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PREFACE

The aim of the present collection of problems is to illustrate the
theory of partial differential equations as it is given in various
textbooks.

The problems of this collection are divided in three paragraphs. The
first paragraph contains introductory excercizes on the reduction
of partial differential equations to canonical form. The second
paragraph deals mainly with problems, the general solution of which
can be formed by means of the method of characteristics e.g.
Cauchy’s (or also Goursat’s) and mixed problems.

In the third paragraph the most important method is presented,
namely the separation of variables. This is done for mixed problems
(for hyperbolic and parabolic equations) and for boundary value
problems (elliptic equations).

The solutions of all excercizes are given. Most of the problems are
accompanied by an explanation of the solution method used: so
that this problem book can also be used for self study.

In preparing the present book the following books were consulted.
(A. N. Tychonoff and A. A. Samarskii — Equations of mathematical
physics. Pergamon Press.).

(N. M. Giinter and R. O. Kusmin — A collection of problems in
higher mathematics).

(N. S. Koschkjakow — Important equations in mathematical
physics) and other sources. Part of the problems is taken from the
cited titles.
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Part I

PROBLEMS

§ 1. Reduction of partial differential equations with two
independent variables to canonical form

The partial differential equation

02y 2u 2u
a(x, y) i 2b(x, y) 2%y + ¢(x, y) Bt +
ou ou
F ) ) Y "~ 2 A = 0 1
+ (x y, u, 2 ay) (1)

is called an equation of hyperbolic type if 42 — ac > 0, of para-
bolic type if 42 — ac =0 and of elliptic type if 42 — ac < 0.
Here a, b and ¢ are functions of x and y twice continuously differ-
entiable with respect to both variables.

To reduce equation (1) to canonical form one must write down the
equation for the characteristic curves

 ady? — 2bdxdy + cdx? =0, (2)
which breaks up into two equations

ady — (b + Vb2 — ac)dx = 0, @)

ady — (b — Vb2 — ac)dx =0 (4)

and find their general integrals.

1. Equations of Hyperbolic Type

b2 — ac > 0.

The general integrals ¢(x, y) = ¢1, and y(x, y) = c2 of equations
(3) and (4) are real and different and define two different families
of real characteristic curves.
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Transformation to new variables (¢, ) instead of (x, y)

£ =gy
n =y Y)
reduces equation (1) to:
0%u ou  ou
=Fil&npu,—, — ). 5
e ) .

This is the canonical form of the partial differential equations of
hyperbolic type.

2. Equations of parabolic Type

b2 — ac = 0.

Equations (3) and (4) coincide and we obtain one general integral

of equation (2): ¢(x, y) = c.

In this case let us put & = ¢(x, y) and n = (x, y) where the Jacob-
D(¢, n)
D(x, y)

Equation (1) reduces to

o0%u ou  ou
_817_2=F2<5’n’u’3_§’ %‘)‘ (6)

This is the canonical form of the equations of parabolic type.

does not vanish in the domain of parabolicity.

3. Equations of Elliptic Type

b2 — ac < 0.

The general integrals of equations (3) and (4) are complex conjug-
ated: they define two families of complex characteristic curves.
The general integral of equation (3) has the form

o(x, y) + 1p(x, y) = ¢,

where ¢(x, y) and y(x, y) are real functions.
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With
§=o9lxy)
n =y Y)
equation (1) reduces to
0%u 0%u ou ou
- 4+ " _F - 7).
o8 + on? s(é,ﬂ, u, % 37;) (7)

This is the canonical form of 'the equations of elliptic type.

In case of ellipticity we suppose that the coefficients a, b and ¢ are
analytic functions.

We remark that a transformation of the derivatives with respect to

x and y to the new variables & and 7 is represented by the formulas:
ou ouw o0& ou ong ou ou o0& ou on
w ok ox o x oy o oy oy
2y _ 2u <3§ )2 5 2u 0k oy

2 e \ox dkom ox o

o2y [ on\2 ou ) 02§ ou ) 0%y .
+5,?(§) Y% wm T
0%u 0%y [ 08 \? o%u 0t oy
- = (= 2 2 8
52 a£2<ay)+ oo oy oy ©
o2u (om\2 ou ) 0% ou 2n
+‘afn‘z‘<@> o e T o

ooy O ox oy | G \ox oy | oy ox

32u.317‘31; 3u_a2£ au.azn
m: ox dy @ OF oxdy = oy oxdy
More details can be found in:

(I. G. Petrowski: Lectures on partial differential equations.
Gostekhizdat 1953)

Pu 2w 0 0 %u(% o ok m>+

Example: The equation

%2 — —y2— =0. 9)
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is of hyperbolic type because
b2 — ac = x2y2 > 0 (for x 0 and y # 0).

Following the general theory we consider the characteristic equation
x2dy? — y2dx2 =0

or
xdy + ydx = 0, xdy — ydx = 0.

After integration of these equations we obtain
y
xy = ¢1 and — = ca.
y 1 p 2
We transform to new variables £ and #:
Y.
=xy and n = —.
§=2yand g =—

Formula 8 gives:

2u 2u 2 92y 2 92y ou
L LY L BT R.Y
ox2 02 x2 35377 x4 on? on
0%u 02u 02u 82u :

— 2 -_—
oy2 ¥ o2 +2 otom + x2 2’

Substitution of these values in (9), reduces this equation to canonical
form:

0%u 1 ou ‘
ot 2% on
Reduce the following equations to canonical form:

02 02 02 0 0 ‘

1. S22 7% 3 2% 6 o
0x2 0xdy oy? o0x oy
0%u o0%u 0%u ou ou

2. 4 5 —+2—=0.
ox? + 0x0y T oy? Al ox + oy

3 2u 9 u n 82u+ on +ﬂ6u 4oow=0
T ox2 %0y oy2 *ox oy S
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o0%u o0 0%u ou
4. —3——2——2cosx oy (3+sm2x)—a—y?-— —5)7=O
0%u 0%u o0%u ou
5. y2— 42 2x2 — =0.
Y o T oy T G TV
02u 02%u 0% ou
6. tg2x — — 2 — 3x—=0.
&% 2 ygxa Ty 3y2+tgx3x 0
7 o2 0%u
T o2 oy?
o2%u- 0%u o0%u
8. 2 — 32 —
o + 25y o0x0y Y oy? 2x +
ou
4y — + 16x% = 0.
+ 4y P + 16x
o (14 ) 2u 4 a2 +x3u 4 ou — 0
’ o2 Y e Yy T
02 02 02
10. sinzx—u — 2ysinx “ + y2 i = 0.
ox2 ox0y oy - .

11 o0%u %u . ou 0 ,
”-W‘_'_ya—y?_}_a—@—yb:‘ ‘(¢ = const.).

§ 2. The Method of Characteristics -~ "~~~ 7 "

Find general 'solutions of the following equations:

12 W—-—2smx oy —coszx—a—j}—z-—cosxugr.o
92u 02u 2y _ou on
13 2 —— — 2xy 192 — =0.
Sy oy +y 3y2+ +yay
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02 0 0
15. g—y) oo L o
0x0y 0% oy
o2u %u o%u 02u 0%u
16. x2 — 42 2 2 2
P T Gy T T e T
%u
2z =0.
T 2 020x
17 2u 2u np 2u ta 2u (@116 2)
. =a a a = a?,),
7 n—_= 12 2wy 22 oy? 11422 12
a11, a12 and agg are positive and constant.
ou 04u ou
18. -2 + = 0.
ox4 ox20y2 oyt
19. Find the regions where the equation
02u 2u 2y
1 — x2 — 2 — (1 2) — —
(=) G =25 — (499 55
o ou 5 o —0
0% 4 oy

is hyperbolic, parabolic or elliptic and find its general solution.

20. Give necessary and sufficient conditions for the existence of
functional invariant solutions of the following equation with
constant coefficients. Find also its general solution.

L) =a 2u 42 2y 2u
=an—— 12 o2y + asg Py +
ou ou
by— 4+ bg—=0 *
+ 13x+ 23y *)

(6 = aly — anazs > 0),

We call a function # a functional invariant solution of (*), if for
every (smooth enough) function F also F(%) is a solution of the
equation.

21. Show that if
anbg — 2a19b1b3 + azzb% + 46c = 0,
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then the equation with constant coefficients
Lu)+cu=0 (**)
has a general solution of the form:
u(x, y) = e®rm Py (arx — y) + pa(eax — ¥)];

Where y;1 and ys are arbitrary functions, % = aaghy — a12b2,
m = a11bs — a12b1 and a3, «p are the roots of the equation

ane® — 2a12x + azp = 0.

If the condition given in this problem is not fulfilled, reduce then
equation (**) to the form

2y
okon
with

=‘l),

afl(a]_b]_ — bz)(otzb]_ — b2) + 4a41¢6
1662, ’

E=aix—y, n=oaxx—9Y.

(1]

22, Show that a general solution of the equation:

0%
=v
ox0y

has the form:
(e, 9) = a0 o(@iVyle — 1t +

+Ofyw2(t)Jo(2i\/x(y —9)dt + v(0, 0)Jo(2ir/xy)

where y1(f) and ya(¢) are arbitrary functions.

23. Show that a géneral solution of the equation

0%u n on m .au_o
0x0y x—y 0x x—y 3y—
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has the form

o) = ot [ X = Y00

oxm—1gyn—1 x—9y

where X(x) and Y(y) are arbitrary functions.

24. Find the general solution of the equation
o0%u 2 ou 3 ou 3

—_ —_—t— - ———— 4 =0.
ox0y x—1y 0% x—1y 0y (x—y)zu

25. Show that a general solution of the equation:

2

E(e, f) = Pu B m « m_,
ox0y x—y 0x x—y 0oy
O<ea,f<l,at+p#£1)

has the form:

w(ry) = by — x)l_a_pofi,,[x 4 (y — D)( — b)pd +

1
+/[ylx + (v = %)t)te-1(1 — f)a-1at
0
where ¢ and y are arbitrary functions.

26. Show that a general solution of the equation:
o0%u ”n ou m ou
oy T x—y o x—y o

has the form:

u(x, y) = (x — yyminil

gmin [X(x) - Y(y)]
oxnoym x—Y

where X(x) and Y (y) are arbitrary functions.
27. Find a general solution of the equation:

02y 2u ou
— 4+ y—F+a— =0 1,y < 0).
3x2 y ayz o ay (% <a< y )

28. Find propagating waves for the equation:
0%u 0%u

D G =V T
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2u 02u u ou
b — 4x2 2% 2% Lu—o
) G W e Ty T2 T

29. Find a singular solution for each of the equations
0%u 0%u 0%u

3) A o + oy2 to

b) %u 0%u n 2u n 2u n
= cu,
o2 ox2 oy2? 022

which vanishes on the surface of a characteristic cone in infinity.

30. Find the solution of the equation

2u 12 2u 3 02u —0
ox? oxdy oz

satisfying the initial conditions
ou
9y

uly=o == 3x2,

y=0
31. Calculate the solution of the equation
ou ou

2y 2u
1 2y (1 o)~ 4y g =
(-i—%)a%2 (+y)3y2+x6x yay 0

with initial conditions.
ou
oy

= @1(x).
y=0

%|y=0 = o(x),

32. Find the solution of the equation

2y 2y . 2u . ou
—— <4 2cosx —sin24—— —sinx — =0
ox2 0x0y oy? oy

satisfying the initial conditions
ou

% = @1(%).

u|u=slnz = ¢Po(x),

y=sinz
33. Solve the equation

%u 02u 02u
2 7% _ 9 —32 % o
Yo T ey T o
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subject to the initial conditions

ou
Uly=1 = @o(¥), ——

a9y

34. Determine the solution of the equation

2u s 2u " 2u " 2u
az —  \oa2 | oy | 022 )

= g1(%).

y=1

which satisfies the initial conditions

ou

S| =v0), r=Var 2t

t=0

Ult=0 = @(7),

where ¢(r) and y(7) are given functions for » > O (spherical symme-
try).
35. Solve the equation

subject to the initial conditions

ou
#|y—0 = @o(x), — = @1(%).
ly=0 = @o(*) % |, P1(%)
36. Show that the equation
32u+ 32u+1 3u__0 y < 0)
w2 Vet T2 VY

has a unique solution which satisfies the following conditions

o
oy

< K,
y=0

Uly=0 = 7(%),

where « is a finite constant.
37. Find the solution of the equation
0%u 0%u ou

_ax_z_|_y_8_y?-|-ozW =0 }<a<l,y<0),
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satisfying the following initial conditions

ou
Uy =700, (=) =)
38. Solve the equation
v
0%y ’
subject to the conditions
e ple), | =) | = anl)

¢'(%) = 01(%) + w2(x).
39. Determine the solution of the equation

02y 2u 2y 02y

7 7 19
7 an P + 2ai12 » + agz o2

e (a11a22 = aly),

which satisfies the initial conditions

o

#le=0 = f(x, ¥), 5 1m0 = F(x, y).

Find also a solution for the special case
f(x,y) = #2 + y2 and F(x,y) = 0.

40. Solve the equation

o4u ou ou
—2 +
ox4 0x20y? oyt

=0,

subject to the initial conditions

ou
Uly=0 = (%), — = »(x),
=100, 5o =)
2u 3u
_ =n(x), — = vg(x).
% |y=0 ® Y3 |y=0 )
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th

0 =z
Fig. 1

41. A homogeneous string of linear density p, which is put under a
large tension, slides over two fixed pulleys with constant velocity v.
The part of the moving string between the pulleys executes trans-
versal vibrations. Find the period of these vibrations.

42. Find the solution of the equation
Pu  %u
o2 ox2’

with prescribed values on two characteristic curves:

On the segment 04 (fig. 1) of the characteristic curve x 4 ¢ = O is
u(x, 1) = ¢(x);

on the segment OB of the characteristic curve { — x = 0 is
u(x, t) = y(x)

where ¢(0) = (0).

