal to the limiting load for uniax-
ial tension of a flat strip of width h. Drawing is possible if P < 2kh (otherwise
there is fracture in the right-hand part of the strip); hence ¥ sin y < % ie.
y<42°27' =1,

Fig. 145.

1) It need not be assumed that the pressure is uniform; it is easy to see that the condi-
tion for the velocity on AB is satisfied only for rectilinear AC, BC, but then the pressure
is constant on AB.
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Fig. 146.

Note that for the field shown in fig. 145,

L S
H 1+42siny’

If v <y, but h/H exceeds the limiting value, then the construction discussed
in this section is not possible; the solution is then of a different form.

§50. Non-steady plastic flow with geometric similarity. Indentation by a
wedge

50.1. Non-steady plastic flow with geometric similarity

Following the work of Hill, Lee and Tupper [54], we consider one class of
problem in non-steady plastic flow, which lends itself to relatively simple an-
alysis. This is concerned with problems in which the plastic region changes in
such a way that its configuration always retains geometrical similarity to
some initial state. The simplest examples are problems of the expansion of
cylindrical and spherical cavities in unbounded space, beginning from zero
radius. We shall give below the solution to the problem of indentation by a
wedge. .

In problems of this type deformation begins at a point or on a line, and
the medium is unbounded.

50.2. Indentation by a rigid wedge

We consider the problem of the indentation of a semi-infinite plastic-rigid
medium by a symmetric, rigid (non-deformable) wedge of angle 2v. Friction
at the contact surface is neglected (the surface is lubricated).
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Rigid
region

Fig. 147.

With indentation by a wedge the material extrudes along both its sides;
and the deformation has the form shown schematically in fig. 147. The
shaded region ABC is in a plastic state, and its boundary AC is, to a good ap-
proximation, a straight line. The slip field can then be constructed in the fol-
lowing way (fig. 148). We suppose that the contact pressure p is constant
along AB; as subsequent analysis will show, this will satisfy all the conditions
of the problem. In the triangles ABD and AEC we then have uniform stress

Fig. 148.
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distributions. We denote the depth of the indentation OB by h, and the
length AC (which equals AB because of the equality of the triangles ABD and
ADE) by [; the pressure p and the length / are unknown. The regions of uni-
form stress are Jomed by a central field ADE of angle ¢.

InAABD @ = 31r—‘y, and we denote the mean pressure by ¢'; the param
eter £ is here constant and equal to t'=¢ /2k—11r +7.InAACE,§ = n—'y +
+y, 0 = —k and the parameter £ is constant and equal to §" = l—zn +y—p.
The parameter ¢ = const. throughout the whole plastic region, and, conse-
quently, £ = £". Hence we obtain

o' = —k(1+2y). (50.1)
The line AC makes an angle y—y with the horizontal axis; from the diagram,
1 cos y—h =1 sin (y—) . (50.2)

Here v, h are given, and therefore (50.2) establishes the relation between /
and . Finally, by virtue of the incompressibility of the medium, the areas of
the triangles OBG and ACG are equal, i.e.

h2 tany = ( cos y—h) [l cos (y—p) + (I cos y—h) tany] . (50.3)
Eliminating //h from (50.2) and (50.3), and simplifying, we obtain the ex-
pression

2y =¢ + arc cos tan (%n—%w) s

which determines ¢.
The pressure p is one of the principal stresses, and therefore (§31) it is
equal to o'~k i.e.

=-2k(1+yp). (50.4)
The total force on unit length of the wedge in the direction of the z-axis is
P =2pl siny

and is a function of the angle y and the indentation depth 4. The graph of the
variation of p with 7 is shown in fig. 149.

We now turn to the velocity field. As we know (§38), the velocity v along
each of the straight 3-lines is constant; but on the line of separation BDEC the
normal velocity component is zero (the rigid zone is at rest), and therefore
U = 0 everywhere in the plastic region. The other velocity component is u =
=c + Y(p) in the central field, and u = u(B) in the triangles of uniform stress.
It is obvious that the velocity u is constant on each of the a-lines (consisting
of straight segments and circular arcs). Let the velocity of indentation of the
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Fig. 149.

wedge be V; then projecting the velocities ¥ and u along the normal to the
contact line AB we find u =+/2 V sin v, i.e. the velocity component u is comd
stant everywhere in the plastic region. Since v = 0 the modulus of the velocity
vector is constant and equal to \/f Vsinvy.

Direct determination of the trajectories of particles of the material in the’
above velocity field is difficult, since this field is not fixed (in contrast with!
the steady case), and it is necessary to calculate the continuous expansion of |
the plastic region and the associated variation in the velocity field.

This difficulty can be overcome with the aid of a simple transformatios
which utilizes the similarity condition for the plastic region.

Let r be the radius vector of some particle M, with respect to a coordinate
origin O, for indentation depth A. Consider the plane I1*, on which the point
M* corresponds to the point M, the former being defined by the radius vector

r"=t/h. (50.5)

By virtue of the similarity condition the region of plastic deformation i
the plane [1* does not change with increasing A, and the indentation depth
the wedge always remains equal to unity. For this reason the fixed configura¥
tion in the plane I1* is called the unit diagram (fig. 150). As the wedge pene-’
trates the medium the particle M undergoes a certain displacement. Becaus®
the whole configuration is determined by the increasing indentation depth L
the latter can be regarded as “time”. Then the *velocity” of the point M will
be equal to v = dr/dh.

As the point M moves in the physxcal plane the image point M* moves
the unit diagram with velocity v* = dr*/dh. For example, if the particle M
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Fig. 150.

stationary (r = const.) in the physical plane, then r* decreases in inverse prop-
ortion to h in the unit diagram.
Differentiating (50.5) with respect to the “time” h, we obtain

vi=— % *—v). (50.6)

Thus, the velocity of the point M* is directed from M* to the point whose
radius vector is v; we shall call the latter point the focus. The magnitude of
the velocity v* is given by the ratio of the distance of the point M* from the
focus (“focal distance”) to the indentation depth h.

As we have already pointed out, in this problem the velocity vector has
constant length v/2 ¥ sin 7. In the sequel we shall assume for simplicity that
V = 1;if ¥ # 1 the eventual results change proportionately. The foci then lie
on the circle of radius +/2 sin y and centre O*. Since the direction of the ve-
locity vector v does not change significantly — from the direction B*D* in
A A®B*D” to the direction E*C* in A A*C*E” — it follows that on the unit
diagram we obtain the circular arc F|F,, where the radii O"F;, O"F, are par-
allel to E*C*, B*D" respectively. The segment O°F,, equal to /2 sin 7, makes
an angle }r with the line A*B".

We consider the mapping of the trajectory of the particle M on the unit
diagram. So long as the moving line of separation BDEC has not reached M,
the velocity v = 0 and, by (50.6), the image point M* moves towards the cen-
tre O* along a straight line until the intersection with the boundary
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B*DE*C". The nature of the subsequent motion of the image point depends
on the location of this intersection. It is necessary to distinguish three cases.

In the first case (dotted line I) the intersection is on the segment E*C* of
the boundary; the velocity v is constant in the region ECA, and consequently
the image point moves along a straight line towards the focus F; in E*C*A*
until it intersects the line A*E*. In the sector A*E*D* the velocity v is varia-
ble, the focus is displaced along an arc of the circle from F; to F;, and the
trajectory is distorted. After the intersection with the line A*D* the image
point again moves along a straight line, but this time towards the focus F,.

In the second case (line II) there is an intersection with the circular arc
D*E®; the trajectory is bent in the sector A*E*D*, and after intersection with
the line A*D" the image point moves in a straight line towards the focus F5.

Finally, in the third case (line I1I) when the segment B*D* is intersected,
we have simple rectilinear motion towards the focus F;.

In D*B*F, the material is displaced in the direction O*F,, having initially
occupied the region B*D*0". Similarly, the material in A A*E*C™ is displaced
in the direction O"F, its initial position having been in A G*E*C* (note that
A*G* || O°F)). In these regions we have pure shearing deformation, parallel to
B*D* and E*C* respectively.

The material which initially occupied the region E*D*0*G* experiences
complex deformation and is transformed into the quadrilateral E*D*A*F,.
The distortion of the initially square grid can be calculated using the unit dia-
gram. It is necessary to find the final position (for indentation depth /) of an
initial right angle, characterized in the initial state by the radius vector r. Let
the boundary of the plastic zone reach the point r( at some value o < k; here
the corresponding image point M(') is defined by the radius vector ry = ro/hg.
Let s be the distance from the point MB which has been traversed along the
trajectory when the wedge reaches a depth A, and let F(s) be the focal dis-

———d———- 1T
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tance. Then by (50.6)
h_ fds
I of Fe)°

since the velocity of motion of the image point is equal to ds/dh.

This equation determines s as a function of 4 and, consequently, the radi-
us vector r = hr* of the point M. The integral can easily be evaluated in the
triangles D*B*F,, A*C"E", since in these F(s) = d—s, where d is the distance
from the point Mg to the foci F, F| respectively. Thus

hihg=d/(ds) .

In the quadrilateral E*D*O*G" the integral is evaluated numerically. Fig.
151 shows the distortion of an initially square grid, calculated for y = 30°%
the three deformation zones considered above are clearly visible. The photo-
graph (fig. 152) shows the deformation of a grid for the indentation of lead
by a lubricated steel wedge; all three zones can be distinguished. Experimen-
tally-derived points confirm the theoretical variation (solid line in fig. 153) of
the indentation parameter kh/P with the angle 7.

A number of other problems of non-steady flow with geometric similarity (oblique
indentation by a rigid wedge, compression of a wedge by a rigid plane, etc.) have been
studied by Hill and other authors [54].

Fig. 152.



252 PLANE STRAIN ch.§

kh
P

6

4

2

o 0° 200 30 ¥

Fig. 153.

§51. Construction of compatible stress and velocity fields

51.1. Semi-inverse method

We have made use of the semi-inverse method in solving plastic-rigid prob-
lems. First, the stress field is determined, with guesses made for the unat-
tained boundary conditions. In general it is difficult to effect this scheme for
contact problems. If the contact lines are straight and simple boundary con-
ditions are prescribed on them (such as zero friction or constant tangential
stress), the method can be carried through.

Examples of contact problems of this type were given in §45 (indentation
by a flat die; pressure assumed constant), in §47 (compression of a layer be-
tween plates; pressure on the segment OB, fig. 134, assumed constant), and in
§49 (drawing of a strip; pressure on the surface of the tool assumed con-
stant).

If contact takes place along a curved line, the semi-inverse method is inef-
fective, since it is virtually impossible to guess the correct distribution of con-
tact stresses. These stresses can sometimes be calculated by solving a mixed
boundary-value problem. But in general it is necessary to use the method of
compatible construction of stress and velocity fields, described in the works
of Druyanov [109] and Sokolovskii [159].
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51.2. Construction of compatible stress and velocity fields

It is assumed that the structure of the slip field in the physical x, y-plane
can be indicated, and that some configuration corresponds to this field in the
plane of the characteristics £, n. First we construct the velocity field. The
velocity components satisfy equations (38.10):

ou 1. _ ;a_v__ -
%—zv-o, 2 7u=0. (51.1)

The lines which divide the plastic region from the rigid regions are charac-
teristics. Since the velocities of motion of the rigid portions are prescribed,
and since the angle of inclination of the normal to the line of separation can
be calculated from 6 = %(n—E), it follows that the normal velocity compo-
nents (4 or v) are known along the line of separation. Although the slip-line
grid is unknown in the x, y-plane, the above data enables us to find the func-
tions u = u(, n), v = v(§, n). Here the boundary conditions for velocities on
the contact line are superfluous, and we are able to find the transformation
of the contact line in the &, n-plane. Along this line x, y are known and, con-
sequently, so are the “coordinates” X, y (cf. §33).

For x, y we have the differential equations (33.3)

a; -Iy=o0. (512)

Knowledge of the boundary values of X, y along the transform of the con-
tact line allows us eventually to find the functions X, y and thus x, y also, i.e.
the slip-line grid in the physical plane.

As an example, we consider the procedure for solving the problem of in-
dentation by a smooth convex die of a plastic layer, lying on a smooth base
[159]. The convexity of the surface of the layer in the neighbourhood of the
die is neglected. The die is impressed with velocity V; the rigid lateral regions
move out with velocity U. The assumed structure of the slip field is shown in
fig. 154. The mapping of this field on the characteristic plane £, n is given in
fig. 155.

Along the separation line OAyB,C (or OAgB(C") the normal velocity com-
ponent is continuous, and can be calculated from U and the angle § = %(n—g’).
Thus, the velocity component u (or v) is known along the characteristic seg-
ment OAB,Co (or OAgB(Cy). Solving consecutive characteristic problems
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Fig. 154. Fig. 155.

for equations (51.1), we find u = u(¥, n), v = v(¢, n) in the domain
0C(C,B,C5C0 (fig. 155).

Along the contact line C'C the normal velocity component is v, =
—V sinyp or

u-v="Vsingp. (51.3)

But on the contact line the tangential stress is zero, and hence the slip lines
meet the contour at an angle + %n and 9 = 0—%1r =-%(17—E)—%1r. The condition
(51.3) then determines the image of the contact line in the characteristic
plane: the curve C}B,C;; the points C’, C are transformed into the segments
CyC] and C(C,. Since the equations of the contact line x = x(y), y = y(y) are
given, the boundary values of the functions X, ¥ can be found along
COC B,C,Cy (cf. §33). The functions X, y can be determined in the region
C}A,C, by solving Cauchy’s problem with data on the arc C{B,C;. For the
remaining regions we have characteristic problems.

Note that by using conditions on the axis of symmetry Oy we can con-
struct a solution only in the region OA;B,CByAyO. The solution of the
boundary value problem for equations (51.1) and (51.2) can be obtained by
various methods, the simplest of which is the finite-difference method of
Masso. The functions u, v; X, y satisfy the telegraph equation. The solutions
to the corresponding boundary-value problems can also be obtained analytic-
ally by using Riemann’s formula.

The reference cited earlier give details of the calculations.
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1. Let n = const. = n,, in some domain (simple stress); one family of slip lines is 4 fam-
ily of straight lines. Find the equation of the second family of slip lines (as a family of
orthogonal lines).

2. Write down the formulae for calculating the slip and velocity fields, assuming the
inclination of the chord to have the value 6 at the initial point.

3. Find the limit load for a symmetric wedge (L 2v) with vertex cut off, subject to
a uniform pressure on the plane of the cut.

Answer. Py =2k(1+ %ﬂ—‘y) .

4. Find the limit bending moment for a strip weakened by symmetrically distrib-
uted angular notches (§42.4), with the first type of field.

Answer. M, =M9(l + %1!—‘7) .

5. Find the limit moment for the bending of a short, wedge-shaped cantilever by a
force (§43.4); consider the first type of slip field only.

6. Derive formula (41.2) for the limit load in the extension of a strip with angular
notches.

7. Derive formula (41.5).

8. Find the limit load for the extension of a strip having deep symmetric angilar
notches with round bases.

9. Find the limit load for the extension of a strip with rectangular notches.

10. In the problem of compression of a layer, construct the slip grid in the region
ABCB’ (fig. 134) by dmdmg the arc AB into a small (4-5) number of parts.

11. In the strip-drawi Iculate the slip grid for the .case 1-h/H = 0.2,

= 15°. Divide the cu'cular arcs DC, CE into a small number (3-S5) of parts.

12. Find the limit load for the bending of a cantilever bounded by arcs of a circle
of radius R (fig. 123), for the second type of slip field.

13. The same, but with one boundary of the cantilever rectilinear.

14. Find the limit load for the bending of a cantilever (fig. 118) by a pressure dis-
tributed uniformly on its upper boundary (the fields will be asymmetric with respect to
the x-axis and similar to figs. 119, 120).

15. Find the limit load for a circular semi-annulus (0 < ¢ < n), bent by forces P
tangential to the endsp =0, = m.




Plane Stress

§52. Equations of plane stress

52.1. Plane stress .

This is the case in which the stress components o,, 7,,, 7, (in a cartesian
coordinate system) are equal to zero, while the components o,, 0y, Tyy are
independent of z.

A plane stress state is approximately achieved in a thin lamina deformed
under the action of forces which lie in its median plane. The stress compo-
nents o,, 7,,, 7,,, are small by comparison with the other components, since
the bases z = * ih of the lamina are load-free, and the thickness A is small
compared with the transverse dimensions. For this reason the stressesdy, 0y,
Tyy change very little through the thickness of the lamina. In the sequel we
shall understand by o,, 0, 7,, the values of the respective components aver-

s
aged through the lamina, while the components o, 7y, will be assumed

t 44 TXZ’
zero.

In these circumstances the differential equations of equilibrium of the ele-
ment hdxdy of the lamina (fig. 156), with constant thickness 4 and in the ab-
sence of body forces, have the form

00, 07y, B aLX}‘ aoy

X X —2= 1
ox oy 0. 3x+ay 0. 621

256
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Fig. 156.

52.2. Equations of plane stress with von Mises yield criterion
The von Mises yield criterion in the present case has the form
02+ 02-0,0,+312,= 02 =3k2, (52.2)
or, in principal axes,
o"l’ + a%—oloz = 03 .

The constant k is the yield limit with pure shear, 7.

The last equation represents an ellipse in the 0, 0,-plane, inclined at an
angle %n to the coordinate axes (fig. 157) and cutting off segments o on the
latter; the principal stresses cannot here exceed (2/z/3) 0 = 2k in magnitude.
The semi-axes of the ellipse are respectively v/20, and v/27,.
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With developing plastic deformation we can neglect the elastic strain com-
ponents in the plastic flow equations, and proceed from the Saint Venant-
von Mises relations (13.2) for a plastic rigid body. In our problem these rela-
tions can be written in the form (v,, v, being independent of z)

v, [ox auy/ay v, /oy + va/ax
20,0, 20,-0, 6 ’

We now have, together with the equilibrium equation (52.1) and the yield

criterion (52.2), a system of five equations for the five unknown functions

Oy, Oy, Ty Uy, Uy

(52.3
Tyy )

52.3. Equations of plane stress with Tresca-Saint Venant yield criterion
Depending on the sign of the principal stresses 0y, 05, the maximum tan-

gential stresses develop along different surface elements. If 0, 0, are of dif-

ferent sign, then, as in the case of plane strain, the maximum tangential stress

is
Tmax = §101-021 = (0,0, )+ 412, .,
and acts along a surface, normal to the x, y-plane and bisecting the angle be-
tween the principal axes 0y, 0, (fig. 158a). In this case there are two orthog-
onal families of slip lines in the x, y-plane.
If 0, 0, have the same sign (for example, 0; > 0, 0, >0, with 0} > 03),
then the maximuni tangential stress is

=1
Tmax ~ 391
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and it acts along surface elements parallel to the 0,-axis and inclined at an
angle }n to the x, y-plane (fig. 158b). On the latter the slip elements have a
single trace, i.e. one family of lines which are also called slip lines. The direc-
tion of one of these slip lines coincides with the principal direction 05. As a
consequence, the Tresca-Saint Venant yield criterion takes the form
—0a=1¢ i .
0)—0=%0, if 0,0,<0; (52.4)
0 =0 or 0,=to0g, if 0,0,20.

These equations represent a hexagon, inscribed in the von Mises ellipse, in the
0y, 0y-plane (see fig. 157 — dotted line).

The question of the relation between the stresses and the strain-rates with
the Tresca-Saint Venant yield criterion has been discussed in § 16. For plane
stress 03 = 0, = 0; the section on the plane 05 = 0 of the right hexahedral
prism, which represents the Tresca-Saint Venant yield criterion in the stress
space 0y, 0, 03, is the hexagon considered earlier. The plane of the diagram
does not contain the normal to the prism, but does contain the projection of
the normal perpendicular to the side of the hexagon (fig. 159). In conse-
quence, the ratio of the principal strain rates is equal to the ratio of the direc-
tion cosines of the normal to the hexagon at the point under consideration.
Using the incompressibility condition

£ +E+E=0, (52.5)

we can find the principal strain rate £3.

%
of |
c
a, .
% o
D
F E

Fig. 159.
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Internal points of the segments AB, BC, . . . will be called respectively the
regimes AB, BC, . . ., while the vertices of the hexagon A, B, . . . will be
called the regimes A, B, .. .. We consider in greater detail some typical cases.

Case 0,0, < 0 corresponds to inclined edges AB, DE (regimes AB, DE). We
concentrate for definiteness on the regime DE. Then o, >0, 0, <0, and the
yield criterion has the form

01—05 = 0. (52.6)
From the associated flow law (16.10) we obtain
£1=A, Ey=-\, (52.7)
ie £ =-§).
It now follows from the incompressibility condition that
£E3=0,

i.e. the thickness of the lamina remains constant. The quantity A > 0 is an un-
known function, determined in the solution of each particular problem. The
above equations also hold in the case of plane strain (§31).

In fact, the slip lines introduced in §31 retain their significance. Suppose the first

principal direction makes an angle y with the x-axis. Then from well-known transforma-
tion formulae we have

3
= %(61 +£2) i%(tl—tz) cos2p,

&y (52.8)
nxy = (E1-£2) sin 2p .

In our case
Ex=Acos2yp, ky=-Acos2p, nxy=2)\sin2¢.

Eliminating A we arrive at equation (31.10)
Quy/Ox—Buy/dy _ cot 29 = 2%
Ouy/dy+dvy/ox 21y

and the previous i pressibility diti
Qux By
ox Oy

Thus, for the regime DE the system of equations for stresses and velocities

coincides with the system of equations in the case of plane strain.

A similar conclusion holds for the regime AB.

Case 0,0, > 0 corresponds to vertical and horizontal edges of the hexagon

(fig. 159). For definiteness let o; > g5 > 0, which relates to the regime CD.

=0.
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The yield criterion is
0)=0;. (52.9)
By the associated law, flow occurs only in the first principal direction, i.e.
1=, £=0. (52.10)
From the incompressibility condition it follows that
E3=—¢,, (52.11)

If we consider the regime BC, then

0y=0;. (52.12)
£ =0, £ =X, (52.13)
where
E3=-f. (52.14)
Regime C. We now turn to the comer point C. Here
g, =0, 0,=0g, (52.15)

and the rates of strain are linear combinations, with non-negative coefficients
Ay, Ag, of the flows in the adjacent regimes CD and BC, i.e.
£=, =\, E3= A\, (52.16)

The coefficients Ay, A, are unknown functions, determined in the solution
of each specific problem; an additional arbitrary function is introduced be-
cause of “two yield conditions” (52.15) on the edge of the prism. Owing to
the equality of the principal stresses we have:

0, =0,=0, Txy=0~
A similar flow is achieved in the regime F.
We consider, finally, uniaxial tension, corresponding to the regime D:

o, =0, 0,=0. (52.17)

The rates of strain will be linear combinations, with non-negative coeffi-
cients Ay, Ay, of the flows in adjacent regimes CD and DE, i.e.

I S P Y A Y v (52.18)

The flows have a similar form in the other uniaxial regimes A, B, E.
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52.4. Concluding remarks

It is easy to generalize the equations obtained above to the case of a plate of variable
thickness 4 = h(x, y) provided that the latter changes slowly. The differential equations
of equilibrium then are:

ahox Ohr Ohr. Oho
oy HTxy x -
& 0 w0

We note further, that a plane stress state can be realized in thin, t shells.
In shells and plates which experience bending we can have plane stress which varies with
the thick (the stress p Ox» Oy, Txy depend on z, where z is meas-
ured along the normal to the mean surface).

§53. Solutions with von Mises yield criterion. Discontinuous solutions

53.1. General remarks

Simultaneous solution of the non-linear system of equations (52.1),(52.2),
(52.3) presents great difficulties. However, as in the case of plane strain, a
semi-inverse method is often useful. That is, we can attempt to investigate in
sequence the solution of the equations for stresses (52.1), (52.2) and the
equations for velocities (52.3). If the stresses are known, then the system of
equations for the velocities will be linear; it is necessary to construct a veloci-
ty field consistent with the stress field which has been determined.

53.2. Equations for stresses

We turn to the system of equations for stresses (52.1), (52.2), investigated
by Sokolovskii.

It is possible to satisfy the yield condition (52.2) in principal axes by
putting

0y=2kcos (w—im),  0y=2kcos (w+im), (53.1)

where w = w(x, y) is a new unknown function, specifying the position of the
point on the ellipse (fig. 157). When ¢, > 0, the angle w changes between the
limits 0 € w < 7. It is easy to see that angle w is connected with the value of
the mean pressure 0 = %(01 + 0,), namely:

V3o (53.2)

COSU=7.

Now, with the help of the well-known formulae
[ .
oi ] =50y + VK %(01—02) cos 2¢ , Ty = %(01—02) sin 2¢ , (53.3)
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where ¢ is the angle between the first principal direction and the x-axis, it is
possible to express the stress components o,, 0y, Txy in terms of the func-
tions w, y:

z‘ = k(+/3 cos w * sin w cos 2¢) , Tyy =ksinwsin 2¢ . (53.4)
y

From this it follows, that (in contrast to the case of plane strain) the compo-

nents of stress are bounded:

lo <2k, loyl <2k, ITyl <k.

Substituting the stress components into the differential equations of equili-
brium, and carrying out some simple transformations, we obtain a system of
two equations for the two unknown functions ¢(x, y), w(x, y):

. w X . w . Oy
(/3 sin w cos 29—cos w) ax +4/3 sin w sin 2¢ a -2 sin w ay 0,

(53.5)
- . dw . ow 0y _
V/3 sin w sin 2¢ P —(/3sin w cos 2 + cos w)—ay +2sinwz==0.

We shall ascertain the type of this system using the *determinantal
method” (cf. appendix). Suppose that along some line x = x(s), y = y(s), the
functions ¢ = ¢(s), w = w(s) are given. For the integral surface passing
through L, we have:

%:d.x+g—;dy=d¢, g—‘:dx+g—;dy=dw. (53.6)

Along L the tangent plane to the integral surface is defined by the partial
derivatives dp/dx, dp/dy; dw/dx, dw/dy, which can be found from (53.3),
(53.6), since on L these will be linear algebraic equations with respect to the
derivatives.

If the line L is a characteristic of equations (53.5), then the derivatives are
indeterminate along it; consequently, the determinant of the above algebraic
system and the appropriate numerators vanish. Equating to zero the determi-
nant of the system, we find the differential equations of the characteristic
lines:

dy _/3'sin w sin 29 * T(w)
dx /3 sin w cos 2p—cos w ’ (53.7)

where we have introduced the notation

T(w)= V34 cos? w .
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Equating the numerators to zero, we obtain (after some transformations
and integrations) the relations between the unknown functions g, w, satisfied
along the characteristics

Q£ =const., (53.8)
where we have put

)
Q=-3 [ 2dw. (539)
34
The original system (53.5) will have two distinct families of real character-
istics (i.e. will be hyperbolic) if 3—4 cos? w > 0, i.e.

%n<w<%1r.

The points of hyperbolicity are marked by heavy lines on the ellipse
(fig. 157), and fill a major part of its perimeter.

The system (53.5) will have only one family of real characteristics (i.e.
will be parabolic) in the case Z(w) = 0, i.e. if the function w assumes either
of the values %n, %n. Finally, when 3—4 cos? w < 0 there are no real charac-
teristics and the system (53.5) is elliptic. The interior points of the arcs of the
ellipse which are marked by light lines correspond to this type.

It is easy to see that in the region of hyperbolicity |o| < 7,y at the para-
bolic points |o| = 7p,,y, and in the region of ellipticity |o| > 7,,,. The type
of the system is determined by the relationship between the magnitude of the
mean pressure and the maximum tangential stress.

Thus it is possible to have hyperbolic, parabolic and elliptic regions in the
solution with the transition boundary not known a priori. This fact substan-
tially complicates the solution of plane stress problems by comparison with
corresponding problems in plane stress.

53.3. Hyperbolic case. Properties of the characteristics
We consider in greater detail the properties of the solutions in the hyper-
bolic region. Here Z(w) > 0, and the function § is easily evaluated:
2c05w 4cosw+3 1 4 cos w—3

=1 i -1 -1 <0.
Q= —gm + arcsin el zarctan (@) Farctan @)

(53.10)

The principal values of the trigonometrical functions are understood in the
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above expression (in the interval —%n, %n). The graph of the function 2 is
shown in fig. 160. We introduce a new unknown function Y (x, ), equal to

=1 cotw
y= 71r——%arccos 3 (53.11)
Then the equations of the characteristics take the form
b b
® 3 - an-v), " 3t +y), 512
© .
Q—p=const.=¢; Q+p=const.=n.

The characteristics intersect at an angle 2y (fig. 161) and generate a non-
orthogonal network of curves which, obviously, does not coincide with the
slip-line grid. The principal directions bisect the angles between the character-

Fig. 161.
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istics. We shall distinguish the characteristics of these two families by the par-
ameters a, f, as before (these parameters have a different meaning than in
ch. 5). The characteristics of the first family (a-characteristics) correspond
to fixed values of the parameter §, while a is constant along the f-character-
istics. In general the angle of intersection 2y varies from point to point. The
parameter ¢ varies in passing from one characteristic of the a-family to an-
other; similarly the parameter n varies in passing from one member of the -
family to another.

The stress components obey simple relations along the characteristics (we
recall that in the case of plane strain the normal stresses in the characteristic
directions are equal to the mean pressure o, cf. §31).

Suppose that continuous stress components are prescribed on some line L.
At an arbitrary point P of the line L we construct a system of coordinates ¢,
n, the r-axis being in the direction of the tangent to L, and the n-axis the nor-
mal. The differential equations of equilibrium (52.1) and the yield criterion
(52.2) retain their previous form in the new coordinate system. We calculate
the derivatives d0,/3t, 30,,/dt, 37,,,/3t along L at the point P. Then the nor-
mal derivatives d0,,/dn, 37,,,/0n can be determined from the differential equa-
tions. The derivative 90,/dn can also be found from differentiating the yield
criterion with respect to n:

o, 90, Tt
n (20,~0,) + ) (20,—0,) + 67",3'1— =0,

if 20,—0,, # 0. If the condition
20-0,=0

is fulfilled, Cauchy’s problem cannot be solved, and the line L is characteris-
tic.

The same condition is fulfilled along the characteristics of the second fam-
ily.

The characteristics have a series of properties similar to certain properties
of slip lines in the problem of plane strain (§32). We shall present these with-
out detailed proof (it is easy for the reader to verify them).

1. If we cross from one characteristic of the f-family to another along any
characteristic of the a-family, then the angle of inclination of the first princi-
pal direction ¢ and the function  will change by the same amount (analog of
Hencky’s first theorem).

For a proof it is sufficient to use the relations

20=t+n, 20=0-¢. (53.13)
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2. If some segment of a characteristic is a straight line, then along it w, ¢,
the angle of intersection ), the parameters £, n and the stress components o,
0y, Txyn are all constant.

3. If some segment of a characteristic (for example of the a-family) is
straight, then all the corresponding segments of the characteristics of that
family are straight; in such a region a simple stress state is realized and the
parameter 7 is constant.

Indeed, let us take a construction analogous to fig. 67; owing to the recti-
linearity of the characteristic A21A22 it follows from the first property that
?11 = 12> 11 = y9; but then Wy = wy,, Y11 = ¥1,. All f-characteristics
intersect a straight a-line at the same angle (changing, of course, from one a-
line to another).

4. If both families of characteristics are rectilinear then in such a region
the stresses are uniformly distributed and the parameters £, 1 are constant.

The system of differential equations (53.5) is reducible and can be linear-
ized by the method of inversion of the variables (analogously to the equations
of plane strain). Simple and uniform stress states correspond to the integrals

1. £ = const.,

2.1n = const.,

3. & =const., n = const.

As in the case of plane strain, it is necessary to consider various boundary
value problems. In the general case the field of characteristics is constructed
by numerical (or graphical) methods, similar to those discussed in the previ-
ous chapter, Here the initial relations are the equations of characteristics
(53.12).

For simple stress states the boundary value problems have an elementary
solution.

53.4. Simple stress states

We consider in more detail simple stress states, which play an important
role in applications.

The simplest solution of this type is the uniform stress. In this region the
characteristic grid is generated by two non-orthogonal families of parallel
lmes (ﬁg 162), and the parameters &, 1 are constant (¢ = £y, n = ng). Then

-2(50 +1g), ¢ = I(WO'Eo)v and w and the angle Y can be calculated sub-
Sequently

At a rectilinear free boundary there will always be a field of uniyorm uni-
axial tension or compression of magnitude \/3k, parallel to the boundary
(fig. 163). For example, if the x-axis is parallel to the boundary, then in the
adjoining region o, = * ik, 0y, = 7y, = 0. In fact, the normal to the free
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boundary coincides with one of the principal directions, ¢ = 0, and the
boundary points experience either uniaxial tension or umax.lal compression.
We consider the case of tension; then on the boundary w = 3-1r (fig. 157),i.e.
the representative point lies in the hyperbolic region. By virtue of (53.11) we
find that

Vv=54°44'=y, .
Thus, the contour is not characteristic, and we have a Cauchy problem for

finding the stress field near the boundary. The solution can be determined in
the triangular domain O'AB.
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Suppose a uniform normal stress p acts on the rectangular boundary. The
second principal direction can be calculated from the yield condition (52.2).
If the stress on the boundary corresponds to points of hyperbolicity on the
ellipse (fig. 157), then the solution near the boundary can easily be con-
structed as in the previous case (when p = 0).

In simple stress only one of the families of characteristics consists of
straight lines. As in the case of plane strain (§33), the following theorem
holds:

Only a region of simple stress can adjoin a region of uniform stress.

Let O'A (fig. 163) be a boundary characteristic of a region of uniform
stress. If this region adjoins along O'A a region having a different solution,
then by property 3 of the previous section all the characteristics of the family
to which O'A belongs will be straight lines.

We consider in more detail an important special case, when rectilinear
characteristics originate at a point (central field). Let this field be adjacent to
a region of uniform uniaxial tension O'AB. We introduce an auxiliary polar
system of coordinates r, 8 with pole at the point O’ and polar axis 0'0"; the
position of the latter will be chosen later.

The differential equations of equilibrium in polar coordinates are

30, | 7y 9% _

atree Ty O
(53.14)
¥ 139 2 o
or r 96 r ’

and the yield criterion is

02—0,0, + 0% + 372, = 3k2. (53.15)
These are satisfied if we take

o,=kcosf, 0g=2kcosf , Trg=ksin . (53.16)

It is obvious that the stress is constant along the radius vector. Along the tran-
sition line O'A the stress components 0y, Tpg must be continuous (from the
condition of equilibrium of an element of the line O'A, cf. §39). Considering
the equilibrium of the shaded triangular element adjoining the boundary O'A
(fig. 163), we easily obtain sin § = \/%-, i.e. the polar axis 0’0" must be in-
clined at an angle 54°44’ to the line O’A. In this coordinate system the equa-
tion of the characteristics of the second family has the simple form

r2sin 0 = const. (53.17)
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Curvilinear characteristics tend asymptotically to 0’0", for which 6 = 0;
this is shown by the dotted line in fig. 163. Along 0’0" the two families of
characteristics converge into one, and 0, = 2k, 0, = k (the parabolic point
w= én on the von Mises ellipse, fig. 157).

53.5. Axisymmetric field

We consider an axisymmetric field of stresses with the condition 7,, = 0
(zero torsion). Then the stresses 0,, 0, will be principal stresses, and from
(53.1) we have

0,=2k cos (w + %n) , 0y =2k cos (w—én) N (53.18)

Here we have chosen a variant of formula (53.1) for the case 0, > 0, Sub-
stituting (53.18) in the equilibrium equation

do

0,—0,
r r--e
T, r .

ot =0, (53.19)

we obtain the differential equation
dr
(\/§+cotw)dw+27=0,

whose solution has the form

= smcw e-Viw | (53.20)

where C is an arbitrary constant. Suppose, for example, the boundary of a
hole r = a (fig. 164) to be free,i.e. 6,=0 on it. Then w = %n whenr=a. Itis
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easy to see that

(_{)2 V31 Vidr-w) (53.21)

a 2 sinw
Since the axesr, 8 are principal, the relations (53.8) have the form
2+ 0 =const.,

and the equations of the characteristics in parametric form can be calculated
from (53.21). Away from the boundary r = a the angle between the charac-
teristics decreases and when w = %n (here r/a = 2.07) the two families con-
verge into one (fig. 164).

When r/fa > 2.07 the solution is again determined from (53.18) and
(53.20), but there are no real characteristics (region of ellipticity).

The stress distribution 0,, 0, is shown in fig. 164. As r > o, w - 0, and
0, 0, 05 = 0, i.e. the lamina experiences uniform stress at infinity.

53.6. Parabolic and elliptic cases

At parabolic points Z(w) = 0, so that w has a constant value %n or %1{
(fig. 157). The two families of characteristics converge into one (Y = 0). It
follows from the system of differential equations (53.5) that ¢ = const. The
family of characteristics is a family of parallel straight lines. Thus, this solu-
tion leads to a uniform stress state of a particular type, for example, when
w= %n, 0, =2k, 05 =k, and only the principal direction is arbitrary.

In the elliptic case there are considerable difficulties in the construction of
the solutions to the non-linear equations (53.5); there are no general meth-
ods, and solutions have been found only for axisymmetric problems.

53.7. Determination of the velocity field

We consider next the system (52.3) for velocities, assuming, as usual, that
the stress state is known. The system (52.3) is then linear with variable coeffi-
cients. We write it in the following form:

o, ov,
(20,—0,) B (20y—0,) e

(53.22)
v, dv v
it S 23 I —
(20,—0y) (ay + ax) 67y o

In the region where the equations for the stresses are hyperbolic the equa-
tions for the velocities are also hyperbolic, with the characteristics of the two
Systems coinciding.
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Thus, let the velocity be given on a line L, which is not a line of velocity
discontinuity. We construct at an arbitrary point P of L a system of coordi-
nates ¢, n, the t-axis being tangent to L. Equations (53.22) retain their form
in the new coordinate system. At the point P the derivatives dv,/dt, dv,/dt
are known. The derivatives dv,/on, v, /on are bounded and uniquely deter-
mined from equations (53.22), except in the case when

20-0,=0.

But the condition 20, = o, is fulfilled along a stress characteristic (cf.
above, par. 3).

It follows that no solution of Cauchy’s problem for the velocities is possi-.
ble along a characteristic of the stress state. The characteristic equations for
velocities coincide with the characteristic equations for stresses.

Next, it emerges from (53.22) that along a characteristic

dv,fat=0, (53.23)

i.e. the velocity of relative elongation is zero along a characteristic (just as in
the case of plane strain). The same condition is satisfied along characteristics
of the second family. These conditions can be expressed in the form of dif-
ferential equations, similar to the Geiringer equations — see Hill [54].

