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PREFACE

The aim of the present collection of problems is to illustrate the 
theory of partial differential equations as it is given in various 
textbooks.
The problems of this collection are divided in three paragraphs. The 
first paragraph contains introductory excercizes on the reduction 
of partial differential equations to canonical form. The second 
paragraph deals mainly with problems, the general solution of which 
can be formed by means of the method of characteristics e.g. 
Cauchy’s (or also Goursat’s) and mixed problems.
In the third paragraph the most important method is presented, 
namely the separation of variables. This is done for mixed problems 
(for hyperbolic and parabolic equations) and for boundary value 
problems (elliptic equations).
The solutions of all excercizes are given. Most of the problems are 
accompanied by an explanation of the solution method used: so 
that this problem book can also be used for self study.
In preparing the present book the following books were consulted. 
(A. N. Tychonoff and A. A. Samarskii -  Equations of mathematical 
physics. Pergamon Press.).
(N. M. Gunter and R. O. Kusmin -  A collection of problems in 
higher mathematics).
(N. S. Koschkjakow -  Important equations in mathematical 
physics) and other sources. Part of the problems is taken from the 
cited titles.
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Part I

PROBLEMS

§ 1. Reduction of partial differential equations with two 
independent variables to canonical form

The partial differential equation
, 82u 82u 82u

a(x, y) +  2b(x, y) +  c(x, y)
8x 2 8x8y 8y2 +

/  8 u 8 u \
( 1)

is called an equation of hyperbolic type if b2 — ac >  0, of para­
bolic type if b2 — ac =  0 and of elliptic type if b2 — ac <  0. 
Here a, b and c are functions of x and y twice continuously differ­
entiable with respect to both variables.
To reduce equation (1) to canonical form one must write down the
equation for the characteristic curves

ady2 — 2 bdxdy +  cdx2 =  0, (2)
which breaks up into two equations

ady — (6 +  V b2 — ac)dx =  0, (3)

ady — (b — Vb2 — ac)dx =  0 (4)
and find their general integrals.

1. Equations of Hyperbolic Type

b2 — ac >  0.

The general integrals cp(x, y) =  c\y and y)(x, y) =  c2 of equations 
(3) and (4) are real and different and define two different families 
of real characteristic curves.
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Transformation to new variables (£, rj) instead of (xt y)

f  =  <p(x> y) 
v =  v>(%, y)

reduces equation (1) to:

d2u dudu
■)

(5)'* a g ' dr] y

This is the canonical form of the partial differential equations of 
hyperbolic type.

2. Equations of parabolic Type

b2 __ ac =  0.

Equations (3) and (4) coincide and we obtain one general integral 
of equation (2): cp(xt y) =  c.
In this case let us put f =  (p(xt y) and rj =  rj(xf y) where the Jacob­

ian does not vanish in the domain of parabolicity.
D(x, y) F

Equation (1) reduces to

This is the canonical form of the equations of parabolic type.

3. Equations of Elliptic Type

b2 — ac <  0.

The general integrals of equations (3) and (4) are complex conjug­
ated: they define two families of complex characteristic curves. 
The general integral of equation (3) has the form

<p{x, y) +  iy(x, y) =  c,

where <p(x, y) and y)(x, y) are real functions.

(6)
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With
f =  <p(x, y)
v =  v>(*. y)

equation (1) reduces to

d2u d2u /  du d u \
= 3\ V’U’ ~df’ ^V ) '

This is the canonical form of the equations of elliptic type.
In case of ellipticity we suppose that the coefficients a, b and c are 
analytic functions.
We remark that a transformation of the derivatives with respect to 
x and y to the new variables i  and rj is represented by the formulas:

du du d£ du drj du du di du dr]
dx di dx ^  dr] dx * dy di dy drj dy
d2u d2u
dx2

d2u
dy2

di2 m

d2u d£ Sri
4 - 2 -------------- -------- -  +

dtjdrj dx dx
82u (  dn \ 2 du d2£

_  82u /  8$ V 
~~ dt2 \ d y )

drj2 

+ 2 d2u

+
du d2rj

di dx2 drj dx2

+

d2u
dxdy

d2u
~ W '

+

d̂ dr] dy dy 
d2u /  dr] \ 2 du d2i  du d2r]
dr]2 \ d y )  d£ dy2 dr] dy2

dx dy didr] \  dx dy dy dx)  
d2u dr] dr] t du d2i  ^  du d2̂du

' - r - — 7T~ +  T Tdr]2 dx dy di dxdy dr] dxdy

(8)

More details can be found in:
(I. G. Petrowski: Lectures on partial differential equations. 

Gostekhizdat 1953)

Example: The equation
_ d2u d2u;2 -------- y2-----

dx2 dy2
=  0 . (9)
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is of hyperbolic type because

b2 — ac = x 2y2 >  0 (for x ^  0 and y ^  0).

Following the general theory we consider the characteristic equation 

x2dy2 — y2dx2 =  0
or

xdy +  ydx =  0, xdy — ydx =  0.

After integration of these equations we obtain 

y
xy =  ci and — =  C2 . 

x

We transform to new variables f and rj: 

y
f =  xy and rj =  —oc

Formula 8 gives:

d2u n d2u y2 d2u y2 d2u y du-----=  y2---------- 2 —  •------ . -I------*------- (- 2 — •----]
dx2 d£2 x2 d£drj x4 drj2 x3 drj
d2u d2u d2u ‘ 1 d2u___ __ x2____ L 2 ______I____•____.
dy2 dg2 d̂ drj x2 drj2

Substitution of these values in (9), reduces this equation to canonical 
form:

d2u 1 du q '
d£drj ”  "2l'~dn =

Reduce the following equations to canonical form:

1.
d2u d2u d2u du du
------ b 2 ---------- 3------- V2------b 6 ----
dx2 dxdy dy2 dx dy

„ vv d2u d2u du du
2. -------b 4-------- b 5 ------- -̂-------b 2 ----- =  0.dxdy dy2 dx dydx2

3.
d2u 

~dx*
d2u

+  ■
d2u

dxdy dy2
du „ du

cl------b — ~b ==dx H dy ■
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d2u d2u . d2u du
4. - t—z------2 cos x ——------- (3 +  sin2 x) — — — y ----=  0.dx2 dxdy

d2u d2u
dx2 dxdy

dy2 dy

_ d2u du
2x2— — +  y -— =  0. dy2 dy

_ d% d2w d% o dw
*• **! * &T - 2yt* x - ^  +  r V  +  **!‘ * a r  =  °-

d2̂  d2w 

+  " ^ 2* =

d2U
8. X* —  + 2Xy

d2u d2u du
------— 3y2 — -—  2x------- \-dxdy y dy2 dx

du
+  4y------ 1- 16#% =  0.

dy

. / d2u / o. d2u &u9. [ l + * ) l s i . +  V + r t w  + * —  + y — - 0 .

. O d2u . o d2u10. sm2 x —  ----2y sin x ----------b y2 — — =  0.
dx2 y dxdy y dy2 •'

„ d2u d% du 
11. — +  y — — +  a —-  =  0 (a =  const.).dx2 dy2 dy

§ 2. The Method of Characteristics

Find general'solutions of the following equations:

12.
d2u
dx2

2 sin x
d2u

dxdy
—  COS2 X

d2u
dy2

du
cos x? 0.dy

13. x2 — 2 xy
d2u

dxdy
du du

+  x ------ b y —^  dx y dy

14. d
~dx

d2u
dy2”'’

0.
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15. ( x - y )
du
dx ^  dy

16.
d2u
dx2

82u
dxdy

82u
2xy ——— )- y2 dxdy

du
=  0.

d2u
dy2 + 2yz

d2u
dydz

„ d2u 
+ *2^ n r  +dz2

+  2zx
d2u

17.
d2u

=  <*11 -T-T- +  2«12
c)2m d2w

+  <*22dt2 “  dx2 dxdy dy2

<*ii, <*12 and <*22 are positive and constant.
dhi n 

18. — -  — 2

dzdx 

(<*H<*22 =  <*f2).

-  o .

dhi d*u 
+  — =  0.dxi dx2dy2 dy4 

19. Find the regions where the equation

(1 -  x2)
d2u
dx2

2xy
d2u

dxdy
-  (1 +  y2)

d2u
'dy2

du du
— 2x ------- 2y -----=  0.

dx y dy

is hyperbolic, parabolic or elliptic and find its general solution.

20. Give necessary and sufficient conditions for the existence of 
functional invariant solutions of the following equation with 
constant coefficients. Find also its general solution.

L(u) =  an
d2u
dx2 2ai2 dxdy

d2u
+  a22^ r  +

, du
+ bi —----b 1dx

du
------=  0  (*)dy v 9

{6 = a\2 — ana22 >  0),

We call a function u a functional invariant solution of (*), if for 
every (smooth enough) function F  also F(u) is a solution of the 
equation.

21. Show that if

011&2 — 2012̂ 1̂ 2 “4“ 022̂ 1 4<5c =  0,
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then the equation with constant coefficients

L(u) -f cu =  0 (**)

has a general solution of the form:

u(x, y) =  e(fcE+mv)/2, |>i(ai* — y) +  y>2(a2* — y)];

Where y)\ and \p2 are arbitrary functions, k =  #2261 — ^12̂ 2, 
m =  anb2 — ^12̂ 1 and ai, a2 are the roots of the equation

ana2 — 2ai2<x, -j- a22 =  0.

If the condition given in this problem is not fulfilled, reduce then 
equation (**) to the form

d2v
dtjdrj

= cv,

with

c
a?i(ai6i — &2)(a2&i — ^2) 4~ 4anC<$

1 6 ^

f =  ai^ — y, 77 =  a2# — y.

22. Show that a general solution of the equation:

d2v
--------- =  Vdxdy 

has the form:

v{x, y) = / v>i(<)Jo(2*Vy(x — t)dt +
0

+ / V2WJo(2*V*(y — +  V(0, 0)Jo(2iy/xy)
0

where and y>2 {t) are arbitrary functions.

23. Show that a general solution of the equation

d2u n du m du ^
dxdy x — y dx x — y dy
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has the form 

u(x, y) =
flm+n—2 V X{x) — Y(y)

dxm~1dyn~1 |_ x — y J 
where X(x) and Y(y) are arbitrary functions.

24. Find the general solution of the equation
d2U 2 du 3 du 3

y dy
2 du 3

------- "7----1--------— y dx x —dxdy x — y dx ' x — y dy (x — y)2 
25. Show that a general solution of the equation:

u = 0.

£ (« ,< * ) =
d2u du

dxdy x — y dx 
(0 <  a, /? <  1, a  +  P #  1) 

has the form:

+
du

x — y dy =  0

u(x, y) =  (y — f  <p[x + (y — x)£]£“*(1 — +
o

i

+ f v l x +  (y■— — tY~xdt
0

where 9? and y> are arbitrary functions.

26. Show that a general solution of the equation:
d2u n du m du

------------1------------------------------------------------- ----  0
dxdy x — y dx x — y dy

has the form:

« (* . ? )  =  ( * -  ~  ]
where X(x) and Y(y) are arbitrary functions.

27. Find a general solution of the equation:

d2u d2u du
---------h y ---------h a -----  == 0
dx2 y dy2 dy ( £ < « <  \ ,y  < 0).

28. Find propagating waves for the equation:
d2u d2u 

a) =  x2-----dt2 dx2 +
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d2u n d2u
b) —  -----4x2 — —

dx2 dt2
^ du ^ du
2 ------(- 2 ---- u = 0

dx dt
29. Find a singular solution for each of the equations

d2u
~ W

d2u 32u
H—i «—b

d#2 #y2

d2u d2u d2u d2u
b) ~ W  = - M + ~ w + - d * + c u ’

which vanishes on the surface of a characteristic cone in 

30. Find the solution of the equation
d2u d2 u 

3 — z- =  0 , dy2dx2 dxdy 

satisfying the initial conditions

=  0.
du

Mlv=o =  3*2,
y=0

31. Calculate the solution of the equation 
d2u - -- (1 -t- v ' t ] -------1- X

8X
(1 +  * 2) dx2

with initial conditions.
du

(i +  y2)

«U=o =  yo{x), dy y=0

dy2 

=  <pi{x).

du du
x —----- y - ~  =  0dy

32. Find the solution of the equation
d2u d2u . _ d2u . du

— — 4- 2 cos x -----------sin2 x — ----- sin x ----- =  0
dx2 dxdy dy2 dy

satisfying the initial conditions
du

\̂y=BiD.x *Po{pt)>

33. Solve the equation

dy i/=8in x

d2u d2u _ d2u
—  ---- 2 x y ---------- 3y2 — — =  0dx2 dxdy dy2

infinity.
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subject to the initial conditions

du
u\y=i =  q>o(x), —

y—i
-  n(*)-

34. Determine the solution of the equation

d2u
= a2 (-

d2u d2u
+  ^ n r  +

d2u \
~ W ) 9dt2 \  dx2 dy2 dz2 

which satisfies the initial conditions

«|i=o =  <p(r), ^
t=0

=  y>(r), r =  V  x2 +  y2 +  z2>

where y(r) and ip(r) are given functions for r ^  0 (spherical symme­
try).

35. Solve the equation 

d2u
dy2

0 - ~ 1 du• y  2  -------------=  0
7 dx2 2 dx

subject to the initial conditions 

du
^ly=0 =  (po{%). dy y =0

=  <p!(x).

36. Show that the equation 

d2u d2u 1 du
i y < )dx2

has a unique solution which satisfies the following conditions

du
U \ y = Q =  T(X), dy y=o

where k  is a finite constant.

37. Find the solution of the equation
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satisfying the following initial conditions

du
u\x=y =  r{x), (— y)»-

38. Solve the equation 

d2v

dy y=0
=  v{x).

=  V,dxdy

subject to the conditions

du
v\y-x — 3x

dv
= 0>l(x), —

y=x dy

(p'(x) =  coi(tf) +  a)2(x).

39. Determine the solution of the equation

d2u d2u d2u
=  #11  ̂ 0 +  2ai2 ——----H #22dt2 J’J’ dx2 ' dxdy

which satisfies the initial conditions 

du

dy2

u\t=o =  f(x> y), dt t=o
= F{x, y).

Find also a solution for the special case 

f(x, y) =  x2 +  y2 and F(x, y) =  0.

40. Solve the equation

d*u
~dx*

d H dht,
+  -  =  o,dx2dy2 dy4

subject to the initial conditions 

du
u\y=0 = r(x), 

d2u
dy2 1/-0

dy

=  n W ,

3/=0

d2u
dy3

=  *(*)>

=  n(x).
y=o

=  a) 2(x),

(«11«22 =  «?2)>
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41. A homogeneous string of linear density p, which is put under a 
large tension, slides over two fixed pulleys with constant velocity v. 
The part of the moving string between the pulleys executes trans­
versal vibrations. Find the period of these vibrations.

