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TRANSLATION EDITOR’S PREFACE

T h e classical partial differential equations of mathematical physics, for­
mulated and intensively studied by the great mathematicians of the nineteenth 
century, remain the foundation of investigations into waves, heat conduction, 
hydrodynamics, and other physical problems. These equations, in the early 
twentieth century, prompted further mathematical researches, and in turn 
themselves benefited by the application of new methods in pure mathematics. 
The theories of sets and of Lebesgue integration enable us to state conditions 
and to characterize solutions in a much more precise fashion; a differential 
equation with the boundary conditions to be imposed on its solution can be 
absorbed into a single formulation as an integral equation; Green’s function 
permits a formal explicit solution; eigenvalues and eigenfunctions generalize 
Fourier’s analysis to a wide variety of problems.

All these matters are dealt with in Sobolev’s book, without assumption 
of previous acquaintance. The reader has only to be familiar with element­
ary analysis; from there he is introduced to these more advanced concepts, 
which are developed in detail and with great precision as far as they are re­
quired for the main purposes of the book. Care has been taken to render 
the exposition suitable for a novice in this field: theorems are often approach­
ed through the study of special simpler cases, before being proved in their 
full generality, and are applied to many particular physical problems.

Commander Dawson has taken pains to render his translation idiomatic 
as well as accurate, thus assisting the English reader to avail himself readily 
of the vast amount of information contained in this volume.

T . A. A . Broadbent



AUTHOR’S PREFACE TO THE FIRST EDITION

T his book is based on a course of lectures given in the “Lomonosov” State
University in Moscow. The author has therefore retained the name “lectures”
for the various sections. The same circumstance also explains the selection
of material, the extent of which was limited by the number of lecture periods.

The author expresses his deep gratitude to Academician V. I. Smirnov,
who read through the manuscript, and also to Professor V.V.Stepanov for
his useful comments. _ _S.Sobolev

AUTHOR’S PREFACE TO THE THIRD EDITION

T h e third edition of this course on “ Equations of Mathematical Physics” 
differs little from the second edition, which underwent extensive revision. 
In the second edition the lecture on the Ritz method was omitted since that 
subject lies somewhat apart from the rest of the course. The theory of 
multiple Lebesgue integrals and of integral equations has been simplified 
somewhat, and the proof of the Fourier method has been made more 
precise.

As in the second edition, various improvements in style and clarifications 
of the presentation have been made. Moreover, in this third edition the 
lecture on the dependence of the solutions of equations of mathematical 
physics on the boundary conditions has been developed in greater detail by 
the editor, V. S. Ryaben’kii.

The author expresses his gratitude for valuable comments made by var­
ious people when the second and third editions were being prepared. Partic­
ularly valuable comments were made by Academician V.I.Smirnov and the
editor of the third edition, V . S . Ryaben’kii. _ _S.Sobolev
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LECTURE 1

DERIVATION OF THE FUNDAMENTAL
EQUATIONS

The theory of the equations of mathematical physics has as its object the 
study of the differential, integral, and functional equations which describe 
various natural phenomena. It is somewhat difficult to define the precise 
limits of the subject as it is usually understood. Moreover, the great variety 
of problems relating to the equations of mathematical physics does not allow 
them to be dealt with at all fully in a university course. The present book 
contains only a fraction of the whole theory of the equations of mathematical 
physics: it includes only what seemed to be most important for an intro­
duction to the subject.

The course is devoted for the most part to the study of second-order partial 
differential equations with one unknown function; in particular, we shall 
deal with what are usually called the classical equations o f mathematical 
physics, namely, the wave equation, Laplace’s equation, and the equation 
of heat conduction. We shall develop the necessary theory of related 
problems as we go along.

§ 1. Ostrogradski’s Formula f

Before we undertake the derivation of those equations of mathematical 
physics with which we shall be concerned, we recall a formula of integral 
calculus dealing with the transformation of surface integrals into volume 
integrals.

Let P{x, y, z), Q(x, y, z), R(x, y, z) be three functions which:
(i) are specified in a certain domain D of the variables x, y, z;

(ii) are continuous right up to the boundary of D; and
(iii) have continuous first-order partial derivatives with respect to x, y, z 

throughout D.
Consider within D some closed surface S  consisting of a finite number of 

pieces for each of which the tangent plane varies continuously. Such a surface
f  Mikhail Vassilievich Ostrogradski (1801-1862). See Mem. Acad. Imp. Sci., St. Peters­

burg (6), 1, 130(1831). The result is otherwise known as Green’s lemma, Gauss’s theorem, 
or the Divergence theorem. — Translator.

1
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is said to be piecewise smooth. We shall further suppose that any straight line 
parallel to any of the coordinate axes either intersects S  in a finite number of 
points or has a whole interval in common with it.

Consider the integral

J J [Pcos(ra, a )  + Q cos (n,y) +  R  cos (n, z)] dS. (1.1)

where cos (n, a) , cos (n, y ), cos (n, z) denote the cosines of the angles formed 
by the inward-directed normal to the surface S  at the point (a , y, z), 

and dS  is an element of the surface.

Using vector notation, we can regard P, Q, R  as the components of a 
certain vector T.

Then
P cos (n, a )  + Q cos (n, y) + R cos (n, z) = Tn,

where T„ is the projection of the vector T  in the direction of the inward 
normal.

A classical theorem of integral calculus enables us to transform the 
surface integral (1.1) into a volume integral over the region D bounded by the 
surface S.

This theorem asserts tha t:

Jf, [P cos (n, a )  + Q cos (n, y) + R cos (n, z)] dS

dP dQ dR
----  +  + -----

_ dx dy dz
dA dy dz

or in vector notation

Tn dS = - div T  di? ( 1.2)

where du denotes an infinitesimal volume-element and

,. „  dP dQ dR 
div T — ----  + —  +

dx dy dz
(1.3)

The formula just obtained is valid under rather more general assumptions 
with regard to S. In particular formula (1.2) holds for any piecewise smooth 
surface bounding a certain region D.

We shall in future take the word “surface” to mean a piecewise smooth 
surface unless a further restriction on its meaning is made.
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An important result follows from formula (1.2):
L e m m a  1. Let F be a continuous function defined in some domain in three- 

dimensional Euclidean space. Let S  be any closed surface within the domain 
over which a vector function T is specified, and let S  bound the region f t . Then 
the necessary and sufficient condition for the equality

to hold good is that

Tnd S -
%) J s

Fdv  =  0
ft

div T  + F — 0.

(1.4)

For, using formula (1.2), we can put the equality (1.4) into the form

(div T  +  F) dv =  0,
Jft

and then the sufficiency of the condition in the lemma becomes obvious. It 
is also necessary. For, suppose, if possible, that the function div T + F  is 
different from zero, say positive, at some point A; then because of continuity 
it would also be positive in the neighbourhood of A, and the integral

/%
(div T

J J J CO
F) dv

taken over a small region co round A would be non-zero, and so the left-hand 
member of (1.4) would also be different from zero. Hence our supposition 
contradicts (1.4), and the necessity of the equality

div T  +  F =  0
is proved.

The analogous lemma for a two-dimensional region lying in a plane can 
be proved in a similar way.

§ 2. Equation for Vibrations of a String

Consider a string stretched between two points. By string we mean a 
rigid body whose other dimensions are small compared with its length; and 
we also suppose that the tension in it is considerable, so that its resistance 
to flexure can be neglected in comparison with the tension.

We take the jc-axis to be along the string when it is in equilibrium under 
the action of the tension only. When transverse forces act on the string it 
will assume some other form, in general non-rectilinear.

Imagine the string cut into two pieces at some point x and consider the 
interaction between the two parts. The force which the right-hand part exerts
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on the left-hand part is directed along the tangent at x to the curve represent­
ing the string and is denoted by T(x) (see Fig. 1).

To simplify the discussion, let us suppose that the motion of the string 
takes place in one plane, and let u denote the displacement of the string 
from its rest position. Let u — u(x, t) be the equation of the curve assumed

u

by the string in the plane xOu. Let q(x ) denote the linear density of the string 
at the point x, i.e., the limit of the ratio of mass to length for a small part 
of the string.

We consider first the equilibrium position of the string under the in­
fluence of a transverse loading p(x)\ by which we mean that the part of the 
string defined by x t ^  x ̂  x2 is acted on by a force, directed along the w-axis, of

magnitude
'X2

p(x) dx. Let a(x) be the angle formed with the x-axis by the
V 1̂

tangent to the string at the point x; then the component along the u-axis of 
the tension acting at the point x 2 is given by

|j(x 2)| sin a(x2) = T(x2) sin a(A"2)

where T(x) is the absolute magnitude (the length) of the vector T(x) .
Similarly, the component along the w-axis of the tension at x t is given by

-  I^OOl sin «(.\t ) = -  T(at) sin a fo ) .
Now

du
dx

and if we take dujdx to be so small that its square can be neglected, we obtain
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as the equilibrium condition for the string

5

But, clearly,

+ p(x) dx = 0
*i

*, dx \  d x j

so that the condition (1.5) can be written as

’*2 '  d
' T  - ^ -N) +  P(x)

J *1 dx \  dx J  J dx = 0.

(1.5)

( 1.6)

Since (1.6) holds for any values of x t and x2, the integrand must be identic­
ally zero, i.e.,

- ( r - )  +  PW  =  °  (1.7)

and this is the required equation for equilibrium of the string under the trans­
verse loading p(x).

Next we pass from statics to dynamics and consider vibrations of the 
string. To do this we apply d’Alembert’s principle and include in the equation 
for equilibrium the inertial forces for the string as well; these take the form

*X2

*1
e ( x )

d2u
dt2

dx.

The condition for equilibrium becomes

+  p(x) dx =  0,

and the equation for vibrations of the string will be

d_
dx

-  Q(x)
d2u
dt2

+ P(x) = 0. ( 1. 8)

We suppose that the vibrations of the string are transverse. The com­
ponents along the x-axis of all the forces acting on any element of the string 
must therefore add up to zero. Since the loading p(x) is also transverse, we 
have

[T cos a]X2 — [T  cos oc]Xt =  0 

for any values of x x, x2.
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Hence, neglecting a 2 and higher powers, we get

[T]X2 = [T]Xl

i.e. T is independent of x. Hence T  can be taken outside the differential co­
efficient with respect to x in (1.8). If we also assume that T  is independent of 
the time, i.e., that it is constant, and also that the density q is constant and 
the loading p(x) zero, then equation (1.8) takes the form

dzu , dzu
-----  = a -----
dtz dxz

where a2 = T/q = constant.

(1.9)

The equation (1.9) was discussed by Daniel Bernoulli, d’Alembert, and 
Euler as early as the 18th century.

§ 3. Equation for Vibrations of a Membrane

Consider a film, i.e., a very thin rigid body stretched uniformly in all 
directions. We suppose that the film is so thin that it offers no resistance to 
flexure. Such a film is called a membrane.

Let its rest position be in the plane xOy and let

u = u (t,x ,y )

be its equation when displaced.
Considering any piece .S' of the membrane, we suppose that the rest of 

the membrane exerts on it a uniformly distributed tension T  which, at any

U

Fig. 2.
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point on the boundary of S, is directed along the normal to the boundary 
and lies in the tangent plane to the membrane (see Fig. 2).

We shall establish the equation for the equilibrium of the part S  of the 
membrane which is bounded by the curve s under the action of transverse 
forces. The component along the u-axis due to the tension is given by the 
integral

j  T  cos (/, u) ds (1.10)

where T  is the length of the vector T
and / is a vector directed along the line of action of the tension.

We next evaluate cos (/, u) .
By hypothesis, the vector / is perpendicular both to the boundary s and 

to a vector v along the inward-directed normal v to the surface u = u(t, x, y). 
Again, any vector s directed alonga tangent to theboundary s isperpendicular 
to v and to a unit vector n along the inward normal (at the corresponding 
point) to the projection of the boundary s on to the plane xOy (since the 
tangent vector s and the tangent to the projection of s on to the plane xOy 
lie in a plane touching the projecting cylinder). Hence as the vector s we 
may take the vector product nAv, and the vector/! defined by ^  =  s Av 
= (nAv)Av can also be written as lx =  — rtv2 + v(/iv).

Since n has components {cos (u, x), cos (n, y), cos (u, z)}, and v has

components j— lj , we find for the components of /j the ex­

pressions ( — cos (u, x), —cos («, y ) , -------cos («, x ) --------cos (n, y) ,
{ dx 8y J

r , , , , /  8 u \ 2 ( d u \ 2 du du . .from which we have dropped ----  , —  , -------- as being quantities of
\ 8 x  J  \8 y J  dx 8y

the second order of smallness.
To the same order, the length of vector ly is unity, and so we may now 

regard l± as the unit vector / directed along the line of action of the tension, 
and thus

cos (/, u) du
dx

du
cos (n, x ) -------- cos (n, y ) .

dy

The equation for equilibrium of the membrane has the form

11p(x, y) dx dy +
*

T  cos (/, u) d j = 0
s

where p(x, y) is the magnitude of the transverse loading per unit area, 
and (o is the projection of S  on to the plane xOy.
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Substituting for cos (/, u) we get

'  f  du
p(x, y) dx dy -

du
( ---- cos (n, x ) 4------- cos {n, y) ) T  ds = 0,

s \ dx dy )

or by virtue of Lemma 1,

d / _  d u \  d /  d u \  , . .
n { T ^ )  + ^ { T ^ )  + p{x’y) = 0- (1 .1 1 )

The equation for vibrations of the membrane has the form

/  d2u \  f  /  du . . du \
( p(x, y) — Q------ dx dy — T [ ---- cos («, x) H-------cos (n, y) ) dj = 0

dt2 \ d x dy

where q = g(x, y) is the density per unit area of the membrane, 

or, by Lemma 1,

d f  d u \  d f  d u \  d2u
a l y  a j)  + H y \ l i y )  + * x-y) _ e('v"r)W  = °' (U2)

If T  and q are constant, we get from (1.12)

. d2u
+

\ d x 2 dy2
+ f ( x ,  y )  =  Q

d2u
dt2

(1.13)

d2u d2u d2u d2u d2u
The sum — - H------ or, in three-dimensional space, — - -I----- - -I------ ,

dx2 dy2 F dx2 dy2 dz2
is often called Laplace's operator and is denoted by V2u. Using this notation 
we can write (1.13) as

d2“ = v2« + Afiii
dt2

(1.14)

where
2 T  a = — = a constant.

§ 4. Equation of Continuity for Motion of a Fluid. Laplace’s Equation

Before deriving the equation of continuity, we establish an important 
formula.

Consider a closed, piecewise smooth, time-dependent surface S(t) en­
closing a variable volume &(/). Let g(x, y, z, t) be some function of the co-



§4 f l u i d  m o t i o n : l a p l a c e ’s e q u a t i o n

ordinates and the time t, and consider the integral

9

QO) = q dx dy dz:
Q(«)

our aim is to calculate the time-derivative of Q.
Consider first the special case when the volume is bounded by a 

cylindrical surface with generators parallel to Oz and having a fixed base SI x 
in the plane z =  0 and with an upper surface z = cp(x, y, t ) . Suppose that 
z = cp(x, y, t) is the equation of a piecewise smooth surface S(t). Suppose

also that the derivative
dcp .
dt

is bounded:

Then

dcp
dt

< M.

Q(0 =
fit1

e(x,y, z, t) dz \ dx dy.

where the plane region SI i is the part of the boundary of the volume SI which 
lies in the plane xOy.

To calculate dQjdt we first set up an equation for the ratio of increments. 
We have:

AQ =
+ A t)

q(x, y, z, t + At) dz dx dy 

*  r<t>(x.y.t)

q(x , y , z , t )  dz dx dy

A Q = ± r r
At At

C<p(x,y,t +  A t)

q(x , y , z , t  +  A t) dz I dx dy

+
At

4>(x,y,t)

4>(.x,y,t)

[j?(x, y , z , t  + At) -  q(x , y, z, 0] dz I dx dy

’*<!> + A$

r

clAcp 1 
n i At Acp

\ +  At) ~  gQ  dz l dx dy.

Passing to the limit as At -> 0, we find

+

q{t +  At) dxV dxdy 
<t> J

dy.

lim —  =  lim 
at-»o At j t ->o

+  lim
At-* 0

1Acp 
At AcpSh

SI i ^

g(t +  At) d z l dx dy

+  At) ~  e- ^  d z l dx dy
o At I
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or
r  a qlim —  =

At =0  At ft
Um . - L

( At-*o At A(p

%<f> + A<$>
p(t + At) dzl dx dy

<t>

+ r l im  p e p  +  Ai) -  e(t) d J  dx dy _ 
1 At-*0 I n Atfti

[this change in the order of the limiting processes can be justified],

ft
- - -  e(x.y. <p) dx dy  + 
, dt J J ft

dp
—  dx dv dz
dt

or dQ
dt

lim
A t - * 0

AQ
At

/%

J J

/%

Jft
—  dx d^ dz + 
dt

dx d^

•% /%

v */ 1
—  dx d_F dz

ft
f p cos (n, z) dS

J s dt

where n is the direction of the inward normal to the surface S.
cy/dt is called the apparent velocity o f movement o f the surface S(t) in 

the direction Oz. It has very obvious interpretation: d<p/dt is the velocity of 
movement along the straight line given by x = const., y  = const., of the 
point of intersection of the surface z = <p with this straight line.

The apparent velocity can be expressed in another form. To do this we 
represent the family of surfaces z = <p(x, y, t) in the form of the equation 
solved for t:

Then
t = y>(x,y,z).

dz 1
dt dt

dz

But dt/dz is the component along Oz of the vector grad t, which is directed 
along the normal to the surface S  and has the components

Hence

dt_
dn

cos (n, x ), —  cos («, y ) , 
dn

----cos (n, z).
dn

dq> dz 1 1
dt dt dt dt

—   cos in, z)
dz dn

t  Editor's note. We spend so much time proving that, in general dy/dx ^  |— , that
dyjdx

it is a little of a shock to come across an instance where the relation is in fact true, simply 
because x and y  are in each case the second and third variables.
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The expression-------is called the apparent velocity o f movement o f the sur-
dt/dn

face along the normal and we shall denote it by v„. For the apparent velocity 
of movement of the surface along the axis Oz (which we now denote by vz) 
we have

v _  d(P _  v*
dt cos (n, z)

If the surface S  consists of material particles moving with velocity v, then 
the velocity along the normal will be

v„ = vx cos (n, x) + vy cos (n,y) + vz cos (n, z),

and we can write our formula for dQjdt on p. 10 as

_d
dt

q dx dy dz
J

dx dy dz
d t

Qv„dS. (1.15)
5 ( t )

Exactly the same formula can be obtained in the general case, by dividing 
the surface S(t) into a finite number of suitable pieces.

It may be helpful to give an easily visualized physical illustration of for­
mula (1.15). At a certain instant of time, t, we pick out on the surface S  some 
element dS  and draw the trajectories of all points of dS  during the time- 
interval (t, t +  At). The element dS  traces out a volume which coincides 
approximately with an oblique cylinder the length of whose generators is 
given by v dt where the vector v is the velocity of movement of the surface. 
The volume of this cylinder is equal to the product of the area of its base by 
the height, i.e., v„ dt dS. The total contribution of the integral J ( J Q d f t 
arising from the movement of the surface S  is approximately equal to the 
integral

qv„ dt dS.

On dividing this expression by dt, and after calculating separately the con­
tribution to Q arising from the change in q, we obtain (1.15).

The formula (1.15) may be used to obtain an equation which expresses 
the conservation of mass of fluid during the motion. Suppose that fluid 
motion is taking place in some region of space and that the velocity com­
ponents vx(x, y, z, t), vy(x, y, z, t), vz(x, y, z, t) are given functions of the co­
ordinates and time. Imagine a surface S(t) which consists always of the same 
moving material particles and which encloses a varying volume Sl(t). The 
mass of fluid enclosed within SI (t) is given by

Q  =
r

Q(x,y, z,t) dx dy dz 
ft<*>

where g(x, y, z, t) is the density of the fluid.
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The mass of fluid within such a volume must remain constant because 
fluid neither enters it from outside nor disappears within it. So that, differ­
entiating with respect to time,

dQ
dt

=  0 ,

or, using (1.15),
/%(%

«/ ft ft fico d t ft
QVn dS =  0

This equality must hold good for any surface S  and for any time t. Hence, 
using Lemma 1, we get

+ div (gt>) = 0 (1.16)
dt

or in explicit form

dQ_
dt

+ —  (evx) +
ox

d . . d .
—  (Q»y) +  —  (eyz)dy dz

0.

This is known as the equation of  continuity.
Let us by way of illustration apply this equation to the motion of an in­

compressible, homogeneous fluid —for which the density is constant. The 
equation then reduces to

dvx dvy dv2-------1—  ----- 1— —
dx dy dz

The problem of the motion of an incompressible fluid is equivalent to that 
of finding an unknown function V (the velocity-potential) such that

J T, dV dVv = grad V, vx = ——, vy = -—- ,
dx dy

dV
dz

Substituting these expressions for the velocity components in the continuity 
equation, we get

Q
d2V d2V d2V \  _( -------  -f   - j- ---------- ) — 0

\ d x 2 dy2 dz2
ox

V2 V =  0 (1.17)

where V2 V stands for the previously introduced Laplacian operator

d2 d2 d2
------- +  ------- +  ------ .
dx2 dy2 dz2

(1.17) is known as Laplace's equation.
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Later we shall write down the complete set of equations of motion for a 
fluid and we shall show that any function V which satisfies (1.17) does indeed 
describe a possible motion of the fluid. Thus to solve a problem of fluid motion 
it suffices to know how to find the requisite solutions of equation (1.17).

In some circumstances, the velocity v and so also the function V do not 
depend on the time t; the motion is then one of steady flow.

§ 5. Equation of Heat Conduction

We know from physics that heat may be regarded as the result of random 
motions of material particles. The thermal state of a body is defined by its 
temperature. There is a simple relation between the energy of thermal motion 
of a body and its temperature, namely

where D is the volume occupied by the body,
Q is the energy of thermal motion, or, what comes to the same thing, 

the quantity of heat in calories, 
q is the density of the substance,
T  is the absolute temperature, 

and c is the heat-capacity of the body.

The transmission of heat from one body to another can take place in 
several ways. We shall pay no attention here to radiation, chemical processes 
and so on, but concentrate on the transfer of heat by direct transmission of 
kinetic energy from one particle to another.

Imagine within the medium under consideration a region bounded by a 
smooth surface S, and let n be a unit vector normal to S. The thermal energy 
due to the motion of the particles situated on either side of this surface may 
change in course of time either because of their mutual collisions or because 
particles move across the surface.

A particle whose mass-centre lies on one side of the surface and which 
has a certain energy can transmit energy either by itself passing to the other 
side of the surface or by colliding with another particle whose mass-centre 
lies on the other side of the surface. Let ASQ denote the amount of energy 
per unit time which at the time t is being transmitted across the surface S  to 
the particles situated on the side to which the normal is directed from the 
particles situated on the other side.

We shall suppose that the quantity ASQ can be expressed in the form

cqT dv
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where
X(S, t) = f (x ,y , z ,n ,  t).

This formula is equivalent to supposing that the amount of thermal energy 
passing across an element of area depends only on the position of the centre 
of the element and the direction of the vector n. The heat flow is regarded 
as positive if it is in the direction of n. We shall further suppose that f  q, c, 
and T  are everywhere differentiable functions of their arguments.

In considering the diffusion of heat within a certain body, we shall suppose 
for the sake of generality that there is within the body a continuous distribu­
tion of heat sources with intensity q(x, y, z, t). Then striking a heat balance 
for the volume D, we obtain

dQ_
d/

_d_
d7

coT di> =
J %/

d(coT)
dt

du

f(x, y, z, n, t) dS + q du (1.18)

where the vector n is directed along the outward normal.
Equation (1.18) holds good for any volume D. We apply it now, taking 

as D the tetrahedron SI shown in Fig. 3, having a vertex at the point

A (x0, y 0, z0) and the three faces through A parallel to the coordinates planes. 
Let Sx, Sy,Sz denote the faces perpendicular to Ox, Oy, Oz respectively, and 
S 0 be the inclined face; let ox,a y,a z, cr0 be their areas. We then have

ax = o0 cos (n0, .v), ay = o0 cos (n0, y ) , az = o0 cos (n0, z ) ,
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where cos(n0,x ), cos(«0,.J;)> cos (n0,z)  are the direction-cosines of the 
outward normal to the face S 0.

Applying (1.18) to the tetrahedron Si we get

~  (cqT) do -  
dt

i /% /%

qdv = f{x, y, z, i, t) dax 
Q * J sx

+ f (x ,y ,  z j ,  t) day +
sy

/% /%

f (x,y ,  z, k, t) da2
v Sx
(* (%

+ Ax,y ,  z , - n 0, t) da0
J *1 S0

where i,j, k  are unit vectors parallel to Ox, Oy, Oz. If the volume of SI is u>, 
then by a mean-value theorem,

(o —  (cqT) — (oq =  axvx + ayvy + azvz 
dt

+ a0A x , y , z t — n0, t)

where the bars denote mean values, and we have written for brevity

o, = A x ,  y,  z, i, t), vy =  Ax, y, z, j, 0 ,  vz =  Ax, y,  z, k, t) .

If h is the perpendicular distance of A from S0, the above equation can be 
written

\haQ —  {coT) -  \ha0q = a0\vx cos (n0, x) + vy cos (n0,y) + vz cos (n0, z) 
dt

+ Ax,y , z ,  - n Q,t)).

We divide both sides by cr0 and, keeping the direction of rt0 constant, let 
h -»• 0. Then the left-hand member clearly vanishes, and so, noting that

Ax,y,  Z, -  n,t) = - A x , y ,  Z, n, t),
we find

Axo, yo, zo, n, t) = [vx cos (n, x) + vy cos (n,y) + vz cos (n, z)] (*0>yo>,o)

[̂ n] (A:0,yo«zo)
where n is the direction of the outward normal to a side S  of the tetrahedron 

Si, and concides respectively with — i, — j, — k, n0 for the sides Sx, Sy, 
Sz, S 0.

We thus see that the function /(x , y, n, t) is the projection of a certain 
vector v on to the direction of it.



16 DERI VATI ON OF F U N D A M E N T A L  EQUATI ONS L.l
/

Hence, for an arbitrary volume D, (1.18) becomes
r

%)

' f  d
—  (QcT) J D d t

+ r r r  q d V.
S J J J D

This formula is somewhat similar to (1.15). The vector v, which is analogous 
to the velocity of a fluid flow, we shall call the heat flow.

The heat flow existing in a medium is bound up with the temperature 
distribution in the medium. Under natural conditions heat always flows from 
the parts with higher temperatures to those with lower temperatures. We 
shall select some small area dS in  the medium and investigate how the tem­
perature varies at points close to this area.

The increase of temperature is characterized by the quantity

dT
dn

it grad T.

Suppose the medium is isotropic, i.e., it has the same properties in all direc­
tions. It is natural to assume that, if the temperature increases in a direction 
normal to a surface S, then the heat flow across S  will be negative. In other 
words, the quantities

n grad T  = grad„ T  and vn dS

must have opposite signs: and this must be true for any direction n. Hence the 
projections of the vectors gradT and v in any direction must be opposite in 
sign, and this is possible only if these vectors have opposite directions. 
That is,

v = — k  grad T

where A: is some positive scalar quantity, which may depend on the properties 
of the medium, on the temperature, on the way the temperature changes, and 
so on. If the temperature does not change very sharply, then as a first 
approximation we may assume that A: is a function of position in the medium 
only. This assumption agrees very well with experiment.

Substituting this expression for v in the last equation for the heat balance, 
we obtain

—  (qcT)  du 
dt

* dT 
k  d S +

s dn

c
q dy.

D

Applying Lemma 1 and taking into account that when the direction of the 
outward normal is replaced by that of the inward normal the sign of the 
derivative dTjdn — grad„ T  changes, we get

-L fecT ) —  ( k  —
dx  \  dx

+ ± ( k ?L \  + ±
\  dy J dz

k dT
dz Jdz

+ q. (1.19)
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If we assume q, c and k  to be constants, we get

17

where

----  = a2 V2T
dt + <7i

7 qu =  —  =  const., qx = —
QC qc

( 1. 20)

Equation (1.19) or (1.20) is called the equation o f  heat conduction.

§ 6. Sound Waves

As a last example we consider the equation for transmission of  sound. 
Suppose a compressible fluid is moving with velocity v, having the com­

ponents along the coordinate axes

vx(t, x, y, z) , vy{t, x, y, z) , vft ,  x, y, z) .

The trajectories of the fluid particles will be determined by the equations

dx
= v, dy d z- vv = V7

dr dr dr

The accelerations are easily calculated. We have

d2x dv>x dvx dx dvx dv +
dvr

=  ------ + — ----  + -

dzdr2 dt dx dr dy dr

dvx dvx dvx
+

dvx
—  ------ + Vr + Vv

dy
Vz ■

dt dx dz

d 2y dvy
+

dVyVr ----- + Vv dVy
• + V z

dVy
dt2 dt dx dy dz

d2z dvz dvz dv7
■ +

dvz= ------ + vx + vz Vz
dt2 dt dx dy dz

(1.21)

Suppose that at each point of the fluid there is a force acting which, per 
unit volume, we denote by F with components X, Y, Z  along the axes. If 
p(t, x, y, z) denotes the pressure at any point, then the force acting on a 
surface S  enclosing a volume SI will have a component along the x-axis given 
by

p(t, x,y, z) cos (n, x) d S .
s
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We obtain the equation of motion by applying d’Alembert’s principle; in the 
x-direction,

p  cos (n, x ) dS +
J s

X d v
SI

SI

' dvx 
~dt +  v x

dvx
dx

+ vv dvx
dy

+ vz dvx
dz

dv = 0.

where du is an element of volume.
Applying Lemma 1 the equation of motion becomes

' dvT dv.
-------1- vx -----
dt dx

+ vv dvx
dy

+ vz dvx
dz

Similarly we find

e
dty dVy dVy dVy

+ vx + Vy — L + vz
dt dx dy dz

dv. dv. dvz dv.
+ vx + Vy ----- + V,

dt dx ' dy dz

+ -  X  = 0. (1.22)
dx

+
dp_
dy

dp

- 7 = 0

+ —  -  Z = 0.
dz

These three equations contain five unknown functions :vx, vy, vz,p  and g. 
Two more equations are needed to make the system determinate. We have 
already derived one other equation relating these quantities, namely, the 
equation of continuity. So, in the general case, we still have to seek one more 
equation.

First, however, we consider an incompressible, homogeneous fluid, for 
which we can put

g — const.,

and then we immediately have sufficient equations.
We can now verify what was said earlier about the potential flow of an 

incompressible fluid: namely, that

v - grad V, 

V2V = 0,

do actually satisfy the complete system of equations, if the function g is 
defined correspondingly, and if further

X  = 7  =
dU
dy

Z  =
dU
dz

i.e., if the external forces have a potential.
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It suffices to show that if we take

dV
dx

vy =
dV
dy

dV
~d7’

then the equations (1.22) allow the function p  to be constructed. When the 
expressions for vx, v y, vz are substituted, these equations yield explicit ex­
pressions for

dp dp dp
dx dy ’ dz

And it is known from the theory of partial differential equations of the first 
order that the equations will be compatible provided that the mixed second- 
order derivatives

d2p d2p d2p 
dx dy ’ dy dz dz dx

determined from the different equations have the same values. It is left to the 
reader to verify this.

Returning to the general case of a compressible fluid, it is known from 
physics that the density and pressure in any fluid are related by a so-called 
equation of state, into which the absolute temperature T  also enters. For 
an ideal gas, for example, the equation of state is

where R is the gas constant.
Since this equation has introduced another unknown function, T, it may 

be necessary in some cases to bring in yet another equation for the inflow of 
heat.

However, in a number of cases we can suppose that there is a functional 
relation between density and pressure:

Q = A p) (1.23)
w here/is a given function.

Such a circumstance holds good if, for example, we consider processes 
occurring so rapidly that there is no time for heat to be transmitted from one 
particle to another. Such processes are said to be adiabatic.

In order to obtain from the general equations (1.16), (1.22), (1.23) the 
required equations for the transmission of sound, we now make certain 
simplifying assumptions. We shall suppose that the motion of the fluid con­
sists of small vibrations about an equilibrium position. In the equilibrium 
condition the pressure p 0 and the density q0 are constants. The deviations 
p  — P o  and Q — Qo  and also the velocity will be supposed small and, in
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particular, we shall suppose that terms such as vx —-  , in (1 .2 2 ) may be 
neglected. We then get

o dvx
dt

+
dp_
dx

X,
dVy 

o  — -

" dt
Y,

do, o — - 
dt

= Z .

Working to the same degree of accuracy, we may write these equations in 
the form

f w + f - r ,  X (sVr) + l t = y ,
dt dx dt dy

±  ( e 0  + 2 c  = z .
dt dz

Differentiating these equations with respect to x, y, z respectively and adding, 
we get

—  [div (e*01 +dt
d2p
'dx2

+
d2P
'dz2

dX dY  dZ
----  + -----  + ----
dx dy dz

(1.24)

Using the equation of continuity, we can write the left-hand member of (1.24) 
as

d2p , d2p t d2p d2Q d2p t d2p ( d2p
fa* + Hy2 +  ~dF ~  ~dF ~  ~ d ^  + Hy2 + H z2

-  / 'W  - r f  -  f "(p)dt2 dt

Finally, regarding/'(p) as constant for a small change in p, so that

f ( p )  =  f'(Po)

i  j  ■ < • .  i  j  i  .  8X 8Y 8Zand denoting the right-hand member of (1.24), i . e . , ------- 1--------- 1------
dx dy dzby 0  we have

d2p [ d2p i d2p 1 d2p
dx.2 dy2

------------   i -  = 0 ,
dz2 a2 dt2

(1.25)

where a is a constant defined by \/a — Vf '(p 0).
Equation (1.25) may be written in symbolic form as

_  _ L . = 0 .
a2 dt2

We might have obtained an equation for transmission of sound by taking 
as the unknown function the density q instead of the pressure p: in which
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case we should have obtained a partial differential equation for q of exactly 
the same form as (1.25).

The various equations which we have obtained are sufficiently character­
istic. We could go on to adduce other examples, but our main purpose is not 
the derivation of the equations of mathematical physics but their investiga­
tion and solution. We shall therefore limit ourselves to these examples and 
pass on to a consideration of various problems connected with these equa­
tions.



LECTURE 2

THE FORMULATION OF PROBLEMS  
OF MATHEMATICAL PHYSICS.  

HADAM ARD’S EXAMPLE

§ 1. Initial Conditions and Boundary Conditions

We know from the theory of ordinary differential equations that the 
solution of such an equation is not uniquely determined by the equation itself. 

The solution of an equation of the form

Often we can take as these constants the initial values of the unknown func­
tion and its derivatives:

A solution of the form (2.2) is called a general solution if it is possible to 
satisfy the condition (2.3) with arbitrary values of • ••>y in~iy, by
choosing appropriate values for the constants cl9 c„. To do this it is 
usually necessary to solve a system of finite (not differential) equations. In 
particular, if the equation (2 .1) is a linear homogeneous equation, then the 
general integral (2 .2 ) will have the extremely simple form

where the functions y ^, y 2, . . . ,  y„ are n linearly independent particular in­
tegrals.

The situation is similar for partial differential equations: such an equation 
has not a unique solution. Its solution will depend, in general, on a number of 
arbitrary functions. For example, the general solution of the equation

F{x,y,y', ..., y (n)) =  0 

depends, in general, on n arbitrary constants:

y  =  <pix,clt c2, ..., c„).

( 2. 1)

(2 .2)

y  =  ciTi +  c2y 2 +  — +  c„yn,

dy

22



§1 I NI TI AL A N D  B O U N D A R Y  CONDI T I ONS 23

in two independent variables x and y  will be

u = f(x )

where f{x) is a completely arbitrary function.
To make a solution determinate it is usually necessary to specify certain 

supplementary conditions; for example, to require that the unknown func­
tion, and often also some of its derivatives, or certain combinations of the 
function and its derivatives, shall take certain specified values on various 
manifolds.

It is conceivable, generally speaking, that we might pose the problem 
of finding a general form of solution for a partial differential equation, 
similar to the corresponding problem for an equation of the form (2.1). How­
ever, although such general solutions do indeed exist, a knowledge of them, 
with rare exceptions, in no way helps us to solve important particular prob­
lems; for instead of having a system of finite equations for finding cx, 
c2, . . . ,  c„ as was the case for ordinary differential equations, we get for the 
solution of these particular problems so complicated a system of functional 
relations for the arbitrary functions that it is practically impossible to find 
these functions.

Any problem of mathematical physics presents itself as a problem of 
solving some equation, such as (1.9), (1.14), (1.17), (1.19), or (1.25) for ex­
ample, with definite supplementary conditions which in most cases are 
dictated by the requirements in the physical formulation of the problem.

We now point out some of the possible ways of stating the problem for 
the equations which we have already obtained.

In the problem of a vibrating string, for example, it is natural to consider 
a length of string, 0 <  x <  /, fixed at both ends. Hence we must seek a 
solution of equation (1.9) satisfying the conditions

If the ends are not fixed but are set in motion according to some definite 
law, then the conditions (2.4) are replaced by

It is possible to specify other end-conditions, but we shall not partic­
ularize them.

It is not sufficient to specify the behaviour of the string at its ends in 
order to solve the problem. We need to know in addition, say, the value of 
the function u and of its rate of change dujdt at the initial moment of time, 
i.e.,

[4 = 0  = 0  and [u]x=l = 0 . (2.4)

[4 =o = / i ( 0  and [«],= i = / 2(0 - (2.5)

E M P  2

[4 =o = <M*) and
t = o

(2.6)
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The conditions (2.5) and (2.6) together completely determine a solution 
of equation (1.9). We shall show later that, subject to certain provisos about 
the smoothness of the functions f x , / 2, (p0,(px, such a solution always exists, 
and consequently none of these conditions is superfluous.

The problem of a vibrating membrane can be put in an exactly similar 
way. In order to determine the motion it is sufficient to specify that

M t = o  =  n  C t t ) > 9h(wy) (2.7)

and the values of the function u on the boundary S

M s (2.8)

where the function f(S, t) depends on the point of the boundary S and on 
the time t.

Instead of the values of u on the boundary, the linear combination

a M s + = AS, t) (2.9)

may sometimes be given.
As we shall show later, the conditions (2.7) and (2.9) make the problem 

completely determinate. A solution satisfying them always exists, and con­
sequently neither of the conditions (2.7) or (2.9) is superfluous.

The problem of transmission of sound in a region of space bounded by 
a surfaceS becomes completely determinate if, in addition to equation (1.25), 
we take into account the initial conditions

[p]t=o =  (p0(x .y ,z ) ,  

and the boundary condition
[t ]s

(px(x,y,z)

A S , t)

(2.70

(2.80

where cpQ, <p1} and / are given functions.
For the solution of the problem of heat conduction in some body [see 

(1.19)] it suffices to know the body’s initial temperature

tn = o  = <p(,x>y>A
and the conditions at the boundary of the body

= AS)a [7ls +
dT
~d7i

( 2. 10)

(2 . 1 1 )

where/(S) denotes a specified function for points on the surface.
With all the equations that we have discussed — the equations of a vi­

brating string or membrane, the equation of heat conduction — it is by no
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means necessary to restrict attention to a finite body. We can also consider 
a line, plane, or space, of infinite extent: the conditions (2.4), (2.5), (2.8),
(2.9), and (2.11), which we call generally the boundary conditions, then just 
drop out. A problem without such conditions is known as a Cauchy problem: 
the conditions (2.6), (2.7), and (2.10) are called the initial conditions (or the 
Cauchy data).

Consider next a body whose surface has been exposed for a long time 
to various constant influences, so that inside the body the temperature has 
attained a value constant at each point but varying from one point to another. 
This means that the heat distribution within the body has reached a steady 
state. From equation (1.20), putting dT/dt = 0, we get

d2T  d2T  d2T  q
------  +  ------- +  ------  ----------
dx2 dy2 dz2 k

(2. 12)

This equation can be solved subject to the condition (2.11). The two 
simplest cases, when either a = 0 or /3 =  0, are of especial interest. The 
problem of finding a solution of (2 .12) subject to the condition

[T]s = f(S ) (2.13)

is known as Dirichlet's problem. The same problem can also be posed and 
solved for an equation with two independent variables; the equation cor­
responding to (2 .12) is then

d2T  d2T  q
------- h -----  ---------
dx2 dy2 k

(2.14)

If, further, q =  0, then this equation also applies to the problem of the 
equilibrium of a membrane. For, if we put dufdt = 0, and consequently 
d2u/dt2 = 0 in equation (1.14) for a vibrating membrane, we again obtain an 
equation of the form (2.14).

It is interesting to note that, as we have seen, one and the same equation 
may describe completely different physical processes or conditions. Thus 
it appears that mathematical equations possess a high degree of generality 
arising from the process of abstraction from the concrete physical properties 
of this or that phenomenon.

The other problem, of finding a solution of the equation (2.12) subject 
to the condition

= f(S )  (2.15)
s

is called Neumann’s problem. This too can be considered for the case of 
two independent variables. The problem of the potential motion of an in­
compressible fluid leads to a Neumann problem [see (1.17)]. For if we want

d T ~
dn
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to find the velocity of the fluid inside some region, it is natural to specify 
on the boundary of the region the magnitude of the normal component of 
velocity vn, which characterizes the fluid flow across each point of the surface. 
If, for example, the surface S  is an immovable, impenetrable wall, then we 
must specify that the fluid flow across this wall is to be zero. If  the wall is 
moving, then the normal component of the velocity of the wall must coin­
cide with the normal component of fluid velocity. But vn =  dV/dn, from which 
it is clear that the problem discussed is identical with a Neumann problem.

For equation (2.12), just as for the earlier equations, it is by no means 
obligatory to consider its solution only in a finite region. Very often it is 
important to solve it for an unbounded region. This happens, for example, 
when the dimensions of the region under consideration are very large com­
pared with the scale of the phenomenon which is being investigated. It is 
natural, for example, when investigating the heat-transfer from a long, tu­
bular conductor buried in the ground to regard the earth, not as a sphere, 
but as an infinite half-space, and to solve equation (2 .12) in a half-space with 
a cylinder cut out of it.

When considering unbounded domains, the behaviour of the solution at 
points at a great distance is by no means a matter of indifference; indeed in 
many cases the problem becomes determinate only when definite assump­
tions are made about this behaviour. For example, if equation (2.12) is 
solved in the infinite space outside a sphere, then the solution must satisfy 
the supplementary condition that it should vanish at infinity. Otherwise the 
solution remains indeterminate.

There is still another supplementary consideration which plays an im­
portant role.

§ 2. The Dependence of the Solution on the Boundary Conditions.
Hadamard’s Example

The statement of problems of mathematical physics includes, as we have 
seen, certain functions which enter into the boundary and/or initial con­
ditions, and the solution will depend on these functions. These functions are 
usually determined from experimental results and therefore cannot be found 
absolutely accurately.

A certain amount of error in the initial or boundary conditions is in­
escapable. This error will manifest itself in the solution too, and it will not 
always follow that the error in the solution will also be small.

We shall see very simple examples of problems where a small error in the 
data can entail a very large error in the result. When we investigate equations 
of mathematical physics, we should always particularly examine the question 
of the dependence of the solution on the boundary conditions.

Suppose some problem in mathematical physics reduces to finding a 
certain function u(x, y, z, t) of four variables in some domain SI of variation
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of these variables, which satisfies in this domain an equation

27

F u , —
du du du du d2u dmu

(2.16)
dx ' dy ’ dz ’ dt dx2 ’ ’ dtm

In the examples considered earlier, the domain Si of the independent vari­
ables x, y, z and a certain interval of time 0 ^  t iS T  served as the domain.

Let the required solution also have to satisfy some supplementary condi­
tions of the form

where S t is some manifold of less than 4 dimensions, and gj/Sj) is a given 
function defined on the manifold S t (the St lie within or on the boundary of 
the domain SI).

In our previous examples these conditions were set up on, e.g., the mani­
folds t =  0 and on some surface S  of space (x, y, z) for all values of t.

We are going to define the concept of continuous dependence of the 
solution u on the boundary data {<Pj(St)} . But before we can do this, we must 
in preparation introduce the ideas of: distance between any two systems of 
boundary functions and {9?J(»S'i) } 2 > and also distance between any
two functions ux and u2.

Let us examine in more detail the familiar problem of measuring the 
distance between points of some set lying in a plane. Suppose, for example, 
that this set consists of points scattered over a certain region. With each 
pair of these points, A and B, can be associated a number g(A, B), the se­
paration between them. In different circumstances it may be natural to take 
different numbers g(A, B) as this separation. Thus, for a helicopter pilot, 
the separation will be the length of the interval AB; but for a car-driver, it 
will be the shortest distance between the points A and B by road. However, 
the car-driver might instead regard the separation as being the shortest time 
necessary for the journey from A to B without counting the actual number 
of miles (“A is two hours’ travel from B ”). And on this basis, the separation 
on making a detour by a “By-pass” road might be shorter than that along 
an urban road coinciding with the rectilinear interval AB.

Again, consider for example a set of cross-roads in some city. Suppose 
that all the streets are parallel to one or other of the axes of a rectangular 
Cartesian coordinate system Oxy. We might take as the separation g(A, B) 
between two cross-roads A (xA, yA) and B (xB, yB) the length of the interval

3 1 = ^ (s'> (2-i7)
i 15 2 , j  1 j 2 } i.* )p 5

AB:
g(A, B) = 3 (x^ -  x B)2 + (yA -  y B)2 ;
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but for a pedestrian it would be natural to take the shortest distance he must 
walk to get from A to B:

q(A, B) = \xA -  x B\ + |y A -  y B|.

It might also be convenient, on occasion, to define the separation by the 
formula

e(A, B) =  max (\xA -  xB|, (yA -  y B|).

We now take a certain class 0  of systems of functions (^/S,)} which are 
defined on the manifolds S t, and a certain class U of functions u(x, y, z, t) 
defined in SI. We assign to the difference between any two systems of 
functions {<£,(£))} and {^/(S))} a certain positive number q, by means of a 
suitable formula, and this number q is defined to be the “separation” be­
tween these systems of functions:

Q0 =  Q0{<p* { S d  -  <pj(Si)} .

In a similar way we introduce the separation between members of the func­
tion class U:

Qv =  Qv{u* — u).

Suppose that for a certain system of functions {(pj(Si)} from 0  the problem 
(2.16), (2.17) has a unique solution u of U. We now change the right-hand 
member of (2.17) and put instead of the system of functions {^(S))} another 
system of functions {<Pj{Si)} from 0:

<P*(Si) =  <Pj(Si) + (pj(Si). (2.18)

We shall suppose that for any system of functions {<??*) sufficiently close to 
the system ( ĵOS))} the problem has a unique solution, which we shall denote 
by u*y and we write

u* =  u +  u. (2.19)

Suppose now that, given any e > 0, we can find a 5 such that the magnitude 
of the deviation of the solution, Qv(u), is less than e,

qv{u) < e

provided only that the magnitude of the deviation of the boundary functions, 
(?®({<Pj(‘S'/)})>is less than 8,

6<k{{^j{Si)}) < 8.

In this case we shall say that in the region SI the solution u depends continuously 
on the boundary data.

Such a definition of continuous dependence is clearly an immediate 
generalization of the familiar concept in analysis of the continuous depend­
ence of a function on its argument.
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In order to give this concept of the continuous dependence of a solution 
on the boundary functions a definite meaning, we must select the classes 0  
and U, and specify formulae defining q and g0.

We shall give two examples of possible definitions of continuous de­
pendence, and we shall then show why it is natural to use them.

D e f in it io n  1. The class 0  is defined to be the class of systems of functions 
{9?J(S,i)} which are continuous and have continuous partial derivatives up 
to a certain order k  inclusive (the partial differentiation being with respect 
to any of the parameters on the manifold S t).

The class U is defined to be the class of functions u which are continuous 
and have continuous partial derivatives up to a certain order p inclusive.

As the separation g0 between two systems of functions we shall take the 
upper bound of the absolute values of the differences between these functions 
and between their partial derivatives up to order k  inclusive on the mani­
folds S t.

As the separation qv between two functions u and u* we shall take the 
upper bound of the absolute values of the differences between these functions 
and between their partial derivatives up to orderp inclusive in the domain ft.

If, in the sense indicated, there is continuous dependence of the solution 
on the boundary data, we shall say that the solution depends continuously to 
order (p, k) on the boundary data in the domain S I. If, conversely, for some 
e0 >  0 and for any <5 > 0 there exists a deviation of the system of boun­
dary functions {'p/S'f)} such that

but
Qu(ii) >  £o>

then the solution u in the domain SI depends discontinuously to order (p, k) 
on the boundary data.

D e f in it io n  2 . Continuous dependence in the mean.
The class 0  is defined to be the class of systems of functions such

that the functions <pj(S?) and their partial derivatives up to a certain order k  
inclusive have squares which are integrable on S t .

The class U is defined to be the class of functions u which are such that 
the squares of these functions and of their partial derivatives up to a certain 
order p  inclusive are integrable in the domain SI.

As the square of the separation g0 between two systems of functions 
{^(5;)} and {^(^i)} we shall take the sum of the integrals of the squares 
of the functions %{St) = (p* — cpj and of those of derivatives up to order 
p inclusive on the manifolds St .

As the square of the separation gv between the functions u* and u we 
shall take the sum of the integrals in the domain SI of the squares of the 
function u* — u and of those of its derivatives up to order p  inclusive.
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If a solution u of the problem (2.16), (2.17) depends continuously on the 
boundary conditions in the sense of this definition, we shall say that the 
solution depends on the boundary conditions continuously in the mean to order 
(P, k).

We may mention that continuous dependence to order (0, 0) admits of 
a simple physical interpretation. Thus in the problem (2.12), (2.13) where 
the temperature T  of the body plays the part of u, and the function f(S ), 
the temperature on the boundary, plays the part of ^(S)), continuous de­
pendence of order (0 , 0 ) means that a small change of temperature at any 
point on the boundary would produce a small change of temperature at 
every point inside the body.

Continuous dependence in the mean can be interpreted just as easily. 
In the problem on transmission of sound (1.25), (2.7'), (2.8'), there is, as 
can easily be shown, continuous dependence in the mean of the solution on 
the functions <p0 and of orders (1,1) and (0,1) respectively. This property 
is the mathematical counterpart of the fact that a small change in the energy 
of vibration of the air, initially, produces a small change of energy subse­
quently.

Ordinarily in mathematical physics we use the idea of either continuous 
dependence of order (p , k) or continuous dependence in the mean of order 
(jp, k). There are other natural definitions of continuous dependence apart 
from the two which we have introduced, but we shall not touch on them here.

We may remark that at one and the same time there may be continuous 
dependence in the sense of Definition 1 but not in the sense of Definition 2.

If for any system of functions {̂ jOS))} from & it is possible to indicate 
a domain SI', containing the manifolds St, such that the solution u of the 
problem (2.16), (2.17) depends in this domain on the boundary conditions 
continuously to order (p, k) , or continuously in the mean to order (p, k), 
where p and k  are any particular natural numbers, then we shall say the 
problem (2.16), (2.17) is correctly formulated. In the contrary case, the 
problem is incorrectly formulated. Sometimes, instead of an arbitrary system 
of functions, some particular fixed system of functions {(p/S))} is considered, 
and we then speak of the correctness of the formulation of the problem for 
this system of functions. For non-linear problems, the idea of correct for­
mulation may turn out to be substantially wider than that just expounded.

For ordinary differential equations the problem of integrating an equation

dxm

with initial conditions

dmw .(  du dm lu = /  A', u, — , . . . ,
d.v dx —  ]

M j = 0 — U0 5 “  I — Wj , ••• ,
Ld*Jc = 0

d'" lu
= uin - 1

dx ' " - 1 ,T =  0
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is, as is well known, always correctly formulated, subject to the restrictions 
placed on the function/  by the theorem of existence and uniqueness.

The same applies to a partial differential equation of the first order

du . (  du du du \
—  = f [ t ,  x , y , z, — , — , —  . 
dt \  dx dy dz J

Cauchy’s problem, i.e., the problem of solving this equation with the initial 
data [w] ( = 0  = u0(x ,y ,z ) is correctly formulated for this equation, since u 
depends on u0 continuously to the order ( 1,1).

But for a partial differential equation of order higher than the first this 
circumstance may no longer obtain; consequently, to pose Cauchy’s problem 
for such an equation may not always be meaningful. To illustrate this, we 
choose an example due to Hadamard.

We shall find a solution of the equation

d2u
d x2

= 0 (2.20)

in the half-strip y  > 0 , — zc/2 ^  x  ^  sr/2 , satisfying the conditions

[ wL = - « / 2  — 0  — [ w ] x = n/2

where n is an odd integer.
It is not difficult to see that this solution will have the form

(2.21)

u 1 cos nx sinh ny . (2.22)

It can be shown that the solution of the problem formulated is unique. It 
is easy to see that when n tends to infinity, the function cos nx tends 
uniformly to zero, as do all its derivatives. But the solution (2.22) for any 
non-zero y  has the form of a cosine-curve having an amplitude as great as we 
please.

It is clear that in this case continuous dependence in the sense of the 
first definition can never hold in any domain x, y  which touches the axis
y  =  o.

We can also show that there is no continuous dependence in the sense 
of the second definition. It is easy to see that the integral

f*y £tz12 

Jo* — n 12
— e 1" cos nx sinh ny 
n

dx dj>

tends to infinity as«->oo however small y  > 0  may be, and this justifies our 
assertion.
E M P  2a
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Thus the problem just discussed on Laplace’s equation is not formulated 
correctly.

If we look into the question of continuous dependence in an unbounded 
domain, we find that even for ordinary differential equations the question 
ceases to be a simple one. For these, continuous dependence on the initial 
data is known as “Lyapunov stability (or continuity)”.

The related questions in the theory of partial differential equations could 
also fittingly be called the theory of stability. So far these questions have not 
been fully worked out; they are too difficult for an elementary course, and 
we shall not deal with them here.

The solution of problems which are incorrectly formulated has no 
practical value in the majority of cases. When analysing solutions of all the 
problems appearing in the course, we shall always stop to ascertain that the 
problem is correctly formulated.

In the next lecture we shall be concerned with a more detailed examination 
of the differences between the various equations which we have so far studied.



LECTURE 3

THE CLASSIFICATION OF LINEAR EQUATIONS  
OF THE SECOND ORDER

§ 1. Linear Equations and Quadratic Forms. Canonical Form of an Equation

All the equations we have so far considered have been linear equations of 
the second order with real coefficients, i.e., equations of the form

" " , d2u " D du „Z  Z  A ij T 7------ h Z  Bi T— + Cu -  F
i= 1 j= 1 OXiOXj ( = 1 OXt

(3.1)

where A tJ, Bh C and F  are given functions of x u x 2, ..., x„.
To study the properties of these equations in more detail we shall investigate 
certain properties of their coefficients. We shall examine first of all how the 
coefficients of the equation (3.1) transform under an arbitrary change of the 
independent variables, or, what comes to the same thing, under any geo­
metrical transformation of the space of the variables x 1} x2, ..., x„.

In place of x 1; x 2, ..., x„ we introduce new variables y i ,y 2, ..., y„. We 
assume that the functions Ti(xl5 xn), ..., yn(xu ..., xn) have continuous
second derivatives.