53.8. Lines of velocity discontinuity

In plane stress, as in plane strain, it is important to consider discontinuous
solutions, which can arise in hyperbolic and parabolic regions. Consider some
line of velocity discontinuity L. In contrast with the plane strain case, it is
necessary in plane stress to allow the possibility of a jump not only in the tan-
gential, but also in the normal, component of velocity. This kind of jump
leads to abrupt thinning (fig. 165a) or thickening (fig. 165b) of the lamina
along the line of discontinuity. This line is a mathematical idealization of
local development of a neck, which is observed in experiments. We shall
therefore call this line of discontinuity a “neck”; it should be regarded as the
limiting position of a band of intense strain, where in keeping with our plane
stress model we assume the strain-rate in the neck to be uniform.

The jump in velocity cannot be arbitrary, since it is connected by definite
conditions with the stress distribution. We consider these conditions.

Let one side (+) of the neck L (fig. 165¢) be displaced relative to the other
(-) with velocity v. Denote by b the width of the neck (in the limit b - 0).
The vector v is inclined to the line L at an angle v, i.e. the tangential and nor-
mal velocity components are discontinuous. At an arbitrary point M of the
neck we construct a local coordinate system n, ¢, with the t-axis directed
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(a) (b)

Fig. 165.

along the tangent. Then the strain-rate components in the neck will be

v i v
=y =0T, &=0, =y =gcosy, (5324)
where v is the speed.

The rate of extension in the a-directjon, perpendicular to the velocity vec-
toy, is also equal to zero: £, = 0. Consgquently the ¢ and a-directions are char-
acteristic, and the angle between thefn is 2¢. Thus, the velocity discontinuity
vector v is inclined to the neck at an’ angle

v= 2@,_%,, ; (53.25)
the line of discontinuity traverses the characteristic.

When v = 0 the characteristics are orthogonal, thinning does not occur and
only relative slip takes place. This happens when the stress state is a pure
shear (w = 1m).

Proceeding from (53.24), it is easy to find by the usual method the princi-
pal rates of extension in the neck:

51=5”5 (1 +siny), Ez=—%(1—sin7). (53.26)

The third principal strain rate (in the direction perpendicular to the n, t-
plane) is determined from the incompressibility equation

v .
£z=——3s1n1.
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The principal directions 1, 2 bisect the angles between the characteristics,
The rate of work of plastic deformation per unit length of the neck is
bhA,=bh(01%) +03k)) .

Substituting the principal strain-rates in the Saint Venant-von Mises relations
(13.12), we obtain the principal stresses

91 1+3siny 9y 1-3siny
F Vesedy F ey O
It is easy to see that
. 01t0)
siny= 3(0y—0y)°’
(53.28)

bhAp=kvh 1+3sin2y

In the parabolic case the two characteristics merge and coincide along the
neck; the latter supports a stress state corresponding to one of the parabolic
points on the ellipse (fig. 157).

For the point w = %n the stresses are 0 = 2k, 0, =k, the angle y = %n;
consequently, there is no slip jump, only the normal velocity component has
a discontinuity, and thinning occurs along the line of discontinuity. For the
point w = -gn the stresses are 0y = —k, 0, = —2k, the angle v = —%n; again
there is no jump in the slip, only the normal component is discontinuous, and
thinning takes place along the line of discontinuity.

As an example, consider the extension of a plane specimen (fig. 166), as-
suming that the neck occupies the whole of its section. Here 05 = 0, v =
= arcsin 4 = 19°28', Y = 54°44’. The velocity discontinuity vector is inclined
to the axis of the specimen at an angle 35°16’. Along both sides of the neck
the material is “rigid”. Under certain circumstances the development of this
kind of neck is observed in experiments, with the angle of inclination to the
direction of extension being 55—60°. This is discussed extensively in Nadai’s
monograph [25] from which the photograph (fig. 167) has been taken.

53.9. Lines of stress discontinuity

Stress discontinuities must satisfy the equilibrium and plasticity condi-
tions. We use the diagram introduced in the previous chapter (fig. 99). Con-
sider an element of the line of discontinuity L on which stress components
0,, T,, 07, 07 act; by the equilibrium condition the components o, 7,, are
continuous, and a discontinuity can occur only in the normal component g,.
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Fig. 166. Fig. 167.

From the plasticity condition (52.2) we find

= (53.29)

The jump in the component at is
[0j=0;-0,-=2v/3(*2-12-i< #.

The angle of inclination of the characteristics to the line of stress discon-
tinuity changes discontinuously. Let the position of the principal axes of
stress be defined by the angles 5* and 6" (fig. 168). The components ot, on,
rnt can be evaluated with the aid of (53.3), with Vreplaced by 5. The condi-
tions of continuity of an, Tnt lead to the expressions

p ++r+cos 26* =p~—t~cos 26" ,
¢+ 8in 26 +=« - sin 26" ,

where half the sum and half the difference of the principal stresses are de-
noted by p and r respectively. From the yield condition (52.2) we have
P2 + 3., = 3k2.
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Fig. 168.

It follows from the above relations that

2sin 28"

tan 28~ = m—,

p = %p‘—%r’ cos25°.

The quantity 7~ is evaluated in terms p~ from the yield criterion.

On a line of velocity discontinuity the stress components are continuous,
since the stress on this line is determined by formulae (53.27).

Conversely, the velocity field is continuous on a line of stress discontinuity
(since otherwise stress discontinuity would not be possible). We show next
that a line of stress discontinuity does not experience extension. In fact we
have from the Saint Venant-von Mises equations (13.12)

£ =\'(0;-0"), £ =A(0;-07).
It follows from the continuity of the velocities that £, = £ along the line
of discontinuity, i.e. \'(20;—0,,) = A" (20;—0,,).
By virtue of (53.29) the quantities in brackets are of opposite sign, and
since A is non-negative, we have that \* =X~ =0 i.e. £=0.

53.10. Plastic-rigid boundary

Let L be a line which separates a plastic region from a rigid region; we
shall assume that the latter is at rest (cf. §38.5).

If the velocity is discontinuous on the separation line L, then, as was
shown above, this line traverses a characteristic.
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If the velocity is continuous it is equal to zero on the line L; if L is not a
characteristic, then the characteristic triangle adjoining L will be at rest (since
the velocity field in it is determined from a Cauchy problem). If deformation
takes place in the plastic zone, then this is possible only in the case where L is
a characteristic.

Thus, a plastic-rigid boundary traverses a characteristic (or the envelope of
characteristics).

§54. Solutions with Tresca-Saint Venant yield criterion. Discontinuous solu-
tions

54.1. General remarks

In §52 we formulated the equations of plane stress with the Tresca-Saint
Venant yield criterion; these equations are different in different regimes. The
solution of specific problems usually requires consideration of the flows in
the different regimes, which are realized in one or other part of the plastic
zone. In this regard it is not difficult to make an error and to choose an in-
correct arrangement of the different regions of stress; for the solution de-
mands an accurate construction of a compatible velocity field.

The equations for the stresses in different regimes were examined by
Sokolovskii [44]. Consecutive construction of the velocity field became pos-
sible only after the introduction of the associated flow law. The analysis of
discontinuous solutions was undertaken by Hill [182].

54.2. Regimes DE and AB (0,0, <0)

We noted in §52 that the system of equations for stresses and velocities in
this regime coincided with the corresponding system for the case of plane
strain. In these regions the characteristics are orthogonal and coincide with
the slip lines. The results obtained in the preceding chapter carry over com-
pletely to the case of the lamina with 0,0, <0. For the lamina only the mag-
nitudes of the normal stresses are bounded (for example, for DE 0, < o,
102/ < 6. The lamina does not experience thinning (,,=0).

The impossibility of thinning excludes discontinuities in the normal veloci-
ty components; it follows from the condition £, = 0 (cf. (53.24)) that £, =
= (v/b) sin y = 0, i.e. ¥ = 0. As in the case of plane strain, relative slip takes
Place along a line of velocity discontinuity which traverses a characteristic. A
“neck"’ cannot occur.

As regards lines of stress discontinuity, the results of §39 remain fully
valid. A line of stress discontinuity is the bisector of the angle between like
slip lines.
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54.3. Regimes CD and EF
For the regime CD (cf. §52) 0; = 05,0 < 05 < 0. We put

0,-07=204X , (54.1)
where x = x(x, y) is an unknown function. Then
0, +0,=20k(1--X) , (54.2)

where k = sign 0, = sign 0,. For the regime CD « = + 1; the quantity  is in-
troduced so that the solution we obtain can be carried over to the regime EF,
where k = —1. With the aid of formula (53.3) we find

=0g[k(1-x) * x cos 2¢] , Tey = 0sX sin 2¢ , (54.3)

where ¢ = ¢(x, y) is the unknown angle between the first principal direction
and the x-axis. Substituting these values in the differential equations of equili-
brium, multiplying respectively by sin ¢, cos g, then adding and subtracting
these equations, we obtain, after some simplification,

sin 2¢> 3% —(n + cos 2¢)——0

(54.9)
9 ln X Ay

+2%k=-=0.

sin 2¢p gl.n_ —(k +cos 2p) ——— a

It is not difficult to construct the general solution of this system. The
characteristic equation of the first equation has the form
_dx dy _dp

sin 2¢ —(n tcos2y) O
and it can be integrated easily:
p=const.=C}, y=xtan [w+%(n+1)1r]+C2. (54.5)

The characteristics are straight lines, inclined at an angle [y +i—(n +1) 7] to
the x-axis, and, consequently, coincident with the slip lines, i.e. with the
straight trajectories of the principal stresses (§52.3).

For the regime CD the characteristics coincide with the rectilinear trajec-
tories of the numerically smaller principal stress o5 (for the regime EF 05 ®
= -0, k = —1 and the characteristics traverse the rectilinear trajectories of the
pnnapal stress 0,). By the associated law £, = 0 in the regime CD, i.e. the
characteristic is not elongated.
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The general solution of equation (54.4) can be represented in the form
y=xtan [p +%(x +1) 7] + (), (54.6)

where ®(p) is an arbitrary function determined from the given boundary con-
ditions.

We now construct the characteristic equation of the second equation of
(54.4):

dx dy diny

sin2p —(k + cos 2yp) =T dy/ox *

This equation has the same family of characteristic lines, i.e. the system

(54.4) is parabolic.
Along a characteristic line
oo 0p _dx
dlny=-2 2x sin2p

Differentiating the solution (54.6) with respect to x and calculating the
derivative dyp/dx, we substitute it in the last equation and integrate. Then the
general solution of the second of (54.4) is

x= Y(»)
2x + (1—k cos 29) D' (p)’
where ¥(p) is an arbitrary function determined from the boundary condi-

tions.
We note the obvious solution

(54.7)

¢ = const. , X = const. ,

which describes a uniform stress distribution.

To find the arbitrary functions it is necessary to prescribe ¢ and x along
some curve C in the x, y-plane. The solution of this Cauchy problem is in-
determinate if C is itself a characteristic.

We consider a velocity discontinuity along some line L (fig. 165). Let the
right-hand side (+) of the neck be displaced relative to the left (—) with veloc-
ity v. In the local coordinate system n, t we have the previous formulae
(53.24) for the strain-rate components. Since & 1 = 0, the line of discontinuity
traverses a characteristic (recall that £, = 0 along it), i.e. it is rectilinear and
coincides with the trajectory of the numerically smaller principal stress. The
directions of n, t are consequently principal, and N =0ie. y =%1r. Thus,a
discontinuity can occur only in the normal velocity component.

We note, further, that the numerically smaller principal stress can be dis-
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continuous along a characteristic, with the magnitude of the discontinuity ar-
bitrary in the limits (0, o). For example, 0, can be discontinuous along a
characteristic for the regime CD, with 0 <|[0;]| < 0.

54.4. Regimes C and F
For the singular regimes C and F we have

0] =0, =K0;, (54.8)
where k = + 1 for the regime C, and k = —1 for the regime F. It follows from
(53.3) that for any cartesian coordinate system x, y we have

Oy

=0,=k0g, Tyy=0. (54.9)

Obviously the differential equations of equilibrium (52.1) are satisfied.
Thus, the regimes under consideration correspond to a uniform hydrostatic
(in the x, y-plane) stress state. Any direction is principal for the stresses. The
strain rates for the regime Care £, =X, >0,£, =2, >0.

In this region we consider a velocity discontinuity along some line L
(fig. 165). Let the first principal direction for the strain-rates make an angle ¢
with the n-axis. From formulae (52.8) and (53.24) we have

=)\ sin2¢+k2 cos2p=0.

Consequently v = 0, Ay =0 and the axes n, ¢ are principal; thus n,,, = O i.e.
y= %n. Hence the discontinuity vector v is normal to the line L and there is
no relative slip. The orientation of the line of discontinuity with respect to
the stress field is arbitrary.

Clearly a discontinuity in the stresses in these fields is excluded (because
of the condition o), = 0;,).

54.5. Regimes D, A (uniaxial tension or compression)

Here 0, = ko, 05 = 0. Substituting the stresses o,, Oy, Ty from formula
(53.3) in the differential equations of equilibrium (52.1) we find that the
angle of inclination of the first principal direction ¢ = const., which corres-
ponds to a field of homogeneous tension (or compression). The strain rates

are given by formulae (52.18):
E=Mth, =N, BN,

where A} 20,1, 2>0.
We consider next a velocity discontinuity along some line L (fig. 165c). As
before, let the first principal direction make an angle  with the n-axis. The
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principal rates of extension in the neck are given by equations (53.26), and
hence

v . v .
E(l+sm1)=)\l+2\2, —E(l—sm'y)=—-)\l.

The rate of extension along the neck is zero, and therefore
£= (A +2y)sin2 -, cos2p=0. (54.10)

Eliminating v/b, \; and A, from these equations we find that sin y =
= cos 2y; hence

y=in-20, (54.11)

i.e. the principal stress 0; = 0 acts in the direction 1, the bisector of the
angle between the normal to the line of discontinuity and the velocity vector
v.
Note that because of (54.10) tan2 ¢ < 1 i.e. ¢l < %n. In these limits the

direction of the line of velocity discontinuity with respect to the tensile stress
is arbitrary '). The orientation of the vector v is given by (54.11). In the gen-
eral case slipping and thinning proceed simultaneously. If the line of discon-
tinuity is normal to the direction of tension (p = 0) there is no slip (y = %n),
and only the neck is formed.

The stress components are continuous on a line of velocity discontinuity.

Moreover, it is easy to see that the line of stress discontinuity is parallel to
the direction of the tension, where oi = 0, on its right, and 0] = —0; on its
left (cf. fig. 39). The velocity field is continuous along a line of stress discon-
tinuity.

These results (with obvious changes in notation) apply to the other two
uniaxial regimes B and E.

54.6. Axisymmetric field

We consider an axisymmetric stress field in the absence of torsion (i.e.
with 7,4 = 0). The stress components 0,, 0, are principal. The solution de-
pends on which regime is attained. For definiteness we concentrate on an in-
finite lamina with a circular hole (fig. 169), which we considered in the pre-
ceding section under the von Mises yield criterion.

If an internal pressure acts on the contour of the cut r = g, and if the
stresses are zero at infinity, then 0, <0, 0, > 0 near the hole and the solution
will be the same as in the case of plane strain.

1) This result does not agree with observations (cf. §53.8) and we are again reminded
of the tentativeness of the flow model in a singular regime.
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9%

~aA

Fig. 169.

If the hole is free and the lamina experiences uniform tension at infinity,
then the stresses 0,, 0, are of the same sign (this follows from the analysis of
the elastic problem), and the yield criterion has the form

g, =const. =g .
The boundary condition is
when  r=a 0,=0.

We thus obtain from the differential equation of equilibrium with this bound-
ary condition:

a,=o41-afr).

The problem is of parabolic type, and the single family of characteristics is
a pencil of straight lines originating from the centre (fig. 169). In the same
figure we have shown the stress distribution; it does not differ significantly
from the stress field with the von Mises yield criterion.

54.7. Remarks on plastic-rigid boundaries and discontinuitie

A plastic-rigid boundary which adjoins a hyperbolic zone (the regimes DE,
AB) traverses a characteristic (in the present case, a slip line). If the line of
separation borders a parabolic zone (regimes CD, EF, . . .) it also traverses a
characteristic. The proof is similar to that at the end of the preceding section.

The cases considered above do not exhaust the possible discontinuities. In
principle any flow regime can be achieved on either side of a line of discon-
tinuity, and it is necessary to consider all possible variations. We shall not do
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this here; discontinuities with the Saint Venant plasticity condition have been
studied in detail in the book [11].

§55. Elastic-plastic equilibrium of a lamina with a circular hole under uni-
form pressure

As a simple example we consider the axisymmetric elastic-plastic problem
for an infinite lamina with a circular hole. Along the edge of the holer =a a
uniform pressure p is applied (fig. 170).

55.1. Elastic state
When the pressure p is small the lamina is in an elastic state and the
stresses (in polar coordinates , 6, where 6 is the polar angle) are

0,=—p(a/r)?, 0p =+p(a/r)?. (55.1)

Thus, with elastic deformations the lamina achieves a state of pure shear. The
maximum tangential stress and the intensity of tangential stresses are equal to
T=p(afr)?, and plastic deformation first appears at the edge of the hole when
the pressure p = 7, = k. With increasing pressure plastic deformations spread
through an annulus @ < r < ¢, whose radius ¢ has to be determined. It is evi-
dent that in the elastic region 7 = ¢ the stresses are

0,= —k(c/r)?, 0p = k(c/r)? . (55.2)

55.2. Elastic-plastic equilibrium with von Mises yield criterion

The solution to the axisymmetric problem in the plastic zone was obtained
in §53.5. On the separation boundary r = ¢ the stresses are continuous and
correspond to pure shear, i.e.

when r=c, w=%1r.

The arbitrary constant in the solution (53.19) is determined from this con-
dition, and we obtain

(c/r)2 = e“/m"_“’) sinw . (55.3)

Putting 7 = g here, we find the value w, which corresponds to a given c; the
pressure along the edge of the hole is determined from equation (53.18) for
0, with w = w,. It is easy to see that w, > %n and increases with (c/a). The
p pi hing a maximum value 2k when w, = %n. Further in-
crease in pressure and expansion of the plastic zone are not possible; at this
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maximum pressure p = 2k thickening of the lamina at the edge of the hole
takes place freely (for small deformations, of course). To show this we neg-
lect elastic strains at the edge of the hole, and then by (52.3) we have

020,

E,*' Eo=0

2040,
Hence, using the incompressibility condition,
£ tEtE,=0,
we find the rate of relative thickening of the plate:
_ 9 t0, v,)
£=- 20,0, 2] (S" T

At the maximum pressure p = 2k the stresses at the edge of the holer =a
are (cf. fig. 157): 0, = =2k, 05 = —k, and, obviously, ¢, - e. From (55.3)
withr=a,w =%7I we obtain the maximum radius of the plastic zone:

€/a)pax = 1.75 .

The equations in the plastic zone are hyperbolic; at maximum pressure
p = 2k the characteristics of the a, § families are mutually tangent (y = 0) on
the circle r = a. This corresponds to the parabolic point w = %n in fig. 157.

Elastic
region

Plastic
region

h
Fig. 170. p;&zm@
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On the separation boundary r = a the characteristics are orthogonal. The
stress distribution is shown in fig. 170.

55.3. Elastic-plastic equilibrium with Tresca-Saint Venant yield criterion
In this case the regime DE is attained at the edge of the hole,and the yield
criterion has the form

0g—0,=2k,
where 2k = 0. From the differential equation of equilibrium (53.14) and the
continuity condition at the circle 7 = ¢ we obtain
0,=—k(1+2In(c/r), 0y =k(1-21In (c/r)) . (55.4)
By virtue of the yield criterion, the radial stress o, cannot exceed o in

magnitude (cf. fig. 159); the maximum radius of the plastic zone is thus
found from (55.4):

(/a)pax = 165 .

Fig. 171 shows the elastic (dotted line) and elastic-plastic (solid line, c/a =
= 1.40) stress distributions; the same figure shows the residual stresses 02, 0J
which arise when the pressure is removed.

Note that the radial residual stress o? is compressible. This fact is widely

%o

Fig. 171.
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used in practical applications for clamping tubes in plane (or curved) metal
sheets (plates) by the method of flaring. This process consists of an expansion
from within the tube 1 (fig. 172), inserted in the hole in the sheet 2. After
the pressure is removed the tube is seen to be firmly fixed in the sheet (cf.
[25], ch. 33).

§56. Extension of a strip weakened by notches

We consider two problems of the extension of a strip weakened by
notches; we use the von Mises yield criterion. The solutions to these problems
were given by Hill [182] ; it is assumed that the notches are sufficiently deep.

56.1. Extension of a strip with circular notches

Let the strip be weakened by symmetric notches with a circular base of
radius @ (fig. 173). Near the circular part of the contour an axisymmetric
stress field develops (owing to the hyperbolicity of the equations in these
regions the stress fields are completely determined by the form of the free
boundary). In consequence, the stresses in these zones are given by equations
(53.18), where the distance r from the centre O and the function w are re-
lated through (53.21). It is evident that these fields can be extended on either
side to a distance not greater than r = 2.07a = cy; in this limiting case the
angle of spread of the circular portion of the arc AB must not be less than
38°56'.

Let h < 1.07a; then the fields spreading out from each notch meet at the
centre C (fig. 173a). To effect the construction, the arc AB must subtend a
sufficiently large angle (in particular, the construction is always possible if the
angle > 38°56'). Using the differential equation of equilibrium (53.19) and
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¥ *

Fig. 173.

integrating by parts, we obtain the limit load

a+h

P,=2 f 0pdr=2(a+h) (0,)y=gsp - (56.1)
a

The elementary limit load is PO = 2041 = 24/3kh. The ratio P /P (strength
coefficient) can be represented by the approximate formula

Bearvonsghs (o<k<io) (562
P ““hta a ’ i
When A = 1.07a the characteristics converge at the centre C.
When h > 1.07a the axisymmetric plastic regions do not change, being
joined along the x-axis by a neck (fig. 173b) which corresponds to the para-
bolic point on the yield ellipse (fig. 157). Along the neck

o, =k, 0 =2k.

The limit load is easily calculated with the aid of (56.1):

a+h
P,=2 [ opdr=2ka+2h-c))
a
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and the strength coefficient is
PJP°'*>1.1S-0.04a/h 1.07a). (56.3)

We conclude with two remarks.

Comparing these results with the corresponding strength coefficient (41.4)
in the case of plane strain, we observe that the strength coefficient is some-
what smaller in the case o f plane stress.

The upper and lower portions of the strip move rigidly in the direction of
action of the loads. Along the line of separation traversing the characteristics
the velocity is discontinuous and necks develop.

Handy’s observations [79] on the extension of a copper strip weakened by
circular notches (fig. 174) give a qualitative confirmation of this conclusion.
The neck is clearly visible in the stage of deformation preceding fracture.

Fig. 174.

56.2. Extension ofa strip with angular notches

The strip is weakened by symmetric angular notches (fig. 175). The free
rectilinear sides of the notches can only be adjoined by regions of uniform
uniaxial tension, with ip =\Ji =54°44\ We consider the scheme of solution
shown in fig. 175a. Adjacent to the region of uniform tension there is the
central field (53.16). By the stress continuity condition the angle 6 should be
measured from the polar axis O'O", in accordance with fig. 163. In the rhom*
boidal region ABCD there is a uniform stress state, where, by symmetry, the
tangential stresses are zero along the line AB. But then ipis the angle between
the principal direction and the r-axis, traversing the line BD; the latter is de-
termined by the angle 6 - 0j.

Equating the stresses from (53.3) and the stresses given by (53.16) with
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(b)

Fig. 175.

6 =0,,we find
tan2p=2tanf, . (56.4)
From the construction shown in fig. 175a it follows that
0=0,—(+2y,-7).
Thus, the angle 6 is determined from the equation
2tan 6, +tan2(8 +2¢;,—60,)=0. (56.5)

When 8, is known we can easily find the principal stresses in the region
ABCD from (31.4) and (53.16):

01,02=%k{3c0501t \/1+3sin201)- (56.6)

The construction is possible if ¢ > 0. When ¢ = 0 it follows from (56.4)
that 6, = 0. Thus, 8 > n—2y/; = 70°32". The strength coefficient is now

P
;3=2'7(3 cos6, + /I +3sin? 9,) , dry<s<in. 66
?

When 6, = 0 the whole construction degenerates into a line of disconti-
nuity (neck) along AB; the two families of characteristics merge into one (cf.
fig. 163). This solution, shown-in fig. 175b, remains valid for more acute
notches, with § < 70°32’. Along AB 0y = 2k, 0, = k and the strength coeffi-
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cient is now

PJ/PR=2//3, §<70°32. (56.8)

§57. Bending of a strip with a one-sided notch

We consider the bending of a strip with a one-sided notch (fig. 176), and
restrict ourselves to the case of an angular notch. The structure of the field
of characteristics is shown in fig. 176a. Adjoining the lower rectangular
boundary is a triangle of uniform uniaxial compression —/3k. At the notch
the field is the same as in the preceding problem (fig. 175a). By (56.6) the
normal stress on the line AB is 6, while the angle 6, is found from (56.5).

Fig. 176.

The position of the point B (characterised by the segment h,) is deter-
mined from the condition that the principal stress vector acting in the small-
est cross-section is equal to zero. That is,

o1hy—0h-h)=0  (0,=+/3k).
The limit bending moment is
M, =ont +1o(n-ny)?.

For a flat strip of height h the limit moment is M? = %6,}12. The strength

coefficient is equal to
M 20y

. _
M(.) gyt o

(57.1)
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As in the preceding section, the solution is valid for § > m—2y, ='70°32".
When 8 = -2y, the whole construction above the point B degenerates into
a line of discontinuity (neck) along AB. For § < 7—2y, the solution follows
the pattern shown in fig. 176b. The stresses in the neck are o) = 2k, 0, = k. It
is easy to see that

M. V3
R 23

and the strength coefficient is constant:

M 4

s _

w2V

The graph of the strength coefficient as a function of the angle of the notch
is shown in fig. 177. In the limit state the rigid portions of the strip exper-
ience rotation with respect to the point B.

A somewhat more complex problem is that of the bending of a strip with
a circular notch (cf. [182]).

=1072. (57.2)

PROBLEMS

1. Consider the elastic-plastic state of a rapidly ing disc of hick
subject to the Tresca-Saint Venant yield criterion.
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At what angular velocity is a pure plastic state attained?

2. Consider (in conditions of plane stress) the bending of a short cantilever by a force
(fig. 119) with the first type of velocity field (i.e. for “long™ cantilevers). Use the solu-
tions indicated in fig. 163.

3. By examining solutions of the differential equations of equilibrium and the von
Mises yield criterion which are independent of the radius vector r show that the function
w=s2+ (d:/do)Z, where s = g, satisfies the equation

(dw/ds)2 + 12w-48k2=0. *

4. Show that the particular integral w = 4k2 of equation (*) leads to Hill's solution
with one arbitrary constant.

_5. Show that integration of equation (*) leads to a solution with two arbitrary con-
stants B, w:

og=A+Bcos2(6 +w), op=A-Bcos2(6 +w), r,0=Bsin2(D+u),

where A2 = 3(k2-B2).

6. Consider the problem of the bending of a strip with two angular notches (cf. §57,
fig. 176).

7. Consider the problem of the bending of a strip with one circular notch in the case
where the compression field (fig. 176a) joins the axisymmetric field at some point B.

8. Find the limit load for the bending of a il by a uniformly dis-
tributed along its upper boundary (fig. 119).

9. The same for a beam on two supports.




Axisymmetric Strain

§58. Equations of axisymmetric strain with von Mises yield criterion

58.1. General remarks

Axisymmetric problems in plasticity theory are of great significance from
the viewpoint of applications. Consider a body of revolution whose axis coin-
cides with the axis of a cylindrical coordinate system r, ¢, z; suppose also that
prescribed loads (or displacements) have axial symmetry. Then the compo-
nents of stress and displacement are independent of the polar angle y.

We shall not consider the problem of torsion of the body; the twisting of a
circular rod of variable diameter is considered briefly in ch. 8 (§66). We
can then assume that the azimuthal velocity component is

v, = 0
and the stress components are
Tre=Tzp=0.

The non-zero stress components 0,, 0., 0, 7,, (fig. 178) and the velocity
components v,, v, (in the rest of this chapter these will be written u, w res-
pectively) are functions of the coordinates r, z.

In the absence of body forces the differential equations of equilibrium

293
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o %
dz
P
rz
o
%
Fig. 178.
have the form
90, 37, 0,0,
e Ty 0
(58.1)
a7, 7,, 90,
I
The strain-rate components are determined by the expressions
_Ou _u _ow _ou  ow
=3 bTr  ETa.  Mpcgtar. (582)

To these must be added the equations of the plastic state. Although this is
easy to do, solutions are very difficult, and we shall therefore limit ourselves
to an analysis of the equations for a plastic-rigid body.

“One-dimensional” axisymmetric problems, in which the stress-strain dis-
tribution depends on one ind dent variable (the radius r) only, are rela-
tively simple, although even these sometimes require the application of num-
erical methods. Problems of this type have been touched on earlier (hollow
sphere and cylindrical tube under pressure, axisymmetric equilibrium of a
thin plate, etc.). In these problems the elastic strains, the hardening and other
mechanical properties can be calculated.

The analysis of the general axisymmetrical problem, even for a plastic-
rigid body, involves substantial mathematical difficulties. This is an induce-
ment to search for various possibilities of simplification in the formulation of
problems.
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58.2. Saint Venant-von Mises relations

For a plastic-rigid body it is necessary to begin with the Saint Venant-von
Mises relations (13.12). In our axisymmetric case these take the form
£ 0,0 £, 0,0 £ 0,0 My T,

= = = 2.z
H 21’ H 27 ° H 2>’ H 7’ (8.3)

where the intensity of shear strain-rate is
H=BV )+ (5,5 + (¢, -E)2 + 30, (54.4)

The stress components given by equations (58.3) satisfy the von Mises
yield criterion

(0,-0,)% +(0,—0,)2 + (0,—0,)? + 67, = 612 . (58.5)

The strain-rate components satisfy the incompressibility equation

ou  u, ow
5+-’—+$—0. (58.6)

These relations, together with the differential equations of equilibrium,
constitute a system of six equations in six unknown functions o,, 0,, 0y,
T2, 4, w. In the general case this system is elliptic [50].

It should be noted that there are only three equations (58.1), (58.5) for
the determination of the four stress components o,, o, s Oz Trz- In contrast
with the plane strain and plane stress cases the axisymmetric problem is not
locally statically determinate; for this reason a separate analysis of the stress
and velocity field is not feasible.

A number of exact particular solutions have been obtained by semi-inverse
methods. In this regard we may note the problem of flow of a plastic mass in
a circular cone (Sokolovskii [44]), the problem of the compression of a cylin-
der subject to forces distributed on its ends in a prescribed way (Hill [54]),
and the problem of extrusion from a contracting cylindrical container ([54]).
In addition there are approximate solutions for a number of important prac-
tical problems, based on various supplementary hypotheses.

58.3. Condition of total plasticity
One of the methods which to some extent overcomes the difficulties, and
which is extensively used in engineering practice, is due to Hencky [94].
Hencky put forward the hypothesis that in axisymmetric stress a regime
of so-called total plasticity is achieved, in which two of the principal stresses
are equal.
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L]

Fig. 179.

The stress o, is obviously principal. Let 0, 05 (9} > 0) denote the princi-
pal stresses in the r, z-plane (fig. 179), and ¥ the angle between the first prin-

cipal direction and the r-axis. Then
6,,0,=ptqcos2y, T,,=qsin2y, (58.7)

where we have put
p=301+0), q=Xo-0y.

The condition o) = 05 leads to a very special case (cf. §59, regime A).
Therefore we assume that in the regime of total plasticity o =01 (or 0y).
Imposing on this state a hydrostatic pressure 0 = —0;, we arrive at the stress
state

0, 0, 0y—0y,

which corresponds to a uniaxial tension or compression. Thus, for total plas-
ticity the stress state lies on one of the edges of the Tresca-Saint Venant yield
prism (fig. 14); it is easy to see that 7, = %Ial—ozl here, and T =
N3 Trax-

The condition of total plasticity greatly simplifies the system of equations
for the stresses and leads to a locally statically determinate problem for the
stress state.

In fact we now have four equations for the four stress components: the
differential equations of equilibrium (58.1), the yield criterion (58.5) and the
requirement 0y = 0, This system of equations for the stresses is of hyper-
bolic type; its characteristics coincide with the slip lines. A detailed analysis
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of this system will be given in the next section (regime B). With the aid of
methods similar to those used in the case of plane strain it is now possible to
consider a wide range of particular problems.

It does not seem possible to carry out an analysis of the velocity field on
the basis of the von Mises equations, since the system of equations turns out
to be overdetermined. However, this difficulty can be overcome by passing to
the Tresca-Saint Venant yield criterion and the associated flow law (see be-
low, §59). Even so it is not possible to construct a solution of the axisym-
metric problem in the general case on the basis of the total plasticity condi-
tion alone, although this condition can be useful in individual particular prob-
lems (cf. below, § §60, 61). Thus, for a solid body 0, = o, on the axis of sym-
metry Oz, and sometimes this relation is approximately true throughout the
whole body.

It is evident that in a number of cases the total plasticity condition leads
to an acceptable approximation for the limit load.

A.Yu. Ishlinskii [113] examined the problem of indentation of a rigid
sphere in a plastic medium, under the total plasticity hypothesis. This prob-
lem is particularly interesting because of its connection with Brinel’s well-
known method of testing the hardness of materials.

The total plasticity condition is widely used in engineering calculations of
the working of metals under pressure (forging, stamping, pressing, cf.
[10,51]).

§59. Equations of axisymmetric strain with Tresca-Saint Venant yield
criterion

59.1. Basic relations

The mathematical formulation of the problem is greatly simplified by
using the Tresca-Saint Venant plasticity condition and the associated flow
law. The advantages are especially great in problems where the principal di-
rections are known.

The yield criterion now has the form

Tmax = const. =k k=0, (59.1)

with 27 =max(|o,-0,l, l63-0,, l6,~0yl). In the space of principal
Stresses this condition defines the surface of a right hexahedral prism (fig. 14).
By the associated flow law the direction of the strain-rate vector is along the
normal to the yield surface; along the edges of the prism the flow is undeter-
mined (cf. §16).
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Fig. 180.

From the incompressibility condition we have
E+E,+E=0. (59.2)

The azimuthal stress g,, is principal (o, ,» = 03). Consider the intercept of the
Tresca-Saint Venant prism on the plane o, = const. This will be the hexagon
shown in fig. 180; the coordinates of its centre O are (ow, 0).

The yield criterion and the principal strain rates in different regimes are
shown in the table, where )\'l, 7\'2 are arbitrary, non-negative scalar functions
(different for each regime).

We now turn to a detailed analysis of the flow in the different regimes.

59.2. Regime A

Here 0, =0, and this, as we noted above, results in a very special stress.
state. In particular ¢ =0 and from (58.7) we have 7,,=0, and 0,=0,=p.
Integrating the differential equations of equilibrium (58.1), we now obtain

0,=2kIn(c/r), 0,=0,-2k, (59.3)

where ¢ > 0 is an arbitrary constant. By the flow law £, < 0, and consequent-
ly u < 0. There are no tangential stresses in the r, z-plane, and therefore the
projections of the velocities u, w are continuous functions of r, z (since a dis-
continuity in a tangential velocity component can only occur on a slip sur-
face, where 75, = k).

Regime D is similar to regime A.
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Yield criterion and strain rates

299

Principal strain rates
Regime Yield criterion
£ £ £
A 01=03=0,+2k Ay AY -A1-A%
D 0y=07=0,-2k =) -Ah Np+ah
AB 01-0,= 2k (01> 02> 0p) Al 0 -A)
cD 03-0,= -2k (0,>0,>a3)| O -A) Ay
BC 0y-0, = 2k (01 >0,>07) A% - 0
B 03=0,=0;-2k A4S Y -
C 01=0y,=07+2k A3 —A1-A% Ay
59.3. Regime AB
In this case Ew <0, and hence u < 0. Also, we have
£ =0. (59.4)
Since the principal strain rates are
IR AL (AT SETY CRT AT IR
the condition (59.4) leads to the differential equation
2
W, (g_: "’BL’”) (59.5)
Combining this with the incompressibility condition
Wty oo, (59.6)

we arrive at a system of two equations for the velocities u, w, with u <O0. If
the velocity field is known, the stresses can be found from the equilibrium

equations (58.1), the yield criterion

0,-0,=2k

(59.7)

and the condition that the stresses and strain rates are coaxial. Thus, this case

is locally i ically deter
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A similar flow takes place in the regime CD (but u > 0).

We return to the analysis of equations (59.5), (59.6) for the velocities. We
suppose u # 0, since when u =0 we have the elementary solution w = const.

The incompressibility condition (59.6) can be written in the form

('u) *% (rW) 0.

It is evident that we can introduce a velocity potential:

=Lav =_lav

roz’ WETY e 98)

whereupon (59.5) leads to the differential equation

L % lav)2 a2y (a2V 1aV)_
(p‘g‘:“a? oz \araz raz) =0 99

To determine the type of this equation we shall ascertain whether it is pos-
sible to construct a solution near some line L if the values of the velocities
u, w are prescribed on the line (i.e. the derivatives 3¥/dr, dV/0z are pres-
cribed). Along the line L we have

2 2 2
(Q/) 2V anz (aV)_an anz

o) o2 Y are: ) w2

From these equations and (59.9) it is possible to calculate the second deri-
vatives of the potential ¥ along L. Next, we write down the increments in the
second derivatives along L and use (59.9); this immediately shows that third-
order derivatives cannot be determined uniquely if the curve L is such that
either of the following two conditions holds along it:

ﬂ’_a’_”_l_a_")__e,the, o
2\3;2 92 ror)ar ooz r oz’ o~ ez -

With the aid of (59.8) and the well-known formulae
b b =35 + 52 £ 3E —Ep) cos 20,
.= (E)—£2)sin 2y,

where V is the angle between the first principal direction of the strain rates

(59.10)
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Fig. 181.

and the r-axis (fig. 181), we can write the above conditions in the form

either :_’z =tany, (a-lines) ,
(59.11)
or % =—coty, (B-lines).

Thus, equation (59.9) has two distinct families of characteristics; the latter
are orthogonal and coincide with the trajectories of the principal directions of
the strain rates. The relations along the characteristics have a rather compli-
cated structure, and we shall omit their derivation here (cf. [177]). The solu-
tions to various boundary value problems for the velocity potential ¥ can be
obtained by the finite-difference method of Masso.