43. Solve the equation

2u 2y 1 ou

P + a—yz—-i-?W:O (y <0),

if the values of u on the segment OB (fig. 2) of the characteristic
curve L1:x — 2V — y = 0 and on the segment AB of the charac-
teristic curve La:x + 2V — y = 1 are given by

<%

u(x, )|z, = g1(x) for 0 < x <
<1,

<z
u(®, )|z, = pa(¥) for § <«
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with
p1(3) = @a(3).

44. Solve the equation
o0%u o0%u 1 ou

if the values of u on the positive x-axis and the characteristic curve
Ly:x — 2V — y =0 (fig. 2) are given by

u(%, ¥)|ly=0 = @1(x), (x =0)
(x’ y)lL; = ‘}’2( )

where ¢1(0) = @2(0).
45. Find the solution of the equation

0%y 2y

o2 ox2

with given values of # on the segment OA of the characteristic curve
t — x = 0 (fig. 3) and on the curve L. The curve L starts in the
origin and is contained in the triangular region with sides wich are
the characteristic curves ¢ 4+ x = 0 and L is such that it has
exactly one intersection point with each characteristic curve
t—x=c.

Discuss in particular the solution if L is a straight line

t—kx=0 (k>O0).
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¢ P)

2

T 0
Fig. 3 Fig. 4

46. Find the solution of the equation

2y 0%u

a2 o2’

if the values of # and its normal derivatives are known on the
positive x-axis, and if also the values of # on the semi-infinite
straight line # — kx = O are given. & > 1 (fig. 4):

ou

u’lt=0 = q)o(x), —Et— 1=0 = q’l(x) (x = O)’

Ult=kz = p(*) (x =0);

where

#0(0) = %(0).

Give conditions, such that the solution is smooth in the domain
under consideration.

47. At time £ = O a gas is contained inside a spherical volume of
radius R, such that there the density is #g, whereas it vanishes
outside this volume. Find the density of the gas in a point M outside
the volume at time £ > 0.

48. A semi-infinite string (¥ > 0) of linear density p has a tension
pa? and is at rest. At time £ > O the point ¥ = O executes small
vibrations 4 sin w¢. Show that the displacement of a point of the
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string with abscis # > 0 is given by the formula:

x
0 fort < —,

a

u(x, t) =

x
Asino (t —i> fort >

a a
49. Derive the equation for longitudinal vibrations of a rod and
integrate it, subject to the condition that one end is fixed and the

other end is free.

50. A homgeneous string of length !/ is fixed at its ends. At time

= 0 the point x = //3 is pulled aside over a small distance # and
then released with initial velocity zero. Show that the motion of
the string is described for 0 < ¢ < //3a by the formula

S for 0 < <l ¢

— X or r— —a,

l 3
(%, 8 Sh —}—9h ! t) f ! I <x< ! + at
u\x, =3{—X — = —a or — — a x —_— ar,

4 4 \ 3 3 3

3h l

L'j(l'—'!x) for?—l—at<x<l

51. A semi-infinite tube (¥ > 0) filled with an ideal gas has at one
end (¥ = 0) a freely moving piston of mass 1. At the moment ¢ = O,
the piston is given an initial verlocity vo by the impact of a hammer.
Describe the process of wave propagation in the gas if the initial
displacements and the initial velocity of the gas are zero.

52. An infinite string having a concentrated mass M at the point
x = 0 is at rest. At time £ = O the mass M is given the initial
velocity vg. Prove that for £ > 0 the vibrating string has the shape
shown in fig. 5 where (¥, £) is an ingoing wave determined by the
formula

Mav,

2T [1— e(2To/Ma“)(:c—at)] for x — at < O,
0

%1(.96, t) =

ui(x,¢) =0 for x —at >0,
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a‘r

- - - — - - - -
—_——— —
- -
- —
~ -~ -

8y

A 0 8
Fig. 5

and ug(x, ¢) is an outgoing wave determined by the formula

Mavo
2T,
us(x,8) =0 for x +at <O

uz(x, t) — [1 — e—(ZTo/Ma’)(z+at)] for x + at > 0’

Ty is the tension of the string.

53. A rod of length / moving with velocity v; overtakes an identical
rod moving in the same direction with velocity vz < v1. Determine
the distribution of the velocities of the longitudinal waves in the
two rods. It is assumed that the impact is totally inelastic.

54. A mass M with velocity v strikes the upper free end (¥ = /) of
arod, the lower end of which (¥ = 0) is kept fixed. Find the velocity
of the longitudinal displacement of that cross-section, which has
at the moment ¢ = 4//a the abscis x = /2.

55. Solve the equation

2u 2u

a o
subject to the initial conditions

on

— = 0z
% |pmo pix) (0 <

2)

VA

Ult=0 = @o(%),

and the boundary-conditions

%|z=0 = f1(t), Ulz=21 = f2(¢) (¢ =0).
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56. Determine the solution of the system of equations

M bu—),

ox oy
satisfying the conditions.

= a(u — v),

#|z=0 =0, |y=0 = 1.
57. Determine the solution of the system of the equations

ou o o a ou

a P TaT  pox’
satisfying the initial conditions

#lt=0 =0, v=0=0 (0 <x <))
and the boundary conditions

Ulz=0 =0, V|zg=g=a()(1 +pu) —1 (¢t >0)

where 4, § and p are constant and «(?) is a given function.

§ 3. Separation of variables

We look for the solution of the equation

0%u 0 ou
PlO) - = | #00 | — atee )
which satisfies the boundary conditions
ou(0, ¢)
0,¢ =0
aw(0, ) + " =0, )
2
ou(l, t)
I, t - T =
yu(l, t) + 6 e 0
and the initial conditions
ou(x, 0
uw,0) = pot), 22 o) (0 <x <1 ®

ot
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The functions g(x), #(x) and ¢(x) are sufficiently smooth and
satisfy the conditions: p(x) > 0, p(x) > 0 and ¢(x) > 0.

Suppose #(x, ) is a nontrivial solution of (1), which satisfies the
boundary conditions (2) and can be represented in the form of a
product

u(x, t) = T(#) X ().
Substituting (4) into (1) we obtain

PR T" ()X () = T(O) [p(x) ﬁ] Y

dx dx
or
d ax
welre | exe L B
p(x)X () Te
where A is a constant.
It follows that this is equivalent to
a ax
S| 2o 5|+ o) — atmnx =0 ®)
T"(¢) 4+ AT(¢) = O. (6)

Since T(¢) does not vanish identically the function (4) satisfies
the boundary conditions (2) if and only if %(x, #) satisfies

X (0) + BX’(0) = O, ,
yX() + 8X'() =0 @

Thus we arrive for the evaluation of the function X(x) at the
following boundary value problem for an ordinary differential
equation: Find those values 4, called eigenvalues, for which non-
trivial solutions of (5) exist, which satisfy the boundary con-
ditions (7) and find also the non-trivial solutions, called ‘“‘eigen-
functions” associated with these.

The following theorems can be proven:

1. There exist an infinite number of eigenvalues 4; < 43 < ...
< Ag < ..., with corresponding eigenfunctions X1(x), Xa(%)...

2. For g(x) = 0 all the eigenvalues are positive.
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3. Eigenfunctions associated with different eigenvalues are ortho-
gonal and can be normalized with weight p(x).

l 0 for m # n,
Ofp(x)Xn(x)Xm(x) dx = ‘

1 for m = n. ®)
4. (Theorem of Steklov). Every function f(x), which satisfies the
boundary conditions (7) and which has a continuous first order
and a piece-wise continuous second order derivative, can be ex-
panded in an absolutely and uniformly convergent series with
respect to the eigenfunctions X p(x).

(==}

fx) = X caXal®), ca =0flp(x)X,,(x)f(x)dx.

n=1

Furthermore equation (6) has a solution for every eigenvalue Aj.
The general solution of (6) for 4 = 4,5, which we shall denote by
T n(t) has the form: '

Tu(t) = Ay cos \/}.—nt + B, sin \/Tnt.

Where A, and B, are arbitrary constants.
We get an infinite set of solutions of equation (1) of the form:

un(®, §) = Tn{®)Xn(x) = (An cos Vgt + By sin Vgt Xp(%).

In order to satisfy the initial conditions (3) we form the series
u(x,t) = 3 (Ancos Vgt + By sin Vi) Xu(). (%)
n=1

If this series and the series of the first order derivatives with
respect to ¥ and £ converge uniformly, then its sum satisfies equation
(1) and the boundary conditions (2).

The initial conditions (3) on %(x, £) become

u(,0) = 3 AnXale) = pole), (10)
w - 211 VinBuXa(x) = g1(%). (11)

If the series (10) and (11) converge uniformly we can calculate the
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coefficients 4, and B, by multiplying both sides of equations (10)
and (11) by p(¥).Xnx(x) and by integrating with respect to x from
Otol

With the aid of (8) we get

1
An=/ P(*)po(%) X n(x) dz,

B, 711— [ pmXata)
0

Substitution of these values of A, and B, in the series (9) gives
the solution of our problem. (For more details see I. G. Petrowski,
Lectures on partial differential equations).

1. Equations of hyperbolic type

58. A homogeneous string is fixed at the ends x =0 and x =1
and has at time ¢ = 0 the form

0 = Ea[(3) ~2(3) +(3)]

where % is positive and sufficiently small. The initial velocities are
zero. Investigate the free vibrations of the string.

59. A homogeneous string with fixed ends x = 0 and x =/ has at
time ¢ = O the form of a parabola symmetric with respect to the
normal in the point ¥ = /2. Find the deflection of the string from
the equilibrium position if the initial velocities are zero.

60. A homogeneous string is fixed at x = 0 and x = /. The point
x = ¢ of the string is displaced over a small distance 4 and released
at time ¢ = 0. The initial velocities are zero. Find the deflection
u(x, t) of the string for £ > 0.

61. A homogeneous string spanned between two fixed points is in
equilibrium. At time ¢ = 0, it is excited by the impact of a hammer
at the point ¥ = ¢, so that it obtains at this point a constant
velocity vo. Find the deflection #(x, f) of the string at time ¢ > 0.
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Investigate two cases:
a) The string is exited with the initial velocity
14

vo for |x — ¢| < —,
ou(x,0) 0 | | 2h

& 0 f i
or |x —¢| > e

This corresponds to the impact of a plane rigid hammer with width

n[h at the point x = c.

b) The string is excited with the initial velocity

7
vg cos A(x — ¢) for |x — ¢| < ——,

ou(x,0) 2h
o
0 for |x — ¢| > Zn_h

This case corresponds to the impact of a convex rigid hammer
with width =/A at the point x = !/,.

62. One end (¥ = 0) of a string of length / is fixed, while the other
end is attached to a ring, the mass of which can be neglected.
The ring, which can move along a smooth rod, is displaced over
a small distance from the equilibrium position and is released at
timet ¢ = 0. Describe the vibrations of the string for ¢ > 0.

63. A tube, one end of which is open, moves in a direction parallel
to its axis with constant velocity vp and stops instantaneously at
time £ = 0. Find the vibrations of the gas in the tube at a distance
% of the closed end.

64. Integrate the equation for small longitudinal vibrations of a
cylindrical rod, one end of which is rigidly fixed, while the other
end is free.

65. One end of a rod is rigidly fixed and a force Q is applied to the
other end. Find the longitudinal vibrations of the rod when the
force Q instantaneously disappears at time ¢ = O.

66. Investigate the free longitudinal vibrations of a homogeneous
rod of length / with free ends.



28 PROBLEMS

67. A force is applied to the ends of a homogeneous rod of lengtht ¢,
such that it is compressed to a lengtht 2/(1 — &). At time ¢ =0
the force disappears. Show that the displacement u(x, ¢) of the
cross-section with abscis x is given by the formula

8l 2 (=l (2n 4 l)ax (2n + 1)nat
u(x, t) = 2 n§0 2n 1 1) sin = cos 5

where x = 0 corresponds with the midpoint of the rod and where
a is the velocity of the longitudinal wave.

68. Torsional vibrations of a rod are vibrations where the cross-
sections are given small angular displacements in planes perpend-
icular to the axis. Derive the differential equation for small
torsional vibrations of a homogeneous cylindrical rod and integrate
this equation subject to the boundary condition that one end of
the rod is rigidly fixed and that at the other end a disk is attached.

69. A homogeneous rod has lengtht / and cross-sectional area g.
One end (¥ = 0) is rigidly fixed and at the other end a concentrated
mass M is attached. The rod is stretched by a force Q. Find the
longitudinal vibrations if the force disappears instantaneously.

70. The ends of a homogeneous rod of lengtht / are constrained to
move on two straight lines parallel to the u-axis by means of
elastical forces. Investigate the free transversal vibrations of the
rod when the initial displacements and velocities of all of its points
are given.

71. Investigate the free vibrations of a string with fixed ends and
which vibrates in the midpoint, if the resistance is proportional
to the velocity.

72. Calculate the forced transversal vibrations of a string with
one fixed end (¥ = 0), if at the end x =/ a harmonic force is
applied, such that it moves according to the law #(/, ) = 4 sin w?.

73. A rod of lengtht / with one fixed end (¥ = 0) is in equilibrium.
At time ¢ = O a force Q per unit cross-section directed along the
axis of the rod is applied to the other free end. Find the longitudinal
vibrations at time ¢ > O.
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74. Find the longitudiual vibrations of a homogeneous cylindrical
rod of lenght / if the end x = O of the rod is rigidly fixed and
a force F = A sin ¢ is applied to the other end such that its
direction coincides with the axis of the rod.

75. Investigate the forced vibrations of an inhomogeneous rod
which consists of two homogeneous rods, joined together at the
point x = ¢, if one end of the rod is rigidly fixed and the other end
moves according to the law #(l, ) = A sin wt.

76. A vertical rod is clamped in such a way that the displacement
of each of its points is equal to zero. At time ¢ = O the constraining
forces are removed but the upper end is kept fixed. Find the forced
vibrations of the rod.