Then
du_ = £  du_ ( 3  2)
dxt i = i dyt dxi

d2u d f  du = z z d2u dyt dyk
+ 1

du d2y t
dxidxj dxj \ d x tJ k=n=i dyfiyh dx t dxj i = i dyt dxfixj

(3-3)

Substituting the expressions (3.2) and (3.3) in the equation (3.1) we get

i a , A
»=i 1 . 1  dykdy, \ t  = i / - 1 clx, d x j)

+ t - ( t  i A»-pr + i B‘ir)1 = 1 dyl \ i  = i j=i  dxtdxj i = i dxtJ

33

+ Cu = F. (3.4)
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Denoting the new coefficients of the second-order derivatives d2ujdyk dyt in
(3.4) by A kh we have

— _  v  v  , tyk d}’i t i  oA ki -  Z  / _ A ij —— —— . (3.5)
i = 1 J =  1 O X  i O X j

If we fix on a definite point in space and write, at this point,

dyk
dxt

(3.6)

then the transformation formulae (3.5) become
____  n  n

A ki = Z  Z  a o &-ki of-ij, (3.7)
i = i j = 1

which are the same as the transformation formulae for the coefficients of the 
quadratic form

Z  Z  a u p i Pj ( 3 -8 )
! = 1  J = l

under the change of variables
n

Pi = Z  aki <lk (3.9)k= 1

which takes (3.8) over into the form

Z  t ^ i V k l i .  (3.10)
lc= 1 1=1

The determinant |aki| must, of course, be non-zero in order that the formulae
(3.9) shall give a (1-1) change of variables.

If we want to simplify equation (4.1) by means of a change of variables, 
we can examine, instead of this problem, that of the simplification of the 
quadratic form (3.8) by means of the change of variables (3.9) with real 
coefficients <xkl.

A problem of this sort arises in analytical geometry in the simplification 
of equations of second-order surfaces. But our present problem is rather 
simpler, since we are not bound to orthogonal transformations, and we 
have no need to demand that in the space p u p 2, ..., pn the directions of the 
axes qL, q2, ..., q„ shall be orthogonal.

It is proved in text-books on linear algebra that the coefficients of the 
transformation can always be chosen so that a quadratic form is reduced to a 
sum of squares (not necessarily with positive coefficients): (3.8) becomes

n n n
Z  Z  A u Pi pj =  Z  k i Q\2

i  =  I J = 1  1 = 1

(3.11)
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where the k t are certain numbers which may be positive or negative or zero. 
We now prove the following theorem:
T h eo r em  1. (Rule o f Inertia o f Quadratic Forms)

The number o f positive coefficients and the number o f negative coefficients 
among the k u k 2, ..., kn is independent o f the particular choice o f change o f 
variables (3.9) which transforms the quadratic form  (3.8) into the form  (3.11), 
provided only that the determinant \ccu \ is non-zero.

It follows, incidentally, that the number of non-zero coefficients k„ must 
also be the same in all representations such as (3.11).
Proof

If we transform our quadratic form in two ways into the sum of squares, 
we shall have

= (3.12)
1 = 1  s  = 1

where ms and qt are the space coordinates chosen in the two cases, and are 
linearly related

n

= X Psi qi ■i= i

Suppose now that the number of positive k x is, say, greater than the 
number of positive qs. We equate to zero all those qx whose squares have 
non-positive coefficients and also all those ms whose squares have positive 
coefficients. If we suppose that

k i ^  k 2 > ... > K > 0 > k r +1 > k r + 2 > .•• ^  K

Qi ^  02 > ... > Qt > 0 > £r+ 1 > Qt + 2 > .. = Qn ?

then we shall put
Qr + 1 Qr +2 - ... - Qn = 0

: m2 • • • — m, -  0 .

Now among the relations between ms and qx written above, those whose 
left-hand members have been put equal to zero may be regarded as a system 
of homogeneous linear equations for determining qx, q2, ..., qr, and the re­
mainder as equalities fixing the values of mt+1, mt + 2, ..., mn. Since the num­
ber of these equations is less than the number of unknowns, we can always 
find a solution of the system in which not all the qlt q2, q r vanish. Sub­
stituting these values of qx, q2, ..., qr in (3.12), we see that the left-hand 
member will be positive, but the right-hand member will be non-positive; 
consequently (3.12) does not hold, and our supposition is contradicted. 
Hence the theorem.
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This theorem enables a classification of partial differential equations of 
the seeond order to be made.

At each point of the space of the variables (xk, x2, ..., xn) we can carry 
out a change of the independent variables p t so that at this point the form

£  £  Ajptpj
i =  1 J = 1

transforms into a sum of squares of the form

£  k r f .
i =  1

Further, the simple substitution

qi =  V  \ki\ rt 

transforms our form into the expression
r m

E ?<2 -  E t3-13)
i =  1 ! =  r  +  1

where r is the number of positive coefficients k t 
and m is the total number of non-zero coefficients.

Suppose now that the substitution (3.9) which reduces the basic form (3.8) 
to the form (3.13) has been found, and that it is written as

n

Pi = X a* qk-
k =  1

We introduce a linear change of the independent variables x 1} x 2, ..., xn in 
our space by means of the formula

n

y k = X a*iXi-
k =  1

This means that in formula (3.6)

= <*«

and so, at the point of space considered, all the A ki with i =£ k  will vanish and 
the A ft will be either +  1 or 0. The terms of the equation which contain sec­
ond-order derivatives will take the form
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If the equation (3.1) has constant coefficients, then under a linear change 
of variables it will transform into an equation with coefficients constant again. 
Consequently we shall, in this case, be able everywhere in the space to bring 
the equation into such a form that in the new coordinates the coefficients of 
the mixed second-order derivatives vanish and the coefficients of those of 
the derivatives d2uldx2 which do not vanish are equal to +  1. We shall call 
this the canonical form  of the equation.

As we shall see later, the character of a second-order equation is com­
pletely determined by the number r of positive coefficients and the number s 
of negative coefficients of the second-order derivatives after such a trans­
formation. If we consider an equation with variable coefficients, we find that 
it is impossible by a single such transformation to bring it into canonical 
form for the whole space at once; all we can do is to put it into canonical form 
at each point of space separately.

Moreover, in doing this, we may obtain different values of the numbers 
r and s at different points. In such cases it is convenient to divide the space 
into parts over which r and s are constant, and to investigate the equation 
in each part in turn.

We now introduce the concept of types of partial differential equations 
of the second order. In domains where r and s keep constant values, we shall 
say that the equation belongs to the type (r, s). It is clear that the types (r, s) 
and (s, r) are essentially the same, since by a change in sign of all coefficients 
r and s change places. The equation for a vibrating string is of type (1,1) 
with n — 2. The equation of a vibrating membrane belongs to type (2,1) 
with n — 3. The equation of heat conduction belongs to type (3,0) with 
n =  4: and Laplace’s equation to type (3,0) with n = 3.

We shall call type (n, 0) the elliptical type; type (r, s) with r +  s =  n, 
r > 0 , s > 0 , the hyperbolic type; and of these, the type (n — 1 , 1) is the 
normal-hyperbolic type. Types (r, s) with r + s < n are called parabolic types. 
Of these, the type (n — 1, 0) is called the normal-parabolic type. Parabolic 
types where s = 0  are called elliptico-parabolic types, and those with r > 0  

and s >  0  are called hyperbolo-parabolic types.
The equations for a vibrating string and membrane belong to the normal- 

hyperbolic type [equations (1.9) and (1.13)]; the equation of heat conduction
(1.19) belongs to the normal-parabolic, and Laplace’s equation to the elliptic 
type.

In this course we shall restrict ourselves to the normal-hyperbolic, nor­
mal-parabolic, and elliptic types. All the equations which we considered in 
Lecture 1 had canonical form and belonged to one of these types. We thus 
see that none of these equations can be reduced to another by a real trans­
formation of coordinates and that each of them is typical of a certain spe­
cies.

Note. The coordinate system in which an equation takes canonical form 
is not unique.
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Laplace’s equation 

V2« d2u d2u d2u— -f*------  *4" * * • -f- — — -
dxf dx\ dx2n

remains invariant under any change of origin and any orthogonal transform­
ation of coordinates.

For, the coefficients A kl after an orthogonal rotation will have the form

__  n
^kl = ^

i =  1

where ocik - =  cos ( y k, x(),
dxi

and by the orthogonality conditions

" (1  for k  = /
( 0  for * # / ’

so that
—  fl for k — \

{o for k  7̂  / ’
as was to be shown.

The transformations of the independent variables which leave the wave 
equation invariant are known as Lorentz transformations; they play an im­
portant role in the theory of relativity.

§ 2. Canonical Form of Equations in Two Independent Variables

As we have seen, an equation with variable coefficients can always be 
brought into canonical form at an isolated point in space. If the number of 
independent variables is greater than two, then only in exceptional circum­
stances can the equation be brought into canonical form throughout the 
whole space in which the equation is given. However, an equation in two 
independent variables can always be brought into canonical form throughout 
the whole region of variation of the independent variables.

We shall examine this question in more detail. When there are two in­
dependent variables the sum of the terms containing second-order deriv­
atives may be written in the form

Lu = A d2u
dx2

+ IB d2u
dxdy

+ C
d2u 
dy2 '

We shall call this sum the principal term o f the second-order operator.
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On transition to new variables i  =  ij(x, y ), ?/ =  r](x, y ), the operator Lu 
takes the form

Lu = H d £ \ 2 . „„ d £ d l  + r  ( d £ _ Y
dx

+ 2B
dx dy \ d y )  _ d i2

d2u

dx dx

+

I

[_ \ d x  J  d x

dx dy dx dy dy dy _
d 2 u

didq

d r ]  (  d r ]  \ 2"
—  + C 1 1 ‘
dp J

d 2 u  d u  d u
-----  + ----L i + -----Lt]
d r ]2 d i  d r ]

or
r  r  d l l  d uLu = L ,u  3------ L i  H------- Ln.

d i  d r ]

L xu denotes the principal term of the operator in the new variables. We 
assume as regards f(x, >») and r]{x, y), in addition to their smoothness, that 
the curves i(x , y) = const, and r](x, y) =  const, do not meet tangentially at 
their points of intersection.

In order that the equation may have canonical form after the transfor­
mation of coordinates, it is necessary that:
(1) The coefficient of the mixed partial derivative

B = A —  —  + B ( —  —  + —
d x  d x  \ d x  d y  d x  d y

d i dr] 
dy dy

must vanish and (2) If  the equation is of elliptical or hyperbolic type, then 
must

A i =  ±  C i,

and if the equation is of parabolic type, then must either

A x = 0 or C1 — 0.

It is known from analytical geometry that the canonical form of the 
quadratic form

Ap2 + 2Bpq + Cq2

whose coefficients transform like those of the operator Lu is determined by 
the sign of its discriminant

A = B 2 -  AC,

and if A < 0, the form is elliptical and transforms into r\ +  r2 
if A > 0, the form is hyperbolic and transforms into rf — r\ 
if A = 0, the form is parabolic and transforms into r2.
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In the last case we shall exclude the possibility of complete degeneracy of 
the form (A = B = C = 0). We shall examine the parabolic case first. If 
A = 0,then B2 = AC and, since we exclude the completely degenerate case, 
this implies that at least one of the coefficients A and C is not equal to zero. 
Suppose A #  0. Put

(If B = 0, then C =  0 also, and the equation is already in canonical form.) 
We have:

Ai = A
d x

d £  d£+ 2 B — —  + C 
d x  d y

d±
d y

= A HL + k lL Y
d x  d y  J

dr} \ 2 , nr> dv d7! c  ( dr j \ z _  /  drj dr] \ 2+ 2B —  —  + C I ----
d x  d y  \ d y

+ k  —— ]
d x  d y  J

BL = A A -  + 5  (■—  —^  ̂——
d x  d x  \ d x  d y  d x  d y

d£ di] 
d y  d y

= A(K + kK)(?i + k? i\
\ d x  d y  J  \ d x  d y  J

In order that the coefficients B x and Cx should vanish simultaneously it is 
sufficient to put

d n  
—  + 
d x

= 0 . (3-14)

(3.14) is an equation of the first order for the unknown function rj(x, ^). 
We can take any solution of this equation as the new independent variable i]. 
In the new variables £, r] the principal term of the equation will take the form

d 2 u

The coefficient A x cannot vanish, since neither A nor d£/dx + k  dt-jdy 
vanishes. For A ^  0 by hypothesis, and the expression d£jdx  +  k  d£[dy 
could vanish only at points where the curves £ = const, and rj = const, 
touch, and there are no such points by hypothesis. Dividing the equation 
by A x throughout, the principal term becomes d2w/d£2. It is useful to note 
that equation (3.14) does not define a single curve but only a family of 
curves rj =  const, and so a certain arbitrariness remains for the choice of the 
function £(x, j ) .

In the case when our second-order partial differential equation is of 
elliptic or hyperbolic type, it is easy to show that the coefficient B t vanishes.
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The complete reduction to canonical form of an equation of elliptic type is a 
complicated problem, and we shall not stop to deal with it. An equation of 
hyperbolic type, as we shall show in a moment, can always be easily trans­
formed to canonical form.

We select first the case when a linear second-order equation in two in­
dependent variables does not belong to the parabolic type and the coefficient 
A does not vanish (the case C ^  0, A — 0 can be treated in a similar way; 
the case A = C = 0 we shall deal with separately). Let then A ^  0. We put

£  =  X ,  Tj = cp{x, >0.

Then d£jdy — 0, d£/dx = 1, and the condition that the coefficient Bx should 
vanish becomes

A
dr\

+ B
dr\

= 0 . (3.15)

Taking once more for rj any solution of the equation (3.15), we obtain a sys­
tem of coordinates in which the equation has the required form. This form 
will not be canonical, because the coefficients of the second-order derivatives 
will not, in general, be ±  1 .

If A =  C =  0, then the equation will have a principal term of the form

d2u 
dx dy

and will be hyperbolic. It is easy to see in this case that by the substitution

£ = x + y, n = x -  y

the equation takes the canonical form

d2u d2u
------- — ------- +
d | 2 drf

It is clear from this that the reduction of a hyperbolic equation to the form

d2u-------   -f •••
dxdy

would solve our problem completely. Moreover, in many problems it is 
precisely this form which is most convenient, and we shall therefore devote 
a separate section to it.



42 CLASSI FI CATI ON OF S E C O N D - O R D E R  EQUATI ONS L.3

§ 3. Second Canonical Form of Hyperbolic Equations 
in Two Independent Variables

The second canonical form for a second-order partial differential equation 
of hyperbolic type in two independent variables is one where the equation 
does not contain the partial derivatives <52«/Sx2 and d2u/dy2.

It follows from the formulae of the previous section that, in order to bring 
an equation to this form we must find functions £{x, y) and r^x, y) satisfying 
the equations

A i
dx dy \  dx

= 0

A
d>i'' 
dx ,

2 B ^ L ^ -  + c ( ^
dx dy \  dy

= 0 .

These two equations are necessarily one and the same, and we have to find 
I  and i] as two different solutions of the one equation, which we may write 
in the form

/ dC \ 2 /  dC \

A dx
~dl

+ IB dx
dC

+ C = 0 (3.16)

dy dy

where C stands for either of the functions f  or i]. 
Along a curve £ = const, we have

dC
d j _  dx
dx dC

dy

and therefore (3.16) can be rewritten in the form of a quadratic in y'

Ay'2 -  2By' +  C = 0 .

The condition B 2 — AC > 0 ensures the existence of two distinct real roots

y \ =  [B + V B 2 -  AC]/A , y'2 = [ B  -  V B 2 -  A C )jA . (3.17)

By taking the integral curves of the first and second of the equations (3.17) 
as the curves f  =  const, and = const, respectively, we obtain the solution 
of our problem.
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§ 4. Characteristics

The introduction of suitably chosen variables £ and r] eliminated the terms 
in 3 2i//3 £ 2 and d2u/dr]2 in an equation of hyperbolic type in two independent 
variables.

In the general case of n variables we could also select new coordinates 
Tu T2> so that there was no term containing d2uldy\, for example, in
the equation. We have seen that the coefficient of this derivative is given by

A 11

n  n

= X ^ ij ait
i =  1 J = 1

i  i  a — —i = i j=i dxi dxj
(3.18)

As regards the function x 2, ■ ■., x„),we shall assume that on the surface 
y x = 0  and in a certain neighbourhood of it the inequality

dy i 
dxt

> 0

holds good; this ensures that there are no singular points on the surfaces 
Ti(x i> x 2 > x„) = const. This condition can always be fulfilled if the surface

= 0  is sufficiently smooth and if the family of surfaces y x =  C, for varying 
C, fills a certain part of space adjoining the surface y x = 0. Any smooth 
surface having an equation (p{xx, x 2, ..., x„) = 0  can be taken as the surface
Ti = 0 . ___

We examine the condition that the coefficient A ll shall vanish on the 
surface y x = 0. Applying a familiar result in the differential calculus, the 
cosine of the angle («, x t) which the normal n to the surface y l = 0  makes 
with the axis x t is given by

ty i

co s(n, Xi) dxt

Hence the equation A X1 =  0 can be written in the form

n n

£  ]T A u cos (n, Xf) cos (n, Xj) =  0.
( = i  j=i

This equation shows that the vanishing of A iy on the surface y^ = 0 is an 
intrinsic property of this surface and that it in no way depends on the choice 
of the variables y 2, _y3, ..., y„.

D e f in it io n . A surface

T iO i, x 2, x n) = c0
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is called a characteristic o f the equation (3.1) if, on changing from the variables 
x 1} x 2, ..., x„ to new variables jq, y 2, . ..,y„, where y 2, . ..,y„ are arbirtary 

functions o f x 1, x 2, ..., x„ and all the y t are continuous and have first-order 
derivatives and a non-zero Jacobian in the neighbourhood o f the surface under 
consideration, it happens that the coefficient A lx o f d2ujdy\ vanishes on this 
surface.

It is not difficult to see that an equation of elliptic type can have no real 
characteristic, since A 1X here appears as a positive definite quadratic form 
in oclt and therefore cannot vanish.

If the surface x 1 = 0 is a characteristic for our equation (3.1),

i i
i = 1 j  = 1  O X f  O X j

" n du + y  Bt —
i t i  dxt

+ Cu = F,

i.e., if [^ iiL j=o =  0 ,
then this equation becomes a differential equation relating [m] ^ 1 = 0 and 
[dujdx-i]Xl = 0. For, if x^ =  0, we can rewrite it in the form

A,
d2

: i = 0  d y fix j [ « L ,  =  t

K l w  ...
+ [C]Xl = 0 ([wL1 = o) =  [FL 1 = 0.

d
+ Yj = 0 —--- ([«]„-<>)dxt

(3.19)

The problem o f finding, for the second-order equation in general form, a 
solution which satisfies on a certain surface S  the two conditions

=  <Pi

is known as Cauchy's problem.
As we saw earlier, particular instances of this problem arise in the in­

vestigation of vibrations of a string or membrane when the position and 
velocity of the particles of the vibrating body are given at the initial instant 
of the motion.

It may be usefully remarked that, in general, it is not essential that the 
direction along which the derivative of u is specified should be normal to the 
surface S; [du/dn]s itself need not be given. For, the specification on S  of the 
function u itself enables all its derivatives in any tangent plane to be deter­
mined, while a knowledge of the normal derivative enables the value of the 
gradient of the function to be found at all points on the surface S. But the 
derivative of the function in an arbitrary direction is the projection of 
its gradient in this direction. So that our aim, a knowledge ofthe gradient, will

Ms = <Po and
du
dn
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be achieved if we are given at each point of the surface the value of the deriv­
ative of u along any non-tangential direction.

It follows from equation (3.19) that in the case when the surface = 0 
is a characteristic, [ « ] * , = 0 and [duldxi\Xl = 0 are not independent functions of 
the variables x 2, *3, ...» x„, and Cauchy’s problem for this surface Xj = 0 
becomes impossible; for [w]Xl=0 and [5m/5jc1]Xi=0 cannot be specified arbit­
rarily and at the same time satisfy (3.19).

This argument has shown that it is impossible to prescribe arbitrarily on 
characteristic surfaces both the value of a function and that of any com­
ponent of its gradient not lying in a tangent plane.



LECTURE 4

THE EQUATION FOR A VIBRATING STRING  
AND ITS SOLUTION BY D ’ALEMBERT’S

METHOD

§ I. D’Alembert’s Formula. Infinite String

The equation for free vibrations of a string, i.e., for its vibrations when 
there are no external transverse forces, is

d2u 1 d2u
Hx2 ~ ~̂ 2 ~dt2

(4.1)

where a = V T/q. To bring it to the second canonical form we put

^ — x — at, rj = x + at. (4.2)

Then equation (4.1) becomes

dtjdrj
(4.3)

The general solution of equation (4.3) is easily obtained. Moreover, in 
contrast to what, as we said in Lecture 2, usually happens with such solutions, 
this general solution can easily be applied to various concrete problems. 

From (4.3) we have
=  o

d£ di]
whence

du '( \ —  = V2O7), or)
(4.4)

where y'2(yj) is an arbitrary function. 
From (4.4) we get

« = V>2(?}) + Vi(f)»

where vt(£) is an arbitrary function. Returning to the variables x, t, we get

u = y 2(x — at) +  yj2(x + at) (4.5)

46
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This solution depends on two arbitrary functions yq and ip2: it is called 
d’Alembert’s solution.

To solve any particular problem on free vibrations of a string, we have 
only to determine yq and yq for that particular case.

We consider first of all Cauchy’s problem for an infinite string, i.e., the 
problem of finding a solution satisfying the conditions

[m]( =  o  =  V o t o ,  =  V ito- (4 -6 )

Substituting formula (4.5) in (4.6) we have

Vi(*) + Vzto = Voto 

-<V iO ) + ay2(x) = V ito ,

and from the second of these we get

-a V i(x ) + ay2(x) = V i t o  dy  + aC

where C is an arbitrary constant, and y , of course, is merely a dummy 
variable. Hence

V ito  = — 2

ip2( x)

-  rv<>to -  -
2  l_ a

■i[

V ito  dy  -  C

<Po(x) + — V i t o  +  c  
a J o

Hence

u — — 
2

1 rx~at
y 0{x -  a t ) ------ V ito  djv -  C + <p0(x +  at)

2 r x  + a t

+ — V i t o  dy + C 
a J o

or finally we get the formula
I  f ' x  + a t

y 0(x -  at) + y 0(x + at) + — V ito  dT |- (4 -7)
a J x - a t ■}

It is clear that this solution satisfies equation (4.1) and also the initial 
conditions. The method of deriving (4.7) shows the uniqueness of solution of 
the problem. Further, there is no doubt that the problem was correctly 
formulated. For any e > 0 we can find an rj such that, if we replace <p0(x) 
and V ito  by Vo t o  and V ito  su°h that

Ivoto -  Votol <  V,  IV1 ( t o  -  v f t o l  <
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then the absolute value of the difference between the new solution and the 
original one will be less than s in any finite and previously given time-interval. 
Thus the solution of the problem depends continuously to order (0, 0) on 
the initial data.

We may profitably examine the vibrations of an infinite string in some­
what greater detail. We select one or two simple cases.

C a se  1. The function ^ ( x )  is identically zero, and the function y 0(x) is 
zero except in a finite interval —k ^ x S k .

The solution (4.7) then becomes

U =  — OoCv -  at) + <p0(x + at)]. 
2

The term \rp0{x — at) represents a disturbance of constant shape travelling 
with velocity a in the positive x-direction. This is evident from the fact that, 
if we put the origin of a moving coordinate system £ at the point x  = a t,
i.e., if we put £ = x — at, then we should see a constant disturbance in the 
moving system. Similarly, the term \q>0{x +  at) represents a disturbance of 
the same shape travelling with the same speed in the opposite direction. 
These disturbances are called waves. The first is the direct wave, the second 
the reverse wave. The waves are initially superimposed, and then they sep­
arate and move iff opposite directions further and further away from each 
other. At points lying within the region of the initial disturbance the string

F ig. 4.

returns to its rest position after the passage of both waves, and at other points 
after the passage of one wave. Fig. 4 shows the disturbed string at two in­
stants of time.

Case 2. The function <p0(x) is identically zero, and the function ^ (x )  is 
zero except in a finite interval —k ^ x ^ I c .  In such a case we may say that 
the string has an initial impulse but no initial disturbance.

Consider the function ^ i(x ), the indefinite integral of <Pi(x). It is zero 
for values of x in the interval — oo < x ^  — k . For x ^  k  it will be equal
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to some constant, in general non-zero. This constant is evidently equal to

ffc dx.

Formula (4.7) gives

u = —  [^iCx + at) — (x — at)].
2  a

In this case again, two waves travel along the string, one forward, one re­
verse. They differ only in sign.

Where both the forward and reverse waves have already passed, the 
string will have reached a state of rest, but it will not, in general, have re-

u  t = °  <Pt M

r  ,i
i
i1 X

- K

/

A

'
3

-K~at K+at
F ig. 5.

turned to its original position. For at sufficiently large values of the time, 
x  + at > k  and then 0 ^ x  +  at) will be equal to the constant, but x  — at 
< —k  and ^ ( x  — at) will be zero.

A so-called residual displacement will remain in the string. The shape of 
the displaced string at a particular time is shown in Fig. 5.

It will readily be seen that it is possible to produce a wave travelling in 
one direction only by giving the string a suitable initial disturbance and im­
pulse. It is only necessary to ensure that the reverse waves evoked by the 
initial displacement and by the initial impulse differ only in sign.

§ 2. String with Twro Fixed Ends

We next consider a string with fixed ends and seek a solution subject 
to the conditions (4.6) and also

[u]x=o =  0  and [u]x=l = 0 .

Obviously the functions <p0(x) and <pL(x) in this case will be defined only 
in the interval 0  ^  x ^  /.
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Returning to formula (4.5), we see that ^ x(x) must be defined in the 
interval from — oo to /, and y>2(x) in the interval from 0 to +oo. Putting 
a* =  0 and x — I 'm the solution (4.5) we get

V»i(- at) + y>2(at) = 0  

Vi(l — at) + ip2(l + at) = 0

or
V i(.-x) + \p2(x) = 0 , 0  g

y>i(-x) + yj2(x + 21) =  0,

Any two functions yq(x) and yi2(x) which satisfy (4.8') will give a solution of 
the problem.

The first of the conditions (4.8') enables ip2(x) for positive x to be expressed 
in terms of xpx(x) for negative values of the argument. Substituting the value 
of xp2{pc) from the first condition into the second, we get

Y 'i(-x) -  v A - x  -  21) =  0. (4.9)

This formula asserts that the function ^ (x )  must be periodic with period 21 
throughout the region in which it is of interest to us.

Regarding (4.8') as a pair of equations in two unknown functions, we see 
that the first of them can be regarded as a definition of y 2(x). It is evident 
that this pair of equations is exactly equivalent to the single equation (4.9), 
since if (4.9) is satisfied then so are both of (4.8). Let us formulate the result 
achieved.

We have shown that any solution of the equation (4.1) subject to the 
conditions (4.8) may be expressed in terms of an arbitrary periodic function 
V»i(x) with period 21, defined in the interval — oo < x ^  /:

u =  vb(x — at) — vq( —x — at). (4.10)

If ̂ (x )  continues to be periodic with period 21 along the whole straight 
line — oo < x < oo, the function (4.10) will not change for any x inO S  x 
^  / from what it was before. This is the only interval that interests us in the 
present problem. However, (4.10) would in that case also be the solution of 
some problem on the vibrations of an infinite string.

Putting t — 0 in (4.10), we see that

Mr = 0 = y>i(x) -  V i(-.v).

= -flfWCv) -  v K -* )]-
r = 0

But ^i(x) — vq( —x) is, as may easily be seen, an odd function, which, by

du
~dt

(4.8)

x < oo 

— / < x < oo .
(4.80
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what has been proved, has period 21. Such a function can easily be con­
structed in full from its values in the interval 0  ^  x  ^  I, where we have

V>i(x) -  y i ( - x )  = <p0(x), 0  ^  x ^  /.

Similarly, starting from the equality

— ay}[(x) +  arp'ii — x) = ^ (x )  for 0  ^  x ^  /,

it is easy to construct — a[ip[(x) — ip[( — x)] everywhere as an odd, periodic 
function. This is equivalent to continuing the functions (p0(x) and ^ (x )  
along the whole straight line as odd, periodic functions.

When the functions cp0(x) and ^ (x )  have been constructed along the 
whole straight line, yq(x) can be found without difficulty in the same way 
as we did in the case of the infinite string.

It follows from this that the solution to our problem is expressed by 
the same formula (4.7) if in it we take q>0(x) and 9?i(x) to be odd, periodic 
functions. The formula (4.7) does indeed give the required solution, since 
the fact that the initial conditions are odd implies that [w]x = 0  = 0 ; and an 
odd function of period 21 is obviously odd relative to the points x =  kl 
(k = 0, 1, —1,2 , — 2, ...) . Hence [u]x=i is also equal to 0.

One important point must be mentioned. Strictly speaking, a function 
given by the formula (4.5) will satisfy the equation provided that yq(x) and 
rp2(x), together with their second-order derivatives, are all continuous func­
tions. The question arises whether the solution we have found satisfies this 
condition.

For the condition to be satisfied, we require that <p0(x) and ^ (x )  after 
their continuation along the whole straight line as odd, periodic functions shall 
be continuous and have continuous second-order derivatives. As the reader 
can verify, this means that we must have

? o ( 0  =  <Po(l) = <Po(P) =  ? o (0 )  =  0 ,

Pi(0 = r i (0  =  9h(0) = r i (0) = o.

However, it is also possible to contemplate functions which do not satisfy 
all these conditions. It then becomes necessary to generalize in an appro­
priate way the class of admissible solutions of equation (4.1). We shall con­
sider this question later.

§ 3. Solution of the Problem for a Non-Homogeneous Equation 
and for More General Boundary Conditions

We consider next a more general problem. Suppose we require to solve
the equation d2u

dx2
1 d h  

a2 dt2
= p(x, t) (4.11)
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subject to the conditions

a[u\x=o + P I "7T" I =  / i ( 0

y[u]x=l + d

r a u i

L  J * = 0

m  == f i i t)

and

T- 1  -’ Ld/J„o[4=0 = <Po(x)’ — = 9>i(x)

A solution is sought in the domain defined by the inequalities

0  < a  < / and 0  < t.

L.4

(4.12)

(4.13)

We may first remark that it is easy to construct a particular solution of 
equation (4.11), though not, it is true, one satisfying the conditions (4.12) 
and (4.13).

By introducing new variables

£ = x  — at, t] = x  + at 

we can transform (4.11) into the form

d^u
4 —  =  Q i Z , n ) .at; or)

(4.14)

(4.15)

f  and r) will vary over the domain defined by the inequalities

V -  £ > 0 (4.16)
and

0  < rj + f  < 21; (4.17)

this is the half-strip ending in GF and going through E  and D, as shown in 
Fig. 6 . We continue the function Q{^,»/) quite arbitrarily beyond the two 
straight lines given by

f  + r\ = 0

f  + V = 2 /,

thus defining it over the whole half-plane given by (4.16). If we find a solution 
of (4.15) over the whole half-plane, then clearly it will also satisfy our equa­
tion in the strip defined by the inequalities (4.16), (4.17). We shall try to 
find a particular solution vt of equation (4.15). Putting

d v! 
di]

z(f, rj) (4.18)
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we get from (4.15)

d£ 4

and a particular solution of (4.19) has the form

1 f?
z ( £ , y )  =  —  \ Q ( « , V )  da.

4  J ,
Further, a particular solution of (4.18) will be

(4.19)

(4.20)

=  J  z ( £ ,  f i )  d f i (4.21)

or, combining (4.20) and (4.21), a particular solution of (4.15) will have the 
form

r  re
Q(a, (i) d a j d/5Id jS  =  - -

m
Q(oc,lS )d a jd £  (4.22)

The integral (4.22) is taken over the domain

£ < P <  <* < »7>

which is the triangle ABC  in Fig. 6 , the point A being the point (£, rj). In 
other words,

v Q(a, p) da d/5
a a b c
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and this integral may be divided into the sum of the same integral taken over 
the areas ACEG, A DBF, and ADFGE:

*1 4

4

1 ACEG
Q(a, p) doc d(l — -  

4

Q(oc, fl) da dp.
ADFGE

Q(x, P) da dp
a db f

The triangle CEG depends only on the coordinate I  of the point A, and the 
triangle DBF only on the coordinate rj of A. The point A is taken inside the 
half-strip. Consequently,

— f f 6 (a> P )  da dP  = WiCf),
4 J J aceg 4

Q(oc, P) doc dp = w2(rj).
J A DBF

If the function vx satisfies equation (4.15) then the function

V =  v 1 -  W i d )  -  w 2{rj) = -  f  Q(oc, P) da d^ (4.23)
4 J J ADFGE

will also satisfy the same equation. If we transform the variables in the 
integral (4.23) back to a: and t, then, since

we get

D(oc, P) _  I —a 
D(x, t) 1 a

v a
2

p(x, t) d* d/
ADFGE

(4.24)

where ADFGE has the shape shown in Fig. 7.
We shall try to find a solution of our problem in the form of a particular 

solution of the non-homogeneous equation and a solution of the homo-

Fig. 7.
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geneous equation which satisfies the boundary conditions. To do this we 
introduce instead of u a new function w where

w =  u — v. (4.25)

The function w will then satisfy a homogeneous equation for a vibrating 
string and conditions of the same type as (4.12) and (4.13).

In dealing with this problem we can immediately take p(x, t) = 0 and 
suppose the conditions (4.12), (4.13) transformed according to (4.25).

Our change of variable does not disturb the uniqueness and existence of 
the solution. If the problem was correctly formulated initially, then it will 
still be so after the change of variable. For, the solution w depends contin­
uously on the initial conditions. The new conditions for w will depend con­
tinuously on v and consequently on p(x, t). As a result, small deviations in 
p(x, will give small deviations in the solution u.

A solution of the equation

d2u 1 d2u
Ihc2 l i t 2

(4.1)

may again be sought in the previous form

u = i f^ x  — at) + y 2{x +  at). (4.5)

As in the first problem, the initial conditions (4.13) enable the functions 
ifiix) and y 2(x) to be defined in the interval 0 ^  x  ^  I. This means that 
the function u is defined inside a triangle lying in the strip (see Fig. 8 ) and 
resting on the x-axis (t > 0 ).
E M P  3
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The next question is: Can we satisfy the conditions (4.12) by a suitable 
choice of continuations of ipt(x) a n d ^ 2(/) over the whole domain of interest 
to us?

Substituting the expressions (4.5) in (4.12), we get

«W i(.-a t)  +  p ip [ ( -a t)  +  oap2(at) +  Py>2(at) = f ^ t )  \
(4.26)

yy*i(l -  at) +  fy[(I -  at) +  yip2{l +  at) + <5ip2(l + at) =  f 2(t) J

We can draw, in the (x, t) plane, two series of strips, parallel to the 
straight lines given by x — at = 0  and a +  at =  0 , in which the inequalities

— l k < x  — a t<  —l{ k — 1), [k ]

ml < x  + at < (m + 1)/ |/w}

hold good; and we shall denote each strip by its corresponding number placed 
inside either a square bracket [ ] or a curly bracket { } (see Fig. 8).

From the first of the conditions (4.26), the value of yq in the strip [m] 
can be determined if the value o(ip2 in the strip {m — 1} is known; and from 
the second of these conditions, the value of ip2 in the strip {£} can be deter­
mined if the value of ip2 in the strip [k — 1] is known; in each case by solving 
an ordinary differential equation with constant coefficients. Thus, denote 
— at in the first equation of (4.26) by f ; then it becomes

«Y>i(f) +  Pip'll) = -cap2( - 0  ~  PW£(-£ ) + / i  ( ~ ^ ) ; (4‘27)

and if we replace I — at by f  in the second equation of (4.26), it becomes

yVi(f) + fyh'(f) =  - y V iW  ~  0  ~  dip2(2l -  f) +  / 2  1

Knowing ip2 in {0} and solving (4.27) for we obtain the value of in 
[1]; and then, solving (4.28) fo r^ 2, we get the value o f ^ 2 in {2}; and so on. 
The arbitrary constants arising in the integrations are determined from the 
conditions for continuity of and y>2. In exactly the same way, starting 
from the value of in [0] and solving equation (4.28), we get the value of 
ip2 in (1}; and then, solving (4.27) for ip1, we find the value of ipx in [2]; and 
so on. It is clear that in this way all the required conditions can be satisfied.

It is clear that in this process no doubt can arise about the existence and 
uniqueness of the solution nor about the correctness of formulation of the 
problem. The only thing which is not clear is whether the functions ipt and 
ip2 which we have constructed will have continuous second-order derivatives. 
We shall leave the reader to establish the necessary and sufficient conditions

Y  (4.28)
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for this to be the case, and we merely remark that, since we have extended 
the class of solutions of the equation (4.1), we can drop the requirement 
that the functions and ip2 shall be continuous.

The equation for a vibrating string and equations of hyperbolic type 
in two independent variables similar to it are often encountered in various 
problems of mathematical physics.



L E C T U R E  5

RIEM ANN’S METHOD

§ 1. The Boundary-Value Problem of the First Kind for Hyperbolic Equations

In constructing a solution for the equation of a vibrating string we made 
use of the fundamental property of the characteristic of this equation, allow­
ing us to integrate the equation (4.3) immediately.

This property consists in the fact that, on the characteristic curves 
i] — const., the equation (4.3) becomes an ordinary differential equation in 
dujdrj with f  as the independent variable. Hence we were able to find the 
function u by quadrature. This same property of characteristics —the 
existence of equations with fewer variables, which express relations between 
the values of the unknown function and its derivatives —forms the basis of 
several important methods of integrating partial differential equations of 
hyperbolic type.

Consider the equation

d2u . . du , .  . du . . . , ,— — - + a(x, y) —-  +  b(x, y) —  + (fix, y) u = F(x, y) ; (5.1)
ox dy ox dy

as we have seen, any linear, hyperbolic equation in two independent vari­
ables can be put into this form.

We first prove this lemma:
Suppose the value o f u is given on two intersecting straight lines parallel to 

the coordinate axes (i.e., on the characteristics):

[«]*=*„ = <PiO'); To ^  y  ^  b 

[u]y=yo =  <p2{x)\ x 0 ^  x  ^  a
(5.2)

and suppose that ^Cfo) =  • Then in the rectangle defined by x0 ^  x
= a, y 0 ^  y  ^  b, equation (5.1) has a unique solution satisfying the con­
ditions (5.2). (We assume that (pfy) and (p2{y) have continuous, first-order 
derivatives.)

Put
du du----  =  v, ----  — w.
dx dy

(5.3)

58
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Then (5.1) can be rewritten in the form

59

—  =  —  = F(x, y) -  a(x, y ) v ~  b(x, y) w -  c(x, y ) u . (5.4)
ay ox

It follows at once that

v(x,y) = v (x ,y 0) + [F(x,y) -  a(x,y)v -  b(x,y)w  -  c(x,y)u] dy
J  y  o 

f*x

w(x,y) =  w(x0 ,y) + [F(x,y) -  a(x,y)v -  b(x,y)w -  c(x,y)u]dx
*0

u(x, y) = u(x, Jo) +  w(x, y) dy
y  o

(5.5)

and by virtue of (5.2)

H’(X0 > j )  =

It follows from (5.4) and (5.5) that

v (x ,y 0) = | j ~ j  =  (p'2{x)

t s " ’

v(x, y) = (p'2{x) + 

w(x,y) = <p[(y) +

>'0

(*X

[F(x, y) -  a(x, y)v -  b{x,y)\v -  c(x,y)u] dy  

[T(x,j) -  a(x,y)v -  b(x,y)\v -  c{x,y)u] d* (5 .6 )
J  * 0

(*y
u(x, y) = <p2(a) + vv dy.

J >’0
Conversely, any solution of the system (5.6) will obviously satisfy the equa­
tions (5.4) and the second of the equations (5.3). Moreover,

du u  x T  dw a —  = <Pi(x) + ~  dy
Ox J j,0 Ox

=  Vzix) + j [F(x, y) -  a{x, y)u -  b(x, y)w -  c(x, y)u] dw
J yo

du
dx

that is,
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Consequently, the first of the equations (5.3) is also satisfied. It also follows 
from (5.6) that

My = 3-0

M x  =  x 0

<p2(x).

<P2(X0) +
*y

M * = * 0 dy = <F2(x 0) +
J yo

I f’iO') dy
' J’O

=  <P2(x0) +  < M j )  -  <Pi(yo) =  <Pi(y)‘

Thus, any solution of the system (5.6) is a solution of the problem pro­
posed. It follows from all that has been stated that the system (5.6) is 
equivalent to the equation (5.1) with the conditions (5.2).

We shall find a solution of the system (5.6) by the method of successive 
approximations. Let

vQ = <p2(x), ii’o = q>\{y), u0 = cp2{x)
and write

v„ = <p’2(x) + [TCv^ -  a(x.>-) r,,-! -  b(x,y) uy_1

-  c(x,y) wn_ J  dj-

Wn =  <p\{y) + [f(x ,y) -  a(x,y) -  b(x,y) w„-i
*0

c(.v,y)>'n- i]  dx

Un =  <P2(x) +

(*y
vt’n- 1  dy

y o
(n = 1,2, ...).

(5.7)

We show that the sequences un, v„, and h-„ converge. To do this, we 
assume that all the functions <pi{y), <p2(x), <^(y), <p2{x), F(x,y), a(x,y), 
b(x, y), c(x, y) are bounded in the rectangle defined by (5.2). We have

un+ 1 -  V n

W»+l “  Wn

*y
W-K.jOO'n -  V„-l) + K-V,T)(h’„ ~  U’,,-!)

yo
+ c(x,y) (m» -  dy

>X
[fl(x,j) ((;„ -  rn_ t) +  6 (a-,^)(u'„ -  ivn_i)

x 0

(5.8)

Mn+ 1

*y
-  >('„_!) dy.

yo

+ c(x,y) (u„ -  wn_ t)] dx



§1 B O U N D A R Y - V A L U E  P R O B L E M  OF F I R S T  K I N D 61

We shall show that \u„ — |, |p„ — v„_11, |w„ — w„_1| satisfy the in­
equalities

- 1 a (■* +  J  — -*o ~  J o ) ” 1K  -  i’,,-! ^  K n~1A
(n ~  1)!

Iwn -  w„_i| ^  K n~lA — ±  y-----^2----
0n -  1)!

„-i a (*  + y  -  * o -  j o )""1|UH - V i l ^  K n- 'A

where
(n -  1)!

K > |tf(x,y)| + \b(x,y)\ +  |c(x,y)|

(5.9)

and the A ’s are certain numbers, independent of n.
For n = 1 the inequalities (5.9) obviously are true if the constants A are 

chosen sufficiently large. We show that these inequalities remain true when n 
is replaced by n +  1. From (5.8) we have, for example,

K +1 -  «n| ^  (H  + H  + |c|) K n 1 A
„_1  , (x + y -  x 0 -  y 0)n 1

*M0 (« “  ! ) !

^  (x + y -  Xo -  J o )" " 1

d j

< AKn

= AKn

d j
,0 (» -  D!

' (x + y -  x 0 -  y0)" (.x -  x 0)n
n n

< AK■„ (x + y -  * o  -  jo )"
n\

The other differences in (5.9) may be estimated in the same way.
It follows from (5.9) that the series

CO 00 00
U0 +  X  (“» “  Un-1)> V0 +  £  (U« -  U"-l)> W0 +  Z  ( W». “  Wn - l )

n =  1 n  =  1 n = 1

are absolutely and uniformly convergent, since their terms are in absolute 
magnitude less than the corresponding terms of the uniformly convergent 
series

A + A Y , K n
n= 1

( *  +  J  ~  * o  ~  Jo)"  1 
{n -  1)!

which, as is well known, is the function A + A eK(x+y x° Vo).
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Consequently, u„, vn, and wn tend uniformly to definite limits in the rec­
tangle given in (5.2). Passing to the limit in the formulae (5.7), we see that the 
limit functions u, v, and w satisfy (5.6), and our problem is solved. We may 
note that an exactly similar argument would apply in the case x < x0,
y < y fl­

it is not difficult to show that our solution is unique. To do this, it is 
sufficient to show that in the case when F = 0, <py(y) = <p2{x) — 0, the 
system (5.6) has no other bounded solutions than « = 0, v = 0, w = 0. 
Suppose that there is some solution satisfying the conditions \u\ < A, 
|u| < A, |w| < A. Then the functions u, v, w will satisfy the inequalities

u

V

w

< K n- 1 A (x + y  -  x 0 -  y 0)n 1
( n ~  1)'

<  K n - 1 A  ( x  +  y  -  X 0 -  J o ) " - 1

“  (n -  1)!

< K " -1 A & + y ~  xo ~  To) ” - 1

in -  1)!

(5.9')

These inequalities are obtained in the same way as were those in (5.9), i.e., 
by successive approximation.

The uniqueness of the solution immediately follows, since the only func­
tions which can satisfy (5.9') for all n are u = v — w — 0.

§ 2. Adjoint Differential Operators

Consider the linear differential operator L  of the second order such that

" n d2u n du
Lu =  X! —— ------------------ f X T  ̂ Cu (5.10)

i = l j = l  O X i O X j  i= 1 OXi

where A a , Bt, and C are given functions of x 1} x 2, ..., xn and have second- 
order derivatives. Without loss of generality we may assume A u = AJt; for, if 
this is not true initially, we can make it so by letting A u stand for half the 
sum of the original coefficients of d2u{dXi 8xj and d2ujdXj dxt .

We now introduce the differential operator Mv which is adjoint to Ln:
it

Mv — £
i=

£  d2(Auv)
i j =  i d x i  d x j

y  d(B,v) 
/ = i  d x ,

+ Cv. (5.11)

It is easily shown that the relation between L  and M  is reciprocal: Lv is 
adjoint to Mu.

A  differential operator which is identical with its adjoint is said to be self- 
adjoint.
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Next we show that

" d f " 
vLu — u Mv =  y  —  J y

i=l d.Yi dxj
(5.12)

i.e., the expression v Lu — u Mv is the sum of the partial derivatives with 
respect to the x t of certain expressions Pt,

where

v Lu — u Mv = y  ? I±
i= 1 dXi

d(AijV)
dxj

+ Btuv.

Formula (5.12) follows at once on differentiating:

(5.13)

dPt T " " d2u " du ~\
Z  —  = I  I  vAtJ +  I  vBt — + Cuv
i= l  O X t |_i= 1 j=  1 O X j O X i  i= 1 O X t J

\_t=u=i d x jd x t i=i dx t J

+  y  y  (  du d(-A tJv) _  dQ4t/ j ) \  
i= i^= iydxj d x t dxi dxj )

The last sum vanishes, and we have

n /) p
y  — - = v Lu — u Mv (5.14)
i = i d x (

as was to be proved.
Now consider some n-dimensional volume SI, bounded by a piecewise 

smooth surface S . We assume that all the conditions of continuity of the 
functions and their derivatives which were discussed when we established 
formula (1 .2 ) are fulfilled.

(If n =  2 or 1, the words “volume” and “surface” would be replaced by 
“domain” and “curve” or “interval” and “ends of the interval” .)

On the basis of a formula similar to (1.2) we shall have

* r  r  r  r  n
••• (v Lu — u M v )d x l ■■■ dxn = -  ••• £  Pt cos («, x t) dS  (5.15)

, n. J J S J  ̂ ^

where cos(/t, Xj), cos(/i, x 2), ■■■ are the direction-cosines of the inward 
normal to S.

(5.15) is known as Green's Formula. We give two examples.
E M P  3 a
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Example 1. Green’s formula for the Laplace operator. 
Let

Then

and

Px
du v ——
dx

dv u —  
dx

Lu - V2u.

Mv = V2v

Py
du

dy

dv duu — , P. = v ----
dy dz

dv 
u — . 

dz

Green’s formula takes the form

J  J  (vV2u — uV2v) dx d j dz

f  du d v \  (  du
( v --------u -----  cos in, x) + [ v —
\  dx dx J V dy

dv cos 0 , 7 )

+
du v —
dz

dv' 
u —  

dz
cos (n, z) dS du v ----

dn
dS (5.16)

where, as usual, dvjdn denotes the derivative of v along the normal and is 
equal to the projection of the vector grad v = {dv/dx, dvjdy, dvjdz} in the 
direction of the inward normal. (5.16) is also known as Green’s formula for 
the Laplace operator.

Example 2. Consider the equation (5.1).
The adjoint operator Mv and the functions P 1 and Pz for the operator Lu 

on the left-hand side of this equation will have the form

w d2v d(av) d{bv)
Mv -------------------------  + cv

dx dy dx dy

P i 1 (  du d v \— v --------u ------ + auv
2  V dy d y j

Pi
1 /  du d v \— v --------u ------ + buv.
2 V dx dx J

Then Green’s formula gives (with the inward normal) 

(vLu — uMv) dx d_y = —
s 1

1 /  du d v \
— v ------- u —  + auv
2 \  dy d y )

+
1 (  du d v \

— v --------z/-----  + buv
2  \ dx dx

cos (n. dS

cos (w, x)

(5.17)
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§ 3. Riemann’s Method

An important method for finding various solutions of equation (5.1), 
based on Green’s formula (5.17), was given by Riemann.

Consider the solution of Cauchy’s problem for the equation (5.1). Sup­
pose that we are given the values of u and dujdy on the curve y  = n(x) and 
assume that

ft'(x) < 0 (5.18)

=  <P o(x) (5.19)

= <Pi(x) (5.20)
y = n ( x )

(the derivative in (5.20) is partial, and is not taken along the curve y  = 
Differentiating (5.19) we have

du

J y .

so that

du "1 rdw -]

d* J  y=vM l dy j y=»M
p'(x) = <Po(x)

= Vo(x) -  (f^x) (5.21)

We now transform (5.17) into a rather more convenient form. Assuming 
that the boundary of the domain is traced out anticlockwise so as to keep 
the enclosed area always on the left, we have

dx = cos (n ,y ) dS, dy = —cos (n, x) dS", 

if we take dS  to be always positive.

F ig . 9.
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Using these relations, we get from (5.17)

(y Lu — u Mv) dx dy =
67 JSL

1 /  dv d u \— u ------- v ------ — buv
2  \ dx dx )

1 f  dv d u \— u -------v —  — auv
2 V dy d y )

dx

dy (5.22)

Draw through the point M (x0, To) two straight lines parallel to the co­
ordinate axes to intersect the curve y = ju(x) in the points P and Q (see 
Fig. 9). Then, applying (5.22) to the triangle MPQ, we have

{y Lu — u Mv) dx dy =
£ 2  J r

T (  dv d u \  1  , |  ^— I u -------v —  — auv d v > +
2 \  dy d y )  J J

M
+ 1 I -

P  ( dvI —  I u ------------ V
j_ 2  V dx

du
dx

— buv dx

i*m r

Q L

1 /  du d v \
— v -------u —  +  auv
2 \  dy d y )

Jp  l_ 2  V dx

dv_
dx

+ buv dx.

dy 

(5.23)

Transforming the last two integrals,

fMr i  (  du d v \  T 1 r im , /  dy \— y ------ u — ] +  auv d>> = — [uv]Q + -  u —  + auv dvJ q L 2  \  dy d y )  J  2  J q V dy )  y

(5.24)=  -  M q  + 
2 " ( ~  ajr + j iy

l'Mr1 (  du— [V ------- u
[ 2  V dx

d v \  ' 
— u —  + buv

dx )
1

rM
dx = -  M p  + 

2
dv

, " l  j d x -

These formulae enable our problem to be readily solved.
Let y(x, y, x0, To) be any function satisfying the conditions

(5.25)

[ # u  = exP

Mv — 0

a(x0,y )d y ,  [y],,=),0 = exp f b(x,y0)d x .
y  o A‘0

Then

dv

~dy J
dv_
dx

o > J;o > A'o > To)  — 1 ?

= o(x0 , y) exp | a(x0, >>) dy = a(x0, y) [y]
x = Xo y o

-  d(x, j>0) exp b(x, y 0) dx = b{x, j;0) M
j y  =  y o

y = y o*
*0
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We have already established in § 2 that such a function exists by our sol­
ution of the boundary problem of the first kind. A function v satisfying these 
conditions is called a Riemann function.

Since we have y  =  y 0 on the straight line PM, and x =  x0 on QM, the 
last terms in (5.24) and (5.25) vanish, and we get

> (5-26)

Substituting the expressions (5.26) in (5.23), we now have

WvF(x, y) dx d j = [u]M ---- -  [hu]p ----- [wt>]Q + 0
SI 2 2

(5.27)

where 0  denotes the first integral on the right-hand side of (5.23) and is ex­
pressible entirely in terms of v and known functions, since on the curve PQ 
u, du/dx, dujdy are all known, by (5.19), (5.20) and (5.21).

Hence (5.27) gives the so-called Riemann formula

u{xQ,y 0) = — [uv]P + — [uv]Q - 0 + | f  vP(x,y) dx dj;. (5.28)
2 2 J J f i

M (xo, y 0) is &n arbitrary point, and thus (5.28) gives in explicit form the 
solution to our problem.

It follows from the very method of deriving Riemann’s formula that the 
solution is unique, since we have obtained for the unknown function u an 
explicit and single-valued, definite expression, without making any assump­
tions whatever about it except that it exists. To complete the investigation, 
it remains only to show that the solution of the Cauchy problem which we 
have examined does actually exist.

We note first that it is sufficient to establish the existence of a solution 
of the equation (5.1) under the conditions that on the curve y  =  ju(x) the 
function u together with its first-order derivatives all vanish. For, we could 
introduce instead of u a new unknown function

w = u -  <po(x) -  [y -  p(x)] fpi(x). 

The function w would satisfy the equation

d2w
dx dy

+ a(x,y)
dw
dx

+ b{x.y) —dy
+ c(x, y) vt- =  Ft{x,y) (5.29)
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where

F ,(x ,j)  = F(x,y) -  <p\(x) -  a{x,y){y0{x) + [y -  /<*)] <p[(x) -  

-  K x .y ) 9?i(x) -  c(x,j) {^(x) + [y -  M*)]

with the homogeneous conditions
r -I _  f  dtilvrJy = /i(.T) — ——

L dy

The equation (5.29) has exactly the same form as (5.1), but differs from 
it in its free member. If we prove the existence of a solution for this new 
problem formulated for the function w, then this will imply that a solution 
for the original problem exists. In fact,

u = w +  <p0(x) + [y -  //(a-)] 9>i(x)

would be the solution of the equation. Now in the case when the functions 
<p0 and 9?! vanish, Riemann’s formula gives

«(Xo,To) = J J vF(x,y) dx dy. (5.30)

It is sufficient for us to prove that the function w(x0, Jo) defined by (5.30) 
satisfies the equation (5.1) and that together with its first-order derivatives 
it vanishes when j 0 =  f (xo) • We verify the last statement first. When 
jo =  ju(x0) the domain SI disappears and consequently [w]yo=M(.Xo) = 0 .

Further, on the basis of the rule stated earlier for the differentiation of 
integrals in a variable region, we have

du
dx0

du
d j0

(*M

Q
vF(x0,y 0) d j + 

t;F(x,y0) d-v +

F(x,y) dx dy 

F(x,y) dx d j

(5.31)

and in both formulae the integrals on the right-hand sides vanish when 
Jo = M*o)-

It remains to show that w(x0, j 0) satisfies equation (5.1). We shall verify 
this at the end of the next section.