42. Find the solution of the equation

d2u d2u 
dt2 ~  dx2 '

with prescribed values on two characteristic curves:
On the segment OA (fig. 1) of the characteristic curve x +  t =  0 is

u(x, t) =  <p(x) ;
on the segment OB of the characteristic curve t — x =  0 is 

u(x, t) =  y>(x) 

where 9?(0) =  v>(0)-

43. Solve the equation

d2u
dx2

d2u 1 du

W  +  ( y <  h

if the values of u on the segment OB (fig. 2) of the characteristic 
curve L±:x — 2 V  — y =  0 and on the segment AB  of the charac­
teristic curve L%:x + 2 V  — y =  1 are given by

uix> y) Iz,! =  <Pi{x) for 0 <  X <  i  
u(x> y)\u =  w W  for i  <  ^ <  1,



T l l l t  M E T H O D  ()!• C H A R A C T E R I S T I C S 1?

Fig. 2

with

9>i(i) =  9>a(i).

44. Solve the equation

82u
~dx?

82u  1 d u  ,
y — ir H---------- =  0 (y <  0),y By2 2 dy ’

if the values of u on the positive *-axis and the characteristic curve 
L \\x  — 2 V  — y =  0 (fig. 2) are given by

u(x, y)\y=o =  <px{x), (x >  0)

«(*. y)\u  =  nix)

where 9?i(0) =  92(0).

45. Find the solution of the equation 

d2u d2u

with given values of u on the segment OA of the characteristic curve 
t — x =  0 (fig. 3) and on the curve L. The curve L starts in the 
origin and is contained in the triangular region with sides wich are 
the characteristic curves t ±  x =  0 and L is such that it has 
exactly one intersection point with each characteristic curve 
t — x = c.
Discuss in particular the solution if L is a straight line

t — kx =  0 (k >  0).
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<

0 x 0 X
Fig. 3 Fig. 4

46. Find the solution of the equation

d2u d2u 
=  ~dx2~*

if the values of u and its normal derivatives are known on the 
positive x-3.xis, and if also the values of u on the semi-infinite 
straight line t — kx =  0 are given, k >  1 (fig. 4):

du
u\t=o =  n ( x)> -x r  =  n ( x) (x >  °).ot (=. 0

u \t~ k x  =  y>(x) {X >  o ) ;

<po{0) =  y>(0).

Give conditions, such that the solution is smooth in the domain 
under consideration.

47. At time t =  0 a gas is contained inside a spherical volume of 
radius R, such that there the density is uo, whereas it vanishes 
outside this volume. Find the density of the gas in a point M  outside 
the volume at time t >  0.

48. A semi-infinite string (x >  0) of linear density p has a tension 
p a 2 and is at rest. At time t >  0 the point x =  0 executes small 
vibrations A sin cot. Show that the displacement of a point of the

where
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string with abscis x >  0 is given by the formula:

0
„ Xf or t <  — >a

u(x, t) =
A sin co , x f or / >  —

a *

49. Derive the equation for longitudinal vibrations of a rod and 
integrate it, subject to the condition that one end is fixed and the 
other end is free.

50. A homgeneous string of length I is fixed at its ends. At time 
t =  0 the point x = lj3 is pulled aside over a small distance h and 
then released with initial velocity zero. Show that the motion of 
the string is described for 0 <  t <  //3a by the formula

51. A semi-infinite tube (x ^  0) filled with an ideal gas has at one 
end (x =  0) a freely moving piston of mass 1. At the moment t =  0, 
the piston is given an initial verlocity vq by the impact of a hammer. 
Describe the process of wave propagation in the gas if the initial 
displacements and the initial velocity of the gas are zero.

52. An infinite string having a concentrated mass M  at the point 
x =  0 is at rest. At time / =  0 the mass M  is given the initial 
velocity v$. Prove that for t >  0 the vibrating string has the shape 
shown in fig. 5 where u\(x, t) is an ingoing wave determined by the 
formula

for 0 <  x < ------ at,
3

\  r I 1— at fo r------ at <  x < ------ b at,
7 3 3

for-----1- at <  x <  I
3

Ul{xt t) =  [1 _  for x -  at <  0,
2T 0

ui(x, t) = 0 for x — at >  0,
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Fig. 5

and U2 (x, t) is an outgoing wave determined by the formula

«*(*, f) =  for * +  at >  0,
2T o

w2(#, £) =  0 for # +  atf <  0 

To is the tension of the string.

53. A rod of length I moving with velocity v\ overtakes an identical 
rod moving in the same direction with velocity <  v±. Determine 
the distribution of the velocities of the longitudinal waves in the 
two rods. It is assumed that the impact is totally inelastic.

54. A mass M  with velocity v strikes the upper free end (x =  I) of 
a rod, the lower end of which (x =  0) is kept fixed. Find the velocity 
of the longitudinal displacement of that cross-section, which has 
at the moment t =  4l/a the abscis x = l\2.

55. Solve the equation

d2u d2u
---------------- =  u,
dt2 dx2

subject to the initial conditions

=  cpi(x) (0 <  ^ 21)
t=o

and the boundary-conditions

u \x=2l =  h { t )  [t >  0 ).

du
«l*-0 =  <Po{%)> -£■
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56. Determine the solution of the system of equations 

du

satisfying the conditions.

u\z=0 =  0, V\y=Q =  1.

57. Determine the solution of the system of the equations

du dv dv a du
dt ^ dx dt p dx

satisfying the initial conditions

u\t=o =  0, v\t=o = 0 (0 <  x <  I)

and the boundary conditions

u\x=o =  0, v\x=i =  a(£)(l +  pu) — 1 {t >  0)

where a, j8 and p are constant and a(t) is a given function.

§ 3. Separation of variables

We look for the solution of the equation

. . d2u d f  / v "I

which satisfies the boundary conditions

ccu(0, t ) + 0  =  0,
ox

„  % o #«(/, t) yu(l, t) -j-  ̂ — =  0

and the initial conditions

du(x, 0)
=  ©i (x\ (0 ^  x

( 1 )

(2)

u(x, 0) =  <p0(x),
dt (3)
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The functions g(x)f p(x) and q(x) are sufficiently smooth and 
satisfy the conditions: p(x) >  0, >  0 and q(x) ^  0.
Suppose u(x, t) is a nontrivial solution of (1), which satisfies the 
boundary conditions (2) and can be represented in the form of a 
product

u(x, t) =  T{t)X{x).

Substituting (4) into (1) we obtain

Wx W _ r W- 1 [* W

or
d r  dX~[

p(x)X(x) T(t)

where A is a constant.
It follows that this is equivalent to

[ #(*> - S r ] + = °- (5>

T"(t) +  XT{t) =  0. (6)

Since T(t) does not vanish identically the function (4) satisfies 
the boundary conditions (2) if and only if u(x, t) satisfies

aX(0) +  PX'(0) =  0,
(7)yX{l) +  8X'{1) = 0  V ]

Thus we arrive for the evaluation of the function X{x) at the 
following boundary value problem for an ordinary differential 
equation: Find those values A, called eigenvalues, for which non­
trivial solutions of (5) exist, which satisfy the boundary con­
ditions (7) and find also the non-trivial solutions, called *'eigen­
functions'' associated with these.
The following theorems can be proven:

1. There exist an infinite number of eigenvalues Ai <  A2 <  . . .  
<  l n <  . . . ,  with corresponding eigenfunctions X\(x)y Xz(x) . ..

2. For q(x) ^  0 all the eigenvalues are positive.

-  q(x)T(t)X(x) 

=  -  A,
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3. Eigenfunctions associated with different eigenvalues are ortho­
gonal and can be normalized with weight p(x).

f  p(x)Xn(x)Xm(x)dx
0 for m n,
1 for m =  n. (8)

4. (Theorem of Steklov). Every function f(x), which satisfies the 
boundary conditions (7) and which has a continuous first order 
and a piece-wise continuous second order derivative, can be ex­
panded in an absolutely and uniformly convergent series with 
respect to the eigenfunctions X n(x).

oo I
fix) — S  cnX n(x), cn = fp (x )X n(x)f(x)dx.

71 =  1  0

Furthermore equation (6) has a solution for every eigenvalue Xn- 
The general solution of (6) for A =  Xn, which we shall denote by 
T n(t) has the form:

T n(t) =  A n cos VXnt +  B n sin VXnt.

Where A n and B n are arbitrary constants.
We get an infinite set of solutions of equation (1) of the form:

t) = T n(t)Xn(x) =  {An cos V%it +  B n sin V x nt)Xn(x).

In order to satisfy the initial conditions (3) we form the series
oo __  __

u(x, t) =  2  (An cos VXnt +  B n sin VXnt)Xn(x). (9)
n= 1

If this series and the series of the first order derivatives with 
respect to x and t converge uniformly, then its sum satisfies equation 
(1) and the boundary conditions (2).
The initial conditions (3) on u(xf t) become

oo
u(x, 0) =  2  AnXn{x) =  fo(x), (10)

71=  1

=  i  VXnBnX»(x) =  n(x).
vt 71=1

( 11)

If the series (10) and (11) converge uniformly we can calculate the
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coefficients A n and B n by multiplying both sides of equations (10) 
and (11) by p(x).Xn(x) and by integrating with respect to x from 
0 to 1.
With the aid of (8) we get

Substitution of these values of A n and B n in the series (9) gives 
the solution of our problem. (For more details see I. G. Petrowski, 
Lectures on partial differential equations).

1. Equations of hyperbolic type

58. A homogeneous string is fixed at the ends x =  0 and x =  I 
and has at time t =  0 the form

where h is positive and sufficiently small. The initial velocities are 
zero. Investigate the free vibrations of the string.

59. A homogeneous string with fixed ends x = 0 and x =  I has at 
time t =  0 the form of a parabola symmetric with respect to the 
normal in the point x =  Z/2. Find the deflection of the string from 
the equilibrium position if the initial velocities are zero.

60. A homogeneous string is fixed at x =  0 and x =  Z. The point 
x = c of the string is displaced over a small distance h and released 
at time t =  0. The initial velocities are zero. Find the deflection 
u{xt t) of the string for t >  0.

61. A homogeneous string spanned between two fixed points is in 
equilibrium. At time t =  0, it is excited by the impact of a hammer 
at the point x = c, so that it obtains at this point a constant 
velocity vq. Find the deflection u(x, t) of the string at time t >  0.

An =fp(x)<p0(x)Xn(x)dx,
0

0
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Investigate two cases:
a) The string is exited with the initial velocity

71
w0 for \x — c\ <

0

This corresponds to the impact of a plane rigid hammer with width 
nfh at the point x =  c.
b) The string is excited with the initial velocity

71
Vo cos h(x — c) for \x — c\ <  ——,

0 fori* —

This case corresponds to the impact of a convex rigid hammer 
with width n/h at the point x =  lj2.

62. One end (x =  0) of a string of length I is fixed, while the other 
end is attached to a ring, the mass of which can be neglected. 
The ring, which can move along a smooth rod, is displaced over 
a small distance from the equilibrium position and is released at 
timet t =  0. Describe the vibrations of the string for t >  0.

63. A tube, one end of which is open, moves in a direction parallel 
to its axis with constant velocity Vo and stops instantaneously at 
time t =  0. Find the vibrations of the gas in the tube at a distance 
x of the closed end.

64. Integrate the equation for small longitudinal vibrations of a 
cylindrical rod, one end of which is rigidly fixed, while the other 
end is free.

65. One end of a rod is rigidly fixed and a force Q is applied to the 
other end. Find the longitudinal vibrations of the rod when the 
force Q instantaneously disappears at time t =  0.

66. Investigate the free longitudinal vibrations of a homogeneous 
rod of length I with free ends.

du(x, 0) 
dt

du{x, 0) 
dt
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67. A force is applied to the ends of a homogeneous rod of lengtht I, 
such that it is compressed to a lengtht 2/(1 — e). At time t — 0 
the force disappears. Show that the displacement u(x, t) of the 
cross-section with abscis x is given by the formula

u{x, t)
oo

S
n= 0

( -  1)*+1 

(2 n +  l)2
sin (2n +  1 )nx 

21
cos

(2ft -f- 1 )jcut 
21

where x =  0 corresponds with the midpoint of the rod and where 
a is the velocity of the longitudinal wave.

68. Torsional vibrations of a rod are vibrations where the cross- 
sections are given small angular displacements in planes perpend­
icular to the axis. Derive the differential equation for small 
torsional vibrations of a homogeneous cylindrical rod and integrate 
this equation subject to the boundary condition that one end of 
the rod is rigidly fixed and that at the other end a disk is attached.

69. A homogeneous rod has lengtht I and cross-sectional area o'. 
One end (x =  0) is rigidly fixed and at the other end a concentrated 
mass M  is attached. The rod is stretched by a force Q. Find the 
longitudinal vibrations if the force disappears instantaneously.

70. The ends of a homogeneous rod of lengtht I are constrained to 
move on two straight lines parallel to the w-axis by means of 
elastical forces. Investigate the free transversal vibrations of the 
rod when the initial displacements and velocities of all of its points 
are given.

71. Investigate the free vibrations of a string with fixed ends and 
which vibrates in the midpoint, if the resistance is proportional 
to the velocity.

72. Calculate the forced transversal vibrations of a string with 
one fixed end (x =  0), if at the end x = I a harmonic force is 
applied, such that it moves according to the law u(l, t) =  A sin cot.

73. A rod of lengtht I with one fixed end (x =  0) is in equilibrium. 
At time / =  0 a force Q per unit cross-section directed along the 
axis of the rod is applied to the other free end. Find the longitudinal 
vibrations at time / >  0.
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74. Find the longitudiual vibrations of a homogeneous cylindrical 
rod of lenght I if the end x =  0 of the rod is rigidly fixed and 
a force F = A sin cot is applied to the other end such that its 
direction coincides with the axis of the rod.

75. Investigate the forced vibrations of an inhomogeneous rod 
which consists of two homogeneous rods, joined together at the 
point x = c, if one end of the rod is rigidly fixed and the other end 
moves according to the law u(l, t) = A sin cot.

76. A vertical rod is clamped in such a way that the displacement 
of each of its points is equal to zero. At time t =  0 the constraining 
forces are removed but the upper end is kept fixed. Find the forced 
vibrations of the rod.

77. A homogeneous string of lenght I with fixed ends vibrates under 
the influence of an external harmonic force F(x, t) = pf(x)- sin cot 
(per unit length). Find the deflection u(xf t) for arbitrary initial 
conditions. Investigate the possibility of resonance and find the 
solution in that case.

78. Solve the boundary value problem for the equation
d2u d2u
—ir =  a2— r  dt2 dx2 +  b ©in x

with initial and boundary conditions

u(0, t) = u(l, t) =  0 ; u(x, 0) =  0 ;
du(x, 0) 

dt

79. Solve the equation

d2 u d2u
dx2 +  bx(x — I)

with zero initial conditions and boundary conditions 

u(0, t) =  0, w(Z, t) =  0.

80. Solve the equation

d2u d2u
- a 2-

d2x dt2
_ _ du
2 h -------dt

b2u =  0
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with zero initial conditions and boundary conditions 
u{0, t) =  A, u(l, t) =  0.