77. A homogeneous string of lenght / with fixed ends vibrates under
the influence of an external harmonic force F(x, f) = pf(x)-sin wt
(per unit length). Find the deflection #(x, #) for arbitrary initial
conditions. Investigate the possibility of resonance and find the
solution in that case.

78. Solve the boundary value problem for the equation
0%u 0%u
IR el i
7 a e + b Gin «x

with initial and boundary conditions

ou(x, 0)
ot

w(0,8) = u(l,t) = 0; wu(x,0) =0; —o0.

79. Solve the equation

;;2_;: 32_u + bx(x — 1)

with zero initial conditions and boundary conditions
#(0,8) =0, wu(l,t)=0.

80. Solve the equation

2u 2u
S P L T
2r " o o “
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with zero initial conditions and boundary conditions
u(0,8) = 4, u(,t) =0.

81. A homogeneous heavy string of lenght /, which is fixed at the
point x =/ of the vertical axis, rotates with a constant angular
verlocity w about this axis. Derive the equation for small vibrations
of the string and show that the deviation from the equilibrium
position is given by the formula:

k=1

oo /
u(x,8) = Y (Axcosalyt + By sin alt)Jo (,uk‘/ %)
with

A = lJZ f’ J"(”"Vz)”l

= Ty f Feo(e ) 5) ax

where ui, pg, ... are the positive zeros of the Besselfunction Jo(x).

82. Find the steady-state vibrations of a homogeneous circular
membrane of radius R fixed around the edge, if the initial deflection
is a paraboloid of revolution and the initial velocities equal zero.

83. Investigate the free radial vibrations of a membrane fixed
around the edge and vibrating in the center, if the restistance is
proportional to the velocity.

84. A heavy homogeneous string of lenght / fixed at the upper end
x = 1l is displaced from its equilibrium position and released with
an initial velocity equal to zero. Show that the equation for the
small vibrations of the string under the influence of the gravitational
force is given by

0 ou 1 02u
—_—— )= —— ,
ox ox a2 o

where a = 4/g.
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Integrate this equation subject to the conditions given in the
problem.

85. Given a very long tube of radius R (which may be considered
to be infinitely long at both ends). Investigate the small transverse
vibrations of a homogeneous gas with which the tube is filled.

86. A flexible homogeneous string rotates with constant angular
velocity w about a vertical axis. At time ¢ = O the relative equi-
librium position is disturbed and its points may obtain an initial
velocity. Find the deflection #(x, #) of the string at time ¢ > O.

87. A homogeneous circular membrane of radius R fixed around
the edge is in equilibrium, while a tension T is present. At time
t = 0 a constant pressure P is applied to one side of the membrane.
Show that the deflection of a point of the membrane is given by
the formula:

r
Jo ( Bk —)
P o R aykt :I
u(r,t) = —| }(R2 — r2) — 2R2 Y cos .
) =7 [*( )= T R
where uy, w2, ps, ... are the positive zeros of Jo(x).

88. A homogeneous circular membrane of radius R fixed -around
the edge is in equilibrium while a tension T is present. At .time
t = 0 a uniformly distributed pressure f = Py sin wt¢ is applied to
one side of the membrane. Find the radial vibrations of the mem-
brane.

89. A square homogeneous membrane fixed around the edge
started vibrating without initial velocities and had the initial form
Axy(® — x)(b — y). Find the free vibrations of this membrane.

90. Find the free vibrations of a homogeneous membrane fixed
around the edge, which are produced by a blow near the center of
the membrane, such that

lim /[ fvodxdy = A

=0 o,

is, where vg is the initial velocity and 4 a constant.
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91. Find a solution for the wave equation

1 0%

2 Of2

in the domain

1>20,0<a<r<b0<p<2n, 0l <a<m;
which satisfies the boundary conditions

Ulp—g = U|r=p = #]o=4 = 0
and the initial conditions

) o .
uli=o = ¢z, 0)e™®, —| =@, 0)e™®
ot |t=0

where m is a positive integer.

92. Investigate by means of the method of separation of variables
the transversal vibrations of a doubly sustained bar of lenght /.

93. An e.m.f. E is applied to an electric distortion free conductor
(R/2 = G[c) of lenght I. The end x = lis insulated and at time ¢ = 0
the end x = 0 is earthed. Show that the potential in a point x is
given by:

S_4E % L N T
=— X - COS ———— N
W2 (2n + 1) 2 2 "
where
R 1
b= a2 =,
I’ YT Ic

94. The end x = [ of a conductor of lenght / and negligibly small
loss (G = 0) is insulated. The initial current and voltage equal zero.
An e.m.f. E is applied at the end x = O at time { = 0.

Find the current and voltage at time ¢ > 0.
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2. Equations of parabolic type

95. Find the solution of the equation

B p

% W, 0<x<l,t>0,

which satisfies the conditions
u(0,t) = u(l,t) =0, ¢t >0,

l
x for O0<x <7,
u(x, 0) =

l
I —x for7<x<l.

96. Find the temperature distribution at time # > 0 of a thin
homogeneous rod of lenght /, thermally insulated, if its initial
temperature distribution is given by

cx(l — %)

o) =

and if its ends are maintained at temperature zero.

97. The temperature distribution of a sphere of radius R and with
center at the origin is a function only of the distance » from the
origin. At the surface a temperature zero is measured at all times
of interest. Find the distribution of the temperature inside the
sphere for ¢ > 0.

98. Given a thin homogeneous rod of lenght /, whose sides are
thermally isolated. The initial temperature is known. At the end
x = 0 a temperature zero is maintained, while at the other end
x = 1 an exchange of heat takes places with the surroundings at
temperature zero. Find the temperature distribution at time ¢ > 0.

99. Solve problem 98 assuming that an exchange of heat takes
place at both ends of the rod.

100. Solve problem 97 if it is assumed that the sphere is cooled in
a medium at temperature zero.
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101. A homogeneous sphere of radius R has a constant temperature
up at time ¢ = 0 and is surrounded by a spherical shell of thickness
R, made of the same material and whose temperature vanishes.
Find the radial distribution of temperature in the sphere.

102. The initial temperature distribution of a rod, thermally
isolated along the surface, is given by u(x, 0) = ¢(x). Find the
temperature of the rod if also one of its ends is thermally insulated
and if the temperature of the other end is maintained equal to #,.

103. The initial temperature of a thin homogeneous rod of lenght /
is equal to zero. The end ¥ = O is maintained at zero temperature,
while the temperature at the other end ¥ = O increases linearly,
such that #(0, ) = A¢, where A is a positive constant. Find the
distribution of the temperature of the rod.

104. Solve problem 103 assuming that the temperature at the end
x = 0 changes according to the law v(0, ) = A sin wt.

105. Find a solution for the equation

ou 2u
—=a2— (0 I, t>0),
ot “ ox2 O<x< >0)

which satisfies the initial condition
u(x,0) =0

and the boundary conditions
ou
Ulg=0 = A(1 —e™%), e + Hu|z=1 = 0

where A, H > 0 and « > 0 are constant.

106. A homogeneous sphere of radius R has at time ¢ = 0 zero
temperature and is surrounded by a medium of the same tempera-
ture. At time ¢{ = 0 the temperature of this medium starts to
increase linearly according to # = bf, where b > O is constant.
The exchange of heat takes place obeying Newton’s law. The
heating is uniform (spherical symmetry). Find the distribution of
temperature at time # > O inside the sphere as a function of 7,
the distance to the origin.
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107. An infinite plane layer of thickness 2R with initial temp-
erature zero is uniformly heated on both sides by a constant flow
of heat ¢q. Compute for an arbitrary time ¢ > O the temperature
distribution as a function of the thickness.

108. The initial temperature distribution of a thin homogeneous
rod of lenght / is equal to f(x). At the end x = 0 a constant tempera-
ture %o is maintained and at the other end x = / a constant tempera-
ture #;). At the surface of the rod heat is transfered by radi-
ation to the environment, which is at zero temperature. Find the
distribution of the temperature in the rod for time ¢ > 0.

109. A thin homogeneous rod of lenght  has an initial temperature
zero. The end x = 0 is maintained at a constant temperature u,.
At the end x =1 as well as at the surface heat is transfered by
radiation to a medium with temperature zero. Find the temperature
of the rod at time ¢ > 0.

110. When the equation for the conduction of heat in a homo-
geneous ring with a very small cross-section is constructed, one can
assume that an exchange of heat with the environment takes place
at the surface.

Solve the equation if the initial temperature is known.

111. Find the temperature distribution of a conductor of lenght /,
through which a constant electric current flows, if at the ends
of the conductor the temperature is maintained equal to #g and %,
respectively. At the surface an exchange of heat takes place with
the environment at zero temperature. The initial temperature of
the conductor is 0°.

112. Investigate the radial conduction of heat in an infinitely long
circular cylinder of radius R, if the surface is maintained at a
constant temperature #g. The initial temperature of the cylinder is
zero.

113. Find the temperature distribution of an infinitely long
circular cylinder of radius R if the initial temperature is a function
of 7 only: f(r). At the surface of the cylinder heat is radiated to the
surrounding medium which has the temperature 0°.
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114. A thin rod of lenght / is obtained by joining together two rods,
made of different materials (fig. 6). At the end ¥ = 0 of the rod
the temperature is maintained constant and equal to #p while
the other end is at zero temperature. The initial temperature of
both rods equals zero. Find the temperature distribution at time
t>0.

115. The initial temperature of a thin rectangular plate with
sides / and m is known. It is observed that at all times ¢ > O the
sides x = 0 and x = are at zero temperature, while the other
sides have a given distribution of the temperature

Uly=0 = @o(*), Uly-m = ¢1(x), 0 <x <L

Determine the temperature of an arbitrary point of the plate at
time ¢ > 0.

116. The temperature distribution of a homogeneous circular
cylinder of radius R and lenght / is f(x, 7). At time ¢ = O the en-
vironment is at zero temperature. The exchange of heat at the
surface with the surrounding medium obeys Newton’s law. Find
the distribution of the temperature inside the cylinder for arbitrary
time ¢ > 0.
117. Determine the solution of the equation

0%u ou

— = 3(1 — x?) —,

e — W=
which satisfies

ou

0,f) =0, — =0, ,0) = 1.
wo,f =0, 2| =0 u(x0)

118. Show that the solution of the equation

ou 02u
ot ox2’
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satisfying the boundary conditions
u(0,f) = P =const, #(,?)=0 (t>0)
and the initial conditions
ux,0) =0 O0<x<l)

can be expressed in the closed form:

P(l — x)
= — "7
u(x’ ) 2l
n P. 1 sin (x — l)‘\/z"r 'e“"' _
27t J T sin l4/i7
0
i — )V — 1 .
__ sin (x )W —ir e‘"] i
sinlV — ir
119. Find the solution of the equation
ou " ow ., Pu
# " " e

which satisfies the boundary conditions
u(0,¢) = 0,
ul, ) =0 (>0

and the initial conditions
uli-o = f(x) (0 <x <1).

120. Find the temperature of an semi-infinite rod at times ¢ > 0,
if the initial temperature is given and if at the end x = O the
temperature is maintained equal to zero.

121. The initial temperature of a semi-infinite rod, thermally
insulated along the surface, is known. At the end of the rod an
exchange of heat takes place with the environment at zero temper-
ature. Find the temperature distribution of the rod as a function
of the length of the rod for arbitrary times ¢ > 0.

122. An infinite rod is obtained by joining together a semi-infinite
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rod at zero temperature and a semi infinite rod at temperature u,.
Find the temperature distribution in the two rods at time ¢ > 0.

3. Equations of elliptic type

123. Find the solution of Laplace’s equation
0%u Pu
0x2 oy?

in the rectangle D: 0 <x < a, 0 <y < b, which satisfies at the
boundaries

#|z=0 = @o(y), #lz=a =@1(y), 0 <y <,

uly=0 = yo(x), uly=p =p1(x), 0 <x<a
where

#0(0) = %0(0), @o(®) = %1(0), @o(0) = y1(a), @1(0) = y1(a).
Solve this problem in the special case:

nx

#l) = 496 — 9, vol#) = Bsin -, g109) = a() = O.
124. Find the solution of Laplace’s equation in the semi-infinite
strip 0 <x <4, 0 <y < oo, which satisfies the boundary con-
ditions

#(0,9) =0, u(a,y)=0, u(x, 0 =4 <1 — —Z—),

u(x,00) =0 (0<% <a).

125. Find the function, harmonic inside the ring 1 <7 <2 and
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satisfying the boundary conditions

Uly=1 = 0, u|p—a = Ay.
126. Solve the Dirichlet problem for Laplace’s equation in the ring
Ry <7 < R,.

0%u o%u

a0

Investigate the case where R; tends to zero.

127. Findasolution for Laplace’s equation in the ring R; <7 < Ry,
satisfying the boundary conditions

ou

or

= h(0), ul,_r, = 1209).

r=R:
128. Find the solution of Laplace’s equation in the rectangle
D: 0 <x <a, 0<y <b, satisfying the boundary conditions
u(0,y) = 4, ula,y) =4y,
ou . ou
W ly=o O

y=b

129. Find the function, harmonic inside the circular section
0 <p <R, 0 <0 < «, which satisfies

ulp, 0) = ulp, ) = 0, u(R, )= Ap.

130. Determine the function, harmonic inside a sphere of radius
1 and which assumes the values ¢() = cos? 6 on the sphere.

131. The sides AC and BC of a rectangular plate OACB (fig. 8)
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are thermally insulated. Through the side OA4 a uniform constant
flow of heat into the rectangle takes place and through the side
OB a uniform constant flow of heat into the environment. Find
then the stationary temperature distribution of the plate.

132. Find a solution # of Poisson’s equation

%u %u

oE T 2

in the rectangle D: 0 <x <a, — /2 <y < + b/2, vanishing
on the boundary.

133. Find a solution of Poisson’s equation

2u 2u

ox2 a2

in a circle of radius @ with center at the origin, if the solution
satisfies:

u|r=a = O.
134. Find a solution of Poisson’s equation

2u 02y

in a circle of radius «, and vanishing on the boundary.

ulf=a == O.