§ 4. Riemann’s Function for the Adjoint Equation

In § 1 we found a solution of a boundary problem of the first kind by a 
method ofsuccessive approximations. Riemann’s method enables the solution 
to be found in a more convenient form.
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Suppose that, as in § 1, we wish to find a solution u of equation (5.1) 
subject to the conditions (5.2). In the plane (x, y) we draw through the point 
S(x0, y0) the straight lines SP, SQ, given by x = x0, y  — y0; and through 
the point M (xv, y L) we draw MP, MQ parallel to the axes. We apply (5.22) 
to the rectangle MPSQ, taking as u the as yet unknown solution and as v, 
Riemann’s function v(x, y, x lt y j .  We then have

Transforming, as before, the integrals along the intervals PM  and QM, 
and noting that on the intervals SQ and SP the integrands consist of known 
functions, we get

vF(x,y) dx dy = [u]M - Q

+ bv<p2 dx — P

dv \
—-  9?! + avcpi dy. (5.32)

It is convenient to eliminate the derivatives of the function v by integrating 
by parts both integrals on the right-hand side of (5.32). Then, rearranging the 
terms, we have

1 1 1 1
Mm = — [uv]P + — [uv\Q ------[im ]s-------[H x  + vOp'i +  brp2) dx

2 2 2 2 J s

+ J v ( < p \ + a<pt) dy + vF{x, j )  dx dy .
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Thus

[u)M =  M s  +
•Q

v((p'2 + bcp2) dv +
>p

y(9?i + a(pi) dy + vF(x,y) dv dy
ft

(5.33)

Formula (5.33) leads to an important result. Suppose the function u is the 
Riemann function for the adjoint equation Mv =  0, i.e., u is a function 
which satisfies the equation Lu — 0 and the conditions

[u]y=yo = e x p  

M *=*0 =  e x p

b(x,y0) .
*0

I cix0 ly) d y l.
J yo J

Then all the terms on the right-hand side of (5.33) vanish, and we get, using 
the equality Ms =  1 ,

Mm =  Ms or u(x!, y !, x 0, y 0) = v(x0, y 0, x t , y  j ) .

This relation is known as the theorem on the symmetry o f Riemann s 
function. It may be expressed in words thus:

If in a Riemann function the variables x 0, y 0 are regarded as the current 
coordinates, and y1s as the coordinates of the vertex, then the function be­
comes the Riemann function of the adjoint equation.

C o r o l l a r y . The Riemann function v(x, y, x 0, y0) defined above satisfies 
the equation

d2v 
dx0 dy0

+ a(-v'0 ,To)
dv

dx0
+ b(x0, y 0)

dv

dy0
+ c(x0, y 0)v = 0 . (5.34)

Using this result, we can easily verify that the function u(x0, y 0) defined 
by (5.30) does actually satisfy the equation (5.1) and hence that it is a solution 
of the Cauchy problem. On differentiating the first of the formulae (5.31) 
with respect to y0, we get

d2u 
dx0 dy0

Hence

d2u

(*M

= M(*o.*>> F(x o>yo) +
dv 'M

- —  ^ (*o  > y )  dT +  
q tyo

dv

J p dxo
F{x, yo) dx

+
d2v

ft dx0 dy0
F(x, y) d.v dy .

+ a(xo, y 0) + b(x0 , y0) - + c(x0 , y 0)« (*0, To) =
dxrdx0 dy0
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= F(xo, v0) +
dv

_dyc + a(*0 ,Jo > F(x0,y )  dy

+

+

P L

+ b(x0, y 0)v
dx0

F(x, jo) dx

tQL

d v , ^  N dv lf  ̂ dv —— -—  + a{x0, jo) - —  + b(x0, jo) —— 
OX0 dy0 d x 0 dy0

+ c(x0, jo) v

From the last formula we get immediately

Lu = F,
which is what we had to prove.

F(x, j )  dv d j .

§ 5. Some Qualitative Consequences of Riemann’s Formula

From Riemann’s formula may be derived certain results of general inter­
est, which we shall examine a little more closely.

Let us investigate the behaviour of a solution to Cauchy’s problem for 
equation (5.1) in relation to a change in the initial conditions. It is easy to 
see that the value of this solution at a certain point (x0, j 0) will not depend 
at all on the Cauchy data outside the curvilinear triangle MPQ, formed by 
the two characteristics through this point and the curve carrying the initial 
data. If we were to change the initial data outside this triangle, the solution 
would change only outside this triangle. Thus any characteristic will se­
parate the region where the solution remains unchanged from the region 
where it does change. We reach this conclusion: to a given solution which is 
fixed inside the triangle MPQ we may attach along the characteristic, in 
general, various solutions which may be regarded as its continuation.

Thus the characteristics are curves along which the domain of existence 
of a solution may be cut if we wish to replace one solution by another in 
certain parts of this domain and still obtain a valid solution over the whole 
domain. This important property of characteristics is closely linked with the 
fact that Cauchy’s problem is, in general, insoluble for arbitrary initial data 
specified on the characteristics. For any other curve we could, knowing the 
solution on one side of the curve, find the values of the solution and its 
derivatives on this curve and solve the Cauchy problem on the other side of 
the curve. Thus across any non-characteristic curve there is a single-valued 
continuation of the solution.



LECTURE 6

MULTIPLE INTEGRALS: 
LEBESGUE INTEGRATION

In c o u r s e s  on elementary mathematical analysis it is mainly continuous 
functions of one or more independent variables that are dealt with. In 
problems in mathematical physics, however, continuous functions are not 
enough, and discontinuous and unbounded functions play an essential part. 
One of the most important concepts is that of an integral, and the application 
of this concept to discontinuous and unbounded functions is needed in 
mathematical physics. We shall therefore dwell particularly on the theory of 
integration of discontinuous and unbounded functions. We shall construct 
the theory of the Lebesgue integral for such functions, following in the main 
the ideas of the Russian mathematical school, and we shall prove for this 
integral all the fundamental theorems that are usually given in courses on 
mathematical analysis for integrals of continuous functions.

It should not be supposed that our purpose is merely to achieve the 
greatest generality possible in the theory of integration of discontinuous 
functions. The generalization of the concept of an integral gives to the theory 
of integration an intrinsic completeness, and, thanks to this, enables a whole 
series of important theorems to be obtained which have no place in the 
theory of ordinary integrals of continuous functions.

We shall later make use of the following three important results:

1. The criterion for the admissibility of passing to the limit under the integral 
sign.

2. The Lebesgue-Fubini theorem on the possibility of changing the order of 
integration in a multiple integral.

3. The criterion for the convergence in the mean of a sequence of functions.

We shall consider the integration of discontinuous and unbounded func­
tions, making use mainly of what we may call the idea of exclusion of 
singularities.

If a function /  of many variables x 1? x 2> ..., which is given in some do­
main SI is discontinuous in this domain, but becomes continuous in the 
domain SI' which remains after a certain partial domain a, which may be as

72
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small as we please, has been excluded, then the natural way of finding the 
integral of this function is to consider first its integral in f t '  and then to pass 
to the limit as f t ' tends to f t .  This method is always used in the elementary 
theory of improper integrals.

We shall explain the theory of Lebesgue integrals using a generalized 
form of this procedure. The concept of a function continuous on a closed 
set will be of fundamental importance to us. The properties of closed sets,
i.e., of sets which contain their limit points, will be dealt with later. We 
merely mention at the moment that functions which are continuous on a 
closed set of points have a number of important properties; in particular, the 
integral of such a function can be constructed.

As well as closed sets we shall also consider open sets, i.e., sets which do 
not contain any of their boundary points. We shall first define the concept 
of an integral for functions which are continuous on an open set. Using this 
concept we shall further develop the theory of integration of continuous 
functions on closed sets and then investigate the behaviour of an integral when 
the region of integration varies.

In the general case the Lebesgue integral of a discontinuous function is 
constructed as follows. From the domain f t , in which the function/is given, 
a set o is excluded so as to leave a closed set f t '  on which the function is 
continuous. The integral of/ on the closed set f t ' is then calculated. Passing 
to the limit as f t '  tends to f t , we obtain the integral o f /o n  f t .

In the theory of integration built up in this way we shall naturally try 
to preserve a number of fundamental properties of the ordinary integral, 
such as, for example, the possibility of termwise integration of the sum of 
a number of functions. This at the very outset imposes a limitation on the 
set of functions suitable for our consideration: we are led to the concept of 
summable functions. And it is with these summable functions that the further 
investigation is concerned; for them all the most important properties of 
ordinary integrals remain valid. We shall in this lecture touch on some of the 
questions in the theory of summable functions.

§ 1. Closed and Open Sets of Points

Before we enter into the exposition of the theory of the Lebesgue inte­
gral, we must go into certain properties of point sets in n-dimensional 
space.

We consider an /i-dimensional space with coordinates x x, x 2, ..., xn. By 
an open set o f points in this space we mean a set o f points M  such that every 
point o f the set is an internal point, i.e., there can be drawn, with its centre at 
this point, a sphere which belongs wholly to the set M .

An open set may be connected, i.e., it consists of a single piece; but it may 
also be unconnected, being formed of a finite or infinite number of separate 
pieces. An open connected set is usually called a domain.
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Example 1. The set of all internal points of a certain rectangular parallel­
epiped defined by the inequalities

0  < x, < (/ = 1,2 ,

is an open set. (The sign < must not be replaced by the sign 5S. The parallel­
epiped together with its boundaries does not form an open set.)

Example 2. The set of all internal points of a certain sphere defined by the 
inequality

£  x f  < R2
i= 1

is an open set.
If we exclude the origin from this set and consider points defined by

0 < 'f) x f  < R 2,
i = l

we again obtain an open set.
By the sum or union of several sets we mean the set of all points which 

belong to at least one of the sets. We shall denote the sum of the sets E x and 
E2 by Ei +  E2.

The sum o f a finite or infinite number o f open sets is itself an open set. 
For, each point of such a sum is an internal point of at least one of the 

open sets and consequently it will be an internal point for the sum.
Besides open sets, closed sets will play an important part, i.e., sets which 

contain all their boundary points.
We give some examples of closed sets.

Example 3. The set of all points of the sphere

i
i = 1

is a closed set. (The sign 5S must not be replaced by <.)

Example 4. The set of all points of a certain parallelepiped 0 ^  x ; ^  at 
(/ =  1 , 2 , ..., n) is a closed set.

Example 5. The set consisting of a single point x t = aA (/ = 1, 2, ..., n) 
is a closed set. For, this point has no boundary points at all.

The sum o f a finite number o f closed sets is a closed set.
(For an infinite number of sets this assertion is no longer true.) The proof 
presents no great difficulty, and we leave it to the reader.

Let us agree to call a set which contains no point at all an empty (null) 
set. This convention serves to simplify the statement of a number of later 
theorems. The empty set will be regarded as being simultaneously both open 
and closed.
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Let Ei, E2, Ek, . . .b e  certain sets; the number o f them may be either 
finite or infinite. By their intersection we mean the set E  o f all points each 
of which belongs to all these sets. We shall denote the intersection E  of the 
sets Ei, E2, Ek by

E  =  E iE2 ••• Ek or £  = I I  Ek.
k

The intersection F o f afinite or infinite number o f closed sets F i ,F2, ...,F k, ... 
is a closed set. (In particular, it may be the empty set.) For, a boundary 
point of the set F  is also a boundary point of each of the sets F1}F2, ...,F k... 
and consequently it belongs to all of them and therefore must be contained 
in their intersection F.

If all points of a certain set Ei belong to the set E2, then we shall say 
that Ei is contained in E2 or is included in E2. We shall express this property 
symbolically by

E2 2  Ei or Ei s  E2.

A bounded infinite set in n-dimensional space always has at least one limit 
point.

The truth of this assertion is established in the same way as for a single 
independent variable. Let the coordinates of the point P (i) (i = 1,2, ...) 
belonging to the set E  be (x(f ,  x (f ,  ..., x *°). Consider the set of numbers 
{*">} which are the first coordinates of the points P(t). This set, being infinite 
and bounded, has at least one limit point (in particular, if any one of the 
numbers, say x ^ ,  is repeated infinitely often in our sequence, then it may 
be taken as such a limit point).

We select from the sequence P (,) a sequence P such that for it the se­
quence x lf i  has a limit. Repeating the argument, we select from the sequence 
P cf i  a sequence for which the sequences of each of the first two coordin­
ates have limits; then we construct a sequence P f ), and so on. After n steps 
we reach a sequence P(ns\  in which all the coordinates converge, and which 
consequently has a limit point, as was to be shown.

Theorem 1. I f  a sequence o f bounded closed sets is a contracting sequence,
i.e., if

••• §  Fk 2  •••

and i f  none o f the sets Fk is empty (null), then their intersection also is not null.
For, consider a sequence of points P t , P2, ..., Pk, ... with Pk E Fk. The 

set of points of this sequence, being bounded, must have at least one limit 
point. This point, being a limit point for each Fk, belongs to all the Fk and 
consequently enters into their intersection. This intersection therefore cannot 
be null. Hence the theorem.

It may usefully be remarked that:
The intersection o f a finite number o f open sets SI = Sli Sl2 ... SI k is an open 
set.
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For, any point of f t  is an interior point of each of the sets SI lf S l2, ■■■, SI k, 
and in each of them it is the centre of some internal sphere. The smallest of 
these spheres will be an internal sphere in S I.

Let E l and E2 be two sets. Remove from E x all points belonging to 
their intersection £ jF 2- Then we shall call the remaining set E  the difference 
of Ei and E2, and write E  =  E x — E2. By means of this operation of form­
ing the difference of sets, we can construct further examples of open and 
closed sets.

I f  SI is an open set, and F a closed set, then

f t 0 = si -  F
is an open set.

For, if there were a point belonging to Slo which was not surrounded by 
a sphere internal to f t 0, then in any neighbourhood of this point there would 
be points excluded from SI and therefore belonging to F. Being thus a limit 
point for the set F, the point must itself belong to F, and consequently can­
not belong to f t 0 = SI — F. This contradiction proves our assertion.

Further, F0 = F — SI is a closed set.
For, a point P which is a limit point for the set F0 and a point of F  would 

be excluded from F  on the subtraction of SI only if it belonged to S I . But 
points of SI cannot be limit points for F0 because they, together with certain 
neighbourhoods round them, belong to SI', and since these neighbourhoods 
belong to f t they cannot contain points from F0. This means that no point 
P which is a limit point for F0 is excluded from F on  subtracting f t. Conse­
quently F0 contains all its limit points and is therefore a closed set.

The closure E  o f any set E, i.e., the set obtained by the adjunction to E  
o f all its limit points, is a closed set.

For, let P0 be a limit point for some sequence of points P 1, P2, ..., P„ of 
E. We shall show that P0 is a limit point not only for E, but also for E, 
and consequently enters into E. It will follow from this that the set E  con­
tains all its limit points and is therefore closed. Inside every sphere ok des­
cribed about Pk with radius l/2fc there is at least one point Qk belonging to E. 
The sequence Qk obviously again converges to P0, and consequently P0 is a 
limit point of the set E, as was to be proved.

The boundary C o f an open set f t , i.e., the set o f limit points o f this open 
set which are not internal points, is a closed set.

For, by definition of the set C we have C = f t  — f t ,  where f t  is the 
closure of the set f t . Hence by the previous propositions the set C is closed.

By using the operations which have just been discussed on sets of closed 
and open sets of simple structure we can obtain closed sets of quite complex 
structure, as the following two examples show.

Example 6 . The set F* of all points of the closed interval [0,1], whose co­
ordinates can be expressed in the decimal system without using the digit 5,
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is a closed set. It is to be allowed here to write a number as a recurring 
decimal; e . g . ,  0-5 =  0-4999... Hence, if the decimal fraction expressing the 
coordinate of any point is finite and contains only a single figure 5 in the 
last decimal place, then that point belongs to the set T7*.

The easiest way to show that this set is closed is to note that it can be ex­
pressed as the difference

[0 , 1] — 57)*

where [0 , 1] is a closed set, and 5 7 * is an open set consisting of allpoints be­
longing to the open intervals 5 7 { which are given by inequalities of the form

0-5 < x <  0-6: 0-15 <  x <  016: 0-25 <  x <  0-26:

Sl% = Sl[.

In fact, any point whose coordinate cannot be written without using the 
digit 5 belongs to one of the intervals Sit- All the Sit are open sets and there­
fore 57* is also open, and this implies that F# is closed.

A set o f points E  such that in any open set 57>i there is an open subset S l2 
which does not contain a single point o f E  is said to be nowhere dense.

The set F% considered in Example 6  is an example of a closed, nowhere 
dense set.

E x a m p l e  7. Consider in some open set a continuous function/ .  The sets 
E ( f  > a) and E ( f  < a), where a is any number, are open sets.

We prove this, e.g., for E ( f  > a). For, if at some point P the value of the 
continuous function / i s  greater than a, then the inequality f  > a will also 
hold in some sufficiently small sphere round P. Hence the set E ( f  > a) con­
sists only of interior points and so is an open set.

E x a m p l e 8. N o w  l e t / b e  a function  which is continuous in the closure 57 

o f  an open set 57 '• 57 =  57 +  C, where C  is the boundary o f  the set 57 • The 
sets E ( f  ^  a) and E ( f  ^  a) for any a are closed sets.

We give the proof for E ( f  ̂  a).
I f  for som e sequence o f  points P u P2, ••• ,  Pk> •••> tending to  P0, the 

inequality f (P k) ^  a holds, then lim  f(P k) ^  a. But s i n c e / i s  continuous,
k —> o o

lim f(P k) = f(P 0) . Hence the point P0 belongs to the set E ( f  ^  a), and
k - >  o o

this implies that the set E ( f  ̂  a) is closed.
In courses on mathematical analysis, functions are considered which are 

given, as a rule, in open or closed domains. We shall have to consider later 
on functions which are given on sets of a more general character.

A function which is given on some set E is said to be continuous at the 
point PQ (belonging to E) if, given any positive number e, a neighbourhood 
(however small) can be found round the point P0 such that for any point P
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(of the set E) belonging to this neighbourhood the following inequality holds 
good:

|/ ^ o )  < e-

In particular, it follows from the definition that at isolated points of Eany 
function is continuous.

Functions which are continuous at all points of a certain set are said to be 
continuous on this set.

Let
Sh =  iST) 1 +  Sh 2 + + Sl>k *b

be the sum of a finite or infinite number of open sets. If a function/ ,  given on 
SI, is continuous on each set Shk, then it is continuous on SI also.

For, any point of SI together with a certain neighbourhood round it be­
longs to one or other of the Shk and in it is a point of continuity of/.

We shall consider in more detail functions which are given and continu­
ous on closed sets, and first of all we shall prove two important theorems.

Theorem 2. (Weierstrass) A function f  which is continuous on a bounded, 
closed set F is bounded on this set and attains on it its upper and lower 
bounds.

We prove first that the function/is bounded on the set F. For, if it is not, 
we can obtain a sequence of points belonging to F  at which the values of /  
increase without bound. This sequence will have at least one limit point 
belonging to the set F because the latter is bounded and closed. Denote this 
limit point by P0. Then any neighbourhood of P0 must contain points at 
which the values of the function /becom e as large in absolute value as we 
please. But this contradicts the continuity o f/ at the point P0, since by de­
finition of continuity, for points P sufficiently close to P0 and belonging to F 
it must be true that

|APo) - / I P ) |  < £

for any positive e. This proves th a t / is  bounded on F.
The set of values taken by / on F, being bounded, has an upper bound M  

and a lower bound m. We now show that the function /  attains the values 
M  and m at some points of the set F. By the definition of an upper bound, 
for any positive e there must be a point PE of F  such that M  — f(P c) < e. 
Putting e = 1 /n, we obtain a sequence of points P„ such that f{P n) -* M  as 
n —► oo. Since the set F  is closed and bounded, this sequence must have at 
least one limit point P0 in F. S ince/is continuous, the equality f (P 0) = M  
must hold at the point P0, as was to be shown.

In exactly the same way it may be shown tha t/ attains its lower bound 
at some point of F.

Theorem 3. (Weierstrass) A function f  which is continuous on a bounded, 
closed set F is uniformly continuous on it; i.e., given any positive number e, a
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number 5 = 5(e) can be found such that, for any two points P and Q o f the set F,

provided only that the distance between P andQ is less than 5.
If, as is usual, we call the difference between the greatest and least values 

of the function on a certain closed set the oscillation of the function on this 
set, then this theorem of Weierstrass can be restated thus:

For any e > 0 there is a number 8(e) such that the oscillation o f the function 
f  does not exceed e on the intersection o f F with any sphere o f radius 5(e).

We give an indirect proof. Suppose, if possible, that /  is not uniformly 
continuous on F. Then a positive number e0 can be chosen such that, for 
any 5 >  0, two points P& and Qd can be found such that the distance between 
them is less than 5 but the absolute value of the difference between the values 
of the function at these points is greater than e0. Putting 8 — l/n, and choosing 
from the sequence P„ a sequence P„k converging to some point P0 (the cor­
responding sequence of points Q„k will obviously also converge to this point), 
we reach the conclusion that in some neighbourhood of P0 the oscillation of 
/  is not less than e0, contrary to the hypothesis that /  is continuous on F. 
Hence the theorem.

We mention one application of these theorems. Let F  be a closed set and 
P0 some fixed point. The distance r(P, P0) from the variable point P of the 
closed set F to the point P0 is a continuous function of the point P for a 
given point P0. By the first theorem of Weierstrass, this function attains its 
lower bound. Put 5(P0) = min r(P, P 0). The number 5(P0) is called the

distance o f the point P0 to the closed set F. If P0 does not belong to F, then 
this distance is different from zero.

§ 2. Integrals of Continuous Functions on Open Sets

As already mentioned, in constructing the general concept of an integral 
we shall broaden bit by bit the class of sets on which an integral is defined. 
We begin with integration in open sets.

Suppose a function f ( x x, x 2, . . x„) is given, and is continuous and non­
negative, on a certain open set. (It may, of course, be unbounded and not 
uniformly continuous, as, for example, the function

\ A P ) - m ) \ < z

p

1

r

in the region 0  < r < 1 obtained by removing the origin from the open 
sphere 0  fS r < 1 .)
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We divide all space into cubic cells Fki,kl, ..., kn of side h defined by the 
inequalities

k fi tk x t ^  (kt + 1 )h (i = 1, 2 , . . . ,  ;/)

where the k t are integers. We shall call such a division a net.
We now form from a finite number of cubes of the net some szt&h lying 

wholly within S I . We shall call such a set an internal net set. We shall then 
decrease h, by dividing each cube of the net into a whole number of smaller 
cubes, and again form an internal net set. We shall say that such a system of 
internal net sets is exhaustive for the domain SI if two conditions are satisfied:
(a) the sequence 0 h expands, i.e.,

$ hl E 0 H g  ••• g  0„k g

(b) every point of the domain SI falls strictly inside all the sets 0 hk starting 
from a certain k.

We remark that for any open set there is at least one exhaustive system 
of internal net sets. For, in forming the internal net set we can include in it 
all the cubes of the net, which, together with their boundaries, lie within S I. 
The system of internal net sets obtained in this way will be exhaustive. In 
fact, any point F0 of the domain SI can be enclosed by a small sphere o 
belonging to SI. Consequently, for a sufficiently small net, when the greatest 
diagonal of the cube with side h becomes less than half the radius of the 
sphere o, one of the cubes together with the point P0 and all the cubes bor­
dering on this one will enter into 0 h, as was to be shown.

Put
Jk = 1  ••• I f(.x1,X 2 , — , x„) dv'i dx2 ••• dx„,

J
where the 0 hk form an exhaustive system of net sets. Since the function/is 
non-negative, the magnitude of Jk does not decrease with increasing A;. If the 
sequence Jk remains bounded as k  -*■ oo, then obviously Jk will tend to a 
certain limit. In this event we shall say that the function/is integrable in the 
domain SI, and we shall call the limit of the sequence Jk the integral o f the 
function / ( x l5 x 2, ..., xn) in the domain SI'.

A x i , x„) dx2 ... dx„ = lim
k~* o o p*k

A x  1 >• • • > Xn) dx-! . .. dxn .

As we shall show, this limit does not depend on the method of choosing 
the exhaustive system nor on how the coordinate axes are situated in the 
space.

We shall write the integral J ... J / ( x l5 x 2, ..., x„) dx2 dx2 ... dx„ in the
shorter forms f d v  or / dxx dx2 ... dx„.J C) ■’ Q
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If the sequence of expanding sets is not exhaustive, then

lim /  dp ^
® » . i

f dv .
cfi

Remark 1. A function /  which is non-negative, bounded, and continuous, 
in a bounded, open set Sb, is integrable in this set. For, the integrals over an 
exhaustive system of net sets are bounded in their set, and hence they con­
verge to a definite limit.

L e m m a  1 . Consider an expanding system of open sets

Obi ^  0b2 = = 0 u i- — « • • .
and let

Sb — SbX +  Sb2 +  ■" +  Sbk +  •••.

Then any closed, bounded set F  lying entirely within Sb will fall inside all Sbk, 
starting from a certain k.

For, suppose this assertion is false. Then for any k  we could find a point 
Pk belonging to Fbu t  not to Sbk- The set of points Fk has at least one limit 
point P0 which obviously will belong to F. It is easy to see that P0 does not 
belong to any one of the Sbk, for in any neighbourhood round it there are 
points Pk with k  as large as we please. This, however, is impossible, since the 
set F  belongs to the sum Sb, and consequently each of its points must belong 
to one of the terms forming the sum Sb■ This contradiction proves the lemma.

We now prove that an integral on an open set does not depend either on the 
direction o f the coordinate axes in space or on the method o f setting up the 
exhaustive system of net sets.

Consider an open set Sbk consisting of all interior points of the sets 0 hk. 
The sum of these open sets is an open set Sb, and this implies that any bounded, 
closed set F  lying inside Sb will be contained in all the net sets 0 hk starting 
from some k . Let 0 hk and be two exhaustive systems of net sets, not ne­
cessarily given in the same system of coordinates. By Lemma 1, for a suitable 
choice of k 2 = k 2(k1) and k 3 = k 3(k2) and for any k x, we shall have

0  s  W c  0  .hjcj
Consequentl y

f / du ^  f  /dt> 5S f d v
J t’hk, J i'i,k2 J 0/ik3

from which it is clear that the limits for the systems 0 h and lFh are equal. 
Hence the independence of the integral from the choice of the exhaustive 
system of net sets and from the direction of the axes is proved.

Any non-negative function which is integrable on an open set Sb is inte­
grable on any open subset For, integrals on an exhaustive system of net
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sets for 5 ,̂ x will be majorized by the integrals on the corresponding net sets 
constructed for SI. Hence they form a bounded, and therefore convergent, 
sequence.
Remark 2. If SI 2 c  Sly and the function/is non-negative, then

* r
f d v  ^  / dr.

J P2 » fii
For, the exhaustive sets for S l2 can be taken so that they enter into the ex­
haustive sets for Sly.
Remark 3. If fy and f 2 are any two non-negative functions which are contin­
uous and integrable in SI, then their sum fy + f 2 is integrable in ft,, and

( / i  +  />) dv = fydv f 2dv.
J P J P J P

The proof of this assertion presents no difficulty. It follows at once on passing 
to the limit from the obvious equality

( / 1  + f 2)dv  = fy dv + f 2dv.
J J J

Remark 4. If /  is non-negative, continuous and integrable in SI, and if a is a 
non-negative constant, then a /has the same properties as / ,  and

/% /%

a f dr = a f  dv.
J P J a/

Again the proof presents no difficulty.
Theorem 4. Let SI 1 and S l2 be two open sets, which may intersect each 

other, and let fb e  a continuous, non-negative function in the set Sly +  S l2 and 
be integrable on this set. Then

/*

f d v  +
/% /%

f d v  =
<1 P i  » P.2

f d v  + f  dv. (6 .1)
J pt + pi

Construct in Sly and S l2 exhaustive net sets 0  and 0  . Clearly,

f d v  +
0 „<n

f d v  = f d v  +
0hW J<PhU) + <2V 2)

f d v .  (6 .2 )
<p,,cn 0h<2>

It is readily seen that the sets 0jl1) +  0j,2) form an exhaustive system for the
set + SI 2, for any point of this set sooner or later falls into some set 
0O>or 0[2); and 0 \ f>0 \ f> forms an exhaustive system for SI 1 S l2, since sooner 
or later any point of this set falls in both the net sets 0 (P  and 0 \ f .  Hence, 
passing to the limit in (6 .2 ) we get (6 .1).



§ 2 I NTEGRALS ON OPEN SETS 83

C o r o l l a r y . The integral o f a non-negative function taken over the sum 
o f a finite number o f open sets does not exceed the sum o f the integrals taken 
over each of these sets:

f  dv
G

/* /»

/  dv +  f  dv +  ••• +  /  dv.
<Qi J £h J Gk

Hence it follows that if all the integrals on the open sets Slk exist, then so 
does the integral on SI.

T h eo rem  5. Given an expanding sequence o f open sets

S l1 g  Sl2 E ••• e  Sik s

let SIq denote their sum Sl2 + Si2 + •“ + SLk +
Let fb e  any non-negative, continuous, and integrable function in S l0. Then

Proof. Clearly, 

hence

/  dv = lim
Gc

f  dv >

f  dv. 
G*

/  dv
Go J  0  k

Go
/  dv ^  lim

k - *  oo

f  dv.
*

(*)

Construct a system of exhaustive net sets &h for the open set SI 0 • By Lemma 1 
any such net set will be wholly included in a certain Sl„. We shall therefore 
have

f  dv ^ f  dv S  lim f  dv
Gn

and passing to the limit as h -> 0, we get
(* r

f  dv f  lim f  dv.
J  Go 'ĉ ° °  J  Gk

Comparing this inequality with (*), we see that

f  dv = lim
JG o *->0°

f  dv
» Gk

as was to be proved.
C o r o l l a r y . Given a sequence (not necessarily expanding) o f open sets 

S l2, Si 2 , - S lk, ... and f  a non-negative continuous function; i f  the sums

£  f f d v  (N =  1,2, ...)
JGk
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are bounded in the aggregate, then the integral exists over the sum Sl0 o f the 
sets f t k, and

I f d v  = lim j f  dv
J ro  k'+o0 J ^ .  + r2 + -+ eQ«c

f  lim
f\

f d v  + f d v  + • • +
/% —

f d v
o o cRi » ^2 % <Q fc —

Remark 5. Let f t be an open set and 0 ho be a net set contained in it, and let f  
be a non-negative function continuous and integrable in f t . Then

f  dv + f d v  =
J *hn

fd v .
Lc

To prove this, we include 0 ho strictly within a net set 0 he so that

f d v  < f d v  + e. 
j  4>hn

The sets 0 he +  Wh, where Wh is an exhaustive system of interior net sets for 
f t  — 0 ho, will be exhaustive for f t and consequently

/ d u  = lim fdv  ^  lim f  dv + \ J dv
J gl A-0 J <Phe +Wh /i-0 LJ J Vh

f d v  + e,^  f d v  +
0

from which our assertion follows.
T h eo rem  6 . Suppose that a contracting sequence o f open sets is given:

fti 2 ft2 2 ••• 2 ftfc 2 ...

and suppose that their intersection Si 0 = f t i f t 2 ••• ft* ••• is also an open set 
(in particular, it may be empty).

Let f b e  a continuous, non-negative function, integrable on S h . Then

f d v  = lim
„  k - »  o o

f d v

( i f  SIo is the empty set, then this limit is zero).
Proof. In each set f t  k we introduce a corresponding interior net set 0 ^  such 
that

f d v  — f d v  < — . 
2k
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We set up the open sets = S lk — 0 (hk+1). Then it is not difficult to see that 
the open set coincides with the sum + ••• + Hlk + — By the
corollary to Theorem 5

f d v  f d v  +  f  dv + ••• +
f i  i J  f i o  J  f i  (

f d v  +
v Qk

But by virtue of the choice of 0 jk+1) and Remark 5,

f d v  =
J fi*

and this implies

f  dv — f  dv ^
(k+1)

f d v  -
fix

/  du +
fix H

2 k+:

whence

/ du ^  f d v  +  ( f d v  — f d v  +
fii fio fil f i 2

+ U 0 ./ d ’ " . l n . /d B  + F '  +

= f d v  +  lim
fio k~* oo

J fis 

f d v  -
fit fix

lim / dv ^  f d v  H---- .
k —> o c f ix J  fio

And the theorem now follows from the obvious fact that

lim /  dv ^  f d v .
^ “ J f i x  J  f io

In this section only non-negative functions have been considered. In § 4 
we shall show that the integration of functions which change sign reduces to 
the integration of non-negative functions. This will be proved for an integral 
understood in a more general sense, namely for the Lebesgue integral, par­
ticular cases of which are the integrals of continuous functions on open sets 
(§ 2) and on closed sets (§ 3).

§ 3. Integrals of Continuous Functions on Bounded Closed Sets

We now pass on to the definition of the concept of an integral of a contin­
uous function on a bounded closed set. It is natural to define it in this way. 
Let the function / b e  defined on some bounded closed set Fand be continuous 
on it. We enclose F in  some open set. Suppose we have succeeded in contin-
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uing/in a continuous manner on to the open set Si and that /  is found to be 
integrable on this set. We further form the open set SI — F. We then de­
fine j / /  dr by writing

f d v  - f  dv.
J  £) J  (C F

But in this definition much still remains to be explained. It is not clear, 
firstly, whether the function/ can always be continued in a continuous man­
ner and whether an integrable function will result from doing this; and sec­
ondly, it is not known whether such a definition of an integral will lead to 
an unambiguous result.

In order to establish the validity of our definition we now prove certain 
auxiliary propositions.

L et/be  any non-negative function, continuous and integrable in an open 
set SI j . Suppose further that Si is contained in SI , ,  and that F isa  closed set 
included in SI . Then we shall have

SI + (SI, -  F) = SI,, Sl(Sl, -  F) =  SI -  F.

Hence, by Theorem 4,

i.e..

f d v  +
Si

f d v
J f ii-f

f d v  + f  f d v
Si I j S i - F

f d v  -  f  f d v  = ‘"S C
l 1

S i j  S i ~ F  t fil d
fd v .

Sil-F

L et/be  non-negative, continuous and integrable on the open sets SI, and 
Sl2, and let F  £  S l,S l 2 • We put = S l,S l2- Then from what has been 
shown,

f d v  - f d v  = I f d v  - f d v  = f d v  - f  dy.
si •J Si-F Sh S h -F Sh Sh

We have obtained the important result tha t: the difference

f  dv — f  /  drJ f l  JS-F
does not depend on the choice of the open set Si.

L emma 2. I f  a continuous function f  vanishes at points o f a certain bounded 
closed set F lying within an open set S I , then

f d v
^ Si

fd v .
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Suppose first that the set SI is bounded. 
From Remark 2 (p. 82),

f d v  f d v .  (**)
J £1~F J Si

We consider an open set SI? of those points at which /  < e, where e is a 
small positive number. Since SI and consequently all SlE are also bounded, 
we see that

lim f  dv = 0,
£  —> 0 &E

By the corollary to Theorem 4,

f d v  g  j f d v  + I f d v  
Si J f i-r  Jtte

which implies

f d v  ^  f d v .
S)~F J £1

Comparing this with (**), we obtain the asserted result.
In the general case, we may take SI as the sum of expanding, bounded, 

open sets S lk- Passing to the limit as k  -» oo in the equality

f d v  =  f d v ,
J £ } k  J £ } k ~ F

we get the result asserted in the lemma.
If two functions / j  and f 2 are equal at all points of the closed set, F, then

f t  df -  f i  du =  f 2 di;
£■ j  P - F  j  Si

- j  >f 2 dv.

For, from Lemma 2 we get immediately the equivalent equality

( / i  ~  f 2) dv =  ( / i  ~  f f )  du-
J Si JSi -F

The result just proved implies that in the definition given at the beginning 
of this section of the integral of a function f  continuous on a closed set F, 
taken over this set, the value of the integral does not depend on the way in 
which the function is continued outside F. We still have to demonstrate the 
possibility of such a continuation.

Lemma 3. Consider an open set SI and its boundary C. Let F be a closed 
set lying in the set SI +  C. Let some continuous, non-negative function f  be 
given on F. Then a continuous, non-negative function <p can be constructed in
E M P  4
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SI + C which will be equal to f  at the points o f F: and the upper and lower bounds 
o f (p will be equal respectively to the upper and lower bounds o f f.

As was shown on p. 79, any point P of the domain SI which does not 
belong to F  is situated at a finite positive distance <5(P) from the set F. We 
construct a sphere of radius R with its centre at a given point P and consider 
the maximum value of the function f i n  this sphere. Let

max /  = M P(R).
r < R

If there are no points of F  inside this sphere, we shall take M P(R) to be zero.
M P(R) increases monotonically and consequently is an integrable function 

(in the usual sense of the word) of the variable P |.
As the function <p we may take, for example,

<p(P) =
1 j ' 2 d ( P )

M P(K) d R.
J <5(P)

At points of the set F  we put cp(P) = f ( P ) .
We prove that the function <p(P) so defined is continuous. For, at a 

point Px at a distance 6 > 0 from some point P 0 of the set F, the value of this 
function will be between

m in/(P) and max f{P),
3 5  3 5

where we have taken a sphere of radius 3<5 with centre at the point P0 of the 
set F and  consequently f ( P x) tends to / ( P 0) as <5 -»■ 0 since/is  continuous.

Next, for two points P t and P 2 which do not belong to Fand which are 
at a distance h from one another, we have

M Pl(R) ^  M p fR  + h) and <5^) ^  <5(P2) + h, 

M pfR ) ^  M Pi(R + h) and <5(P2) ^  6 (Pi) + h.
We shall take

Then

h < min <3(P.)
3

<p(Pi) ~  <f{P2) =
1

<

,  p 2 S ( P 2)

M P (R) d R -------------------- M pfR) d R
<5(Pr) J « ,,) ‘ d(P2) J

] r25(Pi)
<5 ( .Pi)

K P  i )  J
M pfR ) dP

<5(Pi)

1 ' 2 6 ( . P l ) - 2 h

d ( P i )  + h J acp^+j
M pfR  -  li) dP

t  See, for example. V.I.Smirnov, Course of Higher Mathematics, Vol. 1, P-299/T> 
Pergamon Press, 1964.
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j  f 2 < 5 ( P , ) - 3 A

<5 (Pi)
M PfR )  dR

H P , )

[>2 5 ( P O

+
<5(Pi)

M P1(R) d R
2 5 ( P 1) - 3 A

1

<5(P i) + h 

h
<5(Pi)[<5(Pa) + h]

/'2a(p,)-3/i
M Pl(R) dP

« f * l )

( • 2 5 ( P , ) - 3 h

7l/Pl(P) dP
Wi)

+
1 rzHPi)

5(Pi)

<
[<5(P)]2

+

M Pi{R) dP
2 i ( P , ) - 3 h  

2 S ( P i )

M Pi(R) dPa(Pj)
f 24(Pl) AhM

------  M P (R) dP ^^(Pi) J a(PD-3A <5(Pi)
M  = max /  ^  MP(R).

1

89

For a sufficiently small /i this quantity can be as small as we please, and this 
implies that, for any given e > 0, we can make <p{Px) — (p{P2 ) <  e by 
taking h sufficiently small. But the points P± and P2 are on an equal footing, 
and so the inequality <p(P2) — 9?(Pi) < e also holds. Hence it follows that 
<p(P) is continuous, and the lemma is proved.

We may remark that the case when the function/ changes sign may readily 
be reduced to the foregoing one, by considering in place of /  the function 
f  + c, where c is a sufficiently large positive constant.

The concept of an integral on a closed set has now been firmly established, 
and we have at the same time shown that any non-negative function f  which is 
continuous on a bounded closed set F  is integrable on this set. For, by Theorem 2 
this function is bounded on F, and so an immediate application of Lemma 3 
shows th a t / is  integrable.

For closed sets such as a parallelepiped or a net set, our definition of the 
integral obviously agrees exactly with the usual definition of a Riemann 
integral of a continuous function.

T h eo rem  7 . I f  P j and F2 are bounded closed sets and f  is a non-negative 
function, continuous on both sets, then

{%

f  <\v +
/%

f  dv =
/» /»

f  dv +
ft F i « F  2 ‘ F i + F 2 %
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This theorem is readily reduced to Theorem 4 if we enclose Fk + F2 in 
a domain Sb, and put SI — F1 = Sbi and SI — F2 — Sl2. Then, noting that

Sbk -\- Sb2 = Sb — F 1F2, Sb 2 Sb2 — — (Fy + F2),
we get

f  dv
J F i

/%

f  dv
* Fi+F}

/%

f  dv 
J f , f 2

(%
f  dv —

/%
fd v ;

■»
f  dv =

/% r*
f  dv —

J £l £2i » F i OC v

f d v  -  |

t 
_

J £2 w

f d v  - f
J SI  J £h + £h

(6 .3 )

And the theorem follows from (6.1) and (6.3).
T h eo r em  8. Let Ti i  F2 i  i  i  ... be a contracting sequence of 

bounded closed sets, and let F0 denote their intersection:

F0 = FtF2

Let f  be some non-negative function continuous on Fk. Then

f  dv = lim /  dt>.
J fq 00 J Ft

This theorem follows from Theorem 5 in the preceding section, if we 
continue /  on an open set Sb containing F 1 and put Sbk — Ob — Fk. Then 
putting also Sbo = Sbi +  f t 2 + "• + ft* +  ••• we have Sb — Sb0 = F0,

f  J d v = [  f d v - i  f d v  (k = 1 ,2 , ...).
J Fk J ,Q J fik

Applying Theorem 5 and passing to the limit, we get the stated result. 
T h eo r em  9 . I f  the intersection o f a contracting sequence o f open sets

f t i  2  f t 2 3  ••• i  i  •••
is a closed set F:

F — SbtSb2 ... Sbk ■■■, 

and i f f  is a non-negative, continuous function, integrable on Sli, then

f  dv — lim /  dv. 
f k->ooJ 1nfc

For, let
Sb'k = Sbk — F
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/ d r  = / d r  - f  dr.
fA Slk

Passing to the limit on both sides of this equality, and noting that

lim / d r  = 0
k ~ *  co

by Theorem 6, since the intersection Slk is null, 
we get

/ d r  = lim /  dr,
J f

as was to be shown.
We may remark that any closed set F  can always be taken to be the inter­

section of a “nest” of open sets Slk. For we may take as S lk the set of points 
whose distance to the closed set F is less than ek, where ek -> 0 as k  -*■ oo. It 
is clear that the intersection of such sets Sik will contain only points whose 
distance to F  is zero, and so it will coincide with the closed set F.

T h e o r e m  10. Let Fx . . .b e  an expanding sequence o f
closed sets such that their sum E is bounded and is either a closed set or an 
open set. Let fb e  a non-negative function, continuous on all the Fk and on E, 
and integrable on E. Then

f  dr.
J Fk

(The supplementary condition that f  be integrable on E is not needed i f  E  is a 
closed set.)

If E  is an open set, say E = SI, then this theorem reduces to Theorem 9, 
if we consider the open sets SLk = SL — Fk; and it reduces to Theorem 6, if 
the set E  is closed and = F say.

We now examine the particular case when / =  1. We shall call the inte­
grals

dr and dr
J  & J f

respectively the Lebesgue measure of the open set SI and of the closed set F, 
and we shall denote them by mSl and mF respectively.

All the theorems already proved, when applied to the case f  = 1, at once 
give similar theorems about the measure of open or closed sets. Measure 
appears on the scene as a natural generalization of “volume”. We shall come 
back to the properties of measure later.

Of particular importance for its applications is the following theorem.
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T h e o r e m  11. (Mean-value theorem)
Let E be an open set or a bounded closed set on which a function f  is con­

tinuous. When E  is an open set, we further suppose that E has a finite measure 
and that f  is integrable on E. Suppose that, everywhere on E,

M ! ^  /  g  M 2 

where M u M 2 are constants. Then

M pnE  ^ f  dv ^  M 2mE.

The proof follows immediately from the fact that

( /  -  M i) dv ^  0, (M 2 -  f ) d v  ^  0.
E J E

§ 4. Summable Functions

We now pass on to a consideration of the general theory of the Lebesgue 
integral.

Let / b e  an arbitrary non-negative function given in a bounded open set 
S i. We consider all the closed sets F  ^  Si on which f  is continuous, and 
determine the upper bound of the integrals of/  taken over the sets F:

sup \ f  dv.
F J f

We shall call this upper bound, if it exists and is finite, the inner integral on 
the set Si o f the function f  and we shall denote it by

(in) fd v .
J S i

The concept of the inner integral is of particular importance in cases where 
the function f  is measurable.

A function f  given on some bounded open set SI is said to be measurable on 
the set Si i f  there are closed sets F6, with measure as close as we please to the 
measure o f S i, on which the function f  is continuous, such that

mSi — mFs S  <5,

where 8  is any positive number.
If a non-negative measurable function /  has an inner integral in the 

open set S i, then it is said to be integrable, or summable, in the Lebesgue sense
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on the domain S i , and its inner integral is called simply its integral or its 
Lebesgue integral. In this case we shall use the ordinary integral sign. 
Remark. I f  a function f  is measurable on a bounded open set S I, then it is 
measurable also on any open set Si' which is wholly contained in S i .

To prove this it is sufficient to take as the set F' the intersection of the 
set Fe with an inner net set 0 ' belonging to an exhaustive system for Si'.

C o r o l l a r y . If a function/is summable on a bounded open set Si, then 
it is summable also on any open subset Si' of Si.
Remark. It is easily proved that the sum and the product o f two measurable 
functions are measurable.

As we shall show later, the Lebesgue integral has a number of extremely 
important properties, which remarkably simplify its use. The following 
example shows that, for a non-measurable function, the inner integral, even 
if it exists, does not have some of the most important properties of an ord­
inary integral.

Consider a function/ which is positive in an open set Si and has an inner 
integral on S i , but which is not measurable (it can be shown that there are 
such functions).

S ince/is not measurable, closed sets on which / i s  continuous will have 
a measure substantially less than mSi, i.e., sup mF =  a < mSi ■

F
It is obvious that the closed sets in which/ and/  + 1 are continuous will 

be identical. For any one of them we shall have

( / +  1) dv -
J F

f  dv = mF 
J F

(see Remark 3, p. 82). 
Hence

( /  + 1) do = \ f  dv + mF A sup f  dv + a
J F,

and

(in) ( /  + 1) du ^  (in)

Consequently,
Si

f  dv + a.
Si

(in) ( /  + 1) dv (in) f  dv + (in) 1 dv,
SI J Si J Si

since

(in) I dv = mSi > a.
J Si

The last inequality shows that, in general, the additive property does not 
hold for inner integrals of non-measurable functions.
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L em m a  4 . Let fb e  a measurable, non-negative function in the bounded open 
set f t , and let Fc be some system o f closed sets on which f  is continuous such 
that

raft — mFt < e.
I f  the limit

lim
£-0

f d v

exists and is finite, then the function f  is summable, and this limit is equal to
k i f  dv-

If even one of these assertions were false, we should have

lim
£-►0

f d v  < sup / dv.

since, by definition, either

sup
/*

f d v  = oo or sup

*
li»T3

f

p F r %}F «.
f d v .

ft

We should therefore be able to find a closed set F0 such that, for any e > 0,

j f d v  — j f d v  ^  7] > 0,
J F 0 J f £

with /  continuous on F0, and i] independent of e.
Put F'e = F0 Fe. Then using the previous inequality we have

f d v  -
F o

f d v  2: t] > 0.
Ft

The function / i s  bounded on F0. Let/  ^  M. Then

f d v  - f d v  =
F'

( f  — M ) dv — ( /  — M )dv \ + M(mF0 — mF't).
J Fo J F' J

But the expression inside the curly brackets is clearly non-positive, and so

mF0 — mF't f
M

But by Theorem 7,

mF0 — mF[ = m(F0 + Fe) — mFe < e , 

and we get ij/M < e. Hence our hypothesis is wrong, and the lemma is
proved.
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C o r o l l a r y . Suppose that in the bounded open set SI an expanding system 
of closed sets is given:

Fi = F2 e  ••• s  Fk s

and mFk > mSl — 3k, where dk -» 0 as k  -»■ oo.
Lei fb e  a non-negative measurable function which is continuous on all the 

Fk. I f  the integrals JFfc/d u  are all bounded by the same number A, then the 
function f  is summable in Si and its integral is given by

r% f*

f  dv = lim /  du.

This corollary follows at once from the lemma, if we note that the non- 
decreasing sequence of values of JFfc/d v  has a limit.

T h eo r em  12. Let fb e  a summable and non-negative function in the bounded 
open set S I . Then, given any e > 0, there is a d(e) such that, for an open set Sis 
with Sl6 Si Si and tnSls < ^ ie inequality dt; ^  e holds.

For, suppose the theorem false. Then a number e0 > 0 and open sets 
Sis can be found with measure as small as we like, m Sls <  3, for which

f d v ^ e 0. (6.4)

Using the open sets Sl6 we can construct a contracting sequence of open
sets SI k for which m Slk < dk,d k ^>0 &sle-+ oo and the inequality (6.4) holds.
To do this it is sufficient, for example, to choose from the Sls some sequence

00
of sets ftiSuch that mSl's < 1/2S+1 and to put Slk = By the corollary

s  =  k

to Theorem 5, m Slk < l /2 \  so that we can take 3k = 1/2*. Let Fk be an ex­
panding system of exhaustive sets for / i n  SI with m(Sl — FK) < <3fc| .  Then 
the closed set F* =  Fk — Slk has the property that

mFk /  mSl — 2 dk.

This follows from the fact that SI — F* G (Si — Fk) + S lk and so

m(Sl — Fk ) f  m(Sl — Fk) -I- m Slk f  2dk.

From the corollary to Lemma 4,

lim f  dv = f  f  dv.
00 J F* J Q

t  We shall call the system of closed sets F$ lying in SI exhaustive for f  in SI if the function 
/  is continuous on each F6 and if for all 8 >  0 an F6 can be found such that m(Sl — F6) 
<  6. The nomenclature “exhaustive (integral)” is justified by Theorem 12.

EMP 4 a
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Hence, for sufficiently large k,

\ n f i v >
On the other hand, we can find inside the set k lk a closed set F** on

f 2 e
w hich /is continuous and for which | _ J d v  > 0

„ n*~ 3
Now the F* have no points in common with the F**, so that the func 

t io n /is  continuous on the closed set F* + F** and therefore

f  dv >
F*+f** fi

r J , £0f  dv H------.
3

But this is impossible, since \Ff  dv = sup JF/d p . The contradiction proves 
the theorem. F

The property which we have just proved and which is of fundamental 
importance is known as the absolute continuity o f the Lebesgue integral. It 
characterizes completely the dependence of the Lebesgue integral on the 
set on which the integration takes place. We shall make use of this property 
on more than one occasion in the sequel.

We shall now concern ourselves with a more detailed explanation of the 
relation between the Lebesgue integral and the function which is being 
integrated.

L em m a  5. I f  a function f 2 is measurable and non-negative, and i f  a function 
/ ,  is summable, and if

f i  ^  . /  -

then the function f 2 is also summable, and
/■*

f i  dv ^
J fi

f i  dy-
J fi

For consider an expanding system of closed sets F£(1) on which the func­
tion / i s  continuous and which have measure satisfying mFf^ ^  mkl — 
and consider also a similar system F£(2) for the function/,.

Then, from Theorem 7, the measure of the sets F£(3) = F£(1)i r£<2) will tend 
towards m k l :

mF*3) ^  mSl — 2e.
We have

f i  dp ^  f x dp ^
J F/> J iA3>

A  dp.

The sequence J f(3)/ 2 dp does not decrease, is bounded, and consequently has
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a limit. So by Lemma 4 the function f 2 is summable. And, passing to the 
limit, we see that the integrals of f y and f 2 do satisfy the stated inequality.

T h e o r e m  13. I f  f y and f 2 are non-negative and summable in SI, then their 
sum f  +  f 2 is also summable and

We construct sets F f \  F£(2),F£(3) in the same way as in the previous lemma. 
The functions f y and f 2 will obviously be continuous on F£(3) and, moreover,

The right-hand side o f(6.5) has the limit j / f y du + f 2 dv. Hence the limit 
of the left-hand side exists, and so, applying Lemma 4, we see that ( f y + / 2) 
is integrable and the formula (*) is valid.

So far we have considered only the integrals of, firstly, non-negative 
functions which are continuous on open sets and on closed sets, and second­
ly, non-negative functions which are measurable on bounded open sets. 
We now pass on to the integration of functions of variable sign.

L et/be  a function which can take both positive and negative sign. We put

We call f + and f~  respectively the positive and negative parts o f the function f .  
The function f + coincides with / at those points w here/is positive or zero, 
and it vanishes at those points where / i s  negative. On the other h a n d ,/-  
vanishes at those points where /  is positive and is equal to —/  at those 
points where / i s  negative or zero. C learly,/ = /+  — f~ .

If a function/is continuous on a closed set F, then both the functions f + 
and f~  will also be continuous on this set.

For, if /  is positive at a point P belonging to F, then /  will be positive 
at all points of the set F  which are sufficiently close to P. Moreover, the 
function/+ will coincide with/ at these points and so will also be continuous. 
The continuity off~  at those points w here/is negative is shown in exactly 
the same way. At points where /  = 0 both functions /+  and / “ will also be 
continuous, since, for example, the values of f  + as the points Pk tend to P 
on F will either coincide with the values of /  at these same points or will 
vanish, but in either case will tend to a limiting value equal to zero. Hence 
follows
Remark. I f  the function f  is measurable on an open set SI then both the func­
tions f + and f~  will also be measurable on S I .

(6.5)

r  = - H | / | + / ] .  / -  =  t i | / | - / i -
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We define the integral of /  on an open or closed set E  by the formula

/  dy.

A function f  is said to be summable i f  f + andf~  are summable.
From this definition follows:
T h eo r em  14. I f  a function f  is summable in a bounded open set Si, then,

for any System o f closed sets Fd on which f  is continuous and which are such
that mF& > mSl — d, 6  0,

{% /%

f  dv =  lim /  dy.

To prove this, it is sufficient to notice that

/  dv f + dy
Jr*

f  dy.

and pass to the limit.
We now have another lemma.
L em m a  6 . I f  a function f  measurable in an open set SI, is represented in two 

different ways as the difference between two non-negative functions

then
f  = f i  -  f i  and f  = f 3 ~

f i  dv -  f 2 dv h  dv -  / 4 dy.
si J si

For, the result to be proved is equivalent to

f t  dv +
S )

h  du
S i

f 2 dy +
J S i

h  dy,
S i

and this immediately follows from Theorem 13 if we note that f l +  / 4 
=  f 2 + f 3. Hence the lemma.

It follows from this lemma, incidentally, that, however we represent the 
function /  as the difference of two non-negative functions, we shall always 
have

dv — j f 2 dv = f + dv — j f~  dv.
* P  *  Q  * (Q J  £}

I f  a function is summable, then the integral o f its absolute value exists, and 
conversely.

For, if the integral of | / |  =  /+  + f~  exists, then by Lemma 5 each o f/+  
an(j f~  is summable. Conversely, if /+  and f~  are summable, then from 
Theorem 13, | / |  is summable.
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Remark. If c is an arbitrary constant, and i f / i s  a function summable on the 
open set SI, then

c/dv = c [ f d v .J ft J ft
This is almost obvious; the proof follows at once by using the similar 

property for functions of constant sign.
An important general property of the Lebesgue integral follows from the 

previous remark.
Jf f i , f 2, ■ ■ -,fk ore summable functions, and ai} a2, ..., ak are arbitrary 

constants, then

( tf i/ i  + o2f 2 +  ••• + akf k) dv = ax
J ft

fd v  +  a2
ft

fd v  + ••• + ak
ft

fd v .
ft

This is proved by induction.
We notice one more important property of the Lebesgue integral. 
T h e o r e m  15. Let fb e a  summable function, and <p a measurable and bounded 

function so that \cp\ ^  M. Then the product fcp will be summable, and

f  fcp du <; M  f \f\d v .
J ft J ft

For, \fcp | ^  M  | / | . The function M  \ f  \ is summable; therefore so is | fcp \ 
and

§ 5. The Indefinite Integral of a Function of One Variable. Examples

If f(x )  is a summable function in the interval 0 < x < 1, then it will 
obviously be summable also in the interval 0 <  x < y , where y  5* 1. The 
integral

Hy) = J  f ix )  dx

is called an indefinite integral.
By the very definition of measure, an isolated point has zero measure. 