81. A homogeneous heavy string of lenght I, which is fixed at the 
point x =  I of the vertical axis, rotates with a constant angular 
verlocity co about this axis. Derive the equation for small vibrations 
of the string and show that the deviation from the equilibrium 
position is given by the formula:

u(x, t)=  2  (A* cos ah t  +  B k sin akkt)J 0 ( pk
k= 1 \

with
i

i

0
where pi, . . .  are the positive zeros of the Besselfunction Jo(#)-

82. Find the steady-state vibrations of a homogeneous circular 
membrane of radius R  fixed around the edge, if the initial deflection 
is a paraboloid of revolution and the initial velocities equal zero.

83. Investigate the free radial vibrations of a membrane fixed 
around the edge and vibrating in the center, if the restistance is 
proportional to the velocity.

84. A heavy homogeneous string of lenght I fixed at the upper end 
x = I is displaced from its equilibrium position and released with 
an initial velocity equal to zero. Show that the equation for the 
small vibrations of the string under the influence of the gravitational 
force is given by

d (  d u \ _  \ d*u 
dx \  dx )  a2 dt2

where a =
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Integrate this equation subject to the conditions given in the 
problem.

85. Given a very long tube of radius R (which may be considered 
to be infinitely long at both ends). Investigate the small transverse 
vibrations of a homogeneous gas with which the tube is filled.

86. A flexible homogeneous string rotates with constant angular 
velocity co about a vertical axis. At time t =  0 the relative equi­
librium position is disturbed and its points may obtain an initial 
velocity. Find the deflection u(x, t) of the string at time t >  0.

87. A homogeneous circular membrane of radius R fixed around 
the edge is in equilibrium, while a tension T  is present. At time 
t =  0 a constant pressure P  is applied to one side of the membrane. 
Show that the deflection of a point of the membrane is given by 
the formula:

u(r,t) =  —  f i (^2 — r2) _  2i?2 J  
1 L k=l

(Hr)Jo
COS

R J‘
where p i, ^ 2, . are the positive zeros of Jo(*)«

88. A homogeneous circular membrane of radius R fixed around 
the edge is in equilibrium while a tension T  is present. At time 
t =  0 a uniformly distributed pressure / =  P 0 sin a>t is applied to 
one side of the membrane. Find the radial vibrations of the mem­
brane.

89. A square homogeneous membrane fixed around the edge 
started vibrating without initial velocities and had the initial form 
Axy(b — x)(b — y). Find the free vibrations of this membrane.

90. Find the free vibrations of a homogeneous membrane fixed 
around the edge, which are produced by a blow near the center of 
the membrane, such that

lim f  f  vodxdy = A
8—>0 Oi

is, where vq is the initial velocity and A a constant.
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91. Find a solution for the wave equation

Au — 1
v2

d2u
=  0

in the domain

t >  0, 0 <. a ^  r ^  b, 0 ^  99 ^  2jt, 0 ^  0 ^  a <  tt; 

which satisfies the boundary conditions

w|f=a =  w|r=& =  /M'\q=(x =  0

and the initial conditions

= 9i(r, 0)e
t=0

where m is a positive integer.

92. Investigate by means of the method of separation of variables 
the transversal vibrations of a doubly sustained bar of lenght I.

93. An e.m.f. E is applied to an electric distortion free conductor 
(2?/2 =  G/c) of lenght I. The end x =  I is insulated and at time t — 0 
the end x =  0 is earthed. Show that the potential in a point x is 
given by:

*l*-o =  9>(r, 0)eim\  —

n=0

1
(2w +  1)

. 2w "I- 1 2n -j- 1
sin — —----nx • cos-----——  nat

21 21

where

b
R
T ’

«2 1
T c ’

94. The end x = I of a conductor of lenght I and negligibly small 
loss (G =  0) is insulated. The initial current and voltage equal zero. 
An e.m.f. E is applied at the end x =  0 at time t =  0.
Find the current and voltage at time t >  0.
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2. Equations of parabolic type

95. Find the solution of the equation

du „ d2w
—  =  a2------,
dt dx* ’

0 < x < I, t >  0,

which satisfies the conditions 

u(0, t) =  u(l, t) = 0, t >  0,

u(x, 0) =
for 0 <  x <  — , 

z

I — x for — <  x <  L 
2

96. Find the temperature distribution at time t >  0 of a thin 
homogeneous rod of lenght I, thermally insulated, if its initial 
temperature distribution is given by

/(*) =
cx(l — x)

Z2

and if its ends are maintained at temperature zero.

97. The temperature distribution of a sphere of radius R and with 
center at the origin is a function only of the distance r from the 
origin. At the surface a temperature zero is measured at all times 
of interest. Find the distribution of the temperature inside the 
sphere for t >  0.

98. Given a thin homogeneous rod of lenght I, whose sides are 
thermally isolated. The initial temperature is known. At the end 
x =  0 a temperature zero is maintained, while at the other end 
x =  I an exchange of heat takes places with the surroundings at 
temperature zero. Find the temperature distribution at time t >  0.

99. Solve problem 98 assuming that an exchange of heat takes 
place at both ends of the rod.

100. Solve problem 97 if it is assumed that the sphere is cooled in 
a medium at temperature zero.
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101. A homogeneous sphere of radius R has a constant temperature 
uo at time t =  0 and is surrounded by a spherical shell of thickness 
R, made of the same material and whose temperature vanishes. 
Find the radial distribution of temperature in the sphere.

102. The initial temperature distribution of a rod, thermally 
isolated along the surface, is given by u{x, 0) =  9o(x). Find the 
temperature of the rod if also one of its ends is thermally insulated 
and if the temperature of the other end is maintained equal to uo.

103. The initial temperature of a thin homogeneous rod of lenght I 
is equal to zero. The end x =  0 is maintained at zero temperature, 
while the temperature at the other end x =  0 increases linearly, 
such that u(0, t) = At, where A is a positive constant. Find the 
distribution of the temperature of the rod.

104. Solve problem 103 assuming that the temperature at the end 
x =  0 changes according to the law v(0, t) =  A sin cot,

105. Find a solution for the equation

du n d2u 
1 1  =  “ - ^  ( » < * < ' .  < > 0),

which satisfies the initial condition 

u(x, 0) =  0 

and the boundary conditions

. du
«U=o = A(\ — e at), —  +  Hu\x=i =  0

OX

where A, H  >  0 and a >  0 are constant.

106. A homogeneous sphere of radius R has at time t =  0 zero 
temperature and is surrounded by a medium of the same tempera­
ture. At time t =  0 the temperature of this medium starts to 
increase linearly according to u = bt, where b >  0 is constant. 
The exchange of heat takes place obeying Newton's law. The 
heating is uniform (spherical symmetry). Find the distribution of 
temperature at time t >  0 inside the sphere as a function of r, 
the distance to the origin.



S E P A R A T I O N  OF V A R IA B L E S 35

107. An infinite plane layer of thickness 2R  with initial temp­
erature zero is uniformly heated on both sides by a constant flow 
of heat q. Compute for an arbitrary time t >  0 the temperature 
distribution as a function of the thickness.

108. The initial temperature distribution of a thin homogeneous 
rod of lenght I is equal to f(x). At the end x =  0 a constant tempera­
ture uo is maintained and at the other end x =  I a constant tempera­
ture ^i). At the surface of the rod heat is transfered by radi­
ation to the environment, which is at zero temperature. Find the 
distribution of the temperature in the rod for time t >  0.

109. A thin homogeneous rod of lenght I has an initial temperature 
zero. The end x =  0 is maintained at a constant temperature uq. 
At the end x =  I as well as at the surface heat is transfered by 
radiation to a medium with temperature zero. Find the temperature 
of the rod at time t >  0.

110. When the equation for the conduction of heat in a homo­
geneous ring with a very small cross-section is constructed, one can 
assume that an exchange of heat with the environment takes place 
at the surface.
Solve the equation if the initial temperature is known.

111. Find the temperature distribution of a conductor of lenght I, 
through which a constant electric current flows, if at the ends 
of the conductor the temperature is maintained equal to uo and u\ 
respectively. At the surface an exchange of heat takes place with 
the environment at zero temperature. The initial temperature of 
the conductor is 0°.

112. Investigate the radial conduction of heat in an infinitely long 
circular cylinder of radius R, if the surface is maintained at a 
constant temperature u$. The initial temperature of the cylinder is 
zero.

113. Find the temperature distribution of an infinitely long 
circular cylinder of radius R  if the initial temperature is a function 
of r only: f(r). At the surface of the cylinder heat is radiated to the 
surrounding medium which has the temperature 0°.
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Fig. 6

114. A thin rod of lenght I is obtained by joining together two rods, 
made of different materials (fig. 6). At the end x =  0 of the rod 
the temperature is maintained constant and equal to while 
the other end is at zero temperature. The initial temperature of 
both rods equals zero. Find the temperature distribution at time 
t >  0.

115. The initial temperature of a thin rectangular plate with 
sides I and m is known. It is observed that at all times t >  0 the 
sides x =  0 and x =  I are at zero temperature, while the other 
sides have a given distribution of the temperature

u\y=Q =  <po(*), u\y=m  =  0 <  x <  I.

Determine the temperature of an arbitrary point of the plate at 
time t >  0.

116. The temperature distribution of a homogeneous circular 
cylinder of radius R and lenght I is f(x, r). At time t =  0 the en­
vironment is at zero temperature. The exchange of heat at the 
surface with the surrounding medium obeys Newton's law. Find 
the distribution of the temperature inside the cylinder for arbitrary 
time t >  0.

117. Determine the solution of the equation

d2u 
dx2 =  iU -  *2)

du
~dt9

which satisfies

u(0, t) = 0, —  = 0 , u(x, 0) =  1.
CX x = l

118. Show that the solution of the equation

du d2u
dt dx2
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satisfying the boundary conditions

u(0, t) =  P  =  const, u(l, t) =  0 (t >  0) 

and the initial conditions

u(x, 0) =  0 (0 < x < l)

can be expressed in the closed form:

, x P(l -  x) u(x, t) — — h

+
P  T 1 T sin (; 

2ni J t |_ si
(x -  IW ir  e_iH _
sin ly /ii

sin (x — l)V  — it

sin i V  — ir 

119. Find the solution of the equation

ir

8u du

which satisfies the boundary conditions 

u{0, t) =  0, 
u(l, t) =  0 (t >  0) 

and the initial conditions 

w|f=0 =  /(*) (0

120. Find the temperature of an semi-infinite rod at times t >  0, 
if the initial temperature is given and if at the end x =  0 the 
temperature is maintained equal to zero.

121. The initial temperature of a semi-infinite rod, thermally 
insulated along the surface, is known. At the end of the rod an 
exchange of heat takes place with the environment at zero temper­
ature. Find the temperature distribution of the rod as a function 
of the length of the rod for arbitrary times t >  0.

122. An infinite rod is obtained by joining together a semi-infinite
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Fig. 7

rod at zero temperature and a semi infinite rod at temperature u$. 
Find the temperature distribution in the two rods at time t >  0.

3. Equations of elliptic type

123. Find the solution of Laplace's equation

d2u d2u
------- 1------- =  0
dx2 dy2

in the rectangle D: 0 <  # <  a, 0 <  y < 6, which satisfies at the 
boundaries

u\x=0 =  <po(y). u\x=a =  <P1 (y). o <  y <  b,
*|»-o =  yo{x), u\y=b = y>i(x), 0 <  * <  a 

where

9o{0) =  v>o(0), <po(b) =  fi[0), <po(0) =  y>i (a), <pi(b) =  fi(a).

Solve this problem in the special case:

124. Find the solution of Laplace's equation in the semi-infinite 
strip 0 < x 0 <  y <  oo, which satisfies the boundary con­
ditions

u(x, oo) =  0 (0 <  x <  a).

125. Find the function, harmonic inside the ring 1 <  r <  2 and

(po{y) = Ay(b — y), y>0{x) =  B sin
7tX

> <pi(y) = v>iix) =  o.a

u(0, y) =  0, u(a, y) =  0, u(x, 0) =  A
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satisfying the boundary conditions 
U\r=l =  0, W|r=2 =  Ay.

126. Solve the Dirichlet problem for Laplace's equation in the ring 
Ri <  r <  i?2-

d2u d2u
------- 1------- =  0
dx2 dy2

Investigate the case where R± tends to zero.

127. Find a solution for Laplace's equation in the ring Ri <  r <  i?2, 
satisfying the boundary conditions

du
~dr =  t m ,

r=Ri
«l r - A  =  W ) -

128. Find the solution of Laplace’s equation in the rectangle 
D: 0 ^  x ^  a, 0 y ^  6, satisfying the boundary conditions

u(0, y) = A, u(a, y) =  Ay,
du
dy

du
dy

=  0 .
y=b

129. Find the function, harmonic inside the circular section 
0 <  p <  2?, 0 <  0 <  a, which satisfies

u(p, 0) =  u(p, a) =  0, u(R, q>) =  A<p.

130. Determine the function, harmonic inside a sphere of radius 
1 and which assumes the values <p(0) =  cos2 6 on the sphere.

131. The sides AC and BC of a rectangular plate OACB (fig. 8)
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are thermally insulated. Through the side OA a uniform constant 
flow of heat into the rectangle takes place and through the side 
OB a uniform constant flow of heat into the environment. Find 
then the stationary temperature distribution of the plate.

132. Find a solution u of Poisson's equation

d2u ( d2u
2

in the rectangle D : 0 <  * <  a, — 6/2 <  y <  +  6/2, vanishing 
on the boundary.

133. Find a solution of Poisson's equation

d2 u 
dx2

d2u
'ey2

4

in a circle of radius a with center at the origin, if the solution 
satisfies:

wl r=a — 0*

134. Find a solution of Poisson's equation

d2 u 
~dx2

02 U 
'ey2 =  — xy

in a circle of radius a, and vanishing on the boundary.

U\r=a =  0.

135. Solve the boundary-value problem for Poisson's equation

d2u 82u
dx2 dy2

\2(x2 *— y2)

in the ring a <  r <  b and with boundary conditions 

■ . du
^|r=o — 0, —— — 0.

dr r=b

136. The lateral sides and the bottom of a straight circular cylinder 
of height I and radius R are at zero temperature. The temperature
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distribution of the upper side is a function of r alone. Find the 
stationary temperature distribution inside the cylinder.
137. The lateral sides of a straight circular cylinder of height h 
and radius R are thermally insulated. The temperature of the 
bottom equals zero and the distribution of the temperature of the 
upper side is a function of r alone. Find the stationary temperature 
distribution inside the cylinder.
138. Solve problem 136, assuming that the bottom of the cylinder 
is cooled in air at zero temperature.
139. The lower and the upper side of a straight circular cylinder of 
radius R and height h are at temperature zero. The temperature of 
the lateral side is a known function of z. Find the stationary temper­
ature distribution inside the cylinder.
140. Solve problem 139, assuming that the bottom of the cylinder 
is thermally insulated.
141. The bottom of a straight circular cylinder of radius R  and 
height H  is at temperature wo- The lateral and upper sides of the 
cylinder are cooled freely in air at temperature zero. Find the 
stationary temperature distribution inside the cylinder.