135. Solve the boundary-value problem for Poisson’s equation

o%u 0%u
ey + é)y—2 = 12(x2 — y?)

in the ring @ < 7 < b and with boundary conditions

ou

=0.
or r=b

U|p=q = O,

136. The lateral sides and the bottom of a straight circular cylinder
of height I and radius R are at zero temperature. The temperature
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distribution of the upper side is a function of » alone. Find the
stationary temperature distribution inside the cylinder.

137. The lateral sides of a straight circular cylinder of height 4
and radius R are thermally insulated. The temperature of the
bottom equals zero and the distribution of the temperature of the
upper side is a function of 7 alone. Find the stationary temperature
distribution inside the cylinder.

138. Solve problem 136, assuming that the bottom of the cylinder
is cooled in air at zero temperature.

139. The lower and the upper side of a straight circular cylinder of
radius R and height % are at temperature zero. The temperature of
the lateral side is a known function of z. Find the stationary temper-
ature distribution inside the cylinder.

140. Solve problem 139, assuming that the bottom of the cylinder
is thermally insulated.

141. The bottom of a straight circular cylinder of radius R and
height H is at temperature #o. The lateral and upper sides of the
cylinder are cooled freely in air at temperature zero. Find the
stationary temperature distribution inside the cylinder.

142. Find the temperature distribution in a semi-shpere if the
temperature of the bottom is equal to zero and the surface of the
semi-sphere is at temperature u,.

143. Solve the boundary-value problem for the equation
Av + k2 =0

in a sphere of radius R, if the boundary-conditions are
vlr=r = /(0. 9).

144. Find the solution of the equation
Av + k20 =0

in the domain D: 0 <a <7 <), 0 <o <2n, 0 <O <a<m,
which satisfies the boundary condition

Vlr=g = V|r=p = 0, v|o=a = f(r)e™?,

where m is a positive integer.






Part II

SOLUTIONS AND HINTS

%u +1 ou 0: & n 3

— =0, =X , = — Y.
Frem % Y, N x —y
02u 2u oun

W—{—a’?—z—}—W:O; E=2x—y, n=nx.

2y ou ou
3. an—z'f‘(a‘f‘ﬂ)a—g‘l‘ﬂW-FCM:O, E=x+4+1y, n=y.

o +ﬂ—f(3_“_3_“)=o;

okon 32 ot oy
E=2x+4sinx+y, n=2x—sinx —y.
%u 0%u 1 ou 1 ou .
B i ® T am
E=x2— 92 g=2x2

6. 32_u_£.3_1,¢= ; E=ysinx, np=y9.
om®  n? 0
2 2

'ZTZ %ﬂ% —3}17—'2—:=0; E=xn=%t (y>0);
o0%u 1 ou ou
on 6 —7) (TE—W>=°; I
=%+ 34—y (y<O.
Pu L LB
okom 4y O & o y
LN

N

E=ln(x+\/l+x2; 17=1n(y+\/l+y2).
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o0%u 2%  ou —0: x
o e+n2 & T
02u «— 3% [ ou ou
11. — — ——)=0, E=2x2—2V —y,
R e e L g
n=x+2V—y (y<O);
o0%u 02u 20 — 1 ou
a§2+3,72+ 7 '3,7—=0' §=xn=2vy (y>0).
12. u(x,y) = o(x + ¥y — cos x) + p(x — y + cos x).
13. u(x, y) = plxy) Iny + p(xy).

14. u(x,y) = w(x—y);rw(ery) _

10.

Hint: Introduce a new function v, defined by v = x-u.

Xx)—Y

15. u(x,y) = (xl—y(y), where X(x) and Y(y) are arbitrary
functions.
Hint: Introduce a new function v:

v = (x — y)u.

y z y 2

16' » ) = - s T — — s h d

wx,9,2) = @ y)qo(x x)-l—w(x x) where ¢ and p

are arbitrary functions.
Hint: Introduce new independent variables &, 5 and & defined by

=Y =% e,
E—x, n=—_ {=2z—y.

17. “(x» Y, t) = (p(x + \/a_lit, Yy + \/az_zt) +
+ p(x — Vaut, y — Vasal),
where ¢ and y are arbitrary functions.

18. u(x,y) = (x — y)falx + y) + (* + Y)fa(x — ¥) +
+ f3s(x — ) + falx + ),

where f1, f2, f3-and f4 are arbitrary functions.
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19. 62 —ac=1—x2 + y2

For 1 — %2 + y2 > 0 the equation is of hyperbolic type, for
1 — x2 4+ y2 < 0 of elliptic type. On the curve %2 — y2 = 1 the
equation is of parabolic type.

y4+V1—x24y2 y—V1— 22492
14+« 1 4+« ’

Hint: Introduce new variables (z,f) by 2 =1 —x2 y =2 to
integrate the equations of the characteristic curves

u(x,y) = ¢<

(xy + V1 — 22 + y2)dx 4 (1 — x2)dy = O.

20. If b = by =0, the equation L(#) = 0 has two functional-
invariant solutions and its general solution is

w(x, y) = pi1(e1x — y) + pa(xex — ¥),

where ; and yz are arbitrary functions and 4; and as solutions of
the equation

a1ia2 — 2ay90 + agy = 0.

If by # 0, ba # 0 and «; = ba/b;1 the equation L(x) = O has only
one functional invariant solution the general form of which is given
by

u(x, y) = @SV gy (a9 —y) + @a(erx — ),

where @1 and ¢ are arbitrary functions. For the case that the
equation L(#) = O has non-constant coefficients see the paper of
N. P. Erugin.1

21. Hint: Transform the equation L(#) + Cu = O to the canonical
form and try a solution of the form # = v-w. See also the paper of
N. P. Erugin.!

22. Hint: Apply the method of successive approximations. See
also the paper of N. P. Erugin.1

1 (N. P. Erugin, Functional-invariant solutions of a partial differential
equation of second order in two independent variables. Scientific Papers of
the Leningrad State University. Mathematical Series Volume 16, 1949).
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23. Hint: Differentiate the equation

02z 0z 0z —0
wdy ox oy

(x—y)
(m — 1) times with respect to x and (» — 1) times with respect to y.

24. u(x,y) = x;—y _a?x—I:X(x,); : ;’(Y) :I;

where X(x) and Y(y) are arbitrary functions.
Hint: Introduce a function v by the substitution

= — )
25. The equation E(«, f) = O has special solutions of the form

(@ — x)~*(y — a)—f, where a is constant. Also

—/ole)z — 9~sly — s
where @(z) is an arbitrary function, is a solution of the equation
E(«, p) = 0.

If Z(«, B) is a solution of the equation E(«, f) = 0 then Z(«, f)
satisfies

(y — 2)1=*=8Z(1 — B, 1 — «). (*)

Y
The function [y(z)(z — x)f~1(y — 2)>~1dz, where y(z) is an arbi-

trary function, is a solution of the equation E(1 — f, 1 — «) =0,
and by (*) we get for the equation E(«, §) = 0

Y
0 — )0 [y(2)(z — )51y — 2)*1dz.
The general solution of the equation E(«, ) = O is given by
u(x, y) f‘P (z — x)*(y — 2)7Pdz +

+ (y — 2 [p(a)(z — 2)Py — 2)-Ld.

After the substitution z = x(1 — ¢) + y¢, we find the required
solution of the equation E(«, f) = 0.
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26. Hint: Substitution of « = «’ + m, § = ' + m in the formula
(*) of problem 25 and investigation of the identity

om+n 7 , ,
( +m, ' +n) = axmayn (“:ﬂ)’
gives
o omtnz(a’, )
—m—n—a'—p 4 — o — - - - -
(x—y)? Zl—p —n, 1 — —m) = PR

If the formula (*) is used again, the result will be
(v — P L1 — o, |~ — ) =
om+n [Z(l —p,1— a'):l

~ oamgyn | (x — )T

If 1 — 8,1 — &, n and m are substituted for «’, 8°, m and » re-
spectively, this becomes Z(«' — m, ' — n) =

gm+n Z(, B) ]

— _ m+n+l—a’'—p
(v —9) . [(

F—
For o' = ' = 0 we get

Z(—m, —m) = (x — y)minnt

omin [ X(x) — Y(y)
oxnoym [ x—y ]

27. u(x,y) = 81-#(— y)l-a f Dlx — 2V —y(1 — 20— x

X (1 — )=t +f1,0[x —2v —y(1 — 2] }1 — t)*tas
0
(y <0)

where @ and g are arbitrary functions.
Hint: See problems 11 and 25.

28. a) u(x,?) = Vx-Fi(lnx — 8);
b) u(x, t) = e~*Fy(x2 — ¢),

where F; and Fj are arbitrary functions.
Hint: Assume that the solution has the form

u(x, t) = P(x)Flw(x) — t].
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Cofv/cp
P ’

29. a) u(xy,?) =

with
p=V(E—12—(x— 82—y —n?

JoV —cp) | V —cJo(V —cp)
P2 + P

b) wu(x,y,2,¢t) =

In p,
with

p=VE— == — b — - -0
Hint: Find a solution only depending on p.

30. u(x,y) = 3x2 + y2.

Hint: The solution is a special case of the general solution
u(x,y) = ¢(x +y) + pBx — )

of the given equation.

a? — 1 gz — 1
®o <———2a ) + <Po< 2 )
31. u(x,y) = 5 —

’ 2
1 1 22— 1
—-— | = d
2fz¢1( 2z )z

with -
1+ #2)i T o 2
o= VT A+ VI, po it YIS
y+ V1492
32. u(x,y)=9’o(x—sinx+y)ﬁz—tpo(xq‘—sinx_y) N
x—sin z+y
+3 [ qiz)dz

z+sinx—y

33. ulx, 9) = Ipol¥y) + bymo (%) +

. z/y — z/y
+ & Vx3y f po(x)x—""dx — 3V x3y [ pi(x)x~"dx.

3 3
vy zVY
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(r — at)p(r — at) + (r + at)p(r + at n

34. u(r,t) =

2r
r+at
|
_— dp.
+ <. py(p)dp
r—at

Hint: Introduce spherical codrdinates. Obviously the solution is
only a function of the radius and time. Therefore the wave equation
reduces to

2y <32u 2 3u>
— 2 + 2 7).

a2 T\ v
The general solution of this equation is

wir, &) = 61(r — at) —1{’— O2(r + at) ,

where 6; and 63 are arbitrary functions.
35. u(x,y) =

1

_VEL_ Y o
T2 T [ o+ y2e - wmra —9va +

0
1

[ wots 4+ 2~y — 0

0

V=

T Tere

with
I'(s) = fe~#xs-1dx fors > 0.
0
Hint: Reduce the equation to canonical form and use the general
solution of problem 25 for
a=1% and =%

(% — 2V — 9) + 7(x + 2V — )
2

36. u(x,y) = (y <0).

Hint: The solution is a special case of the general solution
u(x, ) = 01(x — 2V — y) + Os(x + 2V — )

of the given equation.



50 SOLUTIONS AND HINTS

37. u(x,y) =
1
B 21’(21;(;1—0‘ )y)l‘“ Of yix — 2V — y(1 — 2]~ x
1
I'(2ec — 1)

x (1 — f)¥==dt + f mlx — 2V — y(1 — 28] x

0

I« — 3)
x (1 — #)*Hdt.

Hint: See problem 27.
38. v(x,v) ftp1 VE(y(x — ?))dt +

+0f y2()F(xly — 2))dt + @(0)F(xy),
with

p1(x) — pa(x) =

= ix f [wi(r) — wa(7)]F(r(r — %))dr, F(z) = Jo(2i4/2).

0

(%) + p2(x) =

— [ [ e e - ]

0

Hint: Use the general solution of problem 22. See also the paper ot
N. P. Eurugin.1

39. wu(x,y,t) = f(x — Vanut,y — Vasst) +

z+Vant

l — —
t Vs f [(Vanfs(x, y) + Vazfy(x, y) + F(x, y)]dx.

z—Vant

1 See footnote for problem 20.
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Put

Hint: See problem 17.
u(x, y,t) = 22 + y2 + (@11 + aze)f?.
40. u(x,y) = 4[r(x +y) + 7(x — )] — Y[7'x +y) —

z+y

— 7@ — 9] — 290+ y) +vix —y)] + 6z[ ”v(t) dt +

42y folydt— | Lt — 02 — y2walt)
z—y

-y
Hint: See problem 18.

2al

41, 7 = Pl

T
with @ = V— and where [ is the distance between the pulleys.
P

2. uix, =¢<x;t)+w<xjt)—<p(o).

Hint: The solution can be derived from the general solution
u(x, t) = 61(x — t) + Oa(x + ?).
x4+ 2V — x—2V — 1
43. u(x,y) =<P1<—2'—'—y>+lp2< y+ )—
2
—o1(d).

Hint: The solution is a special case of the general solution

u(x, y) = 01(x — 2V — y) + ba(x + 2V —y) (y <O).
4. u(x,y) =gilx — 2V —y) —<P2<—’26——\/——_y)+
+<P2<%+\/———_y>.

Hint: See the hint of problem 43.
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45. Solution:

uw»=¢(j*)_47m—w+;mw—m]+

+ v(falx — ),

with z =« — f(x): and therefore x = f;(2).
Special case:

s F) {5 )

Hint: Integrate the given equation subject to the conditions:

u(x, f) = @(x) on the characteristic curve x — ¢ = 0;
u(%, f) = p(x) on the curve L, with ¢ = f(x), with ¢(0) = y(0).

46. The solution

x+1
iy = PEZIFREED |y o,
x—t

satisfies the initial conditions. Its values on the characteristic
curve x — ¢t = 0 are

#0(0) 4 @o(2x

2z
o) = POEOE) 4y [ oan
The solution ’
L+ &
PN e Ca )
uz(x’t)z'p(l—k>+ 2 +
z+i

1
+ ) f @1(2) dz
(1+k/1—k)@—0)
transforms on the straight line # = kx into ¢(x), on the characteristic
curve x — ¢ = 0 it equals ¢(x).
A necessary and sufficient condition that not only #; and s
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themselves be equal, but also their first order derivatives on the
characteristic curve x — ¢ =0, is

3141 3%2

on on

where # is the normal to the characteristic curve ¥ — ¢ = O.
This is the case when in addition the following condition is satisfied:

®0'(0) + %p1(0) = 9'(0).