Hence the integral over the open interval 0 < x < y  is equal to the integral 
taken over any one of the following half-open intervals or the closed interval: 
O ^ . x c j ' ,  This justifies the use of the notation

(7 w  a*
o
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and also allows us to write

/ ( a ) d .r  + /(* ) d* f(x )  dx

for any summable function / ( a-).
Wc next prove:
T h eo r em  16. The derivative o f an indefinite integral is equal to the function 

under the integral Sign at all points where this function is continuous.
For,

F(y + h) -  F(y) 
h Ti

/ \ v  +  h

f(x )  dx.
J v

Let mh and M h be the lower and upper bounds of the function f(x )  in the 
interval y  ^  x  ^  y  + h if h > 0, or in the interval y  + h x S  y  if h < 0. 
Then

^  F(x +  h) -  F(y)
'/i — ^  M h

and consequently

lim F ( > ’ + *> ~ F0’> = /W.
/i-»o h

as was to be shown.
A measurable function may not be summable. 
Let us look at a few examples.
E x a m p l e  8. The function

f  — -------where R — T an + +J n t i __ n "R

is measurable in the sphere given by R < 1. For, if wc exclude from this sphere 
the interior of a small concentric inner sphere R ^  e , f  will be continuous 
in the remaining part.

This function will be summable provided a > 0. To prove this, we notice 
that

" d*i ... d.Y„

------ < R < .  12* - ~
Rn-a

k-1
X Wm* 

11 =  0

where

V>m
----- < K < —2 m + i  =  ^

dA'j ... dA',
R n - a
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We change the variables in y>m by X,  = £,/2"' (z = 1, . . n). Then

101

Wm =
1 r* d ^  ... d£„ 1

2",a

J -!-<o< 1 2 ~ »• J l ,

n~n 2ma Wo-

where

Hence we have
k- 1 oo |
I  Wm ^  Z  —  Wo = Wo ----------- if a > 0,

m = 0 , = o 2" 2° -  1

as was to be shown.
Example 9. The function

/  = ——  where r = \A>i -  y d 2 + ■•• +(*„ -  J„)2,

is measurable in the 2/z-dimensional domain 0 < < 1, 0 < y t < 1,
(z =  1, n). It will be summable if a > 1.

For, if the set r ^  e is excluded from this cube, then/  will be continuous 
on the remaining part. The volume of the excluded domain, as may easily 
be seen, is a small quantity of the order e". T h a t/is  summable if a > 1 may 
be established as in Example 8.

Example 10. A function / i n  the cube v0, —1 < x t < 1 (z = 1, ...,« ) , 
which is equal to unity at all points whose coordinates are rational numbers 
and to zero at all other points, is summable.

All rational points (z'.e., points with rational coordinates) can be enumer­
ated, i.e., put into a 1-1 correspondence with the natural numbers. For, 
suppose the coordinates of any positive rational point are expressed by the 
fractions

Pi_ P± Pn_
< 7l 2  Q n

We write these In  integers one after the other:P t,p 2, • • •, p„, <7i, q2,
Each rational point will correspond to many such combinations of integers, 
since the coordinates of one and the same rational point can be represented 
by many different fractions, if these have not been reduced to their lowest 
jerms. On the other hand, to each combination of 2zz integers corresponds 
tust one well-defined rational point. All such combinations can be enumer­
ated one after the other using the sequence of even natural numbers. To do 
this, we write first the combination of integers whose sum is equal to zero, 
then those whose sum is equal to 1, then to 2, and so on (there will obviously



102 M U L T I P L E  I N T E G R A L S :  L E B E S G U E  I N T E G R A T I O N L.6

be a finite number of each of these). In this way all the positive rational points 
will be enumerated, though to each point will correspond infinitely many 
different natural numbers. If we wish to make the correspondence 1-1, then 
when numbering the points in sequence we must reject points to which a 
number has already been assigned. As regards the negative rational points, 
we can include these in our enumeration by using the sequence of odd 
natural numbers.

Each of the rational points P 1,P 2, . . . ,P k, • • • can be included within a 
certain sphere Slk with centre at the given point and such that

The sum <$7.0° =  -fti +  ••• +  S lk +  ••• will be an open set with measure 
^  l/2f and therefore as small as we please.

We exclude from the cube v0 those points whose distance from the boun­
dary is less than l/t; and we denote the remaining closed set by . The closed 
set Ft = Vi — Sio° will have a measure as close as we please to that of v0. 
On it f  will be continuous and equal to zero. Consequently,

We often have to consider functions which are given in an unbounded 
domain SI.

We consider a system of spheres R <  N, and let SI jy be the part of the 
open set SI lying within the sphere R < N. We shall say that say a non­
negative function/is measurable in SI if it is measurable in any SI N, and that 
it is summable in SI i f  the integrals \c,Nf  dv are bounded in the aggregate.

Then by definition

Integrals of functions of variable sign were defined on p. 98. For such 
integrals all the usual properties are valid: we enumerate

r
f  dv = 0.

1.

2. a f  dv = a f  dv,
1 * £7

3.
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and moreover the existence of the right-hand members of these relations 
implies the existence of the left-hand members. The proof of these pro­
perties is obtained in an obvious way from a passage to the limit.

Example 11. Let

/  =
1

R n + a ’
R =

n
Z x ?,

in the domain R > 1. The function/is clearly measurable in SI. It will be 
summable in if a > 0.

For,
r dXl ... dxn ”

/_j W m

where

Put

then

or

R >  1

Wm -

R<rt + a m = 0

2 ™ < R < 2 ™  + i %

d.Xj ... dx„
Rn + a

x, = 2 (i = 1 and q =

Wn
l r 

2ma \<e<2.

dfi  ... df„ 1
0*1 + 0 W o ,

K) 2“
I  V» ----- - W o ,m=0 2 — 1

as was to be shown.
It follows, incidentally, from Examples 8 and 11 that the integrals

J  R < d J

tend to zero as <5 -> 0

dxj ... dxn
R n - a

and

r>t

dxt ... dx„ 
Rn + a

§ 6. Measurable Sets. Egorov’s Theorem

With a view to the further study of the properties of summable functions, 
we now introduce the concept of a measurable set. Let SI be a bounded open 
set, and let E  be any point set included in it. We construct the characteristic 
function for the set E, i.e., a function which is equal to unity at the 
points of E  and to zero at points not belonging to E.

If the function f £(P) is measurable (and consequently also summable, 
because of the boundedness of ££(P) and ft), then the set E  is said to be



104 MULTI PLE I NTEGRALS :  LEBESGUE I N T E G R A T I O N L.6

measurable, and the integral

| £(P) du

is called the measure o f E  and is denoted by mE.
It is not difficult to verify that, in the cases when E  is an open set or a 

closed set, the new definition of measure agrees with the one given earlier 
(see p. 91), since mE is constructed in exactly the same way as previously in 
these cases.

If the set E  is measurable, then so is Tl — E. For, if the function ££(P) 
is measurable, the function 1 — £Z(P) = £0 _£(P) will also be measurable, 
and in this case

m(Sl — E) = j [1 — ££(P)] dp = mSl — mE.
J  SI

For any two measurable sets E t and E2, the following relation holds:

Further, t EiEl =  ££l££2. Evidently, ££l£2(P) is measurable and consequently 
£El+£2 is measurable. Hence we see that the sum and intersection of two mea­
surable sets are always measurable.

T h eo r em  17. The necessary and sufficient condition for a set E lying in an 
open set kl to be measurable is that there should be a sequence o f closed Sets Fk 
included in E and a sequence o f open sets k lk containing E, such that

Proof. Suppose that the function ££(P) is measurable. Then closed sets Fk 
can be found with measure as close as we please to mkl and on which ££(P) 
is continuous. Each such set Fk may be decomposed into two subsets having 
no common points:

where 7^° =  FkE, Fk2) = Fk — E. On P,,(1) the function f £(P) is equal to 1 
and on Fj.2) it is zero.

Each of the sets, as may easily be seen, will be closed. For, a limit point 
for a sequence of points P„ from Fk1} is a point of the set Fk and consequently 
belongs either to the setp^u or to Fk2). But it cannot belong to Fk2) because 
the function ££(P) would then be discontinuous at this point on Fk, and this 
contradicts the choice of Fk. In exactly the same way it can be shown that 
Fk2) is closed.

According to the premises we have

t El(P) +  Ze2(P) =  Ze1 + e2(P) + I W P ) (6.6)

m(Tik — Fk) -> 0 as k  —> oo.

mFk = mPfc1) + mFk2) > mSl — dk, where 6k -> 0.
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mF(kn + mSl — >n(&1 — FkZ)) > mSl — Sk,
or

m(ft -  F[2)) -  niFl^ < bk.

The sets Fkn and (SI — Fk2)) are, then, the sets whose existence was asserted 
in the theorem.

Conversely, suppose there are sets Fk and Slk having the properties indi­
cated in the theorem. We can always replace the sets Slk by sets S it*  such 
that the sets ft, — Sit*  will be closed. To do this we join to the set ft. k a set ft,** 
consisting of those points of the set whose distance from the boundary C 
of the set SI is less than 1 jk. Obviously, m f t* k-> 0 as/c-> oo, and therefore 
if we put Sit* — SI k + Sl*/k, the difference m Slt*  — mFk will as before be as 
small as we please for sufficiently large k . The set SI — SI** will be closed 
since it is the difference between the closed set SI — SI*ft and the open set 
SIk ~b Sl*/k-

We can easily satisfy ourselves that the function £E(P) is continuous on 
Ffcan d o n ft — Sit*  .Consequentlyitis continuous on the set.Ffc + (SI —Sit*), 
since a function which is continuous on two closed sets is continuous on the 
sum of these sets. We evaluate the measure of this set, &k say. Clearly,

(Pk = Fk + {SI -  S it* )  = SI -  (S it*  ~  Fk).
Further,

mSl — m[<I>k + S it*  ~  Ft] ^  m&k + m (Slt*  — Fk).

Consequently, m&k ^  mSl — <5k, where bk -> 0 as k  -> oo.
Thus, | £(P) is continuous on the closed sets &k with measure as close as 

we please to the measure of SI, and consequently it is measurable, as we had 
to show.

It is not difficult to show that if a set E is measurable, then

mE = sup mF — inf mSl
1 <= 1. £=. 0

where the Fare closed sets contained in E, and the SI are open sets contain­
ing E.

Let E  be a measurable set, a n d /b e  a function summable in SI. Then we 
define the integral of /  on the set E by the equation

f f  dv = £E(P)f(P)dv.
J £ J U

It is easy to see that this definition does not depend on the choice of the 
open set SI which contains the set E. If the set E were included in any other 
open set, the value of the integral would remain unchanged.
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This definition is equivalent to the former ones when E = F  is a closed 
set on which /  is continuous, and when E = Si is an open set on which /  is 
continuous.

For,let Fgiy and i ri(2) be two closed sets having no points in common, on 
which £e(P) is continuous and takes the values 1 and 0 respectively, with

+ mFg2) > mSl — 8, <5 -» 0.

The existence of such sets was shown in the proof of Theorem 17.
If E — F  is a closed set and / is continuous on F, then we may take as 

the set F%iy the set F itself. Then, by Theorem 14,

f  U P )f(P )  dv = lim f  U P )A P ) dv = 
J £} ^ 0Jf(1) + f(2)rd +td

f  dv.

If E = is an open interval and 0 5 is a system of exhaustive sets for /  
in Sl0, then the set F£1} may be replaced by 0 6, for

[ a  -  (<p4 +  *?>)] =  [a, -  m a> + n 2>)i + (ft« -  «>»)

and this implies

m[Sl -  (0 6 + Fa(2))] g  m[Sl -  ( F ^  + F™)] + m(Sl0 -  0 6) £  28.

Thus, 0 6 +  Fg2) will be an exhaustive system for the function £E(P)f(P). 
Hence

U P )A P )  dr = lim
1%

£e(P)AP) dr =  lim
n +fa2)

h (P )f(P )  dr

= lim 
a - o

AP) dr = / d r,
£ 2  o

as was to be shown.
From formula (6.6) we have

/  dr +  / d r  = /  dr +
El J £2 Jei+£2

/  dr.
J  £ i E2

In particular, if /  = 1, we get

mEx + mE2 = m{E1 + E2) + m{ExE2).

If for a certain set E there are open sets S ik containing E and such that 
inf mSik ~  then (by the remark following Theorem 17) mE = 0. Con­
versely, any set o f zero measure can be included in an open set with measure as 
small as we please.
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T h eo r em  18. I f  a function f  is different from zero only on a set E  o f zero 
measure, then the integral o f this function on an open set SI containing E is zero.

For, let Fk be an exhaustive system of closed sets for / ,  and SI k be a 
system of open sets, with measure tending to zero, which contain E. The 
measure of the closed sets &k = Fk — SLk will tend towards the measure of SI, 
since SI -  &k =  (SI -  Fk) + Slk; hence m(Sl -  &k) ^  m (ft — Fk) + m S lk 
-> 0. Thus the system of closed sets 0 k will be exhaustive. The assertion of the 
theorem follows from the fact that for this system all the integrals

/d o
J

are zero.
C o r o l l a r y . If two summable functions f x and f 2 differ from each other 

only on a set of points of measure zero, then

For,

f 2 dv.
SI

f i d v  -  [ f 2 dr
J Si J si

/%

(/i ~  / 2) dr
J SI

<
J

| / i  - / 2|d r  = 0.
SI

We shall say that a certain assertion holds good almost everywhere if it 
holds good for all points except perhaps those of some set E  of measure zero. 
As we have just shown, if two functions coincide almost everywhere, then 
their integrals are equal, and the integral of the modulus of their difference 
is zero. We shall say that such functions are equivalent.

We now consider another question of importance for the sequel. Let E  
be some measurable, bounded set, and let F (1) be an expanding system of 
closed sets belonging to the set E:

F ?' S  F (2” S  F3(1) S  g  F ^  S

We shall say that a system F (2) consisting o f the sets

g  g  f (32) s  ... g  p™  g  ...

is interior in relation to Fw  if for any set F.(2) we can find a set F ff  such 
th a tF p ^ F ™ .

Let us agree to express this relation by F (2) Fw  or F (1) >  F (2). (The 
relation F (1) F (2) does not exclude F (1) F (2))

/rcn f ( 2 )  an(j p ( 2 ) p  p i s )  implies F (1) p<.D

L em m a  7. Suppose that a sequence o f expanding systems o f closed sets 
on a set E  is given:

F (1) > F(2) > F 0) > ... p  F (S) p  ...
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such that
Iim (niE -  m F ^ )  = 0, 5 = 1 2 -

fc-GO ’ ’

Then a system F(,"] exists which is interior in relation to all the F(S) and which 
is such that

lim (mE — mFk 0)) = 0.
k-+ o o

Proof. In each system F iS) we choose a set Fn(S) = F (S)* such that

mF(ns) f  mE — 1
2s ‘

Let
= F(k)* p ( k  + 1 )*

It is clear that
F[c>) E F ^ c  . . .  C= FT  E

The sets Fk0) are closed sets.
It is not difficult to see that the system F(w) is interior in relation to any 

one of the systems F(S\  This follows from the fact that Fk0) s  F iS)* for 
any S  ^  k.

It remains to show that lim m Ff^ — mE. We have
k-> o o

mE -  wFfc(t0) ^  m(E -  F{k)*) + m{E -  F (t+U*) + ■••

+ m(E — F (fc + Hi)*) + ••• ^  ---  +
2k •,k+ 1 + ••• =

from which our assertion follows and the lemma is proved.
A consequence of this important lemma is:
T h e o r e m  19. Suppose a sequence o f functions f k, f 2, •.., A , ••• which are 

continuous on a closed set F is given. I f  the sequence converges everywhere 
on F, it will converge uniformly on every set o f a certain system o f closed 
sets Fd which are such that lim niFd =  mF.

<5-0
Proof. We consider closed sets Fk(e) having the property that on them

for any m l > k  and m2 > k.
Whatever e  may be, any point of F will belong to at least one Fk(e). 

Hence
F =  Ffe)  + ••• + Fk(e) + ... .
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Ffe)  E F2{e) g  ••• g  Fk(e) g  ••• .

Applying Theorem 10, we shall have lim mFk(e) = mi7.
k - >  oo

Consider the sequence of systems i7(s) consisting of /^(l /2s), jp2( 1 /2s), 
Obviously F (1) > i7(2) > •••.

Applying Lemma 7, we see that a system i 7̂  exists which is interior in 
relation to all the F (S). On any set Fk0) the sequence f 1}f 2, converges 
uniformly. For, F[m) lies inside a certain Fn(S) for any (S ) and so we get

I/»., ~  fm21 < ~  for m \ >  ns, rn2 >  ns .
2s

Hence the theorem.
From this theorem follows immediately the essential fact in the theory 

of measurable functions:
Egorov’s Theorem. I f  a sequence of functions f x, f 2, ■■■,fk, •••, which are 
measurable on a bounded open set SI, converges almost everywhere, then the 
limit function is measurable.
Proof. We select closed sets Fk on which f k is continuous so that we have

mSl -  mFk ^

On the set F0 = F1F2 ... Fk ... all the functions f k, f 2, ... are continuous. 
We evaluate the measure of F0. We have

mFx

mF0 = lim mF1F2 ... Fk
k-> oo

mF1F1 = m(F1 + F2) — mF2 f  mSl — mF2 f
_d_
¥

mFlF2 mF1F2F3 = m(FlF2 + F3) -  mF3 f  mSl — mF3 f
_d_ 
24 *

and so on. Hence 

mF1F2 ... Fk f  mF1 

and consequently

 ̂  ̂ (5
— - mSl — (mSL — m F j)------> m S l -------
4 4 2

mF0 f  m S l ----- .

Since the sequencef x, f 2, . . . , f k, ..• converges almost everywhere, it fol­
lows that there are closed sets Fs such thatw /7̂ ^  mSb — <5/2 and on which
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the sequence converges. Then F f = F0FS has the property

mF* ^  mSl — 6.

By Theorem 19 the sequence f k, f 2, , fk > ••• converges uniformly on the 
set

F's £  F t ,  so that m Ft -  mF'b < <5.

Hence mFb ^  mSl — 2d, and consequently the function f 0 = lim f k is con-
k-* oo

tinuous on the set F'd with measure as close as we please to mSl, i.e., it is 
measurable, as we had to prove.

Using Theorem 19, we can prove the following important lemma. 
L e m m a  8. I f  a non-decreasing sequence offunctions f t , f 2, . . . , f k, ... which 

are summable in the bounded domain SI has the property that

f h  do ^ A
J Si

i.e., i f  the integrals o f its members are bounded, then the sequence f k, f 2, ...,  
f k, ... converges almost everywhere and has as its limit a summable function

lim /k = f 0
k-+ oo

and moreover

lim I A  dv = | / 0 dv.

The lemma will be proved if we establish the existence of closed sets i7* 
such that all the f k are continuous on them, the sequence f k converges uni­
formly, and also m(Sl — F*) < <5, where (5 is any positive number.

For, in this case the limit function f 0 will be continuous on all the sets F t 
and the inequality

f odv  ^  A 
** Fs

will hold.
By Lemma 4, / 0 will be a function measurable and summable on SI. The 

closed sets Ft  form an exhaustive system for f Q, and therefore

/ 0 dp = lim / 0 dp A
SI <5-»0

Finally, given any e > 0, we shall have, for a sufficiently large k.

fk dp ^ fo d” ^ fk dp + e,
U* J Ft



§7 C ONVERGENCE IN THE MEAN OF SUMMABLE F U N C T I O N S  111

and consequently,

which implies

f k dv ^
' (* 

fo dv ^  f k dv + e

f 0 dt> = lim f k dy,

as was to be shown.
We still have to show that sets exist having the required properties. Con­

sider first the case when f k ^  0.
We introduce the functions

Vfc = tan 1f k .

Clearly, yjk will be a non-decreasing bounded sequence. Hence xpk will con­
verge everywhere on SI.

We write
lim y k = Vo-
k-> oo

By the arguments used in proving Egorov’s theorem we see that closed 
sets Fb exist for which mSl — mFb < <5, and for which the convergence is 
uniform and Vo is continuous.

Let F'b be a closed set of those points of Fb for which Vo =  ft/2. On F'b 
the function v k tends uniformly to nj2 and this implies that f k = tan Vk 
tends uniformly to infinity. Consequently, mF'b =  0, for otherwise we should
have / f k dy -> oo, which is obviously impossible.

6
We enclose Fb in a domain Slb such that m Slb < <5, 

and put
F f = Fb — Slb.

Then clearly,
mFt ^  mFb mSlb ^  mSl) 2^.

On the sets F f the sequence Vk converges uniformly to a limit different from 
7tj2, i .e . , fk converges uniformly to a finite limit.

If f k is a function of variable sign, it is sufficient to consider a sequence 
Vk = fk — f i , and then the proof reduces to that just given. Hence the lemma 
is proved.

§ 7. Convergence in the Mean of Summable Functions

To illustrate the use of the previous theorems we now present some pro­
positions dealing with the properties of measure.

T h e o r e m  20. Suppose that on a bounded open set SI a Sequence is given o f 
measurable sets E^, E2, ..., Ek, . no pair o f which have any points in com-
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mon. Then the sum o f these sets, E0 = E : +  E2 +  ■ • • +  £ k + • ■ • is measur­
able and

00

mE0 =  £  mEl.
i = i

Proof. Let |,(P ) be the characteristic function of the set £ ,. We put

vs = i  u p )-
( =  1

By Theorem 13, each of the functions y s is summable, since it is the sum of 
a finite number of summable functions. The sequence xps is a non-decreasing 
sequence which converges to the characteristic function of the set E0, i.e., 
to i 0(P)- Moreover, ips ^  1 , since the sets have no common points and con­
sequently there cannot be two function £t(P) different from zero at any 
point. By Lemma 8 , the function £Q(P) =  lim ys is summable, and

5-*- OO

f £„(/>) du = lim (  X h (P )\ dv = £  f  f k(P) dw.
s">a:,J « \ ' t=1 /  k=1J&

Hence the theorem.
C o r o l l a r y  1. I f  E x, E2, . . . ,  Ek, ... is any sequence of measurable sets 

lying within a bounded domain Si, and E0 — E i + E2 + • ■ ■ + E k + • ■ •, then 
E0 is measurable, and

00

mE0 ^  £  m£fc.
k= 1

For, the set E0 can be presented in the form

E  i + [E2 —£i] + [ £ 3  — ( £ 1  + £ 2)] +  "•

+  [-Ek — ( £ 1  +  £ 2  +  ••• +  £ k - i ) ]  +  ••• •

Here all the addends are obviously measurable and no two of them have any 
points in common; also m[Ek — (E x + £ 2 + ••• + £ k-i)] ^  mEk. Hence the 
proposition.

C o r o l l a r y  2 . The sum o f a sequence o f sets each o f zero measure

E0 = £j + £ 2 + • • • + Ek + • • •, mEk =  0,

is also a set o f zero measure.
This follows immediately from Corollary 1.
We showed earlier that if a function /  vanishes almost everywhere, then 

its integral is zero. We now prove a theorem, which, in a certain sense, is the 
converse of this.



§7 C ONVE RGE NCE  IN THE MEAN OF SUMMABLE F U N C T I O N S  113

T h e o r e m  2 1 . I f  the integral o f a non-negative summable function f  on a 
bounded open set is zero, then the function f  is zero almost everywhere, except 
perhaps at points o f some set E  o f zero measure.
Proof Consider an expanding system of closed sets Fk on which the function /  
is continuous and such that m{Si — Fk) < l/2k. The set F0 of points belong­
ing to Si which do not enter into any of the sets Fk has zero measure, since 
it can be included in the family of open sets Si — Fk whose measure tends to 
zero as k  -*■ oo.

The set 0 k of those points of Fk at which /  ^  l/2fc is obviously a closed

set. By hypothesis, du — 0, and hence m0^k — 0. Put E  — Fq -{- I® * -

The sets 0 k form an expanding sequence. Any point at which /  > 0 must 
enter into either E0 or one of the sets 0 k, i.e., it will belong to E. And from 
what we have already proved, mE  =  0. Hence the theorem.

T h e o r e m  2 2 . I f  a function f  is summable in an open set Si, and iffo r any 
functionif which is continuous in Si the equality j /  fxp dv = 0 holds, then f  must 
satisfy the condition J /  | / |  dv = 0 and consequently f  is equal to zero almost 
everywhere.

We prove this theorem by reductio ad absurdum.
If the integral j /  | / |  dv were different from zero, then at least one of the

(whose sum is equal to Jg1 /| dh) would be different from zero. The difference 
of these integrals is zero, since it is equal to the integral of/ .  Consequently, 
both the integrals must be different from zero. Hence there is a closed set F' 
on which / + >  0 and consequently/  =  /+ , and for this set

This integral may be written in the form Jg f (P)  SF'(P) dv where £F<(P) is the 
the characteristic function for the set F '. By Lemma 3 and by the definition 
of a measurable function (see p. 92), a continuous function %k(P) exists 
whose values lies between zero and unity

and which can differ from £F'(P) only on a set Sik of measure as small as 
we please. Further,

CO

k= 1

integrals

f +dv, f ~  dv
* Q

0 S yJP) S I ,  0 g  yJP) -  (,Jr) g 1,

f (P)  ( A P)  do = f (P)  [{,.(/■) -  *,(/>)] do.
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But from the hypothesis, the first integral on the right-hand side is zero be­
cause of the continuity of Xk(P)- And using Theorem 15, we get

f{P)  [£f ,(P) -  Xk(P)] dv
J <Q

< |/CP)| dv.

Since the integral of |/(P ) | is absolutely convergent, the last integral, to­
gether with the measure of f t k, becomes as small as we please, and con­
sequently cannot be equal to the constant number h > 0. We are thus led 
to a contradiction, and the theorem is proved.

L e m m a  9 . Any function yj(P) which is continuous in the open set f t and 
which is different from zero only in an open set f t lying together with its bound­
ary inside f t  may be uniformly approximated on f t  as closely as we please by 
means o f a function iph(P), whose derivatives o f any order are continuous and 
which is different from zero only in an open set f t h consisting o f points whose 
distance from  f t  v is less than h.

Here h is a sufficiently small number, dependent on the desired degree of 
accuracy of approximation and on the configuration of f t and f t v,. We con­
struct the function y>h(P) by the formula

e r2“ yj(P') dP'
Vh(P) = r<h

1-2
r2-/>2 d P'

r<h
where

r =  J ( x i -  a- ;)2 + ( a - 2 -  x'2y  +  • • •  +  (.y„ -  a - ; ) 2 .

The function y>h(P) is differentiable without restriction. To see this, we put

e rl~h2 dP' = a(h)
r <Lh

and define a function co(P, P') by the relations

r > h 

r ^  h.

Then the function iph(P) can be written in the form

<o(p, n  = i —  
— e

! «(//)

Wh {P) y(P') o)(P, P') dP \
J «

In this form we can apply to it the theorem on differentiation with respect 
to a parameter under the sign of the integral.



For, the function oj{P, P') has continuous derivatives of any order with 
respect to the coordinates of the point P. Derivatives of any order of co(P, P') 
obviously exist for r < h and r > h. Their limiting values for r >  h and 
r -» h will all be zero. We have to establish that the limiting values of all the 
derivatives of co for r < h, r -> h will also be zero. This follows from the fact 
that any derivative of a> of order s will have the form
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dsa> r2 — h2

dxV ■■■ dx°r (r2 -  h2f
1 ) • • • 5 -Vfl 5 V" [ , . . . , X„) ,

where Q is a polynomial in its arguments. But er2 1,2 tends to zero faster 
than 1 /(r2 — h2)s tends to infinity, and this implies that

dso)lim
r^h dx^1 ... dxan" 

For the difference y h(P) — y(P) we have

IJ r£h

= o.

W )  ~ W(P)] dP'
WhiP) -  W(P) = 

For sufficiently small h,

e r2~h2 dP'
r<h

| v(P') -  w(p ) | < £ >

whence, by the mean-value theorem,

\Wi,(P) -  W(P)| < £-
Hence the lemma.

This lemma enables us to apply the integral criterion for the vanishing of 
the function in a rather weaker form than that given in Theorem 22. Let f  
be summable in SI. Suppose that

AP)V(.P) dP = 0 (6.7)
v  c<:

for all functions ip(P) which firstly, have continuous derivatives of any order, 
and secondly, are each different from zero only in some inner subset SI v of 
the domain Si.

Then this is sufficient to assert that

| / ( P ) |d P =  0.
*. ,Q
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For, if the condition (6.7) holds good for all functions which are differ­
entiable without limit, then it will also hold for all continuous functions. 
Suppose the contrary. Then a function rp0(P) exists such that

/%

f(P) Wo(P) d P >  e.
J S i

By the lemma, there is a function wh(P) as close as we please to which is 
differentiable without limit. We have:

f{P)Woi.P) dP = f (P ) Wk(P) d P +
J S i J S i

[%

J
f(P )  [Wo(P) -  Vh(P)] d P.

S i

By the condition, the first integral on the right-hand side is zero. On the 
other hand,

f(P ) \Wo(P) ~  Wk(P)] dP ^  max |y>0(P) -  y k(P)\ f  |/(P ) | dP <  e,
v  Si v

where e is an arbitrary positive number. We are thus led to a contradiction, 
and this proves the assertion.

To prove the important Theorem 23 we require the following lemma. 
Lemma on the Upper and Lower Limits o f a Sequence. Let , x 2, . . . ,  x k, ... 
be any bounded sequence of real numbers. Then a number Y is said to be 
the upper limit o f the Sequence {xfc} if  for any number e > 0 there is among 
the numbers o f {xk} only a finite set for which x k > Y  +  e, and an infinite set 
for which x k > Y — e.

A number y  is said to be the lower limit o f the sequence if x k < y  — e 
holds only for a finite set of the numbers x k and x k < y  + e holds for an 
infinite set of them.

If the upper and lower limits coincide, then the sequence obviously con­
verges and has only a single limit point.

We usually write lim x k for Y  and lim x k for y.
Our lemma asserts that

lim x k = lim ) lim max (xy, ..., xJ+s)
J - *  00 ( S ~► 00

( 6 .8)

lim x k =  lim ) lim min (xjf ..., xy+sH (6.9)
J-* 00 (̂ s-»oo J

Both limits on the right-hand side of (6.8) and (6.9) are meaningful. For, as 
s increases, the numbers

ziJ) =  max (xj, xJ+1, . . . ,  xJ+s)

do not decrease but remain bounded, and consequently tend to certain limits
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which we denote by z(0J). The numbers z(f  are bounded from below and do 
not increase with increasing j, since z(sJ) and consequently

z(0J) = lim z f  ^  lim z[Jf \ l) = z j ' ' 11.
S ~ *  00 $“► 00

Hence the limit of z as y -» oo exists.
We shall now prove the relation (6.8). Given any £ > 0, an infinite set 

of numbers z<j)will satisfy the condition

Zj-0 > lim x k — e

and hence it may be shown that, for all j  ^  1,

ZqJ) 2: lim x k, i.e. W m z^  ^  lim xfc.
j-* 00

On the other hand, for a sufficiently large j  all the z[J) will satisfy the in­
equality __

zlJ) < lim x k +  e,

from which it may be proved that

lim Zq ) zg lim x k,
j ~ *  00

hence (6.8).
In an exactly similar way we can prove (6.9), which, incidentally, reduces 

to (6.8) if x k is replaced by — x k.
Suppose a sequence is given of functions / i , / 2, . . . , / fc, ... which are 

summable in the open set SI. If for any e > 0 there is an integer N  = N(e) 
such that

\fm -  fn \dv  < e
J SI

for all m, n > N, then the sequence { /fc} is said to be convergent in itself.
Theorem 23. For any sequence offunctions f , f 2, ... which is con­

vergent in itself a summable function f 0 exists which is called the generalized 
limit o f the sequence { fk} and which has the property that

j \fk -  /o | du -* 0 as k -* oo.
J SI

Before proving this theorem we make this observation. If f x, f 2, are 
summable functions, then so i s / 3 = m a x ( / i , /2).

For, m a x ( / i , /2) = f +  ( / 2 — f x)+. But i f f x, f 2 are summable, then 
so is their difference and also the positive part of this difference.

If f i , f 2, . . . , f m are summable functions, then clearly the function

max ( f i , f 2, . . . , / m)
will also be summable.
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We turn now to the proof of Theorem 23. We consider a sub-sequence 
{ f Nk} chosen from the sequence { /ft} so that

|/jvfc -/ivfcjdti < for k t > k.
1 2

We write xpk for f Nk. We shall prove that the sequence ipk converges almost
everywhere to a summable function/0. To do this, we examine limy* and 
lim i pk . Let

X(SJ) =  max (vh , y>2 , ■■■, Wj+s)-

We keep j  fixed for the moment and consider the sequence %\J), %(2J), 
xlJ), ... This is a non-decreasing sequence of summable functions. On the 
other hand,

Wj ^  %iJ) ^  Wj +  \wJ+i -  Wj\ +  \wj+i  ~ Wj+1 | +  ••• +  \Wj+s ~ W j + s - i  

whence

0 ^ X du — V jd v *  f  { Y \ Vk
si J Si lk=J+1

V k-i\dv
j  +  s -

* I
k = j

1 1 —  <
2k

1
2717'

Consequently, by Lemma 8, the sequence {^J)} has almost everywhere a 
certain function Xo  ̂ as its limit, where %(0J) ^  xpj and

0 ^ Wj  dp ^
J Si

1
2J~1 '

We now consider the sequence%o1),%o2),  It will be non-increas­
ing, since xlJ) ^  xlJ~ 1)> hence x ^  ^  Xo -1)- The integrals of^- are uniformly 
bounded from below, since

Wj dp ^
J Si

Wo dp
Si

| Wk -  W k - 1
Si

dp >
Si

CO ,
Wo dp -  I  —

k = l  2

=  I Wo dp
Si

1.

Consequently the integrals of Xo* are bounded from below. By the same 
Lemma 8 the sequence Xo'* converges almost everywhere to a certain function 
/ 0 where

lim Xoy dp
J «n

fo dp
J si

fo\ dP = 0.

By the lemma on the upper and lower limits of a sequence, f 0 =  lim xpk.



§7 CONVERGENCE IN THE MEAN OF SUMMABLE FUNCTIONS 119 

We now show that / 0 satisfies the requirements of the theorem. We have

f \Vj -  f o \ dv  S  f |Wj ~  Z(oS)|da + | ^ J) -  / 0|dr .
J  SI J  £i * <Q

Both integrals on the right-hand side become as small as we please for 
sufficiently large j. Hence

|Wj ~  f o \dv < e for j  > 7(e).
J Si

Following exactly the same argument for the function f *  = 1 im xpk, we 
obtain

| Wj -  f o \  dF < e

and this implies
SI

Consequently,

(* | fo -  fo  I di> ^  f  I Wj -  fo\ da + f  | Wj ~  fo  | da <  2e.
J Si J SI J Si

f  | / o  - / o * | d i >  =  0 .

J S
and the functions f 0 and f *  coincide almost everywhere.

Finally, for any function of the original sequence f k we shall have

f  |/* ~ /o |d a  ^  f |f k -  y)j\dv +  f |Wj - /o |d t> .
J S J s  J Si

Consequently, given any e > 0, we can find an integer N(e) such that, for 
k > N(e),

as we had to prove.
I I fk -  fo\ dF <  By

J  £1

We shall say that a series £  uk(P)
t=i

(6. 10)

converges in the Lebesgue sense if a summable function u exists such that

da =  0.
/% N

lim u -  y  uk
N - kx> SI k  =  1

It is clear that convergence in the Lebesgue sense implies that it is possible 
to pass to the limit under the integral sign.

We shall say that the series (6.10) converges in itself in the Lebesgue sense if
m +  p

I  U*
k  = 1

E M P  5

da < £ for m > N(e).
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Theorem 23 can be reformulated for series thus:
A series which converges in itself in the Lebesgue sense converges in the Lebesgne 
sense to a certain limit function.

A series which converges in itself may be multiplied term by term by any 
measurable bounded function and will still remain convergent.

Theorem 24. The members of a sequence / i , / 2, . . . ,/* , ... which con­
verges in itself have Lebesgue integrals which are absolutely equicontinuous.

In other words, given any s > 0, a number d can be found such that

f k du
ft 5

< £

provided only that the measure o f the open set Sld is less than <3.
Proof Given s > 0, we choose an N  so that, for k > N, m  ^  N, we have

/%

| fk  ~  fm |du < — .J ft 2
For any f k of the functions/1}/ 2, . . . , f N we can, by virtue of the absolute 
continuity of the Lebesgue integral, find a dk such that

f  \ M dv < 7  
J ft 1

as soon as mSi x < dk. We take as 8(e) the smallest of the number > <52>... dN. 
Then for k  5S N  the assertion made by the theorem is fulfilled because of 
the choice of <5 (e), and it is also true for k > N because

Theorem 25. In order that the sequence { fk) should be convergent in itself 
in the Lebesgue sense in an open interval, and consequently that it should have 
a limit in the Lebesgue sense, it is sufficient that two conditions be fulfilled:
1. The sequence { fk} shall converge almost everywhere to a certain limit func­

tion / 0.
2. The members o f the sequence { fk} shall have integrals which are absolutely 

equicontinuous.
Proof. By virtue of the lemma to Egorov’s theorem, there are closed sets Fs, 
with measure as close as we please to the measure of SI, on which the con­
vergence is uniform. We choose >  0 so small that

\ Mdv < f
j « i
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as soon as in SI i < <5. Further, we find an N  so that on the set Fs the in­
equality

holds as soon as k, m > N. Then, for k  > N  and m > N, we shall have

e e e
< ---- f- — H---- = £.

3 3 3

This implies that the sequence {/fc} converges in itself, as was to be shown.
Corollary. I f  a sequence o f summable functions f i , f 2, . . . , f k, ... con­

verges almost everywhere in the open set SI to a limit function f 0, and i f  the 
functions \ fk\ do not exceed a certain summable function xp, then the integral 

/ 0 dv exists and „ ~
fo dn = lim f k dn. (6.11)

For, it follows from the inequality \ fk\ <xp that the integrals of the 
sequence {f k} are absolutely equicontinuous and this implies that the 
sequence converges in the Lebesgue sense. It is clear that its limit in the 
Lebesgue sense must coincide with f 0 almost everywhere. The possibility of 
passing to the limit under the integral sign is, as we have already pointed 
out, a consequence of the convergence in the Lebesgue sense.

§ 8. The Lebesgue-Fubini Theorem

The Lebesgue-Fubini Theorem. Let f ( x L, .v2, ..., x„, jq , y 2, ..., y m) be a 
summable function, o f m + n variables, given in a cube Sl0 (0 < x ; < 1, 
0 < yj < 1), / = 1, 2, ..., n ,j  = 1, 2, ..., m. Consider a certain measurable 
set E  o f Si o and let E{yx, ..., y,„) be the section o f this set by the manifold

y x = const., y 2 = const., ..., y,„ = const.,

i.e., the set o f points having the same coordinates

T i , X2 , ... 5
as the points (x l t x2, •••, xn, y 2, y 2, . . . , y m) o f E  for fixed y 2, y 2, ...,y,„. 
Let Ey be the projection o f E  on to the manifold y ^  . . . , y m, i.e., the set o f 
all points whose coordinates y x, ..., y,„ are the same as those o f any points 
o f E.
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Let y (B) (y lf ..., y m) be a function defined in the cube 0 < ys < 1 by

Then:

(
v (E)(y i. •• .jO

J £(vi

o

/  dxj, 
y , n )

outside Ey 

dx„ inside Ey
(6. 12)

(a) The integrals on the right-hand side o f  (6.12) exist for almost all values
o f y,„, ( i. e.,for all points except perhaps those o f some set o f zero
measure).

(b) The function yj(E) (y l5 . . . , y m) is a summable function in the variables 
y i, • • • i ym'

(c) f d x 1 . . .d x ndjq
E

•  •  dy „ ViE)(y i, ■ y m) d j i . . .  d jm. (6.13)
o < v j <  i

Without loss of generality we may take/ to be positive. We shall prove 
the theorem first for the case when E is an open set SI, and the function/is 
continuous in SI. We construct a system of net sets &h exhaustive for SI. 
Then it is clear that

f d x 1 ... dx„ d ^ i ... dy„ = f  V ^ 'X y i, •••, y m) d jj ... dj„,. (6.14)
J <Ph J  0 < y j < l

The sequence y>(*h>(y l3 ..., y m) is a sequence, which does not decrease 
as h -> 0, of measurable functions such that

y)i0h)(y l , . , . , y m) djq ... dy„, ^  / d ^  ... d.Y„ dy1 . . .d y m.
J 0 <yj <1 J Q

By Lemma 8 this sequence has almost everywhere a limit ip/(y1, . . . ,  y m) such 
that

lim v (<f>h)( j i , • • • > y m) =  V'Ot . • • • > >’,„)
h-*0

and

lim f Y ^ O i .  •■•,ym) dyi ... dj/BI
l,~,° J o<yj<i

/%

= y /( j ,,  ..., . . . y m) dyl ... dym.
J 0 < i’j < 1

But the 0 h (y1} ..., j,,,) form an exhaustive system of polyhedra for 
■ftOh* •••> Tm)j since any point of ftCvi, ..., y m) falls into one of the 
®hiyi, ...,^„ ,),and  consequently v'CVi, .- .,y „ ) = v(S lX y i* •••, y j .  Then 
passing to the limit in (6.14) we obtain the required result (6.13) for this case.
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Remark. If we consider a system of domains => =>•••=> 3  •• •
such that

lim mSXk =  0,
k-> ab

then for almost all y t , ..., y m we shall have mSl k(y i , ■ ■., y „,) -> 0 as k -+ 0 0 . 
For, by what we have proved,

m Slk = /MftkO’n  . . . d j ni.
J 0<}’J<1

The sequence of functions , ..., y m) = y>k(y 1, • • •, y,„) is monotonic
and bounded; hence at all points it has a limit

lim y k = Y’oCfi, • ••» J 'J -
fc-* 00

By Lemma 8, we can pass to the limit under the integral sign:

lim V̂fc dyj ... dym = y 0 Ayk ... dy„, = lim/uft* = 0.
k~*°° J 0<)>J<1 J 0 <yJ<l k~>co

Consequently, ip0 =  0 almost everywhere, as was asserted.
We next consider the case when E  is a closed set F  on which / is con­

tinuous. This case reduces to the previous one if we extend /  over the whole 
cube Sl0 and consider the open set SI = Sl0 — F. Clearly,

/ dxj, ... d*„ dy x ... dy m = j / d xx ... dxn dyx ... dy m
J f  J  G o

On the other hand, 

which implies

f  Axy ... d.v„ dy 1 ... Ayni.
£}

y}iF) +

w(n dy,
0  <>'_/<  1

Aym = xpWo)dyx ... dym
0 <yj< 1

(6.15)

y/fi)dyi ... Aym (6.16)
J 0<>̂ < 1

Substituting in the right-hand side of (6.15) for the (m + n)-tuple integrals 
their expressions in terms of the functions and yj(̂ ,  and using (6.16), 
we obtain the required result for this case.

Finally we consider the case when E  is an open set SI and /is  an arbitrary 
summable function. The general case of a measurable set E  may easily be 
reduced to this one.
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We construct an exhaustive system of closed sets Fk for the function / . 
By what has been proved

/ d.v! ... d.v„ dyj ... d_ym = ip(Fk) dy 1 ... dy m. (6.17)
J Fk J o < yj < 1

The sequence ip(Fk) is an increasing sequence of measurable functions such 
that

f  ip(Fu) dy x ... dy m £  f  / d x k ... dxndyi ...d ym.
J O < y j < 1 J Q

By Lemma 8 it will have almost everywhere a finite limit ip' such that

lim ip{Fk) = ip', lim f ip(Fk) dy1 ...d y m
fc~>0° J 0 < y j <  1

We shall show that
ip' — ip(«)

Y  dy i ... d jm.
J 0<yj< I

To do this, we shall establish that Fk(y{ , y 2, y m) forms an exhaustive 
system for , y 2, • • • ,y for almost ally lf . . . , y m. For, the measure of 
SI — Fk is as small as we please for sufficiently large k. Consequently, in 
view of the Remark on p. 123, for almost all y x, ..., y m.

limm[&Cvi y 2, > y m) ~  Fk(yk, y 2, ...,y„)] = 0.
k-*Qo

This implies that Fk{yv , y 2, ..., y,„) does indeed form an exhaustive system 
for S l(y i ,y 2, for almost all y 1} y 2, y m, and consequently
ip' = ip(^ l) ■ Then a passage to the limit in (6.17)provestheLebesgue-Fubini 
theorem.
Remark. If the function f ( x x, ..., xn, y v, ..., y m) is measurable, i f /  ^  0, and 
if moreover the function ip(E) exists and is summable, i.e., if proposition (a) 
of the Lebesgue-Fubini theorem is satisfied and the right-hand side of (6.13) 
is meaningful, then the function/ will be summable and, consequently, the 
Lebesgue-Fubini theorem in its entirety will be valid. That is, the left-hand 
side of (6.13) will be meaningful and will be equal to the right-hand side.

This is almost obvious. For, suppose it happened that the function/ was 
not summable; then the integrals

j  / dx-j ... dx„ d ji  ... dym

taken over closed sets on which /  is continuous could be made as large as 
we please. Suppose that the integral on the right-hand side of (6.13) is equal
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to A. We then choose a closed set F  so as to have

/ d x j  .. .  dx„ djVi .. .  d y m > A  +  1.
F

We construct a function
a  =

where £ is the characteristic function of the set F. Then y (£) exists and is 
summable and

On the other hand, it is clear that y>[E) ^  y (E\  which implies

f  w T  d j i  d y 2 ... dym ^  xpiE) d y i  d y 2 ... dy m =  A .
J  0 < y j <  1 J O < y j < l

We are thus led to a contradiction, showing that our supposition was false.
There is one further obvious consequence of the Lebesgue-Fubini 

theorem which is noteworthy:
In a repeated integral o f a summable function the order of integration may be 
changed.



LECTURE 7

INTEGRALS D E PE N D E N T  ON A PARAMETER

§ 1. Integrals which are Uniformly Convergent for a Given Value of Parameter

Suppose that in a closed domain D of the variables x ly . . . ,  x„ a function 
F(xx, . . . , x n,X) is given, which depends on the parameter X whose values 
vary over the interval a ^  X ^  b. Consider the integral

VW = J JH a 'i ,  x„, X) dxx ... dx„. (7.1)

We shall suppose that this integral exists in the Lebesgue sense. In other 
words, we assume that the function F(xx, xn,X) considered as a function 
of the point (vx, . . . ,  xn) in ^-dimensional space becomes continuous if we 
exclude from the closed domain a certain open set of points o whose measure 
may be arbitrarily small (in applications we shall for the most part consider 
cases when i 7̂ ,  . . . ,  xn, X) is discontinuous at points belonging to certain 
manifolds of fewer dimensions: e.g., at isolated points, or on a finite number 
of surfaces, curves, etc.) and that

x„, X) d*! ... dx„ =  lim F(x i ,
D — <x*

.,x„, A)dv! ... dv„.

However, the open set o may decreas eprovided only that its measure tends 
to zero.

We shall say that the integral (7.1) converges uniformly for X — X0 if, 
given any e > 0, a number h(e) and a part a(e) of the domain D can be found 
such that:
1. The function F(xt , ...,x„ ,X ) is continuous in x 1, x 2, . . . , v n,A on the 

closed set D — a(e) for |A —A0| ^  h(e).
2. The integral

J  | . x 2, ..., x n, .̂)| dxx d„v2 ... dx„

is less than e for all values of X in the interval X0 — h(e) ^  X ^  X0 + h(e). 
3. The domain D — o(e) is bounded (this condition is not needed if D is 

bounded).

126
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L e m m a  1. I f  the integral converges uniformly at X =  X0, then it is a con­
tinuous function o f X at this point.

For,

F{x i , • • •, A'n, X dx i . . .  dx„ F (* i, ■■■, x„, X0) ... dx„

<

+

[F(xly ..., xn, X 

|  F(x1} .... x n,

J D  J

i) -  F(xx, ..., x„, i 0)] d*! ... dx„ 

Xt) dxx ... d*„

+
<T

F (x i, ..., x„, X0) dAj ... dx,

We choose o(e) and h(s) so that the second and third addends are each less 
than ej3. Then, since a function which is continuous on a bounded closed 
set is uniformly continuous, we can choose \X i~ X 0 \ so small that, for all 
points x x, . . . ,  x„ belonging to the domain D — o, we have

|F (x l5 . . . ,  x„, X f }  -  F O i, . . . ,  x„, >?0)| <   —

where D — o denotes the measure (volume) of the domain D — o. We then 
have

f ~ F(x1} ..., x„, / O  -  f  ••• F(x1} ..., x„, X) dXi ... dxn
J V J J  D J

and the lemma is proved.
An integral (7.1) which converges uniformly for any X in a certain interval 

will be a continuous function of X in this interval.
If it is possible over the whole of this interval to choose the open set 

a(e) to be the same and independent of the value of / ,  then the integral will 
be uniformly convergent over the whole interval in the sense of the usual 
definition in analysis.
E M P  5a
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In some cases it is convenient to generalize the concept of uniform 
convergence of the integral for a given value of parameter to meet the 
situation where we take as parameter some pointPwith coordinates x 2 , 

..., xn) in n-dimensional space. Consider the integral

We shall say that this integral converges uniformly at the point P0 if, for 
any e > 0, we can find a neighbourhood h(e) about the point P0 and a part 
a(e) of the domain D such that:
1. The function F  is continuous when the point P is in the neighbourhood 

h(e) of the point P0 and the point Q with coordinates (xl5 ..., x„) is on the 
closed set D — o(e).

2. The integral ... J xn, P)| d;^ ... dx„ is less than e for all P  of

3. The domain D — o is bounded.
For this case the following lemma holds good.
Lemma 2. I f  the integral converges uniformly at P = P0, then it is a 

continuous function o f P at this point P0.
The proof is a repetition of the argument for Lemma 1.

We shall often have to use the following sufficient criterion for uniform 
convergence. Let a function F(x1, x 2, ... .vn, P) given in a bounded domain 
D satisfy the condition

(7.2)

h(e).

F ig . 10.

A
r

|F(.V!, ..., x„, P)| <
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where a > 0, A is a certain constant, and r denotes the distance from the 
point P (xu x 2, ..., x„) to the point Q(xu ..., x„).

It is supposed that F  depends continuously on the x x, ..., x„, 5^, x„ 
everywhere except at points where P coincides with Q.

It is easy to establish the uniform convergence of the integral

F (x i , ..., x„, P) d xx ... dx,

at any point P0 lying inside D. To do this, it is sufficient to take as a a 
sphere, centre at P0 (Fig. 10), and radius q such that

r£ 2o%
dxn < £

and for h(e) a sphere of radius pj < p. For, we then have

x n, P) dXi ... d.vn <

<
rg2 q.

iFj d.Yj ... dx,

A
d.Yj ... dx'„ <  £ .|

It is clear that in D — a and on its boundary, the function F will be a con­
tinuous function of its arguments for points P of the neighbourhood 
h(e).

§ 2. The Derivative of an Improper Integral with respect to a Parameter

Suppose we have an integral

V(2) =
r

J  D

F(X!, x 2, ..., xn, X) d.Yi d.v2 ... dx„

over a domain D which does not depend on the parameter 2. In analysis we 
often encounter the formula

d
d l D

F(Xi, x 2. , xn, 2) dxj dx2 ... d.v,

dF
~dX

dxj d.v2 d-Y„ = 9?(2)

t  It is clear that a sphere of radius r <  2q with centre at the point P will contain 
the sphere P0 (Fig. 10) if the point P  is no further from P0 than <  q.
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which is valid if the integral on the right-hand side is proper. It will be useful 
to us to get rid of this premise. We shall prove the following theorem.

T heo rem . Suppose

(a) the function F{xu ..., x„, X) is the improper integral with respect to X o f the 
function f ( x L, ..., xn, X) in the domain D o f the variables x ,, x 2, ..., x„for 
a A X A b, i.e.,

f» A

F(x1} x n, X) -  F (x,, xn, a) A x i ,  •••> X) dX
J a

for all x l5 x 2, x„of D except perhaps points o f some set o f measure zero.
(For themostpartthissetwillconsistof separate points, curves, or surfaces.)

(b) the function f  is a summable function o f the (n + 1) variables (xl5 ..., x„, X) 
i.e., the (n +  1)-tuple integral

aj
f i x , ,  x 2, ..., x„,J) dx, ... dxn dX

«

exists for a A X A b.
(c) the function cp(X) = JD ... J f ( x u x 2, ..., x„, X) dAx ..., d.v„ is continuous at 

X = X0.
Then the following relation will hold:

~ dyj(X) — /%

F ix ,, ..■> x n,x) d.vx ... dxn
L dX J A =  Aq _ ^X J D  . _U = A0

f i x i ,  ..., x n, X0) d.Vj ... dx„.

The proof of this theorem presents no difficulty. By definition,

[F{xl} x„, X0+ h)d y
—  l i m  —

L d / J

Oto«■<II*-< D .

-  F ix ,, ..., 7.0)] dXi ... d.v„.

By the Lebesgue-Fubini theorem, on change of order ofintegration (Lecture 6), 
the integral on the right-hand side is equal to the (» + l)-tuple integral

/ d.Xi d*2 ... dxn dX,

{
D

A q  <  A  <  A q  +  h} J
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and this last integral can be expressed as

131

('X + h /  (•

J D

f  d^i dx2 ... dx„) dA.

Using the property of indefinite Lebesgue integrals at a point of continuity 
of the function under the integral sign (see Lecture 6, Theorem 16), we have

<pQ- o)>

which is what we had to prove.
We shall often have to make use of this theorem for some integral or 

another. Usually it is easy to verify that the condition (a) holds, but we 
shall give several simpler criteria to satisfy the condition (b).
Criterion 1. Conditions (b) and (c) of the theorem will be satisfied if the 
integral

I |/(*i» •••> A) d*! d x 2 ... dx„

converges uniformly in the closed interval a ^  A ^  b.
The proof is easy and we leave it to the reader.

Criterion 2. Condition (b) will be satisfied if the function f ( x u x2, ..., x„, A) 
(n ^  2) is continuous in all its arguments everywhere with the exception of a 
smooth curve, continuous in A, given by:

= ax{X), x 2 = a2{X), . . . , x n = an(X), a ^  A <i b, (7.3)

and if in the neighbourhood of this curve the inequality

|/(* i ,  x 2, , x„, A)| ^  Ag~n+E
is satisfied, where

6 =  min /  £  [*i _  £ > °>ag/gb V (=i

and if the domain D is bounded.
We separate the curve (7.3) from the (n + l)-dimensional domain

\D
\ a ^  A ^  b

by means of a domain o0 at the points of which q < q0, where p0 is a con­
stant. The integral

{agXgbY

! / ( * ! ,  .v2 , . . . ,  .Y„, A)| dXi ... dx„ dA (7.4)
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will be convergent if the limit of the integral

A PARAMETER L. 7

l / l* ! ) x 2, . . . , x„, 2)| dxj ... dx„ dA

exists when q0 -*■ 0. This limit will exist if, as q0 -> 0, the integral

| /(■*!, xn, 2)| dxj ... dx„ d/l
OQ

tends to zero uniformly with respect to A. We have

<*0
^  | / ( * 1  y % 2  y • • • y ^ n y  A ) |  d X j  d x 2 ■ • • d x „  d  A

< c b r  r
d A

t A « 0  <  qq %
Aq n+E d^! ... dx„.

But

q n+ d x t ... dx„ = cnoe0:
o <

from which it is clear that the integral investigated converges, and also that 
the integral

J ••• J ./U'l, ..., x n, 2) dxj ... dx„

converges uniformly with respect to the parameter A.
Criterion 3. If the domain D is not bounded, then we must examine the be­
haviour of the function at infinity as well as the singularity considered in 
Criterion 2.