142. Find the temperature distribution in a semi-shpere if the 
temperature of the bottom is equal to zero and the surface of the 
semi-sphere is at temperature u$.

143. Solve the boundary-value problem for the equation 
Av +  k2v =  0

in a sphere of radius R , if the boundary-conditions are 

V\r-R =  f(0, <p).
144. Find the solution of the equation 

Av +  k2v = 0

in the domain D: 0 <  a <  r <  6, 0 <  <  2n, 0 <  6 <  a <  n, 
which satisfies the boundary condition

v\r=a =  v\r=b =  0, v\e=a =  f(r)eim<p9

where m is a positive integer.





Part II

SOLUTIONS AND HINTS

1.

3.

4.

d2U 8u
+  0: l  =  * +  ” =  3* '

d2u d2u du
~ W  + W  + ~ ^  = ° ; * = 2 x ~ y> r‘
d2u ^ du du

- w -  +  (« + ® - t f + p - ^  + cu =  0’ *

82u
+ V  —  f /

\ a F  “
du \
a^) =  0:32

£ =  2x +  sin x +  y, rj =  2x — sinx — y 
1S2w S2w

5. - ^  +  —  +
du 1 du

£ — r/ d£ 2t) dr)d£2 ' c)»?2
I =  a;2 — y2, ?; =  x2.

d2u 2£ du
W ~ V ^ f ~ 0: { =  y s ,n *’
d2w d2w 1 du

~ss*+ W + * i '~ t y ~  '
d2u 1 f  du d u \
dgdrj 6(| — rj) \  0{ ^

=  * +  f ( -  y)# (y <  o).

8. 1 du I du 
d£drj 4rj d£ ^ dr) ^  ̂
d2u d2u

9■ ~ W  + ^ ) i" =  0;

- y -

i =  *•

=  x +  y, r) =  y.

0 ;

y-

I y* (y >  o);

= * -  i ( -  y)*.

#3
= *y, *7 = — . 

y

f =  In (x +  V l  +  x2; rj =  In (y +  V \  +  y2).
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. d2u 2f du x
I0- V -  — p  +  j r i f  = 0: t  = v =  y-

s » \
d£8y S - r i \ d $  to ,) y’

r) =  x +  2 V  — y (y <  0);

d2w d2w 2a — 1 du
- i s r + V - +  - ^ — ^ = a  i - * . v - 2 y / y < y > o).

1 2 . y )  =  <p(# +  y  —  c o s  # ) +  —  y  +  c o s  a:).

13. w(#, y) =  9>(#y) In y +  vK*y)-

i t  +  ^  +
X

Hint: Introduce a new function v, defined by v = x-u.

15. u(x, y) =  -----X ^ L t  where X(x) and Y(y) are arbitrary
x — y

functions.
H int: Introduce a new function v : 

v =  (x — y)u.

(y z \  ( y z \—, — J +  W — * — ); where q> and ip X X)  \ x  X)
are arbitrary functions.
Hint: Introduce new independent variables f, rj and |  defined by

v z
f  =  — , rj =  C =  Z —  y .

X  X

17. u(x, y, t) =  <p(x +  Vant, y + Vazri) +

+ y)(x — V  an t, y — V  amt),

where q> and ip are arbitrary functions.

18. u(x, y) =  (x — y)fi(x +  y) +  (x +  y)f2(x — y) +

+  h(% - y ) +  U{% +  y)>
where f\, fz, and are arbitrary functions.
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19. b2 — ac =  1 — x2 +  y2.

For 1 — x2 +  y2 >  0 the equation is of hyperbolic type, for 
1 — x2 +  y2 <  0 of elliptic type. On the curve x2 — y2 =  1 the 
equation is of parabolic type.

u(x, y) =  (p
/ y  + V \  — x2 + y2
v

V 1 — x2 +  y2 
1 + *

H int: Introduce new variables (z, t) by t2 =  1 —- x2, y =  zt to 
integrate the equations of the characteristic curves

(xy ±  V 1 — x2 +  y2)dx +  (1 — x2)dy =  0.

20. If b± =  &2 =  0, the equation L(w) = 0  has two functional- 
invariant solutions and its general solution is

u{x, y) = y)i(<xix — y) +  v>2(a2* — y),

where xp\ and y)% are arbitrary functions and a\ and a% solutions of 
the equation

a\\ofl — 2^i2a -f- a22 =  0.

If b\ ^  0, 62 7̂  0 and ai =  62/6i the equation L(w) = 0  has only 
one functional invariant solution the general form of which is given
by

u(x> y) — e[au(a2i,1“(,a)(aiX-1/)1/4a — y) +  9>2(ai* — y),

where cp\ and <p2 are arbitrary functions. For the case that the 
equation L(u) = 0  has non-constant coefficients see the paper of 
N. P. Erugin.1

21. Hint: Transform the equation L(u) -f Cu =  0 to the canonical 
form and try a solution of the form u = v-w. See also the paper of 
N. P. Erugin.1

22. Hint: Apply the method of successive approximations. See 
also the paper of N. P. Erugin.1

1 (N. P. Erugin, Functional-invariant solutions of a partial differential 
equation of second order in two independent variables. Scientific Papers of 
the Leningrad State University. Mathematical Series Volume 16, 1949).
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23. H int: Differentiate the equation

( * - y )
82z

dxdy
dz 8z
8x 8y

(m — 1) times with respect to x and (n — 1) times with respect to y.

24. x — y dx [_ x — y J

where X(x) and Y(y) are arbitrary functions.
Hint: Introduce a function v by the substitution

u =  v(x — y)-1.

25. The equation E(a, P) = 0 has special solutions of the form 
(a — x)~a(y — a)~Py where a is constant. Also

v
u(x, y) = f  <p{z){z — x)-<*(y ~  z)~0dz,

X

where cp(z) is an arbitrary function, is a solution of the equation 
E(a, p) =  0.
If Z(a, P) is a solution of the equation E(a, /?) =  0 then Z(a, /?} 
satisfies

(y -  a). (*>
v

The function f  y>(z)(z — where >̂(2) is an arbi-
X

trary function, is a solution of the equation 2t(l — /?, 1 — a) =  0, 
and by (*) we get for the equation E(oc, P) = 0

y
(y  —  x ) 1- * - ^  f y ) ( z ) ( z  —  x y - ^ y  —  z y ^ d z .

The general solution of the equation E(a, P) =  0 is given by
y

u(x, y) =  f  y>{z)(z — x)-*(y — z)-$dz +
X

y
+  (y — ip(z)(z — x)^~1(y — zy ^ d z .

X

After the substitution z =  x{\ — t) +  yt, we find the required 
solution of the equation E(ac, ft) =  0.
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26. H int: Substitution of a =  a' +  w, +  m in the formula
(*) of problem 25 and investigation of the identity

Z(a' +  m, ft' +  n) =
flm+n

8xm8yn Z(a, /S'),

gives

(x -  i - p ’ - n ,  \ - c c ' - m )  =
8m+̂ Z(oc', /S') 

8xm8yn
If the formula (*) is used again, the result will be 

(x — — p  _  n> 1 — a' — m) =

_  d^+n T Z{ 1 — P, 1 — a') "I
_  0*™0y» |_ (* _  yp+ P -1 J ‘

If 1 — /S', 1 — a', n and m are substituted for a , /S', m and n re­
spectively, this becomes Z(a! — m, p  — n) =

m + n+ 1— a '—/0=  (* -  y)

For a' =  |S' =  0 we get

0m+»
8xn8ym

Z ( —  m ,  —  fl) =  (X — y )i»+ n+ l

r  i
L (* -  J ‘

Y(y) j
dxndy'

27. «(*, y) =  — y)i-«f& [x -  2 V  -  y(l -  2f)]<*“a X
0

X (1 -  t)k- adt + / f [ x  - 2 V ^ y ( l  -  20]f‘- , (l -  

(y <  0)

where 0  and ip are arbitrary functions.
Hint: See problems 11 and 25.

28. a) t) =  v V F ^ ln  x — t); 

b) u(x, t) =  e~xF 2 (x2 — £),

where F i and F 2 are arbitrary functions. 
H int: Assume that the solution has the form

u(x, t) =  0(x)F[o)(x) — t\.
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29. a) u(x y, t) =  

with

©ofVcP

p  =  V (t — r )2 — {x — i)2 — (y — rj)2 ;

^  / * Jo(V -  Cp) , V  -  CJ'o(V -  Cp) ,b) «(*, y, z, t) = --------  1----------------------------In p,

with

p = V{t — t)2 - ( x -  |)2 -  (y -  rj)2 -  (z -  £)2.

H int: Find a solution only depending on p.

30. y) =  3#2 +  y2.

Hint: The solution is a special case of the general solution 

u(x, y) = (p{x +  y) +  — y)

of the given equation.

31. u(x, y) =

with

a =  (x +  V l +  x2)(y + V \  +  y2), x +  V 1 +  x2 
y +  V 1 +  y2

32. u(x, y) = <po(x — sin # +  y) +  <po(* +  sin x — y)
+

a:—sin x + y
+  \  f  (pi{z)dz.

x + sin  x —y

33. u(x, y) = l(po{x^y) +  +

. -------  x/ v    xj y
+  x9V f  <po{x)x~!idx — \^ /x 2y f  <pi(x)x~Vidx.

a
x V v

3
x V v



SOLU TIONS AND H IN TS 49

(r — at)(p(r — at) +  {r +  at)q>(r +  at 
o 4 . u \ r ,  t )  = --------------------------   \-

2 r
r+ at

+ —  J py>(p)dP.
r —at

Hint: Introduce spherical coordinates. Obviously the solution is 
only a function of the radius and time. Therefore the wave equation 
reduces to

d2u ( d2u 2 du \
=  a \dr*  +  ~r ~dr)

The general solution of this equation is
, Oi (r — at) +  02 (r +  at)My, t) — ,T

where 0\ and 02 are arbitrary functions.
35. u(x, y) =

i
\ /n  y

m m
j  <Pi[% +  y2{t — *(i — t) i dt +

1

+  r m n i )  f  n [ x  +  y H t  ~  *)]r*(1 “

with

r(s) =  f  e-Bxt-idx for s >  0. 
o

Hint: Reduce the equation to canonical form and use the general 
solution of problem 25 for

a =  J and /? =  f .

_ _ . t ( x  — 2 V  — y) +  t ( x  +  2 V  — y)
36. u(x, y) = ----------------------    (y <  0).

H int: The solution is a special case of the general solution 

u(x, y) =  Oi(x — 2 V  — y) +  02(* +  2 V  — y) 
of the given equation.
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37. u(x, y) =

=  -  2r(2^ (| l ~ ) y)1"a J ’ [ * - 2 \ / ~— y ( l  - 20]<»- X
0

1

X (1 -  ^  ~  ‘j f  t[* -  2 V ^ ( 1  -  2QF"* X
™(* — t) J

X (1 -  t)a~*dt.

Hint: See problem 27.

38. v(x, y) = fy>i(t)F(y(x — t))dt +
0

+ fn(t)F {x(y  — t)) dt +  9>(0).F(*;y), 
o

with

ViW — V>2(x) =
X

=  - ^ j  M r )  -  <0 2( t ) ] F ( t ( t  -  x))dr, F(z) =  J0(2»V*).
0

ipi(x) +  y>2 {x) =
X

=  — [?(*) - *  J y(r)F(r(r -  *))*■].
0

H int: Use the general solution of problem 22. See also the paper ol 
N. P. Eurugin.1

39. u{x, y, t) =  f(x — V a n t , y — V a^t) +
x-t- ^  ant

+  2^/—  J [V aufx(x, y) + V a 22fy{x, y) +  F(x, y)\dx.

x —*J ant

1 See footnote for problem 20.
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Put
l/«22 °1

y =  V — x — 7— •r an  v an

H int: See problem 17.

u(x> y> *) =  x2 +  y 2 +  ian  +  ^22)^-
40. u(x, y) =  4[t (x  + y) +  r(x — y)] — 2y[r'(x +  y) —

x + y
— t ' ( x  — y)] — 2y(v{x +  y) +  v(x — y)] +  6 J  v(t)dt +

x —y
x + y  x + y

+  2y f  vi(t)dt — J  [(x —■ t)2 — y2]v2 (t)dt-
x —y  x —y

H int: See problem 18.

41. T =
2 al 

a2 — v2 ’

with a =  j /  —  and where I is the distance between the pulleys.

42. u(x, t)=<p +  * ( ~ y ~ )  “  ?(°) •

H int: The solution can be derived from the general solution 
u(x, t) =  6\(x — t) +  Q%(x +  t).

( x  +  2 V  -  y \  f x - 2 V - y + l \
43. u(x, y) =  <p11------------------- -1 +  9)2! ----------- -̂----------- ) _

-

Hint: The solution is a special case of the general solution 

u{x, y) =  Oi(x — 2 V  — y) +  0 {̂x +  2 V  — y) (y <  0).

44. u(x, y) =  <pi{x — 2V  — y) — — V  — y^ +

+  n ( ^  +  V' — y^.

H int: See the hint of problem 43.
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45. Solution:

„(*, «>= ,  ( i + i )  _ ,  ■»] +

+  y>(fi(x — *))>

with z = x — f(x) : and therefore x =
Special case:

Hint: Integrate the given equation subject to the conditions:

u(x, t) =  cp (x) on the characteristic curve x — t =  0 ;
u(x, t) = yj(x) on the curve L, with t =  f(x), with <p(0) =  y>(0).

46. The solution
x-\-t

, ,x 9o{x — t) 4- <p0(x +  0 , f , . ,
Ui(x, t) = -------- —-----------h $ J <pi{z) dz

X — t

satisfies the initial conditions. Its values on the characteristic 
curve x — t =  0 are

<p(x) = 9>o(0) +  <Po(2*)
2x

+ \  J  <pi(z) dz.

The solution

( , - t \  « (*  +  ') - w ( — ( * - « ) )
**<*• <) =  'r (T z n )  + --------------------2-------------------

x+1

+  T  I
+

( l  +  k l l - k ) ( x - t )

transforms on the straight line t = kx into y>{x), on the characteristic 
curve x — t =  0 it equals q>(x).
A necessary and sufficient condition that not only u\ and U2
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themselves be equal, but also their first order derivatives on the 
characteristic curve x — t =  0, is

du\ du2
dn dn

where n is the normal to the characteristic curve x — t =  0. 
This is the case when in addition the following condition is satisfied:

<po'(0) +  *<pi(0) =  y)'(0).

47. For values of t, in the interior of the segments ( 0, —----— )
f r  + R \  J , \  a J
I --------- , oo J, the density equals zero.