We now turn to the system of equations for the stresses, namely, the dif-
ferential equations of equilibrium (58.1) and the yield criterion (59.7). The
latter can also be written in the form o, =p + g—2k. Substituting this value
of 9, , and the stresses 0,, 0,, 7,, from (58.7), into the differential equations
of equnhbnum we arrive at the system of equations

a‘,+—qcos2|// +—sm 2y =

=2 (sin 20 a—‘f —cos 2wg—‘z") ——1(2k—q +qcos2y),
(59.12)

%z +z—1 sin 2w-a—q cos 2y =-2q (cos 2y ‘ll+sm 2y GW) - lq sin 2y .
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Assuming the angle ¥ to be known from the solution of the kinematic
problem, we have here a system of two equations for the unknown functions
P, q. It is easy to show (for example, by the usual “determinantal” method)
that the system (59.12) is hyperbolic, with the same characteristics (59.11).
Thus, the equations for stresses and for velocities have the same characteris-
tics — the trajectories of the principal stresses in the r, z-plane.

59.4. Regime BC

Here 0, is the intermediate principal stress, so thati =0,i.e.u=0.It fol-
lows from the incompressibility equation that w depends only onr:w=
=w(r). Furthermore, we find that £, = £, = 0, and n,, = w'(r). In consequence
the coordinate directions r, z coincide with the directions of the surfaces of
maximum shear rate. On these surfaces the stresses 0,= 0, and 7,, = k act.
Integrating the second of the equilibrium equations, we obtain

0,=0,= ;ké +R(r),
where R(r) is an arbitrary function. It now follows from the first of the equi-
librium equations that o, = (d/dr) rR(r).

This regime is connected with the trivial velocity field (u =0, w = w(r)).

59.5. Regime B

corresponds to the state of “total plasticity”, where g,, is equal to one of
the principal stresses; in the present case 0,=0;. We have already remarked
in the preceding section that there are now four equations for the determina-
tion of the four unknown stress components, i.e. the problem is statically
determinate.

The regime C is similar to B, but now the principal stress o, is algebraically
the largest, and 0,= 0). Since the systems of equations for the singular re-
gimes B and C are analogous, it is sufficient to consider one of them.

For definiteness we shall concentrate on regime C. A corresponding system
of equations for the stress state was investigated by Hencky. This system con-
sists of the differential equations of equilibrium (58.1), the plasticity condi-
tion 01-03= 2k, and the equality 0 = 0, . The a, § slip lines (the trajectories

Tmax) in the 7, z-plane are mchned at angles ¥ g7 to the principal directions
(fig. 182). A normal stress p = 7(01 + 0;) acts on the slip surfaces; note thatp
is different from the mean pressure o.

It is evident that 0,=ptk and that the angle of inclination of the slip sur-
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face is = \l/—iﬂr. Substituting these into (58.7), we find
0,,0,=p ¥ksin20,
(59.13)
7 =k cos 20 .

Introducing the stresses into the equilibrium equations (58.1), we obtain a
system of differential equations for the unknown functions p,8:

op a0 )\ _k .
> 2k(c05206—+sm205—) —r(1+sm20),

(59.14)

op ] 30) k
% 2k(sm2ﬁa——cos208— —700520.

We now show, using the ‘“determinantal” method, that this system of
equations is hyperbolic. Suppose the values of the functions p, 6 are given
along some line L in the 7, z-plane. For the integral surface passing through L
we have

_op a0 a6
dp= dr+a dz, dO—a dr+$dz (59.15)

where the coefficients in equations (59.14), (59.15) are known on L; these
equations constitute a system of four linear inhomogeneous algebraic equa-
tions for the partial derivatives.

If L is a characteristic, then these derivatives are indeterminate along it.
Then the determinant of the algebraic system and the relevant numerators are
zero.
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Equating to zero the determinant of the system, we obtain the differential
equations of the characteristic lines:
dz .
T tan 6 (a-lines) ,
(59.16)
dz

ol —cotf  (B-lines) .

Thus, there exist two families of orthogonal characteristic lines which
coincide with the slip lines.
If we set the numerators equal to zero (in Cramer’s formulae), we obtain
the relations along the characteristic lines:
p . dsg -
d(Tc —20) —(sin 6 + cos 8) - = 0 (on a-lines) ,
(59.17)

P . dsg )
d(7+ 20 ) +(sin6 +cosf) 5= 0 (on B-lines) ,

where dsg, dsg are elements of length along the a- and B-lines. These relations
express the conditions of plastic equilibrium of an element of the slip grid
(fig. 182).

Thus, the construction of a solution for a given regime reduces to the in-
vestigation of a series of boundary value problems (Cauchy, initial character-
istic, etc.). The solution can be obtained by the finite-difference method of
Masso (as in the case or plane strain, ch. 5). It is necessary to take into ac-
count possible discontinuities in the stress field.

We turn now to the determination of the velocities u, w; these can be
found from the incompressibility equation (59.6) and the coaxial condition:

sin 26 (%*%) + cos 260 (% —aa—:') =0. (59.18)
It is necessary here to satisfy the restrictions £, <0, E¢>0; from the
second inequality it follows that u > 0.
It is easy to verify that the system of equations for the velocities is also
hyperbolic; its characteristics are the slip lines (59.16), as before. Along the
characteristic lines the equations for the velocities take the form

cos 6 du +sin 6 dw + %dsa =0 on a-lines ,
(59.19)
. u o, "
sin 6 du—cos § dw— > dsg=0 on B-lines .
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59.6. Concluding remarks

Analysis of the flows in the regimes DE, E, EF, F, FA leads to a repetition of the pre-
ceding results, with obvious changes.

In general, the boundaries of the zones which correspond to the various regimes are
unknown a priori. This considerably complicates the solution. The construction of the
solutions requires an accurate analysis of the distribution of the zones with the various
regimes, as well as the fulfillment of all the imposed restrictions and compatibility con-
ditions; a correct use of discontinuous solutions is of great value. In this regard a number
of incorrect solutions which have been published can serve as a useful warning (cf.
[150]).

The works [11, 132, 177] present more detailed analysis of certain questions in the
general theory, as well as solutions of particular problems. Additional references to the
literature will also be found in those works.

§60. Stress in a thin plastic layer with tension (compression)

60.1. General remarks

A series of practical problems has stimulated the investigation of the stress
state in a thin plastic layer fastened to rigid sides. We shall give some exam-
ples.

One of these is the soldered joint; it is well-known that a soldered joint is
significantly stronger than a bar of the same cross-section and made of the
same material. It is sometimes convenient to have welded joints in which the
metal of the joint is considerably softer than that of the rigid portions. The
stress state in thin layers has the feature that it can shed light on certain in-
stances of rupture which would not be anticipated at first glance.

An important quantity in estimating the strength of a metal is its resis-
tance to fracture. Measurement of this property on standard specimens is dif-
ficult for plastic metals; experiments are usually conducted at very low temp-
eratures (to lower the plasticity). If, however, a composite specimen
(fig. 183), made up of two solid cylindrical portions 1 (of diameter 2a) joined
by a thin (h << a) layer of softer metal 2, is subject to tension, then at some
value of the load P brittle (for small deformations) rupture of the layer takes
place along some uneven “plane” n-n. Knowledge of the stress state in the
layer enables the determination of the amount of resistance to fracture.

We note certain special features in the extension of these specimens. For
steels the differences in the coefficients of elasticity are small, and in the
sequel we shall assume them to be equal. Then for extension within the elas-
tic limits the specimen is seen to be in a state of uniform uniaxial tension.
When the yield limit of the material of the disk is attained, the latter imme-
diately and completely goes over to the plastic state. As plastic deformations
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A4

Fig. 183.

develop, the stress state of the disk diverges increasingly from uniform ten-
sion and assumes a complex spatial character, since the “rigid” portions of
the specimen, which remain elastic, inhibit the deformation of the disk. On
the surfaces of contact of the layer with the rigid surroundings tangential
stresses develop. The greatest value of the latter is determined by the yield
limit 7y.

The case of plane strain, when the tangential stress on the contact surface
has everywhere reached the yield limit, has been studied by Prandtl (cf. §47).
Prandtl’s solution is relevant to the final stage of plastic flow.

In conditions of axial symmetry an analogous approximate solution can be
obtained for the final stage, by modifying somewhat Siebel’s result for com-
pression of a cylinder. We shall also analyse below the process of develop-
ment of stresses in a layer with increase in .the load.

60.2. Final stage of flow

Basing ourselves on the stress pattern given by Prandtl’s solution, we as-
sume that the tangential stresses attain the yield limit 7, on the contact sur-
face, while in the greater part of the lamina the normal stresses are substan-
tially larger than the tangential in magnitude (in other words, the stress state
is close to hydrostatic), and are approximately constant through the thick-
ness of the layer. Further, we note that at the centre (r =0) 0, = [ and we
assume this relation to hold throughout the layer. We introduce non-dimen-
sional coordinates p =r/a, ¢ = z/a, where z is measured from the median plane
of the disk, and non-dimensional stresses o, ~ 0,/0;, 0,~ op/os, 0,~ 0,/04,
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7~ 1,,/7, where 0, =+/37,. Then in the case of tension the von Mises plastici-
ty condition takes the form

0,—0,=v/1-72. (60.1)

Integrating the first of the equilibrium equations (58.1) with respect to z,
and taking into account the fact that 7,, = + 7, when z = £ h, we obtain

dor, Ly (x s 1) 60.2)
dp V3 a (60.

On the contour p = 1 we have g, = 0; the solution of (60.2) satisfying this
condition has the form

0,= \—}5; (1-p) . (60.3)

The component o, is determined from the yield criterion (60.1); since the
right-hand side of this condition is zero on the contact surfaces, and since the
layer is thin, it can be assumed that

0,~0, (60.4)

approximately, everywhere in the layer.

This solution breaks down near the contour p =1 and near the axis (as
does Prandtl’s solution). Since k << 1, high normal stresses, significantly in ex-
cess of the yield limit, arise in a thin layer.

The mean stress across a transverse section of the layer is

1 2na

s [ [orirde= ﬁ‘z—x (60.5)

mac g 0

p=

60.3. Development of the stress state

The layer joins sufficiently rigid regions which have approximately the
same modulus of elasticity as the layer, but a substantially higher yield limit.
For moderate force g the whole unit experiences the elastic deformation of
Uniaxial tension:

When the load p = g, plastic flow immediately begins in the whole of the
layer; this flow, however, is restrained by the rigid portions, and as a conse-
quence tangential stresses arise on the contact surfaces. We shall assume that
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the contact surfaces remain plane; due to the “softness” of the layer this is an
acceptable approximation.

In terms of the above dimensionless variables the differential equations of
equilibrium and the von Mises yield criterion have the form

ao, a,—o 1

VT a; =0, (60.6)

F}
X ieVIgEe0, (60.7)
(0,-0,)2 +(0,~0,)2 + (0,02 +2r2=2 . (60.8)

The boundary conditions at p =1 are satisfied in the sense of Saint
Venant, i.e.

f d¢=0, j 0,d¢=0. (60.9)
—K 0

We assume further that the incompressibility condition holds both in the
elastic and in the plastic state; this does not materially affect the results, but
greatly simplifies the solution.

Because of the oddness of the tangential stress 7 and of the smallness of {
we look for a solution of the form

T=R(p)¢/k . (60.10)

It is evident that the first condition of (60.9) is satisfied. The incompres-
sibility condition has the form

2y e Y (60.11)

el s 0 .

» p

In this problem the elastic and plastic strains are of the same order, and in

general it is necessary to proceed from the equations of plastic flow theory.
This, however, involves considerable mathematical difficulties. Taking into
account the monotonic character of the loading, we shall start from the equa-
tions of deformation theory. Then from (14.5) we have

— — — du, /ot +0u,/d
Bu,[op—u,lp _uylp—du,[dY du,[df Bu,/ap=%\/§ u, /3t i u, | 91(60.12)

0,—0, 0,~0z 0,—0,
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Since the layer is thin, we shall in what follows construct an approximate
solution to the problem by finding the stresses on the contact surfaces { =+ k
and then continuing these by some method into the interior of the layer.

The sections { =0, { =k, § = —k remain plane. Since the layer is thin, it is
natural to use the hypothesis of plane sections u, =u,({). It then follows
from the incompressibility equation that the displacement is

u,= C)o-Suy) e,

where C;($) is an arbitrary function, and the prime denotes differentiation
with respect to §.

When p=0 u,=0, and hence Cy(§)=0. The relations (60.12) now take
the form

(60.13)

From this we conclude that

0'=0w

everywhere in the layer.
We consider next equations (60.13) for { =«. The plasticity condition
(60.8) with { =k gives

0,—0,=++/1-R2. (60.14)
The + sign corresponds to tension. From (60.13) we now obtain
V3u,  puy

VicRe TR

Introducing the arbitrary parameter

1 (“_) -c
W3 \uy ey
we derive the law of expansion of the contact tangential stresses:

Cp

—_— 60.15
Vi +Czp2 ( )

The + sign corresponds to extension of the layer. We now find from the

R=%
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differentual equation of equilibrium (60.6) with { =«:

1
o,=713rn !dew (3= const) . (60.16)

Since the stress g, is large in magnitude and even with respect to {, we as-
sume that o, is independent of {. Then o, in the layer is determined from
(60.14).

The stress 0, = 0,,in the layer is given by the yield criterion

0,=0, 7112, (60.17)

The constant § is found by satisfying the second boundary condition
(60.9). Substituting for this constant in (60.16) and (60.14), we obtain

D=1_(l__4x/l+czpz)+1_(1_mnc_&)+_l
273k \¢y c 2\q 17 ¢ T\ i+t
(60.18)
where we have put
C = ¢
JVi+c?

The stresses o, are statically equivalent to the force P, ie.

1
2 f a,pdp=p (p=P/ma%o > 1).

0
This equation defines the relation between the constant C and the mean
stress p:
S L fr 21 a\],2 b 1), 1 1 o ﬂ)
P= [c,‘s (c§_c3)] T (c,‘c) *3 (cl aresin G- ¢ ) -

(60.19)

When C = 0 (which corresponds to the initiation of plastic flow), we have
R=0, 0,=1, p=1. For small values of C the distribution of the contact
tangential stress R is nearly linear, and as C increases this distribution deviates
increasingly from a linear law (fig. 184). As C - o the tangential stress tends
to the yield limit 7 which corresponds to the final plastic state (dotted line,
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R = 1). The mean stress is then
p=p =ln+ . (60.20)
4" T3 Bk .

For thin layers there is little difference between the formulae (60.5) and
(60.20). The value p, is the limit mean stress which can be applied to the
layer. When p_ is attained developed plastic flow sets in.

The normal stresses 0, and 0, = o, are not uniformly distributed across a
section; their graphs for { = 0 with some value of p are shown in fig. 185; the
graph of g, for the final plastic state is shown by the dotted line. As the load
increases, the middle portion of the layer experiences almost “hydrostatic”
tension. The normal stress can attain significant values (can sometimes exceed
the value of the yield limit o for uniaxial tension). In such cases brittle frac-
ture can occur in a soft layer.

Fig. 186 shows the variation of the maximum stress o, ., (at r = 0) with
the mean axial stress p, for a series of values of the thickness parameter k.

§61. Stress distribution in the neck of a tension specimen

The question of the stress distribution in a neck formed under tension is
complicated and has not been fully solved. Since it is important to know the
magnitudes of the stresses at the instant preceding rupture, approximate solu-
tions have been constructed which are based on various assumptions stimu-
lated by experimental data. We consider one of these solutions, put forward
by Davidenkov and Spiridonova [105].
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When the neck appears the stress distribution ceases to be uniaxial and
uniform. The difficulty of the analysis is compounded by the fact that the
shape of the neck is unknown. The approximate solution utilizes the experi-
mentally observed fact that in the minimum section of the neck the natural
strains in the radial and tangential directions are equal and uniformly distri-
buted. Hence is follows that on the section z =0

£ = £¢= const.

at a given instant of time.

Since the elastic deformations in the neck are negligibly small compared
with the plastic deformations, the incompressibility equation gives £;=
= —2k,=const., and from the Saint Venant-von Mises relations it follows that

=0, (61.1)
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in the section z=0. Further, we have from the symmetry condition that
7,, =0 when z=0. In this section the differential equations of equilibrium
(58.1) take the form

do, (or,, 90,

vt (-37)2=0=0, ¥=0,. (61.2)
and the yield criterion is

0,-0,=0;. (61.3)

We take a meridional plane and consider in it the trajectories of the princi-
pal stresses 03, 0y (fig. 187) close to the plane z = 0. The angle w of inclina-
tion of the tangent to the trajectory of the stress 03 is small, and formulae
(58.7), with indices 1, 2 replaced by 1, 3 respectively, take the simple form

g,~03, 0,~0y, 7,,~(03—-0)w.
In consequence we have near the plane z = 0
03—0y =0, T,y = 0w (61.4)

and

aTrz) ow %
(32) (%) 5 69

where p is the radius of curvature of the trajectory of the principal stress for
z=0. The contour of the neck is one of these trajectories; let p =R for the
contour. From the differential equation (61.2) we obtain

a
O _ fdr
ps ,
s 5 P
since 0, =0 whenr =a.

When r =0, p = and when r =a, p =R; on the basis of observations we
assume that

p=Rajr.
Then
0, g2_y2 9, g2_y2
a_s_—2aR , °s_1+ 2R (61.6)

This stress distribution in the neck is shown on the left-hand side of fig. 187.
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Fig. 187. Fig. 188.

To calculate the stresses it is necessary to have experimental measurements of
the quantities & R.

The maximum stresses arise in the central portion of the neck and for this
reason rupture begins at the centre. Fig. 188 shows an X-ray photograph
(taken from Nadai’s book [25]) of the neck of a specimen directly before
rupture; it supports the above remark.

§62. Plastic bending of circular plates

We consider the plastic bending of a circular plate (fig. 189) under an axi-
symmetric load p =p(r), where r is the radius vector; the thickness 2h of the
plate is constant. The z-axis of a cylindrical coordinate system r, ¥z is di-
rected downwards. We shall proceed from a plastic-rigid model for the mater-
ial. Then the plate remains undeformed right until the limit load is reached
(characterizing the load-bearing capacity of the plate).

62.1. Basic propositions
In the classical theory of bending of elastic plates the basic propositions
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2h

z

Fig. 189.

have a geometric character, and therefore remain valid for plastic bending as
well. This means that we retain Kirchhoff’s assumptions:

1. the median plane is not extended;

2. straight lines perpendicular to the median plane before deformation be-
come straight lines perpendicular to the median surface after deformation.

The stress components o,, 7,, can be ignored by comparison with the
components 0,, 0,,; the tangential stresses Trp» Tz 3T€ ZETO, by symmetry. In
the plate a “plane stress state” is realized. In the sections r = const., ¢ = const.
respectively, bending moments M,, M act:

M,=fv,zdz, M,= Jozdz,
where the integration is over the thickness of the plate (=, + h). The shear-
ing force in the section r = const. is

0= [r,dz
and is related to the bending moments by the well-known differential equa-
tions of equilibrium (cf. for example, [47]):

M, MM,

dr r

The tangential stresses on the circle r = const. balance the external load,
therefore

(62.1)

~ |-

Q=- f'prdr,

where a is the radius of the hole in an annular plate (a = 0 for a solid plate).
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Denote by w = w(r) the rate of bending of the plate; the strain-rate compo-
nents are determined by the well-known relations

=2k,  E,=2K,, (62.2)

where we have introduced the coefficients of rate of curvature of the median
surface of the plate:

= —— K =—

ar?’ \

N | —
&lE

It is evident that the ratio of the strain rates Sr/Ew is constant along the
normal to the plane of the plate.

62.2. Bending of a plate with von Mises yield criterion
Here the strain rates and the stress components are connected by the Saint
Venant-von Mises relations (§13) — the elastic components being neglected:

£,=3N(20,-0,), £,= 3N (20,-0,), (62.3)
and the non-zero stress components 0, 0 o satisfy the yield criterion
a“’—a,oV + 02 = 02 (62.4)

As we know (§16) the relations (62.3) can be written in the form

1y 9 af
=i do,’ £= 3V 3o,
where f represents the expression on the left-hand side of the yield condition
(62.4). In other words the strain-rate vector is normal to the yield curve
(fig. 190a, dotted arrow).

Denoting the ratio /£, by n, we easily find from (62.3) that o, is prop-
ortional to g, along the normal. But then it follows from the yield criterion
that o, = +f|(n) 05,0, * f5(n) oy where f, f, are some functions of 0.

Thus the stresses o,, 0, are constant along the normal for positive z and
take the opposite sign (with respect to the bending of the plate) for negative
z; the stresses 0,, 0, are discontinuous on the median plane (analogous to the
situation for the bendmg of a beam) and are depicted on the yield ellipse
(fig. 190a) by opposite points. As a consequence of this the bending moments
are (here 0,, 0, p are the values of the stresses for z > 0)

M,=ch?,  M,=gh? (62.5)
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and, because of (62.4), they satisfy
M2-MM,+M2=M?, (62.6)

where M= ash2 is the maximum value of the bending moment. This equation
is a special case of the finite relation between forces and moments in plastic
shells, which was stated by II’yushin [12], and also represents an ellipse in the
plane M,, M (fig. 190b).

Replacing the stresses 0,, 0, in (62.3) by the moments M,, M, and the
strain rates by the curvatures k,, k ,, we easily obtain the relation

e OF
=N oM RN o

where F represents the expression on the left-hand side of (62.6), and A*is a
scalar multiplier. Thus, the vector rate of curvature is normal to the limiting
curve in the M,, M -plane (fig. 190b). Consequently, the associated flow law
remains valid for a relationship between generalized quantities — the mo-
ments M,, M and the rates of curvature k,, k .

With the aid of (62.6) we eliminate the moment M, , from the equilibrium
equation (62.1) and obtain a non-linear differential equation for M,:

w,
?F’ + ;(%M, FMI3ME=0. (62.7)

The solution of equation (62.7) with appropriate boundary conditions deter-
mines the limit load.



318 AXISYMMETRIC STRAIN ch.7

From (62.3) and (62.2) we obtain the differential equation for the rate of
bending of the lamina:

d? d
M ,-M,) d’—‘z" ~(2M,-M) G =0. (62.8)

This is easily integrated if the bending moments M,, M, are known.

Analogous to the occurrence of plastic joints in the bending of a beam, it
is possible for a jointed circle to appear in laminas. Along it the rate of bend-
ing is continuous, the derivative dw/dr is discontinuous, and, consequently,
the rate of curvature k,= —d2w/dr2 is not bounded. Since the moments
M,, M, are everywhere bounded, it follows from (62.8) that M, = 2M,, on the
jointed circle. It is also necessary to assume that some (annular) region of the
lamina can remain rigid.

We consider now the question of boundary conditions; these have the
form

1. on a free boundary M, = 0;

2. on a supported boundary M, =0; w = 0;

3. along a fixed boundary w = 0, dw/dr = 0.
The last condition means that k,=0, ie. M,—2M o= 0; consequently

2
M, = 2Mw= ths-

62.3. Bending of a lamina with Tresca-Saint Venant yield criterion

The solution of equation (62.7) involves considerable difficulties. The
problem is substantially simplified if we replace the von Mises ellipse by a
hexagon, corresponding to the Tresca-Saint Venant yield criterion (fig. 191).
The plate is then divided into annular zones, in each of which the yield cri-
terion is linear and integration is easily effected.

The error involved in doing this is not too large; it can be reduced if we re-
place the inscribed hexagon by a hexagon which lies halfway between the in-
scribed and circumscribed hexagons; for this purpose it is sufficient to replace
o, by the value oy~ 1.08 o.

The equations for the rate of bending w are easily formulated with the aid
of the associated flow law, suitably applied to the plane stress distribution in
§52. Here £, £; become £, gv_

On the circle which separates the annular regions of the different solu-
tions, the bending moment M, and the shearing force Q must be continuous —
this follows from the equilibrium condition; the bending moment M, can
be discontinuous.
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The rate of bending w must be continuous, but, in general, the strain rates
£, £, can be discontinuous. The circle on which £ " is discontinuous (i.e. the
tangent to the bending rate surface experiences a finite rotation) is called
jointed.

On the jointed circle M, =+ M.

In fact the strain rate Ew is discontinuous on this circle, and &, is un-
bounded. By the associated flow law this situation is possible only for the ver-
tical sides of the hexagon (fig. 191), for which M, =+ M.

In the plastic-rigid model we have to assume that part of the lamina (some
annular zone) can remain undeformed and, in general, experiences a rigid ver-
tical displacement.

The boundary conditions 1. and 2. (for free and supported boundaries) are
obviously preserved. For the case of the fixed boundary dw/dr =0 and M, =
=t M.

62.4. Examples

We consider some particular problems on the basis of Tresca-Saint Venant
criterion,

1. Supported lamina, uniform load p distributed over a circle of radius ¢
(fig. 192). The stresses in the corresponding elastic problem are maximum at
the centre (r =0), and it is here that plastic deformations first arise. When
r=0,M,=M_ =M, and near the centre there will be one of the plastic re-
gimes C, BC, CD. The regime CD contradicts the equation of equilibrium (on
CD M,=M and dM,/dr = 0); on the other hand, M¢<Ms» p >0, and from
the differential equation (62.1) it follows that dM,/dr < 0. In exactly the
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same way the regime C is impossible. Therefore the regime BC is realized, i.e.
M, =M. From the differential equation (62.1) we then obtain (p =0 when
r>c)

_ { Cl/r—éprz—Ms for r<c, ©29)

Cz/r—épcz—Ms for r>c,

where Cy, C, are arbitrary constants. From the condition that M, be bounded
at the centre it follows that C; = 0. From the condition that M, is continuous
when 7 = ¢ we find that C, = 1pc2.

The bending moment M, decreases as r increases, i.e. the representative
point in fig. 191 moves from C to B. At the support, M, = 0 and the regime B
is achieved, while in the remainder of the lamina we have regime BC. By satis-
fying the condition M, = 0 when r = b we obtain the limiting load

6b

p.=—2—M,.
* cY3b-2) °

The picture of plastic flow of a lamina in the limit state is determined
in the following way. By the associated law we have k, =0 or d2w/dr2=0
for the segment BC. Hence the boundary condition w = 0 when r = b leads to
the result

w=wo(1-7/b),

where wg, the value of the bending rate at the centre, remains undetermined.
Thus, in the flow state the lamina assumes the form of the surface of a cone
(fig. 192, dotted line).

If the load acts over the whole surface of the plate, then ¢ = b; the limit
load is now

p.=6Ms/b2.
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For this case numerical integration of the differential equation (62.7) has
been performed on the basis of the von Mises plasticity condition, and leads
to the result

p,=6.5M/b2.

2. Fixed plate under a uniform loading pressure (fig. 193). As in the pre-
vious example the regime BC is realized near the centre. The bending moment
M, decreases with increasing 7 and tends to zero at some value r = p. Further,
the regime BA occurs and extends up to the contour 7 = b, where M, = —M
i.e. the regime A occurs.

I
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Fig. 193.

When r < p, (62.9) gives that

M, =M}pr.
When r = p, M, =0 and

pr=6Myp.

When r> p, Mw—M,=Ms and we obtain from the differential equation of
equilibrium:
M,=M,In (r/p)-}p(r*-p?),

where we have used the condition M, , = 0. Let M, = —M; on the contour
r=>, i.. ajoint is formed along the line of fixing. Hence we obtain the trans-
cendental equation

5+21n (b/p)=3 b2/p?,

which determines p and, consequently, the limit load; from calculations
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we obtain p = 0.73b. Thus,
p,=113M/b2.

We now turn to the determination of the rate of bending. In the central
region r < p we have, as in the first example,

2
‘:’—‘;=0, w=wot+Cr,

where wy, C) are arbitrary constants.
When r > p (regime AB) the associated flow law gives k, : K= —1:1,ie.
2
dw 1dw_ 0.
d!2 r dr

On the contour 7 = b, w = 0; with this condition we obtain
w=CyIn(r/b),

where C, is an arbitrary constant. From this it is clear that the condition
dw/dr =0 on the contour is not fulfilled, and therefore a plastic joint is in
fact formed on the contour.

The arbitrary constants Cy, C; are determined from the conditions that w
and dw/dr are continuous for r = p. The bending rate w at the centre re-
mains undetermined. The nature of the bending of the lamina is shown by the
dotted line in fig. 193.

62.5. Concluding remarks

The limiting staté of a lamina under bending has been examined in numerous works;
we mention here the works of Gvozdev [7], Prager [29], Hodge [55], Grivor'ev [101],
I'yushin [12] and other authors (see the surveys [70, 78]). The Tresca-Saint Venant
yield criterion and the associated flow law have been widely used; here there is a direct

with the lized quantities — the moments and rates of curvature. This
scheme has also been developed for analyzing the limit equilibrium of axisymmetric
shells [55].

The elastic-plastic bending of circular plates has been studied by Sokolovskii [44] on
the basis of def ion theory equations, and by Tekinalp [193] on the basis of flow
theory.

The limit load for plates and shells can conveniently be found by energy methods,
using the extremum properties of the limit state. This question will be considered in
the next chapter, where one of the problems treated as an example is that of finding the
limit load for a circular plate by cnergy methods ( §66).




PROBLEMS 323

PROBLEMS

1. Find the solution to the differential equation (62.7) for the case of an annular
lamina, supported along its outer boundary and uniformly loaded along the inner bound-

2. Using the Tresca-Saint Venant yield criterion find the limit load for a uniformly
loaded annular plate, supported along its outer boundary.



Extremum Principles

and Energy Methods

§63. Extremum principles

General theorems play an important role in the theory of plasticity, as
they do in elasticity theory. Most important of all in this regard are theorems
on the extremum properties of a solution, and uniqueness theorems. From a
practical point of view less interest attaches to problems of existence of solu-
tions, which are always more difficult, have received less attention, and are
usually bound up with a number of restrictions dictated by the method of
proof. Nevertheless these results are necessary for a rigorous justification
of the validity of the equations.

Apart from their general value, these theorems open the way to a direct
construction of solutions, by-passing the integration of the differential equa-
tions. In the non-linear problems which make up plasticity theory this possi-
bility is extremely important. '

Of great significance are extremum principles in the theory of a plastic-
rigid body. In the preceding chapters we have said much concemning the diffi-
culties arising from the non-uniqueness of the solution process in the plastic-
rigid model. This compelled us to introduce the concepts of kinematically
possible velocity fields and statically possible yield-stress distributions, and to
formulate, without proof, a selection criterion. As we shall indicate below
(§§64, 65), this criterion originates from extremum theorems.

324
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When the limit load is attained in an ideal plastic-rigid body, free plastic
flow occurs. The limit state can be interpreted as the state which precedes
collapse. For this reason the limit state is sometimes called the state of plas-
tic collapse, and the extremum theorems which characterize the limit load
are called theorems on plastic collapse.

Extremum theorems tor a plastic-rigid body lead to effective methods of
obtaining the limiting load using successive approximations by upper and
lower estimates (§65). In §66 we present a variety of examples illustrating
the energy method.

In the deformation theory of plasticity extremum theorems are generali-
zations of the corresponding minimum theorems for an elastic body (namely,
the theorem of minimum total energy of a system and Castigliano’s theorem).
These theorems are widely used as the basis for the approximate solution of
various particular problems by direct methods (especially Ritz’s method). The
minimum theorems of deformation theory and some of their simplest appli-
cations are given in § §67, 68.

Extremum principles for an elastic-plastic medium which obeys the equa-
tions of flow theory (for perfect plasticity and for the presence of hardening)
are formulated in the concluding section of this chapter (§69). In contrast
with the preceding case these principles determine the extremum properties
of increments (or rates) of displacements and increments in stresses corres-
ponding to small increments in external forces or in given displacements.
Naturally enough, these “local” properties, which are connected with the dif-
ferential character of the equations of plastic flow theory, are more difficult
to use in the effective construction of solutions, and their major interest is
one of principle.

Related to these general theorems there are also theorems of shakedown
of elastic-plastic structures subject to cyclic loads. Because of the special nat-
ure of these problems, we postpone this subiect to a later chapter (chap. 9).

A rigorous account of the general theorems of the theory of elastic-plastic media, as
well as a detailed bibliography, can be found in the excellent work of Koiter [68]. Num-
erous applications of energy theorems are presented in the books of Gvozdev [7],
IPyushin [12], Neal (26], Prager [29], Prager and Hodge '31], Rabotnov [33), Hodge
[55]) and other authors. Various additional results on this question can also be found in
a number of review articles [68, 70, 72].

§64. Ex principles for a plastic-rigid body

64.1. General remarks
We have noted above that extremum principles are important for a plastic-
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rigid body (with yield plateau), and are widely applied in the construction
of approximate solutions.

The conditions under which the plastic-rigid body model is useful have
been discussed earlier; they essentially depend on the nature of the particular
problem.

If the elastic strain-rates are neglected, we have the simpler relations of the
Saint Venant-von Mises theory (§13)

E.osi
gi=hy;  or ﬁ:i (64.1)

In the following discussion we shall consider only small deformations of a
plastic-rigid body, so that changes in the configuration of the body and in the
positions of its points can be neglected. However, the results can often be ap-
plied to problems of steady plastic flow by focussing on the instantaneous
state.

The limit state of a plastic-rigid body is determined by a finite combination of
loads at the instant when plastic flow sets in. It is obvious that the loading path is not
taken into account, nor are the initial stresses and strains. In this sense one can say that
the limit load is independent of the loading path and the initial stresses.

The practical value of this conclusion is evidence by experimental data and by the
complete solutions of certain elastic-plastic problems. This property becomes intelligible
if we take into account the fact that for deformation which develops in a definite direc-
tion (cf. §15) the stresses tend to some “steady” value independent of the strain path.

As the limit state is app hed the defor i of the body usually increass
rapidly in the directions in which the loads act. If these loads increase in proportion to
some parameter when they are close to their limiting value, the deformations develop in
a definite direction and the influence of the loading path diminishes continuously.

64.2. Basic energy equation

We consider a body which occupies the volume V and is bounded by the
surface S =S+, (fig. 194). Suppose that on the portion S of the surface
the force F,, is given, where the components of the latter with respect to the
axes x; (i = 1, 2, 3) are denoted by X,,;. On the portion S, of the surface we
suppose that the velocity vy is prescribed; its components are denoted by vg;.
For simplicity we shall assume that body forces are absent. In the sequel we
use tensor notation (cf. §1).

Let o;; be some stress field which satisfies the differential equations of
equilibrium (cf. §4) inside the body:

30;;/3x;=0 (64.2)

and which is consistent with the prescribed loads X,,; on the boundary Sgin
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F,
n
%
Yo
Fig. 194.
the sense of Cauchy’s formula (1.2):
0y = Xni on  Sp, (64.3)

where n;are the direction cosines of the normal n.
On the other hand, let us introduce some continuous velocity field v;

which satisfies the prescribed conditions on S, i.e.

y=vy; on 5, (644)

Corresponding to this field we have the strain-rate components (§3)

1(@1}%‘.)

£i=3 o, o) (64.5)

These stress (0;) and velocity (v) fields are in other respects arbitrary,
and, in general, are not interrelated. We assume that these fields are continu-
ous (later we shall remove this restriction). Either the configuration of the
body is only slightly different from its initial position (in which case ¥ and §
are the volume and surface up to ‘deformation) or else the configuration is
characteristic of some yield state.

For a complete solid body the following basic equation holds:

S otydV = [ XpiwiS , (64.6)

where the first integration extends over the whole volume of the body, and
the second over the whole surface S.

To prove this we use Cauchy’s formula (64.3) to write the surface integral
in the form

[ XnidS =f oyvdS
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and transform it to a volume integral by Gauss’s formula

30,
Jonas=[ a_x,’ av. (64.7)

It is obvious that

ao,.,.
f"’ii"i"/‘d‘s =fv,»b—x7dV+fo,-l-§,~idV.

The first integral on the right-hand side is equal to zero because of the dif-
ferential equation of equilibrium (64.2), and this establishes (64.6).

This equation needs to be generalized, first to the case of a body having
rigid (non-deformable) regions, and second to the case of discontinuous stress
and velocity fields.

The first generalization is almost obvious. If the body contains a deform-
ing (Vp) and a rigid (V'g) region, separated by a surface Z on which the velo-
cities and stresses are continuous, then, from (64.6), we have for each region

JoiitidVp = [X,dSp + [X,pdz,
0= [X,0d4Sg— [X,pAZ .

The domain of integration (here and subsequently) is indicated by the
form of the corresponding differential. Thus, the first integral on the left is
taken over the domain V', the first integral in the second line over the sur-
face Sp which bounds the domain Vg, and so on. Adding the two equations
(and noting that S = S, + Sg) we arrive at our previous formula (64.6). Thus,
the basic energy equation (64.6) can be written with respect to the whole
body (including rigid regions).

64.3. Generalization of the basic energy equation to discontinuous fields

The preceding results are based on the assumption of continuous stress and
velocity fields. However, simple examples (bending, torsion, the plane prob-
lem) testify to the fact that discontinuities in the stresses occur very frequent-
ly in the limit state. In the plastic-rigid body model velocity discontinui-
ties are also inevitable. Finally, it is sometimes convenient to construct ap-
proximate solutions which are discontinuous. For these reasons we consider
the generalization of the basic energy equation to the case of discontinuous
fields.

Discontinuities in stresses. We begin by examining the case where the
stresses are discontinuous on certain surfaces Sy (k=1, 2, 3, . . .). The sur-
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faces S, divide the body into a finite number of parts, in each of which the
stresses vary continuously and, consequently, the equation obtained above is
valid; here the respective surface integrals are performed over the surface of
each individual region. Suppose that forces X},;act on one side of the surface
Sy, and forces X;;; on the other side.

From the condition of equilibrium for an element of any surface it fol-
lows that

Xui*tXp=0  (=1,2,3).

Consequently, if we add all such equations written out for each part of the
body, we find that all the integrals over the surface of discontinuity cancel,
i.e. the presence of stress discontinuities does not affect the structure of the
basic energy equation.

Discontinuities in velocities. We next consider discontinuities in the veloc-
ity field on certain surfaces §;(/=1,2,3,...).

First of all we note that the discontinuities can only occur in the velocity
components which lie in the tangent plane to S, (tangential velocity compo-
nents), since otherwise ““cracks” appear in the body.

An exception to this is the case of a thin plate (or shell), when a steep
thinning (“neck”) or thickening (“bulge”) can arise along certain lines. Such
discontinuities have been discussed in ch. 6. We shall return to this case
later; for the present we shall assume that the normal velocity component on
S, is continuous.

At some point on the surface of discontinuity S; we construct a local coor-
dinate system x, y, z, with the z-axis pointing along the normal to the surface

Fig. 195.
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(fig. 195). We denote by vy, v; the tangential velocity components on the
positive and negative sides of the surface S respectively. Let vy = v;—v; be
the relative velocity vector; we take the x-axis in the direction of this vector.
The surface of discontinuity must be regarded as the limiting position of a
thin layer, through which the velocity changes continuously but rapidly
(fig. 196a). Only the component v, experiences a rapid variation, while v,,, v,
are almost constant through the layer. It is evident that the shear rate n,, is
considerably greater than the other strain-rate components: as the thickness
of the layer tends to zero, n,,, > o, while the other strain-rate components re-
main bounded.

(a) (b)

Fig. 196.