The convergence of the integral (7.4) will be guaranteed if

| F ( X ! ,  x 2 , . . . ,  x „ , A)| <; Ar~n-C
where __________________

e > 0 and r = ^ /x j + x2 + ••• + x* .

The reader will easily be able to prove the validity of this criterion.



LECTURE 8

THE EQUATION OF HEAT CONDUCTION

§ 1. Principal Solution

Having already considered a few problems concerning equations with two 
independent variables, we now pass on to equations in several independent 
variables.

We first consider the equation

d2u d2u
~df-

d2u 
dz2

1 du
—r —  + A x , y, z, t), 
a2 dt

( 8. 1)

which determines the temperature at points of a certain homogeneous, iso­
tropic body.

A change of variable using tx =  a2t enables us to get rid of the coefficient 
a2. So for convenience we shall in the rest of this lecture take a — 1. And if 
we denote the sum of the second-order derivatives, as before, by V2w, we 
can write the equation of heat conduction in the form

V2« = —  + f(x , y, z, t). (8.1')
dt

It is this equation which we shall solve.
We are going to examine the problem of heat conduction in an unbound­

ed medium. We shall solve Cauchy’s problem for the equation (8.1'), i.e., the 
problem of integrating the equation (8.1') with the initial condition

[u]t=o =  <pix,y, z). (8.2)

As we pointed out in Lecture 2, this condition means that the distribution of 
temperature throughout the body is known at the initial moment of time.

A particular solution of the homogeneous equation of heat conduction 
(that is, equation (8.1') with/  = 0) plays an essential part here; it is known 
as the principal solution.

Consider the function

1

8 ^ ( /0 -  0^

(8.3)

133

v e 4 ( r 0 — t)
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where
r  =  J O o  ~  a ) 2 +  ( j o  -  y Y  +  (*o ~  z ) 2 ■

We shall prove some lemmas about this function.
L e m m a  1 . The function v satisfies the equations

where

VqU -
dv
dt0

= 0,

Vlv =
d2v
~d4

+

, dv 
V2u + —  = 0 

dt

d2v d2v 
dyo + dzl

(8.4)

For, differentiation with respect to x0 gives

d2v
dx%

1--------------------e
16tt2(t0 -  t)2

4 ( » o - 0  +  ( a 0  x ) 2  e  4 ( t o - t )

32Ji2(t0 -  t)2

with similar terms for the derivatives with respect to y 0 and z0. Hence

Vlv - 3
ou — + 4  ( t 0 - t )

1 6 ^ 2 ( l0 — t ) 2 32?r 2(t0 — t)
and moreover

dv_
dt0

- 3

16iz2(t0 -  t)2
+

r2

e 4(t0"°

from which it is easily seen that the first of the equations (6.4) is satisfied. 
And the second of these equations may be deduced from the first, by noting 
that the function v depends only on the differences (x0 — x), (y0 — y), 
(z0 — z), (t0 — t), and consequently

d2v d2v dv dv
dx o dx2 dt0 dt

L em m a  2 . I f  t0 > t, then

+ 00 + 00 "*+ 00
v dx dy dz = 1.

J — 00 J — 00 00

For, introducing polar coordinates r, 6, (p, making use of the symmetry of
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v, and integrating by parts, we get

135

rn4/ — OO %f — CO *

* +  00 *+ 00 »2rt fit
v dx dy dz = l r 2 dr v sin 0 dd dq>

0 Jo J 0 J 0

r°o r2

0 2 n 2 ( t 0  —  t ) 2

4(fo-r) _dr = — 1

TC2 ( t 0  -  t ) 2  J  0

' " r d(e~

1

x 2(t0 - 1y

/* +  CO
4 ( r 0 - r )  d r  =

171
e 4(t°~r) d

2 {to — i)

1 + 00

J ti

e z2dz.

Hence our lemma follows from the well-known result that

/' + O0
i  z 2 d z  =  J t i .

Equation (8.5) may be proved, for instance, as follows:

(8.5)

* + 00
e~zi d x )  =

/ •  - r  o c

c~*2 dx
/* + 00

— 00 
00

e y d j =
/*+ 00 

J — 00

/•+ 00 (X2+}>2) dx d_p
—  00  J  — CC

= re r dr d0 = Jt \ e d(r2) =  — 7r[e r ]® =  yr.

Hence

f  " e -  dz =  y * .
J  —  o o

L em m a 3. Consider the integral f ( t 0 — t, x 0,y 0, z 0 )  =  J J J q  v  dx d j  dz 
taken over some finite domain S I . As t0 — / -> 0, this integral tends to 1 i f  
the point (xz, y 0, z0) lies within the domain SI, and to 0 i f  this point lies outside 
the domain.

We introduce new variables x l5 y t , z, defined by

x -  x0 = x x J t 0  -  t ,  y  -  y 0  =  y t  J t 0  -  t ,  z  -  z Q =  z , J t 0  -  t . 

Then

f i t 0 — t, x Q, y 0, z0) —
1

3.
8?r2

- i  ix\+A+z\)
e dxi d j , dz,

Qi
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where the domain of integration ,ft,i for the variables x 1; y  1} z 1 is obtained 
from the domain Si of the variables x, y, z by a homothetic transformation 
with the coefficient of similitude l/y jt0 — t and (x0, y0, z0) as the centre of 
similitude, followed by a change of origin to the point (x0, y 0, z0). As 
t0 — t tends to zero, this domain will expand without limit.

If the point (xq,.}^) zo) ^es inside the domain SI, then the domain Sh  
will expand in all directions and in the limit will occupy all space. By the 
previous lemma, we conclude that in this case the limit of the integral will 
be equal to 1.

If, on the other hand, the point (x 0, y0, z0) lies outside the domain SI, 
then as t0 — t -> 0 the domain S h  will expand and in so doing will move 
away from the origin so that its distance from the origin in the coordinate 
system x l5 y lt z y will increase without limit. By virtue of the convergence of 
the integral of v over an infinite space, which was established in the previous 
lemma, the limit of the integral f ( t 0 — t, x0, y0, z0) in this case will be zero. 
Hence the lemma.

Lemma 4. Let F(x, y, z) be any function which is continuous and bounded in 
a certain domain Si (in particular, Si may be the whole o f space). Then

lim
1
3 3

8?r2 £ 2 , J J

r2

45 F(x, y, y) dx d j dz = F(x0, y0, z0) (8.6)

i f  the point (x0, y Q, z0) belongs to the domain Si. In this formula the passage 
to the limit is uniform with respect to (x0, y 0, z0) in any finite domain Si i 
lying together with its boundary within S i . It is here assumed that £ remains 
positive as it tends to zero.
Proof. We form the difference

1
3_ 3.

8?r2£2

'  f  r
e

J J J

45 F(x, y, z) dx dy dz

-  H xo ,yo , z0) — —
8tt2£2

r  r
e

j  j  p)
dx dy dz (8.7)

I
_3 3_

8tt2£2
e

j  j  c Pi
[F(x, y, z) -  F(x0, y 0, z0)] dx d j dz.

The second term of this difference tends to F(x0, >’0) z0) by Lemma 3 and 
moreover, does so uniformly. To prove Lemma 4 it suffices to show that in 
any region Si i(x0,y 0, z0) this difference tends uniformly to zero as £ -> 0.
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We isolate the point (x0, y 0> z0) by a sphere of small radius 8. Let <5 be so 
small that for r <  <5,

|F (x,y, z) -  F(x0, y 0, z0)| < —,

this inequality being uniformly satisfied for all points (x0, y Qj z0) of the 
domain fti- We shall evaluate the difference in (8.7) by breaking down the 
integral on the right-hand side into two integrals, one taken over the volume 
of the sphere r ^  8 and the other over its exterior. We get

p[F(x, y, z) -  F(x0, y 0, z0)] dx dy dz
ft

v[F(x, y, z) -  F(x0, y 0, z0)] dx dy dz
r  <  <5

+ z) -  F(x0, y o, z0)] dx djp dz.
J r>S

Estimating the first of these integrals, we have

i;[F(x, y, z) -  F(x0, y 0, z0)l dx d>- dx
r < 5

C + oo
<

f* + oo f* + 30
— d dx dv dz 
2

£
2

( 8.8)

Moreover, since F is bounded there is a constant M  such that |F| < M, and 
consequently

1
* •» /•*

3 3

8?r2£ 2 J c

e H [F(x, y, z) -  F(x0, y 0, z0)] dx d^ dz
r><5

< 2M
_3 3_

8 j t 2 £ 2 ..

rj_

e dx d^ dz.

We change the variables in the last integral, putting

x = x t J 7 , y = yi . z = Zi > so that r\ =  r2/f

and we have
,  r r r M r ™

e 4 dxt dyl dzl = ,—
3. V  7T ,

8?r2 J J ^

2 - 1- J-2i e 4 r i .1 d rt
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For sufficiently small £ this integral is less than e/2 because of the convergence 
of the integral

j:
1 „ - J - r z
r2 e 4 1 d/-! .

Hence the lemma.
Remark. We could consider, in place of the integral (8.6), the more general 
integral

0 (*O 5 JO ! zo > £)
1

for1 / 0

r1

H F(x, y , z, £) dx dy  dz, (8.9)

in which the function F(x, y, z,£) under the integral sign depends on the 
parameter £ and is continuous and bounded for positive £:

Let
|F(x, y , z, £)| < M .

lim F(x, y , z, £) = F(x, y , z), (8.10)
£-> + 0

F(x, y, z, £) tending to F(x, y, z) uniformly in any bounded domain SI i 
which, together with its boundary, lies within SI. Then

lim &(x0, y 0, z0, £) = F(x0, y 0, z0) 
{-> + o

at any interior point (x0, j>0, zo)• 
For, the difference

1 f
</>(*o, y 0, z o , l ) ------- ——

8tt2 £2 .
e

o

r j

F (x, y , z) dx dy  dz

1

s J f l

r r
[F(x, y , z. £) -  F(x, y , z)] dx dy dz.

We split the last integral up into two integrals, the first taken over the space 
inside a sphere o defined by (x — x0)2 + (y — y Q)2 +  (z — z0)2 ^  (5, and the 
second taken over the space outside this sphere. Then, given any positive 
number e, we get for sufficiently small £,

1

8?r2 £2

' _
e 45 [F(x, y , z, £) -  F (x , y , z)] dx dy dz

J a

<
i  3

8tt2 £*

_ r*
e dx d>» dz < e.

v a
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/% /% r*

e
<3

H [F(x, y, z, f) -  F ix , y , z)] d.v dy dz

M
e 4,5 d.vd.ydz.

9~ a

The last expression tends to zero (see Lemma 4). Consequently,

lim 0 (xq, y 0, z 0,£)  
<5-> + o

— lim
«- + 0

1
i  a 

S j z 2 £ 2

ri_
e F (x , y , z) d.\ d_y dz ;

J J 9

but by Lemma 4, the last limit is equal to F(x0, zo)> and so the assertion 
is true.

§ 2. The Solution of Cauchy’s Problem

We now pass on to the solution of the equation (8.1').
Suppose that for t > 0 a certain function u is given which has con­

tinuous derivatives with respect to the space coordinates up to the second 
order inclusive and a first-order derivative with respect to time. Suppose 
also that u and its first-order derivatives are bounded throughout space.

We apply Green’s formula (5.16) to the functions u, v for values of 
t such that 0 5̂  t < t0, taking as the domain of integration a sphere f t  
bounded by the spherical surface S. We get

(u V2v — v V2«) d ft =

Further, it may easily be verified that

''° c r r r /  dv du \  , ^ 1

(8. 11)
dn dn

r e f
(* —

uv d ft
L J J  J 9

"nfo “ o

j  + o

for any two functions u, v such that the integrals

J J  uv d ft and dv duu ------ 1- v ----
dt dt

d ft
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are continuous functions of t in the interval 0 < t < r0. Combining this 
equation with (8.11), we get

(8.12) holds identically for any functions satisfying the appropriate con­
ditions. We now substitute for u the required solution of equation (8.F) and 
take v to be the particular solution of the equation of heat conduction which 
is given by (8.3). Then, using (8.2) and (8.4), we get

'to 

o LJ

' /  du d v \ AC, } .I v --------u ------) d*S v dr +
s \  On d n )  J

(%/* /» —
uv d ft

_ » %«

Tq — 0

+ 0
*0

vj\x, y, z, t) dft, i dr. (8.13)

Now an integral of the form
f* t  0  (  (*+<X> +  00 +  00

- 00 %J — CO

vF(x, y\ z, t) dft, I dt

will converge absolutely if F(x, y, z ,r) is a continuous, bounded function. 
For,
*0

Q.
[uF(a:, y, z, r ) |d f t j  dt ^  J j j* J max \F(x, y, z, r)| rd&,j dr

g  max |F(.v, y, z, r)| t0.

We shall assume at present that f(x , y, z, t) and <f (x, y, z) are continuous 
bounded functions. We shall further suppose that as t -*■ r0, the solution 
u(x, y, z, r) tends uniformly to its initial values in any bounded domain.

We now pass to the limit in equation (8.13), letting the radius of the 
sphere SI tend to infinity. Then the integral over the surface S  will tend to 
zero, since by hypothesis, both u and du/dn are bounded and c~r2/i tends to 
zero more rapidly than any power of r as r -*■ oo. We clearly get

+  c c  4 -  o o  r » 4 - o o

L J • c o  J  - Q 0 — o o

f o  0

uv dx dz
_  4 - 0

r * r 0  (  +  4 - c o  (*4 - o o

o ~ 00 — CO — 00
vf(x, y, z, t) dv dy dz \ dr.
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By the remark made after Lemma 4,
p + o o  p  +  co p  +  00

lim d.v d^ dz = u(.x0, y 0, z0, t0);
r-+r°J — 00 J — CO J —00

it is clear that this integral is continuous for t =  0; hence
• +  00

u(xQ, y 0, z0, t0) =
+ 00 /*+ CO

<p(x, y, z) ([u]f=0) dx dy  dz
’ CO J “ 00

to C p + 0 0  p + O O  p + c o  ^

i vf(x, y, z, t) dx dy dzKdt .  (8.14)
0  U  ”  o o j “ o o j — CO J

Equation (8.14) gives an expression for the solution of our problem.
In deriving this formula, we have assumed that a solution to the problem 

does exist. Hence we should now verify whether the function u defined by
(8.14) does in fact satisfy the equation (8.2) and the initial conditions.

It should be noted that the equation (8.2), which we have solved for 
t > 0 with initial conditions given for t = 0, may have no solution at all for 
t < 0. The solution (8.14) in any case will cease to have any significance in 
these circumstances.

Passing on now to the proof, we first show that the function u given by
(8.14) has continuous derivatives up to some definite order. For, on changing 
the variables of integration by

f  = x — x 0, r) = y — y 0, t  = z — Zq, t  =  t — tQ, 

we can write (8.14) in the form

u(x0, y o, Zq, t0)
/»+ 00 /»+ CO /* + CO

CO v' — 00 J —00 
' t o  P  +  CO P + 0 0  p  +  x

p(+ f], C, to) <p(x0 +  i , y 0 + V, z o + 0  df drj dC 

v(L J7, C, r) x
0 J — x .

x Jix o + +  To + zo + Cj to ~  T) d£ dr] d£ d r, 

where

v(£, rj, C, t) = 4t
3 3

8tt2 t2

Now it is shown in calculus text-books that such a formula may be differ­
entiated with respect to the parameters at least the same number of times 
as the order of derivatives of / and <p which remain bounded, since the inte-
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grals of derivatives of the functions under the integral sign converge uni­
formly. We shall assume that the functions/ and 9? have the required number 
of continuous, bounded derivatives.

When f ( x ,  y, z, t0) =  0 the formula (8.14) gives

«i(*o ’ y 0 > zo> 0̂)
8jt t

• +  CO (*  +  00

J -<

• +  00

where denotes the solution of the equation

4t° 9?(a, y , z)dx dj> dz

(8.15)

V0Wi

which satisfies the condition

dur
dt0

= 0

[«i]»0=o = <p(xo,yo, z o)•

By Lemma 4, the right-hand side of (8.15) is a function which in any bound­
ed domain tends uniformly to <f(x0, y 0, z 0) as t0 -> 0. Moreover, it is not 
difficult to see that the integral may be differentiated with respect to the 
variables x0, y 0, z0, t0 as often as we like provided only that t0 > 0. We get

V0Mi(a'0, y 0, z0, t0) dUi(A'o, Joj z0, t0)
du0

(8.16)

• + 00 /* + 00 f*+ 00
V lv

00 v  — CO

dv_
dt0

<p(x , y ,  z) d.v d>» dz.

By Lemma 1 we see that Wi(a0 ,Jo 5 z0, to) satisfies the equation (8 .L) when 
f { x 0, y 0, z 0, t0) = 0, as we had to show. The uniqueness of the bounded, 
smooth solution, i.e., of a solution having the required number of continuous 
derivatives, follows immediately from the arguments which led us to the 
formula (8.14). Thus the formula (8.14), when/  = 0, gives the solution of the 
problem.

It remains to show that the second addend in (8.14), i.e., the function

f*1o C p + 00 f* + 00 f* + co "'j

«2(.v0, To , Zo, t0) = -  j vf(x, y , z, t) d.v d j dz t dr,
J O  I . J - 0 0 J - 0 0 J - 0 0  )

satisfies the equation (8.1) and the condition [«2]r0=o = 0. It will then follow 
that the function u satisfies equation (8 .1) and the initial condition (8 .2 ).

We introduce an auxiliary variable w defined for t0 > t by

w(x0, y 0 > Zo 5 ^0 5 0
c+00 + 00 + 00

J  — 0 0 — 00 — 00
vf (x , y ,  Z 9 0  d.v dy dz.  (8.17)
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The function w(x0, y 0, z0, tQ, t) satisfies the equation

143

V >  _  =  o (8.18)
dt0

and the condition
M r 0 = r =  ~ A x 0 , y 0 , Z0 , t ) .

The function u2(x0, y 0, z0, t0) can be expressed in terms of w as

rto
u2(x o, y 0, z0, t0) = I w(*o, y 0, z0, t0, t) d t .

By its construction, it is clear that u2(x0, y 0, z0, 0) =  0.
We now work out the expression for

V ^ 2 -  (8.19)
dt o

Differentiating u2 under the integral sign with respect to x Q, ^o, zQ, we get

Also,

du2
dt0

'to
Vou 2 = V0w(x0, y o, z0, t0, t) d t.

[M’^ o - y o ,  Z o , t 0 , 0]» = «o +
t0 dw(xo , y 0 , z 0, t 0 , t ) 

O 3*0
dt,

and hence

Vo«2  -  = f ( x , y ,  z,  t),
dt

as was to be shown.
The question whether the Cauchy problem which we have just considered 

is correctly formulated may be immediately resolved by analysing formula 
(8-14)-

It is obvious that small changes in o r/w ill have little influence on the 
solution.

There is continuous dependence of order (0, 0) (see Lecture 2, § 2).
It is now time to mention another important circumstance.
If the free term in equation (8.1) is zero (this implies that there are no 

heat sources), then the solution of the Cauchy problem which we have just 
examined is a function which may be differentiated with respect to x0, y 0, z0 
as often as we please, quite independently of whether the function <p has 
derivatives or not.
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This smoothness of its solution distinguishes the equation of heat con­
duction in an essential way from, say, the equation for a vibrating string or 
from the wave equation.

For, the d’Alembert solution u = <p(x — at) for the equation of a 
vibrating string cannot be differentiated with respect to x or t more than 
twice. This same function is also a solution of the wave equation in two or 
three independent variables, since, clearly,

d2u _  (Pu_ = 
dy2 dz2

Consequently the solutions of these equations are no smoother than the init­
ial conditions are.

We have discussed the solution of the equation (8.1') in a space of three 
dimensions. In an exactly similar way the solution of the equation

or of

d2u
-----  +
dx2

d2u 
dy2

du
~dt

+ / ( x , y , t)

d2u
dx2

du
~dt

+ /(-v, t)

(8.20)

(8.21)

may be examined. Without going into detailed consideration of these equa­
tions, we give the final results.

The principal solution of (8.20) will have the form

1 - ——v = -------------- e (8.22)
4n(t0 -  t)

and the solution of (8.20) with the condition [«],=0 = <f(.v, y) will have the 
form

u(x0, y Q, t0)

4ji tr

(* + 00

’*0

/* + 00

4iz

e 4to <p(x, y) d.v dy 

1/*+ 00 /*+ 00

— co J — oo ^ 0  ^

e 4(fo-t) f ( x , y ,  t) dx dy \ dt (8.23)

In exactly the same way the principal solution of (8.21) will be

J ( * - J^o)2

V =  ------- =
2 \ J  n  \ !  t0 — t

Q 4 ( ( q " 0
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and the solution of (8.21) with the condition [«](=0 = <f(x) will take the form

J  p + c o  ( J C - . T 0)2

u(x0 , to) =
2 \ ]  71 y /  ( 0

%tO

4r° fp(.x) d.v

+ to (jc- j:0)2
e * ( 'o -« ) /(x ,0 d x U L  (8.24)\J~1ji Jo  \/ tQ — t

We leave the reader to verify the correctness of these formulae.



LECTURE 9

LAPLACE’S EQUATION AND P O IS S O N ’S
EQUATION

§ 1. The Theorem of the Maximum

We have seen that a whole series of questions in mathematical physics 
reduces to the solution of this or that equation of elliptical type. We shall 
deal next with the simplest of such equations: Laplace’s equation

V2w(x, y , z) =  0 (9.1)
and Poisson’s equation

V2m(x, y , z) = - 4 jzq( x , y , z ) .  (9.2)

Any function which has continuous second-order derivatives and which 
satisfies Laplace’s equation in a certain domain is called a harmonic function 
in this domain.

Before going on to the solution of problems related to these equations, 
we shall examine certain general properties of the solutions of these equa­
tions.

L em m a 1. I f  the function q ( x , y ,  z) is positive at a point (.v0, y 0, z0) lying 
within the domain where the equation (9.2) is defined, then the solution o f this 
equation cannot attain its minimum value at this point.

For, if the function u(x, y, z) satisfying equation (9.2) attained a minimum 
at this point, then it would attain a minimum with respect to each variable 
separately at this point. But then all the first-order derivatives of u would 
have to be zero at this point, and the second-order derivative with respect to 
each variable would be non-negative. Consequently the sum of the second- 
order derivatives would have to be non-negative, and this contradicts the 
hypothesis that p(a'0, j 0> zo) is positive.

Hence the lemma.
C o r o l l a r y . If g(x, y, z) is negative at the point ( x 0, jo )  zo)> then u{x, y, z) 

cannot attain its maximum at this point.
This is proved by changing the signs of q and u.
T h e o r e m  1. A harmonic function which is given in a certain domain SI and 

is continuous up to the boundary S  cannot take anywhere within SI values which

146
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are greater than its greatest value on the boundary nor values which are less 
than its least value on the boundary.

Suppose, if possible, that

u(x0, y 0, z0) > us +  e.

where us is the value of u at an arbitrary point on the boundary of the do 
main.
The function

where
v = u + rjr2,

r2 =  0  -  „v0) 2 + (y -  .Vo) 2 + (z -  z0)2,

and rj is some positive constant, 
is such that

V2v = V 2u + 6r) =  6r]

and is hence a solution of Poisson’s equation (9.2) with positive q. But v, for 
a sufficiently small rj, will take a value at (x0, Jo> z o) which is still greater 
than max vs .
For,

v(z0 , J o , z o) =  « ( * o , J o , Zo)
and by hypothesis

u(x0 , y 0, z0) > us + £ = vs + e -  rjr2.

Choosing rj to be so small that, throughout SI,

we get
£ — r\r2 > 

v(x 0, y 0, z 0) >  vs + i-£,

and consequently v will attain its maximum somewhere within the domain. 
This contradicts Lemma 1, so our supposition was false.

The second part of the theorem is proved by changing u to —u.
We shall show later that a harmonic function which takes a value inside 

the domain which is equal to its maximum or minimum value on the bound­
ary is a constant.

C o r o l l a r y  1. A harmonic function which is equal to zero on the boundary 
o f a finite domain is identically zero throughout this domain.

Hence it follows that two harmonic functions which take equal values 
at points of the boundary of a domain will have equal values everywhere 
within their domain. For their difference is a harmonic function and is equal 
to zero on the boundary and consequently throughout the domain.
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C o r o l l a r y  2. I f  a sequence offunctions u„, which are harmonic in a domain 
Si and continuous up to the boundary, converges uniformly on the boundary S  
o f this domain, then it will converge uniformly throughout this closed domain.

This follows because \uni — u„2\ < s(N) for n1 > N  and n2 > N  for 
every point on the boundary and hence also throughout the domain. 
Consequently, by Cauchy’s test, the sequence un converges uniformly through­
out the closed domain.

§ 2. The Principal Solution. Green’s Formula

In order to investigate the properties of harmonic functions more deeply, 
we shall prove some more lemmas.

L em m a  2 . The function

l_ __________________ 1_________________

r  V O  -  X0)2 + O' -  Jo)2 + ( z  -  Zo)2

satisfies Laplace's equation:

V 2 f l ' j  =  0  (9 .3 )

except at the point (x0, y 0, z0) where l/r becomes infinite. 
For,

* L ( ± \  =  _ _ L  + 3(* -  *q) 2
dx2 \  r )  r 3 r5

j p _ m  = _ j _  + 3q  -  jo)2 
dy2 \ r )  r3 r5

d2 / J_\ _  J _  + 3(z -  ZqY
dz2 \  r )  r3 r5

Equation (9.3) follows by addition.
L em m a  3. I f  the function u is continuous, and has continuous first-order 

derivatives throughout a domain SI and on its boundary S, and has second-order 
derivatives continuous within S i , then

— V2w d ft 
r

r

J S

au ----
dn

1

r
1 du 
r dn

dS 4 t t u ( x 0  , j o , z0) .

(9.4)

Here dldn denotes, as usual, the derivative along the inward normal to the 
surface S. The surface S  of the domain Si satisfies the conditions of § 1 in
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Lecture 1, i.e., it is piecewise smooth and is intersected by any straight line 
parallel to a coordinate axis either in a finite number of points or in a finite 
number of whole intervals.

We shall suppose at first that u has continuous second-order derivatives 
throughout f t  and on its boundary S. To prove the lemma, we cut out of 
the domain f t  a sphere w with radius e and centre at the point (x0, To, zo)• 
and apply Green’s formula to the remaining domain. Then

— V2« d ft = lim
e- * 0

= lim
£-*0

— V2w d ft 
o -«  r

u

+ lim
E->0

£l-<a I 

dn \ r

L

— V2u -  mV2 ( — 
r \  r ,

d ft

1 du dS

dn

r dn ^

1 \  1 du
r ) r dn

dS

where o is the surface of the sphere (n.
It is not difficult to see that on the surface o

d
dn

and consequently,

n . - i i - :

_d_
~dr

1

dS = -  —

1

u d^

where r\ tends uniformly to zero in a> as s -> 0:

\v\ < d(e)> ar>d ^(e) -► 0 if e
and

0 ;

(9.5)

u(xo , y 0 , z0) d S ------ t] d S ,

u{x0, y 0, z0) d^ = 47ie2u(x0, y 0, z0);
a

Since dujdn is bounded, \du\/dn\ < k, and so

f] dS ^  6(e) 4ns2.
C
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and

lim
£—► 0

r r d

J a dn
I ^ l d s
r dn J

-4jr«(A-0,To, z0).

Substituting this expression in (9.5), we obtain the required result.
To get rid of the requirement that the second-order derivatives shall be 

continuous on the boundary of the domain, we replace the domain S i  by a 
domain Sh  which, together with its boundary, lies within S I .  Then by first 
applying (9.4) to the domain S h  and then letting S h  -> S I ,  we obtain the 
required result.

Formula (9.4) was deduced on the assumption that the point (x 0, y Q, z0) 
belongs to the domain S i .  If (x 0> To, z0) lies outside the domain, then the 
formula becomes

f f -  V2w dSI -
r% s\

J J • si r J dn
1 du 
r dn

dS. (9.6)

This may easily be established by repeating the whole argument, noting that 
there is now no need to introduce the integral over a domain a.

The proof can also be extended without difficulty to cover the case when 
the derivatives have a finite number of points of discontinuity within the 
domain but otherwise satisfy the conditions of the theorem.

The name Green's formulae is often given to (9.4) and (9.6). The likeness 
will readily be seen between Green’s formula (9.4) and the similar formula 
(8.14) which we obtained as the principal solution of the equation of heat 
conduction. Here then the function 1 jr is the principal solution o f Laplace's 
equation.

§ 3. The Potential due to a Volume, to a Single Layer, and to a Double Layer

If by some previous consideration we know the values of the u, V2u 
and du/dn which appear in Green’s formula (9.4),

V2u = - 4 jtq, [u]s = / , ,
du
dn = f i .

then the formula gives us the unknown function u explicitly: 

u{x0, j ’o, z0) = — d.v dy dz + *
4jt

1

4jt

9  '" - V i d Ss du \ r  f

- f 2 dS. 
s r

(9.7)

But we cannot specify f l and f 2 completely arbitrarily. Hence (9.7) does not



allow us to construct a solution of equation (9.2) which shall itself have 
arbitrary values on the boundary and also have arbitrary values for its 
normal derivative thereon, as we did for the problem of a vibrating string.

We give special names to the integrals which appear in (9.7). We call 
the integral JJf^ Qlr dx d j dz the Newtonian potential and the function q the 
density of this potential. Similarly, we call the integral J f s /2/rd S  the po­
tential o f the single layer with density / 2, and the integral f js /i^ /d n )  [(1 /r)] dS1 

the potential o f  the double layer with density f x.
The Newtonian potential has a very simple physical interpretation. 

Imagine that mass is distributed through the volume Si with density q. We 
calculate the attraction of this mass on a material particle. By Newton’s 
law, a mass m at the point (x, y, z) attracts a unit mass at (x0, To> zQ) with 
a force F of magnitude mjr2 directed towards the point {x,y, z). In other words,

F = grad0 U
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where U — —
r

m

J  (x -  Xq)2 + (y -  y0) 2 +  (z -  z0)z

The function U whose gradient is equal to the attractive force is called 
the potential of the gravitational force. Hence we can call m/r the Newtonian 
potential of the mass m at the point (x, y, z).

By dividing the whole volume SI into small elements and replacing the 
attraction of the mass qA Si in the element A Si by that of an equal mass con­
centrated at some internal point this element, we obtain an expression for 
the force F  acting on a unit mass concentrated at the point (x0, y 0, z0), viz.,

F  =  £  grad0 —  qA Si

where grad0 (1 /r{) is the value of grad0 1/r at some internal point of A Si. 
Passing to the limit, we get

F =

Fy =

g grad0 — dSi, Fx
Q r

d f t , Fz

d ^ l,

1% /* z — z,
d Si.

Suppose q ( x ,  y, z) is a continuous function. Then the quantities Fx, Fy, Fz 
will be uniformly convergent integrals and, by the theorem in § 2 of Lec­
ture 7, they are the derivatives with respect to x0, y0. zQ respectively of the 
function

E M P  6
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and consequently
F = grad0 U.

Thus U is the gravitational potential of a mass distributed with density q over 
the volume Si.

The same interpretation can be given to the potential of a single layer. 
This is the potential due to a gravitating mass distributed over the surface S  
at points outside the surface. If f 2 is the density of this mass, then, by re­
placing the effect of each surface element AS  at the point (x0, y0> zo) by 
grad0 ( l / r | ) / 2  AS  where grad0 ( l/rf) denotes the value of grad0 (1/r) at some 
mean point of the surface element, and by summing over all the elements AS  
and passing to the limit, we obtain for the total attractive force at the 
point (x 0, y 0, z0) the expression

F = grad0 U
f*

where U —
%} s r

as we had to show.
We have considered q and f 2 to be the density of masses gravitating 

according to Newton’s law, but we could equally well have derived the same 
expression as an electric potential due to charges attracting or repelling 
according to Coulomb’s law, or as a magnetic potential.

We now pass on to explain the geometrical significance of the potential 
due to a double layer, to which end we put the integral into a rather dif­
ferent form. We consider a surface, which, in general, is not closed. We 
select some point O and construct round it a sphere C of unit radius.

We suppose that the surface is two-sided, and we designate one side as 
the inner side, the other as the outer side, and in so doing we define the 
direction of the inward normal at all points of the surface. We suppose that 
the surface S  can be divided into a finite number of parts S u S2, ..., Sk so 
that each part either meets each radius vector drawn from the point O in a 
single point or else forms part of a conical surface with vertex at the point O. 
For each such piece the sign of the cosine of the angle between the internal 
and a radius vector drawn from O will be constant. The radii vectores drawn
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to all points of the piece S t will intersect the unit sphere C and form on it a 
certain domain Ct (see Fig. 11).

We shall call the area of this domain Ct the solid angle which the inner 
surface of the piece S-t subtends at the point O and we denote it by (oSr We 
shall call this solid angle positive if the radius vector directed from O to a 
point of S t forms an obtuse angle with the inward normal, i.e., if an observer 
situated at O would actually see the inner surface of S t ; and we shall call the 
solid angle negative if the radius vector makes an acute angle with the in­
ward normal so that an observer at O would actually see the outer surface of 
St. For pieces of a conical surface with vertex at O, we shall take the solid 
angle to be zero.

Using polar coordinates with pole at O, the solid angle subtended by 
the piece S t at O may be written as

coSi sign [cos (r, n)] sin 0 d 6 dcp
Si

(9 .8 )

where the notation sign [cos(r, ri)] denotes the sign of the cosine of the angle 
between the radius vector r and the inward normal n.

For the whole surface S  we define the solid angle which it subtends at 
the origin as the sum of the solid angles for the pieces S h and it will be ex­
pressed by the integral

as­ sign [cos (r, «)] sin 0 d0 d(p.

We can now formulate a lemma.
L em m a  4 .

f  f  d ̂“JJs dn
dS (9 .9 )

Proof. The solid angle oos depends only on the boundary / of the surface 5 
and does not change, no matter how the surface Smay be deformed, provided 
that the boundary / stays the same and that the surface Sdoes not pass through 
the point O during the deformation.

The integral (9.9) also does not depend on the position of the surface S 
during such a deformation. For if S x and S2 are two surfaces having the 
same boundary, the difference of the integrals

/% >% d

v J S l dn
1

r
dS - J L

dn
1

r
dS

is the integral over the closed surface S' formed by Si and S2. And since 
by supposition the point O is outside the domain enclosed by S', we have by
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Green’s formula (9.6), putting u =  1,
/% i%

J J s
dS = 0.

We can now prove (9.9) by showing that cos and the integral in (9.9) 
coincide for any one particular type of surface S  bounded by the boundary 
I. We may take in particular the surface consisting of part of the sphere C 
and a part L  of the conical surface formed by the radii vectores through the 
origin and points on the boundary /. But for both these pieces (9.9) is evi­
dently true: for on L, d(l/r)/dn =  0 and the solid angle is zero; and on C,

± ( 1
dn \ r

+± ( i
dr \  r

sign [cos (r, «)]

and therefore
d_
dn

= —sign [cos (r, n)] as r = 1 on C

r
dS =  —sign [cos (r, n)] sin 6 dd dcp.

(9.9) could also have been proved by direct calculation. 
From (9.8) and (9.9) we see that for any surface

— sign [cos (r,«)] sin 6 dd d<p = ( — ) dS\
dn \  r J

We shall sometimes denote the expression 5(1 /r)/dn dS  by dco and call it 
an elementary solid angle:

dw =  —  ( - ) d S .  (9.10)
d n \ r

Using the notation (9.10) we can put the expression for the potential of a 
double layer in the form

(T /id o > . (9.11)
J J s

Hence it follows that if the density f 1 of the potential of a double layer is 
equal to unity, then this potential expresses the solid angle subtended by the 
surface S  at the point (x0, y0, z0).
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SOME GENERAL CONSEQUENCES OF 
GREEN’S FORMULA

§ 1. The Mean-Value Theorem for a Harmonic Function

When u is a harmonic function, Green’s formula (9.4) takes the form

u ( x 0 , y 0 , z Q)  =  - ^ —  
A n

d_
dn

i A W
r dn j

(1 0 .1)

As we have seen, this formula is always valid if the function u has first-order 
derivatives continuous throughout and on the boundary of the domain and 
second-order derivatives continuous within the domain. The right-hand side 
of (1 0 .1) consists of the sum of the potentials of a single layer and of a 
double layer. We shall examine the properties of these potentials in detail 
later, but we now show that each of them is a harmonic function everywhere 
outside the surface S.

For, if the point (x0 , y0, z0) does not lie on this surface, then the potentials 
of the single and double layers can be differentiated under the integral sign 
with respect to the variables x0, To> z0 as many times as we please. We have 
already seen that Vo(l/r) = 0, and so 1 jr is a harmonic function of these 
variables; consequently the potentials of the single and double layers will also 
be harmonic functions outside S.

We next show that these potentials will be analytical functions. Near a 
point x* , To , z* , the function 1 jr can be expanded in a series of powers of 
x o — *o 5 To — To > zo ~  z* which converges uniformly for sufficiently small 
values of the absolute values of these differences.

For,
J_ _  _________________ 1_________________

r V  (x -  x ay  + (y -  y ay  +  (z -  z0) 2

=  {[(* -  -  (.Vo -  *o*)]2+  [(v -  y S )  -  ( y «  -  y t ) Y

+ l(Z -  z$)  -  (z„ -  zf )]’}-*

155
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= [(* -  x i f  + 0  -  y t f  + (* -  z „ ) T + x

L . 10

X 1 -  2

+

(x -  Xq ) (a'0 -  x * ) + ( j  -  y *) Oo ~ J o ) + (z -  z S )  ( z 0 -  **) 
( X  -  x * ) 2 +  ( y  -  Jo*)2 +  (2 -  z * y

(x0 -  X$)2 + Oo -  J*)2 + Oo -  Zo Y  ~]~i
(X -  A-*)2 + O  -  J o ) 2 + 0  -  Ô*)2 J

On expanding this expression in a series using Newton’s binomial theorem, 
it is easy to see that the series will converge uniformly for values of (x0 — x*)2 
+ (jo — Jo ) 2 +  Oo — zo)2 which are sufficiently small in comparison with 
the minimum value of (x — x* ) 2 + O  ~ Jo ) 2 + 0  — z*)2 as the point 
(x, y, z) moves over the surface S.

By integrating this series term by term, we see that the functions

1 f f  9« 1 ln 1
v - ---- ------- d.S and

4n J J s  dn r 4n V

also admit of similar expansions, and are therefore analytical functions of 
x* , J * » zo everywhere except on the surface S.

Let u  be a function which is harmonic inside a sphere and which, together 
with its first-order derivatives, is continuous throughout and on the surface 
of the sphere. We apply Green’s formula (10.1) to a sphere of radius h drawn 
about the point (x0, j 0, z0); S  is now the surface of this sphere. We get

u (a'o> J o  ’ zo) — ----An

But for any closed surface Sy
J s

1
u

h2
i  d s.
h  d n  J

d u
d n

/*

dS =  - /Iu dx dy dz =  0 ,

where ft, x is the volume bounded by the surface S y, and the function u is har­
monic within f t ! and has continuous derivatives up to and on the boundary. 
The first equality follows from (1.2) since du/dn = (grad u)n and Au 
= div(grad u); and the second equality is obvious. Consequently,

u(x0 , y 0, z 0)
1

/%
u dS — —

rn r 
d 0

5 4tt J 0
u(R,Q, cp) sin 6 d (10.2)

where R, 6 and <p are spherical coordinates.
Hence we have:
Theorem 1. The value of a harmonic function at the centre of any sphere 

is equal to the arithmetic mean o f its values on the surface of this sphere.
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This property of harmonic functions completely characterizes this class 
of functions. In other words, the converse theorem holds:

T h e o r e m  2. I f  a function u(x, y, z) which is continuous in a domain f t has 
the property that its value at the centre o f any sphere lying wholly within ft 
is equal to the arithmetic mean o f its values on the surface o f this sphere, then 
the function has continuous second-order derivatives andV2u = 0 , i.e., u(x,y,z) 
is a harmonic function.

We postpone the proof of Theorem 2 until a little later, and meanwhile 
point out certain properties of functions which satisfy the conditions of 
Theorem 2.

L e m m a  1. A continuous function u(x, y, z)  having the property that its value 
at the centre of any sphere included within the domain o f its definition is equal 
to the arithmetic mean o f its values on the surface o f this sphere cannot have 
either a maximum or a minimum value within this domain unless it Simply 
reduces to a constant.

For if at some point P0 within the domain ft the function u attained a 
maximum value, then the arithmetic mean of its values on the surface of any 
sufficiently small sphere o with its centre at P0 could equal u(P0) only if the 
function u were equal to its maximum value everywhere on the surface of o. 
This would imply that the function was constant within the sphere o. But 
if the function u is constant within any sphere surrounding any point where 
it attains a maximum value, then, as may easily be seen, it must be constant 
everywhere within the domain f t . For we can join the point P0 to an arbitrary 
internal point P by some smooth curve / lying wholly within the domain ft. 
Then by Weierstrass’s theorem there will be a minimum distance from an 
arbitrary point of the curve / to points of the boundary of the domain, and 
this minimum distance will be positive. Hence there exists a positive number?] 
such that a sphere of radius r\ described about any point of the curve / will 
lie entirely within f t . And we find on the curve I a finite number of points 
P0, P 1} P2, ■.., P„ = P such that each successive point lies within a sphere 
of radius rj described about its predecessor. Using the demonstrated fact 
that u is constant in any internal sphere circumscribing a point at which u 
attains a maximum, and passing in sequence from one vertex of the polygon 
to the next, we get

u(P) = u(P0).

L e m m a  2. I f  a function u(x, y, z) which satisfies the conditions o f Lemma 1 
vanishes on the boundary o f some region f t , then it will be identically zero 
throughout this domain.

For, if the function u took values within the domain which were different 
from zero, then it would have a maximum or minimum value within the 
domain and would not be constant, contrary to Lemma 1.

L em m a  3. I f  a function u{x, y, z) which satisfies the conditions o f Lemma 1 
coincides with a harmonic function u0 on any closed surface S, then it will coin-
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cide with this harmonic function everywhere within the domain bounded by S, 
and so will be itself a harmonic function.

For, the difference u — u0 will then also satisfy the conditions of Lemma 1, 
since u and u0 separately do. But this difference is zero on S. Therefore, by 
Lemma 2, u — uQ = 0 everywhere within the domain bounded by S.

We shall prove later that, for any continuous function f(S )  which is 
defined on the surface of a sphere, there exists a harmonic function u which 
is continuous within the closed sphere and is equal to f(S )  at points of its 
boundary. From this, Theorem 2 will follow immediately. In fact, for any 
internal sphere o in the domain SI, a function u0 exists which is harmonic 
within the sphere o and which takes the same values as u on its surface. Then, 
by Lemma 3, u coincides with u0. This implies that u is harmonic in any 
internal sphere, and consequently at any internal point of Si, as Theorem 2 
asserts.

The formula (10.2) implies the following theorem.
Theorem 3. I f  a sequence o f functions {i;„} which are harmonic in the 

domain SI converges uniformly in this domain to a limit function v, then this 
limit function v is also a harmonic function.

For, if each of the functions v„ satisfies

v„(xQ, y 0 , z0) = — - I vn d S.
4nh2 J J 5

where S' is a sphere of radius h — \!(x  — x 0)2 + (y — y 0)2 +  (z — z0) 2 , 
then the limit function will satisfy the same relation. Consequently, v is a 
harmonic function in SI, as we had to show. Hence it follows, incidentally, 
that if a harmonic function v(x, y, z, X) depends continuously on the para­
meter X in a finite interval a ^  X ^  b, then the integral of v taken over this 
interval will also be a harmonic function in the domain Si .

§ 2. Behaviour of a Harmonic Function near a Singular Point

Suppose a function u has a singular point in the domain SI, but is har­
monic in the neighbourhood of this singular point. We shall examine its 
behaviour near the singular point. For simplicity we shall take this point as 
the coordinate origin, and we shall transform the function u into polar co­
ordinates, so that u = u(R, 0, <p).

Lemma 4. I f  a function u(x, y, z) satisfies the inequalities

n <
Rn

du
OR Rn+1

where A is a constant, and R = -Jx2 + y 2 + z2, and if  u is a harmonic func-
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tion everywhere in Si except at the origin, then u can be represented in SI by
n — 1

ui.Xo > yo > Z0) =  X X a'ik
m = 0  i + j + k  =  m

dm
dx‘0 dyJ0 dzk0 Ro

+ u*(x0, y 0, z0) 

(10.3)
where u* is a function which is harmonic everywhere in SI including the origin. 
(If n =  0, the first addend on the right-hand side of (10.3) is absent.)

The proof follows immediately from Green’s formula (10.1). On sur­
rounding the origin with a sufficiently small sphere with centre at the origin 
and such that the point (x0, y 0, z0) lies within it, we get

u(x0, y 0, z0) = ----
5

± ( 1
dn \ r

l - ^ d s
r dn J

+ i  i i )  d s .
r dn J

Using Maclaurin’s formula, we can express the function 1/r near the 
origin by

1 l " - 1 1
-  =  —  + v  y  ---------
r  R 0 t+J  + k = m i \ j \  k \

x l yJ zk
_dxl dyJ dzk

+ Rn,

where the derivatives are evaluated at the origin, and R 0 =  \Jx  o +  J'o +  zo 
and |i?„| <  CRn where C is a constant. Using the fact that

[dxl dyJ dzk \  r )_
= ( -  0 "

dn 1

we get
1 " - 1 ( - I f  t . k

-------h V --------x  yJ zk
R 0 f t ,  i! j! k!

dxo dyJ0 dzk0 \ R 0J

dm 1
— ------    + Rn. (10.4)
dxo dyJ0 dz0 R 0

Similarly, <9(1 /r)/dn can also be expressed as a linear combination of deriva­
tives of l /R 0 with respect to x 0, y 0, z0 of up to the (n — 1 )th order with co­
efficients independent of x 0, y 0, z0, and a remainder R'n satisfying the in­
equality 1^1 <  CkRn~l . This follows from the fact that the derivatives of 
1/r with respect to x, y, z differ only in sign from the derivatives with respect 
to x 0, y Q, z 0, and for these derivatives the required expression is clearly 
valid. But

----  =  cos («, x ) ------ 1- cos (n , y ) ----  +  cos (n , z ) ---- .
dn dx dy dz

where cos («, x), cos (n, y), cos (n, z) do not depend on x 0, y 0, z0, and are 
bounded.
E M P  6 a
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Hence we get
1 du 
r dn

dS +
a(<T)

0

Ro
n-l am i

+ V ---- :----- :---- -------
m= 1 dx l0 dy0 dzk0 R0

+
1

4 n
R'nii -  R du

dn
dS,

where are certain numbers.
We pass to the limit as o contracts into the points x = y = z = 0. The 

limit of the integral taken over a will be zero, by the conditions of the lemma. 
The first integral on the right-hand side is a harmonic function of x 0, y 0, %o 
and is independent of o (it is the sum of the potentials of a single layer and a 
double layer). It follows that the sum

qo<t)
Ro

n— 1
+ I  Im= 1 i+j+k=

n(a) &ijk
dxo dyJ0 dzo

must also tend to a certain limit &(x0, y 0, z0) = d>{P0) . We shall prove that 
this limit can be expressed in the form

—  v 1 y  a d'n ( — \
Ro + „Si i+j + k = ,n >Jk dx‘0 dyJ0 dzk0 \  R0)

To do this it is sufficient to prove the following lemma.
Lemma 5 . Let q>x, (p2, ■ ■ ■ , < P k  be certain functions of x l } x 2, • • • ,  xn (k is a  

finite number) . I f  a linear combination o f these functions having variable co­
efficients which do not depend on the Ax, ,v2, xn,

<p<m) =  X y'"°

converges as m 0 , then its limit c/ <0) is also a linear combination o f the same 
functions .

For, the function obviously cannot take independent arbitrary values 
throughout space, since on assigning a value to it at some point P^s) we obtain 
a certain linear equation which the coefficients j (im) must satisfy. The number 
of such linearly independent equations is not greater than k. Hence we can 
find N  points P(f  \  . . . ,  P^N) (N  ^  k) such that the value of the function ^ (m) 
at any point P can be defined completely in term s of its values at these points:

9><m) (R) = f  <p(m)(P0<5)) y>s(P) (10.5)

where y s(P) are linear combinations of the <f i with numerical coefficients.
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Conversely, any function satisfying (10.5) is expressible in the form of a 
linear combination of the

Passing now to the limit in (10.5), we see that <p(0) must satisfy the equation

= £  f ' X 1) Vs(P),
5 =  1

i.e., <p(0) is a linear combination of the as was to be shown.
Hence Lemma 5 and with it Lemma 4 are proved.
Theorem 4. The representation (10.3) is valid if\u \ A/R".
We introduce in place of u(R, 0, y) an auxiliary function

V(R ’ 6’ & = f  u(R i> <P) 00.6)
P Jo

the integral on the right-hand side converges. It can also be put into the form

1 f 1
»(*, 0, <p) = — -  U(R£, e, <p) R"£n d (R£)

R Jo
/»1

u(ix, £y, iz) i n d£.

u(R£, 6, <p) £n df
0

The integrand of the last integral, as may easily be seen by direct differ­
entiation, is a harmonic function of the variables x, y, z; hence, by 
Theorem 3 of § 1, v is also a harmonic function.

Differentiation with respect to R gives

dv(R , 0,<p) _  n + 1 

OR Rn + 2

(10.6), (10.7) imply

f «(* 1 > 0 , <p) R” dR , + ( 1 0 .7 )
Jo R

t? <
1

T}>1 +  1

dv
OR

R

n + 1 CR

A di?, = —

<-  r „ + 2 A d/?j +

R n

A__ A(n + 2)
Rj 1+1 R,n+ l

Consequently the function v satisfies all the conditions of Lem a  „  j  , , . , r IIima 4 and canbe expressed in the form

v a0 n~ 1
~ —  + I  <*Uk 

^0 m= 1
d"‘

d x 'o  d y J0 dz%

_1_
~Ro + W(Po, 0,<p) 5

where w is a function which is harmonic near the origin.
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The function u can be simply calculated from v: 

1 d
u(R, 6, <p) = —  —  t^ n+1 v(R, 6, ?»)]

= (n + 1) v(R, 6, (p) + x —  +  y  —  +  z —
dx dy dz

Since ipUk = is a homogeneous function of degreedx1 dyJ dzk \ R
— {m +  1), we have, by Euler’s theorem on homogeneous functions,

x  dWuk + dy>ijk + ,  3y<jfc 
dx d j dz

-(m  + 1) vijk,

and on noting that if w is a harmonic function, then so is x  — + v — + z —
dx dy dz

(as may easily be verified by direct differentiation), we see that our theorem 
is valid.

Corollary. I f  in the neighbourhood o f the origin the function u(x, y, z) 
is everywhere (except possibly at the origin itself) bounded and harmonic, then 
it can be made harmonic everywhere, including the origin, by a suitable choice 
o f the value o f u(0 , 0 , 0 ).

The function u coincides in the neighbourhood of the origin with a har­
monic function w. Consequently it can only fail to be harmonic everywhere 
because u(0, 0, 0) is not equal to w(0, 0, 0). Hence our proposition.

It is clear that the singularity need not be at the origin but could be at 
any point.

§ 3. Behaviour of a Harmonic Function at Infinity. Inverse Points

The function 1 jr can be transformed into a certain form which will be 
extremely useful later. We have

J _ ___________________________ I_________________________

r \ / x 2 + y 2 + z2 -  2(xx0 + yy0 + zz0) +  x 20 +  y 20 +  z 20

1

RR0
J ___ 2  x x 0 + yy0 + zz0 J _
R 2o R 2R 2o r 2

where
= * 2  + + z2 5 R l = ,y 2 + y 2 + ^
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1 1 1

We write

R 2

II Yq _
5 <■>

t  To ■ Co > —7
R 2 R l R l

Co-

We call (C, % £) the inverse point to (x, y, z) with respect to the unit sphere. 
It is not difficult to see that

p 2 = | 2 + n2 + c2 = — ,

.Y = —  = —  z = —
X  p 2 '  y  p 2  p 2

Thus the relation is reciprocal: if (C, f], £) is inverse to (y, y, z), then (y, y, z) 
is inverse to (C, t], £). The point inverse to a given point lies on the radius 
vector from the origin to the given point at a distance which is the reciprocal 
of that of the given point.

W r i t i n g ____________________
Q = J  (C -  Co)2 +  (n -  no) 2 +  (C -  Co)2 ,

we have
p  =  v  C2 +  n2 +  C2 , p 0 =  V  Co +  nl  + Co

1  =  _ _ L _ _ L  =  p p °
r RR0 q q

( 10.8)

From this formula we get a theorem which is important for its applica­
tions:

Theorem 5. I f  the function u(R, 0, <p) is harmonic in a certain domain SI o f 
the variables R, 6, cp, then the function

— u 0, cp\ =  p(P, 0, <p)

is also a harmonic function in the corresponding domain Sli o f the variables 
P, 6, <p which is obtained from the domain SI by the substitution P = 1 /R . In

other words, —  u ( , 0, is a harmonic function o f C, n> C-
\
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For, by Green’s formula (10.1) any harmonic function u{x, y, z) can be 
expressed as the sum of the potentials of a single layer and of a double layer

w(i?0 , Go» Wj) =  f (* f \  d S  + ‘ , I d 5 ,  
s r

where

Consequently,

1

= — u I , and v — \ -----
L4 71 j s L 4j

du 
471 dn

----u =  R0u -
s r

d S ; (10.9)

but R0jr= \/R q is a harmonic function of f 0 » >  Co and therefore the integrals 
in (10.9) are also harmonic functions of these variables, as we had to show.

C o r o l l a r y  1 . I f  a function which is harmonic outside a certain sphere 
satisfies the inequality

\u\ < A R "-1 , (10.10)

then this function can be expressed in the form

dmn -  1

u = a0 + £  aiJk R
m = I

2 m +  1

dxl dy1 dzk \  R 

i + j  + k  = m

i h » - ( 10. 11)

where u* is a harmonic function tending to zero at infinity.
For, if the inequality (10.10) holds for u, then we shall have |u| < AfP"

for the function t>(P, 0, y) — -i- u , 0, <pj. But by Theorem 4 of this lecture

n n ~ 1 dm /  1 \
„(P , t . v ) - f + I a , n l F W E F  ( 7 )  + . ‘ (P. 0 . *>■ 0 0 . 12)

The function 1
__________  , —:— -( — is a homogeneous function of degree — (m + 1)
■ m l . ’l . t -  t t W K y V J

Consequently, Pm+1 — is a homogeneous function of zero
d£ldrfd£k P

degree in f, rj, £ and depends only on the ratios of these variables. But £,■>],£ 
are proportional to x, y, z. Hence

\W + 1 dn
d£' di]J d£k \  P

m+ 1 dn 1

dx‘ dyJ dzk \  R
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dt;1 dt]J dCk
dm

dx‘ dyj dzk
(10.13)

Substituting (10.13) in (10.12), and using the fact that u = (1 jR) v, we get 
(10.11). Hence the proposition.

Another important corollary follows from (10.11).
C o ro lla ry  2. A function u(x, y, z) which is harmonic and bounded outside 

a sphere will tend to a definite limit at infinity.



LECTURE 11

P O IS S O N ’S [EQUATION IN AN UNBOUNDED  
MEDIUM. NEWTONIAN POTENTIAL

W e  s h a l l  next investigate Poisson’s equation for an unbounded medium.
L e m m a  1. A function which is harmonic throughout space and which tends 

to zero at infinity is identically zero.
For, applying Theorem 1 of Lecture 9 to an arbitrarily large sphere, we 

see that the value of our harmonic function at any point of space is as small 
as we please. Hence the lemma.