_ r — R r +  R  , , uo(r — at)
F o r --------- <  t < -----------the density equals u =

and

a  a  ~ 2  y

H int: The problem can be reduced to the integration of the equation

d2u (  d2u 
=  a 2 ( — — 

\d x 2 + ■
d2u d2u

+
d2u \

~d&)dx2 dy2 dz2

subject to the initial conditions

' Uo Ior r < R du 
for r >  R, dt t=o

Use also the hint of problem 34,

u\
f=0= ( o

=  o.

48. Hint: Apply the method of characteristics to integrate the 
equation

d2u d2u
dt2 dx2

subject to the boundary conditions 

u\x=q =  A - sin cot 

and the initial conditions 

du(x, 0)u(x; 0) =  0 ;
dt =  0 for x > 0.

49. Hint: Apply the method of characteristics to integrate the
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equation

d2u d2u-----= a2------
8t2 dx2

subject to the boundary conditions 

du
u\x=0 =  0, —  = 0  (t >  0)

dx x=l

and the initial conditions

w|e=o =  <po(x)> “7 7  =  <Pi (*) ( 0 < x < l ) .ct t=o

The functions qpo{x) and (pi{x) can be continued from the segment 
(0, 1) to the segment (/, 21) by means of the following formulas:

ip0(x +  I) =  (po(l — x)} <pi(x + I) = <pi(l — x).

Now the functions y\ and y% can be defined on the whole interval 
(— 21, 21) as anti-symmetric functions and therefore with period 41.

51. u(x, t) =
aMv o 
yp0S 
0

e iy p o S IM a ') (x -a ty ]  f QV x — at < 0 

for x — at >  0,

where is the initial pressure, S a cross-sectional area of the tube 
and y =  cvjcv.
H int: This problem can be reduced to the integration of the equation

d2u d2u
-----=  a2------
dt2 dx2

{x >  0)

subject to the conditions

- S y p . ^dP

u{x, 0) =  0 (x >  0);

dx 
du(x, 0) 

dt
, du(0,0)

=  0 (x£> 0); = v 0.

52. Because of the symmetry one can limit oneself to the investi­
gation of the string only for x >  0 and one can apply the method
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of characteristics to the integration of the equation
d2u\ d2u±

= a2 - ( x >0)
dt2 dx2

subject to the boundary conditions 
82u±

M-
dt2

dui
=  2 r o —x=0 x=0

and the initial conditions
dui(x, 0) , v d^i(0, 0)

«i(*,0) = 0  (x > 0); — y = 0  ( * > 0); -  VJ  - = y 0-

53. For the first cylinder ^ is a periodic function with period
^  41 T =  — :

a

dt

dui(x, t) 
8t

I — x
Vl for 0 A A 9

a

i(»i +  v2)
1 —  X

< t< 1 +  X
a

a
9

a

v2
1 +  X < t<

31 — x
a

a
t

a

+  w2)
31 — x < t< 31 x

>>
a a

etc.
For the second cylinder we get 

V2 for

du2(x, t) 
dt

0 < t<
I — x

I —  X
\{V1 + V2) „   < t<

a

31 — x
Vi < t<

a

I +  x 
„ —  < t<

a

31 —  X

a

I +  *
a

51 —  X
i(wi +  v2)

a a
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etc. where u\(x, t) is the longitudinal displacement of a cross- 
section of the first cyUnder and u^{xy t) that of the second cylinder. 
Hint: Integrate the equation:

d2u\ d2u\
— — =  ----—,dt2 dx2

d2u% 2 d2U2 
dt2 Z=a dx2 9 where a =

E
P

(E is the modulus of elasticity, p =  the density of the cylinder) 
subject to the boundary conditions

$wi(0, t) du2{2l, t)
dx

=  0 ;

Ml (I, t) =  U2(l, t),

dx 
8ui(l, t)

dx

=  0 ;

du2(l, t) 
dx

and the initial conditions
Ui(x, 0) =  0, U2{x, 0) =  0;
dui(x, 0) du2(x, 0)

54. ----- =  — x) — f'(at +  x)~\
dt

with

f ’(z)= — e -« z- n +  — [1 -  2k(z -  3l)]e-k(z- 3l), a a
k = Eo) 

Ma 2 '

E  is the modulus of elasticity, M  the mass of the falling load, 
o) the crosssectional area of the rod and p its density.
Hint: Integrate the equation

d2u d2u
----- = a2------dt2 dx2

subject to the conditions

w(0, t) =  0, M
d2u(l, t) 

dt2 =  — Eo
du(l, t) 

dx ’
u(x, 0) =  0 (0 <  x <  /),
du(x, 0) 

dt
(0 <  a: <  I),

du{0, 1) 
dt
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55. See the paper of N. P. Erugin.1

56. T(x, y) = e- av- bx[b*fe»t J 0(2iVaby(x -  t))dt +

+  Jo(2*V  abxy)],

6(x, y) =  — ie av bx[b2f  ebt J i(2 iVaby(x — ()) X 
0

x — t bxJo(2iV abxy) ”1
X —  H----------- 7 = = - ----- I.

V aby(x — t) V aJxy J

Hint: After elimination of 8(x, y) we find for T(x, y) the equation

dzT 8T 8T
a ------ h b---- =  08x8y dx dy 

with the conditions

T\x=0 =  e-a*, T\y=0 =  1.
Putting

T(x, y) =  e~av~bxu, £ = ax, r\ =  by, 
we get 

d2u
d̂ drj =  u, m||=o =  1, u\v=o — e{bm.

Use also the general solution of problem 22.

57. u{x,t) = <p(t — — +

with

<p{x) = 0  in (  — — , —Y
\  CL CL J

\  <>) l +  *>«(<) PrAi) +  i \  a )

1 See the footnote for problem 20.
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Hint: Reduce the system of equations of first order to a single 
equation of second order.

(2w +  1 )nat . (2 n +  1 )nxcos---------- ----- sin ----------- —
% 1536 00 I I

58. ulx, t) = ------  S     .
V ' 5 nr 0 (2n +  I)®

(2 n +  1 )nat . (2n +  1 )nx
cos------- ;------- sm ---------------2>2h 00 I I

59. u (x ,t)= -—  S
7L n= 0 (2n +  l)3

with h u (^2 ’

Hint: Apply Fourier’s method to integrate the equation
d2u 82u 

----- = a2------
dt2 " dx2 

subject to the conditions 
u(0, t) =  0, u(l, t) =  0 ;

« fr ,0) , 4 to ((- * ) , ***.<» =  0 (0

60. u(x, t) —

I2
2hl2

8t
°° 1 nnc . nnx nnat
2  —— sin —;— sin —;— cos -

I I In2c(l — C) n= l n2
Hint: Replace the first initial condition in problem 59 by the 
condition:

u(x, 0) =

h

h{x -  I) 
c -  I

for 0 <  x <  c

for c < x  < I.

4voI 00 1 nnc . nn2 . nnat . nnx
61. a) u(x, t) =  — — S  —  sm—-  sin—— sin— — sin— —;n*a n=i n* I 2hi I I

nnc nn2
, sm —— cos ——

, , x 4hvo 00 I 2hi
b u(xj) = - —  S.TrArn d n= 1 n ln2 \

nnat . nnx
sm —-— sm —-—,
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-co , - 8A ~ -  1 » 2n +  1 )nat . 2n +  \)nx
62. u(x, t) =  —-  2  -------—r cos  -----~ ----sin  ----- — 1— .

n* n=o (2» +  l)2 71 71

H int: The problem can be reduced to the integration of the equation

o2u 82u
-----=  a2 ------
m  8x*

subject to the conditions

/ v dull, t)U(0, t) =  0, - 4 ^ -  =  0,ox
hx 8u(x, 0)

8 vl
63. u(x, t) =  — ^ 2

an2 n=0 (2» +  l )2
1 . (2w +  lWatf . (2m + 1W

sin--------------- sin ■
71 71

Hint: Replace the initial conditions in problem 62 by the con­
ditions

. rt. 8u(x, 0)u(x, 0) =  0,    =  v.
dt

64. u(x, t) =  2  I ' 
ra= 0 L

( tf i  COS
(2n +  \)nat 

2/ 1+

+  bn sin
. j (2n-\- \)nat~\ . (2n +  \)nx

71
sin -

71
with

tin
2  . (2w -f~ 1 )tcx

=  y  J f{x) sin ------—------dx,71

bn — (2n +  1 )an / f w
. (2 n +  1 )nx

sin
21

dx.

Hint: The problem can be reduced to the integration of the equation
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subject to the conditions

, v dull, t)
u (0 ,t)=  0, — i ^  =  0 (t > 0);

ox

u(x, 0) =  /(*), 8u^ ’ =  F(x) (0 < * < / ) .

u is the displacement of the cross-section with abscis x; I is the 
length of the rod, p the linear density and E  the modulus of elastici­
ty-

65. u(x, t) = 8 Ql x
—  S  ( -1)*hon* 72,= o

(2n +  \)nat . (2n +
cos------ —------ sin -

21 21
(2 n +  l)2

H int: See problem 64.
z

66. «(*, t) =  y  J  [<poW + +

with

5  ( a
i=i \

njiat . nnat \  nnx
+  S  | «» cos —----- f- £>„ sin —-— I cos - I

I I

«» =  —- I <Po(x) COS Ax, bn =  ——  f ?>i(*) I J I UTtCL J
nnx . 

cos —-— ax.
V

0 0 

H int: The problem can be reduced to the integration of the equation

82u
=  a2

8*u
8t2 8x2

subject to the conditions

8u{0, t) 
8 x ~

= 0,
8u(l, t) 

8 x ~ =  0 ;

u(x, 0) =  <po(x), 8ÛX’ =  <p\{x) (0 < x  < I),ot

67. Hint: Integrate the equation of problem 66 subject to the
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conditions

du{— I, t)
dx dx

u(x, 0) =  —ex, dÛX’ =  0.
ot

O! 4\ Z  (  t*nat , J. • • j««*68. 6 (x, t) =  S  I cos — j---- h bn sin —-— I sin —-—,
n = l  \  I I J  I

IJ <Po(x)an —
2 fj,n +  sin 2 fjin

1*71% jcos —-— dXy

bn —
41

ajun(2 jun +  sin 2 fi

i

T  |V (*)
n )  J

f*nX j  
COS — — dxy

V

where fii, p 2 , /1 3 , . . .  are the positive roots of the transcendental 
equation

i«tg n = y =

H int: The-problem can be reduced to the integration of the equation

8*6 
~8t2"

8*6 1 /  GI■ =  a*— a — I/—— 
8x2 I k

subject to the conditions

x 8 *6 {I, t) n 8 6 (1,
6 (0 , t) =  0, — = —c* v

6 (x, 0) =  <po(x),

8 t2 '  8x
8 6  (x, 0)

r 1 - ‘ - t
GI

dt =  0  <  X  <  I.

0 is the angle of deflection of a cross-section with abscis x ; G is the 
shear modulus, I  is the geometric moment of inertia of a cross- 
section of the cylinder about its axis, k is the mechanical moment 
of inertia per unit length of the rod and k\ the moment of inertia 
of the disk about the axis of rotation.
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69. u(x, t) = Ql_
Ea

0 -
cos- Pn°d

X “  V I____  2a2 y  - __________
. I »=i Pi sin pn{a +

where Pi, p2 , Pz, • • • are the positive roots of

\  . PnX I
j Sm—
«2 + PI) J ’

P tg P =  ct (a =  — Y 
\  m j

H int: The problem can be reduced to the integration of the equation

82u 82u
------ a2-----

8 t z  d x 2

subject to the conditions

_  4 ^ d2u(l, t) ^  duil.t)
u(0, t) =  0, m ----——  = — Ea8t2

/ ^  Qx 8u(x, 0)
= 'e 7 '  - V -  =  °

dx ’

70. u(x, t) =  S  (̂ an cos - +  bn sin ^ — ^jXnix),

with

f  <po(x)Xn{x)dx J  <pi{x)Xn(x)dx
a n — -----1------------

fX*{x)dx
, bn —

^  /X l(x )d x

HnX 2h\l . finx
X n(x) =  cos— ---- h —---- sin—— ,

I T ofin I

where pi, ^ 3, . . .  are the positive roots of

(  p Ah\h<zl\ (  To \
f ^ - )  2\fn +  h 5 /

H int: The problem can be reduced to the integration of the equation

82u 82u
-----=  a2------
m2 dx2
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subject to the conditions

du 2hi
—-------—— u
dx To

du 2h2
=  0, ------ b -7̂ — ux=o dx To x=l

=  0 ;

/ ^  /x dU(X> °) / Vu(x, 0) =  <po(x), — - —  =  <pi{x)

where hi and h2 are positive constants.

nnx
71. u(x, t) =  e u 2  {<*n cos qnt +  bn sin qnt) sin

7 1 = 1  I

] /  r&cfin2* TO
« » =  r — p —  *2’

with
I

2  f  1 \ • ja* =  j  I 9>o(*) sin —j—dx,
0

7 A 2 C , v . wjt# 7
—  (pi(x) sm —— dx. 

q% kJn J *

Hint: Apply the method of the separation of variables to the 
integration of the equation

d2u du------- l  2h----=  a2------
dt2 8t dx2

subject to the conditions 

«(0, t) =  0, u(l, t) =  0 ;

u{x, 0) =  <po(x), dÛ  =  cpi{x).

where h is a small positive constant.

A sin
72. u(x, t) = in(v*)sisin cot

• 60 7sm —  I 
a

+
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2Acoa “
+  - ^ -  s

I n=l 9 /  «w»\
(— I)71- 1 . razatf . raz#

sin —-— sin —-—

H int: The problem can be reduced to the integration of the equation
d2u

=  a2
d2u

(*)dt2 dx2

subject to the conditions
u(0, t) =  0, u(l, t) = A sin cot;

/ r\\ r, dU(X > ° )u{x, 0) =  0, — - —  =  0

The solution can be found by assuming that it has the form 
u = v +  w where w is a solution of the equation (*) which satisfies 
the conditions w(Q, t) =  0 ; w(l, t) =  ^4.sina>^; and where v is a 
solution of the equation (*) with

v(0, t) =  0, v(l, t) =  0 ;
dv(x, 0)

v(x, 0) =  — w{x, 0), 

73. u(x91) =
dt

dw(x, 0) 
dt

(2 n +  1 )jiat . (2 n +  1 )nx
cos--------------  sin---------------

Q 8QI 00 , x 21 21= — %___ —  y  i— \)n __________________________
E n2E nr 0 v 1 (2n +  I)2

H int: The problem can be reduced to the integration of the equation

d2u d2u
-----= a 2------
dt2 dx2

subject to the conditions

du(l, t) Q
u(Q, t) =  0,

dx E ’
t v du(x, 0)

u(x ,0 )= 0 , \  7 ^ 0dt

See also the hint for problem 72.
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74. u(x, t) =

+

aA 
Eco

2dcoA

. ( a> \  .sin I — x 1 sisin a)t

cos-
col +

00 (— l)""1 sm knx
VI 2  ----- 1-----------i----h2T sm ak^>El n=0 kn ft>2 —

. , , (2» +1)^1 , ,with kn = ----- —-----  and a> ^  as».2JL
H int: The problem can be reduced to the integration of the equation

a2w d2u
=  a*dt2 d#2

subject to the conditions

. . dull, £) 4  .
w(0, £) =  0,  =  —  sm cot]

K 9 dx E

^ - O L

See also the hint for problem 72.