We denote by 7 the tangential component of stress on the surface S;in the
x-direction.

The surfaces of discontinuity S, divide the body into domains V), V5, ...,
in each of which the stresses and velocities have the necessary continuity
properties, and therefore the equation obtained above can be applied to each
of the domains. If we write down the equations for each domain of the body
and then add them, we shall always find that the two integrals on either side
of the surface of discontinuity (on the positive and negative sides, fig. 196b)
coincide.

Consider an element of surface dS;; let the region ¥ lie on the negative
side of dS;, and the region ¥, on the positive side. The corresponding rate
of work of the stresses for the region ¥V} is

(0,0, + 7,0, + ) dS,,

where 7, and v), denote the components of tangential stress and tangential

velocity in the y-direction.
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The corresponding rate of work for the region V., is
(0,0, + TV, + 10,) dS;.
Consequently, the sum of the rates of work of the stresses for the element
is
—[v] ds;,

wiiere [v] denotes the jump in velocity v,—v_= |vgl. Thus, the stresses acting
on the surface of velocity discontinuity develop a rate of work

P
—2 ) 7[v] dS, s

where the summation covers all surfaces of discontinuity §;. This rate of

work should be inserted in the basic energy equation, and then

S XuidS = [0,V + [riv] ds,,. (64.8)

For simplicity the summation sign has been omitted; the integration ex-
tends over all surfaces of discontinuity S, =S, +S3+... .

The left-hand side of (64.8) represents the “power” of the surface forces,
and the right-hand side the “dissipation”.

Remarks
1. Equation (64.8) holds for any continuous medium in equilibrium. The
velocities and stresses which occur in (64.8) are, in general, not inter-related.
2. Suppose the medium obeys the equations of Saint Venant-von Mises
theory (64.1). We have already observed that in the neighbourhood of the
surface of discontinuity the rate of shear n,, > c°, and therefore it follows
from equations (64.1) that

0,0, 0,0, g,>0,
(64.9)
Txy—’O, ‘ryz->0, Tez > Ts»

i.e. the surface of discontinuity is in essence a surface of maximum tangential
stress (slip surface).

Since the stresses and strain rates are now connected by formulae (64.1),
the shear takes place in the direction of the tangential stress; therefore

7[v] = 74[v] >0. (64.10)

3.1In the case of plane stress it is also possible to have a discontinuity in
the normal velocity component on the line of discontinuity L (§53, fig. 165).
The dissipation per unit length of the neck is given by formula (53.28). In
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place of the second term on the right-hand side of the basic equation (64.8) it
is necessary to write the quantity

rshfus/] +sin2y ds ,

where ds; is an element of the line L (or the sum of such terms, if there are
several lines of discontinuity). Here v is the magnitude of the velocity discon-
tinuity, and v is the inclination of the velocity v to the line L; when y = -%1:
there is no relative slip and only thinning takes place; when y = 0 only slip-
ping occurs.

64.4. Minimum properties of an actual velocity field

We apply the energy equation (64.8) to a plastic-rigid body. Let the quan-
tities 0y, &;;, v; be the actual solution of the problem, in which case the
stresses and strain-rates are connected by the Saint Venant-von Mises relations
and satisfy all the conditions of equilibrium and continuity. The energy equa-
tion (64.8) is obviously valid with respect to this actual solution.

Together with the actual state we consider another, kinematically possible
field v}, satisfying the incompressibility condition and the prescribed bound-
ary conditions on S,. According to (64.5), the velocities v} have associated
with them strain rates E}-, and to these there corresponds a stress deviatoric
s,?,, as we see from (64.1) with E},# 0. In general the stress deviatoric will not
satisfy the equilibrium equations. Further, Cauchy’s formula (64.3) shows
that the stresses s}; are associated with some surface forces Xj; (which are
known precisely apart from a hydrostatic pressure). Finally, let the kinemati-
cally possible field v; be discontinuous on certain surfaces Spl=1,2,....

Thus we are led to a comparison of the actual velocity field v; with the
kinematically possible field v;.

The basic energy equation (64.8) is applicable both to the actual stress
distribution 0;; and to the kinematically possible velocity field v}, and can be

if
rewritten in the form

Joukidv-[X,pas + [+[v] as, =0, (64.11)
where [v'] denotes the jump v,—v’ on S.,.

As we have seen (§16) the stresses 0jj and the strain rates E,-i, E}i can be re-
presented by vectors in 9-dimensional stress space. The yield criterion will be
represented by a convex surface (hypersurface) — the yield surface (cf.
fig. 23). By virtue of the Saint Venant-von Mises equation (64.1) the vectors
0;; and &;; will be parallel; the quantity o;£;;, being the scalar product of par-
allel vectors, will be equal to the product of their moduli, i.e.

ok =sik=TH=1H.
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The other expression a,-,-E;I- is in general the scalar product of non-parallel
vectors, therefore

0,7-5},- ,,E,,< TH' . (64.12)

The equality sign will apply in the plastic zone when E,, cE,,, where c is
some scalar multlpher But then it follows from (64.1) that s i = sjj, i-e. the
stress state a,, corresponding to the kinematically possible ﬁeld differs from
the actual stress state 0;; by an amount equal to the hydrostatic pressure.
Since 0; satisfy the differential equations of equilibrium (64.2), it is easy to
see that this additive pressure must be constant. If S, # 0 (if the velocities are
given somewhere on the surface) then ¢ =1 and the velocity fields v; and v}
coincide. If Sp# 0 (if the stresses are given somewhere on the surface) then
the boundary conditions show that the additive pressure must be zero.

Passing now to the large quantity 7.H’, we obtain from (64.11) the in-
equality

7o JH V- [X, a8 + [1v'] dS,>0. (64.13)

On the left-hand side there is here an unknown quantity — the actual
stress 7. But the maximum tangential stress 7,,,,, and the intensity T are re-
lated by the inequality (1.20), from which it follows that 7., <7, and
hence that |7| <7g.

If we replace 7[v'] by 7| [v']| we only strengthen inequality (64.13).

For the actual velocity field the expression which is the analogue of
(64.13) (i.e. without primes) vanishes; consequently,

7 [HAV- [X,pdSp+ 7, [ [v] a5, <
<1, [H aV-[X,piaSp+ 7, [IV)1 05, (64.14)

The equality sign is achieved only when the kinematically possible field
v; coincides with the actual field v;. We call the expression on the right-hand
side the rotal rate of work.

Thus, the total rate of work attains an absolute minimum for the actual
velocity field.

Note that because of (64.8) the left-hand side of the inequality is equal to
I Xp100,4S,,.

64.5. Maximum properties of the actuai stress distribution

As before let 0y, ;;, v; be the actual solution to the problem, where the
stresses and strain-rates are connected by the Saint Venant-von Mises relation
(64.1) and satisfy the equations of equilibrium and continuity.
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We now introduce the concept of a statically possible yield-stress distribu-
tion o};. This is any stress state of; which satisfies (i) the differential equations
of equilibrium inside the body

0};/9x;=0, (64.15)
(ii) satisfies prescribed boundary conditions on the portion S¢. of the surface

o= Xy, on Sg (64.16)
(iii) does not exceed the yield limit, i.e.

T'=dsjspt <, (64.17)

The stress distribution a,, may be discontinuous.

We compare the actual stress distribution o;; with the statically possible
yield-stress distribution o} if-

For the actual stresses we have the basic energy equation (64.8), where v,
is the actual velocity field.

On the other hand, since the stress state o}i is in equilibrium, it follows
from the basic energy equation that

S XS = [oyuav + [710] a5, (64.18)
where X},;= X,; on Sg, and the forces X,,; on S, are determined by Cauchy’s
formula (64. 16); 7' is the tangential component of the statically possible
stress state of; in the x-direction on the surface of discontinuity S, of the ac-

tual velocities v;.
Subtracting (64.8) from (64.18), and using (64.16), we obtain
J(y-0) kv = J X=X, ) vgidS, + j (1) [v] dS, . (64.19)
We now utilize an earlier geometrical representation. The vector E,, is nor-
mal to the yield surface Z (fig. 197); the vector 0jjis parallel to the vector E,/
and reaches the yield surface. In general the vector of the statlcally possible
stresses lies inside the yield surface. The difference vector o,l 0j;is shown by
a dotted line in fig. 197. By virtue of the convexity of the yield surface the

vectors (o}i—o,-i) and &; generate an obtuse angle, and therefore their scalar
product is negative:

(©}—0;) £;<0. (64.20)

The equality sign here can only occur when the stresses a,, and 9;; -differ by
an amount equal to a uniform hydrostatic pressure (since the yneld criterion
is independent of the latter). This additive pressure is equal to zero if S # 0,
i.e. if the load is prescribed anywhere on the surface.
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Fig. 197.

Thus it follows from (64.19) that its right-hand side is negative, so that

f 00i4S f 0idS, * f (15—7") [v] dS,, . (64.21)

On the right-hand side the value of the discontinuity in the actual field is
unknown. Since 7> |7| and 7([v] >0, the second term on the right-hand
side is non-negative. Inequality (64.21) is strengthened, and we obtain

J Xpi0idS, > Xp00,d5 (64.22)

The right-hand side of this inequality can be calculated for a given field "7;‘1‘
since the velocities v; are prescribed on S,.

Thus, the rate of work of the actual surface forces on prescribed velocities
is greater than the rate of work developed by surface forces corresponding to
any other statically possible yield-stress system.

From the inequalities (64.14), (64.22) there emerges a two-sided estimate
of the power of the actual surface forces for given velocities:

7o JH av—[X, 0, aSp+ 7 fI 01148, > [X,00,d5,> [X, 00,45
(64.23)

The left-hand side of the inequality is evaluated by taking a kinematically
possible velocity field, while the right-hand side is found by taking a statically
possible yield-stress state.

Y

In the case of plane stress it is p to have a di inuity in the normal velocity
component, and in this case the last term on the left-hand side of the inequality is re-

placed by
rshfu' Vi+ sin27'dS|_ ,

where v’ is the magnitude of the jump in the kinematically possible velocity, and v is the
angle of inclination of the velocity v’ to the line of discontinuity.
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Fundamental results on extremum principles for a plastic-rigid body were obtained
by Markov [134], Hill [54], Prager and Hodge [31], Koiter [68], and Feinberg
(161].

§65. Theorems on the limit load coefficient

The inequalities obtained in the preceding section open the way to the
evaluation of limit loads by means of successive approximation by upper
and lower bounds. However, the inequalities (64.14), (64.21) do not indicate
directly a method of approximating the limit load except in the simplest
cases (for example, if the velocity on S, is given to be constant in both mag-
nitude and direction, then knowing the rate of work is equivalent to knowing
the load on S, in this direction. This case occurs in the problem of indenta-
tion by a smooth flat die).

When several loads are present the limit state is represented by some
surface (“yield surface”); for this surface the above inequalities allow, in
principle, the construction of a two-sided estimate. Simple, but important,
results can be obtained in the case of proportional loading.

65.1. Proportional loading

We consider the important case of surface forces which increase in propor-
tion to a single parameter m > 0; in this case an estimate for the limit load
is easy to find.

We shall dwell in more detail on the original assumptions. The loads on the
portion Sy of the surface grow in a definite ratio:

X, ;=mXx9. on Sp, (65.1)
ni ni F

where XU, is some fixed distribution of loads on Sg. Moreover, we assume
that on the portion S, of the surface the velocities are equal to zero:

vp; =0 (“stationary supports™) .
The limit state of the body is reached at some value of the parameter

m =m_. We shall call m_ the limit load coefficient.

65.2. Upper bound for the limit load
The upper bound m_ is obtained by considering inequality (64.16), which
now takes the form (see remark at the end of §64.5)

JXnjdSp <t [H aV +1, [11v]1d5,,
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where the kinematically possible velocities v; vanish on S,,. By virtue of (65.1)
we have for the limit state

fH‘dV+f|[v’]|ds;,=
f/"gi";'dsp

It is assumed that the rate of work of the prescribed surface forces on the
kinematically possible velocities which occur in the denominator of (65.2) is
positive. The equality sign in (65.2) is attained only when the kinematically
possible field v; coincides with the actual field v; (with the stipulations indi-
cated in the preceding section).

The dimensionless number on the right-hand side of the inequality is de-
noted by m, , and we shall call it the kinematic coefficient. Thus,

m <my. (65.3)

The limit load coefficient m_ cannot be greater than the kinematic coeffi-
cient my .

It follows from (65.2) that the kinematic coefficient my is obtained by
equating the rate of work of the loads on the kinematically possible velocities
with the corresponding rate of work of deformation.

m, <1 my . (65.2)

Remark. In the case of plane stress the second term in the numerator must
be replaced by the quantity.

hfu'\/l +sin2y’ ds; .

65.3. Lower bound of the limit load

The lower bound of the limit load coefficient m_ is found from the
second extremum principle. We consider a statically possible yield-stress state
o}/» which satisfies somewhat different boundary conditions on Sg:

X,i=mX% on  Sg (65.4)

(in place of (64.16) which in this case can be written in the form X,;=
=m,X9). Here mgis some value of the parameter m. The inequality obtained
at the end of the preceding section cannot be applied directly to this case. In
place of (64.19) we now obtain

[@}=0;) £dV = (my-m,) [XQ; a5+ [ (~7") o] aS,, . (65.5)
Equation (64.20) shows that, in general, the left-hand side is negative; con-
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sequently

f (r—) o) dS,,
m, —mg= (65.6)
f ;4SE
The equality sign is attained only if the stress systems Oip o differ by a
uniform pressure. Since the numerator is non-negative (I7'| <7 Ts[l)] > 0),
while the denominator is positive, the limit load coefficient m_ can not be
less than the static coefficient m:

mg<m,. (65.7)

65.4. Corollaries

We consider a number of corollaries which emerge from the foregoing in-
equalities.

1. The limit load coefficient m_ is unique.

One way of demonstrating this is to consider inequality (65.3), according
to which the limit load coefficient m_ attains an absolute minimum for the
actual velocity field. The hypothesis that two limit load coefficients m,,,
m,, exist is consistent with the condition of the absolute minimum for m_
only if they coincide.

2. Addition of matter to the body cannot reduce the limit load.

We shall clarify this statement by a simple example. Consider a circular
tube (fig. 198a); we denote by

Po = 20,1n (b/a)

the limit pressure corresponding to an axisymmetrical stress field (§26).

(a)
Fig. 198.
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Now turn to the problem of finding the limit load p, for a thin square
prism with a circular hole at the centre, subject to a uniform pressure; the
outer surface of the prism is stress-free (fig. 198b).

To calculate the lower bound — the statically possible coefficient — we can
take the following discontinuous stress distribution: we inscribe the tube
shown in fig. 198a inside the prism; the stresses in the shaded comer regions
will be assumed equal to zero. It is obvious that the equations of equilibrium
and boundary conditions are satisfied, and that the yield criterion is nowhere
exceeded. Evidently

P,2Dg-

This result is, of course, obvious, and permits a simple generalization. It is
clear that attaching matter to the free boundary (“‘addition of matter to the
body”) does not reduce the limit load, since for the new body we can take
a statically possible yield-stress state generated by zero stresses in the addi-
tional material and the stresses of the limit state in the initial body (ana-
logous to fig. 198). But then the lower bound m, for the limit load re-
mains the same.

In a similar manner we can show that

3. Removal of material cannot increase the limit load.

4. Increase of the yield limit 74 in some parts of the body cannot reduce
the limit load (since any statically possible yield-stress state for the origi-
nal body will also be a statically possible yield-stress state for the new body).

5. Of two kinematically possible solutions the more acceptable is the one
which leads to the smaller limit load.

This proposition was previously (§40) called the selection criterion.

6.0f two statically possible solutions the more acceptable is the one
which leads to the larger limit load.

65.5. Extension of limit load theorems to general yield criterion

The theorems established above relate only to the von Mises yield criter-
ion. At the same time we have repeatedly emphasized the significance of
other yield criteria, in particular the Tresca-Saint Venant yield criterion.
Theorems on limit loads can easily be proved for a general convex plastici-
ty criterion f("ii) =K with the associated flow law (§16).

Theorem on the kinematic coefficient my > m_. For the determination of
my for the kinematically possible field v;we have

my [XQ;dSp= [ogeyav + [r[v') dsy, .

Here o,’l- is the stress tensor corresponding (according to the associated law)
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to the kinematically possible strain rates El/’ and 7* is the corresponding tan-
gential stress on the surface of discontinuity S,. The stresses oj; lie on the
yield surface Z, but, in general, do not satisfy tge equilibrium equatlons On
the other hand equation (64.11) gives

m‘fXg,-v;-dS,,Jfo,-,-E;-l-dV+fr[v'] s,

where o;;, 7 are the actual stresses. Subtracting, we obtain

ij»
(my-m,) [X0u}dSe= [(o5-0,) £y aV + [(r*-7) [v'] dS},. (65.8)

Since the yield surface is convex (fig. 199a), (05—0;) Eij> 0; this remains
true for singular points of the surface. Furthermore, as we have seen earlier,
the surface of discontinuity is a slip surface; the tangential stress 7* is asso-
ciated with the field §; and reaches its maximum value on S hence
(r*—1) [v'] =0. Thus, the right-hand side of (65.8) is non-negative. The fact
that the rate of work of the given loads is positive leads to the required asser-
tion.

Fig. 199.

We consider, in particular, the widely used Tresca-Saint Venant yield cri-
terion. Here the kinematically possible coefficient my is determined by equat-
ing the rate of work of the given loads to the rate of work of plastic deforma-
tion:

X007dSp =27, [ AV, (65.9)
where £.., is the absolute value of the numerically largest principal strain-
rate (§16). If the kinematically possible velocity field v} is discontinuous, it

is necessary to include in the right-hand side of (65.9) the rate of work of
plastic deformation dissipation in the discontinuities.
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Theorem on the static coefficient mg<m_ follows in an obvious way from
a variant of (65.5):

(mg-m) [ X055 = [(@~0,) £y dV + [(x'~7) [v] dS,,, (65.10)
where oy, 7 are the actual stresses, and o;-,-, 7' are statically possible stresses,
lying inside or on the yield surface. Since the yield surface is convex
(fig. 199b), (a},-—o,-j) £;;<0, where this holds at singular points of Z also.
Since v; is the actual velocity, then, as in the previous case, (r—1') [v] > 0.
The second assertion follows at once from the fact that the left-hand side of
(65.10) is negative.

65.6. Limit load in contact problems

It is sometimes necessary to find limit loads for a system of contiguous
bodies. In cases when very simple conditions (for example, constancy of the
tangential stress) apply on the contact surface, it is possible to use the preced-
ing theorems. A number of problems of this type will be examined in the
next section.

If Coulomb friction acts on the contact surface, it is not difficult to show
[107] that the required limit load does not exceed the limit load for
the same system of bodies with soldered contact surfaces, and is not less than
the limit load for the same system with perfectly smooth contact surfaces.

65.7. Concluding remarks

Extremum properties of the limit load and the possibility of using them for ap-
proximating the limit load were first formulated (in terms of structural mechanics) by
Gvozdev in 1936. The theorem on the lower bound (for continuous solid beams) was
stated as long ago as 1914 by Kazinchi. A rigorous proof of the lower bound theorem
was given by Feinb b works on of plastic collapse include thein-
vestigations of Drucker, Feinberg, Prager (cf. [68, 70]), and Hill [54, 163].

"

§66. Determination of the limit load by energy methods

66.1. General remarks

As we have already noted, the energy method permits the determination
of an effective solution to problems of load-bearing capacity. This method is
widely applied in various branches of the theory of limiting equilibrium — ir
the structural mechanics of systems of rods, in problems of the limit equi-
librium of plates and shells, etc. With the aid of comparatively simple calcula-
tions it is often possible to construct upper and lower bounds which coin-
cide, i.e. to find the exact value of the limit load. A simple example of
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this sort — the extension of a strip with a circular hole — was discussed in
§40. Some other problems are presented below.

Usually it is a simple matter to establish rough upper and lower estimates
with the aid of energy methods. It is considerably more difficult to obtain
good estimates. It is even more difficult to develop methods of successive
approximation for the upper and lower bounds; here the use of mathematical
programming methods is promising, but requires the application of modem
numerical techniques and the development of the corresponding algorithms
[191].

66.2. Trapezium of discontinuous stresses for plane strain

To construct statically possible yield-stress distributions it is convenient to
make use of discontinuous fields, compounded from regions of uniform
stress. A simple field ') of this type is shown in fig. 200. The boundaries AC,
BD are stress-free, a uniform normal stress 0'1 acts on the boundary AB, and
a uniform normal stress o'l' acts on the boundary CD. Each triangle contains a
uniform stress distribution. In A AOB we denote the principal stresses by 0},
g5, and in A COD by 07, 07; in the triangles AOC and BOD there is uniaxial
tension s, parallel to the edges AC or BD respectively. The rays OA, OB, OC,
OD are lines of stress discontinuity, along which the normal stress o, and the
tangential stress 7, are continuous (cf. §39). Writing out these continuity
conditions along OB with the aid of (35.1) (the x-axis is along the 0/ axis in

1)The conditions for intersection of lines of stress discontinuity have been studied
in the works (31, 110, 180).
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A AOB and in the direction of s in A BOD), we obtain

0, =0} sin a; + 0% cos? @ =5 sin?(B + ) ,

7= (01—-0%) sina; cosa; =ssin (B +a;) cos (B +ay) .
Hence we find

sin (8 + a;) cos B sin (8 + a;) sin B
oj=s—————, 0y=s —————— . (66.1)
sin &) cos a;
Next we write out the continuity conditions for g,,, 7, on the line of dis-
continuity OD:

0] sin2 @, + 0 cos? ay = 5 sin? (@) ,

(0]—0%) sin a, cos a, = s sin (ay—p) cos (a;—P) ,
from which

0'1' - sin (a? B) cos B ’ 0; - sin (e —p) sin B . (©62)
sin oy cos &)

The stress states in these triangles must not violate the von Mises yield cri-
terion. We assume that s is a tensile stress, whereupon, in keeping with for-
mulae (66.1), (66.2), it can be assumed that o} > 0% >0, ¢] > 03 > 0; since
o} must be tensile, then ay > 8.

In the case of plane strain the yield criteria are not violated provided

in AAOB  0o)-0,<2k, (66.3)
in  ABOD s<2k, (66.4)
in  ACOD  o}-dj<2k, (66.5)

where k is the yield limit for shear (§31).

The stresses o'l, o’l' are proportional to s; since we are constructing stati-
cally possible fields, leading to a lower bound, it is expedient to take the
largest value s = 2k. Substituting now the stress components (66.1), (66.2) in

the inequalities (66.3), (66.5), and effecting some simple transformations, we
find

in A AOB tan 20y > cot §,

in  ACOD  sin2B/sin 20,>0.



344 EXTREMUM PRINCIPLES AND ENERGY METHODS ch.8

The second condition is obviously fulfilled. From the first it follows that
a=in-3p. (66.6)

The angle a, is conveniently chosen so that the stress o) is largest. Equation
(66.1) for 0 can then be written in the form

o} =scos?f(1 +tan B cot ay) . (66.7)
It is clear that we have to choose the least value of ay, i.e.

o =41-4p. (66.8)

66.3. Bounds for limit load in extension of strip with circular notches
The problem of the extension of a strip weakened by circular notches (in
conditions of plane strain — fig. 107) was considered in §41, where the upper
(“kinematic”) bound of the tensile force was found:
Py = 4kh(1 + (a/h)) In (1 + (h/a)) .
We shall concentrate on the special case & = a, where the width of the strip
is 4a (fig. 201). Then
P =555ak.

It should be understood that it is not necessary to calculate the upper
bound for the load in constructing the velocity and slip fields. It is sufficient

Fig. 201.
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to choose any kinematically possible velocity field. For example, in the pres-
ent problem we can choose the discontinuous field shown in fig. 201. The
lower part of the strip is stationary, and the upper slides along the lin¢ of
discontinuity AB like a rigid body. The line AB traverses a slip line, and con-
sequently it is inclined at an angle in to the tensile force. The tangential stress
along AB is equal to the yield limit k; from the equilibrium condition it fol-
lows that the normal stress has the same value. The line AB must be taken
such that it has the smallest length. It is easy to see that the corresponding
bound P’k is somewhat worse than Py, namely,

P =6ak.

It is not difficult to obtain a crude lower bound, by inscribing in the strip
a smooth band of width 2z with uniaxial stress 2k; then P? =d4qak. As Prager
has shown, a substantially better estimate can be obtained by inscribing in the
strip the trapezium discussed in the preceding paragraph. Here the angle §
(fig. 202) must be chosen so that the tensile force is greatest. In the shaded

Fig. 202.



346 EXTREMUM PRINCIPLES AND ENERGY METHODS ch. 8

zones the stresses are zero, and in the regions above the line CD there is uni-
axial tension 0. It is clear from the diagram that I = a(2—1/cos B), B <§1r.
The corresponding tensile force is

sin (%w + %B)
sin (‘%ﬂ—%ﬂ) '

To find the maximum PS we equate to zero its derivative with respect to §
and find that 8 = 26°14’. Then

P, =2l0') = 4ak(2 cos f—1) (66.9)

P,=5.12ak.

For the limit load we can take the mean value P,=5.33 ak; this in-
volves an error of + 4%.

66.4. Discontinuous stress trapezium for plane stress

In the case of plane stress, formulae (66.1), (66.2) are retained, but the
yield criteria will be different. From the von Mises criterion (§52) we now
have

in  AAOB  of—0jdy+02<o?, (66.10)
in A BOD s<og, (66.11)
in  ACOD  o}2-0joy+032<o2. (66.12)

Substituting for the stresses from (66.1), (66.2) in the inequalities (66.10),
(66.12), we obtain

g o\ 2

sin(8 +ay) [—COS 28, sin"8 ] < (—‘) , (66.13)
sinZa;  cosZay s
cos 28 . sin2p o;\?

sin2(ay—B) [—+——] < (—) } (66.14)
sin2ay cos?ay s

The maximum value of ¢} which is admissible by the von Mises yield cri-
terion corresponds to the point w = én on the ellipse (fig. 157); here

y_2 b1
01=ﬁos, 02—ﬁ0s.
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Substituting the stresses as given by (66.1) we easily find

5 sin(B+aj)cosf 9 o
cotfcota;=2; sinay A

from which it follows that

cos2f=2 (1—715 %) .

Using inequality (66.11) we obtain
cos2f<2 (1——\}—5) , ie g=>23°.

When = 23° inequality (66.14) is satisfied for ) <61°15'if the equali-
ty sign is attained here, then a; = 49°40’,

66.5. Lower bound for limit load in extension of strip with angular notches.

We consider the problem of the extension of a strip with angular notches
(fig. 175), under conditions of plane stress. The upper bound for the limit
load was found in §56. We now evaluate the lower bound, using the discon-
tinuous stress trapezium. To do this we inscribe two trapezia in the strip
(shown by dotted lines in fig. 203); adjoining them above and below there are
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fields of uniform uniaxial stress o). When § < %n—ﬁ < 67° the trapezia lie in-
side the strip. The load P is then constant and equal to

4
Py= /5 ho,. (66.15)

For angles 0 <8 <67° this value coincides with the upper bound (56.8)
which was obtained by Hill for § <70°32'. Consequently, in the interval
0< 5 <67° formula (66.15) gives the exact value of the limit load.

For angles § > 67°, we assume that the sides of the trapezia coincide with
the sides of the notches; then in (66.1) and (66.2) we have = %n—ﬁ and
s =0,. It is necessary to select a value of the angle a; which is consistent with
inequality (66.13) and which leads to the maximum possible-value of 0. The
results of the calculations are given in the table:

5 70° 75° 80° 85° 90°
PS/P(.) 1.152 1.132 1.103 1.058 1.00

Here PO =2ho denotes the limit load for a smooth strip of width 2k. The
upper and lower bounds for the strength coefficient P'/I’? are shown in
fig. 204.

A similar construction can be effected for the extension of a strip with

1.154

=L 1)
/

110

1.05

90° 60° 30° o

B )

Fig. 204. Fig. 205.
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circular notches (fig. 173), for bending of strips weakened by notches
(fig. 176), and in other problems.

66.7. Torsion of a circular rod of variable diameter

We consider the question of the limit value of the moment for twisting
of a circular rod of variable diameter (fig. 205). Introduce a cylindrical coor-
dinate system r, y, z, with the z-axis along the axis of the rod. As in the case
of elastic torsion it may be assumed that cross-sections of the rod remain
plane, but that the radii are distorted. Consequently, the velocity components
are

v,=v,=0; V=V, z)=v.
The strain-rate components are

E=t,=5=1,70,

(v =, (v
Tre or\r)’ oz oaz\r)"

It follows from the Saint Venant-von Mises equations (13.11) that
0,=0,=0,=71,=0, Ny = 2Ny, Ny = 2N'T,; . (66.16)

The non-zero stress components Tros Tz satisfy the differential equation
of equilibrium

61,“, 481‘” 21'w

ety =0 (©66.17)
and the yield criterion

12, +12,=k2. (66.18)

The corresponding stréss field in the plastic region was studied by
Sokolovskii [44] . The yield criterion will be satisfied if we put

Trp=ksing, Toz=kcos,

where 8 is the unknown angle of inclination of the tangential stress vector to
the z-axis. Eliminating the multiplier A’ from the above Saint Venant-von
Mises equations, we find

3 (v 9 (v) .
a_r(F) cose—é-; (;) sin§=0. (66.19)
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The characteristics of this equation coincide with the slip lines. The differ-
ential equation (66.19) has the obvious solution

v=_Cr, (66.20)

where C is an arbitrary constant. This solution corresponds to rigid-body ro-
tation of the shaft or of part of it.

We introduce the plane z = const. of velocity discontinuity. Above and be-
low this plane the solution (66.20) holds with different values of the arbi-
trary constant. On the plane of discontinuity we have Mpp™ 0, Nz > >

It now follows from (66.16) that

Tro= 0, Tz = CORSL. = k. (66.21)
This solution corresponds to the torque

a
M=2n [ Kkr2dr=2na3k, (66.22)
s 3

where a is the radius of the section.

The solution we have constructed corresponds to a kinematically possible
velocity field (with a “cut” in the plane z = const.), and therefore M is the
upper bound of the limit load. It is natural to suppose that a is the radius
of the smallest cross-section of the shaft.

On the other hand it is easy to construct a statically possible stress field,
which does not violate the yield criterion. To do this it is sufficient to in-
scribe a circular rod (shown by dotted lines in fig. 205) of constant radius @ in
the shaft, with the limit field (66.21), and to assume that the stresses are
zero for r > a. Then by the static theorem for limit loads, M will also be the
lower bound. Thus, the complete solution has been found and M is the exact
value of the limit moment for torsion of a shaft with variable diameter.

66.8. Shear and compression of a thin layer

In ch. 5 (§47) we examined Prandtl’s problem of compression of a thin
plastic layer between rough, rigid plates. It was shown that the flow in the
layer is considerably affected by the presence of a shearing force 2Q
(fig. 206). We shall now derive a statically possible solution to this problem.
In the absence of the shear, the upper and lower bounds of the compressive
force for a thin plastic layer were found by Shield.

If there is no shear (Q =0), then maximum tangential stresses 7,., =+ k
develop on the contact planes y = + h, where k is the yield limit for shear. In
the presence of a shearing force 2Q the tangential stresses on the segments
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y=h, x<l and y = —h, x > [ are of magnitude k as before. On the remaining
segment the tangential stresses “unload”, and their magnitude is less than k;
we assume that they are equal to ky, |k)| <k. It is an easy matter to con-
struct the following solutions to the equilibrium equations (31.9) and the
yield criterion (31.8) which satisfy prescribed boundary conditions for Txy ON
the linesy =t h:

Tl =31 +0)+ 30K yh, o fk=-C-L(1—x)x/n,

oy fk=o0y/k+2 \/l—(rxy/k)2 s x<l,

where k =k /k, |k|<1, and C is an arbitrary constant. When k =—1
Prandtl’s well-known formulae follow from (66.23); the case k = 1 corres-
ponds to the problem of pure shear of the layer (0, = 0, =0, 7., = k).

The constants C and k must be determined from the condition of static
equivalence. First we satisfy, in the Saint Venant sense, the condition that
there are no normal stresses on the edge of the layer, namely,

(66.23)

h

[ @=odr=0.
-h

From this we find
C= ﬁ G-k V1—«2-arcsin k) .

Next, the condition that the normal stresses 0, are equivalent to a com-
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pression force 2P gives
C=p-Ya-0yyn  (=P).

Finally, the condition that the contact tangential stresses are equivalent to
a shearing force yields

1+k=2 @=Q/kI<1).
Eliminating C and k from these equations, we obtain the condition of lim-
iting equilibrium:
(1—q) [2p—(1—q) I/r] = 37 + 2(1-29) V/q(1—q)—arcsin (4—1) . (66.24)

When g = 0 Prandtl’s formula (47.3) follows from this. It is also easy to see
that dp/dg » —> wheng - 1.
Fig. 207 shows the limiting curves for the values //h = 10 and I/h = 20. It is

1.0
9 L-20
h
OS5+
[
7_10
1 1
o 5 P 10
Fig. 207.

evident that adding a shearing force to the compressive load significantly
lowers the load-bearing capacity of the layer. It can be shown that our solu-
tion gives a lower bound for the compressive force, i.e. P> P’ (for fixed Q).

66.9. Compression of a cylinder between rough plates

We consider the compression of a circular cylinder (height 2k, diameter
2a) between rough, parallel plates (fig. 208). The tangential stresses 7, attain
the yield limit 7,=04+/3 on the contact planes. We introduce the dimension-
less coordinates p =r/a, { = z/a, k = h/a.

Upper bound. We assume that the kinematically possible radial velocity u'
is

u'=Ap(1- kY,

where A is a constant, and 0 < < 1 is a parameter characterizing the degree
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Fig. 208.

of “barrel-formation”. When =0 there is no ‘“barrel-formation”. The axial
velocity component w' is found from the incompressibility equation (58.6):

w' = —24(5-B3/3x2) .

Let ¢ be the velocity of motion of the plate; then w’' = —c when { = k from
which we find 4 = 3¢/2k(3-P).

In accordance with (64.14) the upper bound of the compressive force is
found from the relation

K 1

1
P, c <27 f f H'p dp d§ + 2nr f (@')=x P dp . (66.25)
0o 0 0

The intensity of the shear strain-rates A" can be calculated from the veloci-
ty field; by symmetry we can consider half the cylinder { > 0. Performing the
calculations, we obtain

0 "3V 38738 (a2 + Yot e (1ped)

P _ 1 1-Bp?)2 + 16202 /k2 '
B3, L1, 2 | OtV =t
s

Here we have introduced the mean pressure p, =P_/1ra2. The parameter 8
is chosen such that p’ is a minimum for given k. Fig. 209 shows the results of
calculations [185] for cylinders of various heights. The dotted line corres-
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ponds to the elementary solution for § = 0; for which
o 1

Z=1+3 3

The lower bound is much more difficult to construct, since in this problem
the statically possible yield-stress distribution satisfies a complex system of
equations and boundary conditions. The construction of a discontinuous
stress field is given in the above-mentioned work by Kobayashi and Thomsen
[185].

66.10. Bending of plates

The energy method is very convenient for finding the upper bound of the
limit load in the bending of plates of different shapes. To do this it is
necessary to prescribe the kinematically possible form of the rate of bending
of the plate.

By way of illustration we consider first axisymmetric plates (cf. §62). In
this case the kinematically possible limit load coefficient is found from
(65.2), which gives

b h b
my =7, {__[ H'rdrdz/{p(r)w'rdr,

where w' is the kinematically possible velocity of bending. Using (62.2) and
the incompressibility condition we can easily show that the intensity of pos-
sible shear strain-rates is

_ d2w'\2 1 (dw'\2 1 dw' d2w' 1% _
H’—zlzl[(?) +,_2(F) +;? T‘,—z] =2|z|W.
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Integrating with respect to z we obtain
2 b b
me= M, [ wrar/ [ poywrtr (= 0?). (66.26)
a a

Example. A solid plate (a = 0), supported at its edge r = b, is bent by a uni-
form load p = const. When r = b, w' = 0; assuming that the bending surface is
smooth, we have that dw'/dr =0 when r = 0. These conditions are satisfied,
for example, by the function w' = 52—r2. Then from (66.26) we obtain m =
=8M,/pb?, and consequently p,_ < 8M/b2 (we recall that in the exact solu-
tion p_ =~ 6.5M/b2).

If for w' we take the form of bending of an analogous elastic plate at » = %,

ie.
o[ 14(r\2, 3 (r\4
“"“’0[1'11(1;) +11(1:) ]

where wb is an arbitrary multiplier, we can substantially improve the esti-
mate:

p,<6.7MJb2.

Returning to the general case we observe that it is easy to find [36] the
upper bound of the limit load for polygonal plates supported at the per-
imeter and bent by a concentrated force P (fig. 210). It may be assumed that
in the limit state the median surface of such a plate has the form of the
surface of a pyramid with vertex O at the point where the force is applied.
Along the edges yield joints develop, while the triangular regions of the plate
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between them remain rigid. We denote by wy, the velocity of bending under
the force, by w; the corresponding rate of change of the dihedral angle along
the i-th joint line, and by /; the length of the latter. According to (65.2) the
kinematically possible load Py is determined from the rate of work equation

Pywy = Mszi> wil;.

The limit load P, <Py.

We calculate the angular velocity wy; to do this we construct the plane
perpendicular to the line A;O. In unit time the deflection of the point O in-
creases by a small amount wb - 1, and the angle AO; B by a small angle wi- 1.
From the diagram it is easy to see that

w; = wg (l+i) =!’g(cot a; +cot B)

im70\a b)) Ty i ’
where a;, B; are the angles of the i-th joint line with the adjacent sides of the
plate. Thus,

P = MSE (cota; +cot ;) . (66.27)
1

For a right polygonal plate loaded at the centre we have from (66.27)
Py =2nMtan (n/n) ,

where n is the number of sides of the polygon. For example, for a square
plate (n = 4) we have P, = 8M;.

§67. Minimum principles in deformation theory

In elasticity theory energy methods based on the principle of minimum
potential energy and Castigliano’s principle are of great importance. In this
section we establish analogous theorems in the deformation theory of plasti-
city.

67.1. Work of external forces (generalization of Clapeyron’s theorem)

Let the body occupy a volume ¥, bounded by a surface S. On a portion of
the surface Si let external forces F, with components X,,; be prescribed,
while on the other part S, the displacements are prescribed; let the displace-
ments u; correspond to the state of equilibrium of the body. For simplicity
we assume that body forces are absent.
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The stress components o;; satisfy the differential equations of equilibrium
(64.2) and the boundary conditions on S (64.3).
As the analogue of (64.6) we have the equation

[ Xni3= [oyeav, (67.1)

where, in general, the stress field 0;;and the displacement field u; need not be
inter-related.

The proof proceeds just as for (64.6).

Let the stresses and strains be in accord with the equations of deformation
theory (§14), i.e.