—R
47. For values of ¢, in the interior of the segments (O, 4 p ) and

R
(r + , oo), the density equals zero.
a
— R R — at
For r <ti< 7+ the density equals # = %a—).
a

Hint: The problem can be reduced to the integration of the equation

2u o 2u n 2u n 0%u
a2~ \ox2 | oy | a2

subject to the initial conditions

wlomo = #o forr <R ou
=070 forr>R, @

Use also the hint of problem 34.

t=0

48. Hint: Apply the method of characteristics to integrate the
equation

2 2
3u_zau

Tz ox2

subject to the boundary conditions
#|g=0 = A -sin wt

and the initial conditions

ou(x, 0)

u(x; 0) = 0; P

=0 for x > 0.

49. Hint: Apply the method of characteristics to integrate the
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equation

2 2
o0%u 23u

" o
subject to the boundary conditions

ou

#Ulzg=0 = 0, *a‘;

=0 (¢t>0)

z=l

and the initial conditions

ou

| = p1(x) O <=2 <.

t=0

#lt=0 = @o(%),

The functions @g(x¥) and ¢1(x) can be continued from the segment
(0,2) to the segment (/, 2!) by means of the following formulas:

po(* + 1) = ol — %), @u1lx +1) = ¢1(0 — ).

Now the functions y; and yz can be defined on the whole interval
(— 21, 2I) as anti-symmetric functions and therefore with period 4..

aMuvq
1 — (ypoS/|Ma?)(x—at) f — al 0
5L (e, )= | ypos & © Jor x —at <
0 for x —at >0,

where pg is the initial pressure, S a cross-sectional area of the tube

and y = ¢p/cy. .

Hint: This problem can be reduced to the integration of the equation
02u 2u

T e #>0

subject to the conditions

22u(0, ?) ou(0, t)
Y g A :
o Srbo —5,
du(x, 0 ) au(0, 0
w(x,0) =0 (x >0); “(;‘t ) =0(xé>0);%=vo,

52. Because of the symmetry one can limit oneself to the investi-
gation of the string only for x > 0 and one can apply the method
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of characteristics to the integration of the equation

32141 9 32u1

a2 " o (==0)

subject to the boundary conditions

2uy . ouy
W |sm0 0% |g=0
and the initial conditions
du(x, 0 ou1(0, 0
wi(x,0) =0 (v >0); o 0) =0 (x>0); n(0,0) = p.
ot ot
. . our(x, ) . o L .
53. For the first cylinder — 53 periodic function with period
4l
T =—:
a
01 for O<t<—— ,
a
I —x I+ x
v1+v2) ,, - <t< ,
omi(x,8) Bor + o) a a
a | I+« 3l —
‘02 ”» + < t < ad ’
a
3l —x 3+ x
o1 +v2) <t<
a a
etc.
For the second cylinder we get
i —x
Vg for o<i< )
I —x 3 —x
(v1 +vg) ,, << )
ouz(x, 1) _ bor 4 v2) a a
a 3l — !
vl » x < t + x )
a
I+ x Sl —x
(1 +v2) ¢ p,
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etc. where u;(x,?) is the longitudinal displacement of a cross-
section of the first cylinder and #z(x, f) that of the second cylinder.
Hint: Integrate the equation:

02 02 02 02 E
“ =q?2 “ 42 _ g2 T2 where a = V——
p

a2 " o’

(E is the modulus of elasticity, p = the density of the cylinder)
subject to the boundary conditions

aul(O, t) _ O; 3%2(21, t) _ 0;
0x 0x
3u1(l, i) 3142(l, t)

u1(l, &) = uz(l, 2), o =

and the initial conditions
u1(x, 0) =0, wua(x,0) =0;

3141(5\3, 0) 3uz(x, 0)
— =, —(— =1
ot ot

on , ,
54. —at—=a[f(at—x)——f(at+x)]
with

1N — Y a—ke=1) y —k(z—31) _ Fo

/(z)_—a—e +;[1—2k(z—3l)]e A k_Ma2'

E is the modulus of elasticity, M the mass of the falling load,
o the crosssectional area of the rod and p its density.

Hint: Integrate the equation
0%u 0 0%u

—_— =% ——
ot ox2

subject to the conditions

%u(l, t) ou(l, t)
)=0 M————=—F ;
0.4 =0, o2 ® T
u(x,0) =0 (0<% <),
ou(x, 0) ou(0, 1)
- — < , = e—
p 0 O<x<) = v
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55. See the paper of N. P. Erugin.1
56. T(x,y) = e~W~b2[b2 [ebt Jo(2iV aby(x — t))dt +
0

+ Jo(2iV abxy)],

B(x, y) = — ie—W-ba[b2 [obt J1(2iVaby(x — ) X
0

X —————dt +
Vaby(x — 1) V abxy
Hint: After elimination of 6(x, y) we find for T'(x, y) the equation
2T " oT 4o oT 0
a =
o0x0y 0% oy

with the conditions

X—t bxJo(2tV abxy) ]

T|z=0 = e—-a”, le=0 = 1.

Putting
T(x,y) =e %%y &—=ax, n=0by,
we get
0%u
=u, Ueeo =1, uly—g= e®»%,
prom le=o ln=0

Use also the general solution of problem 22.

57. w(, 1) =(p(t—%)—¢p<t+%>,
o(x, f) = %[q; <t—%>+<p<t+%):l,

with

o(¥) =0 in (——l, -l—),

a a

I\ el — 11 Bl —1 [, L)
"’(“r a)_ U+ Batd) T Brodl) T 1 "”(t z)

1 See the footnote for problem 20.
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Hint: Reduce the system of equations of first order to a single
equation of second order.

(27 + Dmat . 2n 4+ ax

cos sin
58. w(x, ) — 1536 3 l l
575 ,—o (@2n + 1)8
(27 + Dmat . (2n + Dax
cos sin
32n = l l
59. u(x,t) = > ,
73 w0 (2n + 1)3

l
ith h = u(—, 0).

Hint: Apply Fourier’s method to integrate the equation
0%u 0%u
—a2
ot2 ox?
subject to the conditions
#(0,f) =0, u(l, ¢ =0;

_ 4hx(l — x) ou(x,0)

u(x, 0) I , rre 0 02 <))
2hl2 © 1  umc . nnx nnat
60. u(x,?) = el = ngl — sin——sin——cos—

Hint: Replace the first initial condition in problem 59 by the
condition:

h 4
Tx for 0 < % <c¢
u(x, 0) =
h(x — 1)
— forec <x <L
c—1
4l 2 1 . mmc . na® . nmat . nax
61. a) u(x,f) = —a nz]lﬁsm ] sin 7l sin ; sin T
. mmc N2
sin —— cos ——-
4hvy = l 2hl ¢ nwx
b) u(x, ) = —2 % sin 2% in 2%

n2a p—1 n2n2 l l
n(h2 T )
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8h = (—1)» 2n 4+ Dmat . (2n 4 1)ax
62. ¢
u(x,t) = pep ) ZEEE cos 2 sin 2
Hint: The problem can be reduced to the integration of the equation
%u 5 O

a2 " o

subject to the conditions

3
(0, #) = 0, “;l’ f)
X

w(x, 0) = hx ou(x, 0)

=0,

— ——=0.
1’ ot
8l = 1 (2n + Dmat | (2n 4+ 1)ax
63. 1) = :
u(x, 8) pr 150 @n T 1) sin ) sin 5

Hint: Replace the initial conditions in problem 62 by the con-
ditions

wix,0) =0, %0

a
64. u(x,t) = E |:an cos M +
n=0 2 ‘
. 2n+ Drat| . 2n+ Dax
-+ b, sin 5 :I sin 2 ,
with
=—ff sin 2n+1) e+ ax
(2n 4+ 1)ax
bn =

m f F(x) Sln_—de
0

Hint: The problem can be reduced to the integration of the equation

2u 02y . E
— =a?——, a®? =
ot2 ox? p
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subject to the conditions

(0, ) = 3“;1 ) _o ¢>o0);
u(x, 0) = f(x), 6"(;’ 9 _Fw ©0<x <.

u is the displacement of the cross-section with abscis x; / is the
length of the rod, p the linear density and E the modulus of elastici-
ty.

. (2 + 1)7at sin (27 + 1)ax

0s
8Qr 2l 2l

Eon? = 0(_ 2 2n + 1)2

65. u(x,t) =

Hint: See problem 64.

66. u(x,?) f[q)o ) + tpa(x)]dx +

. nw
+ by sin

nma
—+ Z an COS
n=1

at) NIX
cos T

1

2 2
= —l—-ftpo(x) cos m;x dx, by = J-gvl(x) cos

nna
0

with

nnx
dx.

Hint: The problem can be reduced to the integration of the equation

2y 2y

— =a?
ot2 ox?
subject to the conditions

ou(0, ¢) —0 ou(l, t)

ox ’ ox ;
%(%, 0) = @o(x), ﬁf(;’—o) =gi(x) 0<zx<l).

67. Hint: Integrate the equation of problem 66 subject to the
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conditions
ou(—1,t ou(l,t
(=) _, s _
0x ox
ou(x, 0)
,0) = —ex, ————=0.
u(x, 0) &x P
o 4 2
68. O(x,5)= X [an cos Hnd + b, sin Hind sin fin® ,
n=1 l l l
1
_——m—m—m ! d »
an Zm & Sin 2im f(po(x) cos x
0
1
4] x
bp = _ f(p’(x) cos £7 dax,
a,un(zﬂn + Sin 2/1,",) l
0
where u1, p2, us, ... are the positive roots of the transcendental

equation
k
ptgpu =y <y = I-,;—)-
1

Hint: The problem can be reduced to the integration of the equation
%, 0% GI

——=a2——, a=
ot 0x2 k

subject to the conditions

220(1, ¢ 26(1, ¢ GI
0(0,t)=0, (,)——CZ (’)’ c = —;
ot2 ox k1
a0(x, 0
6(x, 0) = go(x), —(;7—)— =gqi(¥), O<x<lLl

0is the angle of deflection of a cross-section with abscis x; G is the
shear modulus, I is the geometric moment of inertia of a cross-
section of the cylinder about its axis, % is the mechanical moment
of inertia per unit length of the rod and %; the moment of inertia
of the disk about the axis of rotation.
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Puat ) sin Bux

1 — cos

Ql [x o < l l
69. ) =—— | — — 2a2

o) =g | T % e 1 B
where f1, B2, B3, ... are the positive roots of

pl
tgpf = =—1
ptgf =« (a m)

Hint: The problem can be reduced to the integration of the equation

2 2
8u_23u

— —=a
oL2 Ox2

subject to the conditions

o2u(l,t ou(l,t
u(0, t) = O, mL’)=_EG ull, 9 ;
ot2 ox
Ox ou(x, 0)
,0) = , =0
u(x, 0) Eg ot
o ﬂnat . ﬂnat
70. u(x, t) = Zl an COS — + by sin ;] Xa(x),
n=
with
1
Jgo(x) X () d , f¢1 %)X () d
an = O—l— , bp= a ’
[X2(x)dx b /X,% (x)d
0 0
x 2ml x
Xn(¥) = cos ,u;, -+ To;n sin ,u;, ,
where p1, e, us, ... are the positive roots of

o (,; 4h1h2l) ( To )
= | — — o= ——7 .
gu 1 T 2(hy + ho)

Hint: The problem can be reduced to the integration of the equation

02y o 2u

ot2 =4 0x2
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subject to the conditions

on 2h1 ou 2h2

—— = =0, — 4 — = 0;

0x Ty “ 7=0 0x + Ty “ z=1
ou(x, 0)

u(x, 0) = @o(%), — = ")

where 43 and A2 are positive constants.

71. u(x,t) = e ™ 3 (an cos gat + by sin guf) sin mlzx ,
n=1
n2a2n?2
In = V 12 - hz:

Hint: Apply the method of the separation of variables to the
integration of the equation

o2 4o ou 9 o%u
[ —_— =l —
o2 ot ox?

subject to the conditions

u(0,2) =0, wu(l, ) =0;

u(x, 0) = go(¥), w = g1(¥).

where % is a small positive constant.

w0
A sin (—— ) sin wt
a

.o
sin — !
a

72. u(x,t) = +
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24Awa = (— 1)»1 . nmat . wnx
sin sin

LS, <mm)2 7 ]
=\

Hint: The problem can be reduced to the integration of the equation

2u 2u
= )

subject to the conditions
#(0,%) =0, u(l,?{) = A sin wt;
ou(x, 0)

u(x, 0) = 0, P

=0
The solution can be found by assuming that it has the form
# = v + w where w is a solution of the equation (*) which satisfies
the conditions (0, ¢) = 0; w(l,¢) = A.sin wf; and where v is a
solution of the equation (*) with

v(0,8) =0, v(, ¢ =0;

ov(x, 0) ow(x, 0)
0) = —w(x, 0), =— .
Ww 0) = —w(x, 0, — =
73. u(x, t) =
(2n + 1)mat sin (2n 4+ 1)ax
cos
Q 8Q! E (— 1) 2l 2l
= X — —
E w2E .~ (2n + 1)2
Hint: The problem can be reduced to the integration of the equation
Pu  , Pu

a2 Y o

subject to the conditions

oul,f) 0

0, =0 = —;

w(0, 1) ’ ox E
u(x, 0

u(x,0) =0, %:o

See also the hint for problem 72.
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w
sin (— ) sin wt
74, uiw, b = 24 4

+
w wl
coSs —
2awA * (— )71 sinkyx
B2 "o o hia sin akyt,

n

2 1
with &k, = (n%)n] and w # aky,.
Hint: The problem can be reduced to the integration of the equation
0%u 0%u
IS S
ot2 0x2

subject to the conditions

#(0, &) =0, ou(l, t)

— sin wt;
ox
ou(x, 0
u(x, O) J— O' M =
ot
See also the hint for problem 72.
4 sin 2% sin ot
75 U = 1 D Uy = £
Q ' Q’
with

. wc . wc Eias c wc) . wx |
P = A|sin —sin— + COS — C0S — ]sin — sin w? +
a az Esay a3 as as
. wC wc Eijas . wc wc
4 A{ sin — cos — — sin — cos —
ax as Egal

wx
Cos — sin w?;

az a1 az

. wC wc Eias . wc wc wl
Q =|sin —cos — — sin —cos — | cos — +
ai az  Eom as ai as
. ot ., wc Eqas o
+( sin —sin— +
a

c woc) . ol
C0S —C0S — |sin —.
1 ag Esay ay as as




66 SOLUTIONS AND HINTS

Hint: The problem can be reduced to the integration of the equation

62u1 9 32'141
w1 ge 0<¥<o;
2ug 5 02Uz . E;
= c<x<l), with a? =",
atg 2 3x2 ( < ) a’L Pi
subject to the conditions
#1(0,8) = 0, wua(l, ) = A sin w?;
oui(c, t ous(c, t
ui(c, t) = ua(c, t), Eix —1(—) =E —M
0x ox

A solution can be found by assuming that there are solutions of
the form

ui(x, t) = X1(x) sin wf, wuz(x, ) = Xa(x) sin wi.

gx(2 — x)
76. )= —
6. u(x,?) 2
16gl2 = 1 cos (2n + 1)7at sin (2n + 1)nx
73ad ,—o (2n + 1)3 2 2 ’

where g is the constant of gravitation.
Hint: The problem can be reduced to the integration of the equation
0%u 0%
—_ =% —— *
=P e (*)
subject to the conditions

ou(l, ?)