75. =

with

cox .
4̂ sm ---- sm co£

«i

_ A(  . coc . coc
P = Al sm — sm------h

\  d \  a 2

£ ia 2 coc —----cos —  COS
COC \
*2 J

J  . COC COC E\d2 .c o c  coc \
+  A\ sin —  cos---------  sm---- cos —  1

\  d \  &2 E ^ d l  #2  #1  /

+  ^sin

cox .
sm---- sm cot -f

U2
cox .

cos---- sin cot;
<*2

coc coc E \ d 2  . COC ft)CN\ <ol
— cos----------- — ------sin ------COS COS---------h
a i U2 £-2^1 d 2 «1 J1 d 2

coc . COC E \ d 2 COC (OC'\ . colsin--------- 1- — ------cos ------COS sin — .
a i d 2 d l «2 ,/  d 2
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H int: The problem can be reduced to the integration of the equation
d2ui 2 d2u±

—  (° < * < c);dt2
d2U2
dt2

=  a d2U2 Et
2 - 5-5- { c < x <  I), with a? =  —

OX* P i

subject to the conditions
ui(0,t) =  0, U2 (l, t) = A sin cot;

, f 4\ IT 8 U l(C> IT dU 2(C’ ^Ui(c, t) =  u2{c, t), E 1 — ——  = E 2
8x dx

A solution can be found by assuming that there are solutions of 
the form

u\(x, t) = Xi(x) sin cot, U2 (xy t) = X 2 {x) sin cot. 

gx(2l — *)
76. u(x, t) =  

16gl*
2«2

1
n3a3 re=o (2w +  l)3

(2n -f- 1 )nat . (2n +  1 )nx
■ cos-------- ------- sin -

21 21

where g is the constant of gravitation.
H int: The problem can be reduced to the integration of the equation

82u =  a2
82u

+ g (*)dt2 dx2

subject to the conditions 

^ du(l} t)
u(0y t) = 0y y  } =  0;

ox
, dulx, 0)

u(x,0) =  0, — — = 0.

Assume that the solution has the form u = v +  w, where v is a
solution of the inhomogeneous equation (*)
with

8v(l, t)
=  0v(0, t) =  0, 8x
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and which has the form Ax2, +  Bx +  C; w is a solution of the 
homogeneous equation, which satisfies the condition

w(0, t) =  0,
dw(l, t) 

dx

w(x, 0) =  — v(x, 0),
dw(x, 0) 

dt
dv(xt 0) 

dt '

__ . . 00 / _ x . nnx77. u(x, t ) = 2  (an cos cont +  bn sin (ont) sin— ---- \~
71=1 I

+  s
fn . . , . . . .  nnx

(co sin (ont — cow sin cor) sin I 9
with

7i=l cow(co2 — co*)

; ?
2  f  / \ • , , 2  f  .an = — \ <po(x) sin —— dxy bn =   yAx) sin ——- dxf
/ J t flTld J I

0 0 
I

/» =  — J /(*) sir
nnx ann

sm —— dxt (on — —-— t L

Resonance will occur if the frequency co of the applied external 
force corresponds with one of the characteristic frequencies

an±n
coM = I

of the string.
When resonance occurs the solution has the form

f n\nx
«(*> t) =  ~ ^ r f  (sin (onit -  to)ni cos a>nit) sin— -----

7 7 . . . nnx
+  2  \an cos cont +  bn sin (ont) sm —----- \~

7 1 = 1  *

+  S '
fn

71=1 o ) n (o) 2 —  co* )
(co sin a)nt — (on sin cot) sin

nnx
~ T 9

where the prime indicates that the summation is only over terms 
with n ^  n\.
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H int: The problem can be reduced to the integration of the equation
d2u d2u .

=  a2 +  / (*) sin cotdt2 dx2

subject to the conditions 
u(0, Z) =  0, u(l, t) =  0, 

du(x. 0)
u{x, 0 ) — (po{x),   —  =  <pi(x) (0  <  X  <  I ) .

dt

78. m(*, t) =  ~  ©in Z — ©in ^ +

2b 00 (— l)w razatf . nnx
H------— 2  --------- cos—:—sm-a2n n- 1 w 

26^ ©in I n
S  ( -  2 2 , 72

n = l  W % 2 +  Z2

WTiaZ . njr#
cos ’—;—sin -

I I

Hint: A solution can be found by assuming that it has the form 
u(x, t) =  v(x) +  w(x, t)y where v(x) is a solution of the ordinary 
differential equation

a2-v"(x) +  6*©i n x  =  0

with boundary conditions tf(0) =  v(l) =  0 ; w is a solution of the 
equation

d2w = a2 d2w
dt2 dx2

with conditions
w(0, t) =  0, w(l, t) =  0,

w(x, 0) =  —v(x, 0), M j : 0) - 0.
dt

bx
79. u(x, t) = ---- — (a;3 — 2^2/ +  /3) -f-

(2m +  1 )nat . (2m +  1)m#
cos------- ;------- sin------- ;-------

8Z4 00 2 /
+  - v  Sn=0 (2 m +  1)5
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80. u(xy t) =  A ©in b(l — x) 
©in bl

_ , °° 2kn /  „ u \  . knx
~-2Ae ** S  \ Q7o , L0.o ( n^  +  T  ©m nk t) smfc=i b2l2 +  &2̂ 2 I 9

with

fi = —T, nk = ~ — V h 2l2 -  a2(b2l2 + k2n2).a2l

81. Hint: The problem can be reduced to the integration of the 
equation

d2u d (  d u \
=  a2 —  ( x ----] +  w2w with a =  \/g

d x \ d x )  V6

subject to the conditions

u(0, t) is bounded; u(l, t) =  0

u{x, 0) =  f(x), =  F(x) (0 <  * <  I).

82. «(r, t) =  8A £
n= 1

i? )  ^
/4 J i W  C°S -R '

where/^1,^ 2,/43, . • • are the positive roots of the equation Jo(ft) =  0. 
H int: Apply the method of separation of variables to the integration 
of the equation

d2u 1 du 1 d2u
dr2 r dr a2 dt2

with conditions:

u(0, t) is bounded; u(R, t) =  0;

u(r, 0) =  A ^1 — 8Û ’t =  0. with A =  const.
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For the determination of the coefficients in the series expansion 
the following formulas are useful.

f  t ] o ( t ) d t  =  x]i(x),
0

=  2x2J 0(*) +  (*3 -  4*)Ji(*).
0

2 00 /  h \
83. u(r, t) =  — S  e“w( cos qnt ^---- sin

7 1 = 1  \  /

Jo

* J  l(t*n)

RJ f*p(p)h
0

dp,

with qn =
V- i?2

— A2 and where pi, pi, . . .  are the positive roots

of Jo(j«) =  0.
H int: The problem can be reduced to the integration of the equation

82u M oI/c>2w 1 du \+ 2h— = a21[ ^------ — )
du
~8t \  dr2 dr J

(h is a small positive constant) 
subject to the conditions:

u(0, t) is bounded, u(R, t) =  0;

u{r, 0) =  <p(r),
8u(r, 0) 

8t

84. u(x, t) =

1
7 s  — i * r ~\— cos V 7 71=1 J i ( ^ w )  2  y l

iJ /(*)Jo^»«
0

where pi, p%, . . .  are the positive roots of Jo(/j) =  0.
H int: Integrate the equation for the small vibrations of the string
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subject to the conditions

u(0, t) is bounded, u(l, t) =  0 ;

u(x, 0) =  f{x), ~ ~  =  0.

R

85. u(r, t) =  J J(p) + tF(p)]pdp +

an —

bn —

I £  (  l*n a t , l  ■ t1nUt \  T ( W  \+  2  (a„cos ——  +  J „ s in ——

R

j p m h ( — - y P-,

where [ii, {jl2, . . .  are the positive roots of Ji(^) =  0.
H int: Take the axis of the tube as 2-axis and transform the equation 
for the vibration of the gas to cylindrical coordinates r, cp, z. Find 
now the solution of the equation

d2u 1 du 1 d2u
dr2 r dr a2 dt2

which satisfies the conditions:

du(R, t)ulO, t) is bounded,---------- =  0 ;
dr

u(r, 0) =  f(r), dU{T’ 0) =  F(r), 0 < r < R .  ot
oo

86. u(x, t) =  2  Van cos V 2n(2n — 1 )at -\-
n=  1

+  bn sin V 2n(2n — \)a(]P2n-i
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with

an —
4n — 1 

I

iJ f(x)P2n -l{~ [Sj dx] 
0

bn

where

■ 4n 1------  f  F{x)P%n- i( ^ - \d x .
V2n(2n — 1 )-al J \  I J

P*{x) =
1 d* 

2kk\ ~dx* [(* » - 1)*]

are the Legendre polynomials.
H int: The problem can be reduced to the integration of the equation

{I2 -  x2)
1 82u co

U =  "\/2

subject to the conditions

w(0, /) =  0 ; «(/, t) is bounded;

u(x, 0) =  f(x),
8u(x, 0)

a/ =  *(*)•

87. Hint: The problem can be reduced to the integration of the 
following equation

82u 1 du 1 82u
8r2 r 8r a2 8t2

P
Y '

subject to the conditions

u(0, t) is bounded; u(R, t) =  0;

u(x, 0) - 0,
8u(r, 0) 

8t

To determine the coefficients in the series expansion compare 
with the hint for problem 82.
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88. u(r, t) = a 2 P 0

T o 2

>•(?) -  1 sin (ot —

2aPo(oRs
nnat ( finr \

t  „tr, -  « v s j ; m  ’
pi, f*2> p3, . •. are the positive roots of the equation Jo(/*) =  0. 
H int: The problem can be reduced to solving the equation

d2u ( 1 du 1 d2u Po sin cot
+  V  — I fi ~ W = T

where the following conditions are imposed: 
u(0, t) is bounded; u(R, t) =  0;

„ ( , ,0) - 0. ^ -  =  0 .

The solution of the equation can be found using the form u= vJr w, 
where v is a solution of the inhomogeneous equation (*) and satisfies 
the conditions:

v(0, t) is bounded; v(R, t) =  0.

Choose for v the form B (r) • sin cot; w is the solution of the correspond­
ing homogeneous equation and satisfies the conditions

w(0, t) is bounded; w(R, t) — 0 ;
dw(r, 0) 8v(r, 0)

w{r, 0) =  —v(r, 0),
8t 8t

See the hint for problem 82 for the calculation of the coefficients 
of the series expansion.

. (2n +  1 )nx . (2m +  l)7ry
A,.  s in --------------- sin-------- --------

tAAb4 00 b b
89. u(x, y, t) =  ——— S  —

n,m =  071°

X cos V (2n +  l)2 +  (2m +  l)2

(2n +  1 )3 (2 m  +  1)3 

ant

X



74 SO LUT ION S AND HI NT S

Hint: The problem is equivalent to solving the equation

)02u ( 82u d2u '
<W —  +m  " \dx* 8y2

subject to the conditions

« U = 0  =  u \x=6 =  U\y=Q =  u \y = b  =  0 ,

du
w|t=o =  Axy{b — x){b — y),

8t
=  0.

t—0

90. u(x, y, t) =  ~
4A y>kr ( L

\ 2  ’ ~ 2 )
UTClfll Jc,v= 1 [Akv

V>kv{x, y) sin [Xkvnat,

. . . knx . vny
with y>kv(%, y) =  sin —— sin----- , /ujcv - / ( t ) ■ + ( - ) ■I m

H int: The problem can be reduced to the integration of the equation

0% „ (  0% c% \  
=  a ^  +dt2 \ dx2 dy2 

subject to the following conditions 

^ | z = 0  =  M\x=l  =  2/=0 =  ^ 1 =

=  0, but for a sufficiently small environment,  vu(x, y, 0) =  0, —
t=0

of the point ( I m \
V T >

91. w(r, 0, 9?, £) =  eimq> S  cos kjvt +  6̂  sin kjVt)vVj(r, 0),
7>=1

with

x Pfc.»(cosfl), p , fflw  =  ( i - * r dmPu{x)
dx*

Pu{x) are the Legendre polynomials, and h, h y h, . . .  are the real
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roots of the equation 

*\m(cOS «) =  0 
and ki, kz, k$, . . .  are the real roots of the equation 

Y l+i(kb)Jl+i(ka) -  J l+i(kb)Yl+i(ka) =  0,
b a

apj =  ~ j2~ J  J  <P(r> Q)v'Ar> % 2 sin QdrdB,
^  a 0

b a

=  y- J J <pi(r, 0)vVj(r, d)r2 sin ddrdd,
** a 0

Alj = f f  v^(r, d)r2 sin ddrdd.
a 0

Hint: Introduce spherical coordinates r, 0, <p and look for a solution 
of the form

u{r, 0, <p, t) = T(t)v(r, 0, cp).

Substitute this in the wave equation and separate the variables. 
There follows:

T"(t) +  k2T(t) =  0,

d2v 2 dv 
+  — ~  +

1
dr2 r dr r2 sin 0 36

(  . „ dv \  [ sin 0 —  )
V *>)

+

+
1 d2v

+  k2v =  0.
r2 sin2 0 dcp2

We write the solution of this equation in the following form: 

v{r, 0, <p) =  eimq,R(r)P(6).

92. u(x, t) — 2  f ^ n
n = l  \

n2n2b , n2ji2b
cos— - — t +  B n sin —- — t

I2 I2 ). nnx 
sm— :

2 f , . . nnx 21
=  -j-J WW sin dx> B n = n2n2b J <Pi(x) si

nnx 7 
sm —-—
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H int: The problem can be reduced to the integration of the equation

d*u
+  *

d*u = 0
dt2 dx4

subject to the following conditions 

82u
u  =  0,

dx2 =  0 for x =  0, x = I and arbitrary t >  0 ;

u(x, 0) =  <po(x), 8u^ ’t -  <pi{x).

93. Hint: The problem can be reduced to the integration of the 
telegraphist equation

dV r M-----= R I +  L — ,
dx ^ d t

with the initial conditions

dx C
dV
~dt

V(x,0) =  E, I(x, 0) =  0 

and the boundary conditions 

F(0, t) =  0, 1(1, t) =  0.
07? oo

94. /  =  S
IL »=o vn

cos-
21

V = E -  —  e-<**'2i> S  C <W  dn (2” +  -
71 n= o 2w 4 -1  21n=o 2w 4- 1

^ . e- ( T O  y  siny»* (2w +l)tt*
ttL n=0 V„(2« + 1 )  2/

with
_  ] /  (2» +  1)2^ fiT  

'  4Z2CZ, H 2"'

Hint: The problem can be reduced to the integration of the first 
order system

8V_
dx

= R I +  L ^ ~ ,  
dt

a / = c i F
dx dt
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with boundary conditions 
I ( U ) =  0, V (0, t) = E 

and initial conditions
/(*, 0) =  0, V(x, 0) =  0.