= Y(0;—08;) + kob; 67.2)
or, inversely,
0= % (€5—3€b;) + ﬁ €8 (67.3)
It is easy to see that
o= 2U +yT?). (67.4)
Since € = 3ko the elastic energy of volumetric compression is
U=3ko?=1oe. (67.5)
By virtue of the relation I' = 2y T we have y72 = 37T} consequently
0;j€;= 0€ + o, (67.6)
and the work of the external forces on the corresponding displacements is
A= [X, 0,05 = [(oe + TT)aV . 61.7)

It is clear that oe is twice the elastic energy of volumetric compression
(fig. 211a).
Consider the curve T =g(I")I (fig. 211b); the work of shape-deformation

o= JTdr

is shown by the shaded area. Further, d4 = TdT; let the work of shape-
deformation be a homogeneous function of T of degree m; then TT' =mA,,
and

A=[@u+ma)av.

Clapeyron’s theorem. Consider an elastic medium obeying Hooke’s law,
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for which 4, = %GI‘Z, m = 2; consequently,

A=2[nav,
i.e. the work of the external forces on the corresponding displacements is
equal to twice the elastic energy of the body. This theorem is useful in calcu-
lating the elastic potential.

For developed plastic deformations we can neglect the elastic strains. Then
for the yield state T'= 7 and

A=1,[rav,

i.e. the work of external forces on the corresponding displacements is equal
to the work of plastic shape-deformation.

67.2. Principle of minimum total energy

We consider the minimum properties of an actual distribution of displace-
ments.

We focus attention on points of a body which is in equilibrium under the
action of given forces and displacements, and take these points to have in-
finitesimal continuous displacements 8u;, compatible with the boundary con-
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ditions (kinematically possible displacements); it is assumed that there is no
unloading here (more precisely, we shall investigate the minimum principle
for the corresponding non-linear elastic medium). In accordance with the
origin of the possible displacements the sum of the works of all the external
and internal forces on the possible displacements near the equilibrium state
is zero, i.e.

Joyde; av= [X,pu;dSp=0. (67.8)
We note that this equation can be obtained by formal means — by transform-
ing the surface integral and using the equilibrium equations (analogous to the

derivation of equations (64.6)).
In the deformation theory of plasticity (cf. § 14) we have

0;8¢€;; =811,
where II is the potential of the work of deformation. Since the external
forces do not vary, the work of the external forces is

84=5 [X,u;dSp
and equation (67.8) can be reduced to the form

B (fndv—,?) =0. (67.9)
The quantity inside the brackets is called the total energy; we denote it by &,
and then

§&=0. (67.10)

The actual form of the equilibrium of a body differs from all other possi-
ble forms by the fact that it renders the total energy a minimum (cf. below).

The variational equation (67.10) replaces the boundary conditions and the
differential equations of equilibrium in displacements (20.2); it generalizes
the Lamé equations in elasticity theory (§20).

We have that

g I Iy - RS
5]’1-36'_,'66,,, SEII—Z(BXiBM,+BXi6u, .

Using Gauss’s formula we find

on i 9 (om
fa‘” Be“dV-fae“lSu, cos (n, l)dS—faxl (ae“) Su,dV

and so on. S these exp i into (67.9), we obtain

d (on i on R
—I[E (a.—,,)] 5u,,‘dl'+f[¥li cos (n, i)-Xpi ] sujdS=0. (67.11)

4
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Since the displacements are prescribed on Sy, we have that u; = 0 on S; inside the body
and on the surface Sg the variations 5u; are arbityary, and the differential equations of
equilibrium in displacements (20.2) and the corresponding boundary conditions on S
follow from (67.11).

We now consider separately the various states of a medium — elastic, yield
and hardening.
Hooke’s elastic medium is characterized by the fact that

n=v+icrz  (U=e/ék).

With the condition that the external forces are independent of the dis-
placements, the total energy of an elastic medium attains its minimum value.
This can easily be shown by evaluating the second variation of the potential energy;
since I is here a h g positive dratic form in the strain components, its
second variation will be the same as the quadratic form of the variation in the strain
ponents &¢jj, multiplied by 2; tly

52n=s2u+52%G r2>o,
where

20=L (56)2
82U=3,(662>0,

524G r2=G 25¢j8¢;>0.

We shall denote by I'2(s ¢jj) the non-negative quadratic form of the variation of the
strains. Thus, 6211 >0 and then 528 >0 also.

In the yield state the increment in the potential of the work of defor-
mation is

s (€ )
8[1—8(6k+1's[‘ ,

and the basic variational equation takes the form

s[f(ﬁf;mr) dV-Z] =0. (67.12)

The previous condition of independence of the external forces of the dis-
placements in this case only implies the necessity of the minimum for the ac-
tual equilibrium form.

Here we have

821=52U+1g2r,
where 52U 2 0; on the other hand

=Lsr2 2r= L (126¢)- L= (5(rD) 2
sr=gpard,  82r=p{rleep- 56w}
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The quantity inside the brace brackets is non-negative; in fact
r2 =%—(7%+ 2D,
and after some simple transformations we find
(.= 2 (néra— ¥2570)% + (12673 - ¥3572)% + (v3871 - 11873)?
} +adead
ie. 62r>0. Since r5>0, I'>0, we have 52[1=>0, as the expression inside the brace
bracket can vanish even if §vy, 672, 53 are not zero.
It should be noted that if there are elastic zones in the body, §211> 0 in
them and so §2& > 0.
For a hardening medium the potential of deformation is expressed by for-
mula (14.25), so that

5 f(u+fg(r)rdr) dv-41=0.

With the same condition, that the external forces are independent of the dis-
placements, the energy of the system attains its minimum in the actual equi-
librium state.

20,

The second variation is
s2n=52U+ 52frdr .
Moreover,
52frdr =§T6r + T52T .
Substituting for 6 T from the equation T = g(I')T", we obtain

dT
2 =&L 2 2
5 fg([‘) rdr ar (6r)2+ Ts2r.

The second term on the right-hand side cannot be negative; we now suppose that the
shear stress increases with increasing shear strain (fig. 212). This condition, character-
izing the “‘stability” of the material, is obviously satisfied for all solid bodies (cf. §18).
Then

d7/dr >0, (67.13)
and 521 is a positive definite quadratic form of the variations &¢jy. This is easily verified
by analysing the condition that the quantities 62U, 6(1‘2) and & 2T should vanish simul-
taneously.

We consider the case of the mixed boundary-value problem. In the equi-
librium state let the volume ¥ be divided into the parts ¥}, ¥V, by a surface
Z; in each of the two parts of the material let the deformation follow its own
characteristic law. Take the respective expressions for the potential of the
work of deformation to be Ilj and I1,. On the surface T the two states pass
continuously into each other, and the quantities T and I" are constant (§21).
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If the deformation state is varied, the surface Z in general moves to a neigh-
bouring surface Z', which separates volumes ¥V}, V3, close to the previous
ones. The change in the surface of separation £ depends only on the incre-
ment in the quantity I'; I' must have the same constant value on the surfaces
Zand T'.

Fig. 212.

Consider the triple integral
n = ﬁ'(x, ¥, z;\) dxdydz ,

over the domain D bounded by some surface I, which varies with some parameter A. The
variation of this integral (cf. Goursat: Course of Mathematical Analysis, Vol. I. Part I,
Supplement) is

8I(0) = fffu-‘axdydn ffrsnds,
D b

where 6n is the infinitesimal displacement of a point on the surface Z in the direction of
the outward normal, corresponding to variation of A.

In our case the potential of the work of deformation has the form

n=mav,+[n,4v,,
and the preceding formula has to be applied twice — to the volume ¥, and to
the volume V,. Since [T is continuous though the whole volume of the body,
the respective integrals over the surface X, being equal in magnitude and op-
posite in sign, cancel. It follows that for the mixed problem, with continuity
of displacements, stress components and strain components on the surface Z,
we obtain

5 fnldV1+fH2dV2—/T} =0, (67.14)
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i.e. the actual equilibrium of a body, parts of which are in different states, has
the same behaviour as the simple case, i.e. the minimum of the total energy is
attained.

67.3. Principle of minimum additional work

We have been considering the minimum properties of actual displacements.
We now turn to an elucidation of the minimum properties of actual stress dis-
tributions (neglecting unloading, as before).

Equation of statically possible stress variations. We compare the actual
stress state 0;; in a body under the action of given forces and displacements
with all possible neighbouring stress states o;; + §0;; which satisfy static equa-
tions inside the body

)
aT,- (0;;+80;)=0 (67.15)

and obey
(a,-j+80~l-)nl-=X,”-+ 8X,; (67.16)

1

on the portion of the surface Sg. These states are called statically possible.

It is clear that the variations in the stresses 80;; and the variations in the
external forces §.X,; constitute a system in balance. Consequently, the work
of these internal and external forces on each possible displacement must
vanish. We take as possible displacements the actual displacements u;; then

[eipodV = [usX,ds . (67.17)

Here we have to assume that §X,; are given on Sg; on S, these variations
are found from the stress variations, in accordance with (67.16).

An important, narrower class of stress variations is that which occurs when
the work of the variations in the external forces on the actual displacements
is zero:

fupx,ds=0. (67.18)
With this condition we have
[epojav=o. (67.19)

Equation (67.18) is satisfied, for example, if the external forces are pres-
cribed on the whole surface, for then 8X,;=0. Alternatively, we can pres-
cribe only some components of the external forces, if the displacements cor-
responding to the others are zero,

The derivation of (67.19) did not at all involve the mechanical properties
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of the medium; only its continuity was used. The actual stress state implies
deformations for which the Saint Venant compatibility conditions are satis-
fied. It can be shown that these compatibility conditions follow from
(67.19). Consequently the variational equation (67.19) is the energy formula-
tion of the condition of continuity of deformation (for a proof see
Leibenzon [20]).

Concept of additional work. We consider in more detail the expression for
the work of the stress variations on the actual displacements; substituting for
the strain components from Hencky’s formulae (67.2) and rearranging, we
obtain

€;50;=Y8T2+ 58U .

Since the body we are examining satisfies one of the conditions

¥ = const. =% (Hooke’s elastic medium) ,

T = const. = 74 (yield state) ,

'} =%E(T) (hardening state) ,

it follows that the right-hand side will be the total differential of some stress
function R:

€;50;;=8R . (67.20)
For Hooke’s elastic medium

—y+Lr2=
R=U+5:T2=T1,

for the hardening state
R=U+f§(7') TdT , (67.21)
for the yield state
R=U.
We shall call R the density of additional work, or, simply, the additional

work. To clarify this concept, we discard for the time being the term §U, re-
presenting the change in volume, which operates in all cases according to the
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Fig. 213.

same law; we then have, by virtue of the relation I' = 2y, that '):
R,=[Tar,

SR ,=TT.

We consider the different cases of the curve T = g(I')I" (fig. 213). The work
of deformation is represented by the area hatched with vertical lines, while
the additional work is the area hatched with horizontal lines.

In the case of Hooke’s elastic medium the areas are equal in magnitude,
R,=A4,, and it is not possible to distinguish the concepts of work of defor-
mation and additional work; in the other cases this can be done. It is obvious
that for a given relation T =g(I)I" the additional work R, will be a definite
function of the work of deformation 4.

Generalization of Castigliano’s formulae. Since

_3R
SR = agj[&aii s
then, if we compare this relationship with (67.20), we obtain the formulae
R
eij = a—oll— ) (67.22)

which replace the well-known Castigliano’s formulae in the present case of
non-linear relations between stresses and strains. It is evident that Hencky’s
equations (67.2) can be expressed in the form (67.22).

Reciprocity principle. A necessary consequence of (67.22) is the fulfill-
ment of the 15 conditions

O¢;; ey
doy; 30y’

1) We recall that the work of deformation of shape is Aw = [ Tdr.
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which should be regarded as a natural generalization of the reciprocity theo-
rem to the case of non-linear dependence of stresses and strains [133].

Generalization of Castigliano’s theorem. We shall extend Castigliano’s
theorem to the case of non-linear relationships between stresses and strains.
Let P, (k=1,2,3,...) be concentrated forces applied to the body; ay, By,
v, the corresponding direction cosines of the vectors of these forces; uy,
i3k, U3y the components of the displacements of the points at which the
forces are applied. Then proceeding from the general variational equation
(67.17) and assuming that one of the forces Py receives an infinitesimal in-
crement 8Py, while the supports are stationary, we find

R = (o + ugyBy + u3evy) 8Py, (67.23)
where R denotes the additional work of the whole body:

R=[rav.
The expression in brackets in (67.23) is the displacement of the point of ap-
plication of the force along the line of action of this force. Thus,

3R/[oP, = Ay, (67.24)
i.e. the partial derivative of the additional work with respect to the magnitude
of any of the applied forces Py equals the displacement of the point of appli-

cation of this force in the direction in which the latter acts. This result re-
mains valid in respect of generalized forces and displacements.

In fact, if the forces applied to the body are proportional to some quantity Q, then it
is clear that

%%=Z}(u1kak+u2kﬁk +usprp) =q . (67.25)
The ities Q and q are lized forcei and displacements.

In the case of Hooke's elastic medium R =IT and f la (67.25) red: to Castig-
liano’s theorem.

Suppose the stress state depends on m superfluous unknowns Xy, X, ...,
X,,. We have encountered mechanical systems of this type in calculations of
beams, systems of rods, etc. In this case the condition of minimum additional
work R leads to a system of m equations

3Rfox;=0, ..., 03R/aX,=0. (67.26)
Example. The g lized Castigli h is suitable for cal ing very simple

bodies — rod lattices, beams, frameworks. We consider as an example a lattice made up of
three identical rods (length I, sectional area F, fig. 35). The material under tension fol-




§67 MINIMUM PRINCIPLES IN DEFORMATION THEORY 367

lows the law

B3
x T3 3%

where B, is a constant. Comparing this with Hencky's formula (67.2), we find

9 S B3
k=0, T= g gMN=8,T, R—Max.

We shall suppose the vertical rod to be superfluous — let X be the force in it. Then we
easily find

$1=83P-X, S2=X.
The additional work of the lattice is

~ 2B\ (P-x 3 B X 3
R= ’F[W‘.&-( 7 ) Vi .
Constructing the equation dR/X = 0 we find that v2(P—X) = * X. Minimum addi-

tional work of the whole body is attained for the actual ethbnum state; it is easy to
see that the plus sign corresponds to a mini of R. C: ,

X= 2P
242
Principle of minimum additional work. The variational equation (67.19)
for the medium under consideration takes the form

R=0. (67.27)

We examine now the particular states of the medium — elastic, yield and
hardening.

Hooke's elastic medium. Here R =11 and the variational equation (67.27)
assumes the form

5 f(u+—r2) av=0, (67.28)

which is known as Castigliano’s rule. In contrast with statically possible stress
states corresponding to the same external load, the actual stress state in a
body renders the value of the elastic potential energy of the body a mini-
mum,

The fact that a minimum of potential energy is attained is easily verified by examin-
ing the sign of the second variation

s2n=62U+ 52( )>o
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where

§2U =3k (60)22>0,

5212 = —bsjjbsij =0
We denote by 21‘2(60,7) the non-negative quadratic form of the variation of the stresses.

In the yield state T = const. and the variational equation (67.27) takes the
form

s [uav=o, (67.29)

ie. the actual stress state differs from all neighbouring statically possible
stress states in yield by the fact that only the former achieves an extremum
value for the elastic potential energy of volumetric change of the body.

We assume that the material is incompressible; then U= 0 and we deduce
the following conclusion: the actual displacements of points of an incom-
pressible body in yield state are such that infinitesimal variations in the
stresses lying within the yield regime do not produce any additional work on
these displacements.

For the hardening state the variational equation (67.27) takes the form

8f[U+f§(T)TdT:| av=o, (67.30)

i.e. the stresses corresponding to the actual equilibrium state are such that the
additional work R of the whole body attains a minimum value with respect
to all neighbouring values which are consistent with the equilibrium equa-
tions.

We show that a minimum of R is attained. The second variation is
82R =62U+82fl‘d1‘.
We know that 62U = 0. Furthermore,
szfrdr=srsr +T62T,

where, as in the case considered on page 360, § 27>0and
2R =520+ 9L (5772 + 152
8R =8 U+d7,(51') + T84T,

It is easy to see that if
dr/dT>0, (67.31)
then 62R >0. The condition (67.31), just as (67.13), is obviously always satisfied for
real materials.
If parts of the body Vy, V,, . .. are in different states, then the incre-
ments in additional work are of the form §R, 8R, . . . respectively. Since R
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changes continuously in passing through the surfaces 2, Z,, . . . which sepa-
rate the different regions, and since on each surface Z,, Z,, . . . the intensity
of tangential stresses is constant, it is easy to see that for the mixed problem

5 [ledVl+fR2dV2+...J=0,

just as before.

Note that the distribution of the surfaces of separation £, Z,, ... corres-
ponds to a minimum of additional work of the whole body.

A generalization of (67.24) can be established in a similar manner for the
case when concentrated forces are applied to the body:

aR
faP‘dV, fap AVyt.. =0,

67.4. Concluding remarks

The above energy theorems of deformation theory are presented in [118]; corres-
ponding equations for non-uniformly heated bodies are given in [16]. The case of a
finite number of generalized coordinates, which is important in structural mechanics,
was studied by Lur'ye [133]. In the article by Phillips [190] minimum principles have
been generalized to the case of large plastic deformations. In Hill’s work [165] it is
shown that an absolute minimum of total energy and additional energy is attained for
the actual state.

§68. Ritz’s method. Example: elastic-plastic torsion

68.1. Ritz’s method

The variational equations considered above open up the possibility of con-
structing approximate solutions by direct methods. At first glance the most
natural approach appears to be the direct application of Ritz’s method in its
usual form.

We consider for definiteness the variational equation (67.10) which des-
cribes the minimum properties of the displacements u; (i = 1, 2, 3). Let u;q be
three functions which satisfy given conditions on the parts S, of the surface,
and let u;(s=1, 2, . ..,n) be a sequence of coordinate functions which sat-
isfy zero conditions on S,,. We shall seek an approximate solution to the mini-
mum total energy problem in the form

n

=g + 20 cighi (68.1)

where the ¢;; are Ritz coefficients. If now we calculate the expression for the
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total energy, it will be a function of the coefficients c;; . The latter are deter-
mined from the condition that the total energy is a minimum:
2 &=0 (68.2)
aCik : -

For an elastic body the total energy will be a quadratic form of the coeffi-
cients c;i; in this case the conditions (68.2) generate a system of linear in-
homogeneous algebraic equations for the c;;.

For plastic deformation, however, the total energy will not be a quadratic
form of the c;;, and conditions (68.2) lead to a non-linear system of equa-
tions for the determination of the Ritz coefficients. Even when 7 is compara-
tively small the construction and solution of this system involves substantial
computational difficulties.

As a consequence, extensive use has been made of a one-term approxima-
tion (with zero conditions on S,):

U= Cipliy

where u;; is usually taken to be the solution of the corresponding linear
(elastic) problem. This particular method is used for solving approximately
various engineering problems. It should be noted, however, that these solu-
tions could involve very substantial errors.

As more approximating functions are taken the difficulty of constructing
Ritz’s system increases sharply. Even if the non-linear system has been de-
rived somehow, it still remains to solve it, and this in its turn is very difficult
and requires the use of various numerical methods.

Ritz’s method can also be formulated for the problem of minimum addi-
tional work R.

68.2. Modification of Ritz’s method

The difficulty of applying Ritz’s method directly has led to a number of
attempts to modify it. We present below one such modification [123] which
can be used for finding the minimum in several other problems as well. This
method overcomes the difficulty arising from the non-quadratic nature of the
functionals, and enables the direct construction of the solution to required
accuracy.

We consider as an example the application of this method to finding the:
minimum of additional work. Let 0;;0 be a particular solution of the equili-
brium equations (64.2), which satisfies the given boundary conditions on the
portion S of the surface, and let 0;,5=1,2,...,n beasetof particular
solutions of (64.2) with zero boundary conditions on Sz. We construct a so~
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lution to the problem of minimum additional work

/] [U NEG) TdT] dV = min. (68.3)
by successive approximations of the form

n

ofp=oyo+ 2t Doy, (684)

where L'(') are coefficients to be determined.

In the zeroth approximation ”(0) we put g(T) = 1/G, where Gy is the shear
modulus (or some quantity rep ing the inclination of the straight ap-
proximating strain curve in the initial segment). The zeroth approximation
corresponds to an elastic body and is determined from the condition for the
minimum of the quadratic functional

—_ T2 = mi
f(""za T)dV min.

The coefficients of the zeroth approximation 0(0) are found from a system
of linear inhomogeneous algebraic equations. Havmg found the stresses and
calculated the intensity T(® = (_s(O)? )) we put G, = =g(1© )/GO) and deter-
mine the next (“first”) approximatlon from the condition for a minimum of
the quadratic functional:

A = mi
I(U+ZGlr)dV min.

Here the “current modulus” G is a known function of coordinates. With the
above method of choosing G, the intensity of tangential stresses T, which re-
lates to the intensity of shear strain T by some linear law T=G T, is “res
tored” in the next approximation to the strain curve T =g(I)I" (fig. 214). It
is apparent that G = GOT(‘O)/T(O)

This procedure is repeated until the required accuracy is obtained. For the
r-th approximation we obtain

—_ 2 = i
f(u+20 T ) dV = min.

where
T(r- 1)

Gr=Gr 17(, 1’

(68.5)
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and

The presence of a variable modulus G, in the r-th approximation does not
greatly complicate the quadratures, since the r-th approximation has the same
form as for the elastic body. In each approximation the coefficients cg’) are
determined from a linear system of algebraic equations.

In the representation (68.4) it is expedient to retain the number of terms
which ensures the required accuracy of the solution to the elastic problem. Of
course with fixed n, calculation of higher approximations is not very mean-
ingful. The quadratures can conveniently be found numerically. To calculate
the current modulus G, we can proceed directly from an experimental defor-
mation curve “T—I'". The fact that the solution retains the same form in each
approximation (only the coefficients cg' ) change) considerably simplifies the
calculations, and makes the results less awkward compared with other meth-
ods of successive approximation.

We can apply an analogous method to the problem of minimum total ener-
gy (67.10). In this case we seek a solution by successive approximation in the
form

n
= 7
"5’) Sujppt sz=>l cl(s)uis ’
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where u;q satisfy given conditions on S, u;; vanish on S, and ¢ ;) are arbi-
trary constants. In the zeroth approximation we obtain g(I') = const. = G,
and in the r-th approximation g(T') = g(T"— 1),

Other variations of this approximation method are possible (cf. the review
[66] ), and also an analogous modification of Galerkin’s method.

In practice we can use this method to solve those elastic-plastic problems
for which a solution by Ritz’s method can be found in the elastic state.

68.3. Example: elastic-plastic torsion of a rod with square cross-section
(length of side = 2a)
Suppose the relation between T and I' is characterized by linear hardening
(fig. 215):

Gol for r<0.0025,
(19.4 + 236T") kg/mm? for '>0.0025.

The shear modulus is Gy = 7.85 X 103 kg/mm2. This relation describes the
behaviour of nickel steel.

(68.6)

30
20
10
[o} PN L

0 001 002 T
Fig. 215.

In §30 we derived the differential zquation of torsion of a hardening rod.
The variational equation for the stress function F (using the notation of §30)
can be obtained from the general variational equation (67.17). The work of
the variations in surface forces on the lateral surface and the fixed base z =0
is zero; at the free end z =/ we have u, = —wyl, u,= wxl; thus

Jugxds = wlff(—y;—y BF—x% sF) dxdy

=l [ [% (x5F) + % (y&F)] dxdy + 201 [ [ 5Fdxdy .
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The first integral on the right-hand side can be transformed into an integral
along the contour of the section, and equals zero since §F = 0 on the contour.
The variational equation (67.17) then takes the form

11 T
s [ [ [ S E()\))\d)\—ZawF] dkdn=0, (68.7)
0 0 (1]

where we have introduced the dimensionless coordinates £ = x/a, n = y/a. On
the contour of the section F = 0.

For an elastic rod g(A) = const. = 1/G and the problem is linear.

We write the variational equation (68.7) in the form

aflfl iT—th]dd—o (688
J G, 7 4« kdn = 8)

0
and look for a solution of the form
FO=cOF +PF,,
where c{?, ¢§) are arbitrary constants, and
=E@-D@-1),  F=FyE?+n?). (689

The solution of the elastic problem in this approximation leads to the fol-
lowing results: the torque is M = 0.1404Gw(2a)*, and is less than the exact
value by only 0.15%; the maximum tangential stress in the middle of a side is
Tmax = 1.40Ggaw, compared with the exact value 1.35Ggaw. Here the qua-
dratures are very easy to perform, and the coefficients are

0)_5 259
of?=3 27760,
50)_ S 105

16 277 0% -

For plastic torsion the stress distribution is smoother than in the elastic
case, and therefore we can reasonably assume that in general the approxima-
tion in the form (68.9) is not worse than for the elastic rod.

The current modulus G, can be calculated from (68.5), and the intensity
7(' 1) determined from (68 6). Calculations have been carried out for the
case aw = 0.015, with the integrals computed numerically by Gauss’s method.

In the zeroth approximation (r = 0), the coefficients "S ) cso) differ only
in the sixth decimal place from the exact values mentioned above. In order to
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check the stability of the results, 10 approximations have been calculated; the
values of the coefficients are given in the table.

Coefficients ci’), &

e 1.02-10-3[c-1.02-1073|r {cf - 1.02-10-3 |- 1.02- 103

~

0| 0.070125 0.014217 |5 0.017551 —0.003740
1| 0.018023 —0.003382 (6| 0.017543 —0.003889
2| 0.017872 —0.003765 |7| 0.017461 —0.003757
3| 0.017728 —0.003802 |8 0.017469 —0.003663
4| 0.017554 —0.003641 (9| 0.017400 —0.003693

Once the values of the constants have been found (in practice we can stop
after three or four approximations), the stress components and the intensity
T can be evaluated. Fig. 216 shows the graph of the tangential stress in the
section y = 0; the divergences from linear law are clearly visible. The bounda-
ries of the plastic zones when T'=7,=19.6 kg/mm?2, are shown shaded in fig.
217. Details of the calculations can be found in the author’s work [66] .

0 02 04 06 0B 10

Fig. 216. Fig. 217.
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*§69. Extremum principles in plastic flow theory

Under the action of prescribed surface loads F, on Sg, and displacements
uonS,,abody experiences a distribution of stresses and strains 0y, €;; which,
as before, we shall call actual and which we shall assume to be known.

Let the surface loads be given an increment dF,, on Sg, and the displace-
ments an increment du on S,; to these increments there correspond incre-
ments in the actual stresses and strains.

In plastic flow theory it is possible to establish extremum properties of
actual increments of strain (stress) with respect to virtual increments.

69.1. Minimum properties of actual strain increments

Let du; be any continuous increments in displacements assuming pres-
cribed values on the surface S,,. To these kinematically possible displacements
there correspond, by equations (3.8), increments of the strain components de}
and, by (13.7), certain increments in the stress components do};, which, in
general, do not satisfy the equilibrium equations.

Using the fact that the actual increments doj; satisfy the equilibrium equa-
tions, we can easily obtain by the usual methods the equation ')

[ doydeav = [ ax, dujas .

ijs

Here the fields of stress-increments doj; and displacement-increments duj

are not in general inter-related. If du; is the increment in actual displacement,
then

[ doydeyav = [ax, duas . (69.1)
Subtracting the latter equation from the preceding one we obtain
[ doy(dej—de;) dV = [ dX, (duj—du) dS . (69.2)
It is easy to verify the identity
2do;(dey—dey) =
= (dojydej—doyde;)—[dej{(doj—day) + doj(de;—dej)] . (69.3)

We consider now the expression inside the square brackets, using (13.7)

') The continuity of increments in stress and strain components is assumed in what
follows; this restriction can be removed, but we shall not do so here.
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for a yield state and (13.14) for a hardening material; we obtain respectively
| ' .
[. . ] = 5¢ (dsij—ds;) (dsjy—ds) + 3k(do'~do)? +

{ [(c'd\'—kd)) dT°2 + kdNdT2—dT?)] ,
[(k'dT’2—dT?2) dT’2 + kdT2(dT2-dT'2)] F(T).

The multipliers k, k' have the following meaning: the multiplier k, which re-
lates to actual increments, is equal to unity if loading takes place, while k = 0
for unloading and neutral changes; the multiplier x’ assumes analogous values
in respect of virtual increments, which give rise to “loading” and “‘unloading”
in accordance with the equations of plastic flow theory.

In the above equations the first two terms on the right are positive; they
can only vanish if the equations ds;-i =dsy;, do’ = do are satisfied simultaneous-
ly. We now show that the quantities inside the following (square) brackets are
non-negative.

If unloading takes place, k =0, k' = 0 and the quantity concerned is zero.
If loading occurs (k = 1, k' = 1) the right-hand bracket (for a material with
yield plateau) gives zero, since d72 =0, d7°2 = 0; in the second case also this
quantity is non-negative, being equal to (d7°2—dT?)2 > 0.

If k=1, k' =0 the first bracket gives —2dAd7"2 > 0, while the second is
(dT2)2-2dT2dT'2 >0, since dT"2< 0, dA > 0. Finally when k =0, k' = 1 the
first bracket is zero and the second is non-negative (d7°2)2 > 0. Thus

$(dojdej—dojde;) > doj(dej—de;) (69.4)

whenever the virtual increments differ from the actual increments. Thus,
omitting the case when they coincide, we find from (69.2)

§ [ doydeyav—[ X, duidSp <} [ dojdedv~ [ aX, duidsy . (69.5)

We call the expression (functional) on the right-hand side of the inequality
the energy increment &(du;).

The actual increments in displacements du; render the energy increment
&(du;) an absolute minimum with respect to all kinematically possible incre-
ments.

69.2. Maximum properties of actual stress increments

We now compare with the actual stress increments doj; statically possible
increments do;/ (which satisfy the equilibrium equations inside the body and
on the portion Sy of the surface).
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Let de, be the increments in the strain components (in respect of plastic
flow theory) for the statically possible increments do under consideration.
It is evident that in general de,, will not satisfy the condmons of continuity
for strain. Since the increments do,,,do i balance, the same method as before
leads easily to the equation

[ (d0j~day) deya = [ (@Xp~dX,,) duyds,, . (69.6)
Consider the identity
2de;{(doj;—doy) = (dojde;;—doyde;)—[doj(dej;—de;y) + de;(doj;—doy)] .

It can be shown by arguments similar to those used above that the quantity
inside the square brackets is non-negative; it will be zero if do =doy. If
therefore we exclude the latter case we obtain the inequality

-3 [doydeav + [ X, dugs, > -} [dojaeiav + [aX, dugs, , (69.7)

the right-hand side of which we denote by E(do,i).
The actual stress increments effect an absolute maximum for the energy
increment &(do;i) with respect to all statically possible stress increments.
Extremum principles for plastic flow theory were formulated by Hodge and Prager,

and Greenberg [181]. Various generalizations are given in the works of Hill [54],
Yamamoto [175] and others (cf. review in [68]).

PROBLEMS

1. Derive the ions of the mini principles for total energy and additional
work (§67) when body forces are present.

2. When the temperature 6 of the body is iform the equations of deformati

theory have the form
€jj = (ko +a8) 55+ ysjj ,

where a is the coefficient of linear expansi ion (12.2) ins valid.
Derive the equations of the mini principles for total energy and additional work
for this case.

Show that in the case of non-uniform heating the problem of determining the dis-
placements u; reduces to the “usual” isothermal problem by adding a fictitious body
force —(a/k) grad 6 to the actual body forces p.X;, and a fictitious normal tension (a/k) 8
(on the portion Sf of the surface) to the actual surface loads Xp;.

3. A lamina has identical circular holes (of diameter d) distributed in staggered rows
(interval = /). Tension is applied uniformly in the x, y directions. Calculate the staticall
possible load pg (the ically possible field ists of square regions of “hydrostatic”
tension and rectangular regions of uniaxial tension).
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Answer: ps=(1-d/D og.

4. An infinite lamina weakened by a series of holes of diameter d, located along the
x-axis at intervals /, is stretched in the y-direction. Indicate the simplest lower bound
for the limit load.

Answer: ps= a-d/h og (p is the mean stress) .

5.1In the same problem find the upper bound, assuming that a neck develops along
the weakened section (along the x-axis).

Answer: pk-i 1 4 o
i VAT
6. In the same problem, find the upper bound, using the solution of §56 (cf. fig.
173).
7. Use (66.27) to find the upper bound of the limit load for a circular joint-supported
plate loaded at the centre.
Answer: Py =2nMg.

8. A circular joint-supported plate of radius b is loaded eccentrically (at a distance a
from the centre) with a concentrated force. Find the upper bound assuming that the
bending shape is the surface of a cone with vertex at the point where the load is applied.

Answer: Py =2aMgb\/b2—a2.

9. Find the additional work for a bending beam with a step-like relation between
stress and strain (cf. problem 3, ch. 3).

. i+t
Answer: R f U+iwp &

10. With the same conditions derive the variational equation for the bending of the
beam.

1
m 2, 14u
Answer: Bf [ D! Id— —q(x) v] dx=0.
0

T+u 'gy2



Theory of Shakedown

§70. Behaviour of elastic-plastic bodies under variable loads

70.1. Variable loads

In the plastic flow problems considered hitherto it has been understood
that the loading is simple. In practice, however, machines and structures are
often subject to the action of varying loads and temperatures. If a body is de-
formed elastically, then in the presence of variable loads its strength is deter-
mined by the fatigue properties of the material; fracture occurs after a large
number of cycles. But if the body experiences elastic-plastic deformation, a
load less than limiting can cause the attainment of a critical state with a com-
paratively small number of cycles. In this situation it is necessary to distin-
guish two cases.

1. Fracture occurs as the result of plastic deformations alternating in sign
(for example, plastic compression succeeds plastic extension, and so on). This
is called alternating plasticity (plastic or few-cycled fatigue).

2. Plastic deformations do not change sign, but grow with each cycle (pro-
gressive deformation, progressive fracture). This leads to an inadmissible ac-
cumulation of plastic deformations.

380
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70.2. Alternating plasticity

As an example of the development of alternating plasticity we consider the
elastic-plastic state of a hollow sphere under the action of an internal pressure
(§25), where the latter varies according to the scheme 0>p~>0->p... .
With the first loading 0 = p a zone of plastic deformation (a <r < c) develops
in the sphere. After the unloading p - O the residual stresses are described by
formulae (25.12). The graph of the residual stress 03 is shown on the left-
hand side of fig. 41 and in fig. 218a. It is assumed that the residual stresses are
not large enough to induce secondary plastic deformation; by (25.13) this
will be so if p < 25, and then

p<3(1-23p3) o =p, . (70.1)

With this condition the interval in which the intensity of tangential stresses
(according to the elastic solution) varies does not exceed twice the yield limit,
27, anywhere in the sphere.

p<h P>h
oy op
(a) (b)

Fig. 218.

In addition it is necessary that the limiting load p, = 20, In(b/a) should not
be exceeded, i.e. that p; <p,. It is easy to see that secondary plastic defor-
mations can occur during unloading only in a sufficiently thick-walled shell
(when b/a > 1.7).

If condition (70.1) is satisfied, renewed loading will induce only elastic de-
formations, at the expense of the development in the sphere of a field of
residual stresses of favourable (“inverse™) sign. It is as if the sphere were
strengthened by comparison with its first loading. As we have remarked ear-
lier, this effect is called hardening, or autofrettage, of the structure.

In recent years a different term has been increasingly in use — the term
“shakedown™, which was introduced by Prager. We say that the structure
shakes down to the loading cycle, due to the development of a favourable field



382 THEORY OF SHAKEDOWN ch.9

of residual stresses. The inequality (70.1) can be regarded as the shakedown
condition for the sphere; it defines the region of shakedown (the region of ad-
missible load variations).

If p>p,, then unloading in some zone adjacent to the cavity (fig. 218b)
results in plastic deformation of inverse sign with respect to the plastic defor-
mation under loading. If the sphere is now loaded again under the same pres-
sure p >p,, this zone experiences plastic deformation of the original sign.
After a moderate number of such cycles the zone undergoes fracture due to
“plastic fatigue™ (a well-known example is the rapid breaking of a wire with
alternating plastic bending). Thus, safety considerations require that the loads
should be confined to the shakedown region.

These ideas can be extended to bodies of arbitrary shape, and this leads to
a sufficient condition for the development of alternating plasticity; alternat-
ing plasticity occurs if the interval of variation of the intensity of tangential
stresses exceeds, anywhere in the corresponding perfectly-elastic body, twice
the yield limit 27 (according to the von Mises criterion).

70.3. Progressive deformation

To illustrate how this type of plastic deformation can arise, we consider
the simple model shown in fig. 219. A circular rod 1 and a tube 2 which sur-
rounds it are joined by a rigid plate 3. A constant force 2P is applied to the
latter. Let the cross-sectional areas of the rod and the tube be the same, and
equal to F. The temperature of the rod is constant (zero, say), while the tem-
perature of the tube varies periodically between 0° and 8° (0—>6 >0~
-6 - . ..). The modulus of elasticity is assumed invariant, and the yield limit
is 059 at 0°, and o at 6°; a is the coefficient of linear expansion. We intro-
duce the notation p = P/F, q = %an.

2% , /,
N
’ 2
| 3
ZPJ

Fig. 219.
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From the equilibrium condition we have
0,t0,=2p, (70.2)

where 0}, 0, are the stresses in the rod and tube respectively. The state of the
model depends on the relationship between the magnitudes of p, g and the
yield limits 0y and og5. We shall not consider all variations, but merely dis-
cuss a few of the possible states.

Elastic state. During heating the stresses in the rod and the tube are
0, =p +q, 0, =p—q. In order that plastic deformations be absent, it is nec-
essary that

p+q<og, pP—q> —0g .

Shakedown. The rod always remains elastic, but the tube experiences plas-
tic deformation when heated. At temperature 6 the stress in the tube is
079 = —04y; the stress in the rod must not reach the yield limit, i.e.

01=2p +049 <0yq. (103)

After cooling we have 05 = —0yy +q, 07=2p + 0,9—q. It is necessary for
shakedown that these stresses should not exceed the elastic limit 0y, i.e.

-0 +q <0y, 12p +055—ql <oy . (70.4)

The inequalities (70.3), (70.4) characterize the conditions of shakedown.

Progressive deformation. Suppose that in each cycle the rod experiences
plastic deformation when heated, and the tube when cooled. In this case it is
easy to see that the rod flows with continuing thermal expansion of the tube
(i.e. the rod “acquires” plastic deformation). During cooling the tube also
flows, with stress 0, but retains a constant length (because of the constancy
of length of the rod). This pattern is repeated in each cycle, and general plas-
tic extension of the system develops.