0,4 =0, —0;
(0, ?) o
ou(x, 0

win,0) =0, @9 _,
o

Assume that the solution has the form # = v + w, where v is a
solution of the inhomogeneous equation (*)
with

ov(l, t)

20,9 =0, — = =0
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and which has the form Ax2 4+ Bx + C; w is a solution of the
homogeneous equation, which satisfies the condition

ow(l, t)
0, =0, = 0;
©(0, ?) Py
ow(x, 0) ov(x, 0)
0) = —u(x, 0), = — .
w(x 0) v 0) ot o
77. u(x,t) = X (an cos wnt + by sin wyd) sin ki +
n=1
bt fn . . . nmx
+ 3 3 (o sin wpt — wyp sin w?) sin

l )

n=1 Wn(w? — w,)

with
B 1
2 2
an = - fcpo(x) sin iad ax, by = pov fqol(x) sin m;x ax,
0 0
1
2
fo = = f ) sin 222 ax,  wp =27
l l l
0

Resonance will occur if the frequency w of the applied external
force corresponds with one of the characteristic frequencies

anim
wm = l

of the string.
When resonance occurs the solution has the form

. . max
u(x, ) = -5 (sin w,t — tw,, cos w,?) sin =+
2w7u
> . . nnx
+ ¥ (ancos wpt + by sin wyt) sin +
n=1
In nax

+ X

n=1 On(0? — o)

(w sin wpt — g sin w?) sin T

where the prime indicates that the summation is only over terms
with »n # #n;.
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Hint: The problem can be reduced to the integration of the equation

P Pe
a_:‘: = a? % + /(%) sin ot

subject to the conditions
u(0,¢) =0, wu(,t) =0,
ou(x, 0)

u(x, 0) = @o(x), a e 0<=x<.

78. u(x,t) = —é— (—j— Ginl — Gin x) +

a2
26 2 (— 1) nmat | nax
+ Ccos sin —
a’n n—1 n ! l
2bn Ginl = n nwat . nux
= —1)n
a? ,El( ) n2n2 + 2 cos l s l

Hint: A solution can be found by assuming that it has the form
u(x, t) = v(x) + w(x, £), where v(x) is a solution of the ordinary
differential equation

a2-v"(x) + b-Ginx =0
with boundary conditions #(0) = v(1) = 0; w is a solution of the
equation

2w , O%w

=aq2——
ot2 0x2

with conditions
w(0,8) =0, w(, ¢ =0,

0 0
w(,0) = —o@,0), 2&9 _g
ot
bx
79. u(x, t) = — ﬁ (x3 — 242 + l3) —+
. (2#n + 1)nat : (2n + nx
gl w CO8 ] sin ]
z

B e 2n + 1)5
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Gin bl — %)
80. )=A—— "
e Gin bl
had 2kn M . knx
- —ut .
24e¢ k§1 VT R (@Of nit + e Gin nkt) sin——,

with

h 1
p=—g, m=—o Vh22 — a2(b22 + k2n2).

81. Hint: The problem can be reduced to the integration of the

equation

2u 0 ou
= az_a <x§> + w?u with a = 4/¢

subject to the conditions

#(0, £) is bounded; u(/,¢) =0
ou(x, 0)

u(x, 0) = f(x), O F(x) (0<x <.
Jo (” " %) a
—84 3 pent
82. u(r,t) =84 n§1 2 T1(an) cos—%—,

where u, ug, us, . . . are the positive roots of the equation Jo(u) = 0.
Hint: Apply the method of separation of variables to the integration
of the equation

0%u 1 ou 1 %u

o2 r or a2 o2’
with conditions:
#(0, ¢) is bounded; #(R,?) = O;
2 \) ou(r, 0)
T R2) ot

u(r,0) =4 (l =0, with 4 = const.
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For the determination of the coéfficients in the series expansion
the following formulas are useful.

6; tJo(t)dt = xJ1(x),

oftajo(t) @t = 2x2To(x) + (3 — 40)J1 ().

83. u(r,t) =

RS
?Ms

—nt ho.
e COS gnt + —sin gpt )
1 dn

Jo %)R
: fwmhcﬂj@
0

J f(ﬂn) R

a2y’
with ¢, = V R‘:” — h2 and where yuj, ps, . . . are the positive roots

of Jo(u) = O.
Hint: The problem can be reduced to the integration of the equation

02u ou %u 1 ou
27 o T a2
ot? + a l( or? T 7 31)

(4 is a small positive constant)
subject to the conditions:

u#(0, ¢) is bounded, (R, ) =

ou(r, 0)
ot

Jo (‘u " V%) ,unat

e X
2 H P 2vzf’ b@”Vl>d

where ui1, p2, ... are the positive roots of Jo(u) = O.
Hint: Integrate the equation for the small vibrations of the string

= 0.
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subject to the conditions

#(0, ¢) is bounded, #(l,f) = O;
ou(x, 0)
wr,0) = 1), —
R

5. u(r,) = o | Ule) + F(p)lpdp +

0

oo ¢ ¢
+ 3 (an cos X% 4 b, sin £22 )Jo(”"’);
1

= 0.

— R R R
R
2 f HKnp )
ap = ———p—— dp,
R
2 f Hnp )
= —_— F dp;
" “R,“njg(.“n) P (p)]o( R P
0
where w1, p, ... are the positive roots of Ji(u) = 0.

Hint: Take the axis of the tube as z-axis and transform the equation
for the vibration of the gas to cylindrical coérdinates 7, ¢, 2. Find
now the solution of the equation

2y 1 ou 1 0%

I R T

which satisfies the conditions:

om(R,t
%(0, £) is bounded, wR Y _ 0;
0 0
w0 = 00, 20D _pp), 0<r<r

86. u(x,t) = E [@n cos V2n(2n — 1)at +
n=1

-+ by sin \/Zn(Zn — 1at]Pap— <—’l‘—),
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with
1
4n — 1 x
an=—— f #(%)P2n— (T)dx;
0
1
4n — 1
bp = f F(x)Pz,,_1<i>dx.
Von(2n — 1)-al l
0
where
1 gk
= 2 __
Pilt) = - (2 — 1)¥]

are the Legendre polynomials.
Hint: The problem can be reduced to the integration of the equation

0%u ou 1 0% w
12— %2 — 2 =, =
( %) ox2? ¥ ox az o2 4 V2

subject to the conditions
#(0,8) = 0; u(l, ¢) is bounded;

ou(x, 0)

u(z, 0) = ), —

= F(x).
87. Hint: The problem can be reduced to the integration of the
following equation
0%u n 1 ou 1 0% P
o ' r o a2 ¥ T
subject to the conditions
u(0, ¢) is bounded; #(R, t) = O;

ou(r, 0)

=0.
ot

u(x,0) = 0,

To determine the coéfficients in the series expansion compare
with the hint for problem 82.
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wrY
a2P 0 JO <7)

88. u(r,t) = T2 - — 1] sin wt —
Jo|—R
a
. unat Bn?
2aPowR® = " R J°< R >
T uZ1 pa(@?RE — a2ud)Jo(un) ©

u1, M2, ps, ... are the positive roots of the equation Jo(u) = O.
Hint: The problem can be reduced to solving the equation

02y n 1 ou 1 02%u B Py sin wt *)

2 'y o a2 ar T

where the following conditions are imposed:
%#(0, ¢) is bounded; #(R, f) = O;
ou(r, 0
wp,0) =0, 29 _,
ot

The solution of the equation can be found using the form u=v-+}w,
where v is a solution of the inhomogeneous equation (*) and satisfies
the conditions:

v(0, #) is bounded; v(R, t) = 0.

Choose for v the form B(r) -sin wt; w is the solution of the correspond-
ing homogeneous equation and satisfies the conditions
(0, ¢) is bounded; w(R, t) = O;
ow(r, 0) ov(r, 0)

w(r, 0) = —o(r, 0), — = pv

See the hint for problem 82 for the calculation of the coéfficients
of the series expansion.

@n+ Dax . (2m 4+ l)my

89. u(x,y,t) = 644st S, - b - b X
P WY =T ,,,E;o (2n + 1)3(2m + 1)3

x cos V(2n + 1)2 + (@2m + 1)2“77”.
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Hint: The problem is equivalent to solving the equation

0% 0%u 0%u
e 4
a2 ox® | o2
subject to the conditions

U|z=0 = W|g=p = U|y=0 = U|y=p = 0,

on
ulg—o = Axy(b — x)(b —¥), — =
ot |i=0
< I m
Yev\ =~ —~
44 = 2 2
90. LY, b)) = , ) si A
u(%,y,1) pr 0D . Yis(%, V) sin ppsma

E 2
with yrs(x, ¥) = sin 7lw sinﬂ, Ly = V( ) < )

Hint: The problem can be reduced to the integration of the equation

02u o0%u %u
il _—
o2 0x2? oy?

subject to the following conditions
U|z=0 = U|g=1 = U|y=0 = %|y=m = 0.

0
u(x,y,0) =0, ad = 0, but for a sufficiently small environment

ot |¢=0
l

of the point [ —, z .
2 2

91. (7,0, p,f) = ™% 3 (ay cos kjut + by sin kjut)vy(r, 0),
7,v=1
with

Urj(f, 0) _ Yl.+}(kjb)Jl,+*(kj7) — Jl'+*(kjb) YL.+}(kjr) y

\r
X Py n(cos @), P, (%)= (1 —x)™?

dmP, ()
dxm

s

P, (x) are the Legendre polynomials, and /3, /2, /3, ... are the real
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roots of the equation
P, ,(cosa) =0
and ki, kg, k3, ... are the real roots of the equation

Yl+i(kb)Jl+}(ka) — Jz+}(kb) Yz+§(ka) =0,

b «
1
oy = f f 97, 6)uy(r, 0)72 sin 0.drdo,
vj
a 0

b «
1 .
by = m ff @1(7, 0)vys(r, 0)72 sin Odrdh,
a 0

b o
AL = [v2(r, 6)72 sin Odrdb.
a0

75

Hint: Introduce spherical codrdinates 7, 6, ¢ and look for a solution

of the form

u(r, 0, o, t) = T(t)v(r, 0, ).

Substitute this in the wave equation and separate the variables.

There follows:
T"(t) + k2T(¢) = O,
02y n 2 v n 1 o (. 0 ov n
—— — — e . 1 —
or2 r or y2sinf 00 s a0

1 2y e 0
—_—— v = 0.
r2sin2 0 o2
We write the solution of this equation in the following form:

o(r, 6, 9) = ™R () P(0).

o 2722h 222h
92. u(x,t) = X [An cosnL t 4+ By sin i t )sin idod ;
nel 12 2 l
1
nrx nmx

2
Ay = —i—fq)o(x) sin
0

1
2l .
;] dx, By = mf @1(x) sin
0

ax.
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Hint: The problem can be reduced to the integration of the equation
0%u o*u
— 4+ 02 —=0
ot2 +o ox4
subject to the following conditions

o2u

u =0, —ax—2=0 for x =0, x =1 and arbitrary ¢ > O;
ou(x, 0)
u(x, 0) = go(¥), — = 71l

93. Hint: The problem can be reduced to the integration of the
telegraphist equation

0 I ol oV
——V—RI+L ———GV+C———
ox ox

with the initial conditions
V(x,00=E, I(x,0)=0

and the boundary conditions
V(@©,t) =0, It =0.

2E ®  sin vyt (27 4 1)7x
94, [ = e (R2D) z
iL ¢ 2 T ST
4F ® cosvpt ., (2n 4 l)ax
V=E— e—(RU2L) -
po D
2ER  _ pyory 2 sin vpt . (2n + Dnx
——e sin s
wL n=0 vn(2n + 1) 2l
with

2n+ 1) R
Yn = —_

42CL 412’

Hint: The problem can be reduced to the integration of the first
order system

ov ol 1%
—W‘R’“ i e
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with boundary conditions
I¢,t)=0, V(0O,¢)=E
and initial conditions
I(x,0) =0, V(x,0)=0.