In order to solve this, p u t:
(2 n +  1 )nx

I(xt t) =  S  Tn(t) cos
71 = 0 21

, s -r, 00 _  . .  . (2 n  +  \ ) tixV(x, t) = E +  S  r*(/) sin V- - ~r  — .
n=  0

A/ 00 / i\n
95. „(*,*) = _Z_ Sjr2 n=o (2w +  l)2

(2w +  l):rc# 
Z

8c
96. u{x, t) = —  S

1 e-[(2»+l)***a*/l,]< x
7T3 n=0 (2^ +  l)3
. (2n +  \)nx

X sin--------------- .L
R

97. u{r, t) — —  £  e- (nW/B,)< sin f p/(p) sin dp.
s\.Y n —l JK J

H int: The problem can be reduced to solving the equation
dv

= a2
32v l /  kwith v = ru, a — 1/ —

I cpSt " dr2 

subject to the following conditions
fl(0, 0 =  0, v(R, t) =  0, v(r9 0) =  rf(r). 

98. u(x, t) =

P 2 +  i*l2
=  T  S

 ̂ »=i P(P + ! ) + ; “»
e (vjaniv). ĝ n sin— — dx,

I J I

p\> pz, p3, • •. are the positive roots of the equation 

tg n = — p =  HL >  0.
p
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H int: The problem can be reduced to the integration of the equation 

du „ d2u
= a2

dt dx2

with the conditions

du hu{0,t) = 0, —  + Hu\x=l = 0, H = — > 0, u{x,0)= f{x).
OX k

i l • ftnXfin cos —— +  p sin ——
99. u { x , t ) = -  S  , ,------

I n=  1 P(P +  2 ) + ^
with

i

i» =  J /(*)(,fin cos —-----1- p Sin - y - ^dz;

[Ai, //2, ^3, . . .  are the positive roots of the equation

u p . , h ,2 ctg fi = ---------, with p = — I.
p fi k

H int: The boundary conditions have the form

dw dw
-------H u \x=o =  0, —  +  Hu\x=i =  0.
3a: 3a:

100. u(r, t) =  —  S  ■ ^  +  e-(^aHIS*) sin ^  x

R

X Jp/(p) sin— -ip ,

where ^ 2, . . .  are the positive roots of

tg A* =  --£ -*  ^ =  M - 1 > - 1 .
P

Hint: The second boundary condition in problem 97 must be
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replaced by the following condition
dv  

~dr

101.

with

oo
u(x, t) =  4«o E

n— 1
sin ftnR — finR cos finR 
f*n{4finR — sin 4pnR)

tg 2finR =
2finR

1 - 2 h R '

sin fxnr ^aH
C 9

Hint: The problem can be reduced to solving the equation 

d2u  2 /  d 2u  2  d u  \

~ w = a v " P “ +  v  I * )

where the following conditions must be satisfied:

d u
u ( 0, t) is b o u n d e d ,------1- hu\r=2R =  0;

u{r, 0) =
J «o for 0 <  r <  R,
{ 0 for R  <  r <  2R.

102. u(x, t) =  «0 +  2  «»e a2A”2< cos
7 1 = 0

with
t

(2n +  1 )nx 
an =  — | cos------ —-------0# -

=  T  I  ^ +  1)

Xn —
(2w +  1)tt 

21

H int: One can reduce the problem to the integration of the equation

d u  d 2u
----— a2 — ;r

dt  d x 2

subject to the conditions

du{0, t) 
dx

u ( l ,  t) = Uq, u (x , 0) =  <p(x).
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The solution is found by means of the assumption 

u(x, t) = u0 + v(x, t), 

where v(x, t) is to be found.

2l*A °° e ~ (nW aH IP ) tl7l%
+  - v ^ r  2  -------;----- sin-

+

7i2a2 n=i rfi I

H int: Find a solution in the form of a sum of two terms

u(x, t) = u\(x, t) +  t)>

where u\{x, t) is a solution of the equation

dui _ d2ui
----- =  a2-----r-dt dx2

which satisfies the following conditions

*i(0, t) =  A t,  m { l,  t) =  0,

and U2 is a solution of the same equation with the conditions

0, t) =  0, u<z(lf t) =  0, U2 (x, 0) =  — u±(x, 0).

104. u(x, t) = A ^ 1 ----—̂  sin cot

2coA
sin I

71 n =  1 ^

Hint: To solve this problem, put

u(x, t) = A ^1 — ^  sin cot +  v(x, t), 

where v is a solution of the equation

I e (nnall)*r CQS
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and satisfies the following conditions

v(0, t) =  0, v(l, t) =  0, v(x, 0) =  0.

105. u{x, t) =  4(1 — e~at) ^1 — - +

oo i p z +  „ 12

+ 2A* S ----- -̂ TrXTV'Z —» ‘^a-S------ is x»=1 fin P\P +  l ) + / i »  — <̂ 2
X [e-(a""/i)!( — e“a(], 

where /n, /*2, • • • are the positive roots of

tg /i =  -  -  (P = H l>  0).
P

Hint: If /) is the solution, put:

u{x,t) =  4(1 - y ~ - ^  +  «.

where co is a solution of the equation
dw n d2w f  Hx \
---- =  a2 — -  -  Aae~al 1 -------------
dt dx2 \  1 + p J

which satisfies the conditions

w(0, t) =  0, —---- \~ Hw\x=i = 0, w\t=o
dx 0.

106. —  + - ) - > * ]  +

2bR3 “
+  “ 5— 2

s m  p n —  p n COS / in  e _ (#,.w / I P )  ^  W

a2r nfi filifin — sin pn cos pn) R

where pi, pz, pz, . . .  are the positive roots of the equation

tg p =  — P =  HR — 1 >  0.
P

H int: The problem can be reduced to the integration of the equation

dv 2 d2v— &2 —rdt dr3
(v =  ru) (*)
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subject to the conditions
dv (  \ \

» ( o , o = ° .  - * + ( * - * - ) » = RHbt
r=R

(**)

v(r, 0) =  0.
By means of the assumption v =  v\ +  the solution is obtained. 
V\ is a solution of the equation (*) and satisfies the conditions 
(**); V2 is a solution of the same equation, however with the follow­
ing conditions

dl)2v2(0, t) -  0, +

1>2(r, 0) =  — t>i(r, 0). 
a2q (

107.

2 qR

( h  -  ± ) , 2 =  0.
r=R

_  3*2

6a2 ) -

S  < o1)n. cos— e-<”w '«,)<;
n* Rkn2 n=i

where k is the coefficient of heat conduction.
H int: The problem can be reduced to the integration of the equation

du
=  a2

d2u
dt dx2

subject to the following conditions
, du , du

= °, -  k —  +  q
x= -R  OX

=  o.
x=R

8u(0, t) 
dx

= 0,

u(x, 0) =  0.
b b

«i ©in — x — Mo ©in — {x — I)
108. u{x, t) = ---------------   ---  1-

©in — I a
— ( — l ) BMi —  Mo „  .2  n ------~ ------  e~a X*n sin

271 nnx
12 »=i I +
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w ith
n2n2 b*_

n 12 +  a2 '

H int: The problem can be reduced to the integration of the equation

subject to the conditions

u(0, t) = uo, u(l, t) =  u\, u(x, 0) =  f(x).

Here k, h are the coefficients of heat conduction, resp. heat ex­
change; c, p the specific heat resp. linear mass density of the rod; 
co, p the cross-section resp. perimeter of the rod.
The solution follows from the asumption u = v +  w, where v is a 
solution of the equation

and satisfies the conditions 

v(0) =  wo, v(l) — ui, 

and w is a solution of the equation (*) and satisfies the conditions 

w(0, t) =  0, w(l, t) = 0, w(x, 0) =  f(x) — v(x).

oa2 ——----b2v — 0
ax2

b ©in — (/ — x) +  Ha ©in — (/ — x) a a

a a

fin is obtained from the equation
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Hint: The problem can be reduced to the solution of the equation
du

~dt = a2
d2u
dx2 b2u (*)

subject to the conditions
du

u(0, t) = uo, —---- b Hudx x=l
=  0, u{x, 0) =  0.

For the solution we put u =  v +  w, where v is a solution of the 
equation

~ d2v
dx2

_  b2v =  0

which satisfies the following conditions 
dv(l)

v(0) = u0) +  Hv(l) = 0;
dx

w is a solution of the equation (*) and satisfies the conditions
dw

w(0, t) = 0 , ------ b Hw
v ' 0*

110.
~aT

=  a2

0, 0) =  —v(x).

hpd2u k

Here 6 is the length of arc; k, h are the coefficients of heat conduc­
tion resp. exchange; c, p the specific heat capacity resp. linear 
mass density; and a, p the cross-section and perimeter of the rod, 
uq is the temperature of the surrounding medium.

u(Q, t) =  e M[a0 +  S  ian cos nO + bn sin nO)e n a
n - l

with
71 71

ao =  —— I f(d)dd, an =  — f  f(6) cos nddd, 2jc J n J
— It —71
7t

bn =  — f /(0) sin nddd. 
n J
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111. u(x, t) = ~  1

U
n

e-([((2»+i)W)/j*]+&v (2 n +  \)nx

, , + „ m + , T ~ +

b bx
u0 ©in — {I — x) +  «i ©in —

& CL

+ ----------------7 “ ------------------ +©lit ---a

+  2a«* 5  ” - 9 l̂ 1 e- « ^ +w > ^ s in — .n==i n2n2a2 +  &2̂ 2 /

H int: The problem can be reduced to solving the equation

du d2u
—  =  a2 — ----b2u -f d
dt dx2

(a2 = — , b2 =
V cpco cpco*a

subject to the conditions

w(0, *) =  w0, w(/, *) =  wi, u(x, 0) =  0.

Here I  is the current intensity, a the electrical conductivity and co 
the cross-section of the conductor.
The solution can be obtained if we write w = v +  w, where v is a 
solution of the equation

d2v
a2 ——  — b2v +  d =  0 

dx2

which satisfies the following conditions 

v(0) =  w0, v(l) =  wi; 

w is a solution of the equation
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and satisfies the conditions

z»(0, t) =  0, w(l, t) =  0, w(x, 0) =  — v(x).

112. u(r, t) =  «0
Jo ( • £ ' )  . . .

1 +  2 s  — w ~ r e'n= 1 ^nJoV̂ nj
!R*)t

where pi, pi, pz, . . .  are the positive roots of the following equation 
JoGu) =  0.
H int: One can reduce the problem to the integration of the equation 

du /  d2u 1 du \
~ d t= a  + ~r J

where the following conditions we have to be satisfied: 

u(0, t) is bounded u(R, t) =  m0» uir> 0) =  0.

113. u(r, t) =

=  ^ r  2* 2 “ i ^  +  m m
X

Jo I

0
where pi, pz, ps, . . .  are the positive roots of the following equation 

pj'0(p) + HRJo(p) =  0.

H int: The problem can be reduced to the integration of the equation 

du ( d2u 1 du \
i r = a  { ~ d * + T i r )

where the following conditions have to be satisfied: 
u(0, t) is bounded 

du
—  + Hu =  0,
dr r -R

u(r, 0) =  f(r).
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114.

u(x, t) =

E k i a i U ° A i  (1 _ e sin (o <  X  <  i ) ,
j= i w

AiaiMo-4< . sin a.\fj,£
E ■ '  * " * (1 —e w,<) . sjn a2(ij(l—x)

1=i W sin azfi(l—f)

(f <  * <  /)•
Here the fij are the roots of the equation 

0i&i ctg +  azk2 ctg =  0,

and the A j are determined by means of the normalisation
i I

cipif X\jdx +  cm /X%dx  =  1, 
o {

X ij  =  Aj sin aifijX, 

X „  =  A ,  S in a w f
sin a2fJLj(l — f)

sin a2juj(l — #).

The condition for the orthogonality is 
i i

c\pif XijXikdx C2p2 f  X 2 jX 2 kdx =  0 (; =£ k).
0 6

H int: One can reduce the problem to the integration of the equations
„ du d2ua \----
1 dt
o du

dx2
(0 < x <  *),

dt
d2u

=  T T  ( * < * < / ) ,d#2

a ? =  C<P< (*'= 1.2)

where the following conditions have to be satisfied: 
u(0, t) =  m0, m(/, /) =  0,
M(f — 0, <) =■ M(f +  0, *);
, — 0, t) , +  0, t)K\ ---------------  =  K2 ~dx dx

u(x, 0) =  0.
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2 00 r115. u =  — S  ©in
* n=  1 L

— y)
Z

1J <Po(X)
. rar# 7 

sin —-— dx -f

nnx
;  -1 sin —r~nny f . x . wrc* , \ I

+ ©tn —  <pi(x) sin —— d x ----------------bI i  I I nnm
0 ©in — —

+ —  i  e-«*^/w+w»*a‘s in -^ sin -^ - x
Zm u.v= 1 I mfi,V = 1

I m

X J J > -  - T i [ e i n « J ^ , sin^ , f +
00 0

+  ©in-— - j* 9>i(f) sin ------- -I J I J WJ1

sin
nnx

i

©in
nnm

i

X

. unx . rjry
X sin—— sin-----a*ay.

I m
Hint: The solution can be obtained by writing u =  v +  w, where 
w is a solution of Laplace’s equation

d2w d2w
+ =  0dx2 dy2

and satisfies the conditions 
w{0, y) =  0, w(l, y) =  0, 
w(x, 0) =  <po(%)> w{x> m) = 9°iW

v is a solution of the equation 
dv ( d2v d2v \

~df = a

which satisfies the following conditions 

w|*-0 =  w|*-J =  v\y=o =  v\y=m =  0, 
v(x, y, 0) =  f(x, y) — w(x, y).
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116. u ( r , x , t ) =  s  A knJo(fj ,k ^ - )
k ,n =  1 \  K J

with

ĈOS—  +  A  si 
K I Vn I )

2., 2
I i?

I R ^ l  + HR){j>(p +  2) +  ,*] x
0 0

T ( ^ r \ (  v n x  > $  • v ” x  \  1  1
x  +  - S“ —

where \x^y ps, . . .  are the positive roots of the equation

a*j ; m  +  «?joc») =  °»

and ri, r2, ^3, . . .  the positive roots of the equation

2 ctg v = —------ —, p = HI > 0.
p v

H int: The problem can be reduced to the integration of the equation

du ( d2u----=  a21 -——
dt \  dr2

02W 1 0W #2« \
dr2 r  dr ^  dx2 /

subject to the following conditions:

du du
-z----- Hu \z=*o =  0, —----- h =  0,
dx dx

du
u(0, x y t) is bounded,------\~ H u \ r=R =  0,

dr

u(r,  x,  0 ) =  / (r ,  x).