C o r o l l a r y  1. The solution o f Poisson's equation

V2v = — 4 jcq( x  , y , z) (1 1 .1)

in infinite space which tends to zero at infinity is unique.
For, if Vi and v2 are two such solutions, then their difference — v2 is 

a harmonic function which tends to zero at infinity. Hence by Lemma 1, 
this difference is identically zero.

C o r o l l a r y  2. (Liouville's Theorem) A harmonic function which is bounded 
throughout space is constant.

For, by Corollary 2 to Theorem 5 of Lecture 10, this function tends to 
a certain limit c at infinity. The difference u — c is itself a harmonic function 
and tends to zero at infinity. Hence by Lemma 1, this difference is everywhere 
zero, i.e., u =  c everywhere, as we had to show.

We now pass on to the solution of Poisson’s equation (11.1) in infinite 
space.

Suppose that the function q {x , y ,  z )  is integrable and that it satisfies the 
inequalities

k(-v ’T ,z)| < if R ^  1

|e(x, y , z)\ < A if R < 1
where

R  =  V x 2 + y 2 + z2 and a > 0.

Without loss of generality we can suppose that a < 1, for otherwise the 
replacement of a by ay < a would only weaken the inequality (1 1 .2 ).

(11.2)

166
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The solution of equation (11.1) subject to the conditions (11.2) can easily 
be constructed using Green’s formula (9.4). Let u{x0, y 0, zQ) be a solution 
of (11.1) which tends to zero at infinity. For any volume SI bounded by a 
surface S  we have by Green’s formula.

u(x0, y 0, Zq) 

1

An II .0 .
(— 4 ng) — d x d y d z  + — 

r An
u—— (  - W -  —  

k d n \ r  ) An s rdn

J  - d x d y d z + ~ f f  u ~  f f - - ^ - d S ,  (11.3)
An dn \  r An r dn

where r is, as usual, the distance between the points (a, y,  z) and (x0, y0, z0). 
We take as the volume SI a sphere of radius R with centre at the origin and 
let R  -> oo. Then the first integral on the right-hand side of (11.3) will tend 
to a definite limit, since by virtue of the conditions (1 1 .2 ) the volume integral 
converges. The sum of the other two integrals is a harmonic function. 
We shall show in a moment that the limit of the first integral gives a solu­
tion of the problem posed. Then because of the proved uniqueness of 
solution it will follow that the sum of the second and third integrals tends 
to zero.

We now show that the function
/» +  oo /* + o o  /* +  00

«(*o. To> *o) = — dx dy dz (11.4)
J — o o j — 00 J — 00 f

where the triple integral is taken over all space, does really satisfy equation 
(1 1 .1) and the stipulated conditions.

The function (11.4) is called the Newtonian potential, and q(x , y, z) its 
density as already defined in § 3, Lecture 9.

We investigate first how u(x0, y 0 , z0) behaves at infinity. We have

n ( x 0 , y 0 , z 0 ) |  ^ A
/*+ 00 (* + 00 [* + CC

J  — 00 J — 00 J  —CO

1

rR2+a
dx dy dz.

The magnitude of the last integral depends only on R0 = y/x% + y% + z% , 
and if we put x 0 = R 0, y 0 = 0, z0 = 0, its value is unchanged. For this 
integral obviously does not change when the coordinate axes are rotated, and 
we may choose the axes so that the axis OX  goes through the point ( * 0 >yo, ̂ ex­
changing to new variables f, ?/, f  given by

x -  R0i ,  y  = RoV, z = 7?0C,
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the integral becomes

+ co r +0° d£ dr] dC
p  p2+a ’

— co J “ oo ^ 1  *

where
P = V I 2 + v2 + C2 , Pi = V (f -  l ) 2 + rj2 + C2 •

The last integral converges: since (i) when P -> o o , the integrand decreases 
like P“3“a; (ii) near P = 0 the singularity of order P-2-a is integrable; and 
(iii) near P t = 0 the singularity of order P7 1 is integrable. Writing

which shows that u -> 0  at infinity.
We next show that u has continuous derivatives, obtained by differentiat­

ing under the integral sign. For example,

Differentiating under the integral sign is permissible because the integral so 
obtained converges uniformly with respect to x0. For,

and this guarantees the convergence (see Criterion 2 in Lecture 7). Simulta­
neously we have proved that continuous first-order derivatives of the Newton­
ian potential exist. In order to prove the existence and continuity of the 
second-order derivatives, certain new restrictions must be laid on the func­
tion g(x, y, z); we shall in fact assume that this function has continuous 
derivatives of the first order. This restriction is not really essential, but to 
replace it by a weaker one would make the investigation longer.

The function g(x, y, z) can always be split into two parts gx and g2 such 
that, in the neighbourhood of the given point (x0 , y 0 > zo) Qi wih be identically 
zero, while £>1 will be identically zero in a certain neighbourhood of infinity, 
i.e., outside a certain domain D; and at the same time, both gx and g2 will 
have continuous first-order derivatives. Then

we get

u(x 0,}’0, zo) - d.v dj> dz +
J  — cr: J  — co J  — yz

—  d xd yd z.
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Since q 2 = 0 in the neighbourhood of ( x 0 , y 0 , z 0) ,  we can exclude this neigh­
bourhood from the second integral; and then we can differentiate it twice 
with respect to the parameters and obtain uniformly convergent integrals. 
Considering now the first integral, we shall have, for example,

d

d x 0

' + X •» + X  /* + x ■*+ x ■* + X /*
d.x d y  d z  =

1 8 - x j - x   ̂ * — X «. 00 4

Z* +  x

—-----—  dx dy dz.
r3

Introducing new variables x =  x0 + £, y 0 =  y 0 + y ,  z  — z 0 +  £ ,  we get

d
' + 00 /*  +  00 +  o o

d x 0 J
(h dx* dy d:

- CO %) — CC

• + 00 f  + 00 Z* +  00

— ao J  —  CO J

£ g i ( * 0  +  £ , y 0 +  rj ,  z 0 +  0  d £  dr)  d £

V (f2 +  V2 +  c2)
and this last integral can obviously be differentiated with respect to the para­
meters x 0 , y 0 , z 0 , since the integrals so obtained will converge uniformly.

It remains to show that the Newtonian potential satisfies Poisson’s 
equation.

We take a function y ( x 0 , y 0 , z 0) which is equal to zero everywhere ex­
cept in a certain sphere C with centre at the point (x0, y0, z0) and which has 
continuous derivatives of certain orders. Then using Green’s formula we 
find, noting that outside the sphere C the functions^ and dtp/dn vanish,

V(xo, y 0, z0)
1

/ •  +  00

4 j z J  —  0 0

+ 00 '+00

00 J — oo

V 2y ( x , y ,  z ) 

r
dx dy dz.

Multiplying throughout by {?(x0 , y0 > z 0)  and integrating with respect to x0, 
y0, Zq , we get
• + 0C f* + CO

%} 00

'  +  x

i p ( x 0 , y 0 , Z q)  q( x 0 , y0, Z q)  dx0 dy 0dz0

~  CO

1
Z' +OC Z ' + X  '  +  X

6 times

V > (x ,y , z) q ( x 0 , y0 , z0) 
r

dx dy dz dx0 dy0 dz0

^  p  +  x  '  +  X  Z* +  o o

4rr
^  u  — cc J  — oo J  ~  oo 

(  /*  +  co +  x /*  +  x _

• X  J  —  o o  J  —  o o r

• +  oo /* +  x  z' +  x

4tt

V2v(x, y ,z)

— dx0 dy0 dz0 j dx dy dz 

w(x, y, z) V2^(x, y, z) dx dy dz. (11.5)
0 0  J  — x  J  — x
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The last integral can be transformed by using the fact that for a sufficiently 
large domain D

u V2y  dx dy  dz =

Comparing this with (11.5) we conclude that

y V2u dx dy  di

/*+ 00 /•+ 00 /*+ 00

— 00 J  — CO

y(x , y , z) [Au + 4jrp] dx dy dz = 0 

and since yj(x, y, z) is arbitrary, it follows that

as was to be shown.
V2w = — 4ttq ,



LECTURE 12

THE SOLUTION OF THE DIRICHLET  
PROBLEM FOR A SPHERE

In  L e c t u r e  2 we met the Dirichlet problem for Laplace’s equation: this 
was the problem of determining a function harmonic within a domain when 
its values on the boundary are prescribed. The Dirichlet problem can also 
be posed for other equations of elliptic type besides Laplace’s equation; the 
problem then is to find a solution of the given equation within the given 
domain which shall take specified values on the boundary of the domain. 
In this lecture we shall investigate the solution of the Dirichlet problem 
posed for Poisson’s equation V2w =  q for the case of a sphere.

We take a point (x0, y Q, z0) within a domain SI bounded by a surface S. 
We have already seen that the function 1/r, where

r =  y j  ( x  -  .v0)2 + ( y  -  y 0) 2 +  0  -  z 0) 2,

is a solution of Laplace’s equation.
Applying Green’s formula (9.4) to 1/r and some solution u of Poisson’s 

equation V2u =  q, we get

u(x0, y 0 , z Q) = —-  
4ji r

I  dS
r dn J

4 n
— dx d j  dz.

Q. r
(12.1)

If we were to construct a function g(x, y, z, x0, y 0, z0) harmonic throughout 
and such that [g]s =  [1/cls, then, applying Green’s formula to u and g, we 
should have

{g'V2u — uV2g} d.v d j dz =
u 4 tz

gq dx dy  dz
,Q

dg du .u --------g ----- } d S.
dn dn

171

4 jz

_1_
4tz s

( 12.2)
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Combining (12.1) and the second equality (12.2) and taking into account the 
value of g on S, we get

w(*o > }'o > zo) — ~ -----— J q d.v d.y d:
Si Anr An

+  f  f  u —  ( — -------- —^ dS.

Writing

we have

g
Anr An

dn \  Anr An

= G{x, y , z , x 0, y 0, z0)

U(xo, y 0 , Z0) = ~ Go d <$7) +
D.

dG
dn

A S) dS.

(12.3)

The function G is called Green’s function. Thus, on the assumption that a 
solution of the formulated Dirichlet problem exists, the formula

w(a '0 , yo> Zo) Go d57> +
p

dG
dn

f(S ) dS (12.5)

will give this solution in explicit form if Green’s function is known.
Green’s function takes the value zero on the boundary and it is the sum 

of the function 1 jr and of the function g which is harmonic everywhere with­
in the domain. It is clear that it is determined uniquely.

We now pass on to the solution of the Dirichlet problem for a sphere. In 
this case Green’s function can be constructed in explicit form. We put

g  = V  (* -  £0) 2 +  ( y  -  Vo)2 + (z -  Co)2

where Co = x 0/R l , Vo = To/^o* C0 = z0j R 20, R20 = x 20 +  y \  + z20, as on 
p. 163. If the point (x, y, z) lies on a sphere of unit radius, then .v = f, y — rj, 
z = C- By virtue of (1 0 .8), on the sphere R — 1, we shall have

1 1  1

Ro r \ R= 1 r

The function 1 /7?0G is obviously a harmonic function of the variables x ,y ,z  
inside the sphere R < 1. Consequently g = l/i?0G- 

Hence

Anr AnR0r1
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where

= V *1 +  y l +Zq , r =  V (x -  A'0)2 + (y -  y0)2 +  (z — z 0)2 .

X o Y  , ( . .  y ^ 2
V \  R l )  + \  Rl

+ z -

= —  V R 2Ro -  2(xx0 + yy0 + zz0) + 1 . 
Rn

Hence

G ( x ,y ,z ,x 0,y 0,z 0) - -----------
kr |_ rL 1- Vi?2i?o -  2(xa'0 + yy0 + zz0) + 1 _

As we see, the function G turns out to be a symmetrical function as regards 
the arguments (a, y, z) and (x0, y0 > zo) • Consequently it is also a harmonic 
function of the variables (x0 , y0, z0) if r ^  0 .

We next verify that the formula (12.5) really does give a solution of the 
Dirichlet problem for the sphere. Our proof will consist of two parts. We 
shall show separately that the first term in (12.5) is a solution of Poisson’s 
equation and vanishes on the boundary S  of SI, and that the second term is 
a solution of Laplace’s equation and takes the specified values f ( S ) on S. We 
begin with the proof of the first assertion.

We shall prove that the function

Ki(*o» J'oj Zo) =  - J  J J Gq dx dy  dz (12.6)

vanishes on the boundary and satisfies Poisson’s equation. To do this we 
must estimate the magnitude of Green’s function G(x, y, z, x0,y 0, z0). We 
shall show that

0 < G < —. (12.7)
r

We first establish that G is positive. We surround an internal point (x0, y 0, z0) 
by a small sphere o, and we consider the function G in the domain SI' in­
cluded between the spheres o and S. In this domain G is a harmonic func­
tion. If the sphere o is sufficiently small, then G will be positive on it, since 
the first term is as large as we please and the second term is bounded. On 
the sphere S  the function G is, by definition, zero. Hence G is non-negative 
everywhere on the boundary of SI' and is positive on part of this boundary. 
Since it cannot have a minimum value, it must be positive everywhere within 
the domain SI'.

To prove the second inequality in (12.7), it is sufficient to show that the 
function g is positive. This follows from the fact that it takes positive values 
on the boundary of Si and is harmonic within Si.
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By Criterion 2 of Lecture 7, it follows from the inequalities (12.7) that 
the integral converges uniformly at the point (x0, y 0, z0); consequently the 
integral is a continuous function. Its value is zero if (x 0, y0, z0) is a point on 
the boundary. Hence the integral (12.6) tends to zero if the point (x0, Lo > zo) 
tends towards a point on the boundary.

Suppose that the point (x0, Lo > zo) lies within the sphere. We write the 
integral (1 2 .6) in the form

ui(x0, y 0, z0)
_1_
4n

— dx dy dz H-------
fi r  471

r  r
go dx dy dz .

J fl
The first term is the Newtonian potential and so the Laplacian operator 
applied to it gives q. The second term is a harmonic function, since

V2
0

J _  f
4 71 %> I

gQ dx dy dz
Q 4 n

f  QS\g dx dy dz = 0 .
J 9.

(We denote the Laplacian operator by V° here to stress that the derivatives 
are taken with respect to the arguments x0 ,y 0, z0.) Hence formula (12.6) 
gives the required solution of Poisson’s equation.

Passing on now to the second part of the proof, it is useful to transform 
formula (12.5). Let y be the angle between the radii vectores of the points 
(x, y, z) and (x0 ,_y0 >zo)- Then the distance r, as the side of the triangle 
opposite the angle y, can be expressed in the form

r — V R 2 + R q — 2RR0 cos y :

similarly, rt can be expressed in the form

r i R 2 H----— 2 cos y ,
R l R o

and then Green’s function will take the form

G = 

and
An LV i?2 + R q 2RR0 cos y

____________ 1___________

V  R 2R 2o — 2RR0 cos y + 1 ]■

~dG~ dG~
_ dn R = i d R _R  = 1

1
- R — R 0 cos  y

4 n X R 2 + R 2o - 2RR0 cos

1 1 -  R l
4 n

(1 - 2R0 cos y + O 1

RRo — R0 cos  y

(R2Ro -  2RR0 cosy + I)2. R = 1
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To investigate the second term on the right-hand side of (12.5), we apply 
this formula (12.5) to the case of Laplace’s equation (q — 0). Then the first 
term will vanish. The solution of the Dirichlet problem, if it exists, may be 
written in the form

W2(* 0  , To, Z0) -------------------- 2---------T f(S )  dS
s (1 -  2R0 cos y +  7?o) 2

( 12.8)

where f{S )  are the specified values of u(xQ, y 0, z0) on the unit sphere. (1 2 .8) 
is known as Poisson's formula.

We have obtained in explicit form the solution of the Dirichlet problem 
for a sphere of unit radius. The solution for a sphere of arbitrary radius P 
can also easily be obtained from (12.8). We introduce a function

v ( R 0 , 0o> <Po,) = u ( R 0/ P ,  0o , (p0)

1

An
i -  (R j p y

%) s [ -
R ( X2'

2 ^ ~ cosr  + ( —

■f ( S ) sin 0 dO d(p.

Replacing P 2 sin 6 dd dcp by dS, we finally obtain

f(*o>To,Zo) =
1

An J .
R l

S (T>1
3 

2 \  2
■f(S) dS. (12.9)

(P 2 -  2PR0 cos y + RoV P

We have to show that the function v(x0, y 0, z0) takes on the boundary 
the values f(S )  and that it is a harmonic function. From the very method.of 
obtaining (1 2 .9 ), this formula is valid in the particular case when f ( S ) =  1 

and when a solution of the Dirichlet problem obviously exists (it is identically 
equal to 1). Thus we have

—  f
An

' ________ P 2 -  R l ________

s P(P2 -  2PR0 cos y + R 20f
dS 1 .

Let S0 be some point of the sphere S. We form the difference

v(x0, To > Zo) -  f ( s o)

1

An
------------- 1-------112----------- r  IKS) ~  /(So)] dS.

s P{P2 -  2PR0 cos y + R l)1

We shall prove that this difference tends to zero when the point (x0, To> zo) 
tends to S0. This proof is almost the same as that which we have already 
given when examining the equation for heat conduction.
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We surround the point S0 by a small sphere of radius ?/, choosing rj to 
be so small that, at all points of the surface which fall within the sphere, by 
virtue of the continuity of/  we have

| f(S ) -  /(S 0)| < £,

where e is a given positive number. Let o be the part of the surface S  which 
is included within the sphere of radius t] with centre at 50. Then the above 
difference can be written in the form

v(*o,yo, ^o) -  / (S 0)

1

4n

+

P 2 -  Rl
S - a 2 \  2

4 n I

P{P2 -  2PR0 cos y + i?o)

________ P2 ~  Rl________

P(P2 -  2PR0 cos y  + R \ f

[/OS) -  f ( s 0)] d s

[f(S) - f(S o )]  d s  = L + i 2

Being continuous, the function f ( S ) is bounded on S, i.e., |/(S ) | < M, 
where M  is a certain number. The last integral, which we have denoted 
by / 2, may be estimated thus:

/,. =

<

<

1

4jt

1 £ 
4x ' 2

£ 1

P 2 -  Rl
.3. 2\  2P(P2 -  2PR0 cos  7  + Rl)

P 2 ~  Rl

If,

P(P2 -  2PR0 cos y + R l)2 

P 2 ~  R l

[f(S) - f ( S 0)] dS

dS

2 4n
s P(P2 -  2PR0 cos y + R l) :

dS = — . 
2

The first integral /  may be estimated as follows:

P 2 -  R l/  ^  2 M ------
4 n

M

-  dS

2 n S  — a

s~° P(P2 _  2PR0 cos  7  + R lf t

(P -  R 0) (P +  R 0)

P[(P -  R 0)2 + 2PR0(l -  cos y ) f
dS.
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Thus, | I x | may be made as small as we please by taking the point (x0, y0, zQ) 
sufficiently close to S0. For then (1 — cosy) will be greater than a certain 
positive number everywhere outside o, and this implies that the denominator 
of the integrand is bounded from below; the numerator can be made as 
small as we please. Hence 17X1 < e/2 and \v(x0, y0, z0) — /(S 0)| < e, as 
we had to show.

That the function v(x0, y Q, z0) is harmonic follows from the fact that, 
for R 0 < P, the function G, and therefore also dGjdn, is a harmonic function 
of the variables x 0, y 0, z0.

We now formulate one more problem, the so-called exterior Dirichlet 
problem for a sphere: it is required to determine a function u which shall 
satisfy the equation V2u = q outside the sphere, take specified values on the 
sphere, and tend to zero at infinity. The solution of such a problem is ob­
viously unique.

As before, let r denote the distance from the point (x, y, z) to the point 
(xq , y0, zQ) lying outside the sphere, and let rx be the distance to the inverse 
point.

Then, similarly to the previous problem, a function g which is harmonic 
outside the sphere and takes on it the values [l/r]s will have the form

If we suppose at first that at infinity the function u decreases like 1 fRa, 
where a > 0 , so that its first derivatives decrease like 1 /Ra+l and its second 
derivatives decrease like 1 /Ra+2, then it is not difficult to obtain in the same 
way as before the formula

In the above formula the derivative function under the integral sign is 
taken along the external normal to the sphere; this is the internal normal to 
the domain in which the problem is being considered.

Restricting ourselves again, first of all, to the case when [w]s =  0, we see 
that the solution of the equation V2u = o with homogeneous conditions has 
the form

R0r i

where

G -
4 Ttr 4-tRo/-!

u Go dx dy dz. (12.10)
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We shall have, on again carrying out a change of variables.

G =
1 1

^  L V  R 2 + R 20 -  2RR0 cos y

1

V R2R l -  2RR0 cos y  +  1 _

OG
dn r - i  ■L ^R J r  = i

R l -  1

(i?o — 2i?0 cos 7 + 1 )

We shall verify that the formula (12.10) gives the solution of the problem 
formulated if q is identically equal to zero outside a certain bounded domain. 
The analysis of the general case, when, for example, |g | <  A jR 2+a, is left to 
the reader.

We now go on with the proof. As before, the formula which expresses 
the value of u(x0, y 0, z0) falls into two parts, the first of which is a solution 
of Poisson’s equation and satisfies the condition of vanishing on the boundary 
of the domain, and the second is a solution of Laplace’s equation and takes 
on the boundary the values specified for u. We shall establish the truth of 
this assertion only for the first part, since the proof for the second part is 
exactly the same as in the previous case.

But this assertion is evidently true, since, for sufficiently large R 0, we 
have:

< * L dG < M . d
( 6 G \

R o ’ dn R o ’ dx0 K d n )
S — • (12.11)

Rn

The first of these inequalities gives at once for u

u\ f I | Mmax m ----dS — 4n
9 Ro

max M M 

Ro

The proof that u satisfies the equation V2u = q is the same as before, as 
is the proof that u vanishes on the boundary.

From the same inequalities (12.11) immediately follows another import­
ant consequence.

] f  a function u is harmonic outside a sphere o f unit radius and tends to zero 
at infinity, then there is a constant M  such that

u\ +
M du < J L , du < M du

R o ’ dx R l dy R l ’ dz
M

S  - I -  (1 2 .1 2 )
•fto
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For, by the uniqueness theorem, such a function must coincide with the 
function

«i =
*

' dG_
s dn

[u)s dS,

which, as we have just seen, is a harmonic function which vanishes at in­
finity and takes on S  the same values as u. This implies that

u\ <
(% dG

« % s dn
i i  I ,  M|w dS ^  max w|s ---- 4n,

Ro

du <
/*

d (dx0 % s dx0 \V, dn )
u\ dS1 5S max \u s An-, and so on.

This proves the proposition. The sphere of radius unity may easily be 
replaced by one of arbitrary radius by means of a transformation of the 
variables. We then obtain the following theorem:

Theorem 1. For any function u which is harmonic in the neighbourhood of  
an infinitely distant point and which tends to zero as R  -> oo, there is a num­
ber M  such that the inequalities (12.12) hold good.



L E C T U R E  1 3

THE DIRICHLET PROBLEM  
AND THE NEUMANN PROBLEM  

FOR A HALF-SPACE

T he two main types of boundary-value problem for Laplace’s equation 
are the Dirichlet problem and the Neumann problem, and these have already 
been formulated on p. 25.

We recall that the Dirichlet problem for Laplace’s equation consists in 
determining a function u in the domain ft with the boundary S  to satisfy the 
equation

V2w = 0 (13.1)
and the boundary conditions

M s = f f S ) .  (13.2)

The Neumann problem consists in finding a solution of the equation (13.1) 
to satisfy the boundary conditions

= f 2(S). (13.3)
s

We assume that the functionsf f S )  and f 2(S) are continuous.
We now take as f t the domain z > 0; the plane X O Y  will serve as the 

surface S. We shall prove that in such a domain the solution o f  the Dirichlet 
problem, bounded everywhere, is unique; and that the solution o f  the Neumann 
problem is determined to within an additive constant.

To make the solution of the Neumann problem also unique, it is sufficient 
to impose, for example, the further requirement that u(x, y, z) shall tend to 
zero when the point (x, y, z) tends to infinity, i.e., that \u(x,y,z)\ < e if 
x 2 + y 2 + z2 > R(e).

Suppose, for example, that the Dirichlet problem had two solutions 
and u2. Then their difference v = u1 — u2 would be a harmonic function 
vanishing for z = 0. We define v for negative values of z so that it is an odd 
function:

v(x ,y ,  z) = -  v (x ,y ,  - z).

du
dn

1 8 0
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We shall now prove that this function v will be harmonic throughout space 
including the plane z = 0 .

We construct a sphere a of arbitrary radius with its centre on the plane 
z = 0 , and define a function iq harmonic within this sphere and taking on its 
surface the values

K L  = \v]o- (13.4)

It is easy to see that will be zero for z — 0. For, the function

W i(x ,y ,z )  = z) + Vi(x,y, —z)]

will be harmonic and will vanish on the sphere a; hence wq̂ x;, y, 0) =  0. But 
y , 0 ) =  vx(x, y, 0 ).

The plane z = 0 divides our sphere into two half-spheres. The function 
coincides with v on the boundary of each half-sphere; on the surface o this 
follows from (13.4), and on the part of the plane z = 0 both functions are 
zero. Hence v = v1} and this implies that everywhere within the sphere o the 
function v will be differentiable any number of times and will be harmonic 
within this sphere. Since the position of the centre of the sphere a is arbitrary, 
it follows that v will be harmonic throughout space.

Since by hypothesis v is bounded throughout space, Liouville’s theorem 
(Lecture 11) implies that it must be identically equal to some constant. And 
this constant can only be zero, since v = 0  when z = 0 .

We next prove the uniqueness of solution of the second problem under 
consideration.

Let u1 and u2 be two solutions of the Neumann problem for the half­
space. Then the function v = u1 — u2 satisfies the conditions:

(1) V2v = 0  for z > 0 ,
(2 ) [dvjdz]2=0 = 0 .

Moreover, the function v is bounded throughout the upper half-space, since u1 
and u2 are.

We define v for negative values of z by means of the formula

v(x ,y ,  z) = v (x ,y ,  - z ) .

We shall prove that the function v so defined will be harmonic everywhere 
including the plane z = 0 .

Consider the derivative dvjdz = w{x, y, z). This will be a function which 
is harmonic in the upper and in the lower half-spaces and which satisfies 
the conditions:

w(x, y ,  z) = -  w (x ,y ,  -  z), w(x, , 0 ) =  0 ,

and consequently, as we have just proved, it will be harmonic throughout 
space.
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The function 

o){x,y, z) ' Z+1 d v (x ,y ,  z)

J Z dz
= v (x ,y ,  z + 1) -  v (x ,y ,  z)

will also be harmonic throughout space, as may easily be seen by an imme­
diate differentiation.

Hence it follows that the function v(x, y, z) is also harmonic throughout 
space. For, the possibility that v might not be harmonic on the plane z — 0 
is ruled out because

v ( x , y , z )  = v ( x , y , z  +  1) -  a>(x,y,z), (13.5)

and since the right-hand side of (13.5) is harmonic on this plane, the left-hand 
side must also be.

Now, by Liouville’s theorem, since v is bounded throught space, we have

v =  constant.

Hence the solution of Neumann’s problem is unique to within an additive 
constant, as we had to show.

We now pass on to the explicit solution of the Dirichlet problem and the 
Neumann problem.

We shall assume that the harmonic functions considered satisfy the con­
ditions:

^  . | du ^  P  . du du
<  P

Ra ' j  dx R l + a dy R X + a dz R l + a  ’

where R = V* 2 + y 2 + z2, a > 0, and jli is a constant. After we have 
obtained the explicit solutions, the necessity for this assumption will drop 
out.

We apply Green’s formula (9.4) to the function u, taking for the volume S i 
a half-sphere with centre at the origin: R ^  A, z ^  0. Since V2« = 0,

u(Xo, y 0,z„) =  - ( 7 )  -  7 ^ ) dS-
where

r =  V (x -  a 0)2 +  (y  -  J o )2 +  (z -  ZoY ■

The surface S  consists of a part S x of the plane z =  0 and of S2, a hemi­
spherical surface R  = A. Letting A tend to infinity, we find

lim
R-t cc J s2

d ( \
dn \  r

1 — 1 d S  =  0:
r dn J
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for

s 2
u —  ( — )  ds| g  ------- l--------

dn \ r  J  ; (A -  R 0)2
An/i A :\u\ dS ^  - 

s2 (A -  R0)2 A°

and
r i 1 r r du--------d S <

% % S 2  r dn A -  R0 J J S 2 dn
dS <

An/uA
(A -  R 0)A°

where
R o = V Xq + Jo + zo •

Hence

u(x0, y 0, z0) - lim —
A—* oo Alt s i

du —  
dn

_1

r
I  M d S
r dn J

■i- f f  (“ - f 1J J z=ol  dn \ r
-  * 4  6S.
r dn J

(13.6)

We consider together with (x0, yo, z0) its image-point (x0: y0> — z0) in 
the plane z =  0 , and let >\ = \/(x  — x0) 2 +  (y — y0) 2 + (z + z0) 2 . In the 
upper half-space 1/jq is a harmonic function, as well as u. Hence

j*j* V2w — wV2 — j- dx d,p dz =  0, 

and consequently

r r

J J Si+ 52

d
u ----

dn
1

ry
—  — I d s  =  o.
v j dn j

Passing to the limit as A tends to infinity, and using the same inequalities as 
were used in deriving (13.6), we get

z  — 0 I dn \rj_J ry dn J

We now note that on the plane z = 0, rL = r and —  ( — ] — — — ( — |
dii \  i'i J dn \  r J

(the radii vectores ry and r are symmetrical relative to the plane z = 0 ), 
and hence

z  =  0

[« —  (-!-) + -  — I d s  = 0 .
dn \  r ) r dn f

(13.7)

E M P  7



184 DI RI CHLET PROBLEM A N D  THE N E U M A N N  PROBLEM L. 13

Adding (13.6) and (13.7), we get

u(x o , y  o , z 0)  =  -----
2 71 %/

du ----
0 dn

\
r

dS

and subtracting,
2  n *) 2 —

1

r
dS,

u(x0, y 0, z0) = -
2n

1

2tc
- M S )  dS.

J z=o r

(13.8)

(13.9)

We shall show next that (13.8) and (13.9) do actually give the solutions 
of the Dirichlet and Neumann problems.

We shall assume that f x{S) = M x , y) and f 2(S) = f 2(x. y) are continuous 
functions satisfying the inequalities

\ U x , y \ i M ,  \ f 2(x , y ) \ £ - Z L  (13.10)
e

where g = Vx 2 + y 2, a > 0, and M  is a constant. Without loss of gener­
ality we may suppose a < 1 .

We first verify that the integrals on the right-hand side of (13.8) and (13.9) 
satisfy Laplace’s equation. This follows from the fact that, for z0 > 0, we 
may everywhere differentiate with respect to x 0, y 0, z 0 under the integral 
sign. Thus, for example,

V2
0

’ _d_

J z = o d n

1

r
M S )  d s  =

/%

M S )
d
dn

V2
0

1

r
dS = 0.

In exactly the same way we can show that the right-hand side of (13.9) 
satisfies Laplace’s equation.

We next examine the behaviour of the right-hand side of (13.8) and (13.9) 
when R 0 = V*o + y l  + z\ -*■ oo. We begin with the integral (13.8). We 
show that this integral is bounded. We have

/*+ 00 {*+ oc d

cc « dn
■j/i<A,y) dx dy

(* + oc (* + oc

J  — OO J — oc
^ - / i O ,T )  d-v dj; -

Subject to the conditions (13.10) the integral on the right-hand side clearly
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converges. Further, we have

y) dx dy ^  M
r

—  dx dy
r

= M

But the last integral is equal to the solid angle which the plane z = 0 sub­
tend at the point (a 0 , y0, z0) and consequently is equal to I n .

Thus we get

Consequently the integral (13.8) is a bounded function of the variables a 0 , 

yo > z0.
Considering next the integral (13.9), we first prove the following lemma. 
Lemma. I f  0 ^  0 52 1, then x 2 — 20a +  1 ^  \{x  — l)2.
For, 2 0 a  ^  2 a  if a  ^  0, and 2 0 a  ^  0 if a  ^  0. Hence 2 0 a  ^  a  +  | a | 

and a 2 — 2 0 a  + 1 ^ a 2 — a + 1  — | a | .
But | a | ^  i  +  \ x 2 (this follows from the inequality \ ab\ ^  (a2 +  b2)/2),

In order to estimate the integral (13.9) at the point a 0 = q 0 , y 0 = 0, z 0 
(and, thanks to symmetry, an estimate at this point will give all that is needed), 
we put

and so
a 2 — 2 0 a  +  1 ^  -2a 2 — a  +  \  =  £ ( a  — l ) 2 .

Then

00 00

<

^  /* + oo 00

, ----------  -- ■ —---- i = = = ^  df d ?7.
V f 2 -  2f0 +  i +  v2 v  ( i2 +  v2) 1+a0  J  — oo J  — 00
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By the lemma we have

J  e  -  2£d +  1 +  n2

and hence

1

(f - 1  y

4 1

> /( f  -  i ) 2 +  v2

* + 00 (*+CO |
— f2(x ,y )  d* dy  

^ r

< M * + 00 (*+ 00

R°o -  I ) 2 +  V2 V  ( f 2 +  V2)1+a
d£ dfj.

The last integral converges absolutely near its three singularities: (a) S — 1, 
?/ — 0; (b) £ =  0, r\ = 0; (c) £ =  oo, i] =  oo. Denoting it by N, we have

• + 00 00 |
— f 2 ( x ,y )  dx  dy

• CO %

< M N

K

Consequently our function u(x0, y0 , zo) vanishes at infinity, as we had to 
show.

Finally, in order to be certain that we have obtained solutions of the 
Dirichlet problem and the Neumann problem, we have still to verify that 
the conditions on z =  0 are also satisfied. To do this, it is sufficient to 
establish that

lim —  f ~ f i { x , y )  dx dy = f i (x0, y 0), (i = 1 ,2 ),
zo- 0  2 ^  J -  0 0  J  - 0 0  r

since the boundary values of the solution of the Dirichlet problem and the 
boundary values of the normal derivative of the solution of the Neumann 
problem can both be expressed in this form.

We surround the point (at0, y0) with a circle c so that within c

| / i ( -v,y)  - / i ( x 0 , y 0)| <  — ;
071

the remaining part of the. .xy-plane outside c we denote by c'. Since the func­
tions fi(x, y) are bounded, let | f t(x, y)| ^  L.

We take z0 to be so small that the solid angle subtended by the circle c 
at the point (A'0 , y 0 , zo) is greater than 2n — (e/3L), and consequently the 
solid angle subtended by the rest of the plane c' will be less than e/3 L. (The
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sum of these two angles must be 2 .t.) Then

<" +  00 < "+ 0 0  _  < "+ 0 0  / "+ 0 0

Y— 00 J — CO ‘
—  /,(x , y) dx dy = | | f , ( x , y) d.v d.p

*+00 /"+ 00

— 00 J “  00

•- c

f i ( x , y )  dco

= J J f t(x0, y 0) dw +

Now

2 n f i { x 0 , y 0) -  j* J  f i ( x o > To) d w

[ f { x , y )  -  f i ( x t » y o ) \  d w

[/,(*. y) -  f i (x0, v0)] doj + f ( x , y )  dco.

<

f f { x , y )  da S l f fJ . C’ J .

f i x  o, To)^2 tt -  2jt +

^  —  dw ^
r 6ji 3

dco ^  ;
c' 3

< ±

hence, as was to be shown,

• +  00 / " +  CO

— 00 %) — CO

—  /i(A, j )  d.v dy -  27ifi(x0, y 0) 
r3

<  s .



LECTURE 14

THE WAVE EQUATION  
AND THE RETARDED POTENTIAL

§ 1. The Characteristics of the Wave Equation

We shall consider the wave equation in four variables

d2u d2u d2u
-----  + ------ + -----
d x 2 dy2 dz2

1 d2u
H2 I h 2

F (x ,y ,  z, t) (14.1)

and first of all we shall deal with its characteristics.
The equation of the characteristic surfaces will have the form

or

(14.2)

(14.20

We consider in the four-dimensional space of the variables x, y, z, t the 
surface defined by

(x -  x 0)2 + (y -  y 0) 2 + (z -  z0)2 -  a \ t  -  t0)2 = 0. (14.3)

This surface is called the characteristic conoid. It is easily verified directly 
that the implicit function defined by (14.3) satisfies the equation (14.20- The 
point (x0, y Q, zQ, t0) is a singular point of the surface (14.3). At this point 
the surface has no tangent plane, since the ratios

cos (n , x): cos ( / j ,t) :  cos  {n, z): cos (n, t)

become indeterminate there. By analogy with three-dimensional surfaces 
this point is called the vertex.

The characteristic surface for the equation of a vibrating membrane will 
be given by

(x -  x Q)2 + (y -  jo ) 2 -  a \ t  -  t0)2 = 0 .

188
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This is the equation of a cone with vertex at the point (x0 , y 0, t0) in the three- 
dimensional space of x , y , t .

We can put the equation (14.3) into the form

where

. r
t =  to ±  —  

a

r = V  (x -  x 0)2 + (y -  y 0)2 + (z -  z0)2 .

(14.4)

Depending on the choice of sign in (14.4) we obtain either the upper or the 
lower half of the conoid. We shall use the lower half, i.e., the part defined 
by the equation

r
t = t o ------•

a

§ 2. Kirchhoff’s Method of Solution of Cauchy’s Problem

The idea underlying KirchhofF’s method of solution of Cauchy’s pro­
blem for the wave equation is the same as that of the solution of a boundary- 
value problem of the first kind for a hyperbolic equation by the method of 
successive approximations, which we have already discussed in Lecture 5, § 1. 
A characteristic conoid is constructed with vertex at the given point (x0, 
yQ, Zq). As was explained in Lecture 3, the values of the function u and its 
derivatives on this conoid are related by certain partial differential equations 
in three variables which can be derived from (14.2) by virtue of the wave 
equation. We shall see after a detailed examination that this circumstance 
enables the value of the unknown function at the vertex of the conoid to be 
expressed simply in terms of the known data, in the same way as in Lecture 4 
the value of the function du/dr} at a certain point was expressed in terms of 
its value at some other point on the same characteristic by means of quadra­
ture.

Let us begin the examination of the method. In order to obtain the re­
quired relation on the characteristic conoid, we start off in the same way as 
in Lecture 3, § 4. We transform equation (14.1) by introducing new independ­
ent variables

r
*i = x, yi  = y ,  Zi =  z, tY = t -  to + —.

a
We write

«  ( * i ,  T i ,  Zi ,  t i  +  t0 - - - =  « ! ( * , ,  T i ,  Zi ,  t i )

and similarly for other functions.
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Then

dty ra

+ 2
d2Uy

d x i dt

* (
1

ra

dt dty ’ dt2 dt2
du _  duy duy Xy — x 0 du _  duy d2u _  d2Uy 
dx dxy dty

d2u d2Uy
dx2 dxf

+
dtf2 r2 a2

r3a dty

(It is clear that, with our substitution, ry = r and we shall always write r.) 
Equations (14.1) becomes

d2Uy d2Uy d2Uy 2 d ( duy \  2 duy
dx2 dy\ dz\ a dr \  dty )  ra dty

-  *o) 2 , Cvi -  ^o) 2 , (Zi -  Zq)2+
L r2a

+
r2a2

+
r2a2 ai

d2Uy
~ d i f

= Fy(Xy,yy, Zy, ty)

where djdr stands for

Xy ~  x 0 d yy -  y 0 d z x -  z0 d
dXy dy i dZy

Since

Xy ~  X0 = cos (a, r), —---- —  = cos (y, r), — —  = cos (z, r).

the operator d/dr denotes the derivative taken in the direction of the radius r 
from the point (x0, To> zo) to the given point (xy, yy , Zy).
Since

(* ! -  Xo)2 (yy -  Vo) 2 (Zy - z0)2 _ _ L  =  0
a2a2r2 a2r2 a2r2

our equation may be written as

2  d (  dlly
V2Wi H-------- — ( r ——ar dr \  dty

Fy(Xl • >'l 5 Zy, ty).

or
1 2  d (  duy

-  V2«! + —r ar2 dr \  dty
—  F y { X y , y y ,  Z y ,  t y ) .  (14.5) 
r
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Equation (14.5) enables certain important particular solutions of the wave 
equation to be constructed immediately. Suppose F1 =  0. Then the function

u =  , where 0  is an arbitrary, twice-differentiable function, gives us
r qu j

a solution of the equation (14.5), since — -  =  —0'(h) and therefore both
dtx r

terms on the left-hand side of (14.5) vanish. Replacing tL by its expression 
in terms of x, y, z, t, we have

u =  — 0 \ t  — t0 + — j .

In the given case the parameter tQ is not essential and we can take the solution 
in the form

It may easily be verified that

u = — 0 3( - t  + — 
r \  a >

will also be a solution of the wave equation, since the latter is unchanged 
when t is replaced by — t. Putting

0 j - t +  - )  = 0 2( t - -
a J \  a

and adding both particular solutions, we get

u = — 
r + 7  + "  7

(14.6)

In appearance (14.6) is reminiscent of d’Alembert’s solution of the equa­
tion for a vibrating string. The solution (14.6) represents spherical waves. The 
first term represents a spherical wave of constant form moving towards the 
point r = 0, its amplitude increasing as it approaches the centre. The second 
term represents a spherical wave of constant form moving away from the 
point r = 0  towards infinity, its amplitude decreasing as it moves away 
like 1 jr.

If 0 X and 0 2 are different from zero only over a finite interval in the range 
of variation of their arguments, then at any point in space the function u 
will be zero, i.e., there will be a state of rest, both before the arrival of the 
spherical waves and after their passage.

As we shall see later, these solutions for the wave equation play the same 
sort of role as the function 1 jr played for Laplace’s equation.
E M P  7a
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We shall integrate both sides of equation (14.5) over a certain domain ft 
of the space x x, y x, zl9  the point (x0, y 0, z0) being included in f t . S  is the 
boundary of f t. For convenience we shall separate the point (a:0, y0> z o) 
from this domain by means of a small sphere a of radius s and volume r. 
Finally we shall take the limit as e -> 0. We get

lim
E~>0 £l~*

1 2  d (  du1
— V2«! + 
r ar2 dr \  dtx

dvj dy^ dzj

— F i(x i , y i ,  Zi, d x t dyx dzj . (14.7)
J J J Cl ^

Before proceeding to the limit with the left-hand side, we transform it some­
what. By Green’s formula (9.4) we have

lim
£-►0

V

— V2«! d.*! d jj dz1 
Cl-* r

= -4ttm 1(x0, y0, z0, t - to) +

— V2zri d.Vj d^! dzj 
r

d_
dn

1

r
L  ^ L d s l .  (14.8) 
r dn J

since tx = t — t0 when a'! = a'0, jq = y0, -i — zo- Further, introducing 
polar coordinates, we have

and
dA'j dyt dz: = r2 sin 6 dd dtp dr

4
d

ci-* ar2 dr
r ^ l
. &  i

dxj dy, dz,

2
a

2
a

— - ( r dMl ^ sin 0 d 0 do? dr

d«!
r ----- [— sign cos (r, n)] sin 6 d 0 d<p

s+CT dti

2
a s +

dlly 
a dti

dca

where to denotes a solid angle [see (9.8)]. Continuing the transformation, we 
have

4 2
a

dux d 
s + a dti dn

2 f C i dr dux
a ) J S  + a r dn dtx

The limit of f  f  — —- — *-dS  is obviously zero if du1/dt1 is bounded, 
J J a r dn dty M  C C

since drjdn is bounded and the integral is less than — J J dS = 4 tteM,
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where A/ is a certain constant. Consequently

(14.9)r 2  f  f 1 dr duy
hm I„ = ----| | ------------------  dS.
£—* 0 s r dn dtx

The formulae (14.7), (14.8), (14.9) give

d /  1 \
4nu i(x0, y 0, z 0, t — t0) +

dn
1 du1 2 dr dui
r dn ra dn dt.

dS

— Fi(Xi , y i ,  Zi, C) d.«i dzx

We now put tL = 0 ; then t = t0 — (rja). If further, x 1 = x 0, y Y = y0, z l = z0, 
then t = t0. Therefore

«i(.v0, v0, z0, 0 ) = u(x0, y 0, z0, t0).

Fi(x1, y 1, z1# 0) = F ^ x , y , z ,  t0 -

and our formula can be written as

^ ( • ' • O i J ' o !  z 0 y to )  —
1

4jr

4 71

s _
1 \  1 dui 2 dr dul
r )  r dn ra dn dt1dn

— F\ x , y , z ,  t0

dS
n=o

dx d_p dz. (14.10)
r

(14.10) is called Kirchhoffs formula; as we shall soon see, it enables a 
solution of Cauchy’s problem for the wave equation to be found.

This formula is very similar in form to Green’s formula, which we 
derived earlier. If ul , du^dn, and du^dty are specified on the surface S, then 
the right-hand side of (14.10) will be a known function. The integrals oc­
curring on the right-hand side of (14.10) are commonly called the retarded 
potentials. We may explain this nomenclature by taking as an example the last 
integral

j f  f  — F \ x , y , z , t 0 ----— J dx dy dz. (14.11)

This integral differs from the Newtonian potential only in that the func­
tion F  enters into it not with the argument t0 but with the retarded argument 
to ~  (rla)-

We now pass on to the solution of Cauchy’s problem, i.e., to the solution 
of equation (14.1) subject to the conditions

= <pfx ,y ,z ) .  (14.12)
r =  o

[ « ] r = o  = <Po(x,y,z),
du
dt



194 WAVE EQUATION AND RETARDED POTENTIAL L. 14

As the surface S  we take the surface defined by t0 -  (rja) = 0; then on it
t = 0  when tt =  0 .

The domain bounded by S  is a sphere of radius at0 about the point 
(•Vo j To j zo)> and consequently formula (14.10) may be applied to it. For 
t = 0 the conditions (14.12) define all the first-order derivatives of u and so 
of also. We shall have:

M  = [ — !-] = <Pi ( x ,y , z ) ,
L d r J t= 0  L i= o

dut dux , . , dux . . dux , vcos (n , x ) + cos (n, y) + ——  cos (n, z)
dxx dy x dzx

( du 1 du dr \  ( du 1 d u d r \  .= ( ------------------------) cos (n, x) +  ( ------------------------(cos (n,y)
I dx a dt d x )  \  dy a dt d y )

( du 1 du dr \  . . du+ -------------------------- cos (n, z) = ----
\  dz a dt d z )  dn

1 du dr 
a dt dn

and consequently

rL dn j (.
dcpo \ , dr
dn a dn

and finally
/ , 1 f f  f d 1 \  I d<p0 1 dr

u ( x 0 , y o ,  z 0 ,  t 0 )  —  — I iV’o — I —I------   ̂ (P i
4^ J Jr= 0(ol dn \  r j  r dn ar dn

dS

1

An r g o t 0 ^

— F ( x , v , z , t 0 — M d x d jd z  (14.13) 
v a

The formula (14.13) gives an explicit expression for the value of the un­
known function at any point (x0, y 0, z0) at an arbitrary moment of time 
t0 > 0. It also shows that the solution of Cauchy’s problem for the wave 
equation, if it exists, is unique. We shall show later that the function which 
we have obtained does satisfy the wave equation and the initial conditions, 
and we shall also establish that the Cauchy problem was correctly formulated.

When F = 0, the formula (14.13) can be put into another form known as 
Poisson's formula, which is often encountered in the literature.

Let Tq {ip} denote the arithmetic mean of the values of the function ip on 
a sphere of radius q drawn about the point (x0, y0, z0):

j r*2n pTt
t M  =  —  v(e» o> <p )  sin 0  d0 d<p>

4^ J o J o

where q, 0,<p are the polar coordinates with origin at (v0,^ 0> zo) and are
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related to the rectangular Cartesian coordinates by

195

x = Xq + g sin 0 cos cp 

y  = Jo + {? sin  ̂ sin cp 

Z  =  Z 0  +  Q cos 6  

0 9? 5= 2j i, 0 5S 0 rg j r .

With this notation, (14.13) may be written in the following form (Poisson’s 
formula):

d
u(x0,y 0, z0, t0) = t0Tato {99J  + —— [Wfotoo}]-

dt0
Proof. On the surface g = at0, we have

dg
dn

and consequently 

1

dg_
do

=  — 1 , d.S = a2to sin d d0 d(p

Arc

Further,

1 dg t0----------- 9?! aS = —
e=at0 ag dn Art

cpfg, 0, cp) sin 6 d6 dcp.
J Q — Ot 0

d<p0 dcpo d (  1 1 dg
dn dg dn \ g  J  g2 dg

whence, after some reduction, we get

2 ,2  ’a t0

1

An Q-at 0

Art

1  |
dn \  g J g dn j

cp0 sin 0 d6 dcp + t0

dS 

d 1

Q = at0 dt0 4;/r
cpo sin 0 d6 dcp,

g = at0

as was to be shown.
We now note some important consequences of formula (14.13).
Suppose there are no external disturbing forces, so that F = 0, and 

suppose that the initial disturbance at t = 0  is concentrated in a certain 
bounded domain to. We shall investigate the behaviour of the solution at 
some point (x0, z0) lying outside the domain cx>. Let d be the distance
from the domain a> to the point (x0, Jo > ô)- F°r {o < &la ? the sphere S whose 
equation is r = at0 will lie entirely outside the domain w, and so the result 
of substituting such a value of t0 in the right-hand side of (14.13) will be 
zero. At t0 = 8/a, u will begin to vary and will do so while S  intersects the
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domain co. Then at t 0  = D f a ,  where D  is the greatest distance of a point of co 
from (x0, y 0, z0), u will again become zero and will be zero thereafter. The 
further the point (x0, y 0, z0) is from eo, the later the disturbance will arrive 
there and the later the disturbance will pass this point. At any given instant t 0 ,  

we can construct a surface separating the points which the disturbance 
has not yet reached from those at which it has already arrived. This surface 
is called the leading wave-front.

A second surface S2 separates the points at which the disturbance is still 
occurring from those points at which oscillation has ceased. This surface is 
called the rear wave-front.

The existence of the rear wave-front is to be explained by the fact that a 
sound emitted by a source does not die away gradually at a given point in

Fig. 12.

space but ceases at once after the sound wave has passed. If this were not so, 
sounds would merge into one another, like the sound of the notes of a piano 
when the damping pedal is raised.

Figure 12 depicts the leading and rear wave-fronts arising from a disturb­
ance in the bounded domain eo.

We pass on now to the proof that the Cauchy problem is correctly 
formulated.

If in formula (14.13) we replace the functions c p 0  and e p 1  by e p %  and e p * x 

such that
|<Po -  <Po | <  £,  |<Pl -  <P* I <  £,

d<p0 dept < e. d ( f o dep*
< £,

depQ dept
dx dx dy dy dz dz

then the new solution u* of the Cauchy problem which is obtained from
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(14.13) using the new initial conditions will differ but slightly from the 
solution obtained using the old conditions. For,

u = 1

An r = at0

----- — ~  (<P? -  9 h ) l  d s
ar on

<  M e

L ( dcp* _ dcp°\
r \  dn dn )

where M  is a certain constant depending only on t0.
Consequently the solution u depends on the function (p0 continuously to 

order (1, 0 ) and on the functions cp̂  continuously to order (0 , 0 ), in the sense 
defined in Lecture 2.

We next prove that the solution which we have derived does actually 
satisfy the wave equation. It is sufficient to prove this for the case when cpQ 
and cp1 are identically zero, since we shall then be able to establish the ex­
istence of the solution for any two functions (p0 and <pt which continuously 
have second-order derivatives. For, if we prove that the solution exists for 
the zero initial conditions, we shall also have proved the existence of a solu­
tion of the equation

. 1 d2w , 1 d2vV2w ---------------- — F — V~u -------------
a2 dt2 a2 dt2

subject to the conditions

t =o
where v is an arbitrary function.
If v satisfies the conditions

M , = o = 0
dw
dt

[ 4  = o =  <Po,
dv ~
dt I = 0

ff  1 -

and such functions obviously exist (e.g., v = cp0 + t(pr), it will then follow 
that a function u = w + v exists satisfying the Cauchy conditions and the 
wave equation (14.1). If the solution of this last problem does indeed exist, 
then it is expressed by the formula (14.13).

Putting then (p0 = <p1 =  0 in formula (14.13), we get

,v, y , z . t0 — — J dv d>’ dz.

(14.14)

We shall prove that the function m(a'o, Jo, z0, t0) given by (14.14) does in 
fact satisfy the wave equation. A direct verification of this circumstance

u(x0, J o , zo, ô) — "—
1

An
FI

r£atn r
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would demand an enormous amount of algebraic reduction, and we prefer 
to choose another way.

We shall prove an important integral identity which, in a certain sense, 
is equivalent to the wave equation for the function u defined by the formula 
(14.14).

We consider an arbitrary function ip(x0, y 0 , z0, t0) which vanishes every­
where except within a certain sphere c in four-dimensional space with its 
centre at the point (x0, y 0 , z0, t0) and which has everywhere continuous 
derivatives up to some order. This function will satisfy a certain equation

V2
d 2ip

~ d F
= w (14.15)

where W is to be calculated by direct differentiation. 
According to our hypothesis.

for sufficiently large T.
Further, the function ip, as the solution of Cauchy’s problem for the 

equation (14.15), is given, for t < T, by the formula

V(*o, yo , z0, t0)
_1_
An r i f l ( T - t j )  r

x , y , z ,  t0 +  —
a

dx dy dz. 

(14.16)

(We have not derived this equation, but it is obtained at once by, firstly, 
a change of variable from t to T  — t* in the equation, and then, having 
transformed the data, by writing down the solution of the equation, and 
finally returning from the variable t* to the variable t.)

In formula (14.16) we could have left out the limits of integration, since, 
if r ^  a(T — t0) the function W(x, y, r, t0 + (r/a)) obviously vanishes, be­
cause t0 +  (r/a) ^  T.

Let F(x0, y 0, z0, t0) = 0 for t0 < 0 .
We multiply the function rp(pc0, y 0 , Zo> (o) by F(x0, y 0, z0, t0) and inte­

grate throughout the space. Then we shall have

+ 00 /* + 00 /*+ 00

• o o * /  — 0 0 * /  — CO* / 

(* +  CO
1

An

+ o o

rp(x0 , y 0, z 0 , to) F(x0 , y 0, z 0, t0) dx0 dy 0 dz0 d/ 0

— CO
(* + 00 A + 00 {* + 00

— CO */ — 00  *1

F(x0 , y 0, z o, to)

A  +  00

X
f* + 00 + 00

— w ( x , y , z , t 0 +  — ) dx dy  dzl dx0 dy0 dz0 d/0.
a
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The last integral can be written in the form

199

1

4ti

(* + GO (* + 00

” 00 %/ ~  OO J

+  0 0  (*+ (3 0  /*  +  oO Z '+ O Oa (* + oO

-oo "OO 1/ ” 00*/ —00*/
— w l x , y ,  z, t0 + — 
r \  a

x F(x0, y0, ^0, Zq) dx dy dz dx0 dy0 dz0 dt0

since the integrand is different from zero in a bounded domain of its inde­
pendent variables.
If rja or t0 is sufficiently great, then t0 + (r/a) will also be great, since t0 > 0 . 
We change the variables, putting t0 +  (rja) =  t. Then we have

{* +  00  (* +  00  7 * + 0 0

— oO */ — oO • /  — CO

(* + oO
y(x0 , y 0, z 0, t0) F(x0 , y 0, z 0, t0) dx0 dy0 dz0 dr0

1

4 71

* + 00 ■•+00 * + 00 * + oo F (*
W (x ,y ,  z, t) J

J ~~ CO « ” 00 * oo * -00 U

(*+ (3 0  (* +  00 (* +  00

x F ^ x 0, y 0, z0, t ------ j  dx0 dy0 dz0j  dx dy dz dt.