In order to solve this, put:

I(x, t) = Z Tn(t) cos (_M’
n=0 2l
Vx,t) =E + 3 Taf)sin (@n + Dax
n=0 2l
4 2z (_ l)n 277802 . (2‘” + l)nx
5. f) = — AT 7 e-lEatpmarne, g VO T R
95. u(x, ) — 750 2n T 12 e sin ;
8 = 1
96. ) = — T e-l@ntl)eatenat
u(x ) 23 n§0 (2n+ e € X
« sin (2n + 1)ax .
l
R
2 2/ RS . .
97. u(r,t) = — gl e—(nIma R gip ”;" . f of(p) sin n;p dp.

0
Hint: The problem can be reduced to solving the equation
o , 0%

. k
W=GW Wlthv=7’u, a=V;

subject to the following conditions

v(0,2) =0, v(R,#) =0, v(r,0) =7f(r).
98. u(x,t) =
22 Pt
Lasi plp+ 1) + o

[
e~ (Un'a®ti™) . gin ———”?x ff (%) sini?— dx,

0

U1, p2, 43, - .. are the positive roots of the equation

tg,u=—-i;-, p=HL > 0.
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Hint: The problem can be reduced to the integration of the equation
ow _ , Pu

R 4 Ox2
with the conditions
0 h
u(O, t) =0, a—z + Hu’la:=l = 0, H = ‘E >0, u(x, 0) = f(x).

X
£2% + psin
A n e~ (una®/1)t !

' P+ 2) + pl

Unx
l

Un Cos
99. u(x,t) =

2
l

M8

with
1
Ap= f 1(2) (,un cos # + p sin —#)dz;
0

U1, 2, us, ... are the positive roots of the equation

h
2ctgp=%—%, with = L.

Hint: The boundary conditions have the form

ou o
— — Hu|z0 =0, — + Hu|z— = 0.
ox ox

100, uir, ) = 2 3 LT En o guanmn g B
Rr amabpp + 1) + 1 R

R
x | pite) sin 22 gp,
0
where u1, 2, s, ... are the positive roots of
Y .
tg,u——?, p=HR —1> —1.

Hint: The second boundary condition in problem 97 must be
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replaced by the following condition

v 1
§+@‘f%

101, w(x, &) — dug § sin unR — ,un.R cos unR sin up?
n—1 Mn(4unR — sin 4uyR) 7

h
=0, H=—.
r=R k

—un?ad
’

with
2punR

B4R = TR

Hint: The problem can be reduced to solving the equation
Pu ) 0%u 2 ou
w \om T
where the following conditions must be satisfied:
. ou
#(0, ?) is bounded, r + hu|r=9r = O;

ug for 0 <7 <R,
0 for R <7 <2R.

u(r, 0) ={

oo

102. u(x,t) = uo + 3 ane ***cos Apx,

n=0
with
t
_ 2 (2n 4+ 1)nx 4ug
an—T f q)(x) Cos_rdx_m,
0
iy — (27 4+ )= '

2l
Hint: One can reduce the problem to the integration of the equation

ou 2u

—a2 —

ot ox?
subject to the conditions

ou(0, t)
ox

=0, u(l,t)=uy, ux 0)=¢).
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The solution is found by means of the assumption
u(x, t) = uo + v(x, t),

where v(x, ) is to be found.

103. w(x, ) = At(l - %) _ % [(%)3_ 3<§>2+ 2(%)] n

o o—(ntnarlr)
3, sin
=1 n3 l

nnx

Hint: Find a solution in the form of a sum of two terms
u(x, t) = ui(x, t) + wa(x, ¥),
where #i(x, ¢) is a solution of the equation
ot 0x2
which satisfies the following conditions
u1(0,8) = At, wi(l,t) =0,
and #g is a solution of the same equation with the conditions

u3(0,8) =0, wua(l,f) =0, wua(x,0) = —uy(x, 0).

104. u(x,t)=A (1 — %) sin wt —

o—(mma/l g nx
2wA =
— >

T me n J. el oog ordr.
0

Hint: To solve this problem, put
u(x, t) = A (1 — %) sin ot + v(x, §),

where v is a solution of the equation

o2
d =a2—v—+ Aw<% — l)cos wt
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and satisfies the following conditions
v(0,8) =0, v(,¢) =0, v 0)=0.
105. u(x, ) = A(1 — e—at)(l _ B ) +
1+
o ] 2 4, 12
e Mﬁ+ 1)”+ i i — o

X [e—(aun/l)’t _ e—at],

X

where u1, ug, us, ... are the positive roots of
tgu=—"1 (p=Hi>0).
p
Hint: If u(x, ¢) is the solution, put:

Hx
ux,t) =A(1 —e (1 — )+w,
(0 = 40— (1 =12
where o is a solution of the equation
ow 02w

H
— =a? — A1 —
o o2 I+

which satisfies the conditions

0
(0, 1) = 0, % + Hw|ge; =0, w]smo = O.

b 2
—bt——| R2 =
106. u(r,t) = bt 6a? [R <1 ~+ HR) r:|—|—

2bR3 = Sin up — fn COS Un

- . Mn?
> 3 . e~ (utatiRY gin F
a%r  ,—1 po(un — Sin up COS wup)

where uy, us, us, ... are the positive roots of the equation

tg,u=—-%, p=HR—1>0.
Hint: The problem can be reduced to the integration of the equation

ov _ 82'0 _
W@ Tl =) *)
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subject to the conditions

v(0,¢) =0, 2—: +< — 72—)11
v(r, 0) = 0.

By means of the assumption v = v1 + v2 the solution is obtained.
vy is a solution of the equation (*) and satisfies the conditions
(**); ve is a solution of the same equation, however with the follow-
ing conditions

= RHbt (+%)

r=

31}2 1
)=0 —— H— — =
v2(0, ?) e +< R)vz n 0,
va(r, 0) = —wvy(r, 0).
a%q R2 — 3x2
. = t — —
107. wu(x,?) kR( e )
2qR bt (_ 1 ) » nrx (nnta2/R2)t .
T B TR

where % is the coéfficient of heat conduction.
Hint: The problem can be reduced to the integration of the equation

o 9 %u
a  ox?
subject to the following conditions
ou ou ou(0, t)
k— =0, —k— =0, =0,
ox +e p=— ox T z=R ox 0
u(x, 0) = 0.
b b
u1 @in;x — %o 6in7(x —1)
108. u(x,t) = 5 +
Gin —!
a
2n 2 (_ 1)““1 — %o _ 31,2 X
t I 2z TS =
1
2 ©o
+T ¥ sin n:;zx e“"""‘f f(x) sin n—nxdx,
=1
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n2n2 bz
nT e T e
Hint: The problem can be reduced to the integration of the equation

ou 02 k h
P T ey az=—, b= i (*)
ot 0x2 cp cpw

subject to the conditions
w(0,t) = uog, u(l, ) =u1, u(x,0) = f(x).

Here %, & are the coéfficients of heat conduction, resp. heat ex-
change; c, p the specific heat resp. linear mass density of the rod;
w, p the cross-section resp. perimeter of the rod.

The solution follows from the asumption # = v + w, where v is a
solution of the equation

azw—b2v=o
X

and satisfies the conditions
v(0) = uo, v(}) — ua,
and w is a solution of the equation (*) and satisfies the conditions

(0, =0, w(,t)=0, w0 =f(x) — v(x).

b
b@in%(l—x){—Ha@in—a—(l—x)

109. u(x,?) = ug W 5
b@of7 + Ha @in7

I‘n(/‘ﬁ + H?) e~ (@uat+b)t g

oo
— 2uga? Y sin pnx.

n=1 (a2uy + b%)[Uuy + H?) + H]

Un is obtained from the equation

u
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Hint: The problem can be reduced to the solution of the equation
ou o0%u

_  —qg2__ __}p2 *
- *)

subject to the conditions
ou
(0, t) = w9, — + Hu =0, u(x, 0 =0.
0x z=l
For the solution we put # = v + w, where v is a solution of the
equation
) d2v

a ‘E-x—-z——bzz):O

which satisfies the following conditions

av(l
v(0) = o, ——di—) + Hv(l) = 0;
w is a solution of the equation (*) and satisfies the conditions
7
20,4 =0, -2 4+ Hw 0, w(,0) = —u(x).
0x z=l
ou 0%u k hp
110, — =a%2—— — b(u — 2= b= )
o =Y e b m), @t = ok

Here 6 is the length of arc; &, 4 are the coefficients of heat conduc-
tion resp. exchange; ¢, p the specific heat capacity resp. linear
mass density; and o, p the cross-section and perimeter of the rod,
ug is the temperature of the surrounding medium.

u(0,t) = e "[ap + 21 (@n cos n + by, sin n6)e="*e*],
N

with

ap = 7]:”— f 10)do, an= —:t— f f(6) cos 1640,

-n

1
bp = — f 1(6) sin n040.
1

-n
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@of—i—(x — %)

d
111, u(x, t) =3z 1 — 5 —
GOf E
4d o= ((2n+1)ta2an) 18+ b3t (@1 + Dax
5 (2n + 1)2%a? Sin——3 +
(2n + 1)[1—2 + b2:|

b b
so Gin — (I — %) + w1 Gin—
a a

+ 7 +

Gin —
a

oo — n f—
+ 2a’n Z n M e_[(””"a”’b’p)ﬂ'u sin
n=1 n2n%a? + b22

nnx

Hint: The problem can be reduced to solving the equation

oun 02 k h I2

= a2—u—b2u+d a?=—, b2 = _2_ d= ——

ot ox? cp cpw cpw3a

subject to the conditions

u(0,8) = uo, u(,t) =u1, u(x,0) =0.
Here I is the current intensity, o the electrical conductivity and o
the cross-section of the conductor.

The solution can be obtained if we write # = v 4+ w, where v is a
solution of the equation

a2
a2d—1;—bzv+d=0
x

which satisfies the following conditions
v(0) = uo, v(}) = m;
w is a solution of the equation

ow 2w
—=a
ot o0x2
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and satisfies the conditions

w(0,¢8) =0, w( ¢t =0, wx 0 = —ov(x).

. (%)
e~ (un?a?/R2)t

112, u(r, ) =uo |1 +2 ; )

n=1 MnJo(pn)
where u1, s, ps, ... are the positive roots of the following equation
Jolw) = 0.

Hint: One can reduce the problem to the integration of the equation
(S L)
ot or? r or
where the following conditions we have to be satisfied:
%(0, ¢) is bounded %(R, t) = ug, u(r,0) = 0.
113. u(r,t) =
2 2 tn

=& 2 T HRE S

J«ML)R
242 3 R n
5 e=(uniaHIR )J‘f,(T J. Pf(P)JO(%) dp,

where u1, p2, us, . .. are the positive roots of the following equation

#Jo(w) + HRJo(u) = O.

Hint: The problem can be reduced to the integration of the equation

ou 0 2u n 1 ou
—=a —_ —_—
ot or2 r oOr

where the following conditions have to be satisfied:
#(0, #) is bounded
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114. *® klalqu?

S ——L(l—eYsinaupx (0 < x < §),
i=1 1]
u(x, t) =] = klal“"Afz(l_e—m’t . sin ajué sin aspy(i—7)
=1 M sin agu(l—§)
{ E<x<l).

Here the p; are the roots of the equation
arky ctg pai1é + agks ctg as(l — Eu =0,

and the A; are determined by means of the normalisation
¢ 1
clplefjdx + Cgpzfngdx = 1,
0 £

le = Aj sin a1ux,

sin aly,{-'

Xog= Ay ——— 3
2= Sin aguy(l — €)

sin aguj(l — x).
The condition for the orthogonality is
¢ l
C]_plequkdx + cngszszkdx =0 (7 #* k)
0 €

Hint: One can reduce the problem to the integration of the equations

a28u_32u 0<x<§

Vot ox? ’
ou 0%u

g M _ W 1

4 =a ¢ <2<l

4 .
a? = P (¢

i _k:— =12
where the following conditions have to be satisfied:
u(0,2) = uo, u(,2) =0,
u(é—0,¢) = ué+0,¢;
ou(E —0,¢) ko ou(é +0,¢) ,

. R _
1 ox ox

u(x, 0) = 0.




88 SOLUTIONS AND HINTS

l

2 « —
U5 u=7 % [6inw f oox) sin % ax +
n=1 °
. nax
l - sin 5
7
+ Gin 2. qu(x) sin dx
! l . nam
0 Gin
l
+_4_ E e—a”l’[(#‘/l’)+("/m’)]‘ Sin ﬂﬂx Sin vny X
Im uy=1 l m
CIm l
2 ® na(m — .on
X ff{/(x,y—T 3 [@inil—y—) j¢o(5) sin ?E d& +
00 " 0
. max
l - sin 7
n 7
+ e f P1(6) sin dE
l l . mam
0 Gin——
l
X sin P sin 7y dxdy.
m

Hint: The solution can be obtained by writing # = v + w, where
w is a solution of Laplace’s equation
0w n 0w
ox? oy?

and satisfies the conditions
w(0,y) =0, w({,y)=0,
w(x, 0) = go(¥), w(x, m) = q1(¥)

v is a solution of the equation

o a2 2y n 0%y
a \oaz  z)

which satisfies the following conditions
V|z=0 = V|z=1 = V|y=0 = V|y=m = 0,

v(x, y,0) = f(x,y) — w(x, ).
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o r
116. u(r, X, t) = z AknJO (ﬂk —E> .

k,n=1

YaX . VX
. (cos + 4 sin %) e LA+ (| R

I vm
with
2 9 !l R
_ 4lukvn ff
IR+ HR)p( +2) + 77 ) r(r. %) X
0

X Jo HE N (o5 272 4——1)—sin1"i dxdr;
R ! Yn l

Akn

where 1, p2, us, ... are the positive roots of the equation

#Jo(w) + ARJo(u) =0,

and », vg, v3, ... the positive roots of the equation

2ctgv=—v——i, p=HIl>O0.
P v

89

Hint: The problem can be reduced to the integration of the equation

3u_232u+13u+82u
o a2y o | oa?

subject to the following conditions:

o ou
_—— H’u |z=0 == 0, —_ + Hu|z=l = 0,
ox ox

ou
u(0, x, ¢) is bounded, s + Huly—p =0,
u(r, x, 0) = f(r, x).
117. u(x,2) = 3 Ape ¥ gu(%),
n=1

with

%3 65 x5  26x7 2529
¢n(x)=x—l”<———)+lz(——*—+7)+...,

3! 8!