During heating the stress is oy in the rod, and 2p—0q in the tube, where

12p-050| < 0gq . (70.5)

During cooling the stress is oy in the tube, and 2p—0, in the rod. With
elastic unloading (cooling), the stress in the tube is 200 + ¢, and must not
be less than oy ; consequently

q>200-2p . (70.6)
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After each cycle the general strain increases by an amount

20
e=ap+ ¥ - 50

and can reach inadmissible values as the number of cycles increases.

70.4. The influence of hardening, the Bauschinger effect and creep

In real bodies the conditions of shakedown depend on the increase in the
elastic limit with plastic deformation (hardening), and on its decrease with
loading in the reverse direction (Bauschinger effect). These effects can be
computed, although the analysis becomes very complicated. In a similar fash-
ion it is possible to take into account changes in mechanical characteristics
during the temperature cycles. If the cycle lasts a sufficiently long time,
shakedown depends significantly on creep, which can in large measure change
the field of residual stresses; in a number of cases this contracts the region of
shakedown.

§71. Shakedown theorems for elastic-plastic bodies

The examples discussed in the preceding section show that clarification of
shakedown conditions requires an analysis of the elastic-plastic equilibrium of
a body. This analysis, however, can only be effected in very simple problems.

There exist a number of theorems regarding shakedown which eliminate
this difficulty, by enabling upper and lower bounds for the shakedown region
to be found. An analysis of the elastic-plastic state is then no longer neces-
sary; we only require the detailed application of the solution of an appropri-
ate elastic problem. This is, of course, incomparably simpler.

71.1. Statical shakedown theorem (Melan's theorem)

We consider an ideal elastic-plastic body experiencing the action of a sys-
tem of loads, which vary slowly in time, between given limits. This condition
enables dynamical effects to be neglected. We denote by 0,’,~, e,-‘i the instan-
taneous values of the stresses and strains in the corresponding perfectly elastic
body (for the instantaneous values of the loads, i.e. at some point of the load-
ing programme), and denote by g;; ij» €ij the mstan!aneous values of the stresses

and strains in the actual elastic- plasnc state. Let 03, €;; be the residual stresses
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and strains in the body, given by the differences

03- = 0,0, (7r.1)

f=e—eh, (712)

and let e i ® be the elastic strains corresponding to the residual stresses. Be-
cause the loads are variable, all the above stresses and strains are slowly-
changing functions of time. Note also that the strains €, €;; are kinematically
possible, i.e. they satisfy the compatibility conditions, and the corresponding
displacements satisfy prescribed kinematic boundary conditions.

The actual strains €;; are made up of elastic and plastic components:

e,-,-=e,9,-+ €,pl-. (71.3)
Consequently:

eg =ep+ 62° , (71.4)

€= (; teytel. (71.5)

We now suppose that we have found some field of fictitious residual
stresses 0;;, independent of time. This field ;; can be taken to be any non-
trivial solution of the homogeneous equilibrium equations (64.2) which satis-
fies zero boundary conditions on the portion S, of the body’s surface. We de-
note by ¢; €jj the strain components corresponding to the fictitious stresses a,,
according to Hooke's law. Note that, in general, the &; are not kinematically
possible strains.

We shall call the stress field

.=
0,+0,>—UI

safe if no arbitrary load-variation in the prescribed limits causes the yield
limit to be reached, i.e. if (fis the yield function, cf. §16)
f(a,?,-) <K. (71.6)
The stress field

a,,+0-—0,

will be called admissible if the stress distribution can reach the yield surface,
ie.if

fo}})<l(. (71.7)
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Melan’s theorem. Shakedown occurs if it is possible to find a field of fic-
titious residual stresses 0y, independent of time, such that for any variations
of loads within the prescribed limits the sum of this field with the stress field
a,?]- in a perfectly elastic body is safe (sufficient condition).

Shakedown cannot occur if there does not exist any time-independent
field of residual stresses O;; such that the sum G;; + of; is admissible (necessary
condition).

The necessary condition is obvious: if there is no distribution of residual
stresses for which f(0%) <K, then by definition shakedown cannot occur.

Suppose now that a suitable field of residual stresses o;; exists. We show
that shakedown then occurs.

Consider the fictitious elastic energy i of the stress difference o

fi= 0_5 Oe_-
fi=1 [ (09-5;) Jc—&p av.
The stress differences 03—6,-] are connected with the strain differences

e,oI.'—E,-i by the linear homo~geneous relations of Hooke’s law, and therefore
the derivative of the energy Il with respect to time is:

0

i 0%*

ij*

dil _.d _
ac f (og—ail-) & (e?l-e—e,-,-) dav.

But the stresses 0,

jj and the strains €; are by definition independent of
time, consequently

dﬁ — 0 - 0
e J %3 eleav.
From (71.5) we have:

£ =845 (71.8)
Thus

[ &tk av.
We note now that the stress differences 02_6,,- satisfy the equilibriumcon-
ditions with zero external forces, and the strain rates &;;—£; are kinematically
possible. The rate of work of the internal forces is equal to the rate of work
of the corresponding external forces. But the latter are zero on Sg, while
v;—u? =0onS,; hence:

J @35 @k av=o.

This result can also be established by formal transformation of the volume
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integral into a surface integral (cf. §64). Thus

dil _
i (05—5;) Ehav .

With the aid of (71.1) this equation can be written in a different form:
dii
T —f(aij"’?i) ghav.

Since the vector of the plastic strain rate EE} is in the direction of the nor-
mal to the convex yield surface %, the vector 0jj reaches the yield surface,
while the vector o, being safe, lies inside Z (cf. fig. 199b, with o} in place of
o;-i), therefore we have a local maximum principle:

(0;-0) E5>0. (71.9)

Thus dfi/dr <0 as long as £+#0. Since the elastic energy T is non-
negative, a time will be reached when plastic flow ceases (i.e. Es- =0,
dll/dr = 0). The residual stresses will no longer change with time, and the
body will experience only elastic deformations as the loads are varied.

In practice, structures shake down to some field of residual stresses which
depends on the loading programme.

The field of residual stresses ; is expediently chosen such that the re-
gion of admissible load variation is greatest.

In this sense the application of Melan’s theorem leads to a lower bound for
the limits of load variation. The actual realization of this scheme in concrete
problems is difficult, especially in cases where the loads depend on several
parameters. In general the determination of the optimal field of residual
stresses Eii which gives the maximum extent to the region of shakedown con-
stitutes a problem of mathematical programming. In lattices of rods and
framework structures the safety conditions are, as a rule, linear inequalities;
in such cases we can use well-known methods of linear programming. Note
also that to determine the admissible loads it is only necessary to consider
loads below limiting.

A simple method of constructing an approximate solution based on
Melan’s theorem is illustrated in the next section.

The statical shakedown theorem for the general case was proved by Melan
in 1938,

71.2. Kinematical shakedown theorem (Koiter’s theorem)

Let the displacements be zero on a portion S, of the body’s surface,
and let loads, which vary slowly between prescribed limits, act on the remain-
ing portion Sg.
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Take some arbitrary field of plastic strain rates 25-0 = £$-0(r). We shall call
this field admissible, if the plastic strain increments over some time interval 7

AeBy= J Eodt

generate a kinematically possible field (i.e. AeP 70 satisfy the compatibility
conditions, while the corresponding dlsplacement field satisfies zero condi-
tions on S,,). Corresponding to the field 5”0 there is a stress field 0;;0 (accord-
ing to the associated law), and a unique field of “accompanying” residual
stress rates bg-o, which can be determined in the following way. From (71.3)
and (71.2) we have

0 -
=gty
If we here replace the components 5}} by the components Ego, we obtain
5110 El] 51/ Ep

The strain rates £; and £}; are connected with the stress rates o;; and 63 by
Hooke’s law, and consequently the differences ¢j—t5; and o;; a‘-— Gijo are
related by the same law. Thus

£ = cimkOhro + £ » (71.10)
where c;; are elastic constants. By considering the body’s equilibrium with
zero loads on Sg, zero displacements on S, and with the inhomogeneous
linear relations (71.10), we find a unique dxstnbunon of accompanying resi-
dual stress rates 030, residual strain rates E, io and residual velocities v;o. Here
the £F o will play the role of given addmonal (“imposed”) strains. The first
terms on the right-hand side of (71.10) are the elastic strain rates £§; jjo induced
by the residual stress rates "110

The displacement increments over the interval 7 are

T
Bug= [ vgdr.
0

By definition the plastic strain increments A€ jjo over the time 7 are kine-
matically possible, therefore the accompanying elastxc strain-increments Ae,/o
are also kinematically possible. The residual stresses 0j;q at the end of the
cycle ¢ = 7 are returned to their initial values at r = 0, i.e.

0 =40
0i]'0|1=0 = 0,i0|,=, . (71‘1 1)
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Then

'[ £odr=0 (71.12)

Koiter’s theorem. Shakedown does not occur if it is possible to find an ad-
missible cycle of plastic strain rates &P 70 and some programme of load varia-
tions between prescribed limits for wluch

fdrf i0dSg> f dt [A@Eo) av, (71.13)

where A(g 0) 0”05 0 is the rate of work of the plastic strain on the admis-
sible rates qu

Conversely. Shakedown occurs if for all admissible cycles of plastic strain
rates and arbitrary loads (between prescribed limits) it is possible to find a
number k > 1 such that

K ofrdth",viodSF !dth(E pydv. (71.19)

The first part of the theorem is proved by contradiction. Let there exist an
admissible cycle for which inequality (71.13) holds, and at the same time let
shakedown occur. Then by Melan’s theorem there exists a time-independent
field of residual stresses T;; the sum of this field with the elastic field of; gen-
erates an admissible stress f eld a . By the principle of virtual work we have

f ni"iodsF=f°i,'Ei/0dV- (71.15)
Using the definition of a,i’/ and formula (71.10), we easily obtain

0 4y= 50
Jo300aV = [ ojcimofiod? + [ 3 [ Biciineiod? + f ofodV -
i it follows that

JoteimofodV = [ hxoeid? =0,

as the stresses ”21:0 correspond to zero external forces. We integrate equation

(71.15) with respect to time over (0, 7). Since 0;;is time-independent, (71.12)
now leads to

Since by Hooke's law €} = “nﬂ:k"

f At [ Gycimidfiod? = [ 5,av [Eqdr=0
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Thus

T T
{ dr [ X, ;0085 = of dt [ othodV,
which contradict the original inequality (71.13), since (0,7-0—03-) fo>0.

The proof of the second part of Koiter’s theorem is much more compli-
cated and we shall not give it here (cf. [68]).

If we choose an admissible cycle of plastic strain rates and write (71.13)
with the equality sign, we can use Koiter’s theorem to find an upper bound
for shakedown. The application of Koiter’s theorem involves greater difficul-
ties than the application of Melan’s theorem (except in the simplest systems,
rod lattices and frameworks, where linear programming methods can be used).
A useful inverse method was proposed by V.I. Rozenblum; we also refer the
reader to a series of works by D.A. Hochfield [100] .

71.3. Shakedown for non-uniformly heated bodies

A matter of great practical interest is the case of simultaneous action of
loads and a temperature field 6 = 8(x,, x,, x3, t) varying between prescribed
limits.

Melan’s theorem can easily be generalized to non-uniformly heated bodies.’
The formulation of the theorem is as before, but by o}; we now have to under-
stand a field of thermoelastic stresses in a perfectly elastic body [149].

Koiter’s theorem can also be extended to non-uniformly heated bodies
[100, 149], though the formulation is slightly different. On the left-hand side
of the inequality (71.13) it is necessary to include the term

3a jdtfebng,
0

where a is the thermal coefficient of linear expansion, 68 is the rate of mean
pressure for the residual stress field.

71.4. Remark on the connection between shakedown theorems and limit load
theorems
Koiter has drawn attention to the fact that the limit load theorems
(§65) are a consequence of the shakedown theorems if it is assumed that the
prescribed limits of load variation coincide.
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§72. Approximate method of solution. Example

As we have already observed, if we wish to find the region of shakedown
from Melan’s theorem, we have to consider admissible fields of residual
stresses and at the same time to set out the solution to the corresponding
elastic problem with loads varying arbitrarily between prescribed limits. We
encounter substantial difficulties in carrying through this scheme (especially
in cases where there are several independent loads). Shakedown analysis for
simple lattices and frameworks with one — or two — parameter load systems
is usually effected by geometrical methods of constructing the region of ad-
missible distributions; in more complicated cases we can use the methods of
linear programming.

For bodies of arbitrary shape with one — or two — parameter load systems
a convenient approximate method of finding the shakedown region was sug-
gested by V.I. Rozenblum [148] . We now describe this method.

72.1. Approximate method of solution

Basing ourselves on Melan’s theorem, we consider the case where the loads
are proportional to a single parameter p; then the solution to the correspond-
ing elastic problem has the form

* _ U
0;;=p0j;,

where oj; are functions of coordinates only. Next we choose some field of
residual stresses

where 0}; are functions of coordinates only, and X is an undetermined multi-

plier. According to Melan’s theorem it is necessary to construct a field

0,;=poj;+ G, (72.1)
which is safe, i.e.
flop)<K. (72.2)

It is required to find the optimum value of the multiplier A for which the
range of admissible variations of the coefficient p is greatest.

Consider the plane of the variables p, A. To every point of the plane there
corresponds some stress distribution (72.1). In this plane the yield criterion

fpoj;+ 2oy =K (712.3)
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Fig. 220.

defines a three-parameter family of curves (dotted lines in fig. 220), which do
not pass through the origin of coordinates p =0, A =0 (since K > 0), and
which therefore marks out some region of admissible values. The boundary of
this region C is generated by the envelope of the family (72.3) or by indivi-
dual curves of the family closest to the origin. When the boundary C has been
constructed, it is easy to determine the admissible interval of variation of the
load parameter p. Suppose p > 0; then the greatest possible deviation must be
less than the largest abscissa B. The optimum value of A is equal to the seg-
ment OA.

A good approximation can be achieved with successful choice of the resi-
dual stress field.

This method can be extended without difficulty to two-parameter load
systems, when

ojj=Poj*q0j;, (72.4)

and in place of (72.3) we have
flpojj+qoj+N\s) =K . (72.5)
We specify a series of values ¢ =q,, q5, g3, . . . and, as before, construct

the curves of admissible distribution C,, C,, C3, . . . (fig. 221). On each curve
we then mark the greatest value of the parameter p (p =py, Py, P3,...).In
the parameter plane p, g we draw a curve through these points (fig. 222); this
curve bounds the region of admissible loads.

72.2. Example. Combined torsion and tension of a rod
We shall find the shakedown region for a circular rod of radius a, with a
tensile force P and a twisting moment M. In the cylindrical coordinate system
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Fig. 221. Fig. 222.

r, ¢, z the stress components g,, 7, oz 81€ different from zero. We introduce the
dimensionless quantities
P M

, q= .
madrg

p=rfa, "=Twz/1s’ 0=0,/0g, p=—
nao

The elastic solution can be written in the form '
o*=p, T™=qp.

We choose the following residual stress distribution
0=0, T=A1+cp).

The constant ¢ is determined from the condition that the moment of the
stress 7 is equal to zero; we easily find that ¢ = —%.

The total field
o=p, T=qp + N1-3p) (72.6)
must be safe, i.e. (by the von Mises yield criterion)
02+72<1. (72.7)

We consider first the case of pure torsion (p = 0); then from the yield cri-
terion we find

ap+N1-3p)=¢1. (72.8)

In the g, A-plane (fig. 223) this equation defines two pencils of straight

lines with centres A (g =;3, A=1)and A'(g= —%, A=-1).Since 0<p<1,

these pencils bound a parallelogram of admissible values ABA'B'; its sides are
obtained from (72.8) withp=0andp=1.
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Fig. 223.

It is worth noting one or two details. First of all we observe that the first
plastic deformations appear in the outer layer of the rod when g = % 1. If the
twisting moment does not change sign (i.e. 0 <q), then the greatest admissi-
ble interval of variation of q is characterized by the abscissa of the point
Ag= 43). This value corresponds to the limiting twisting moment. If the mo-
ment changes sign, the greatest interval of variation of q is determined by the
length of the horizontal segment between the sides AB and A'B'; obviously
Qmax—9min = 2 for any A.

We now pass to the analysis of the general case when the force p # 0 varies
arbitrarily between limits (—p, + p). Then from the yield criterion we obtain

ap +M1-$0) =+ /1-pZ. (72.9)

This equation defines the parallelogram aba'b’ in the g, A-plane (fig. 223),

similar to the parallelogram ABA'B’, and lying inside it. It cuts off segments

of length +/ l—p2 on the axes ¢, A. Thus, when an axial force acts the inter-

val of admissible variations of the twisting moment is reduced. If the twisting

moment does not change sign, then qu,—qmin=3 1-p2; otherwise
4max—9min = 2 1-p2.
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PROBLEMS

1. Find the shakedown region for a circular tube under the action of an internal pres-
sure and a longitudinal force (by the approximate method, §72).

2. Find the shakedown region for a circular rod twisted by a moment M and exper-
iencing a pressure P at the end surfaces; there is no axial force.
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Stability of Elastic-Plastic Equilibrium

§73. Criteria of stability

73.1. Remarks on the stability of mechanical systems

The stability of the equilibrium of a mechanical system dep on the
system’s parameters. For some mechanical systems a number of these param-
eters involve the forces which act. A similar situation occurs in elastic sys-
tems; for certain values of the loads, thin rods, plates and shells under pres-
sure become unstable and buckle.

We assume that the reader is familiar with the basic ideas of stability theo-
ry, and merely concentrate on a number of details.

In rigid-body mechanics the question of stability of equilibrium is solved
by examining the motion of a system close to the original equilibrium con-
figuration (dynamic criterion). If small disturbances generate a motion
which diverges from the neighbourhood of the equilibrium state, then the
latter is unstable; if oscillations about the equilibrium state occur, then we
have stability (stability in the small).

Stability depends on the magnitude of the disturbances. In the case of sub-
stantial permissible deviations we speak of stability in the large, and the con-
cept of degree of stability is connected with the magnitude of the deviations.
In the sequel we shall consider only small disturbances.

4
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If the system is conservative, its oscillations need not be considered; the
well-known Lagrange-Dirichlet rule provides a sufficient condition for stabili-
ty: in a stable equilibrium state the potential energy of the system is a mini-
mum (energy criterion).

73.2. Stability of elastic systems

The general dynamical criterion obviously remains valid for elastic sys-
tems; but its application is associated with great mathematical difficulties, be-
cause the motion of such systems is described by a system of partial differen-
tial equations. For this reason the analysis of stability of elastic bodies is
usually effected with the aid of different, simpler but less general, criteria.
We shall now briefly discuss these.

The static stability criterion consists in the following. We consider an
equilibrium state infinitesimally close to the original (basic, “trivial”) equili-
brium state. For a certain value of the load it is possible to have a second
equilibrium configuration, at the same time as the basic one. In other words,
different equilibrium configurations can exist for the same load (bifurcation
point, branching of equilibrium configurations). This state can be regarded as
the transition from stability to instability. The smallest load for which differ-
ent equilibrium configurations are possible is called critical. For the case of a
compressed rod this situation is shown schematically by the solid line in fig.
224, the load P is represented by the ordinate axis, and the abscissa is the
flexure A. When P > P, a rectilinear equilibrium configuration is possible for
a straight rod. When P> P, (P, is the bifurcation point) the flexured equili-
brium is stable.
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For conservative systems the static and dynamic criteria lead to the same
values of the critical load. In its mathematical formulation the static cri-
terion leads to the classical problem of eigenvalues for linear differential equa-
tions. The first to use the static method was Euler, who investigated the
stability of a compressed elastic rod.

Energy criterion of stability. If the elastic system under consideration is
conservative, a sufficient condition for its stability is that the potential energy
is a minimum. If I1 is the elastic potential, 4 the potential of external forces,
and & =TI-A the total energy of the system, then the second variation of the
energy must be positive definite for stability:

526>0.

The critical value of the load is the least value for which this inequality ceases
to hold, i.e. for which

528=0. (73.1)

The energy criterion can also be formulated in a somewhat different way,
suggested by S.P. Timoshenko. In a position of stable equilibrium the energy
& =I1-A is aminimum, and consequently, for every small deviation from the
equilibrium position the increment in the total energy §& >0, or 811> 84.
If the equilibrium ceases to be stable for some value of the load, then §& =0,
ie.

SN =64. (73.2)
Let p be the load parameter, i.e. 54 = p54; then
p=58I/84 .

The minimum value of the load which satisfies this relation for non-zero de-
viations of the system from the basic equilibrium position is the critical load

P, =min (811/64) . (73.3)

In mathematical terms we have here the problem of the minimum of a qua-
dratic functional.

For conservative systems the static and energy criteria are equivalent. The
differential equations of stability obtained by using the static method are
Euler’s differential equations for the variational problem, to which the energy
criterion reduces.

For an elastic system it is essential that the external forces should have a
potential; otherwise the static and energy criteria can lead to erroneous con-
clusions (cf. [195]).
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If the system is non-conservative then, in general, only a dynamic criterion
is valid. The simplest example of such a system is the elastic rod compressed
by a force acting along the tangent to the axis of the rod.

In the sequel we shall assume that the external forces have a potential, i.e.,
that the work of the external forces is independent of the path traversed.

The magnitude of the critical load can be approached by tracing the defor-
mation of a system haying initial deviations. For example, it is possible to
consider the compression of a rod with initial twisting (or with an additional
transverse load). The dotted line in fig. 224 shows the growth of flexure with
increase in compressive force. As the latter approaches the critical value P,
the flexure increases sharply.

In this conception a stability analysis is by definition eliminated, but the
method has its deficiencies. The behaviour of the system depends on the ini-
tial deviations which are a priori unknown. Furthermore, the mathematical
problem turns out to be more complicated than the use of the static or en-
ergy criterion.

73.3. Stability for elastic-plastic deformations

Experiments show that the classical solutions of elastic stability problems
are often very inadequate. One of the principal reasons for the discrepancy lies
in the inelastic properties of real materials, which cause a sharp decrease in
the resistance to buckling.

In practical treatments of the problem (in large measure loss of stability in
modern structures occurs beyond the elastic limit), wide use has been made
of empirical formulae obtained through experimental studies of the stability
of compressive rods. More recently a number of theoretical methods have
been developed to analyze the stability of structures operating beyond the
elastic limit.

A system which experiences elastic-plastic deformations is not conserva-
tive. For this reason the investigation of stability beyond the elastic limit
must in general be based on an analysis of motion near the basic equilibrium
state, when certain disturbances are applied to the system. This analysis is ex-
tremely difficult, for two reasons: first, we do not have available reliable
equations of plasticity for cyclic deformations; secondly, even when the sim-
plest equations are used (for example, the equations of flow theory or defor-
mation theory) the mathematical difficulties are enormous. In many cases
(though not always) it is possible to obtain the required answer by investi-
gating the elastic-plastic deformation of a system having initial deviations.
This analysis, however, leads to non-linear problems and is also associated
with great mathematical difficulties. Usually, one proceeds from some static
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criterion, and looks for a load for which different neighbouring equili-
brium configurations are possible under some or other additional conditions.
These criteria, which we consider in the next section, do not have a reliable
theoretical foundation; their value is illustrated by analyzing the behaviour of
very simple models of elastic-plastic bodies and is confirmed by experimental
data.

§74. Stability of a
loads

p d rod. Reduced-modulus and tangent-modulus

74.1. Stability of an elastic rod

The stability of a compressed elastic rod was investigated by Euler, in
about 1757. We briefly present the solution to this problem on the basis of
the static criterion, where for simplicity we consider a rod of constant and
symmetric section (fig. 225); the axes x, y are principal central axes.

Suppose that for some value of the compressive force P, buckling of the
rod takes place in the plane of least rigidity Ox; let u = u(x) denote the dis-
placement of the axis of the rod under buckling (fig. 226).

According to the static stability criterion buckling occurs in the “neu-
tral” equilibrium state and is realized at the same value of the axial force,
i.e. for buckling the increment in the axial force is zero:

5P=0. (74.1)

During buckling the rod is twisted and experiences additional infinitesimal

Fig. 225. Fig. 226.
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strains 8¢, ; since the rod is thin, these additional strains satisfy the hypo-
thesis of plane sections, i.e.

Se,=€g—qx, (74.2)

where € is an infinitesimal additional axial extension, and q is an infinitesi-
mal change in curvature. From Hooke’s law the corresponding additional
stresses will be

80,=Ebe, . (74.3)

It is obvious that 6P = EFe, where F is the cross-sectional area of the rod; in
accordance with (74.1) it is necessary to put g = 0.

The infinitesimal bending moment Pu which arises with buckling is bal-
anced by the moment of the internal forces

— [[s0.xdxdy =Eiq ,
where J is the moment of inertia of the section with respect to the y-axis.
Since g = d2u/dz2, we now have the differential equation
2
—+—=—u=0. (74.4)
For a rod supported at its ends the boundary conditions are: u =0 for
z=0and z = /. The corresponding critical load (Euler force) is
P=n2EJ2 . (74.5)
If we introduce a flexure parameter
\=F1%I=(lfe)?,
where p is the radius of inertia, and a loading parameter
u=PJEF,

equal to the ratio of the critical load to Young’s modulus, formula (74.5)
takes the form

n=n2, (74.6)

Consequently, the stability boundary in the A, u-plane will be a hyperbola
(fig. 227a).

Note that the results are not changed if we assume 8P to be different from
zero.
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74.2. Stability of a compressed rod beyond the elastic limit, tangent-modulus
load
If the rod is compressed beyond the elastic limit (point C in fig. 228), the
above analysis is unsuitable.
In 1889 Engesser proposed a simple method of calculating plastic proper-
ties. We assume that the curve OC is a curve of nonlinear-elastic deformation,

(g}
o,

1 €;
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i.e. we consider the stability of some nonlinear-elastic rod. Then the relation
between stress increments 80, and strain increments 8¢, will be

80,=E'Se,, (74.7)

where E' = (do,/de,). is a local modulus of elasticity, sometimes called the
tangent modulus. 1t is evident that in this case the critical load P’ (which we
shall call the tangent-modulus load) is determined by formula (74.5) with
Young’s modulus replaced by the modulus £', i.e.

P =m2EJ2. (74.8)

The stability boundary depends on the form of the deformation curve;
some typical cases are shown in fig. 227. For materials with explicit yield
plateau, E' =0, i.e. stability breaks down on transition to the yield limit
(fig. 227b); this result is confirmed by experiments. The stability boundary
for gradual transition to the yield plateau is shown in fig. 227c. Finally, for a
hardening material the stability boundary deviates laterally from the hyper-
bola which corresponds to the Euler force, and then rises (fig. 227d). Up to
the elastic limit O, Euler’s solution (74.6) is valid; subsequently it is shown
by the dotted line.

In general this scheme gives a qualitatively accurate picture.

74.3. Stability of a compressed rod beyond the elastic limit, reduced modulus
load.

Shortly after the publication of Engesser’s work, Yasinskii noticed that in
the buckling of real materials a part F| of the section (fig. 229) experiences
additional compression, so that (74.7) is valid here, while the other part F, of
the section experiences unloading, which proceeds according to Hooke’s law,
so that Engesser’s suggestion cannot be assumed valid.

Subsequently Engesser and von Karman gave a solution to the problem of
the stability of a compressive rod beyond the elastic limit which took into
account Yasinskii’s objection. We shall reproduce this solution.

The infinitesimal increments in the stress 50, are

80, =

{E'Bez in the loading region F, (6¢,<0),
Ese, in the unloading region F; (8¢,>0).

As we have noted earlier (§24), the hypothesis of plane sections is geo-
metrical in character and is not connected with the properties of the material;

therefore the additional strains €, are represented by the preceding formula
(74.2). Along the line n—n, 8¢, = 0; we shall call this line the separation line
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and shall henceforth measure x from it. Then
Se, = —qx. (74.9)
Since it is being assumed that buckling occurs at the same value of the
axial force, we have
5P=ffao,dxdy=0 ,
and hence
S\E'-S,E=0, (74.10)
where S, S, are the statical moments of the areas F;, F, with respect to the
separation line. This equation determines the position of the separation line
(ie. xg), which obviously depends on the shape of the section and on the
ratio E'/E. It is clear that the loading region F is always larger than the un-
loading region F.
It is now possible to calculate the moment of the internal forces with res-
pect to the neutral line:

~ J[s0,xdxdy =Epiq , (74.11)
where we have put
E'J, +EJ,
Ek = T .
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Here Jy, J; are respectively the moments of inertia of the areas F, F, with.
respect to the separation line n—n. The quantity E} is called the reduced-
modulus (or the Engesser-von Karman modulus).

This distribution of additional stresses in the section is shown in fig. 230.
Comparing the moments of the internal forces for the distribution £'nE with
those for the distribution £'nA, EnB, we conclude that

E'<E.<E. (74.12)

Thus we have the previous equation for bending, but with the reduced
modulus E} in place of E'; consequently the critical load is now

P =n2EJ/I2 or Nt =m2E[E . (74.13)

The reduced modulus depends on the shape of the section. However, cal-
culations show that for steel the influence of the shape of the section on the
value of the reduced modulus E} is not great.

m
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Fig. 230. Fig. 231.
Example. Consider a rod of rectangular section (fig. 231); denoting by mh (m <1)
the height of the loading zone Fy, we have
51=3m2,  s3=3a-m22
and equation (74.10), which determines m, takes the form
m2E' -(1-m)2E=0,

hence

m=Q+VE/E! .
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Further,
sn=demdnd,  p=lea-mdm3,  s=dend.

The reduced modulus is
Ey- __4EE'_
WE+VEN®

In general the theory is satisfactorily confirmed by the experiments of von
Karman and others. It is, however, necessary to bear in mind two facts. First,
the tangent modulus £ cannot in practice be determined very accurately be-
cause of the inevitable scatter of points and the rapid variation’of the slope of
the tangent to the deformation curve. Secondly, doubts have been expressed
concerning the accuracy of the experimental data, because of the substantial
influence of the end conditions and the loading characteristics in test ma-
chines.

74.4. Shanley’s model. Value of the tangent-modulus load

The Engesser-von Karman solution is based on the use of the static sta-
bility criterion in the form which applies to problems of stability of elastic
systems. It is assumed that the rod remains straight up to the moment of sta-
bility break-down, with the transition from straight to distorted state being
achieved at an unchanged value of the compressive force, i.e. 8P =0. For a
long time no objections were raised to the validity of this approach to solve
problems of stability of a compressive rod beyond the elastic limit.

In a series of experimental investigations on compressed rods made of
aluminium alloy, which were carried out recently in connection with aircraft
construction, it was discovered that the critical load was usually somewhat
closer to the tangent-modulus load P’ than to the reduced-modulus load P.
Tests have shown that bending appears even before the reduced-modulus load
P is reached, and is not initially accompanied by unloading of the material.
These facts acquired a new significance in the researches of Shanley [171]
and a series of subsequent works by other authors.

If we abandon the restriction 6P =0 and seek the smallest load for which
distortion is possible in conditions of increase of the compressive force
(8P > 0), then this load turns out to be the tangent-modulus load P'. This
was demonstrated by Shanley for the special case of an idealized column,
consisting of two rigid rods of length %l each, joined by an elastic-plastic joint
(fig. 232); the two deformable layers of the latter (area %F each, h <) exper-
ience extension or compression. In the original state the system is rectilinear;
fig. 232 shows the distorted state (u is the “flexure”). Let €}, €; denote the
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Fig. 232.

additional strains in the presence of buckling and 6P the load-increment. Sub-
stituting the condition of the system’s equilibrium

8P=1F(e\E'~e;E),  Pu=%Fa(e,E' + €;E)

and using the relation u = ;al = (I/4a) (¢, + €;) we obtain, after elimination of
€ and €;,

40 2P (1 1\]_8P(1 1
“WT-aF\EE)|TF\FE)
A distorted (u # 0) state turns out to be possible:
1. for elastic layers (E' = E) with Euler load
P.=EFa¥[l

2.beyond the elastic limit, according to the tangent-modulus scheme
(E =E"), with load

P =EFa¥l,

3.beyond the elastic limit, according to the reduced-modulus scheme
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(6P = 0), with load

2E
P =P F+E "

It is easy to show that e, is proportional to (P-P’); but €;> 0 and for
P< P we shall have u = 0. If P’ < P < Py, we have bifurcation of equilibrium,
and in addition to the null solution, a further solution is possible,

P-P Pk—P‘ -
u=%aPk_P —5— . 6P=P-P),

where P is the value of the load at the bifurcation point; this relation is shown
in fig. 233. The tangent-modulus load is the smallest load for which buckling
is possible; as the compressive force P increases flexure grows (curve 1) and
tends to infinity as the reduced-modulus load Py is approached. If we prevent
displacements of the rod up to some load P> P and then release it, the rod
is bent according to the dotted curve 2. Buckling can occur for any load in
the interval (P, Py). For a force P> P’ bending is accompanied by unloading
and the presence of residual strains; therefore Shanley’s analysis does not sig-
nify reversion to the original, rough scheme of Engesser. But at the instant of
bifurcation unloading is absent. Thus, insignificant disturbances can lead to
‘bending with the tangent-modulus load. These deviations, however, are not
initially unsafe and only with further increase of the load do they create a
dangerous situation.

The tangent-modulus P’ and reduced-modulus Py loads are sometimes
called the lower and upper critical loads respectively. They bound the region
in which buckling takes place.

The lower bound P’ is safer and is easier to determine; it therefore has
greater practical value.

P
A ——==——=
24—~
=1
g
o u €,

Fig. 233. Fig. 234.
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It should be noted that the difference between the loads P and Py is often
not great. On the pressure diagram (fig. 234) the point O, corresponds to the
tangent-modulus load, and the point O, to the reduced-modulus load. The
stresses o’ and oy are often close in value, which is explained by the decrease
in the tangent modulus £’ with transition along the deformation curve.

An analysis of buckling conditions for real rods, carried out by approxi-
mation or numerical methods by Yu.N. Rabotnov [145]}, Pfliger [189] and
other authors, has confirmed Shanley’s conclusions. V.D. Klyushnikov [126]
examined the motion of an idealized model (fig. 232) on the assumption that
the whole mass of the system was concentrated in the middle of the rod, and
came to the same conclusion for the initiation of buckling with a tangent-
modulus load. Cf. also the book by Ya.G. Panovko and 1.I. Gubanova [27a].

74.5. Lower critical load

The preceding discussion has explained the significance of the tangent-
modulus load for a compressive rod. The tangent-modulus load is called the
lower critical load.

Matters are considerably worse as regards justification of the stability cri-
terion beyond the elastic limit for more complex systems — strips, plates,
shells. Usually one of the following methods is used.

The first method, analogously to the case of a perfectly elastic body, con-
siders bifurcation of equilibrium for fixed external forces. Regions of un-
loading develop immediately with buckling. In application to the compressive
rod this scheme yields the reduced modulus load. We shall assume that this
method gives upper critical load.

The second method is based on Shanley’s analysis. We seek bifurcation of
equilibrium under the condition of continued loading (at the instant of bifur-
cation there is no unloading). Recently V.D. Klyushnikov [127] investigated
the disturbed motion of an idealized plate (two-dimensional analogue of the
model shown in fig. 232). The analysis shows that the second method leads
to the lower critical load if the starting point is the equations of plastic flow
theory.

Below we use the second method; we assume that it leads to the lower
critical load. This concept, of course, does not have any reliable justification.
Furthermore, it is by no means clear that it is always possible to realize “con-
tinued loading” in the above sense at the expense of an increment to the load
parameter in problems of shell stability. Nevertheless, the relative simplicity
and the more “safe” character of the lower critical load, as well as the signifi-
cant error in determining the tangent modulus E’, which lessens the accuracy
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of the solution by both criteria, necessitates that the second method be pre-
ferred.

§75. Stability of a strip bent by couples

75.1. Basic equations

We consider the problem of lateral buckling of a strip which is bent by the
action of couples beyond the elastic limit (fig. 235a). The ends of the strip
are fixed with joints. The section of the strip has the form of an elongated
rectangle (fig. 235b). The material obeys the equations of plastic flow theory,
where in the plastic zones |y| > £, shown shaded in fig. 235a, the von Mises
yield criterion is fulfilled. When |y| < ¢ we have the elastic core; it is easy to
see (cf. §24) that

th=t=301-n), u=IM/M,, (75.1)

where M, = asbh2 is the limit bending moment. Up to the onset of buck-
ling, only the stress o, is non-zero, with |o,| = o for |y| > £. For sufficiently
large values of the bending moment lateral buckling occurs (in the x-direc-
tion), and is accompanied by twisting.
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Fig. 235.

Denote by x', y', z' the triad of axes for an arbitrary cross-section of the
strip after buckling; the axes x', y' are directed along the principal axes at the
centre of the cross-section (fig. 235c). Denote by 7 the angle of rotation of
the section about the z-axis (angle of torsion); then the twisting per unit
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length is dy/dz. Further, let u be the lateral flexure with buckling, so that the
corresponding curvature of the axis of the strip is d2u/dz2.

The moment-vector at the end z =/ of the strip is shown in fig. 235a
(dotted line); its projections on the axes y', z’ correspondingly are

Ly =My, L, =-Mdu/dz . (75.2)

With infinitesimal buckling the strip experiences additional deformations.
As in the elastic case, these deformations are made up of the bending of the
strip and its torsion. The stress components o,, 7,,, Tyy Can be neglected,
since the lateral surfaces of the strip are stress-free and its thickness is small;
the stress o,, is also negligible, since there is no mutual pressure of elements
with bending and torsion. As a consequence, the only additional stresses

which arise under buckling are 80,,57,,,.

75.2. Lower stability bound

We shall seek the lower critical load, so that there is no unloading at the
moment of bifurcation. In the plastic zones |y| = ¢ we therefore have 60, = 0.
According to the flow theory equations (13.7),

1 1
Bez=E¢Saz for IyI<t; Byyz=561yz. (75.3)

From the second of these relations we have that the increments in tangen-
tial stress and shear are connected by Hooke’s law, and hence the twisting
moment is proportional to the torsion, i.e.

L= cogz_“’, (75.4)

where C is the rigidity for torsion of an elastic strip.

Further, since 80, =0 in the plastic zones, the rigidity for lateral bending
is determined by the rigidity of the elastic core |y| <. The axial strain in-
crements &€, obey the hypbthesis of plane sections, and therefore the bend-
ing moment Ly' during buckling is

d2u
Ly:=BEZ-, B=4Etb3 =Bt . (75.5)

Here By = %Ehb3 denotes the bending rigidity of an elastic strip.
Combining the above formulae we obtain

2
du Co dy d%u

M= . My=p (75.6)
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From the conditions at the jointed ends we have
u=0, =0 for z=0 and z=1. (75.7)
Integrating the first of equations (75.6) we find that Cyy = —Mu; then

d2u M2
?dz—z'fBTou—o.