For, the inner integral is meaningful, since the integrand for fixed x, y, z, t is 
different from zero only in a bounded domain. Hence

(* +  oO ( * +  oo (*+ (3 0  (* +  oo

— oO J  — CO */ — 00  J

(* + OO(* + oo (* + oo

— CO J — oo

y)(x,y, z , t) F (x ,y ,  z, t) dx dy dz dt

l' +m / 1 d2w \V2xp----------- — ) u (x ,y ,  z, t) dx dy dz dr (14.17)
a2 dt2 /

where

« (x ,y , 2 , t)

1

4 71

(* +  O0 (* + oo (* + oo
— F \ X o , y o , Z o , t  -  — j  dx0 dy0 dz0.

The identity (14.17) is the fundamental integral identity which the function u 
satisfies.

We shall show that if u has continuous second-order derivatives, then it 
satisfies equation (14.1).
For, the operator

1 d2V2 -
a2 dt2
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as it is not difficult to see, is self-adjoint (see Lecture 5, § 2). Hence the 
integral

V V2»

( W *  , SP, |
si V Sx dy

1 d2u \  
~dt2~)_

dP, dP,— -  + — - 
dz dt

dx d j dz dt

dx dy dz dt

transforms into an integral taken over the surface S  bounding the volume 
[see (5.15)]. If we take the volume Si sufficiently large so that on the surface S  
the function rp and all its first derivatives vanish, then the last integral is 
equal to zero and we get

r C

J J

d2ip
~dt2

dx dv dz dt

whence, by (14.17),
J J J J

,p ( v u  -  ± d2u
dt2

dx dj' dz dt

/»

J

f% /»

v  * I

y ( x , y ,  z, t) V2
1 d2u

~dt2
-  F dx dj' dz dt = 0 .

The last integral vanishes for any function ip; hence

V2
d2u
~dP

= F,

and we have shown that the function u satisfies the wave equation.
It remains to show that n =  0 and 8 u / d t 0  = 0 when t0 =  0.
That u = Owhen tQ =  0 is an immediate consequence of formula (14.14). 

To show that cufdt0 = 0 when t0 = 0, we change the variables in the integral 
on the right-hand side of (14.14), putting

x = x0 + at0£, y = y 0 + at0V> - = z0 + at0C-
Then

r = \ / ( x  -  x 0) 2 + ( j  -  y 0) 2 + (z -  z0)2 = atQq,
where

u = J  e  + n2 + C2 -
In the new variables

w ^ ’o j  T o  5 z o i  ^o)

a2t20
4jt

— T[x0 + at0i ,  y  + at0rj, z0 + at0C, t0(l -  g)] d£ dr] df.
o< 1
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The right-hand member may be differentiated with respect to t0 under the 
integral sign, and then, putting t0 = 0 , we have

du
dt0 t o — 0

= 0 .

For the justification of differentiating under the integral sign, assuming the 
boundedness of the first-order derivatives of F, see § 2 of Lecture 7.

We have purposely not gone into the question here as to how many 
continuous derivatives it is necessary to have in the initial data in order that 
our formulae shall give a solution of the problem possessing the required 
number of continuous derivatives. As we shall see later, this question has 
no real significance if we make use of the concept of the generalized solution 
of the wave equation, which we shall examine in a subsequent lecture.

We make one more important observation.
As we have seen, the solution of the equation for a vibrating string was 

just as smooth as the initial conditions, i.e., it possessed just as many con­
tinuous derivatives as did the functions entering into the initial conditions. 
The solution of the equation for heat conduction turned out to be smoother 
than the initial conditions. In this respect, the solution of the wave equation 
is distinguished from the other problems considered. It appears to be, in 
general, less smooth than the initial conditions. This is seen from the very 
fact that the function u is expressed in Kirchhoff’s formula in terms of the 
integral of the normal derivative [du/dn]t=0. The value of a derivative of 
order A; of a function satisfying the wave equation is thus related to the 
initial values of derivatives of order (k + 1) of the functions in the initial 
conditions.

In this lecture we have analysed the Cauchy problem only for the case 
where the initial data are related to a surface t =  0. But exactly the same 
method enables a solution of the Cauchy problem to be constructed for the 
general case when the initial data are specified on a hypersurface t =  y(x,y, z), 
and also the solution of a problem similar to the boundary-value problem 
of the first kind for a hyperbolic equation in a plane. The detailed analysis 
of these problems we leave for the reader.



LECTURE 15

PROPERTIES OF THE POTENTIALS OF 
SINGLE AND DOUBLE LAYERS

§ 1. General Remarks

In order to examine the Dirichlet problem and the Neumann problem 
for domains other than a sphere or a half-space, we shall have to study in 
detail the behaviour of the integrals

which we have already met more than once. As we mentioned earlier, the 
integral I 2 is called the potential of a single layer, the function f 2(S) being 
its density. The integral I t is called the potential of a double layer, and f f S ) 
is its density. We shall assume that the functions f f S )  and f 2(S) are con­
tinuous.

We shall say that a surface S  is smooth in the Lyapunov sense or simply 
that it is a Lyapunov surface if the following conditions are satisfied:
(a) at each point of the surface S  it has a tangent plane;
(b) about any point P0 of the surface a sphere can be described with radius 

h (h independent of P0) so that the section £  of the surface S  which falls 
within the sphere meets lines parallel to the normal n0 at the point P0 
no more than once;

(c) if P u P2 are two points of the surface, and nt, n2 are unit vectors directed 
along the outward normals to the surface S  at these points, then the 
vector «! — « 2 satisfies the inequality

where A and <5 are constants, 0 < <5 ^  1, and r is the distance between 
the points P t and P 2;

(d) the solid angle <x>a which any part o of the surface S  subtends at an 
arbitrary point P0 is bounded:

and (15.1)

n ~  ni\ ^  Ar5,

202
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(If straight lines emerging from PQ met the surface S  more than once, 
then, by taking o to be the set of all those pieces of S  subtending positive 
solid angles at P0, we could have ooa > and, in general, coa could be 
indefinitely large. Hence the limitation (d) is essential.)

We consider first the case when S' is a finite, closed, Lyapunov surface. 
Let SI be the domain enclosed within S.

We shall examine in more detail the nature of the integrals occurring 
in the expressions for the potentials of a single and a double layer; we shall 
investigate their behaviour near a point P  of the surface S. For convenience, 
we choose a coordinate system having P as the origin O, the tangent plane 
at P as the plane XOY, and the axis OZ directed along the inward normal. 
Let the local equation of the surface S  be

z = £(*, y);

C(0, 0 ) = 0  and d m  o) = 0  =  a m ,  Q)
dx dy

§ 2. Properties of the Potential of a Double Layer

The potential of a double layer is given by

w(x0, y Q, zQ) 1_
r

d S. (15.2)

The expression 5(1 /r)/dn is clearly a function of two variable points: the 
point (x0, y 0, z0) occupying an arbitrary position in space, and the point 
(x, y, z) situated on the surface S. The derivative is taken in the direction of 
the inward normal to the surface S  at the point (x, y, z).

We shall prove some simple propositions about this potential.
L e m m a  1. Let <p be the angle between the direction o f  the inward normal at 

an arbitrary point o f  the surface S  and the radius vector from this point to 
the point (x0, yo, z0). Then the potential o f  the double layer can be expressed 
by

w(x0, y o , z 0) v<z-

Proof The cosines of the angles formed by the radius vector from (x, y, z) 
to (x0, y0, z0) with the coordinate axes are

* o  -  a : yo -  y
> ,

r r
z0 -  z

r
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Hence

COS rp =
A'p A'

r

dr 
On ’

cos {n, .v) + —---- — cos («, >0 + —---- cos (n , z)

and
cos <p 1 dr

,.2 dn dn
Hence the lemma.

L e m m a  2 . The potential o f  the double layer at P0 remains meaningful if  
the point P0 coincides with a point Q0 of the surface.

To prove this proposition, we put x 0 = y 0 = zo =  0 in (15.3).
We select on the surface S  a section S t containing the origin and such 

that on S 2 z is a single-valued function of x  and y. The remaining part S2 
does not affect the convergence of the integral. Then

w« M S ) ^ J L 6 S

f i ( s)  ( —  COS (n, ,v ) + —  cos (n, y) +
. .3

cos (n, z) ) dS.

We shall estimate the magnitude of

Wchave

COS <X> X  , . V . . Z  , s----- — = —  cos (/;, .y) -I------cos (//, >’) H-------cos (n, z).
^  2 ^  3 ^*3 ^  3

cos (n, x) = ni, cos (//, >’) = nj, cos (n, z) = n k ,

where i , j ,  k  are unit vectors directed along the coordinate axes. Further, 
n0 =  k  and therefore

cos (/;, a )  = n i  = (« — n0) /, 

cos ( // ,> ’) =  n j  =  (ift -  n 0) j ,  

cos {it, z) — n k  — (// — «0) k  +  n 0k  = 1  +  (« — n Q) k , 

whence, using the conditions of Lyapunov smoothness, we have:

|cos (n, .y)| < A r \  |cos (»,jp)| < A r \  |cos (n, z)| > 1 -  Ard. (15.4)

Next we shall estimate the magnitude of z. By the theorem on finite in­
crements

dzz(x ,y)  = x [£1+ y
_ °y J{.
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where (f, if) is a certain point on the interval joining the origin to the point 
(x, .y) in the plane XOY. But from text-books on differential geometry we 
know that

dz _  cos (n, x) dz _  cos (n , y)
dx cos (n , z) dy cos (n, z)

hence
dz A <5

<r Ar dz
dx 1 — Ar6 dy

It

1

For points of the surface which lie within or on the boundary of the sphere 
C3 defined by the inequality

we have

and hence

We shall show that

Ar6 ^  ,
3

1 -  Ar6 ^  — 
3

dz 3 5 dz< — Ar6,
dx 2 dy

z I ^  3Aor6 ^  Q = \J x 2 + y 2 (15.5)

holds for points of the surface S  which fall within the sphere C3. Let OP 
denote the ray which starts at the origin and passes through the point

P(x, j>) in the plane XOY. The plane through the z-axis and the ray OP will 
intersect the sphere C3 in a circle and the surface S  in a certain curve (see 
Fig. 13). Consider the projections on to the ray OP of the points of inter-
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section of the surface S  with the surface of the sphere C3; let Q be that 
particular projection which is closest to the origin. (The set of points con­
sidered is closed; hence there must be one which is closest to the origin, and 
it is clear that it does not coincide with the origin.)

If the point (v, y) lies on the interval OQ, then the point (£, rj) also lies 
on the interval OQ, and the point (£, rj, z(£, rj)) lies within or on the boundary 
of the sphere C3. Hence at this point the inequalities written above for 
\dz/8x\ and \dz/dy\ and also (15.5) are valid.

If the point P(x, y) lies outside the interval OQ but the corresponding 
point of the surface lies within the sphere C3, then the inequality (15.5) 
will be all the more valid:

|z(P)| < |z ( 0 | g  OQ < OP =  q.

Hence (15.5) is proved.
For points of the surface lying within the sphere C3, we have

q ^  r tk 2q.

The left-hand inequality is obvious, and the right-hand one follows from 
the fact that

r = y /  q2 + z2 5S y /  2q2 ^  2 Q.

This enables the inequalities (15.4) and (15.5) to be made more precise. We 
have:

|z| ^  3A 2dql+& ^  6Aq1+5 A

|cos (n, x)| ^  26A q& ^  2Aq6, |cos (/7,y)| ^  2Aq , (15.50

|cos (n, z )| >  1 — 2 Aq >  y . J

Substituting these estimates in the expression for (cos cp)jr2 we get 

cos (p < 2Aq~2+6 +  2 Aq- 2  + 6 + 6Aq~2+s < —  . (15.6)

The integral over that part S' of the surface 5 which falls within the sphere 
C3 can be written in the form

/ , (S) i ^ d s  =
S'

U S )
COS (p 1

cos (n, z)
dv dy

where o' is the projection of S' on to the plane XOY. By (15.5') and (15.6)

US)

where M  = max U S ) -

cos cp
cos (n, z)

< 30.A.M

q2~6
(*)
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Hence the first integral on the right-hand side of

A(S)  SS1JL a s  = COS W
Ji(S) — :—  +

exists; and since the second integral undoubtedly exists, the lemma is 
proved.
Remark 1. The potential of the double layer is a continuous function of the 
point P0 = Q0 when Q0(x0, J 0> z0) moves over the surface.

For the proof we pass from integration over S' to integration over o', and 
notice that the inequality (*), with perhaps a bigger constant factor on its 
right-hand side, will hold not only for a point Q0 coinciding with the origin 
but also for all points sufficiently close to the origin, in which case

q = J ( x  -  x 0)2 +  (y -  jo )2-

So we can apply the criterion for uniform convergence of the integral (§ 1, 
Lecture 7), and then the truth of this proposition follows from Lemma 2 of 
Lecture 7.

As we shall show in a moment, w is a discontinuous function; it suffers 
a break of continuity on passing across the surface S. Let w0 denote the 
value of the potential of the double layer when (x0, y 0, z0) in (15.3) is re­
placed by a point of the surface S ; w0 is a function of a point on the surface.

T h eo r em  1. The function w has limit values as the point (x0, y 0, z 0)  tends 
towards the surface S from the inside and from the outside, and these limits 
are different.
I f  we is the limit value o f  w as (x0, y 0, z 0) tends towards S  from outside, and 

wt is the limit value o f  w as ( v 0, y 0, z 0) tends towards S from inside, then

we = -  2 n f fS )  +  Wq

W,  =  I n f f s )  +  w0

(15.7)

Proof We have

w{P) I/i(S)
J s i  ( t )  dS + A W  —  ( 2 )  d s

? on \ r

= w fP)  + w2{P), say, (15.8)

where P0 denotes some fixed point of the surface S.
The first term, wfP),  in (15.8) is a continuous function at the point P0. 

This follows because the integral is uniformly convergent at this point (see 
§ 1, Lecture 7). For, suppose we surround the point P0 by a domain a(e) 
so small that

| / , (S >  -  / , ( P o ) |  <  e .
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where S  is a point belonging to the domain a(e). Then for any point P lying 
in a certain neighbourhood h{e) of the point P0, we shall have

f f  [ A M - / . ( A > ) ] - £ - =  8
»

d_

dn

]_
r

dS

where r is the distance between the point P belonging to the neighbourhood 
h{s) of the point P0 and the point S  of the surface o; 

a x is the part of o which subtends a positive solid angle at P, 
and o2 is the part of o which subtends a negative solid angle at P.

For a sufficiently smooth surface S  and in any case for a Lyapunov surface 
[by virtue of the condition (d)], both the integrals

* a

dco
v J ^1

a n d dco

will be boundedf. This is sufficient to establish the continuity of Hq at the 
point P0.

The second term in (15.8) can easily be calculated:

> v2(P) fi(Po) 4 -  ( - )  dS = f ^ Po)on \  r !
do> = / 1(P0)-co s(JP)?

where cos(P) is the solid angle subtended by the surface S  at the point P.
Let w2 tend to the limits w2e and w2i as P tends towards the surface S  

from outside and from inside respectively, and let (vv2) 0 be the value of w2 
when a point P0 of the surface S  is substituted for P. In order to evaluate 
these quantities, we must investigate the behaviour of cos(P) on crossing the 
surface S  at the point P0.

Let the point P0 cross the surface S  from inside to the outside. While P0 
is inside the domain bounded by the surface S, c%(P0) =  soon as P0
crosses the surface S  and falls outside it, cos(P0) — 0. Consequently the 
function c% suffers a break in continuity on passage across the surface.

The value of o)s(P0) when P0 is a point on the surface S  has still to be 
determined. To do this, we surround the point P0 by a small sphere a of 
radius and consider the curve / in which the sphere o intersects the surface

f More detailed courses on potential theory, e.g., Gyunter, “Potential Theory and its 
Application to the Principal Problems of Mathematical Physics”, State Technical Pub­
lishing House, 1953, explain the precise conditions for the surface S in order that the

integral d S shall be bounded.
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S. The curve I divides the surface of the sphere into two p a r t s l y i n g  
inside S  and o2 lying outside S. The curve also divides the surface S  into two 
parts — Si lying outside the sphere o and S2 lying inside c. The exterior part 
Si together with o t forms a closed surface to which the point P0 is exterior. 
Consequently the solid angle subtended at P0 by the surface S x is equal to 
the solid angle subtended at P0 by the part of the sphere a.

In order to find the solid angle subtended by the surface S  at P0, it 
is sufficient to determine the solid angle subtended by Si and proceed to 
the limit as the radius rj of the sphere o tends to zero. From what has been 
said, this is equivalent to finding the limit of the angle subtended at P0 by 
the part o2 of the sphere o. It is not difficult to prove that this limit is equal to 
2n, as follows.

We cut the sphere o by the tangent plane to S  at the point P0. As proved 
earlier, the distance from points of the curve / to the tangent plane does not ex­
ceed 6Arjl+s. Thus the curve / lies wholly within a zone on the sphere o de­
fined by |z| ^  6At]1+d.

We set up on o a “geographical” system of coordinates by taking the 
normal to S  at the point P0 as the “polar” axis. In these coordinates, the 
zone within which the curve / evidently lies is bounded by a parallel of 
“south” latitude a 0 and a parallel of “north” latitude a0, where

. _ j 6 AY] . _x c A 5x0 = sin -   = sin 6 Ay  .
n

The angle a 0 clearly tends to zero. Consequently ot tends to become a 
hemispherical surface, and hence the solid angle subtended at P0 by a x tends 
to 2 tc. Thus o)s(P0) = 2rr if P0 lies on the surface S.

Hence
(o>s)e = ~ 27r + (a>s)o, (o)s)i = 2 ?r + (cos)0.

And we have for w2:

w2e = — 2xcfi(P0) + (»v2)0, w2i = 2 Tcfi(P0) +  (w2)0.

(15.7) follows at once from the formula (15.8) and the continuity of wx. 
Since P0 is an arbitrary point of the surface S, our theorem is proved. 
Remark 2. From the continuity of vv^P) and the fact that vv2(P) is, for a 
fixed P0, a constant function both inside and outside SI, it follows that the 
potential of the double layer can be continued from inside SI on to Sand 
also from outside SI on to S  continuously with respect to all the variables. 
In other words, whereas this potential is discontinuous in crossing the double 
layer, it does not change suddenly on crossing either of the single layers which 
together form the double layer; the discontinuity occurs in the double layer 
itself.
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§ 3. Properties of the Potential of a Single Layer

We next investigate the potential of a single layer

»CPo) = - f 2(S)dS .
s r

(15.9)

If the function f 2(S) is continuous, then v(P0) will be continuous every­
where including the surface .S'.

To prove this, we surround the point P0 by a sphere of radius as we 
did in obtaining the inequality (15.6), and we denote by S' that part of the 
surface S  which lies within this sphere. We then split the integral (15.9) into 
two parts, one taken over S' and the other over S  — S'. The continuous de­
pendence of the second integral on the parameter P0 is obvious; we prove 
the continuity of the first integral.

We draw the tangent plane at any point of the surface S' and take it 
as the plane XOY. Then

—MS) dS = - M S ) — —
r cos (n, z)

d.v d j.

At all points of S' we have cos (it, z) > \ ; hence

- M S ) — —r cos (it, z)
2 M  ^  < -----  < 2 M

y j (.v -  a-0) 2 +  (y -  Jo) 2

Therefore, by virtue of the criterion for uniform convergence and Lemma 2 
of § 1, Lecture 7, the function v(P0) must be continuous.

We notice that the first derivative of the potential of a single layer taken 
along any direction v depends continuously on P0 at any point P which does 
not lie on S.  For, on differentiating (15.9) formally, we get

dvjPo)
dv

f f  d

% s dv
) M S )  dS.

The right-hand side of this equality is continuous because the integrand is 
bounded and depends continuously on P0 in the neighbourhood of the 
point P. For the same reason the differentiation under the integral sign is 
valid.

We now go on to investigate the behaviour of the derivatives of the 
potential of a single layer near the surface S. Let n* denote the direction of 
the inward normal to S  at any chosen point Q0 of the surface. The derivative 
in this direction at a point P0 not lying on the surface will be

M P q)
dn*

f  d

J s dn*
) M S )  dS. (*)
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dn* V r
1 dr

r2 dn*
1

—  cos yj0, 
r2

where rpQ is the angle between the radius vector r drawn from P to P0 and 
the direction of the normal n* at the point Q0. For, if we introduce a co­
ordinate system with origin at Q0 and the z-axis parallel to n*, we have

dr
~dn*

dr z0 — z----  = ---------  =  cos y 0.
dz0 r

Hence we can write

f 2( S ) — ^ d S .  (15.10)
r2

We shall prove two propositions.
Lemma 3. The integral

cos xpQ
d S

occurring on the right-hand side o f (15.10) remains meaningful also when the 
point P0 coincides with the point Q0 on the surface and is then a continuous 
function o f the point Q0 over this surface.

For, by virtue of (15.5'), we have for any point P of the surface situated 
sufficiently close to P0 = Qo(0, 0, 0)

cos yi0 z
r2 r3

This inequality is similar to (15.6) and it enables Lemma 3 to be proved in 
exactly the same way as Remark 1 to Lemma 2 was proved in the preceding 
section.

We shall denote the integral discussed in Lemma 3, when calculated for 
a point P0 = Q0 lying on the surface S, by dv/dn0:

dv
dn0

f  d
5 ^

j/zCS) dS.

We shall also denote by dv(P0)/dni and dv(P0)/dne the limiting values of the 
normal derivatives as the point P approaches the point PQ along the normal 
from inside S  and from outside S  respectively.
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T h e o r e m  2. I f f 2 is continuous, then

dv
dne

= 27tf2(P0) +
dv
dn0

dv
dnt -27tf2{P0) +

dv
dn0

\

(15.11)

To prove this we compare dvjdz0 with the potential w of a double layer 
having the density —f 2(S). We form the difference

dv
---------- H’ =
dz0

We shall show that this difference is a continuous function of z0 at the point 
(0, 0, 0). For,

[ J / 2w c o s y ; , co sy ° d.? 05.12)

COS (p — COS I f  o -  * 0  ,  x y  -  J o  f x-------cos (n, x ) ----------------cos {n, y)
r3 r3

-  [COS (« , 2 ) -  1 ],
r3

Let the point (x0, .Po, z0) move along the normal to the surface, i.e., put 
x0 = y0 = 0 ;  then

cos <p — cos y>0 _  x  cos (n, x) y  cos (//, >>)

_  [cos (n, z) -  1],
r3

Using the inequalities (15.5') we have

|x cos (ft, a')| ^  Ai()1+S, \y cos (» ,j) | ^  A ^ 1*5, |l -  cos (n, z)\ <i A ^ 5, 

where A x is a constant. Noting further that

Iz — z01 < r = x 2 + y 2 + (z -  z0)2,
we get

cos <p — cos y>0 < 2 A tf 1+5
+ si id < 3 A t

2 — 5

We surround the point P0 = Q0 by a sphere o of small radius and denote 
by S' the part of the surface that falls within a. We divide the integral (15.12) 
into the two parts, the integrals taken over S' and S — S'. In the first of these 
integrals we switch over to integration over the domain o' in the xjp-plane
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into which S' projects. Then by virtue of the inequality which we established 
above, and by the criterion for uniform convergence in § 1, Lecture 7, the 
integral over o' converges uniformly with respect to the parameter z0 and 
is a continuous function of z0 at the point *0 =  To =  Zo =  0. Hence it 
follows that the integral (15.12) is also a continuous function of z0 at this 
point. Consequently

[" dv
\_dz0

r  dv Tw = ---------w

N O II 1 O 1 CD N 0 1 _

Using Theorem 1 of this lecture, we obtain at once the formulae (15.11). 
Remark 3. The inequality satisfied by (cos cp — cos xp0)/r2 does not depend on 
the particular point of the surface considered. Consequently the derivative 
dv/dz0 will tend to its limit value uniformly over the whole surface S.

Theorem 3. I f  the function f 2(S) is bounded, then dujdnQ is continuous.
For in the proof of Lemma 3 and also of the Remark after Lemma 2, 

we have in fact used only the boundedness of the function f 2(S ).
Theorem 3. Suppose that the density o f a single layer satisfies the con­

dition
I /2CP1) -  A M  < Kr'f (15.13)

where K  and dx > 0 are certain constants, P x and P2 are any two points on 
the surface, and r3 is the distance between P x and P2. Let Q0 be some fixed  
point o f the surface’, we draw the tangent plane and normal at this point.

Then under these conditions, at all points o f the normal (with the possible 
exception o f the point Q0 itself) the potential will have a first-order derivative 
in any direction parallel to the tangent plane. This derivative will vary con­
tinuously along the normal everywhere except perhaps at the point Q0 where 
it may have a removable discontinuity.

As before, we take Q0 as the origin, the tangent plane at Q0 as the plane 
XOY, and we take the x-axis in the direction in which the derivative under 
consideration is calculated.

We shall evaluate this derivative dvjdxQ at a certain point Po(0, 0, z0), 
Zq ^  0, lying on the normal. The derivative may be written in the form of 
the integral

dv
dx0

^ f 2(S )d S
r

and it is continuous at the point P0.
To prove the theorem it is sufficient to show that this integral depending 

on the parameter z0 converges uniformly at z0 =  0 if its value at z =  z0 
(when it might not exist) is chosen in a suitable manner.

We construct round the z-axis a cylinder of radius and height h such that 
at points on the piece S* of the surface S  which lies within this cylinder the
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normal to S  makes an angle with the z-axis not exceeding nj4. If we also 
choose h to be so small that the cylinder falls within the sphere C3 (see 
p. 205), we shall have |z| ^  g.

Let r* — Vx2 + y 2 + z2. We consider the integral

fziQo) — - cos (», z) d S .

This integral is clearly zero for all values of z0 except z0 = 0 for which it 
does not converge; for it can be rewritten in the form

fziQo)
* J + y2 gA 2 yj(x2 + y 2 + Z o )3

dx dy.

where the integrand is an odd function of x.
For z0 =  Owe can define the integral to be also equal to zero. 

Our problem obviously reduces to showing that the integral

or
s*

r r x ( -^(S) _  / 2(go) cos ( n, z) \  d s  
s* \  r3 r* 3 /

(15.14)

converges uniformly at z0 =  0. This is not difficult. For, we have

M S )  M Qo) cos (;lj z) =  M S ) - f . i(6o) + M.Qo) [l -  cos («, z)]
,*3

+ fliQo) cos (/;, z)(-^— -  1r3 r*3

We estimate in turn each of the terms on the right-hand side. We have 

r = y /x 2 + y 2 +  (z — z0)2 ^  g: r* > g: r3 - %/x2 + y 2 + z2 ^  g \ / 2 :

/ 2(5) -  / 2(0 O) < ^ 3 ' <̂

From (15.4) we get

/ 2 ( < 2 o )  [1 ~  cos («, z)]

—  3 —  3 ~  3 1n  q

^  | / 2(0o)| 4̂ ^
k 7

3 — 3—5 'r g
Further,
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The difference of the vectors r and r* is an interval of length z. Therefore, 
by (15.5),

\r -  r* | = |z| g  Ko1+d.
Hence

1 1
3

^  K3 q
1 +<5 1 1

+
3n r r2r*2

+
1

< K*
1

3 | : 3  — <5rr on  r

Returning to the integral (15.14), we see that it may be written in the form

f f
J J x 2+y2Zh2 cos (n, z)

A (S ) U Q o)  cos (n, z ) \  dx ^  (1515)
r*3 j

The integrand does not exceed

^ f Kl  +  t + K i
V Q

K5

independently of z0 (and also of the direction of x). Consequently, by Cri­
terion 2 of Lecture 7, the integral converges uniformly relative to z0 at the 
point z0 = 0, and it is therefore a continuous function for z0 = 0. Hence 
the theorem.

We next examine the gradient of the function v at a point P0 ^  Q0 lying 
on the normal. It can be expressed as the sum of two vectors, one directed 
along the normal and the other parallel to the tangent plane at the point Q0:

grad v(P0) = k  + (grad v \
on

where k  is a unit vector in the direction of the inward normal.
Remark 4. It follows from the proof of Theorem 4 that the vector (grad v)r 
tends to a definite limit

f ( grad — f i(S )  dS1 
Pô QoJ J s \  r Jz

when P0 tends to Q0 along the normal either from inside or from outside SI, 
and it does so uniformly relative to the point Q0 on the surface.

T h e o r e m  5. Under the conditions o f Theorem 4, the vector grad v has 
continuous limit values (grad v)t and (grad v)e on the surface S to which it 
tends uniformly when the point P tends to Q0from inside and from outside the 
domain SI respectively.

We consider, for definiteness, the case when the point P tends to Q0 
from inside the domain SI.

When a point P0 moves along the normal to a point Q0 on the surface S, 
it actually follows from Theorems 3 and 4 that the vector grad v tends to
E M P  8
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a certain limit value, which we denote by (grad v){. And this convergence 
is uniform in relation to the point Q0. Hence, by virtue of the fact that a 
Lyapunov surface has a continuously varying tangent plane and because of 
the condition (b), p. 202, it follows that the vector function (grad v)t is a 
continuous function of the point Q0.

We now show that when the point P tends towards the point Q0 along 
any path from inside Si, the limit of gradu will exist and will be equal to 
(grad v)i} and also that the convergence to this limit will be uniform.

For, the value of grad v at a certain point P0 lying within a sphere of 
radius rj with centre at Q0 will be little different from the value of (grad v)t 
at the point Qi on the surface S  which is closest to P0 (P0 obviously lies on 
the normal to S  at the point Qf). But the value of (grad v)t at Q1 is, in its turn, 
little different from the value of (grad v), at Q0, because of the continuity of 
the function (gradu)j on the surface S.

The theorem is proved for the case when the point P moves towards the 
point Q0 from outside the domain SI in exactly the same way.
C o r o l l a r y . The function v has continuous derivatives of the first order up 
to the boundary everywhere within, and also everywhere outside, the domain 
SI.

It is sufficient to notice that the first-order partial derivative in any di­
rection is equal to the projection of the vector grad v in that direction.

T h e o r e m  6 . I f  the density v(Q) o f the potential of a single layer is a contin­
uous function o f the point Q o f the surface, then the value of dvfdn0 as a 
function o f position on the surface satisfies the condition (15.13) of Theorem 4.

To prove this, we consider the difference

where rt and r2 arc the vectors joining Q to Qx and<22,
and n is the unit vector along the inward normal at the point Q.

We surround the point <2i by a sphere Cn of radius = [riQi,Q2)]i . Wc 
suppose that the points Qu Q2 are so close together that rj is less than the 
radius h of the Lyapunov sphere (see (b), p. 202).

Let o be the part of the surface S  falling within the sphere Cn. We split 
the integral A into the two terms A(Q1,Q2) = Ia +  Is_a, where

Let Q' be a variable point on S, and »•' the vector joining Q and Q’. The vector 
r'/r'3 is a continuously differentiable vector in the domain S — o. The deriv­
atives of its components do not exceed 4jr'3. Hence we can apply the formula
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for finite increments to obtain the result

r
r

1_
3
1

< 12C
=  .3 r ( Q i ,  Q i ) -

Thus for the integral Is_a we get

U s-J ^  C A Q ^ P ,)
dS

3
r i f e r ( Q i , Q 2 ) *  r l

= Ci t i Q^ QMA  + f f
- h £ r i g r ( Q i , Q 2)

d S l

mJ1
where C, and A are constants, and h is the radius of the Lyapunov sphere.
But within the Lyapunov sphere dSjr\ ^  C2q~2 dp dy  (see p. 206). There­
fore

\ i s - , \  £  C A Q t ,  Q i )  { [ V 1]  +  a \ ^  C A Q i , Q 2 y .
IL  JT K Q i.C h)* J

Further,

h \ ^  c .
/»

^  i s + f f
» « O g r j g r C Q , ,  0 2 ) ^  r l J  J  0 £ r 2 g 2 r ( Q , , Q 2 ) *  r 2

By using the earlier inequalities (p. 206) we get

|4 | ^  K,

Hence the theorem.

r l2r lQ , ,Qz)V ±
+ r\ \2Q-1 + 0 dQ ^  K2r(Q1,Q 2)2 .

§ 4. Regular Normal Derivative

We shall have to apply Green’s formula later on to harmonic functions 
represented in the form of potentials of a single or double layer. In order to 
be able to do this we have to impose further restrictions on the type of 
surface S.

We first of all make an important remark. We obtained Green’s formula 
(5.16) on the assumptions that the functions u and v have continuous first- 
order derivatives right up to the boundary and that V2w and V2u are integrable 
within the domain.

Let us assume that our surface S  is such that the functions by means of 
which it is expressed in parametric form

x =  x(A, /x), y  = y(X, fx), z = z{l, fx) (15.16)

have continuous derivatives up to the second order inclusive with respect to 
the parameters.
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At each point of this surface we construct the normal n and mark off 
an interval of constant length £ along the normal. The locus of the ends 
of these intervals is given by the equations

x x = x + £ cos (n, x), y x = y  + £ cos (n, y), z x = z +  £ cos (n , z),

and describes a certain surface S x which can be called a surface “parallel” 
to S.

It is easily shown that the surface S x has a continuously varying tangent 
plane. To do this, we consider the parametric equations (15.16) for the 
surface S. The components of the normal vector

nx{X, fi) , n f l , ju) , nz{X, fi)

can continuously be differentiated once with respect to A and /<. Substituting 
these expressions in the equations for x x, y x, z x, we obtain a parametric re­
presentation for S x which will clearly have continuous first-order deriv­
atives with respect to A and fx; and this implies that the surface S x will have 
a continuously varying tangent plane.

Now let us suppose that the functions u and v are such that Au and Av 
are continuous within the domain Suppose that u and v have continuous 
normal derivatives on any surface S x “parallel” to S  and lying within it.

Suppose further that the normal derivatives [du/dn]Sl and [5d/5«]Si defined 
oil the surface S t tend uniformly to continuous limit functions (px(5>) and 
<p2(S) as S x tends to S. We shall call these functions the normal derivatives 
of u and v on the surface S  and denote them by [du/dn]s and [dv/dn]s. We 
shall say in this case that the functions u and v possess regular normal deriv­
atives.

T h e o r e m  7 . I f  u and v are two functions harmonic in a domain SI and 
possess regular normal derivatives, then they satisfy Green's formula

To prove this, it is sufficient to apply Green’s formula to a surface S L 
“parallel” to the given surface S, and then to take the limit as S x tends to S.

From Theorem 2, Lemma 3 and Remark 3 of this lecture it follows that, 
if the density f 2(S) is continuous, then the potential of a single layer has re­
gular normal derivatives.

§ 5. Normal Derivative of the Potential of a Double Layer

The condition for the existence of a regular normal derivative of the 
potential of a double layer is given by the following theorem.
Lyapunov's Theorem. The necessary and sufficient conditions that the solution 
o f Laplace's equation V2« = 0 in the domain SI bounded by the surface S, which
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satisfies the condition [«]s =  f(S ) , (the solution o f the Dirichlet problem), 
should have a regular normal derivative are that the potential W  o f the double 
layer, expressed by using the function f(S ),

1
r

d S ,

should have a regular normal derivative both from outside and from inside and 
that the values o f these regular normal derivatives should coincide.

To prove this theorem, we consider the function

vv(Po) =
— W  if P0 is inside ft ,
— W  if P0 is outside ft ,

w(P0) will be harmonic both inside and outside the domain ft. Further, 
it will be continuous throughout space except on the surface S, where it has 
a removable discontinuity. This follows from Remark 1 of this lecture and 
the fact that the jump of the function w(P0) on crossing the surface S' is, 
as may readily be seen, equal to [«(P0)]s — f(S )  = 0.

If the function u(P0) has a regular normal derivative dujdn, then the 
function w(P0) will coincide with the potential of a single layer

dS._ _ L r r  } _ d u _

471 } )  S r dn

For in this case, by Green’s formulae (9.4) and (9.6) we have

1
4n f  —c on

— dS -
u(P0) if P0 is inside ft , 
0 if P0 is outside f t ,

whence

1
4n f  —t on

— dS

u(Po) + 4 71

1 3
------— dS1 if P0 is inside f t ,
r dn

1 dti
-------- dS1 if P0 is outside ft
r dn

Thus the potential, W, of the double layer is expressible as the sum of two 
functions having a regular normal derivative from both sides of the surface 
S, and consequently it too has a regular normal derivative from both sides 
of S. The jump of this derivative, by Theorem 2 of this lecture, is zero.
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Consequently, the limit values of the normal derivative outside and inside 
the surface coincide.

We have proved that the conditions of the theorem are necessary. We 
now show that they are sufficient.

We note first of all that if a continuous, regular normal derivative of the 
function W  exists, then the function w may be regarded outside Si as the 
solution of the Neumann problem with the specified continuous values of 
the external normal derivative

But, as will be proved in Lecture 19 independently of the present proposition, 
the solution of such a problem is presentable as the potential V* of a single 
layer with a continuous density! v(S). This potential will coincide every­
where with the function w(P0), since their difference F*(P0) — w(P0) is a 
function which is harmonic in SI, continuous throughout space, and identic­
ally zero outside SI. This implies the existence of a normal derivative dwjdn0 
regular from inside Si. But inside Si we have

du dW  dw
-----  -------  + ------ .
dn dn dn

Hence, since w and W  have regular normal derivatives, u must also have a 
regular normal derivative, as was to be shown.

§ 6. Behaviour of the Potentials at Infinity

The last important property of the potentials of a single and a double 
layer which we shall analyse now is their behaviour at infinity. We prove 
that if the surface S  is bounded, the potential of a single layer will decrease 
at least as rapidly as 1 [ R0, and the potential of a double layer will decrease at 
least as rapidly as l/P^, when R0 = \/.Yq + y l  +  z 2Q tends to infinity.

For, when R0 is sufficiently great, we clearly have

r =  J  (x -  x 0y  +  o  -  >’o) 2 +  (z -  z 0y
=  J  (*o +  y 20 +  zo) -  2(**o +  yyo  +  zz0) +  (* 2 +  y 2 +  z2)

2 ( x y 0  + yy0 + zz0) -  (x2 + y 2 + z 2)
(.Yq +  y l  +  Zo)

2RR0 -  R 2 > R ^
R l 2 ’

v:=  V  X , +  y l +  Z,.

t  See page 261.
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Hence

B E H A V I O U R  OF P O T E N T I A L S  AT I N F I N I T Y

as was to be proved.
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R E D U C T I O N  O F T H E  D I R I C H L E T  P R O B L E M  
A N D  T H E  N E U M A N N  P R O B L E M  TO  

I N T E G R A L  E Q U A T I O N S

§ 1. Formulation of the Problems and the Uniqueness of their Solutions

Let S’ be a closed and sufficiently smooth surface. Let SI ibe the volume 
enclosed by S, and SI 2 the infinite domain external to S which is also bounded 
by S.

We consider four problems:

1. The Internal Dirichlet Problem.
To find a function u harmonic in SI2 and satisfying the condition

M s -  M S ).

2. The External Dirichlet Problem.
To find a function u harmonic in SI2 and satisfying the conditions

(a) Ms = M S )
(b) lim u = 0.

K-* co

3. The Internal Neumann Problem.
To find a function u harmonic in S li  and satisfying the condition

4. The External Neumann Problem.

To find a function u harm onic in SI 2 and satisfying the conditions

(a)

(b) lim u =  0.
R —► 00

2 2 2
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Before showing how actually to find the solutions of these problems we 
investigate some of their properties.

T h e o r e m  1. The Solution o f the Dirichlet problem, internal or external, 
is unique.

The proof is quite simple. It follows from the principle of the maximum. 
The difference of two distinct solutions, if they existed, would in the case of 
the internal problem be a harmonic function equal to zero on S; in the case 
of the external problem, the difference of the two solutions would be har­
monic, and zero on S  and at infinity. Consequently the difference of solutions 
cannot take within the domain either positive or negative values, since 
otherwise it would attain its positive maximum or its negative minimum, and 
this is impossible. Hence in both cases the difference of the two solutions is 
always zero.

T h e o r e m  2 . A solution of the external Neumann problem which has con­
tinuous first-order derivatives right up to the boundary is unique: and a solution 
of the external problem is determined to within an arbitrary additive constant.

As regards the surface S, it is sufficient to assume that it satisfies the 
Lyapunov conditions. We deal with the internal problem first. Using Green’s 
formula, which is applicable under the conditions we have here adopted, we

If now v is a harmonic function and if dv/dn vanishes on the boundary, then

9a

and this implies

dv
dx

dv dv _  dv _
dx dy dz

dx dy dz =  0,

Hence it follows that v is a constant.
Now let uu u2 be two solutions of the internal Neumann problem. Then 

their difference v is a harmonic function whose normal derivative vanishes 
on the boundary of the domain. As we have just proved, such a function is 
a constant. Hence the theorem in the case of the internal problem.
E M P  8 a
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The internal Neumann problem is not always soluble. A necessary and 
sufficient condition for its solubility is that

f 2(S) dS  = 0.

The necessity of this condition follows in an obvious way from Green’s form­
ula (5.16) on putting v = 1. We shall prove its sufficiency in Lecture 19.

For the external Neumann problem we take a sphere 27 of radius ,4, where 
A is a sufficiently large number, and let f t  3 be the volume enclosed between 
27 and S. By the foregoing,

If v is a harmonic function which tends to zero at infinity and which is such 
that [dv/dn]s =  0, then the left-hand side of the above equation is as small 
as we please by choice of A. For, by Theorem 1, Lecture 12, on 27 we have

and

Hence

A
dv M  
~dn = ~A2

r M 2 f  fv ----diS <
ft ft v dn A 3 J d S = 4 n M 2

A

d.v dy dz < e

for any e > 0, and this is possible only if

dv dv dv
dx dy dz

Hence v is a constant. But this constant can only be zero, for otherwise v 
would not tend to zero at infinity. The difference of two solutions of the 
external Neumann problem is therefore zero, and hence the solution of this 
problem is unique.
Remark. The assertion in Theorem 2 remains true if the limitation on the 
first derivative of the function v is weakened while that on the surface S  is 
made more rigorous, namely, by supposing that the surface satisfies the
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conditions of §4, Lecture 15, and that the solution has a regular normal 
derivative. For, in proving Theorem 2 we used only Green’s formula and 
this remains applicable under the conditions stipulated in this remark. It 
would also be possible to prove the uniqueness of the solution of the external 
Neumann problem under even weaker conditions.

§ 2. The Integral Equations for the Formulated Problems

The properties of potentials which we established in the last lecture enable 
us to solve the Dirichlet and Neumann problems for any domains which 
are bounded by sufficiently smooth surfaces by reducing the problems to the 
form of integral equations.

For, suppose we wish to find, for example, the solution of the internal 
Dirichlet problem. We assume that the required function u is the potential 
of a double layer with an as yet unknown density /u(S) :

u w T  fi(Sx) cos <p d s

J s

As we already know, the potential of a double layer is a harmonic function. 
We shall impose on w the condition that its limit value from within the 
domain shall be equal to f f S ) :

Wi = /i(5 ) .
From equation (14.7) we have

W[ = 2tz[jl{S) + w0 =  27i/u(S) + j  J  <“^ 1̂ 2C0S ^ dSi

where r is the distance between the points S  and Si of our surface. Thus we 
have for /u(S) the equation

/4S) = fi(S)
2 71 2 7t

cos <P d s
(16.1)

If, for brevity, we denote (\/2ji)fi(S) by F fS )and [(1/2tt;) cos  (p\jr2 by K(S, S j) 
(this last expression being obviously a function of the two points S, S t on 
the surface), then we arrive at the equation

f*(S) = Fi(S) -  J J K(S, f*(Si) dS. (16.2)

Integral equations o f this form for the unknown function / fS )  are known 
as Fredholm integral equations o f the second kind. We shall shortly begin to 
study such equations.

Inexactly the same way, the Dirichlet problem for an external domain 
bounded by the surface S, i.e., for an infinite domain bounded by S, can be 
reduced to a Fredholm equation of the second kind. For, again seeking a
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solution in the form of the potential of a double layer with the condition 
we =  fi(S ), we similarly obtain for the unknown density /u(S)

We =  —2  TCfx{S) +  w 0 .
whence

MS) = + ‘
cos (p

Denoting

2rc 2n j  j  ^

f ,(S )

dS.

2n

f<S) = &,(S) +

by 0 X(5) we obtain

K(S, S ,) p iS ,) dS. (16.3)

This is an equation of the same type as (16.2).
The internal and external Neumann problems can also be reduced to the 

solution of integral equations.
We shall seek a solution of the internal Neumann problem in the form of 

the potential of a single layer

As in the preceding case, we have

dv dv
=  - 2 w (S )  + —  = f 2(S),

0t2q
whence

K s ) = _ ^  +  »
2 n 2n

v(S,) cos ip0
dS ,. (16.4)

The angle ip0 is obtained from the angle cp by replacing the point S  by S , . 
Hence, putting

f 2(S)
2n

we get for v(S) the equation

v(S) = F2(S) +

=  F2(S)

K(S , ,  S) viS,) dS ,. (16.5)

Finally, if we seek a solution of the external Neumann problem in the 
form of the potential v of a single layer, we get

dv
dnn

- 2 7iv(S) + v(S,) dS, = f 2(S)
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or

Putting

v(S) = Ms)
2 71 2n

M M
2 tc

we get for v{S) the equation

cos xp0 diSi

(S),

v(S) = 0 2(S) - K(S1}S) v(S1) dS i. (16.6)

If we succeed in finding functions p, and v to satisfy the equations (16.2), 
(16.3), (16.5), or (16.6), then the corresponding problems of mathematical 
physics will be solved. The theory of such integral equations will be studied 
in Lectures 18 and 19.



LECTURE 17

LAPLACE’S EQUATION AND P O I S S O N ’S 
EQUATION IN A PLANE

§ 1. The Principal Solution

We have already discussed Laplace’s equation and Poisson’s equation 
in space in sufficient detail. But it frequently happens in practice that the 
function u does not depend at all on one of the variables, say z, and then

du _  d2u _  
dz dz2

In this case these equations become equations in two independent variables. 
The problems which we previously posed for space can now be posed in the 
plane XO Y  for the equation

V2w
d2u
dx2

d2u
+ -----

dy2 q(x , y ) .

where q(x , y) may sometimes be identically zero.
We shall consider certain properties of such two-dimensional problems 

which distinguish them from the three-dimensional case.
Exactly the same as in space, it is easy to prove that a function which 

is harmonic in a certain domain D of the plane XOY  attains its maximum and 
minimum values on the boundary of this domain. Hence it follows, by the 
former arguments, that the solution of the Dirichlet problem for any bounded 
domain is unique. However, as we shall see later, the Dirichlet problem for 
an unbounded domain, as it was previously formulated, no longer has any 
meaning. To pose the problem of finding a harmonic function which shall be 
equal to zero at infinity is meaningless for the two-dimensional case. The 
fact is that a solution which will vanish at infinity does not, in general, exist, 
and any question about the uniqueness of such a solution is pointless.

We have here two other lemmas similar to those proved in Lecture 9.
L em m a  1 . The function loge l/r = —log r, where r = \/(x  — x 0)2 + (y —y)2, 

is a harmonic function o f the variables x  and y.

228
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For,
d2 . 1 2(x -  x0)2
—  log. / • = - - +  4

i- r*dx2

d2
dy2

! o g . r -  _ ± +  20’ - * , ) 2
,.4

whence, by addition,

V2 loge — =  0. 
r

Lemma 2. I f  a function u is continuous and has continuous second-order 
derivatives within a domain D, boundary s, containing the point (x0> j>0)> then

u(x0 , y 0) =  -  ~  J  J loge J  V2m dx d>>

+
2 n

' d f l o g . -
u

dn
d? (17.1)

d/dn here denotes the derivative along the inward normal to the boundary 
curve s.

I f  the point (x0, y 0) ties outside the domain D, then

— j ' J  loge V2z/ d-v dy

1
+ —  

2n
^ U  =  o.
dn J

(17.2)

The proof of this lemma is exactly analogous to that of Lemma 3 in 
Lecture 9, and we shall not go through it.

It can also be proved, as before, that if the function u has a singularity 
at the origin, is harmonic in the neighbourhood of the origin, and satisfies the 
inequality

|m| < —  where R = J x 2 + y 2,
Rn

then u can be expressed in the form

u = Y  I  ai J J ^ — (logc^ )  + u*, 
m  = 0 i + j  = r t i  OX OyJ \  R  J

(17.3)
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where u* is a function which is harmonic throughout the domain including the 
origin.

The following theorems are valid.
T h e o r e m  1 .Ifu(R , d) is a harmonic function, thensoisv(R, 6) = u(l/R, 6) 

(R and d here are polar coordinates in the plane.)
T h e o r e m  2 . I f  u(R, d) is harmonic for large values o f R and satisfies the 

condition

where u* is bounded (and harmonic).

§ 2. The Basic Problems

The problem of finding a solution over the whole plane for Poisson’s 
equation in two independent variables

which will vanish at infinity is, in general, insoluble, and we shall not deal it. 
We may remark that the integral

extending over the whole plane (if q is different from zero only in a finite 
domain, then the domain of the integral will effectively be finite) is never­
theless a particular solution of Poisson’s equation, but it will in general in­
crease without limit at infinity. This integral is known as the logarithmic 
potential o f a distributed mass.

The Dirichlet problem for a half-plane, with certain limitations on the 
boundary function, has a solution among the class of functions which vanish 
at infinity. Let the function f f ix )  satisfy the inequality

u\ ^  ARn,

then it can be expressed in the form

V2h = q ( x ,  jO

where a > 0.

The solution of the equation
V2u = 0

subject to the condition
[u]y= 0 = / l W ,



§ 2  THE BASIC PROBLEMS

and vanishing at infinity, will have the form

231

1 f +ro d (  1 \
u(x0, j 0) =  —  —  log* — l/i(x ) dx

2n dn \  r J

1 f +CD

71 J - O O

where <p is the angle between the radius vector drawn from the point (x, 0) 
to the point (x 0, j 0) and the direction of the inward normal to the boundary 
of the domain at the point (x, 0).

The reader will easily be able to derive the proof for himself.
The Neumann problem for the half-plane not only has no solutions 

which vanish at infinity; it has not even any bounded solutions. If we write 
the solution of this problem formally as an integral which we may regard as the 
potential of a single layer in the planef [compare (13.9)]

1 f +0° 1
----- loge — fi(x )  dx,

n  J - o o  r

then this integral will increase without bound as the point (x0, j 0) moves 
away to infinity. We shall not deal with this problem.

The Dirichlet problem for a circle is solved by a method similar to that 
used in solving the same problem for a sphere. If (x1( j x) is the point inverse 
to (x0, j 0) with respect to a unit circle round the origin, i.e., if

cos (p , 
------- fi(x ) dx

x i
x0

2 , 2 ’ 
*0 T- Jo

J  i =
Jo 

2 2  9 
x o +  Jo

then for a point on this circle, as before, r —

r =  J  (x -  x0)2 + ( j  -  J o )2 , rt = V  (x -  x x)2 +  ( j  -  J , ) 2 ,

and R0 is the radius vector of the point (x0, j 0)-
Let (x0, Jo) be an internal point of the circle R  ^  1. Applying Green’s 

formula to the solution of the equation V2w = q we get

« (* 0 , Jo)
1

2 71
Q l o g e  — dx d j  

R < 1 r

du . 1— loge -  
on r

dS. (17.4)

Since (xl5 j x) lies outside the circle, the function loge l/i?0G is a harmonic

t  We deal with this, the so-called logarithmic potential, in § 3 of this lecture.
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function everywhere inside it, and by virtue of the remark made about the 
formula (17.2) we obtain

+

1
2 TC 

1
2n

Q loge
Ro^i

■ dx d_p
R S I

f  9<U----
=  i l  dn

l̂Oge i \ du
-  —  log, 

onR 0 r i  J

dS  = 0. (17.5)

Subtracting (17.5) from (17.4) and writing

, 1 , 1  1 , 1G(x, y, x0,y0) = ---- loge -------------------loge — ,
2 re R tfi  2tc r

gives

»(*o, Jo) = I | qG(x , y ,  x 0, y 0) dx d;>-----— I u — -  dS. (17.6)
J J k 5 i 2 t t J j?=1 dn

Green’s function G is a symmetrical function of the points (x, y) and 
(x0, Jo); consequently it is a harmonic function of (x0,y 0). Clearly, it is 
identically zero for all x, y  if (x0, j 0) lies on the boundary.

If the problem of finding a solution of Poisson’s equation satisfying 
the condition

[u]s = f i(j), (17.7)

is soluble, then the solution will have the form (17.6). In the particular case 
when [u]s = 0, the solution is given by the formula

u(x0, J o ) qG d.v dy.
R <  1

(17.8)

It is easily verified that the function u given by (17.8) does in fact solve the 
problem. For,

qG dv: dy
R< 1

_  i r2.T J . Q l o g e  — dx d y  

R < ,1  ' '

1
2 TC

Q lOge
K ̂  1

1

iV i
dx d j.

It can be shown that the first term is a logarithmic potential of a distributed 
mass, satisfying the equation V2v — q, and the second is a harmonic function. 
Consequently, (17.8) gives a solution of Poisson’s equation, and it is im­
mediately obvious that this solution satisfies the condition [u]s =  0.

We transform formula (17.6) by substituting in it an explicit expression 
for G. In polar coordinates, replacing x, y  by R and 6, and x0, by R 0 and
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0o, we get for the coordinates of the point x t , y t the expression 1 /R 0, 0O. 
Also

loge — = — loge [R2 + R 2o -  2RR0 cos (0 -  0O)], 
r 2

loge --- —  = -  — loge [R2R l -  2RR0 COS (0 -  0O) + 1].
R 0rt 2

Green’s function may then be written in the form

G =  —  {loge [R2 +  R 20 -  2RR0 c o s  ( 0 -  0O)]
4 71

-  loge [R2R 2o -  2RR0 c o s  (0 -  0O) +  1]}
and

T dG ~\ _  1 — R +  R 0 cos (0 — 0o)
L dn J R=1 2n\_R2 + R l -  2RR0 cos (0 -  0O)

_  -  R R 2q + R 0 cos  (0 -  0O) I
R 2R 20 -  2RR0 cos  (0 -  0O) + 1 J R = 1

_  J ___________ R 2q -  1_________
271 R l -  2R0 cos (0 -  0O) + 1 *

The solution of the Dirichlet problem for the circle then becomes

u ( R 0 > 0 o) — —
2jc

p + n l -  R t

- nR 20 -  2R0 cos (0 -  0O) + 1
f m  d©.

a result known as Poisson’s formula. It can be verified that this formula does 
really give the solution of the problem in the same way as was used for the 
three-dimensional case.

The external Dirichlet problem for a circle is solved in a similar way. 
This is the problem of finding a function u which is harmonic outside the 
circle R = 1, satisfies the condition [w]s =  f f s )  on the boundary, and which 
is bounded at infinity. This last condition makes the two-dimensional external 
Dirichlet problem essentially different from the three-dimensional one. We 
shall not stop to go into this problem. The formula giving its solution will 
have the form

ll(Ro,e o) =  _ L  r  _ — ^ --------------
271 J R 0 -  2R0 c o s  (0 -  0O) + 1

f fO )  d0.

From Poisson’s formula for harmonic functions inside and outside a 
circle, all the results which were obtained in the three-dimensional case 
follow, with hardly any change in the method of proof.
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§ 3. The Logarithmic Potential

The concept of potentials can also be carried over to functions of two 
variables.