90 SOLUTIONS AND HINTS
The 4, are the roots of the equation

17
1440

1 — 4+

(1 = 2)pn(a) dx

0
Ap=—

J0 — @)p2wdx

118. Hint: See the article of N. P. Erugin.!

A2—...=0,

had . nnx
2g? > nAjy sin —l—e““’”""”’)‘
44 n=1

l

119, u(x, ) =

2

[- -]
Ao+ X Ay cos T (@t
n=1 l

with

dx.

1 1
1 2
Ay = T j Oo(x)dx, An,= 7 ff)o(x) cos d
0 0

Hint: 6(x, ¢) is a solution of the equation of heat conduction

o0 020
i M
Then
iz
u(x, t) = — 2a? -5 @)

is a solution of the equation

on ou 5 2y

o T T

It follows from equation (2) that

e(x’ t) — c(t) e—(1/2a’)°f=u(é,t)de,
1 H. II. EpyruH, 3aMKHYTOe DeIleHHe MapaboJHuecKofi rpaHHIHOH
HeonHOpoxHO# sagauu. [IMM, T. X1V, Bum. 2, 1950. (N. P. Erugin; The
closed solution of a non homogeneous parabolic boundary-value problem).
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and for¢ =0

6(x, 0) = coe (11200 fut 0 _ Bo(x). ©)

By means of the boundary conditions in this problem and from
equation (2) we obtain

62(0,2) = 0,(,,t) = 0. (4)
In this way we get the solution of equation (1) with the conditions
(3) and (4).

When this problem is solved, the solution of the posed problem is
found by means of formula (2).

120. u(x, t) = 2av/d J f(&) [e~@—6rMa¥) __ o-lla+er/ta') gg
0
121. u(x t { [e—[(z £)%/4a%t) e—[(z+e)|/4aaq]

0

— 2he~™ f e f(u) d,;} dt

0

Hint: Integrate the equation

2
8u=23u

ot ox2

subject to the conditions

;_3: — htt|z—0 = 0, u(x, 0) = f(x).

r k
122. wy(x, f) = —% f e du (x <0) ( o= 2“1),

140 kiag
—(z/2a1v't)

z/2asv/t

ua(x, f) = —22 [1+% f e“"d,u] w > 0).
0

140
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Hint: The problem can be reduced to the integration of the equation

- 3141 9 32141 ‘L 3%2 2 a2u2

Mo (x <0); % BT (x <0);

Cipt .

a? == ? (@ = l, 2)

where the conditions
3’%1(0, t) 3142(0, t)
0,8) = u3(0,8), by ———— = kg ————,
(0, 9) = u2(0, %) 1 ox% 2T o

u1(x,0) = 0, wua(x, 0) = ug

have to be satisfied.
Here the c; are the 'specific heat capacities, k; the coéfficients of
heat conduction and p; the linear mass densities of the rods.

b

2 = —
123. u — 7 5 [@inf"_(‘.‘b__f)_ f_%(y) sin 7 gy 1
- 0
NwIX ; n. éln ”:y
JT. T
+ Gin — f(pl(y)‘sin 4 dy
b b . mna
0 Gin
b
2 ® . nnd —
+—2X [@1 ( ?) f%
a pn=1
0
mzx
- nrex Sln a
+ ein 2 f y1() sin dx]
a a nub
Gin —

Hint: Solve the problem in two steps.
1. Find a harmonic function #;(x, ¥), which satisfies the follow-
ing boundary conditions

u1(0, y) = @o(y), wa(a,y) = 109),
u1(x, 0) = O, ui(x, b) = 0.
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2. Determine a harmonic function wua(x, y) which satisfes the
following boundary conditions : '

u3(0, y) = 0, uz(a, y) =0,
ug(x, 0) = wo(x) uz(x b) = ‘l’l( )-

Now the function u(x, y) = wa(x, v) ¥ uz(x, y) is a solution of the
given Dirichlet problem.

b —
Gin .n(a—y) _‘)x \ '_,. ‘
u(x,y) =B ———— sin 2~ +
7b a
Sin — T
@+ ala—x) . @n+ )ay
8AB2 E Gin b — .sIn 3
78 oo (2n + 1)3 . (2n 4+ aa ~
Gin ——
b
> ]
124, wi,y) =24 3 L emtmiaw g "
ﬂ n=0 "
84
125. u(r,0) = = Gin In 7-sin 6.
Hint: Introduce polar-codrdinates.
126. u(r, 0) =
_ af®) — Iny + a®In Ry — «{® In Ry +
lnRz——lan lnRz-—lan

S (PRF™ — «PRy")rm — (e 'R} — «PRY)r—n

cos nf
+ ,El RIR;™ — R{"R% +
MR-—7 _ BRIR—7\n _ (RVR? _ R2)RMy»—n
L (BOR™ — BERTYm — (BOR — pORYre

RIR;™ — Ry"R3
with

1 1
= o [ 1O, =1 [ 1,6 cos noao,
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n

(1) 1

O — ffl(e) sin n9df’}
T

-7

n 1 L
o = _Z_In_ f f2(6)d6, a,gf):_n_ f f2(8) cos n6do,

—n —-n

P = L ffg(O) sin #9d9.
T

-n.

Hint: Introduce polar-codrdinates. Then the problem reduces to
the solution of the equation

82u ‘l' 2u _

72]7 +7r—
with the conditions
u(r, 0 + 27) = u(r, 0),
#(Ry, O))= £1(6), (R, 6) = f2(6),

where f1(6) and f2(6) are given functions, which can be expanded
in a Fourier-series.
For a circle we obtain

R2 — 2 d
u(r,0)=gff(t) R% — 2Ry cos (t — 6) + 72 -

127. u(r, 6) = & + «{"R; In Fr— +
2

+ 3 (e "Ry *+-RRT*~1o)rk+ (RR} o — R (V)r %

cos k0+

k=1 R(RY'R;* + RERT*T)
o T BERPHART ) GREBORYPE
n=1 k(RY'R;* + RERT*Y) ’

where af’, P, ), o2, AL, B have the same values as in
problem 126. (See also the hint for problem 126).
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Ap — 2
128. u(x,y)=A +(—2a—lx—
. (2R 4+ )nx
445 = 1 .@‘" b @+
2 2 2R+ 12 2kt Dma > b
Gin ———
b
2A ) 'rm/azSin ki
= —_ —1 P *
129. u(p, ) §=] (— 1)» (R) -

Hint: Introduce polar-codrdinates.

130. u(p, 6) = }(1 — p2) + p2cos2 6.
Hint: Introduce spherical co6rdinates. Obviously the solution #
is independent of ¢. Therefore Laplace’s equation becomes

0 9 on L 1 t/ in6 on —0
o ar) sin6 0\ )
=_Y Iy — — a2
131, u(x, y) 2k F =0 —@—a+C

where C is a constant.
Hint: The problem is equivalent to Neumann’s problem

02u 02u

T

wp _Q | g __0 m
3x =0 kb ! 376 r=a ’ 3y y=0 ka ’ 3y Y=

Here Q is the amount of heat which flows through 04 into the
plate and through OB out again: % is the coéfficient of heat con-
duction.
132. u(x,y) = x(@ — %) —

2 1 2 1

Gof (2n + Day (21 + Dax
8a2 § a a
(2n + 1)md
2a

73 n=0

(2n + 1)3 Gof
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Hint: One can look for a solution in the form of a sum # = v + w,
where v is a solution of Poissons’s equation which satisfies the
conditions

v(0,9) =0, v(a,y)=0

Put v in the form Ax2 +Bx+4+C; wis a solution of 'Laplace's
equation, which has as boundary values

©(0,y) =0, w(a,y)=0,

o5 2) = o (5 2) = o

133. u(x,y) = a2 — (x2 + y2).
Hint: Introduce polar-coérdinates.

134. u(r,0) = — J 73sin 20 +

R4 R2 — #2

in 2¢ dt.
487 f SN R 2Ry cos (¢ — 6) + »2

-

+

Hint: Look for a solution in the form of a sum # = v 4+ w, where

v(x, y) = — fgxy(¥® + ¥?)

is a special solution of Poisson’s equation and w(x, y) a solution
of the equation

2w 2w
ox2 a2

=0,

which satisfies the boundary conditions

W|y=R = — V|r=R.

135. u(r, ¢) = [(a4 + b4t —

ab4
— (a® 4 208)72 — (a2 — 2b2) —72—]

cos 2¢

at + b4’

Hint: Introduce polar-codrdinates.
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136. u(r, 2) =
. Mn2 . r
I —— —
Gin R Jo(,un R

o gk Ji(um)
@InT

(K]

) R
f pf(p)Jo (/m %) ap,
0

2
R?

n

where u1, us, ps, - . . are the positive roots of the equation Jo(u) = 0.
Hint: Integrate the equation

%u 1 ou  %u

or2 +r o 022

subject to the conditions

u#(0, 2z) is bounded

u(R, z) = 0;
u(r,0) =0,
u(r, h) = f(r).

w2 5 2
2 m@m R Jo(l‘n R) .

P
137. u(r,2) = — - | £ ap,
Gin —— 0]
R
where w1, ps, s, ... are the positive roots of the equation
Ja(u) = 0.

Hint: Replace the second boundary condition of problem 136 by
the following:

R,z
138. u(r, 2) =
Gin 17 Jo</‘_"'> ®
_2 s R R .f,m(md
=RLE T Rz - JPPHO TR
Gin R 1+ —— Jo(un) o
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where w1, pe, ps, ... are the positive roots of

#J1(u) — oRJo(u) = 0.

Hint: Replace the second boundary condition of problem 136 by
the following:

ou ler = O
7 + att|p—p = O.
navLy
2 5 o MUT)
139. u(r,2) = 7151 sin ; powr ff(x ) sin —— dx.
ol— )0
nair
2 = JO( h ) ‘ N
140. u(r,2) =— X cos f f(x) cos dx.
h opo1 j nniR
b ()
Hint: Integrate the equation
o%u 1 ou n Pu
a2y o o2
subject to the conditions
#(0, z) is bounded
ou(r, 0) ou(r, h)
P " 0, u(R,2) = [(2).
7
;%)
141. u = 4uoR X
" 2 ol )
pn(H ) pn(H — 2)
X H ’
un Cof M + BR Gin ‘u;a
where u1, u2, us, ... are the positive roots of the following equation

#Jo(m) + yRJo(u) =
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Hint: The problem can be reduced to the integration of Laplace’s
equation
0% 1 ou 0%u
T w T

where the following conditions have to be.satisfied.

0
u(0, z) is bounded, a_u + yu =0,
4

r=R

ou
u(r, 0) = wu,, s + Bu =0,

z=H
h ho pps
Herey = % g = T; h1 and hg are the coéfficients of heat

exchange of the lateral resp. upper and lower sides of the cylinder,
k is the coéfficient of heat conduction.

1:3:5---(2n — 1)(4n + 3)
2:4-6---(2n + 2)

142. u(r,6) =uo 3 (— 1)»
n=1

r \2n+1
X (7 Pypi1 (cos 6),
4

The Py(x) are the Legendre polynomials.
Hint: The problem can be reduced to the integration of Laplace’s
equation

0% 2 ou 1 o%u ctgl ou

or? + r or + r2 062 r2 a0

subject to the following conditions:

uo for 0<0<%,

#(R, 0) = f(61 =
l0 for 6=%.

143. v(r, 0, ¢) = % nlb) Ya(0, 9),

n=0 y)n(kR)
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with :
Jn+3®)
ya(¥) = yx )
Y”(O, (p) == anopn (COS 6) +

+ 2 (a,,m cos mp + bum _s_in m«p)Pn’,; (cos 0);

m=1

2n+1 (n—m)!

f ff 0, ¢)P,,, (cos 6) cos mpdo;

o e e (n+m
Q)
2n+ 1 f(n — m)
bpm = B iin f ff 0, <p nm (cos 0) sin medo.

®
[0m =2 for m =0 and 0y =1 for m > 0; P, , (x) = Pa(¥)].
It is presupposed, that % is not an eigenvalue of the following
boundary value problem:
Av + R2v =0, v|p=p = 0.

Hint: Introduce spherical codrdinates 7, 6, ¢. A solution is obtained
in the form of a product.

o(r, 0, ) = R()Y (0, ¢).

Lo P, .. (cos 6)

144. (7,0, ¢) = ¢'m? k) m

v(" (p) e f§1 aj%,( 1') Pl’,m ( oS a)
amPy(x)

Prm(x) = (1 — 222 ——0

The P;(x) are the Legendre polynomials,

Y, . .(kb ky) — kb)Y, . .(k
wl,(k’) — l;+}( )Jl;-i-}( 7) ‘\/"Jlg+}( ) l;+i( ’) ,
h, Is, I3, ... are solutions of the equation
Y343 (0)J1s5(ka) — T4y (kD) Yy, y(ka) = O, *)

aff(f)«p?,(kr) dr

5
S oi(kr)dr

aj; =
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We have to assume that the equation (*) has for given & solutions
l; such that P, , (cos &) == O for all j.

If a solution /;, satisfies
Pl,M (cosa) =0
then it is necessary and sufficient in order that the problem can be
solved that
b
a;, = 0, thatis f 1)y, (kr) dr = 0.
a

If it is possible to satisfy this condition, the solution can be ob-
tained in the form of a series in which the term corresponding to
7 = jo is left out. In this case the solution is not unique. Terms of
the form

Ay (kr) P, , (cos B)e™
can be added. 4y, is an arbitrary constant.
Hint: Introduce spherical codrdinates 7, 6, ¢. and assume

v(r, 0, ) = R(r)P(0) &™".
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