117. u ( x , z ) =  S  x4n e_|W <pn(x),
n =  1

, , (x* 6*5\ /*5 26a:’ 252x9\
9n\[x) =  x  -  A *^- -  —  J  +  K ^  ~  -y p  +  “ 9P | +

with
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The Am are the roots of the equation

1 — JA +
17

1440
A2 -  . . .  =  0,

An
/ ( I  — X2)<pn(x)dx

j>______________

/ ( l  -  x*)<pl(x)dx

118. Hint: See the article of N. P. Erugin.1

nnx

119. u(x, t) =

with

„ . S  ”A n sin —— e - (aW/z,)< 
2a2n n=i *

I nnx
A q +  S  A n  COS

71=1 y

I I
I f  2 f nnxA0= J I 6o{x)dx, An =  y J 0o(*) COS ——  da:.

o o
Hint: 6(x, t) is a solution of the equation of heat conduction

80 „ 8*6
—  =  a2-----.
8t 8x*

Then
0X

u(x, t) — — 2a2 ——
0

is a solution of the equation

du du o d2u
----.+ u -----=  a2 ——.dt dx dx2

It follows from equation (2) that

( i )

(2)

6(x, t) =  C(l)e- '1» / “,f’w ,

1 H. II. EpyrHH, 3aMKHyToe pemeirae napadojimiecKOft rpaHinmofi 
Heo^Hopo^HOfi aatfara. IIMM, t. XIV, bmii. 2, 1950. (N. P. Erugin; The 
closed solution of a non homogeneous parabolic boundary-value problem).
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and for t  =  0

0(x, 0) =  c0e-<1/2a8V ^ 0)dl =  00{x). (3)

By means of the boundary conditions in this problem and from 
equation (2) we obtain

ex(0, t )  = ex(l, t) =  0. (4)

In this way we get the solution of equation (1) with the conditions 
(3) and (4).
When this problem is solved, the solution of the posed problem is 
found by means of formula (2).

oo

120. «(*, t) =  — —  f m  _  e - t dS.
T d ' s j n t  J  

o
oo

121. u(x, t) = ----—  f {/(f) [e-[(x- f),/4aSfl -  e-[<"+W^«] _2a y / n t  J  ( 
o

-  2he~hi J eft" J d£. 
0

H int: Integrate the equation

du 0 d2u
—  =  a2 -----
dt dx2

subject to the conditions

du
"dx

hu\x=Q =  0. u{x, 0) =  f{x).
OO

122. u\{x, t) =  U°a f  e- '1* dfi (x <  0) ( a =  
1 +  o  J \

-(X/201VO

\
k\U2 /

x / 2 a t \ / t

u2{x, t) = (X > 0).
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H int: The problem can be reduced to the integration of the equation

du± „ d2u±
-----=  a i-------
8t 1 8x2 (x <  0);

du2 o
-- 9̂$  2 a*2 (* <  0);

I
ctpt

(* =  1, 2)

where the conditions

ui(0, t) = u2(0, t), ki
dui(0, t)

8x
u\{x, 0) =  0, u2(x, 0) =  uq

k2
du2(0, t) 

dx '

have to be satisfied.
Here the c* are the specific heat capacities, ki the coefficients of 
heat conduction and pi the linear mass densities of the rods.

b

123. u =  y  2^ ——  j  <po(y)
0

. nnx f , v . nny , 1 +  ©tn ——  I <pi(y) sin - j - d y

sin

sin

nny
I T

nny

©in
nna

dy +

+

, 2 ~ V nn(b — y) C . . .  nnx
H-----E © tn-----------------  y>o(x) sm -----dx +a n=il_ a J a

o
. nnx

* _ sm ----- -
, nny f  . . .  nnx | a

+  ©tn-----  wi(x) sm ----- dx -----------a J a J nnb
o © tn-------a

H int: Solve the problem in two steps.
1. Find a harmonic function u\(xt y), which satisfies the follow­
ing boundary conditions

*i(o, y) =  <po{y)> ui(a> y) =  n(y)>
ui(x, 0) =  0, ui(x, b) =  0.



SO LU T IO N S  AND HI NT S 93

2. Determine a harmonic function u2(x,y), which satisfes the 
following boundary conditions L .

u2{0, y) =  0, u2(a, y) =  0,
u2(x, 0) =  y)0{x), u2(x,b) =  y>i(*).

Now the function u(x, y) =  y) -f u2(x, y) is a solution of the 
given Dirichlet problem.

Sin ^ l A  . .. . _ a . nxu(x, y ) = B ------------  sin------- \-
nb a

©m —  a

SAb*
— r  ^  'n6 m*=0

@ in (2 n  +  l ) n ( a  ~  X)

b
(2n +  1)3 “

sin

©in

(2n +  1 )ny
b

(2n +  1 )na 
b

124.
oA 00 1 

u{x, y) = -----  2  — t~ (nn,a)v
& n — 0 ^

. nnx
sin----- .

a

125. u(r, 6) = 8A
T ©in ln y  sin 6.

H int: Introduce polar-coordinates. 

126. u{r, 6) =
*<2) _  „<!)

In r +
a ^ ln f la  -  a<2>lni? i

+

+  s
n =  1

In Rz — In Ri In R% — In Ri

(«{" R ;n -  Ci™R;n)r» -  (a^R -  -  oc^Ryr-n
R”R i n R i nR^ COS ltd +

, (&1)* P  &2)* r > “ ( / W  ~  ^ ) r ~ n
H-------------------------------------‘ T ,„ .r ,- n ------------------- ™ ------------------------------------- S in  « 0 ,“I?"

with
71

«?> = — J /i(< W  c£> = ,-i- J /i(0) cos «0rf0.
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ft}' — — f /i(®) sin nBM-\
7t  J

— n
n n

42) = ^ r J / a ( e ) m ’ a»2)= i t  J  /«(*)cos
— 71 —71

n
/?<?> =  — f h{6) sin 

7t  J
—n,

Hint: Introduce polar-coordinates. Then the problem reduces to 
the solution of the equation

. d2u\ du Sd2u
r2]---- J 4- r ------ f-p---- =  0•dr21 dr • dO

with the conditions

u(r, 0 +  2n) = u(r, 0),
u(Rlf 0)]= /i(0), u(R2, 6) =  /2(0),

where /i(0) and /2(0) are given functions, which can be expanded 
in a Fourier-series.
For a circle we obtain

i f  R 2 — r 2

” <'■*> -  J m  R t-T R r c o s  (< -  8) +  r* * '

127. u(r, 8) =  ««> +  —  +

oo
+  2fc=i

( 4 1>i?2- " + ^ r A:" 14 2V A:+ ( ^ ” 14 2)- ^ 2 4 1V - fc cos kd+

”  ( W R ^ + k R ^ - ' f f i V * +  ( k R j - ' f f ' - R & t f r - *  

n=i H R t 'R ^  +  R ^R T ^1)
sin kd,

where a ^ ,  <4 2), <x.£\ a£2), j8£2) have the same values as in
problem 126. (See also the hint for problem 126).
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128. u(x, y) =  A +  j i i L — x —
2a

©in
(2ft 1)tzx

4Ab
n2 o (2ft +  l)2 (2ft +  1 )nafe>tn--------------

cos
(2ft +  1 )ny

2Aa 00
129. u ( p , < p ) = --------- S  ( -  1)

71 n= 1

H int: Introduce polar-coordinates
-(*)

sm
tiny

n

130. u(p, 0) =  J (1 — p2) +  p2 cos2 0.
Hint: Introduce spherical coordinates. Obviously the solution u 
is independent of <p. Therefore Laplace's equation becomes

d (  n du \  l d (  . „ d u \
----1 P2---- I H----- :—zr —r  I Sin 0  I =  0.dp X dp J sin 0 dd \  dO )

131. u(xt y) =
2 kab [<y -  b)2 -  (* -  a)2] +  C,

where C is a constant.
Hint: The problem is equivalent to Neumann's problem

d2u d2u
+ ^ n r  =  0,dx 2

du
~dx

dy2

=  Q_ du du= o ,-- Q du

i-ooII dx x = a  d y y=0 ka ’ dy
=  0 .

y=b

Here Q is the amount of heat which flows through OA into the 
plate and through OB out again: ft is the coefficient of heat con­
duction.

132. u(x, y) =  x(a — x) — 

8 a2
(2 n +  1 )ny . (2n +  1 )nx

©of--------------- • sm ---------------

n 2 n =o (2n +  1)3 ©of
(2 n +  1 )nb

2 a
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H int: One can look for a solution in the form of a sum u =  v +  w, 
where v is a solution of Poissons's equation which satisfies the 
conditions

fl(0, y) =  o, v(a, y) =  0

Put v in the form Ax2 +  Bx +  C ; w is a solution of Laplace's 
equation, which has as boundary values

w(0, y) =  0, w(a, y) =  0,

w -v (x ), -v (x ).

133. u(x, y) =  a2 — (#2 +  y2). 

H int: Introduce polar-coordinates.

134. u(r, 6) =  — r3 sin 26 +

R*
48tt

r . _R2 - r 2
J Sm  ̂R2 — 2Rr cos (t — 6) r2

Hint: Look for a solution in the form of a sum u =  v +  w, where 

v(x, y) = — rs%y(.x2 +  y2)

is a special solution of Poisson's equation and w(xt y) a solution 
of the equation

d2w d2w
--------1------- =  0,dx 2 ^  dy 2

which satisfies the boundary conditions

W \r=R =  — v\r=R*

135. u(r, <p) =  | (̂a4 +  b*)r* -

a464 "1 cos 2w
-  (*6 + 266) '2 -  (*2 -

H int: Introduce polar-coordinates.
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136. u(r, z) =

2 00
R2 ^  n=1

©in /inz 
R

©in
(*nh
R

where p i ,  p z ,  p 3, . . .  are the positive roots of the equation J o ( p )  =  0. 
H int: Integrate the equation

82u
7 7

1 du d2u
7  77 + 77 =  0

subject to the conditions

u(0 ,2) is bounded 
u{R, z) =  0;
«(r, 0) =  0,
»(>'^) =f(r)-

137. «(r, Z
©in

pnZ
T

1 ©in T

Jo (/*» 7? )  r /  _ \

0J

where [i\, ^ 2, /J3, .... are the positive roots of the equation
ji(/*) =  0.
Hint: Replace the second boundary condition of problem 136 by 
the following:

M R . z) =  0.
dr

138. u(r, z) =
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where p i ,  p 2 , ps> • • • are the positive roots of

— «RMn) =  0.
Hint: Replace the second boundary condition of problem 136 by 
the following:

du
—----b ecu\r=R =  0.dr

/  nnir \
2 00 J0V A / f139. u {r ,z )= —  S  sin—-------^ (  /(*)
h n=i h (  nmR \  J n  1

nnx 
sin —— ax.

140. u(r, z) =  —

/  \  h 
2 -  wrcz j0 l h )  C „ x
* . ? , cos— - T T ^ r x J ^

Jo( — J"

7
cos —-— ax.

H int: Integrate the equation

d2u 1 du d2u
------- 1------------ 1-------=  0
dr2 r dr dz2

subject to the conditions 
u(0, z) is bounded 
du(rf 0) du(rf h)

dz dz

141. u = 4uoRy 2

=  0, u(R, z) =  /(*).

j»(̂ )
«-x J o W K  +  i?V )

x

~ - f*n(H — z) fln(H — z)
(in © of---------------1- pR ©tn

X
R R

(in ©of +  PR ©in n^R , r  R

where pi, p 2 , P3 , • • • are the positive roots of the following equation

n JoG») +  r RJo{(i) =  0 .
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Hint: The problem can be reduced to the integration of Laplace's 
equation

1 du
H------------ 1-------- =  0dr2 r dr dz2

where the following conditions have to be satisfied.
du

u(0, z) is b o u n d e d ,------ \- yu
dr =  0,

/ vu{r, 0) =  u0, —  +  Puoz

r=R 

=  0,
z=H

Here y =  , P =  h\ andk k are the coefficients of heat

exchange of the lateral resp. upper and lower sides of the cylinder, 
k is the coefficient of heat conduction.

142. u(rf 6) = w 0 S  ( -  \)n
n= 1

1 • 3 • 5 • • • (2n — l)(4» +  3) 
2-4-6---(2n +  2) X

X
/  r \2n+ l

W  ■
P2n+l (cos 0),

n

The P n{%) are the Legendre polynomials.
Hint: The problem can be reduced to the integration of Laplace's 
equation

d2u 2 du 1 d2u ctg 6 du
------- 1------------ -̂------------ 1-------------- =  0
dr2 r dr r2 dd2 r2 dd

subject to the following conditions: 

u{R, 6) =  f(0\ =

nu0 for 0 < 6  < — , 
z

n
0 for 6 =  — .

2

143. v(r, 6, <p) =  i  Y n(6, <p),
n = 0 V n \ k R )
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with

y>n(x) Jn+l(*)
\ /x

Y n(B, <p) =  an(iPn (COS 0 ) +

n
+  2  (anm cos mcp +  bnm sin nup)Pn m (cos 6);

m= 1
2n +  1 (w — m) ! f f-  ~ 2 ^ r  J J m  ”)P- <cos 9) cos

(S)

^+^1J Jw r f - <C0! *> 81,1
( S )

[<5m =  2 for m =  0 and dm =  1 for m >  0 ; P n>0 (*) =  -?»(*)]•

It is presupposed, that k  is not an eigenvalue of the following 
boundary value problem:

A v  +  k 2V =  0, v \ r = R  =  0.

H int: Introduce spherical coordinates r, 0, <p. A solution is obtained 
in the form of a product.

v(r, 0, <p) =  i?(r) Y(0, ?)•

144.
oo

v(r, 6, <p) = elm,p S  am,(kr) 
i=i

Pi„m (cos 0) .
•Plj.m (cos «) ’

Pl,m{x) — (1 #2)m/2 dmPi(x)
dx™

The Pj(%) are the Legendre polynomials,
_ Y ll+i{kb)]h+i(kr) -  h +i(kb)Ylj+i{kr)
9h{*r) ------------------------- ^  ,

h, h t h t . . .  are solutions of the equation
Y l+i(kb)]l+i(ka) -  J l+i(kb)Yl+i(ka) = 0, (*)

ff{r)q>l{kr)dr
a1 =  — b------------------------------------ •

f<Pl(kr)dr
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We have to assume that the equation (*) has for given k solutions 
lj such that m(cos a) 4= 0 for all j.
If a solution ljo satisfies

(c o s  a ) = 0

then it is necessary and sufficient in order that the problem can be 
solved that

b
au =  0, that is ff(r)<pllt (kr) dr =  0.

a
If it is possible to satisfy this condition, the solution can be ob­
tained in the form of a series in which the term corresponding to 
j =  j0 is left out. In this case the solution is not unique. Terms of 
the form

Ah(Pi,Skr)p i,<,.'. (c o s  0 )e<m*

can be added. A jo is an arbitrary constant.

Hint: Introduce spherical coordinates r, 0, 9 . and assume

v{r, 0, q>) =  P(r)P(0)^ wv.
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