The solution of this equation satisfying zero conditions at z = 0 has the

form

u=A sin M:
VBC,
where A is arbitrary constant. From the second boundary condition we have

A sin Ml
VBC,

Consequently, in addition to the original (trivial) equilibrium state (4 = 0),
it is possible to have buckling with

M,
\/B_Co_ m2m,...

The critical moment is
"
M, .= T VBC, .

Introducing the flexibility parameter A=M ‘I/\/BOC , we can write the
last expression in the form

M=m/L, (75.8)

=0.

where

e[ for n<t,
V3(1-p) for 2<pu<t.

Fig. 236 shows the stability boundary in the A, u-plane. The dotted line
corresponds to a perfectly elastic strip (¢ = 1). The point D, for which u =%,
corresponds to the appearance of the first plastic deformation. In the pres-
ence of plastic deformations the critical load is sharply decreased.
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Fig. 236.

75.3. Concluding remarks

The general theory of stability of a plane shape bent beyond the elastic limit and its
applications to various special problems were presented in the first edition of this book,
in which the upper critical loads were also d ined. Calculati h d that the up-
per and lower bounds were close to each other. The influence of hardening has been con-
sidered in [119]. Experiments by Neal [188] confirm well the theoretical values of the
critical loads.

The stability of thin-walled rods with elastic-plastic deformations has been examined
in [122] on the basis of flow theory with the “‘continued loading’ scheme (lower critical
load).

§76. Stability of compressed plates

The buckling of plates and shells has been studied by II'yushin and other
authors (cf. [12, 39, 75]) on the basis of deformation theory and the classical
representation of loss of stability with invariant external forces. Here buck-
ling is accompanied by the presence of unloading regions, which substantially
complicates the analysis. If flow theory and the same criterion are used much
of the difficulty remains.

Such problems can be solved considerably more easily if one begins with
flow theory and looks for the lower critical load corresponding to buckling
under continued loading. We have already observed that the interpretation of
this condition can give rise to difficulties here, nevertheless we shall use it,
bearing in mind that we are looking for the safer stability boundary. We brief-
ly consider the question of buckling of plates from this point of view.
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76.1. Basic equations )

Let the plate (of thickness h)be deformed in its own plane x, y beyond the
elastic limit. For simplicity we suppose that up to the onset of buckling a uni-
form stress distribution exists in the plate, namely, compression in two per-
pendicular directions:

o, =-p, o,=—q, Txy=0.
With buckling the stresses in the plate experience infinitesimal increments
Sa,, Boy, BT,},

(the residual stress components are discarded as second-order for the plate).
From the flow theory equations (13.14) we obtain for the general case of a
hardening medium the corresponding infinitesimal strain-increment compo-
nents:

be, = 1-(0,-vbo,) - LF(T) 6TCp—aq) ,
be, = 5 (50, -v5o,) —LF(T) 6T(24-p) , (76.1)

1
57,\')1 =681’xy N
where

T2=3(p?-pq +q?),
~T= &= [(20-4) 0, + (24-p) 0] ,

An=-L %

- 272 ﬁ :

Here ®(T) is the work of plastic deformation; this function is characteris-
tic for the given material, and is independent of the form of the stress distri-
bution.

We consider simple tension; let the tension curve have the equation

!) It is assumed that the reader is familiar with the basic theory of flexure and stabili-
ty of elastic plates (cf. (49]).
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€, = f(0,), then the increment to the work of plastic deformation is
1
d4,, = 0,def = 0,f(0,) do, — - 0, do, .

The derivative f'(0,) is the inverse of the local (tangential) modulus £’, and
therefore

1% 1 1 1 40
o, do, E' " E 3T dT’

since Ap =®; here E' is the tangent modulus for the tensile stress 0y, corres-
ponding to a given intensity T.
Substituting in formulae (76.1) the values of T, 8T and F(T), we obtain

Ebe, = Ay b0, + A, 60

xy?% »
Ebe, = A,,80, + A, 80, , (76.2)
Gli'yxy = 61'xy )

where we have introduced the notation
Age=1+60p-q)?,
Ayy = v +002p—q) (24-p) , (716.3)

= 2
Ayy=1+00q-p),

1 1 (E

For an elastic body 6 =0, while for transition to the yield plateau 6 - .
Solving equations (76.2) with respect to the stress increments, we find

with

E
8o, =6(Ayy5€x—Axy5£y) s

&0 =£(—A

= (~Agybey + Agibe)), (76.4)

87, = G8vyy
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where we have put

o 2
s-4v”"+")o'

By hypothesis bifurcation takes place in the absence of an unloading re-
gion, and therefore formulae (76.4) are valid in the whole plate.

According to Kirchhoff’s theory for flexure of plates, the strain incre-
ments in the presence of buckling will be linear functions of the distance
from median surface:

w=(121) oy, “’l=1*5_4v (p2— 8—10v

1-»2

S, =ej—zky ,
8¢, =ey)-zky, (76.5)

67)0, =2(e;3-2K19) s
where ey, e;, 2ey, are the infinitesimal strain increments of the median sur-
face, and k|, k5, K15 are the infinitesimal changes in its curvature and torsion.
As is well-known
3w 3w 32w

T2 T M2Tamye (76.6)

where w = w(x, y) is the bending of the plate under buckling.

Evidently the stress increments also change linearly through the plate’s
thickness. It is then easy to calculate the increments in the bending moments,
M, ., 8My, and in the twisting moment SMxy:

D
M, =f80xzdz =- w—l(Ayy“l—Axy"Z) ,

D
M, = f 80,2dz = — o (~Agyky+Agky) (76.7)

8Myy, = [ 874y2dz = -D(1-v)k 3,

where integration is performed between the limits —%h, elih and D=
= Eh3/12(1-v2) is the rigidity of the elastic plate.
If we project on the z-axis the forces which act on an element of the plate
in the buckling state, we obtain the well-known equilibrium equation
926M, . a%M, , . %M,
ax2? axdy ay?

—phx|—qhky=0. (76.8)
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Hence with the aid of (76.7), (76.6) we obtain the differential equation of
the plate’s buckling (assuming the thickness & of the plate is constant and the
original stress state is homegeneous):

tw *w tw
Ayy“a;;i'z(wl—ml—Axy)'axTay—i+ xxay—4
hw, ( 3w 3w
+— p——+q——)=0. (76.9)
D ax2 y?

An analogous differential equation was given by Pearson [143].
For elastic plates 6 = 0, and the equation of buckling takes the form
2 2
AAw+£(pa—w +q—a w)

=0. (76.10)
D ax2? 2

Equation (76.9) has a superficial resemblance to the stability equation for
an elastic anisotropic plate.

76.2. Boundary conditions
If the edge of the plate is rigidly attached, then

ow _

an- 0

w=0,
along the edge, where n is the direction of the normal to the contour.
If the edge is supported, then
w=0, M =0,

along it, with M, the increment to the bending moment on the contour.
Finally, if the edge of the plate (for example, x = const. =a) is free, then
the bending moment M, and the transverse force ') are zero along it,

bM,,
M=0,  Ne+—E=0. (76.11)

It should be emphasized that the boundary conditions (like the differential
equation itself) are homogeneous.

') Nx, Ny are the shearing forces:
Ny = 06Mx/dx + asMxy/a)’ . Ny = 06Myx,/0x + 35My/0y .
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76.3. Energy method

We now see that the determination of the critical load reduces to the reso-
lution of an eigenvalue problem. It is possible to seek directly for non-trivial
solutions of the differential equation (76.9). In many cases, however, it is
more convenient to proceed from the energy equation, which can be derived
by going from the differential equation to the corresponding variational for-
mulation.

It is not difficult (following the method of Timoshenko [49] and Bijlaard
[39]) to derive the energy equation directly by equating the work of bending
deformation with the work of external forces on the displacements from
buckling.

76.4. Buckling of a compressed rectangular strip

We consider the problem of buckling of a thin rectangular plate com-
pressed in one direction (fig. 237). Here q = 0, and since the plate is elongated
(b >> a), it can be assumed that the cylindrical form of loss of stability is real-
ized, i.e. w = w(x). The edges x = 0, x = g are supported, i.c. w = 0, d?w/dx? =
=0 along them.

Fig. 237.

The differential equation of buckling (76.9) takes the form

déw  Pwrh g2y,

—_ =
Ayy dx? D 452
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It is easy to see that the critical pressure is

A
p=powily,

where pg = n2D/a2h is the cntical pressure for an elastic strip. The multiplier
is

Ay _ 1+ XE/E-1)
W11+ {(5-4)(1-vD)} HE/E-1)

As the tangent modulus decreases (E’ - 0) the critical load decreases mon-
otonically to the value {(1-p2)/(5—4v)} *Pg, attained on the yield plateau.
Thus, in contrast with the case of a compressed rod, there is not a complete
loss of stability on the yield plateau here.

76.5. Stability of a supported rectangular plate compressed in one direction

(fig. 238)"
In this case ¢ = 0 and the boundary conditions have the form

2

for x=0 and x=a w=0, a_‘i=0'
ox:
2

for y=0 and  y=b w=0, 0.
2

We seek a solution to the differential equation of buckling (76.9) in the

y
— T
p b ~—»r
— l—
— l .
X
a

Fig. 238.
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usual form:

w= cm,,sm M Sin %ry- (76.12)

where ¢, is an arbitrary constant, m, n are integers; it is easy to see that the
boundary conditions are satisfied. Substituting (76.12) into equation (76.9)
we obtain

Conn [ "Z[Ayy(—?)4+2(wl‘"“’l—l4,y) (%)2 +Axx(%)4]
_“1_"”(1"_)2}:0
D a

Since we are looking for a non-trivial solution, we must equate to zero the
expression inside the brace brackets; then

72D m)\? n\? n\4/a\2
p=w—lh[A"y(;) +2(wl—uw1—Axy)(;) +Axx(7,) (;) .

It is evident that w;—vw; —A, >0, so that all the terms are positive, and
to find the smallest p it is necessary to put n =1 (i.e. one half-wave in the y-
direction). The choice of the number m must depend on the ratio a/b and the
coefficients of the equation in such a way that p is a minimum.

76.6. Concluding remarks

As we have already noted, it is more i when idering more p
problems to proceed from the energy formulation and seek the critical load by Ritz’s
method.

Qualitatively the picture of the stability boundary for plates obtained by this method
is correct, but the theoretical values of the critical loads ti differ iderabl
from experimental data. It should be noted that test data are found to be in better agree-
ment with the results of Bijlaard [39] and Stowell, in which the equations of deformation
theory are used and where it is assumed that loss of stability is accompanied by plastic
deformation alone.

This fact is possibl lained by the infl of deviations from the ideal shape. It
is known that even for elashc plates and shells classical stability theory leads to results
which deviate from observed data. With plastic deformation the influence on the critical
load of finite displacements, geometnic deviations, the nature of the material and
boundary conditions is strongly enhanced. To obtain more satisfactory quantitative re-
sults, however, we require a difficult analysis of the deformation of plates in the pres-
ence of initial disturbances.

The literature on the stability of plates and shells beyond the elastic limit is enor-
mous. We merely refer to the book by Volmir and Timoshenko, and to some review ar-
ticles [75, 76], in which references can be found.
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PROBLEMS

1. Calculate the reduced modulus E for a circular section.
2. Derive the differential equation of buckling (for the lower critical load)

a2y, 5, (-n2
— 4 A =0
P Y TT vy )
for a cantilever strip bent by a force P applied at the centre of gravity of the end section
t=1(wherez=1It,u=PI/M,).
3. Derive the differential equation of buckling (for the lower critical load)

a2y, 3 20-04
— +A = =
2 Wy 0

for a cantilever strip bent by a force Q// uniformly distributed along the axis (here
u=QIl/2M,, Q is the total force).

4, Show that when the condition of mcompremhnhty holds (v = 1 , the differential
equation of buckling for a plate d in the x-d ion has the form

Ayy 2w 2 Hw +a4w ph 2w _

w1 W4 2oyl oyf D a2
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Dynamical Problems

§77. Propagation of elastic-plastic waves in a rod

77.1. General remarks

The action of impulsively applied loads is not distributed instantaneously
through a body, but is transferred from particle to particle in a wave-like
manner.

Until quite recently only the motion of elastic waves has been investigated,
i.e. the propagation of disturbances in elastic media. The dynamical theory of
elasticity has important applications in seismology and technology.

At the end of the second world war great interest developed in problems
of propagation of disturbances through elastic-plastic media. The reason for
this is the following. Every moderately intensive impactive loading is accom-
panied by plastic deformation. Questions of the strength of different ma-
chines and structures which experience impacts (or which are liable to the ef-
fects of explosions) can only be investigated with a clear understanding of the
mode of propagation of elastic-plastic deformations prior to fracture. More-
over, real media (for example, in seismology) are not completely elastic, and
it is necessary to take into account plastic properties. Finally, dynamical
problems can be of great significance in the analysis of high-speed technologi-
cal processes in metal machining.

422
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The first problems in the propagation of compressive (or expansive) elastic-
plastic waves in a rod were considered by Rakhmatulin [146], von Karman
and Duwez [116] and Taylor [192]. Various generalizations of this problem
were investigated by Rakhmatulin [34], Shapiro [168], Sokolovskii and
other authors. References can be found in the books [18, 28, 34] and articles
[63-65].

77.2. Basic propositions

We consider the problem of waves propagating in a thin prismatic rod,
whose axis coincides with the x-axis. We shall base ourselves on the following
fundamental assumptions:

1. The cross-section of the rod remains plane and normal to the x-axis
during deformation.

2. Deformations are small, and therefore we can neglect changes in the
dimensions of the rod.

3. Inertia forces corresponding to the motion of particles of the rod in
transverse directions (as a result of contraction or expansion of a section) can
be neglected.

4. The influence of strain rates on the relationship between the stresses o,
and strains €, can be neglected.

Since in this section we are considering a one-dimensional problem, we
shall replace o, €,, u,, U, by 0, €, u, v respectively.

The relative extension € and stress o are distributed uniformly over a sec-
tion. Up to the elastic limit the material obeys Hooke’s law:

o=Ee for lel<eq, (77.1)

where £ is Young’s modulus, and o, €, correspond to the elastic limit
(fig. 239a). We shall assume that the compression curve is similar to the ten-
sion curve. Unloading proceeds along a straight line. In keeping with experi-
mental data we suppose that the loading branch (0> 0) is concave down-
wards, with the angle of inclination of the tangent a decreasing function of
strain:

0<do/de<E for lel>e€q.

In dynamical problems the strain rates are large, and their influence on the
deformation curve can be substantial. Therefore the assumed relationship
0 = 0(€) between stress and strain is only a first approximation and relates to
some average strain rate in the given interval. To calculate the influence of the
strain rate it is necessary to consider an elastic-visco-plastic model of the
medium (cf. ch. 12).
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Fig. 239.

71.3. Equations of motion
From the differential equations of motion (4.1) for a continuous medium,
we have
20 _ ot

ox pat2 '

Because the deformations are small, p = const. Since

20 _dode  de_d%
dx de ox’ 0x gy2°
we obtain
2 2
u _ ,,23_“ R 71.3)
ar2 ax2

where the quantity

a=/L1 40

p de

is called the local velocity of prc ion of disturb (“local speed of

sound”).

(1
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In the elastic region the propagation speed is constant:
Elp=ag.

In the plastic region the propagation speed decreases with increasing defor-
mation (fig. 239b).

The second-order equation (77.3) can be conveniently replaced by a sys-
tem of two first-order equations:

w_ 70 9 _dv
ar ¥ ax a ox 74
for the functions €, v, where v is the speed of the particles. It is easy enough
to show that this system is of hyperbolic type (cf. appendix).
Suppose the functions v, € are prescribed along some line L. Combining
the relations
%€

de _Ed!'f'—dx,

dv =—dt+a—"dx
ox

in the usual way, we obtain along L a system of four linear algebraic equa-
tions with respect to the first derivatives de/dt, d¢/dx, dv/dt, dv/dx. We then
find

ae_Al Ll A4

a A’ ox A’

where A is the determinant of the system,and A, ..., A4 are the appropri-
ate co-factors. It is easy to see that

A=dx2-a2de2.

If L is a characteristic curve, then the derivatives are indeterminate along
it,i.e. A=0,A,=A,=A3=A4=0. Consequently

dxtadr=0
The condition that the co-factors are zero now leads to the relationship

adetdv=0.
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Introduce the function
€
we)= [ ae)de. (71.5)
0
Then
dlvty(e)] =0.

Thus, the system of differential equations under consideration has two dis-
tinct real families of characteristics:

dx-adr=0,

(77.6)
v—y(e)=const.= £,
dx+adt=0;

(77.7)

v+y(€) = const. =7,

i.e. they are of hyperbolic type. The quantity a is the speed of propagation of
disturbances.

A solution of the system (77.4) which has continuous first derivatives in
some domain x, f, will be called a wave. The relations (77.6) refer to a posi-
tive (forward) wave (propagating in the positive x-direction), and relations
(77.7) to a negative (backward) wave.

The point of separation of the two waves, which is displaced with time
along the rod, is called a front. In the x, t-plane the front is represented by
some line.

The front is said to have a weak discontinuity, if the quantities €, v are
continuous and their first derivatives are discontinuous.

The front has a strong discontinuity if the functions €, v are themselves
discontinuous. These waves are called discontinuous, or shock, waves.

In each of (77.6), (77.7), the first relation defines the law of propagation
of disturbances, while the second connects the speeds and the deformations
of particles on the characteristics.

77.4. Impactive loading of a semi-infinite rod

Consider a semi-infinite rod x > 0 which is in a state of rest at time £ =0.
Let the end x = 0 of the rod experience certain disturbances for ¢ > 0. These
disturbances may be of various types. For example, at the end x = 0 we can
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prescribe the velocity
v=u(t)

or the stress
o=o0().

If a body of mass m impinges on the end of the rod with initial velocity vy,
then

m dv/dt = oS when x=0,

where S is the cross-sectional area, and where v = vy at £ =0.

The case of impactive loading which is of greatest interest is that when the
end x =0 of the rod suddenly experiences a finite stress o_, or equivalently,
some strain €, .

We shall restrict ourselves to a consideration of the following basic prob-
lem: at time ¢ =0 the end of the rod experiences a tension o, which is main-
tained constant (fig. 240) during some time-interval 0>t >¢,. At time = ¢
the load is completely removed. Thus, the initial and boundary corditions
take the form

when t=0 u(x,t)=0 (x=0),
ou _
at—O x>0,
when x=0 o=const. =0, 0<r<ty),

0=0 (t=t).
71.5. Propagation of elastic waves

When o, <o the deformations in the rod are elastic, the speed of motion
of the wave is constant (@ =ag), and equation (77.3) becomes the classical

0 = 0

Oy

o Y

Fig, 240.
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wave equation. Its solution, in the form given by d’Alembert, is
u = flx—agt) + Y(x +agyt) ,

where f,  are arbitrary functions determined by the initial and boundary
conditions. In the x, r-plane the characteristics

Xx—apt = const. , x +agt = const.

represent families of straight lines.
For impact along the rod a positive wave is set into motion:

u = flx—agyt) .

But when x =0, du/ox = f(—ggf) =€
that f(§) =€, 5 +C, i.e.

u=¢(x—apt) +C.

where €, =0, /E. Hence it follows

»

Since the displacement is continuous on the wave front, we have that u =0
when x = at, i.e. C = 0. The solution then has the form

u=¢(x-apt).

The picture in the x, r-plane (fig. 241a) is as follows. An undisturbed re-
gion lies below the front x = agt. On the front the strain €, stress o and veloci-
ty v undergo discontinuities. At a fixed instant of time ¢’ the distribution of
strains, velocities v and displacements u are shown in fig. 241b. Before the
passage of the wave front the particles of the rod are at rest, and after the
wave has passed they acquire a constant speed —e,a (opposite in direction to
the motion of the wave). The displacement increases linearly with distance
from the front.

At the instant ¢ =¢, the end of the rod is unloaded (impactive unloading);
an unloading wave front propagates to the right with velocity a;, behind it a
state of rest, € =0,0=0,v=0,u =const. =u;.

Fig. 241c shows the strain distribution in the rod at time " >¢,. A pic-
ture of the time-variation in the distribution at a fixed point x =x' is illus-
trated in fig. 241d.

71.6. Transformation of the equations, simple waves

We turn now to the propagation of elastic-plastic waves. When o, > o the
wave velocity is variable, with small velocities corresponding to large deforma-
tions; the wave “diffuses” with the passage of time.

The system (77.4) of nonlinear differential equations is reducible and can
be transformed analogously to the equations of the plane problem (cf. §33).
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1
t i
1
I
. |
€ )
(a) ,6
(d) /
v
x=x'
(b)
t=t" .
@ [T .
_-" v
uypf---— "
Fig. 241.
Changing to the new variables £, n, we obtain
L . o _ on_
E+aa—0 , 3 a0 (71.8)

This system can be linearized by an inversion of the variables; if the Jaco-
bian
D) 3k dn 3k dn
AEM=Drr) “ax ar ar ax” °

is non-zero, we easily obtain the canonical system

ox at ox ot
= + =0 779
an %am FTIFY: 19

This canonical system is not equivalent to the original equations (77.8),
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since in the process of inverting the variables we lose those solutions for
which A(¢, n) = 0. These solutions play an important role and can be found
directly. With the aid of (77.8) we obtain

9t dn_ 2 3t on_

A¢m=2g = =—2 a0

Hence it follows that the lost solutions have the form

1. E=const. =&, n=const.=7g,
2. n=const.=ng,
3. E=const.=§;.

In the first case it follows from (77.8) that v = const., € = const., i.e. there
is a state of constant strain and velocity (in particular, a state of rest).

In the second case one of the equations (77.8) is satisfied, since n =ng,
while the other, after substitution of £ = ny—2yp(€), takes the form

The differential equations of the characteristics

dr_dx _de

1 a 0
have the obvious integrals
e=Cy, x—at=C,,

where Cy, C, are arbitrary constants. The solution of the original system of
equations is:

n=p(€)tv=ng, x-at = d(e) ,

where & is an arbitrary function. Hence the characteristics are straight lines;
along each of the characteristics the strain, stress and particle velocity are
constant.

An important special case is the central wave, for which the straight char-
acteristics originate from some centre O (fig. 242).

The third case (& = const.) is analogous to the second, except that here the
wave moves in the reverse direction.

These solutions are called simple waves and are represented in the £, n-
plane by points (for regions of constant values) or by segments of straight
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Fig. 242.

lines. As in the case of plane strain (§33) it is easy to establish an important
theorem: adjacent to a region of constant values (in particular, to a region of
rest), there is always a simple wave.

77.7. Propagation of an elastic-plastic loading wave

When the end of the rod is given a blow, a simple extension wave
v +p(€) = ng begins to propagate; ahead of the wave there is a state of rest,
hence ng = 0 and

vtyE)=0.

Different deformations will be propagated with different speeds: elastic
deformations with the maximum speed a;, deformations beyond the elastic
limit with the least speed. At the wave front x—agt = 0 (fig. 243a), the strain
experiences a jump from zero to €y, and the particle velocity from zero to
v = —p(€g) = —ag€(. Immediately after this a central expansion wave passes:

v+y(e)=0, x-at=0.

It is characterized in the x, r-plane by a pencil of straight characteristics
emanating from the coordinate origin, and is sometimes called a Riemann
wave. The speed of propagation of strain is constant along each ray; this speed
obviously decreases for the characteristic with large slope. When the maxi-
mum strain €, is attained, the state is fixed and further from the end of the
rod a constant disturbance €, is propagated with the minimum speed a(e,).

If we look at the situation at a fixed point x =x' (fig. 243c), we have a
rest state for t <x'fag; the wave front arrives at the instant ¢ =x'/ay; the
strain €, the stress o and the velocity v experience the jumps described above.
Next, in the interval x'/ag<t<x'/a(e,), plastic deformation appears and
gradually increases; at the moment t=x'/a(e‘) this deformation reaches its
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maximum value and does not change subsequently. The distributions of strain
and displacement along the rod at some instant ¢' are shown in fig. 243b.

In conclusion two remarks should be made. First, the deformation picture”
we have described is valid only up to the moment that unloading sets in;
secondly, we have been considering here the propagation of expansion
waves — for a compressive impact the signs of the strain €, the velocity v and
the displacement u are reversed.

77.8. Unloading wave

At the instant #=¢; a new wave begins to propagate in the positive x-
direction: the unloading wave.

In an unloading region the differences in stresses and strains are related by
Hooke’s law

0—0,, =E(e—€p,), (77.10)

where oy, e, are the values of stress and strain attained in a given section of
the rod at the instant when unloading begins (fig. 239a); these values are un-
known functions of x. Substituting (77.10) in the equations of motion
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(77.2), we obtain
%w%i—‘p V@),
where
V=1 i(0 —Eep)
pox m —m
is known.

It is necessary to construct a solution of this equation which is consistent
with the solution of the differential equation of loading (77.3); the separation
boundary between the solutions is a priori unknown. We shall not go into a
discussion of the boundary value problem (cf. [34] ), since this is unnecessary
for the simple case of impactive unloading which we are considering.

We shall show that the unloading wave moves with the velocity agof the
elastic wave. We consider the kinematic and dynamic compatibility condi-
tions at the unloading wave front. With passage of the front the stress and
strain experience discontinuities

o—0_=[o] ,

e—e_=[e,

where o,, €,, 0_, €_ are the values of 0 and € in front of and behind the front
(fig. 244), which is moving with some velocity g. By Hooke’s law

[o] =Ele] . (77.11)

At the wave front the condition of continuity of displacement must be
satisfied (kinematic compatibility condition). Consider an element of the rod

LA
€,
P |
x Y.
e — —_—  —X
o |
e_ 1
|
v_ |
i
I
i
—’g

Fig. 244,
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of length Ax (before the unloading wave passes); after passage of the wave the
length of this element is

Ax = Ax —(e,—€.) Ax .
On the other hand (Ax/g is the time taken by the wave to travel a distance
Ax)

Ax = Ax + (v,—v_) Ax/g .
Thus, the discontinuities in strain and velocity are connected by the relation

—[v] =gle] . (77.12)

Next, the change in momentum of the element Ax on passage of the un-
loading wave must obey a dynamical law (dynamic compatibility condition):
by the conservation of momentum theorem

—pAx[v] = [o] Ax/g. (77.13)

Eliminating the discontinuities [v], [0] with the aid of (77.11), (77.12), we
find that the unloading wave is propagated with the velocity of the elastic
wave

g=V(Elp)=aq.
Note that the general theory of kinematic and dynamic compatibility conditions and
their lication to the propagation of waves in elastic and plastic media is treated in the

book of Thomas [50].

77.9. Residual strain

The residual strain can be calculated on the basis of the relation (77.11);
since the load has been completely removed, we have o_= 0. But then the
residual strain is

e_=¢€,—0,/E .

The unloading waves, which move with the maximum speed a, overtake
the simple waves; since the slowest of these corresponds to the largest plastic
deformations, so as the unloading wave propagates along the rod, the magni-
tude of the residual strains beyond the front decreases.

The picture in the x, t-plane has the following form (fig. 245). The dis-
tance between the loading and unloading fronts, which move with constant
speed ag, is constant (fig. 245a). With the passage of time the simple waves
are increasingly “diffused”, and therefore the plastic strains in the interval be-
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tween the fronts are continuously decreasing. Thus, the residual strain tends
to zero with distance from the end of the rod (fig. 245c).

The results of the theory are satisfactorily confirmed by experiments
[18, 34, 63—65]. Note that the assumption of small deformations is not es-
sential. Calculations of deformations in a rod under impact agree well with
observations (fig. 246).

§78. Dynamical problems for a plastic-rigid body. Some energy theorems

78.1. Dynamical problems for a plastic-rigid body

If the influence of strain rates can be neglected, the relation between stress
and strain can tentatively be represented by the o-€ curve shown in fig. 247a;
the initial linear segment is elastic. When plastic deformations are large it is
possible to neglect elastic strains, i.e. to use the plastic-rigid model, as in stati-
cal problems. In this case we have the curve shown in fig. 247b. If hardening
is insignificant, we can use directly the perfectly plastic-rigid model
(fig. 247c).
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Fig. 246.

Neglect of elastic strains essentially simplifies the solution and allows
simple results to be obtained in a series of dynamical problems.

The plastic-rigid model is convenient if the plastic work greatly (by an or-
der of magnitude, say) exceeds the elastic energy.

This condition follows from the solutions of a number of elastic-plastic
dynamical problems. It should be understood that a strict estimate of the
plastic work and elastic energy cannot in practice be obtained from the origi-
nal data of a problem. However, the particular features of a problem usually
permit us to judge the possibility of neglecting the elastic deformations. For
example, if it is necessary to determine large plastic changes in shape resulting
from an impact, we can, as a rule, disregard the elastic strains. An example of
a different type is the problem of a strong explosion (spherical) in an elastic-
plastic medium; although the plastic work can here greatly exceed the elastic
energy, elastic strains cannot be neglected if we need to know the intensity of
the elastic waves developed in the explosion.
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The plastic-rigid model has been widely used in problems of the action of
an impulsive load on beams, circular plates, shells — these are of great practical
interest. Thus, a beam remains rigid so long as the bending moment M does
‘not reach the limit value M,. Subsequently, the beam develops plastic
joints (or plastic zones) in which |M| = const. = M, (fig. 248). The motion of
the rigid and plastic segments of the beam can be examined with the aid of
conditions on their boundaries; this enables determination of the residual
strains in the beam and the deformation time. The relative simplicity of the
equations of motion for a plastic-rigid beam permit not only small, but also
large, flexure to be determined.

o Curvature

M| =M,
Fig. 248.

It is necessary, however, to take into account that, in general, the plastic-
rigid model in dynamical problems leads only to qualitatively good agreement
with experimental data for displacements; quantitative differences can be
substantial.

The first use of the plastic-rigid model in dynamical problems was made by
Gvozdev (1943) and Taylor (1946). An intensive development in this direc-
tion was begun some time later after the work of Lee and Symonds (1952),
Prager and Hopkins (1954), and other authors, on the dynamics of plastic-
rigid beams and plates (cf. (65,99, 152, 169]).

78.2. Some energy theorems
In the dynamics of a plastic-rigid body hardly any sufficiently general
theorems have been found which would enable effective estimates of the solu-
tions to be obtained (as do the limit load theorems, ch. 8). Recently
Martin [135] has established some simple theorems of a special character.
At the initial instant of time ¢ = 0 suppose that velocities u? of the points
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of the given plastic-rigid body are known, and suppose that for # > 0 both the
surface forces X,,; and velocities v; are zero on the body’s surface. It is as-
sumed that the body’s configuration does not change greatly under deforma-
tion; for simplicity body forces are disregarded.

With these assumptions the initial kinetic energy of the body is known; in
the subsequent motion this energy is completely dissipated in the plastic de-
formation of the body, since external agencies do no work when > 0. It is
natural that the motion stops at some instant ¢ = 7.

Theorem 1. The deformation time t has the lower bound

7> [ ooPviav/[agtyav, (78.1)
where p is the density of the body, u} is a kinematically possible velocity

field, independent of time, o;’i are the stresses determined from the strain

rates E}I- in accordance with the associated law of plastic flow (§16),
of
=\ >
£i=A 30" A0,

where f(0;)—K = 0 is the equation of the yield surface.

In the denominator of the right-hand side of (78.1) we have the rate of
work of the kinematically possible plastic strain; we denote it by D’.

Proof. From the general mechanical equation we have

[pvpviav = [o,kyav

(- denotes time-differentiation), where 0;j, v; are the actual stresses and acce-

lerations. By the local maximum principle (0}i—0;) £;;> 0 (cf. §8§64, 65),
and consequently

f oV < f ojkdv=D'.
Thus
[(=pipuav<p’.

Integrating this inequality with respect to time from t =0 to ¢ = 7, we find

T
[- [ovid V]o <.

Substituting the initial values of v; and putting v, 7= 0, we arrive at in-
equality (78.1).
Theorem 2. For surface displacements u; over the deformation time the
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upper bound
fX'udS<f—1p Ode 78.2
ni‘i 2PYi ’ (78.2)

holds, where X, are time-independent forces corresponding to the statically
possible yield-stress state oj; (cf. §64.5), i.e. f{o})-K <0.
Proof. The general mechanical principle gives

[(pipyvav=[oyg;av.
By the local maximum principle
Jojtav> [oeav .
But from (64.6) we have
StV = [Xppas .

Consequently
d 2 '
2 [3ovkav> [X;pgs

Integrating this inequality with respect to time from ¢=0 to ¢ =7, and
using the fact that u;=0, v;= v when =0, and u;=1;,v;=0when=1,we
arrive at the required inequality.

These theorems can easily be formulated in terms of generalized forces and
displacements, which is convenient for application to rods, plates and shells.

Comparison of the estimates from Martin’s theorems with some exact solu-
tions shows that the deformation time 7 is determined with moderate error;
but the estimate of the displacements is rather high.

A weak point in these theorems is the assumption that the change in shape
of the body is small; this is not in good agreement with the conditions for ap-
plicability of the plastic-rigid model in dynamical problems.

78.3. Example

Suppose that at the instant £ =0 a freely supported beam (fig. 249a) ex-
periences the action of an impulsive load which communicates to the whole
section of the beam a constant initial velocity vy. As an example of a time-
independent, kinematically possible velocity field we take the triangular dis-
tribution shown in fig. 249b. Here there is a plastic joint at the centre of the
beam, and each half rotates like a rigid body with angular velocity w about
the supports. Then v’ = wx, and D' = 2M, w. It is easy to see that

f puduidV =2 f mugwxdx = mugl?w ,
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(a)

2t -
X —] (b)
2w
Fig. 249.

where m is the mass of unit length of the beam. From the inequality (78.1)
we obtain

= Lmvgi2M, | (78.3)

which coincides with the exact value found by Symonds. Calculation of the
right-hand side of (78.2) gives

1
2
f%pv? V=2 f—%mugdx=mlv%.
0

We take as a statically possible load a point force P’, applied at the centre
of the beam and corresponding to its limiting state, i.e. P’ =2M,/I. Then
(78.2) gives the estimates for the flexure u at the centre of the beam:

u<imid/M, . (78.4)

This estimate is one and a half times greater than the exact value.

78.4. Concluding remarks

The foregoing theorems have been extended by Martin to bodies having hardening
and viscosity.

In a recently published work Tamuzh [160] has shown that the actual accelerations
minimize a certain functional. This principle can be used, in particular, for finding ap-
proximate solutions; cf. also [135].

§79. Longitudinal impact of a plastic-rigid rod against a stationary barrier

Following Taylor [192], we consider the problem of the normal impact of
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a cylindrical rod (initial length /,), moving with initial velocity vy, against a
stationary undeformable barrier.

Suppose the curve of uniaxial statical compression of the cylinder,
0 = a(e), is known, where o, € are the stress and strain corresponding respec-
tively to an initial area F(y and initial length [ (fig. 247a). Neglecting elastic
deformations we obtain the curve shown in fig. 247b; here plastic flow be-
gins with the value o = o (“yield limit™).

Let the wave front of plastic deformation propagate from the motionless
barrier with velocity g, and let the material behind it be left at rest; to the
right of the front the material is rigid and moves like a solid body (fig. 250)
with decreasing velocity v. At the front the stress and the cross-sectional area
change discontinuously; ahead of the front we have Fjy and o (since the mat-
erial ahead of the front is almost plastic), and beyond the front F and o.

Fig. 250.

From the incompressibility equation it follows that
gF=(v+g)Fy. (79.1)

The strain beyond the wave front can be calculated in the following way:
in unit time a column of the non-deforming part of length v + g becomes a
column of deforming material of length g. The relative compressive strain is
then

. & tg)_ v
e v (79.2)

Let h be the length of the non-deforming part of the specimen at time f;
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obviously

dh _
—E—u-fg. (79.3)

When the wave front passes through an element dx = —d¢(v + g) of the rod,
the latter’s velocity vanishes. By the conservation of momentum theorem

pFy(v +g) dt-v=Fy(o—o)dr,
where p is the density, assumed constant. Thus
p(vtg)v=o0-0,. (79.4)

We construct the equation of motion for the non-deforming part of the
rod; since the latter has variable length 4, and, therefore, variable mass also,
then in the right-hand side of the equation

phFydv/dt =P

it is necessary to add the reaction of the separating mass to the applied forces.
But the material of the rod ahead of the front is almost plastic, and therefore
it can be assumed that the “total force” P reaches the value —oF. Thus, the
equation of motion of the non-deforming part of the rod has the form

ph dv/dt = —og . (79.5)

From (79.2), (79.3) it follows that
dr=-<qn ,
v

and from (79.5) we obtain, after multiplying by v,
Ldpv?)=oed(nh).
But from (79.2), (79.4) we have
pv2= €(0—0y) . (79.6)
Consequently
d[e(0—0y)] =20 d(Inh) .
Hence, for initial values

h=1ly, v=yq, €=¢g when t=0
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we obtain

°d[(/—1)
Iﬂ=%f et ] (79.7)
%0

The value of ¢ is determined from (79.6):

puo €0(09—09 , 09 =0(€p) -

Since the curve 0 = o(e) is known, equation (79.7) determines the residual
stress € as a function of the length h. From (79.6) we find the velocity v asa
function of A, and from (79.2) the velocity g of the plastic wave front as a
function of h. Finally, the dependence on time is given by equation (79.3).
These calculations for the deformation of a rod under impact agree well with
observations (fig. 246) and with the results of a more exact theory which
takes into account the elasticity of the material.

§80. Bending of a plastic-rigid beam under an impulsive load

80.1. The plastic-rigid beam

The beam remains rigid so long as the bending moment M does not reach
the limiting value M, . At this point stationary or moving plastic joints can
occur (fig. 251b), or, eventually, some plastic zones (fig. 251c). Between the

-1+ (a)

(b)

|
[ M, (c)
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plastic joints and zones there will be rigid portions, for which |[M| <M, . In
the process of motion the position of the joints and zones will, in general,
change. Intensive dynamical loads frequently lead to large deformations of
the beam. It is natural that an important role is played by the longitudinal
forces which can arise when the supports are not displaced. We consider
below simple problems in which axial forces are absent.

The plastic-rigid model leads to satisfactory results in dynamical problems
if the plastic work is substantially (an order of magnitude, say) greater than
the maximum elastic energy MZI/ZEJ, where J is the moment of inertia of a
cross-section, and ! the length of the beam. This condition is usually realized
in normal plastic flexure of beams.

80.2. Kinematic compatibility conditions

Let the x-axis be along the axis of the beam, and let / be the length (or half
length) of the beam. Introduce the following notation: 6 = du/dx, w = 6, &
are respectively the angle of inclination of the tangent to the axis, the angular
velocity and the angular acceleration; v =u, v are respectively the speed and
acceleration of bending. Further, we denote by &/ the distance from the left-
hand end of the beam to the plastic joint (fig. 251a) or to the plastic zone
(fig. 251b), and by g = It the velocity of motion of the joint (or of the expan-
sion of the plastic zone). The value of quantities to the left of the joint (to
the left of the boundary of the plastic zone) will be designated with the suf-
fix —, and those to the right with the suffix +.

At the joint (boundary) x = /¢ the kinematic compatibility must be satis-
fied. First of all we have the obvious condition of continuity of bending

u_=u,. (80.1)
Differentiating this expression with respect to time, we find

Qu. du_dx_du, Ou, dx

ot ox or or  ox dr
or
v_-v,=—g6_-6,).

The right-hand side here is zero. For if the joint is stationary g = 0; while
if the joint moves with finite velocity the adjacent section does not have time
to be turned through a finite angle in the time it takes for the joint to traverse
the section. Thus

v_=v,. (80.2)
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Differentiating now with respect to time, we obtain
b0, = —glw—w,), (80.3)

i.e. the discontinuity in acceleration of bending is proportional to the discon-
tinuity in angular velocity.

80.3. Equations of motion of a plastic-rigid beam

The analysis of the motion of a plastic-rigid beam is based on simultaneous
consideration of its rigid and plastic portions.

The equation of motion of particles in the plastic part is straight-forward.
From the yield criterion we have that the bending moment is constant (M =
=const. =M_), as a result of which the transverse force is zero and the equa-
tion of motion has the form

mii=q(x, 1), (80.4)

where g(x, t) is the distributed load.

The equation of motion of the rigid portion (fig. 251c) with stationary
joint is also easy to write down. If the joint is non-stationary, the length of
the rigid portion (and, consequently, its mass m&l) changes, and therefore it
is in general necessary to take into account the reactive forces which arise as a
result of the separation of particles from the body (or their attachment to the
body). As we know these forces are proportional to the difference between
the velocities of the particles and the body. In the problem of the motion of a
plastic-rigid beam this difference is zero on the boundary because of (80.2);
consequently additional reactive forces do not arise and we can usually base
ourselves on the laws of mechanics in their customary formulation.

80.4. Example: joint-supported beam under the action of a uniformly
distributed impulsive load
We consider the motion of a joint-supported beam (fig. 252a) which exper-
iences the action of a uniformly distributed load g = Q/2! of explosive type;
the load acts over an interval of time (O, 7), during which it is constant
(fig. 253a) or decreases (fig. 253b) with the assumption that

t
f 0dr = 10(1) . (80.5)
0

We introduce the dimensionless loading parameter g = gi/M, .
The beam will not be deformed so long as the maximum bending moment
does not attain the limiting value M, . It is easy to see that this takes place
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when g =4 =g, for the central section of the beam. Thus, for a weak load
q <4 the beam remains rigid.

Motion of the beam for a moderate load (4 < q < 12). For a load some-
what in excess of g, the rigid halves of the beam rotate about the supports
(fig. 252b) with a stationary plastic joint in the middle. The equation of rota-
tion of the left-hand half of the beam has the form

mB . 3
M, w=3(q-4). (80.6)

Since the load reaches its maximum value instantaneously, the initial con-

ditions are zero, i.e.

when t=0 u=0, w=0. (80.7)
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Equation (80.6) retains its validity so long as the bending moment in the
rigid half of the beam nowhere exceeds M, . The bending moment is deter-
mined by the uniformly distributed load of intensity Q/2, the inertial load
—mwx, and the limit moment M, in the joint. For small values of the
angular acceleration the graph of the bending moment is shown in fig. 254 by
the solid line, while for large accelerations it is represented by the dotted line.
In the latter case the transverse force is negative near the joint, which will
clearly occur when miw > Q/2l. It follows that equation (80.6) is valid
when miw < Q/2l. Putting mle; = Q/21 in (80.6), we find the maximum load
q = 12 =q,, below which motion takes place with a point-joint at the centre
of the beam.

Fig. 254.

Integrating equation (80.6) we obtain
mi3 :
s 33t (1(:)= of th) ) (80.8)
Motion ceases at the instant =7, when the angular velocity vanishes;
then
I(H-4t=0. (80.9)

Integrating next equation (80.8) and putting ¢ = 7, we obtain the deforma-
tion graph of the beam (fig. 252b), determined by the angle 6 = 6(¢):

0=3 [IKydr- F120). (80.10)

X

o

*
For a rectangular impulse (fig. 253a), we have

mi3 - Qo!
0= @9 ar? (q0=M° <12). (80.11)
- -
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The maximum flexure is & = I6.

The motion of the beam for a strong force (q > 12). In this case loading
generates a plastic zone |x| > &/ (fig. 252c), in which the bending moment is
constant. Under certain conditions (see below) this zone is shortened and
contracts to a point — the plastic joint at the centre. For £ > ¢' motion pro-
ceeds with one stationary joint (fig. 252d).

Consider the motion for £ <t'. It is described in the plastic zone by equa-
tion (80.4), where the load q = Q/2! is independent of x; thus the plastic seg-
ment moves down and does not deform (fig. 252c). We suppose first that the
load Q(¢) increases, and find £. For an element on the boundary x = ¢l we
have

mlto—Q[21=0. (80.12)
The rotation of the rigid portion is determined by the equation
%‘53 o=3@t2-a), (80.13)
analogous to equation (80.6). From these equations it follows that
qt2-12=0, (80.14)
4\/3""713&)=q%. (80.15)
N

These equations are valid for an increasing load Q(¢), when g <0 and the
left-hand part of the beam x < /¢ remains straight. From (80.4) and (80.13)
the jump in acceleration at the boundary is now

bp = e (e-2)-0
T a2 U og2) 7
and vanishes because of (80.14). The jump in the angular velocities is also
equal to zero.
Now suppose the load Q(¢) diminshes. Then

q£2-12<0, (80.16)

otherwise the compatibility condition (80.3) is violated. We construct the
equation for conservation of moment of momentum for the half-beam
0 < x <, with respect to the left-hand support:

L 1
[ ordar-me= [ mux ax. (80.17)
0 0



§80 BENDING OF A PLASTIC-RIGID BEAM 449

When x < &I, v = wx, while when x > £, (80.14) gives
t
m

Therefore equation (80.17) takes the form

ID

=— l(!)

521( )-t= M w. (80.18)

Differentiating this equation with respect to time and using (80.13), we
find that 11() = mi§w/M, . It is then easy to see that
= 12¢/K(r) , (80.19)

mi\2 , DB
(F‘) w —m. (80.20)

We clarify the conditions for the realization of this regime. Differentiating
(80.9) we find that the condition (80.5), which can be written in the form
I(t) > 1q, gives

2gé=¥(1—’7") >0,

i.e. g 2 0. Eliminating the quantity / with the aid of (80.19) we obtain
I(qE2-12) = 2481,

i.e. the inequality (80.16) does in fact hold.
Taking the limit - 0 in (80.19), we arrive at the initial position of the
boundary

k=12, £ =0). (80.21)
At the instant ¢’ we have ¢ = 1, hence
I()-12¢'=0. (80.22)

The angular velocity w’ at this instant can be found from (80.20):

mi3
M

W' =6t (80.23)
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and the displacement u’ of the mid-point by integrating the equation for u:

.
ml>
I =} J Ie)de . (80.24)

~

Motion for t>1t'. In this final stage of the motion the angular velocity of
rotation of the “re-solidified” half of the beam is determined by the previous
equation (80.6), but with the initial condition w = w' whent=1".

On finding the corresponding solution and using the relations (80.22),
(80.23), we find

mi?
w e

*

=33 (@=1). (80.25)

The motion ceases with w =0 at the instant 7, determined by the formula
I(H—-4t=0. (80.26)

Integrating (80.25) we find the angle turned through in this stage of the
motion

ﬁ—o=3 f o) de=3(2-1?).

We next determine the displacement 6 at the final moment 7, and add to
it the previous displacement (80.24). Then the total displacement & of the
mid-point is found to be:

t t
mi?_ = ,
G =3 f 1r)dr+3 bf 1) de—35 (1X0)-31%1) . (80.27)
t
In the course of the final stage of the motion a break can occur at the
mid-point.
For the case of a rectangular impulse (fig. 253a)
fi 0<¢<r,
0= qot or T
qor for t27,

and from (80.22), (80.26) it follows that

f'=t1q0r,  T=kqor.
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By (80.27) the maximum residual flexure is

mi2 ‘10"
mic o

M, 12

(qo-3) @>12). (80.28)

In the present example (80.19) shows that in the time-interval (0, 7) the boundary is
£ = ko, Le. is motionless; it is displaced only when t > 1.

It is not difficult to calculate the energy absorbed by the beam. For a moderate load
(@0 <12), absorption takes place in the central joint. For a strong load (go > 12) the
energy is absorbed at the stationary boundary £ = £, in the zone of continuous plastic
strains £ <t <1, and in the central joint { = 1.

80.5. Concluding remarks

Analysis of different cases of loading shows that the “‘shape” of the impulse has little
on the bending which is b lly d d by the maximum load g and the

total impulse

00
q01°=_/(; qdr.

Other type of loads (concentrated, non-uniform, etc.) and clamped beams have been

sturhed by similar methods in a series of works [152, 153]. Experimental data satis-

firm the calculations of the plastic-rigid model for developing plastic defor-

The diffe which are i observed are usually connected with the

effect of axial forces in the presence of large flexure, and with departure from perfect
plasticity.

il

PROBLEMS

1. A circular cylindrical rod z >0 receives an impactive twist at the end z = 0. If the
twisting moment is sufficiently large, an elastic-plastic def ion wave is propag:

Derive the differential equation for the propagation of twisting strain on the assump-
tion that the material obeys the elastic-plastic scheme with yield plateau, and that the
section of the rod rotates as a whole.

Answer:

9% 3%
2 =b2-— PR bo(c/a)?,  bo=+/Glp,

where L, is the velocity of propagation of the elastic wave, ¢ is the radius of the elastic
core, and 6 the angle of rotation of the section.

2. Find the propagation speed for the torsional wave of elastic-plastic strain in a
hardening rod (§30.3).

3. Derive the differential ion of longitudinal vibrations of a rod of variable
section (S is the cross-sectional area).
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Answer:
3, S'x) _

s TP

4. For safe application of a tensile load to an elastic (0 = E¢) rod, whose mass is
negligible compared with the mass of the load, the dynamic strain 4 can be twice as
large the strain €S for static (slow) loading (cf. [47]). Find the ratio ed/es for a rod
which obeys the deformation law o = BeS, where B, 8 are constants (0 <8 <1). Show
that ed/eS>2 and tends toe = 2.718 ... as g 0.
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Composite Media.

Visco-Plasticity

§81. Composite media

81.1. Influence of viscosity

In the preceding chapters we have been considering plastic deformation
which is independent of the time (athermal plasticity). By comparison with
Hooke’s law, the new equations of state describe more completely the
mechanical properties of real bodies, and therefore lead to results which are
of great importance in questions of the strength of machines and structures.
Both deformation theory and plastic flow theory are relevant to a description
of irreversible equilibrium processes in defornation.

Nevertheless it is not always possible to neglect the influence of viscosity
(which is connected with the thermal motion of atoms); a temporal analysis
of the deformation process then becomes necessary. In particular cases (for
example, the deformation of steel in conditions of normal temperature) the
influence of time is negligibly small, and the previous theories of plasticity
can be used. In other cases this effect turns out to be substantial, and essen-
tially changes the whole picture of the deformation. Thus, even hard steels in
conditions of high temperature exhibit yield at small stresses and can accum-
ulate large strains with the passage of time (presence of creep). Viscosity has

453
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frequently to be taken into account in rapid motions (for example, in connec-
tion with vibrations, shocks).

In modern technology an ever-increasing importance is being acquired by
the use of the complex mechanical properties of high polymers, which include
all kinds of resins and various artificial and natural fibrous materials. Those
materials are characterized by the important role of the time; the deformation
processes are here called non-equilibrium.

Study of the mechanical properties of complex media has led to the
development of a new science — rheology (cf. [35, 41]). In this chapter we
consider only composite plastic media; by this term we understand a “usual”
plastic medium, complicated by the presence of viscosity alone. For the more
complete equations of rheology the reader may refer to the books [35, 33,
62].

81.2. Mechanical models

The mechanical equations of state of composite media are usually illus-
trated by the aid of simple mechanical models. In this section we shall consider
for simplicity a uniaxial stress distribution (extension of a rod); the corres-
ponding stress will be denoted by o, the relative extension by €, and the rate
of relative extension by &.

An elastic element, obeying Hooke’s law

o=Fe, (81.1)

can be represented in the form of a spring (fig. 255a).
A viscous element which obeys Newton’s law of viscosity

o=pde/de, (81.2)

where u is the coefficient of viscosity, is represented by a model consisting of
a piston moving in a cylinder containing viscous fluid (fig. 255b).

A plastic-rigid body with stresses below the elastic limit does not deform;
flow develops only for stresses satisfying the yield criterion (0 = o). This
medium is represented in the form of a plane with cold friction (fig. 255¢).

By combining those simple models we can introduce various composite
media. For example, an elastic-plastic medium is characterized by a model in
which elastic and plastic elements are joined in series (fig. 256). Other exam-
ples of composite media are presented below.

Note that an elastic (or viscous) element can follow a nonlinear law of
elasticity (or viscosity). For example, the relation

de/dt = Blo|m-10 , (81:3)
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e

(a) (b) () 1’
Fig. 255. Fig. 256.

where B, m are constants, corresponds to nonlinear viscous flow (creep) of
metals.

81.3. Visco-elasticity

The joint of elastic and viscous elements leads to the so-called visco-elastic
medium.

A parallel join (fig. 257a) of two elements — elastic and viscous — gives the
Voigt visco-elastic medium

o=FEe+ude/dt. (81.9)

This equation is obtained if we use the fact that the total stress in the
medium is compounded of a stress corresponding to elastic deformation, and
a stress generated by viscous resistance. A visco-elastic medium in a state of
rest (de/dr = 0) behaves as if elastic. The stress in the medium increases with
increasing strain-rate. If the medium undergoes a constant strain € = const.,
a constant stress 0 = Ee is present. If it is loaded with a constant stress

o = const. = 0 for t=0,

then from (81.4) we obtain
[/
=g (1—e-Eth),

i.e. the strain increases gradually, and tends to the value oy/E.
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(a) (b)
Fig. 257.

A visco-elastic medium was first studied in detail by Voigt in connection
with the problem of attenuation of vibrations, and subsequently was investi-
gated by many researchers [1, 52, 62].

For connection in series (fig. 257b), we have compounding of strain rates
corresponding to one and the same stress. The deformation law for such a
medium was first obtained by Maxwell, and has the form

de_1do o
dt_EE+;' (81.5)

We consider the properties of this medium. If a constant stress is commun-
icated to the medium (o = const.), then it will be deformed with constant
rate, i.e. it will flow like a viscous fluid. With rapid loading 0 = 0y, a strain
0o/E develops immediately in the medium (at the expense of the elastic
term). If the stress is removed, the strain-rate also vanishes, but some constant
strain remains in the medium.

Let the body experience a stress gy at the instant ¢ = 0; the corresponding
initial elongation is €y = 0y/E. We now fix the strain, putting € = const. = €,
(for example, by clamping the ends of the rod). Then de/d¢ =0 and from
(81.5) it follows that
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Hence
o=0ge” tho |

where o =E/u is called the relaxation time. Thus the stress decreases expo-
nentially with time, and tends to zero (fig. 258). Maxwell’s relaxing medium
described qualitatively an important property of real materials — the weaken-
ing with time of the stress distribution under constant strain (so-called stress-
relaxation). Maxwell’s equation is often used for a qualitative description of
the relaxation effect; but quantitative results are in poor agreement with
observations.

Fig. 258.

The above models contain two parameters: E, u.

A description of complex mechanical properties (for example, high
polymers) requires multi-element models, characterized by a large number of
elements. The model shown in fig. 259a consists of three parameters £, E,,
Hy.

An example of a model with four parameters E, E;, u;, i is shown in
fig. 259b.

Such media (with n parameters or with continuously distributed param-
eters) are studied in the theory of linear visco-elasticity [1, 33, 62].

Nonlinear relaxing media play an important role in the theory of creep of
models [2, 17, 33].

81.4. Visco-plasticity

The join of viscous and plastic elements leads to so-called visco-plastic
media.

Parallel connection (fig. 260a) of two elements — viscous and plastic —
gives a visco-plastic medium, first considered, apparently, by Shvedov (1900)
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Fig. 259.

{
i .
L T

|
(a)

Fig. 260.

Q

(b)

and Bingham (1922). Here the deformation law has the form
o=os+u% for g0,

when o < o the medium does not deform.

ch. 12
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This model expresses the fact that for many substances noticeable flow
appears only for a definite load; the rate of flow depends on the viscosity of
the medium. Many real substances are characterized by visco-plastic proper-
ties — metals at sufficiently high temperatures, various heavy lubricating mat-
erials, paints, etc. The perfection of many technological processes (hot ma-
chining of metals, movements of various plastic masses in machines, conduits,
etc.) requires the examination of the motion of visco-plastic materials; the
hydrodynamic theory of lubrication for dense lubricating materials is also
based on the equations of visco-plastic flow.

The equations of a visco-plastic medium are discussed in greater detail in
the next section.

Series connection (fig. 260b) of two elements — viscous and plastic — leads
to a creep-plastic medium, which is of great interest in problems of creep.

When o < g this medium behaves like a viscous fluid, following Newton’s
law of viscosity (81.2) or a nonlinear flow law, for example, equation (81.3).

When o =0, the medium flows like a perfectly plastic body (cf. §83).

Connection of a large number of viscous and plastic elements leads to a
complex visco-plastic medium.

81.5. Elastic-visco-plasticity

If elements of the three types are joined we obtain a much more complex
medium. Thus, the model shown in fig. 261 is sometimes used in dynamical
problems. To obtain the corresponding equation, it is necessary, as usual, to
write laws of deformation for each element, and to construct conditions of
equilibrium and continuity of strain.

i
uIAli \U-
|

Fig. 261.
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§82. Visco-plastic medium

82.1. Basic relations

We consider in more detail the visco-plastic medium; by this we mean a
medium, the model for which is described by parallel connection of viscous
and plastic elements (fig. 257a). Visco-plastic media have been studied inten-
sively in connection with a variety of practical applications.

The transition from equation (81.4) for a uniaxial stress state to the case
of a complex stress state is achieved with the aid of the usual additional
assumptions. First, we assume the incompressibility condition

£;%;=0. (82.1)

Next, the stress components 0;; are combinations of the stress components

a;-,-, related to the plastic properties, and the stress components a;-}, generated
by viscous resistance:
T
0= 0} 0j;. (82.2)

The stress components o;-,- are determined by equations (13.12) of the von
Mises plasticity theory, i.e.

' ZTS
5= g ks (82.3)
where the von Mises yield criterion
sijsy = 212 (82.4)
is satisfied.
Let the viscous resistance obey Newton’s linear viscosity law (5.5), i.e.

S;} = 2#'5,',‘ GBu'=p). (82.5)

Having constructed the stresses, we arrive at the relations of a visco-plastic
medium

T,
- z(ﬁu ",) b (826)
From this we obtain the expression
T=r,+uH, (82.7)

which is a generalization of equation (81.6). Note that the visco-plastic
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medium can be regarded as the limiting case of a nonlinear-viscous medium
S = 2g(H) Ei,' s (82.8)
for which T = g(H) H. For a visco-plastic medium g(H) = u + 7/H.

82.2. Equations of visco-plastic flow

The formulae (82.6), together with the incompressibility condition (82.1)
and the three equations of motion, generate a system of ten equations for the
ten unknown functions s;;, 0, v;.

Substituting the stress components from (82.6) into the differential equa-
tions of equilibrium, we obtain (together with the incompressibility equation
(82.1)) a system of four equations for the mean pressure o and the compo-
nents of velocity v;; this system is of a complicated form and there is no point
in writing it here.

In the case of plane strain v,=0, and therefore 0,=0= %(a.vx +0y),
Txz =Ty, = 0. The differential equations of equilibrium can be satisfied by
introducing the stress function ®(x, y), namely

, 920 320 ) 929
0x=2#5, 0y=2u ax—Z, Txy=_2‘" w

The incompressibility condition is satisfied by introducing the stream

function ¥(x, y):

v, =—3¥/dy, v, = ov/ox .

The functions ¢ and ¥ are determined from a system of two nonlinear,
second order differential equations obtained from (82.7) and the relation

TS
"x“’y=4(ﬁ+l") £, (82.9)

which follows from (82.6).

Eliminating one of the functions, say &, we can derive one nonlinear
fourth order equation for the function W¥- This equation was used by
I'yushin [112] and Ishlinskii [114] to analyze a series of problems of visco-
plastic flow.

The equations of a visco-plastic medium are used in solving various problems of a
technological type related to the processing of metals under pressure, to the flow of dif-
ferent plastic masses in tubes and slots, to the theory of lubrication by dense oils, etc.
(cf. [80]). Equations (82.6), suppl d by elastic strains, are also used in problems
of plastic dynamics when the influence of strain rates cannot be neglected. In hydro-
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dynamic problems of visco-plastic flow much use has been made of boundary-layer
theory.

As we have already remarked, a visco-plastic medium can be regarded as the limiti
case of a nonlinear-viscous medium. This fact enables us to write down without diffi-
culty variational equations for visco-plastic flow, namely, a principle of minimum total
expansion (chuactenzmg the minimal properties of the actual velocity field) and a prin-

ciple of dd | expansion (characterizing the minimal properties of the
actual stress distribution). A detailed analysis of the first variational problem is to be
found in the ly published work by Mol and Myasnikov [137].

82.3. Steady flow in a tube

We consider the problem of the flow of a visco-plastic mass in a thin circu-
lar tube. The motion is assumed to be slow, steady-state and axisymmetric;
there is no rotation of the mass in the tube. Then in the cylindrical coordinate
system r, ¢, z we have

v,=0, v,=0.
Calculating the strain-rate components we find
,=t,=n,,=n,=0, £, =dv,/3z, n,,=0v,/3r .

But by the incompressibility condition £, = 0, and hence v, = v,(r). From
(82.6) we obtain
0,=0,=0,=0; Tre=Tpz=0; Ty, = —Tg+u' dv,/dr.
It is assumed here that dv,/dr <0, so thatn,,/H = —1.

Next, we have from the equilibrium equations (4.3)
90 _ dr,, T2 30 _
a0 Tt 0

Hence it follows that o = o(r), where the pressure gradient 90/9z =q is a
constant. Substituting for 7,, in the last equation and integrating, with the
conditions that the visco-plastic mass adheres to the wall of the tube (i.e.
v, =0 for 7 = b) and that the velocity v, is bounded, we obtain

-4 Ts
v =0 b2-r?)— F(b—r) .

Since |7,,| > 7 inside the deformation zone, the solution is meaningful only
if dv,/dr <0, i.e. when

r=22rfq=c.
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2 /7, ‘7 /7,
2c z
_— —_—
I ) .
I
Fig. 262.

The remaining part of the mass does not deform and moves inside the
tube like a rigid body. The velocity increases according to the parabolic law
from a zero value at the wall to its maximum at r = ¢ (fig. 262). At the wall
of the tube the magnitude of the tangential stress is %bq and then falls off to
the value 7 at the boundary of the non-deforming core. Since ¢ < b this flow
occurs only for a sufficiently large pressure gradient:

q=21b.

The flux per unit time of the mass is
3 m
Q=21 of ro,dr =2 g B4-cH-Lr,®3-c3)] .

In the case of a viscous fluid 7= 0, hence ¢ = 0, there is no rigid core, and
the last equation reduces to the well-known formula of Poiseuille:

_mb?
ek

In the other limiting case — the plastic-rigid body — u' = 0, ¢ = b, and slip
occurs in a thin layer at the wall of the tube.

§83. Creep-plastic medium

83.1. Basic relations

We now turn to a more detailed consideration of a creep-plastic medium,
the model of which is generated by series connection of viscous and plastic
elements (fig. 260b). This medium is of great interest in the theory of creep
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of metals where, incidentally, it is also frequently necessary to take into
account elastic deformation and the influence of “hardening”. Here we con-
sider a simple version of the basic relations, which involve only nonlinear
viscosity and perfect plasticity.

For the model shown in fig. 260b the strain rates are compounded, but the
stress is the same in both elements.

Thus we have
b=kt (83.1)
The plastic strain rates are
. [ 0 when r<rg,
5~ ‘ Ns;  when T=r1,. @2
The viscous strain rates are
ti=4(Ds;, (833)
where g(T) is a known function. Note that
T=gH"YH", (83.4)

where g(H")g(T)= 1. These are the basic relations “according to the von
Mises criterion™. It is not difficult to formulate analogous relations corres-
ponding to other criteria (such as the 7, ,, criterion).

83.2. Equations of creep-plastic flow

If the stresses do not reach the yield limit, the body experiences only
creep in accordance with relations such as (81.3), with the total rates of strain
being now £;;= E;} For a sufficiently large load in the body “viscous” (T <)
and “plastic” (T'=17y) regions occur. In the former regions the strain-rate
components £; and the stress components are related by equations (83.3); in
the latter by the formulae

N
&= I\ + B)] s

On the boundaries between different zones we must have suitable condi-

tions of continuity of stresses and velocities. So long as the limit state is

not reached the flow of the whole body is determined by the deformations of
the “viscous core”.

83.3. Flow of a hollow sphere under pressure
We consider the problem of steady flow of a hollow, creep-plastic sphere
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which experiences an internal pressure p (fig. 41). We retain here the notation
used in §25. Let v=u(r) be the radial velocity. The incompressibility equa-
tion has the form

v
ar

from which we find
v=C/r?,

+22=0,
r

where C is an arbitrary constant. Calculation of the strain rates and of the
intensity of the shear strain-rates now gives

2C

E=-T.  Ech-

c
3 H—2\/§r—3,

<
3’
The intensity of the tangential stresses is T = (0,,— ,)//3. The differential
equation of equilibrium (25.1) now takes the form
do,
4 ¥§ T. (83.5)

dr

Let T< 7,. We take the power-law relation 7= BH¥, where B, 0 << 1

are respectively the coefficient and exponent of creep. Substituting for T in

equation (83.5) and integrating from r =a (where 0,= —p) to r =b (where
0, = 0), we obtain

u,=s[1—(3)3‘_‘], =\/T3—m(%)3'i, s=—P . (836)

r 53‘7_1 :

It is evident that the intensity of tangential stresses decreases with increas-
ing radius r. For sufficient pressure (namely, when p > {27/v/(3u)} X
X (l—B‘3“)), a plastic zone @ <r < ¢ occurs in which T = 7. In this zone the
solution is determined by formulae (25.8); we rewrite then as

0,=205In (r/a)-p, 0,=0,+0. (83.7)

In the outer region ¢ <r<b the solution can be obtained from formulae
(83.6), with p replaced by —q = —(0,),=, and the radius a by the radius c. On
the boundary 7 =c the quantities o, and T are continuous. It is easy to see
that g = 20, In (c/a)—p. From the condition T =7 at r =c we can now find
the equation which determines the radius c:

LV ) 4=l 2
3 [l (b) ]+lnb_2_08_ln;- (83.8)
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The velocity v(r) can be calculated with a suitable value of the arbitrary
constant C.

When ¢ = b the plastic zone occupies the whole sphere; then the value of
the limiting load p_ is obtained from (83.8).

PROBLEMS

1. Beginning with equation (81.4) construct the diff ial ion for longitudinal

vibrations of a visco-elastic rod
2, 2 3,

) U _‘2 8 u _»2 3 u

a2 a2 w2
where u = u(x, ) is displacement along the axis of the rod, a = \E/p, b = \/u/p.

0,

2. Beginning with the ion of steady creep (81.3) and the usual hypothesis,
derive the differential equation for the rate of bending of a beam
a2, M
dz2 D’

where M is the bending moment and D the rigidity of the beam in the presence of creep.
3. Obtain the deformation law

Ele+p|:—§= (l+—

for the three-element medium shown in fig. 259a.

4. Obtain the deformation law

d2e de _ H1 d20 u E\do Ea
plm+ G mo' ( +72+F1) at P

for the four-element medium shown in fig. 259b.

5. Solve the problem of steady visco-plastic flow between parallel, rough plates in the
case of plane strain, Show that the thickness of the rigid core is 2¢ = 27/q.

6. Derive the formula for the velocity u(r) in the problem of flow of a hollow sphere
(§83) when a plastic zone is present.

7. Solve the problem of the flow of a hollow creep-plastic tube under the action of an
internal pressure.



Appendix

1. The type of a system of partial differential equations

In plasticity, gas dynamics and other branches of mechanics one encoun-
ters systems of two quasi-linear, first order, partial differential equations for
two functions u, v of two independent variables x, y:

ou v

Alax+Blay+Cla +Dla El’
1)
du v v _
A25% +82 ay *Coox ax +D, ay =k,
where the coefficients 4,, By, . . . , E, are given functions of x, y, u, v. The

properties of the solutions of this system and the methods of determining
them are essentially decided by the type of the system. We consider this
question.
Let the values of u, v be prescribed along some curve x = x(s), y = y(s) in
the x, y-plane:
u=u(s), v=(s) .

If we think in terms of the four-dimensional space x, y, u, v, then the

467
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equations x = x(s), y = y(s), u = u(s), v = v(s) represent some curve L in it; the
solutions of the differential equations, u = u(x, y), v = v(x, y), generate some
surface (integral surface).

A basic question is the possibility of making a definite integral surface
pass through the given curve L (Cauchy’s problem). The question is connected
with the possibility of determining uniquely along L the derivatives of the
unknown functions u, v from the differential equations (1) themselves. In
geometrical language, the unique determination along L of the first partial
derivatives from the differential equations means the determination along L
of the tangent plane to the integral surface.

Along L the differential equations (1) have known coefficients and can be
used to determine the partial derivatives. Since u, v are known along L, we
obviously have the additional relations

du u _dv W
du——d.x+$dy, dv—a d.x+aydy ?)

Equations (1), (2) generate along L a system of inhomogeneous, linear,
algebraic equations for the first partial derivatives. These partial derivatives
are determined in a non-unique way if the determinant A of the system and
the relevant numerators Ay, A, A3, A4 in Cramer’s formulae vanish along L.
The first condition can be written

4, B, ¢ D,
Ay B, G D
dx dy O 0

0 0 dx dy

or, in expanded form,

dy\2 . dy
a(.a) =2 g-+c=0, 3)

where we have introduced the notation
a= CIAZ_AICZ N
2b=CBy-B\C,+DAy-AD,,

¢=D,B,-B\D,.
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The differential equation (3) can be divided into two equations:
%=al(b tyb2-ac). @

If in some x, y-domain b2—ac > 0, then at each point of this domain we
have two distinct characteristic directions; in this domain the system is of
hyperbolic type.

If b2—ac =0 in some x, y-domain, there is only one characteristic direc-
tion at each point of the domain; in this region the system (1) is of parabolic
type.
Finally, if b2—ac <0, no real characteristics exist in the given domain, and
the system (1) is of elliptic type.

Since the coefficients of equation (1) are functions of x, y, u, v, the system
(1) can in general be of different type in different regions.

The solution of a system of equations of hyperbolic type is closely con-
nected with the characteristic curves determined by equations (4) and which
cover the x, y-region with a curvilinear network.

Note that if the system is linear, i.e. if the coefficients of equation (1) are
functions of x, y only, the network of characteristic curves is independent of
the solution. With nonlinear equations the characteristic curves depend on the
required solution.

When the numerators are set equal to zero, A;=A,=A3=4,=0, we
obtain the relations between the unknown functions along the characteristics.

The theory of hyperbolic differential equations (1) is examined in the
book by Courant and Friedrichs [19], ch. 2. Questions in the theory of
hyperbolic differential equations with two independent variables are further
considered in Courant and Hilbert, “Methods of mathematical physics”, Vol.
2, ch. 5, in Smirnov, “A course of higher mathematics”, Vol. 4, ch. 3, and
in Rozhdestvenskii and Yanenko, “Systems of quasilinear equations”.

2. Reducible equations

In many branches of mechanics of deformable media (plane strain and
plane stress in plasticity, certain dynamical problems in plasticity theory,
etc.), we encounter systems of homogeneous equations:

ou ou v v
A tBig, tCige D13, =0, (12)
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u, du, . . 2
gy *Bagy* Crgg+Dag =0, (1)

where the coefficients 4, By, .. ., D, are functions of u, v only.
In this case the system (1) is called reducible, since a transformation of
variables leads to a linear system. Let

x=x(u,v), y=y,v).

Differentiating we obtain

l_a_xa_u+axau 0= 9y du 3y v
ou 0x dv ox’ ou Bx v ax’
gl du . dydu
du oy v By ou 9y dv oy’

Hence we find the partial derivatives

ax _1 v ox _ 1 0u, y_ 1w

wu Ay’ v Ay’ u A’

el

Bl
g

where A is the functional determinant

D(x, y) “x dy oy ox

Substituting the partial derivatives in equation (1) and dividing by A, we
arrive at the linear system

ay ox ) ax
A5 -Biy, ~Cipm* D13, =0,
2
y y ax

2% BZau ~C23ut D25, 0-

In general the system (2) is not equivalent to the system (1) since in the
process of transformation certain solutions are lost which correspond to the
vanishing of the determinant A. These solutions, however, are particularly
simple and can be obtained directly.

These simple solutions (simple waves, §77, simple stress states, §33, etc.)
play an important role in applications.

A further treatment of reducible equations is given in the book by Courant
and Friedrichs [19], and in the articles by Khristianovich [167] and Mikhlin
[56].
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Matem. Mekhan. (PMM), Mekh. Tverd. Tela (MTT); Zh. Prikl. Mekhan. Tekh. Fizika
(PMTF); Prikladnaya Mekhanika: Journal of Applied Mechanics (JAM); J. Mech. Phys.
Solids (JMPS); Ing. Arch. Also see Mekhanika and Applied Mechanics Reviews.
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—, kinematically possible, 192
—, safe stress, 385

—, statically possible, 192

-, velocity, 180

Flow, steady, in a tube, 462
—, steady plastic, 239 ff.

—, non-steady plastic, 245 ff.
Fluid, ideal, 28

—, viscous, 29

Front, wave, 426

Function, hardening, 83

Hardening, 34
—, isotropic, 79
Hardening, translational, 81

Impact of a rod, longitudinal, 440 ff.

Indentation by a flat die, 217 ff.
— by a wedge, 245

Intensity, shear strain, 20

—, shear strain-rate, 23

—, tangential stress, 10
Invariants of strain deviatoric, 19
— of strain-rate tensor, 23

— of strain tensor, 19

— of stress deviatoric, 9

— of stress tensor, 8

Joint, plastic, 445

Law, associated flow, 73, 89
—, generalized Hooke's, 28, 45
Layer, thin plastic, 305

Limit of proportionality, 32
-, yield, 33

Line, isolated slip, 204

— of rupture, 129

— of stress discontinuity, 274

— of velocity discontinuity, 189, 272

—, slip, 125, 148, 151
Load, critical, 397, 408
—, reduced-modulus, 406
—, tangent-modulus, 402
Loading, 43, 92

—, complex, 37

—, impactive, 426 ff.

—, simple, 37

Material, incompressible, 102
—, stable, 87

—, unstable, 87

Medium, creep-plastic, 459
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-, relaxing (Maxwell), 457 Relaxation, 36
~, visco-elastic (Voigt), 455 —, stress, 457
—, visco-plastic, 460 Rheology, 454
Method, inverse, for elastic-plastic prob- Rolling, 241

lems, 136 Rule, Lagrange-Dirichlet for stability, 397
— of additional loads, 97
— of additional strains, 97 Shakedown, 115, 381
— of variable coefficients of elasticity, 97 Shear, maximum, 18
—, Ritz's, 369 — of thin layer, 350
—, semi-inverse, 150, 252 —, principal, 18
Methods, numerical, 175 ff. Solution, complete, 193
Model, Shanley’s, 406 ff. —, Gallin’s, 230 ff.
Models, mechanical, 454 ff. —, Hill's, 219
—, multi-element, 457 —, Prandtl’s, 217
Modulus of plasticity, 34, 47 —, —, for thin layer, 224 ff.
—, reduced (Engesser-von Karman), 405 Space, stress, 13
—, shear, 28 Sphere, hollow, under pressure, 109 ff., 464
—, tangent, 403 Stability of compressed plates, 413 ff.
—, Young's, 28 — of a compressed rod, 403
Moment, limit twisting, 131 — of an elastic rod, 400

— of a nonlinear-elastic rod, 403
Neck, 311 ff. — of a strip bent by couples, 410 ff.
State, plane stress, 256

Parameter, flexure, 401 —, simple stress, 163
—, loading, 401 —, uniform stress, 163, 267
—, Odquist’s, 80 Strain, elastic, 32
Plane, deviatoric, 14 —, kinematically possible, 385
Plasticity, athermal, 1 —, plane, 145 ff.
Plate with a circular hole under p —, progressive, 382

283 ff. —, reduced, 20
Postulate, Drucker’s, 40, 86 —, residual, 100, 434
Potential of work of deformation, 57 —, —, around a spherical cavity, 116
-, plastic, 70 —, secondary plastic, 101
Pressing, 240 Stress, normal, 6
Pressure, limit, 115 —, reduced, 10
—, mean, 8 —, residual, 100
Principle, local maximum, 88 —, tangential, 6
— of minimum additional work, 363 Surface, loading, 44, 91
— of minimum total energy, 358 —, singular, 84
Principles, extremum, 324 ff. —,yield, 70, 74
-, —, in flow theory, 376 ff. System, canonical, 160
Problem, Cauchy’s, 152, 170 —, reduced, 469
—, contact, 341

Tensor, strain, 17
—, strain-rate, 22
—, stress, 5
—, unit, 12

-, mixed, 174
—, Riemann, 172
—, statically determinate, 150
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Theorem, Brett's, 142

—, generalized Castigliano, 365

—, generalized Clapeyron, 356

—, kinematical shakedown, 389

—, Koiter’s, 389

—, Melan’s, 386 ff.

—, statical shakedown, 384 ff.

Theorems, Hencky’s, 153 ff.

—, on limit load coefficients, 336 ff.

—, on plastic collapse, 325 ff.

Theory, Batdorf-Budiansky slip, 86

—, deformation, 54 ff.

—, plastic flow, 48, 53

—, Saint Venant - von Mises, 50 ff.

Time, relaxation, 457

Torsion and extension of a rod, 392

- and extension of thin-walled tube, 63

—, elastic, 127

—, elastic-plastic, 137 ff.

— of circular rod of variable diameter,
349

— of hardening rods, 139

— of oval rod, 137

— of prism, 123 ff.

— of rod with square cross-section, 373 ff.
— of thin open profile, 132

Tube, cylindrical, under pressure, 118

Unloading, 43, 92
Velocity of propagation, local, 424

Wave, central, 432

—, elastic, 427

—, elastic-plastic, 431

—, expansion, 432

—, negative, 426

—, positive, 426

—, shock, 426

—, simple, 430

—, unloading, 432

Wedge under one-sided pressure, 220 ff.
Work of shape-deformation, 56
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