An integral of the form

V = J  l0ge p(s) ds

is called the logarithmic potential o f a single layer. It is a harmonic function 
outside and within the domain D bounded by the curve s. The function is 
continuous on crossing s, but its normal derivative suffers a break in con­
tinuity. If we form the integral

—  Aoge —)  p(s) ds 
J  s  d n  \  r  J

where the derivative is taken for varying x 0 and y 0, then it turns out to be 
meaningful if the point (x0, y0) lies on the boundary. If we denote its value 
by [dv/dn]0, we get

The quantity [dv/dn]0 can be expressed in the form

cos rpo dj

where ip0 is the angle between the radius vector from the point (v, y) to the 
point (v0>J'o) anc  ̂ t îe normal at the latter point. The function (cos ip0)!r is a 
bounded function provided only that the curve j  is sufficiently smooth.

In general, the logarithmic potential of a single layer is not bounded at 
infinity.

An integral of the form

M' p{s) dj = p(s) COS (p

J S
dj

where (p is the angle between the radius vector from the point (x, y) to the 
point (v0, y0) and the normal at (v, y), is called the logarithmic potential o f a 
double layer. It is a harmonic function both inside and outside the domain D 
bounded by the curve s. On s the function suffers a break in continuity. If 
(x0, y0) Hes on the boundary curve, which we assume to be sufficiently smooth,
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then (cos y)[r is a bounded function and the integral w is meaningful. Denoting 
its value in this case by w0, we shall have

The logarithmic potential of a double layer vanishes at infinity.
And as with the three-dimensional case, the Dirichlet and Neumann 

problems can also be formulated in the plane. There are, however, certain 
special features in the external problems. In the external Dirichlet problem, 
instead of requiring that the function u shall vanish at infinity, we have to 
impose the condition that it shall be bounded in the neighbourhood of an 
infinitely distant point. The Dirichlet problem then has a determinate and 
unique solution.

In the external Neumann problem we have, as before, to seek a solution 
which vanishes at infinity, but, in contrast to the earlier case, this problem 
will, in general, have no solution. The necessary and sufficient condition 
for a solution to exist is that

where f 2{s) is the value of the normal derivative on the boundary.
In this respect the internal and external two-dimensional problems are 

more similar to one another than they are to the three-dimensional analogues.
The reader would find it beneficial to prove the foregoing assertions for 

himself.
The Dirichlet and Neumann problems can, as before, be reduced to 

integral equations. We leave this reduction too for the reader to carry out.
For the integration of the two-dimensional Laplace equation there is an­

other extremely powerful method, based on an application of the theory of 
complex variables. Here we shall only indicate the essence of this method, 
without going into details.

We consider any analytic function w(z) = u + iv of the complex variable 
z = x  + iy. Taking x and y  as the independent variables and applying the 
Laplace operator to w, we get

We =  — Jlfl +  W0 ,

Wt = JTfA, + W0,

It follows that the function w(z) is a harmonic function of the variables x 
and y; consequently its real and imaginary parts, u(x,y) and v(x, y), will 
also be harmonic within the domain in which w is analytic.
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We now introduce a new independent complex variable f  =  f  4- irj and 
put z — where rp is any analytic function. Then

a =  rj), y  =  y(£, rj),

and the analytic function u(z) will go over into an analytic function of the 
variable t  •

w*(0 =
Hence the functions

u*(i, rj) = u(x(£, rj),y(£, rj)),

»*(£, v) =  »(*(£> y )>y ( £ ,  v))
(17.9)

will again be harmonic functions of the variables f  and t] .
In the theory of functions of a complex variable it is shown that the 

formulae (17.9) define a conformal mapping of the x, y  plane on to the 
f, r) plane, and that any conformal mapping can be obtained in this way. It 
follows from this argument that a harmonic function of the variables x, y  
within a certain domain remains harmonic when this domain undergoes a 
conformal transformation.

For any simply connected domain f t  of the jc, y  plane we can obtain a 
solution of the Dirichlet problem in the following way. We find a conformal 
mapping

a = x(£, rj), y  = y(£,  rj)

which carries the domain f t  over into a circle. It is proved in the theory of 
functions of a complex variable that such a mapping always exists. The 
function w*(f,»?) must be harmonic within the circle and take specified values 
on its circumferences; it can be constructed by using Poisson’s formula. Then 
going back to the variables x , y ,  we obtain the required solution of our 
problem.



LECTURE 18

THE THEORY OF INTEGRAL EQUATIONS

§ 1. General Remarks

We have already seen in earlier lectures that the solution of certain prob­
lems of mathematical physics can be made to depend on the solution of 
equations of the form

(p(P)  = K ( P , P i )  ( K P i )  dP i  + f ( P ) ,
J D

(18.1)

where D is a certain domain over which the points P and Py vary. The func­
tion K{P, P i) of two variable points of this domain is called the kernel, and 
(p(P) is the unknown function.

Suppose that the domain D lies in n-dimensional space, and let the co­
ordinates of the point P and P x be {x1, x 2, . . . ,x„) and {x [ , x2, ...,x'„) 
respectively; then the kernel K(P, P2) is a function of the 2n variables 
(x1}x 2, ..., xn, x [ , x 2, and the functions cp(P) and f (P)  are func­
tions of n variables, (p(xx, x2, ..., x„), f { x x, x 2, ..., x„); and these variables 
may vary only in such a way that the points P(Xi, x 2, x„), Pi(x^, x 2, ...,
x'n) do not go outside the domain D.

If, in particular, the domain D is one-dimensional and connected, then 
the position of the point P is defined by a single coordinate x, and the integral 
equation takes the form

cp(x) = f  K(x, x') cp(x') dx' + / ( x).

We are about to begin a systematic investigation of equations of the 
form (18.1), which are generally known as Fredholm integral equations o f the 
second kind.

We shall assume the functions K  and /  to be real. We shall introduce 
other restrictions such as boundedness, continuity, and so on, as the need 
arises.

Later we shall encounter equations which can have not one, but many 
solutions. But in all such cases we shall not regard functions as being differ­
ent if they are equivalent, i.e., if they take different values only on a set of 
measure zero.

237
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For Fredholm integral equations, as for all linear equations, the following 
theorem holds:

T h e o r e m  1. The general solution o f the equation (1 8 .1 )  has the form

<p(P) = cPo(P) +  rp*(P)
where <p0(P) is some particular solution o f the equation (18.1) 
and <p*(P) is the general solution o f the equation

<P(P) = J  K(P, P x) cpiP,) dP , . (18.2)

We shall call (18.2) the homogeneous equation corresponding to equation 
(18.1).

It is clear from this that if the corresponding homogeneous equation has 
no solution other than the trivial one <p*(P) = 0, then the equation (18.1) 
cannot have more than one solution.

§ 2. The Method of Successive Approximations

We shall examine first, in §§ 2, 3 and 4, a few special cases; this will 
enable us to pass on to a more general treatment of the problem.

Instead of equation (18.1) we shall consider a more general equation of 
the form

<p(P) = *
f

K(P, P t) <p(P0  dP, +  /(F ) ,
J D

(18.3)

the so-called equation with a parameter.
Let us suppose that the domain D of variation of the point P is bounded; 

we shall denote the volume of this domain by the same letter D. Let us further 
suppose that the kernel K(P, P x) is a summable function of the pair of 
variable points P, P 1 in the space of 2n variables, and that

|A(P, P,)| dP, ^  M
J D

where the constant M  does not depend on the position of the point P.
In the applications of the theory with which we shall be concerned, the 

function K(P, P ,) will have only a finite number of manifolds of a smaller 
number of variables (i.e ., of points, curves, surfaces, etc.) on which it suffers 
a break in continuity. If we exclude these manifolds together with a volume, 
as small as we please, surrounding them, then the function K(P, P t) will be 
continuous in the remaining part of the domain.

We shall assume that f (P)  is a bounded, measurable function:

sup |/(P ) | = L < co.
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This condition will be fulfilled if, for example, /  is bounded in D and is 
bounded everywhere except, perhaps, on a finite number of manifolds of 
lesser dimensionality.

We shall also regard the function (p{P) as being bounded and measurable.
If the value of X is small, the idea naturally occurs of seeking a solution 

of the equation (18.3) in the form of a power series in X

<p(P) = <p0(P) + f  Xk<pk(P). (18.4)
t=i

Substituting this expression in (18.3), we get

<Po(P) + Z  * W )  = 2 K(P, P Jk= 1 k= 1
<Po(Pi) + I  ^ V w J d P i  +  /(P ) ,

from which we get by comparing coefficients of powers of X on the two 
sides,

<Po(?) = /(P )>

<Pi(P) = J K(P, P J  <p0(P J  dP,

<pk(P) =  I K{P, P J  dP,

(18.5)

The relations (18.5) allow all the functions cpk{P) to be calculated step by 
step. For, all the integrals on the right-hand sides are meaningful, since the 
integrands are the products of bounded functions by summable functions. 
Estimating the right-hand sides of these equations in turn, we get

|?o(P)| ^  L t |^ (P ) | ^  |  |K{P, P1) \ L d P 1 ^  LM,  

and, in general,
h ( P ) |  ^  LMK

Hence by the Lebesgue-Fubini theorem (Lecture 6), the functions (pk(P) are 
measurable.

For brevity, we denote the function

HP)  =  j  A%P, P J / t P j  dPx
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by the symbol Af .  And as we have seen, \Af \  ^  M  sup | / | . We shall call A 
an operator on the functionf  and we shall consider powers of the operator A :

A(Af)  — A2f ,  A(A2f )  = A 3/ ,  . . . ,A (Am~\f) = A mf .
Clearly,

A m+nf  = Am(A'f).

In this notation, (18.5) takes the form

<pk(P) = Akf .  (18.6)
Also, as we have seen

\Akf \  ^  M k sup | / | .  (18.7)

This operator A has an important property:
T h e o r e m  2. I f  a sequence o f bounded, measurable functions f k tends uni­

formly to a limit function f Q :
fo  =  l im /ft,

k-+  oo

then
Afo = lim A fk

k - * o o

and the sequence A fk also converges uniformly.
For,

\4fk ~  A f0\ = |A {fk -  / 0)| ^  M  sup | f k -  / 0|.

C o r o l l a r y . If the series

Z  M P )  =  u ( P )*=i
converges uniformly, then

Au(P) = Z  Auk(P).
k = 1

In our new notation, (18.3) takes the form

cp -  XA<p = f ,

or, writing Ecp = q>, where E  is the identical or unit operator, we have

(E - X A )  <p = f .

If we substitute in (18.4) the expression for <pk from (18.6), we get, and so 
far merely formally, the equation

(p{P ) — f  + XAf  +  X 2A 2f  + ••• +  XkAkf  +  •••. (18.8)

The absolute value of the terms in the series on the right-hand side will, by 
(18.7) and if \XM\ < 1, be less than the terms of the convergent, positive
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numerical series

I  SUP l/l = SUP \A T- TJTT7 ■
k  = 0  1 —  /  M

Consequently, for a fixed X satisfying the condition \X\ <  1 jM, the series in 
(18.8) converges uniformly, and (18.8) does indeed define a certain measur­
able function q>(P). Also,

9 ^  E  Mh SUP | / |  = SUP | / |
k =  0

____1____
1 -  | 2 |  M  '

We now verify that the function (p(P) which we have obtained does satisfy 
equation (18.3). Substituting the expression for (p from (18.8) in the left-hand 
side of (18.3), we get

(E -  lA)

If we show that this expression is identically equal to / ,  our assertion will be 
proved. The series in the square brackets converges uniformly. By Theorem 2 
we have

(E -  1A) / +  I = / + E ^ M y -  l A f  -  X 2**1 Ak+1f  = f .
fc=1 k= l

(18.9)

Thus we have proved that the function y{P) given by (18.8) is a solution of 
the integral equation (18.3).

The uniqueness of the bounded solution subject to the condition | X | M  < 1 
is easily proved. For, assuming that the integral equation (18.3) is satisfied 
by <p, we apply to both sides the operator

E + f  XkAk,
k =  1

which is taken to have the meaning that

( e +  f  XkAk) f  =  , f +  X XkAkf .
\  k =  1 J  k = l

We then obtain

E  + X **4k l(E -  XA)<p\ = E + X *kAk ) f .
k =  1 k =  1

Removing the brackets on the left-hand side, we find
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Hence

<P =  ( e  +  £  /■

Consequently the solution must be expressed by formula (18.8) and is 
unique.

If we introduce the notation

B = E -  U ,
then the operator

E  + £  XkAk
k= 1

will naturally be denoted by B~l . The equations (18.9), (18.10) then take the 
form

BB~if  =  /  (18.11)

B~1B f = f  (18.12)

w here/is any measurable bounded function. These formulae serve to justify 
our notation.

§ 3. Volterra Equations

In certain particular cases it may happen that the series (18.8) converges 
over the whole plane of the complex variable 2. We examine a case of this 
sort.

Let the domain D of a single variable be the ray a  > 0,

let <p(x) = 11  K(x,y)  <p{y) dy + /(.v).

and suppose that the kernel K(x, y) has the property that

K(x, y)  = 0 if y > x,
and that it is bounded,

\ K ( x , y ) \ S M .

Then the equation will take the form

(p{x) = /ij* K(x, y) cp(y) dy + f ( x ) .

Equations o f  this type are known as Volterra Equations.
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Assuming as before that the function /  is bounded (less than the con­
stant L) and is measurable, we can estimate the magnitude of A kf .  We have:

\Af \

\A2f \

W A

K{x ,y ) f{ y )d y  ^  

K (x ,y ) (A f)d y  

K (x ,y ) (A2f ) d y

<

<

L M d y  = L

| M L - -  dy

7 m l  A A L
o 1-2

M x
T

= L 

dy =

M 2x 2
1.2

M 3x 3 
1.2.3

\Akf \ M kx k
k\

Consequently, any term of the series (18.8)

/  + XAf + l 2A 2f  + + AkAkf  + •••

does not exceed in absolute magnitude the corresponding term of the series

AkM kx kr r AMx T P M 2x 2 L + L ------- + L ■
1! 2!

+ + L
k\

which converges over the whole 2-plane. It follows that the series (18.8) for 
any fixed x: converges uniformly in any finite circle of the 2-plane and is a 
completely analytic function of 2. For a fixed 2 it converges uniformly on 
any finite interval of values of x, and this implies, as before, that it is the 
unique solution of the integral equation considered.

§ 4. Equations with Degenerate Kernel

We consider one more particular class of integral equations, for which 
the theory is easily constructed. The results obtained turn out to be valid also 
in more general cases. We shall examine the integral equation (18.3) when its 
kernel has the special form

^ , A )  = Y J <Pi{P)Vi{Pi)- 08.13)
i = i

A kernel of this form, (18.13), is said to be degenerate.
Let us say that the system of functions <Pi(P), <p2 (P)> • • • > <Pn(F) is linearly 

independent if there are no constants alf a2, ...,ocN which are not simultan­
eously zero such that the linear combination

«i <Pi(P) + «2 <p2 (P) + ••• + <xN(pN(P)
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is equivalent to zero (see p. 237 for the meaning of “equivalent”). We can 
regard the system of functions <fi(P), (p2(P), ■■•,<Pn(P) and also the system 
y>i(P), y 2(P), . Vn(P) as being linearly independent in the domain D, for 
otherwise one or more of these functions could be expressed as a linear 
combination of the remainder and we should be led to a kernel of the same 
form but with a smaller number of terms.

Unless some special proviso is made, we shall in future regard the func­
tions <pY, . . . ,  <Pn > Wi  > ■ • • > W n  as being bounded and having only isolated dis­
continuities on a finite number of smooth surfaces.

The equation (18.3) for a degenerate kernel takes the form

cp(P)
N

* H <pi(p) 1= 1

/%

WiiPx) <?CPi) dP, + /(P ) (18.14)

and consequently the difference <p(P) — f(P )  must be a linear combination of 
the functions <Pi(P), 1= 1,2, N, with constant coefficients. Putting

N

(p(P) — f(P ) = %Y,lxk(Pk(P) and substituting this expression in (18.14), we
k= 1

get
N N

T  ak<Pk(P) = * £  <Pl(P) 
— 1 / =  1

j fcZ  a*P*(P i) j  Wi(Pi) d i5!

N  f

+ 1
1 =  1

V i ( P i ) f ( P x )  dPi-

Since the functions <pt(P) are linearly independent, the coefficients of the 
same functions must be the same on both sides of this equation, and so we 
obtain the system of equations

where

N

<*l -  * £  ak™kl = fi.k= 1
1 = 1 ,2 ,  . . . ,N , (18.15)

- <Pk(Pi) YhCPi) dP i, (18.16)

/ « = J  / ( P O ^ O d P i .  (18.17)

The system (18.15) is equipollent with the integral equation (18.14). We 
denote the matrix of the system (18.15) by M(X):

1 — m j j 1 -  m X2% ••• ~  m lNA

M(X) = — m21A 1 -  m22l — m2N^

-  m N -  m N2X 1 — m nn2
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The solubility of our system depends on the determinant det M  = |M(A) | 
of this matrix. Clearly there are two cases:

I. det M  =£ 0,
II. det M  =  0.
In case I we have the following theorem:
T h e o r e m  3 . The system (1 8 .1 5 )  for values o f A for which d e t  A f  #  0  

is uniquely soluble for any f ,  and the equation (1 8 .1 4 ) is soluble for any 
function f .

In particular, the equation

Cf(P) = I
J  D

K(P, P J  cpiP,) dPlt (18.18)

which we called the homogeneous equation corresponding to (18.3), will in 
this case have only a trivial solution.

The first assertion of this theorem is proved in the algebra text-books; 
and the second assertion follows immediately from the first.

In case II, for values of A for which det M  = 0, the system (18.15) is 
not soluble for all/ , ,  and consequently the equation (18.3) is not soluble for 
all functions / .

In this case the system of homogeneous equations

* i - ^ / « A  =  0 I = 1, 2, N  (18.19)
t=i

has N  — q linearly independent solutions, where q is the rank of the matrix 
M(A). Let these solutions be a(f ,  . . . ,a ( f ,  S =  1,2, . . . , N —q. The 
equation (18.18) will obviously also have exactly N  — q linearly independent 
solutions.

As is well-known, when their determinant is zero, a system of inhomo­
geneous equations may have no solution. We recall some of the necessary 
and sufficient conditions for the solubility of the system (18.15).

By virtue of the condition det M  = 0 the left-hand members of (18.15) 
are not independent; a linear combination of them can be formed which 
will vanish identically. For, if we multiply the equations of (18.15) by pt and 
add, we get

N

1 =  1
Y  <*i0i -  * E Z m k l a k p t = £ cck p k - A f ]  Y  m k , z k p ,

1 = 1 k  = l

N N N

k= 1 
N

= Z  ak
The p, can be chosen so that

k = l

k= 1 1 = 1
N

Pk ~  ^ Y  mklPl
1 =  1

N

i -  1

N

Pk -  ^ Y mkiPi = o,
i = i

k  =  1 ,2 ,  ..., N. (18.20)
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The determinant of the system of equations (18.20) is equal to det M  = 0. It 
is proved in the theory of algebraic equations that the number of linearly 
independent solutions of (18.20) is again equal to N — q. Let these solutions

A necessary condition for the equations (18.15) to be soluble is that

= 0, j  = 1 ,2 ,  ..., (N -  q), (18.21)
/= i

and it is proved in the theory of algebraic equations that this condition is 
also sufficient.

Just as the system of equations (18.15) corresponds to the equation (18.3), 
and the system (18.19) to the equation (18.18), so a correspondence can be 
established between the system (18.20) and the equation

H ^ i) 2
JD

K(P, Pi) y(P) dP (18.22)

which we shall call the homogeneous equation allied to the equation (18.18). 
Substituting the expression for the kernel K(P, P x) and repeating exactly the 
previous argument, we can show that the solution of the equation (18.22) 
must have the form

V>(’V i )  =  £  # 'V ,(A ). (18.23)
1= X

where the /5[s) are numbers satisfying (18.20). Hence the following theorem.
T h e o r e m  4. The homogeneous equation (18.18) and the equation (18.22) 

allied with it have the same number o f linearly independent solutions. This 
number r = N  — q, where q is the rank o f the matrix and N  is the number
o f terms in the degenerate kernel (18.13).

We emphasize that the homogeneous equations (18.18) and (18.22) have 
a non-trivial solution only for those values of 2 for which the determinant 
of the matrix A/(2) vanishes. These values of 2 are called eigenvalues or 
characteristic values for the equation. The number of linearly independent 
solutions r = N  — q corresponding to a given characteristic value is called 
its rank.

If we substitute the expression for f  in the equation (18.21) we get

f f(P) I  ( f )  dP =  0 (18.24)
J  D i =  1

or

/(P ) Wis\P )  dP = 0, s = 1 , 2 , . . . ,  (N q). (18.25)
J D

It is clear that (18.21) and (18.25) are equipollent.
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We shall say that two functions are orthogonal if  the integral o f their pro­
duct over the domain D is equal to zero.

We have thus proved the following theorem:
T heorem 5. The necessary and sufficient condition for the equations (18.14) 

to be soluble in case II, i.e., when det M  = 0, is that its free member f  should be 
orthogonal to all solutions o f the allied homogeneous equation.

It is clear that in this case the general solution of the equation (18.14) 
takes the form

cp(P) = tp(o\P )  + f c s<pu)(P), (18.26)
s= 1

where <pw\P )  is some particular solution,
and / S)(P), s = 1,2, ..., (N — q), are particular solutions of the homo­

geneous equation (18.18).

The conditions (18.25) are independent of one another, for we can show 
that if as is a set of (N — q) arbitrary numbers, then a function /(P )  can be 
found such that

j  /(P ) y>u\ P )  dP = as, s =  1,2,  ..., (N  -  q). (18.25')

We first prove that for any given set of numbers / ,  a function f(P )  can be 
found for which the equations (18.17) are satisfied.

We shall seek the function /(P )  in the form

f(P ) = £  YiWt(P)-
i=i

We multiply this equation by ipt and integrate over the domain D. We obtain 
a system of equations for the y t:

f i  = Zy< $ Wi(P) Vi(P) dP, 1=  1,2,  ..., N,
i= 1

which are soluble since their determinant is the Gram determinant! for the

f  Translator's note. For ^functions y>.,,..., y>N, the determinant with xpppj dft 
as the element of its /th row andph column is known as the Gramian or Gram determinant. 
This determinant is zero if and only if the functions y)t are linearly independent in ft , 
provided suitable restrictions are imposed on the functions y>t :

e.g., if ft is a bounded, closed set, that

(а) each be continuous, and

(б) each y>t be measurable, and | 1 be summable.

See p. 243 for the meaning of ‘linearly dependent’.

E M P  9
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system of linearly independent functions and is therefore positive. Thus 
the solubility of the system (18.25') will be proved if we show that the system

£ /« .  $ s) = as, * = 1,2,  .... (N — q) (18.21')
i = i

is soluble. The latter system is soluble, since, due to the linear independence 
of the system of numbers P(2S), (s = 1, 2, q), the
rank of the matrix ||j8{s)|| of the system of equations (18.2k) is equal to 
(N — q), i.e., to the number of equations, and consequently the rank of the 
principal matrix of the system is equal to the rank of the augmented matrix. 
Remark. Theorem 3 follows essentially from Theorems 4 and 5. For, if the 
number of linearly independent solutions of the associated equation and of 
the corresponding homogeneous equation is zero (the number of solutions of 
these two equations is always the same), then the conditions for orthogonal­
ity drop out, and the inhomogeneous equation will be uniquely soluble.

Up to now, in considering equations with degenerate kernels, we have 
assumed that the functions <pt(P) and rpt(P) do not contain the parameter A. 
Let us now suppose that the functions (pt(P) and y,(P) do depend on the 
complex parameter 2 and that they are analytic over the domain of variation 
of this parameter. Then the determinant of M  will also be an analytic func­
tion of 2 in this domain ft. Then inside f t, the second case, i.e. det M  = 0, 
can occur only at isolated points, since det M, as an analytic function, can 
have only isolated zeros. This result can be expressed as a theorem.

T h e o r e m  6. I f  in an equation with a degenerate kernel the functions of which 
the kernel is composed are analytic functions o f the parameter 2 in a certain 
domain of the A-plane, and if  the equation is soluble uniquely with any right- 
hand side (even i f  only for one A), then the second case (det M  = 0) can 
occur only at isolated points of domain ft.

As we shall see, Theorems 3, 4, 5 and 6 hold good not only for equa­
tions with degenerate kernels but also for more general equations. In the 
more general case they are known respectively as Fredholm’s first, second, 
third and fourth theorems.

§ 5. A Kernel of Special Type. Fredholm’s Theorems

Having discussed the solution of integral equations within a circle 12 1 < 1 /M  
and also the solution of equations with degenerate kernels, we now pass on 
to the analysis of a more general case. Suppose that the kernel of equation 
(18.3) has the form

K(P, Pf> = £  Xl(P) i f Px) + K f p ,  P0
i = i

(18.27)
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and

IK,(P, A ) ^  ^  M

|K t(P, A ) | d P ^  M.
D

Then equation (18.3) takes the form

(18.28)

(18.29)

HP) ~  * K ,(P , P ,) <?<A) dP,

s i*
= * E  X‘(P)i=i

f«(A) <p(Pi) dP, + f{P ) (18.30)

We shall consider equation (18.27) for values of X satisfying the condition 
| A1 < l/M  (M  now has a meaning different from that in §2). We again 
introduce a symbolic notation

<P(P) ~  * A (A  P J  95(A ) dP1
J D

= (E -  XAj)(p - Bxy,

HP) +  E  *k4 kix  = P H x-k = 1

We also use the corresponding notation for the associated equation

W(Pi) ~  * J Ki(P> Pi) HP) dP = (E -  XA*)xp = Bfip. 

It is easily verified that, if we put
00

B *~l£(Pi) =  f(A ) + E  XkA *ki(P a).
k= 1

then, similar to (18.11) and (18.12),

B fB t - ^ ( P i )  = £(A ), B f~ 1Bfip(P1) = ipiP,).

We shall also use the formulae

[B^iP)] HP) dP =I HP) [P* HP)] dP (18.31)

[B-HyXPmP) dP Z(P) [B f- '^P )]  dP. (18.32)
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These are easily proved. We have

HP)[AM P)] dP W {P )\\ K,(P, P,) H P J  dP,
D U  D

dP

f*
Ki(P, p,)  HP)

J D
d P l dP 1

J  D
HP  i) [A*HPi)) dP ,.

Hence we immediately obtain

HP) {[E -  /U JW  dP = f HP) {[E -  ?.A*]rp} dP.
J  D J  D

The formula (18.32) is proved in the same way.
Using this notation (18.30) may be written in the form

Bi<P = * X  Xi(P) h(P i) H P i) dP, + f{P). (18.33)

We introduce a new unknown function by putting B M P )  = %{P), whence 
HP) = %{P)- Substituting this expression in the equation (18.30) and
using (18.32), we get

H P) = * I  xi (P) £,(P\) [B IlyXP\)] dP, + f(P )

= J I  x,(P) [ B t- 'U P J ]  xXPv)dP, + A P ). (18.34)

Thus the equation (18.30) has gone over into an equation with degenerate 
kernel (18.34) for the new unknown function %(P) and having the same free 
term, and the solution H P) ° f  equation (18.30) has gone over into the solu­
tion %{P) ° f equation (18.34). Conversely, if %(P) is a solution of (18.34), 
then the function HP) = ^ i 1 X(P) will be a solution of equation (18.30). 
To prove this, it is sufficient to substitute for x(P) in (18.34) its expression 
X(P) = B M P)-

We shall show that Theorems 3, 4, 5, 6, which, by what has already been 
proved, hold good for the new integral equation as regards %{P), will also 
hold for the original equation (18.30) if |A| < 1 j M .

We set up the associated homogeneous equation for (18.34):

H P,) -  a i i t f - W i ) Xi(P) HP) dP = o
D

(18.35)
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and denote its left-hand side by &>(.Pi). The function co(Pj) vanishes if and 
only if

B?co(Pi) = 0. (18.36)

This implies that the equation (18.35) has just the same solutions as the 
equation (18.36) has. But

=  BtxptP,) - X,(P) HP) dP

=  B fH P i) z I  U P i) Xi(P) HP) dP,

and consequently (18.36) is the associated homogeneous equation for (18.30). 
Thus the associated homogeneous equation for (18.34) and the associated 
homogeneous equation for (18.30) are equipollent.

Using the theory which we have developed we can establish all the Fred­
holm theorems for the original equation.
Fredholm’s Second Theorem. The number q o f linearly independent solutions 
of the homogeneous equation corresponding to equation (18.30) is the same as 
the number o f linearly independent solutions o f the equation (18.36) associated 
with it.

It is sufficient to show that the number of linearly independent solutions 
is the same for the homogeneous equation corresponding to (18.34) and for 
(18.36), which are equivalent to the equations under consideration. But the 
number of such solutions for the homogeneous equation corresponding to 
(18.34) and for (18.35) is the same by virtue of Theorem 4, which we have 
proved for an equation with a degenerate kernel. Hence the theorem. 
Fredholm’s Third Theorem. The necessary and sufficient condition for the equa­
tion (18.30) to be soluble is that its free member should be orthogonal to all 
solutions o f the associated homogeneous equation (18.36):

f{P)xPi(P)dP  = 0, / = 1,2,  . . . ,q .  (18.37)
J D

We remark that the solutions xpi(P) of the equation (18.36) are solutions 
of equation (18.35), and the free members of (18.30) and (18.34) are the same. 
Hence, by Theorem 5 which has been established for an equation with a 
degenerate kernel, the conditions (18.37) are necessary and sufficient con­
ditions for the solubility of (18.34). But equation (18.30) is soluble if (18.34) 
is soluble, and vice versa. Hence the conditions (18.37) are also necessary 
and sufficient conditions for the solubility of (18.30). Hence the theorem. 
Fredholm’s First Theorem. I f  the equation (18.30) is soluble for any function 
f(P ) on its right-hand side, then the solution is unique, and this implies that the 
corresponding homogeneous equation has only a trivial solution. Conversely,
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i f  the homogeneous equation has only a trivial solution, then the equation is 
uniquely soluble for any function f(P ).

As mentioned earlier, this theorem is a corollary of Fredholm’s second and 
third theorems.

Our previous Theorem 6 can now be formulated extremely simply in the 
present case:
Fredholm’s Fourth Theorem. The characteristic values o f A have no limit- 
points inside the circle |A| < l/M.

The proof follows from the fact that A = 0 will not be a characteristic 
value for (18.30), since for this value of A there will be no other solutions than 
%{P) = f(P ). By Theorem 6 for equations with degenerate kernels, the 
characteristic values for equation (18.34), and hence also for equation (18.30), 
cannot have limit-points inside the circle |A| < l/M, where the functions 
which compose the kernel are regular. Hence the theorem.

We have proved Fredholm’s four theorems for integral equations whose 
kernel can be expressed in the form (18.27). The kernels encountered in 
applications of the theory can often be approximated to by a sum of the form

with any degree of accuracy, in the sense that the number M, the upper bound 
of the integrals

can be as small as we please.
For kernels of this type all the Fredholm theorems are valid in a circle 

of arbitrarily large radius, and the unique limit-point for the characteristic 
values of A can be taken to be at infinity.

We shall prove that this will be so if, for example, the following conditions 
are fulfilled (as is often the case in applications of the theory):

(1) The domain D is a certain n-dimensional manifold in a certain A>dimen- 
sional cube SI i :

0 g  A'! ^  1, 0 ^  X2 ^  1, . . . .  0 ^  ,Yk ^  1

(or a continuous 1-1 mapping between D and such a manifold can be 
set up);

I  X,(P) f.(i’i)

(2) the kernel K(P, P ^  is a function which is continuous in a 2//-dimensional 
manifold and which can be continuously continued in the 2/odimensional
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cube SI 2 ■
0 ^  x t g  1, /' = 1, 2, k

0  ^  ^  1 /' =  1, 2 ,  k .

where x { denotes the coordinates of the point P in the cube SI x and y,- the 
coordinates of the point P x in the same cube.

It is clear that both these conditions will be satisfied if, for example, the 
domain D is a surface in three-dimensional space and the function K(P,PX) 
is continuous for variation of P and P x over this surface.

We now pass on to the proof of our assertion.
By a well-known theorem due to Weierstrass on the approximation of 

continuous functions by means of polynomials, it is always possible to 
represent a function K(P, P x) which is continuous in the closed 2/c-dimen- 
sional cube by means of polynomials in 2k variables to any specified degree of 
approximation. But polynomials in x i} i = 1,2, k a n d y {,i  = 1,2, . . . ,k ,  
can always be put into the form of a sum of products of functions which 
depend only on x x, x 2, . . . ,  x k by functions which depend only on y x, y 2, ... y k, 
as was to be proved.

It is clear from the very method of constructing the solution of the Fred­
holm equation in our case that this solution will be an analytic function of 
the parameter X over the whole plane, with the exception of the singular 
points, which are the characteristic values of X and which are isolated points.

§ 6. Generalization of the Results

In order to obtain the results set forth in § 5 of this lecture, it is not 
necessary to require that the kernel KX(P, Px) shall satisfy both the conditions 
(18.28) and (18.29). It is sufficient if just one of them, say the first, is satisfied. 
We shall suppose that (18.28) is satisfied, but we make no stipulation about 
the integral

We shall prove the following fundamental property of the operator A *: 
if the function rp(P) is summable, then the function %{PX) is also summable 
and

K t f ^ J l d P .

We put

yXPS) = A*xp = K x{P ,P x)v{P )6 P .
D

(18.38)
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To prove this we consider the function of 2n variables K ^P , P 1)xp(P). 
This function is measurable, since it is the product of two measurable func­
tions. Moreover, it is summable as a function of 2n variables. For, the in­
equality

P x)| d P, I d  P ^  M  \xp(P)\d P
D

clearly holds. The repeated integral on the left-hand side evidently exists. 
Hence, by the Remark made after the Lebesgue-Fubini theorem (Lecture 6, 
§ 8, p. 123), the double integral

O O

|V(P) K(P, P J\ dP dP,

exists, and consequently so does the double integral
* /%

% % DD
y>(P) K fP ,  P x) dP dP*

and moreover the order of integration may be changed. This implies that both 
sides of the inequality

K,(P, PO xp(P) dP dP i ^ K A P^Pi) v ( P ) | d p l d P , ,

are meaningful and the inequality is valid. But

J  O

|K X(P, P x) y ( P ) |d p | dPi =
Jo  J

|y>(p )|
J O

\K fP , P i)| d P ij  dP,

which, together with (18.28) immediately gives (18.38).
T h e o r e m  6 . I f  the sequence xp k converges in the mean to a function ip0, i.e., 

i f  the integral J"D \xp0 — xpk\ dP converges to zero, then the sequence A* ipk con­
verges in the mean to A* ip0.

For,

\A*ip0 -  A*xpk| dP = \A*(ip0 -  ^ t)| dP ^  M ■ |y0 -  Vk| dP,
JO J o

from which our assertion follows.

J  o

In particular, if the series v = £  uk is convergent in the mean, then
k= i

A*v = £  A*uk and the series on the right converges in the mean.
k=l

Consider the integral equation

B*xp = (E -  HA*) xp = x (18.39)
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associated with equation (18.3). Just as we found a solution of (18.3), we can 
obtain a solution of this equation in the form of a series

V> = B*~kx — X + ^A*% + P A *2x + ••• + XkA*kx + •••• (18.40)

We shall prove that the formula (18.40) really does give the solution of 
(18.39) within the circle \).\ < \/M .

We show first that the series on the right-hand side of (18.40) converges. 
Applying the inequality (18.38) successively gives

/•

\A*x\ dP ^  M
/»

|* |d A
J  D J D J  D

A *2x dP ^  M 2

Hence

\A*kx\ dP ^  M k \x\dP, .... 
Z) J D

/» m + p

I  XkA *kx dP ^
J D k = m

m + p  a  m + p  /»

Z  dP = Z  |2|k |y4*fĉ |d / >
k — m j k = m J D

<
m + p
Z  \X\k M k
k = m X \dP.

In the circle | A | < 1 /M  we have
/% m + p

I  XkA *kx
J D k =  m

dP < |* |m M m 
1 -  \X\ M

(%

J o
|x |dP.

For a sufficiently large m the right-hand side of this inequality can be made 
less than any previously specified number. Consequently, by the theorem on 
convergence in the mean (Lecture 6, Theorem 23), the series (18.40) con­
verges in the mean, and its sum, denoted by B*~1x, is a summable function 
of the variable point P ^.

We next prove the identities

B * B * 'l£ = f, (18.41)

B*~lB*tp = ip. (18.42)
We have

B*~l B*ip = {ip -  XA*ip) +  XA*(ip -  XA*y>) +  X2A*\ip  -  XA*ip) +  • • •

+  XkA*k(ip —  XA*ip) +  • • •  =  ip.

Further, using Theorem 6 and the convergence in the mean of the series, 
we get

I  + XA*£ + P A * 2£ + ••• + XkA *k£ + •••
E M P  9a
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we find

(E -  U * )  {£ + U * £  + r-A *2£ + ••• + XkA *k£ +  •••) =  f ,

whence
= £.

The last identity expresses the fact that the function B*_1x is a solution of 
equation (18.39). The identity (18.42) shows that is the unique solution, 
for from (18.39), on applying to both sides the operator B*~x, we get 
xp =  B*~1x.

The remaining considerations for equations whose kernel satisfies only 
the one condition (18.28) are the same as those adduced in § 5.

§ 7. Equations with Unbounded Kernels of a Special Form

We consider a kernel K(P, P ^  where the points P, P 1 belong to a bounded 
domain D, and let r be the distance between the points P and P1. We suppose 
that the kernel K(P, P 2) is continuous everywhere over the aggregate of 
points P, P x for which r ^  0, and that when r -> 0 the kernel may tend to 
infinity but will satisfy the inequality

over the whole domain D, where 0 < a < n, n being the dimensionality of 
the space.

We shall prove that for a kernel of this type all our conditions are satisfied 
and that in this case the kernel K(P, P 2) can be put into the form (18.27), 
the constant M  in the inequalities (18.28) and (18.29) being as small as we 
please.

We consider the function

K*(P, P t) = min ^ ( ^ P * ) , - ^ -

where <5 is a given positive number.
We shall estimate the integral

The difference K(P, P t) — K*(P, P x) can be different from zero only in the 
domain r < <5, for at all other points K(P, Pj) ^  A/d* and this implies that 
K*(P, Pj) = K(P, Pj). The function K(P, P 1) -  K*(P, Pi) is everywhere

\K(P, P ,)| <  - -
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non-negative and for r ^  <5 it satisfies the inequality
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0 g  K(P, A )  -  * * (A  A )  S  ^  -  y \

Hence we get

|*CP, P t) -  * * (P , P x)| dP, = f [K(P, P t) -  K*(P, P,)] dP t 
J D  J D

^  A d Pi
£

2

for any given e, provided only that (5 is sufficiently small.
The function K*(P, Pi), being the minimum of two continuous functions, 

is continuous for r ^  0. In the neighbourhood of the surface r =  0 it is a 
constant, A/8X, and consequently it is also continuous there. Thus, from 
§ 5, this function can be put into the form

K*(P, P ,) = £  Vl{P) wAPi) + K2(P, Pi),
i = 1

where
/%

|K2(P, Pi)\ dPi ^
J d 2

Consequently,

K(P, P ^  = £  cpiP) rp^Pi) + K2(P, Pi) + [K(P, P ^  -  K*(P, />,)].
( = i

Putting
Ki(P, Pi) = K2(P, Pi) + [K(P, Pi) -  K*(P , P J ] ,

we shall have

Ki(P, P x)| dP, ^ \K2(P ,P i) \d P i  + f  I ^ P .P J  
D J D

K*(P,Pi)\dPi

£.

Thus for kernels of the type considered, Fredholm’s theorems are valid over 
the whole plane of the complex parameter A, just as they were for continuous 
kernels: and this is what we had to show.
Remark. It follows from the inequalities that have been established that the 
operators of the form considered in this section carry any bounded, sum- 
rnable function over into some continuous function.



LECTURE 19

APPLICATION OF THE THEORY 
OF FREDHOLM EQUATIONS  

TO THE SOLUTION OF THE DIRICHLET  
AND NEUMANN PROBLEMS

§ 1. Derivation of the Properties of Integral Equations

The theory which we have developed for Fredholm equations enables us 
to proceed to an immediate solution of the Dirichlet and Neumann problems, 
which we earlier reduced to the problem of finding solutions of certain 
integral equations. We begin with a few auxiliary propositions.

We shall always suppose in future that any surface S  is either smooth in 
the Lyapunov sense or satisfies the conditions of § 4  of Lecture 15.

L e m m a  1. Let the surface S  satisfy the conditions o f § 4  o f Lecture 15, 
let v(S) be a continuous function, and let the potential

o f the single layer have an external normal derivative [8vldn]e which is identi­
cally zero on S.

Then the density v(S) is identically zero.
Proof The potential of the single layer is a harmonic function outside the 
surface S  and tends to zero at infinity like 1/r. Its normal derivative from 
outside S  is zero on S. In accordance with the definition in § 4 of Lecture 15 
and by Remark 3 in § 3 of that lecture, this normal derivative will, under 
the conditions of this lemma, be regular.

By virtue of the Remark appended to the theorem on uniqueness of solu­
tion of the Neumann problem (Lecture 16, § 1, Theorem 2), the potential 
under consideration coincides outside the domain bounded by S  with the 
trivial solution of the Neumann problem, i.e., it is identically zero.

The potential of a single layer is a function which is continuous through­
out space. Consequently its limit value from within the domain is also zero. 
We now apply the uniqueness theorem for the internal Dirichlet problem. 
The potential under consideration is a harmonic function inside S. Its limit

258



§ 1 P R O P E R T I E S  OF I N T E G R A L  E Q U A T I O N S 259

value on the surface is zero. Consequently it is identically zero. Hence the 
limit value of its normal derivative from inside S  is also zero.

Using the fact that
dtT  
dn _e

- 47tv(S) (19.2)

and noting that the normal derivative has zero as its limit value both from 
inside and from outside S, we see that the density v(S) is zero, as was to be 
proved.

If the limit value of [dvldn]i on S  is zero, then by the theorem on the uni­
queness of solution of the Neumann problem, the function v is a constant 
inside S.

L e m m a  2. I f  v(S) satisfies the same conditions as in Lemma 1, and if

= 0 and i f  vt = 0.

then the density is identically zero.
The proof is almost the same as for Lemma 1. The potential v is a con­

tinuous function, and this implies ve — 0. From the uniqueness of solution 
of the external Dirichlet problem it follows that v is identically zero outside 
S  too. But then formula (19.2) gives v(S) = 0, as was to be shown.
Remark. In proving Lemma 1 and 2 we have used the Remark appended to 
the uniqueness theorem (Lecture 16, §1, Theorem 2). It would also be 
possible to weaken the conditions regarding S  and treat it as a Lyapunov 
surface; we should then use Theorem 6  of Lecture 15, the identity f 2 = 0, 
equation (16.4), the Corollary to Theorem 5 of Lecture 15 and Theorem 2 
of Lecture 16.

Lemmas 1 and 2 enable us to proceed immediately to the investigation 
of the Fredholm equations for the Dirichlet and Neumann problems, which 
we derived in Lecture 16. We obtained the equations:

for the internal Dirichlet problem:

dv_
dn

o) + K(S0> S) fx(S) dS = 9f S oy, (19.3)

for the external Neumann problem:

v ( s 0) +  t f ( s ,  So) V(S) d s  =  yOSo); 
J J s

(19.4)

for the external Dirichlet problem:

KSo) ~ K(S0, S) p(S) dS = (p(S0); (19.5)
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for the internal Neumann problem:

KSo) -
J J s

The kernel K(S0, S) has the form

K(S, S0) v(S) dS  = rp(S).

K(S0, S) =  2 -  • ^ 1 ^ )  
2jt r2

(1 9 .6 )

(1 9 .7 )

By (15.6) we have

|*(S0, ^ 2 — 3

Consequently the kernel K(S0, S ) is one of the bounded kernels of the 
special type considered in Lecture 18, since here we have, using the notation 
of the previous lecture (see § 7, Lecture 18),

n = 2, a = 2 — <5 < n.

Thus for these equations all the Fredholm theorems are valid.
The results obtained in Lecture 18 were for integral equations in which 

the domain of integration D was a plane. Nevertheless the results there 
obtained are applicable in the present case, because a Lyapunov surface may 
be divided into a finite number of pieces and we can then pass from integra­
tion over any piece of the surface to integration over that plane domain into 
which this piece projects, on a tangent plane to the piece at some point Q. 
In this process, by the third inequality of (15.5'), we can suppose that the 
function under the integral sign is multiplied by a quantity

0  <  --------- ----------- <  3 ,
cos (nQ, n)

where nQ is the inward normal at the point Q,
and n is the direction of the normal at the current point of integration.

§ 2. Investigation of the Equations

T h e o r e m  1. Equations (1 9 .3 )  and (1 9 .4 )  always have unique solutions. 
Proof. Suppose that the integral equation

KSo) +
/»

K(S, S0) v(S) dS = 0
J * S

(1 9 .8 )

has a bounded solution v(S). By the property of the integral operator with 
kernel K(S, S0) mentioned at the end of § 7, Lecture 18, the second term 
in (19.8) is continuous, and consequently the first term is also continuous.
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The potential of a single layer

with a continuous density v(S) has a regular normal derivative, as we saw 
in § 4 of Lecture 15. The limit values of the normal derivative of this potential 
are expressed (as we saw in Theorem 2 of Lecture 15) by a density of the form

2jt K Sq) + K(S, So) v(S) dS

and by equation (19.8) this is zero. By Lemma 1 from the previous section, 
i^S) =  0, and so the homogeneous equation corresponding to (19.4) does 
not have a non-trivial solution.

By the first Fredholm theorem it then follows that the associated homo­
geneous equation, obtained by putting y  =  0 in (19.3), also has no non­
trivial solution. Further, by the same Fredholm theorem, it follows that 
each of the equations (19.3) and (19.4) will have a determinate, unique, and 
bounded solution when any bounded functions stand on their right-hand 
side. Hence we can obtain the solutions of these equations and thus the solu­
tions of the internal Dirichlet problem and the external Neumann problem. 
(See p. 220.)

Passing on to the solution of the. external Dirichlet problem and the internal 
Neumann problem, we prove the following theorem.

T h e o r e m  2 . Each o f the equations

KSo) - K(S0, S ) /x{S) dS = 0

KSo)
r

K(S, S0) v(S) dS = 0

(19.9)

has one and only one principal function.
We first note that the two equations (19.9) are associated, and consequent­

ly they have the same number of linearly independent solutions.
For the first of the equations (19.9) we can take unity as such a principal 

solution. For, the potential of a double layer

w
/» /* /-voJ i s  dn

)  K S) dS

with f.i — 1 gives the size of the solid angle subtended by the surface S, and 
consequently its value from the outside is zero.

But the left-hand side of the first of the equations (19.9) is precisely the 
limit value of the potential of a double layer from the outside, and therefore 
(x =  1 must make the left-hand side vanish. Consequently the number of 
principal functions for each of the equations (19.9) is not less than one.
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We now show that neither of the equations (19.9) can have two linearly 
independent solutions.

Repeating exactly the same argument as was used to prove the continuity 
of the function v(5) in Theorem 1, and using Theorem 6 of Lecture 15, we 
can show that all solutions of the second of the equations (19.9) satisfy the 
condition (15.13).

If there were two principal functions rftS) and v2(S), then both the 
potentials

would be harmonic functions within the domain bounded by S  and would 
have within this domain first-order derivatives continuous right up to the 
boundary. Moreover, the limit values [8v1/ dn t ]t and [dvfidn] t for both f unctions 
would be zero; and by the theorem on uniqueness of solution of the Neumann 
problem both these functions could only be constants. Replacing vif i = 1,2 by 

vt where at, i  — 1,2, are constant multipliers, we can make both potentials 
and v2 equal to unity within the domain. Let us suppose that this has been 

done. Then the potential

with the density r^S ) — v2(S) would be equal to zero inside S. The limit 
value vt would then also be zero. And by Lemma 2, the density ^ (S ) — v2(S) 
must also be zero, and this proves our theorem.

We have proved the existence of an eigenfunction v0(S) for the second 
equation of (19.9). We may suppose that the value of the potential

within the domain ft bounded by the surface S  is equal to unity. The func­
tion v0(S) gives the corresponding distribution of electric charge on the sur­
face of a conductor filling the domain ft bounded by the surface S. The 
problem of finding the potential of a charged conductor is known as Robin’s 
problem, and the potential v0 is called Robin’s potential.

The internal Neumann problem consisted in finding a harmonic function 
such that

(19.10)

T heorem 3. The necessary and sufficient condition that the internal Neu­
mann problem should have a solution is that the right-hand side o f (19.10),
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i.e., the function f 2(S), should satisfy the equation

263

f 2(S )d S  = 0. (19.11)
s

That the condition is necessary follows from the fact that, if we apply 
Green’s formula (5.16) to u and 1 (both these functions are harmonic), then 
we get

Its sufficiency follows because unity is the unique solution of the first 
of the equations (19.9) which is associated with (19.6). Hence, if the free 
member yj(S) of the equation (19.6) is orthogonal to unity, then by Fred­
holm’s theorem this equation is soluble. But y(S) differs from f 2(S) only by 
a factor; consequently the condition (19.11) is necessary and sufficient for 
the solution of the equation (19.6), and, with it, for the solution of the inter­
nal Neumann problem.

We now pass on to the solution of the external Dirichlet problem.
As we have seen, the integral equation (19.5) may have no solution, be­

cause the corresponding homogeneous equation has a trivial solution. This 
might have been expected from the very beginning. The required harmonic 
function u which satisfies the condition

is unique, as we have seen. It will tend to zero at infinity, generally speaking, 
like A/r (see Theorem 1, Lecture 12), for example, and like the harmonic 
function 1/r which is equal to unity on the unit sphere.

But we are trying to represent the function in the form of the potential 
of a double layer, and this decreases like Ajr2. Evidently such a representation 
may not be possible. So we now try to find a solution of the external Dirichlet 
problem in the form

au — —  + u i 
f'o

where a is an indeterminate constant,
r0 is the distance of the point (x,y,z) from the origin (chosen inside S), 

and u1 is the potential of a double layer

Me = f(S ) (19.12)

The value of ut on the surface S  will be

(wi]s — —
a

_ ro Js
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The equation (19.5) therefore becomes

M^o) ~  J I K(S0, S ) fx(S) dS =  <p(S0) + —
o _

(19.13)

We require that the free member of this equation shall be orthogonal to 
v0(S), the eigenfunction of the second of the equations (19.9). We get:

a<P(S0) v0(S0) diS0 + ----
s 2tt

Vo(.Sq) d5n = 0.
s ro

The integral in the second term is equal to unity by hypothesis, and we get

a = —2% viSo) ToOSq) diS0.
v s

Having determined the constant a in this way, we get from (19.13) a soluble 
equation. By solving it, we get at the same time the solution of the external 
Dirichlet problem.



LECTURE 20

GREEN’S FUNCTION

1. The Differential Operator with One Independent Variable

In many of the problems of mathematical physics which we have 
encountered, the unknown function was determined not merely by the re­
quirement that it should satisfy a certain differential equation but, in addition, 
by the conditions on the boundaries of the domain in which the unknown 
function was defined.

Most of such problems were concerned with the solution of equations of 
elliptical type. But there are also boundary-value problems for equations of 
other types; and it is useful to be able to find a solution of such an equation 
which will satisfy prescribed conditions on the boundary of the domain. In 
order to investigate in detail the most important properties of these boundary- 
value problems, we set ourselves the task of presenting these solutions in 
explicit form.

We begin with a very simple case. We shall seek a solution of an ordinary 
differential equation of the second order

Ly = p (x )y"  + q(x)y' + r(x) y  = f (x )  (20.1)

in the interval 0 ^  ;c ^  1, the solution satisfying certain conditions on the 
boundaries * =  0 and * = 1.

We assume that the function p(x) is continuous, has second-order deriv­
atives, and does not vanish, in the interval 0 ^  x ^  1. Subsequently, in cer­
tain cases, we shall remove the last condition on p(x). We assume that 
the function q(x) is continuous and has first-order derivatives, and that the 
function /-(x) is continuous, in the same interval.

Although, formally, this problem belongs to the theory of ordinary 
differential equations, we shall nevertheless examine it in detail. But we 
must first make one or two important preliminary observations.

We set up the operator M  adjoint with the operator L  (see § 2, Lecture 5). 
This adjoint operator will have the form such that

Mz =  [p(x) z]" — [<7(x) z \  + r(x) z.

265

(20.2)
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The operators M  and L  are connected by the relation

Green’s formula in the interval [0, 1] for these two operators will have 
the form

{poy'oZo -  Poy0zo +  (g0 ~Po)yozo] -  { p i y [ z i  -  p xy xz[ + (qr - p d y ^ x )

where the suffixes 0 and 1 indicate that the values of the functions are to be 
taken for x  = 0 and for a* =  1 respectively; for example,

If the functions y  and z are chosen so that the expressions in the curly 
brackets vanish, then (20.3) simplifies to

It may happen that the formula (20.4) holds good for any pair of functions y  
and z belonging to two families of functions ( j)  and {z}. We say that two 
such families are adjoint families.

We shall examine some examples of adjoint families of functions for the 
operator L  of (20.1).

We consider families of functions y  satisfying on the boundaries one of 
the two linear conditions:

'i
+ (zLy — yM z) dx — 0 (20.3)

o

Po = p(Q), yo  = j ( 0 ) ,  z[  = z'(i).

(zLy — yMz) d.v = 0. (20.4)
o

(I)

(II)

yo = o,

f t j 'o  f  f tj 'o  =  0 -
(20.5)

at the end x = 0, and similarly

(20.6)

at the end x = 1, where (30 and are given numbers.
The first curly bracket in (20.3) may be written in the form

yo\.Poz o (Po qo +  P o )  z o) y  z o[ poyo  + P o y o ] >
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and the second similarly. Thus (20.3) becomes

- y o i i p z ) '  +  (0o -  q ) z ] x =o +  z 0 [ p y '  + P o y ] x = 0 +
'1

(zLy -  yMz) d.v
J o

+ yACpz ) '  + (01 -  q) z]x=l -  Zi[py' + 0!y]x=1 = 0. (20.7)

A number of simple results may be deduced from this expression.
If the family {>>} satisfies the first condition at the end x = 0, then in 

order that only the term outside the integral with x =  0 should vanish, we 
may take as the family {z} any family of functions which satisfy the condition

(la) Zq — 0.

If the family {.>>} satisfies the second condition at the end x = 0, then it is 
sufficient to impose on the family {z} the condition

(Ha) p 0Zo + (po ~  Qo + 0o) A) = 0.

If the family {j} satisfies both conditions at x = 0, i.e., if y'Q = y0 = 0, 
then no condition need be imposed on the family {z} at x = 0. Conversely, 
if no restrictions are put on the family {j}, then the functions {z} must 
satisfy the conditions z0 = z ’0 — 0.

The end x = 1 can be examined in exactly the same way, and the condi­
tions which we have analysed will take the form:

(I)

o'II£

(II) P i y ’i + 0i y

(la) Zi = 0,

(Ha) Pizi + (Pi

The conditions(I a) or(II a) imposed at both ends of theinterval are sufficient 
to ensure that the family {z} shall be adjoint to the family {y} if the latter 
satisfy the conditions (I) or (II). These conditions will also be necessary if we 
take as the family {^} the set of all functions which satisfy the conditions (I) 
or (II) at both ends of the interval and which have continuous derivatives up 
to the second order inclusive. We shall in what follows define the families {>>} 
and {z} in precisely this way.

The conditions (20.5) may for brevity be written in the form of the single 
condition

[a0py' + 0oj'].x=o = 0 (20.5')

and the conditions (20.6) as

[alPy' + PLy]x=1 = 0, (20.6')
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where a0> a i>/?o> i#i are certain numbers; and without loss of generality 
we may suppose that a0 and «i are only equal either to 0 or 1.

The adjoint conditions (la) and (Ila) at the end x =  0 take the form

XoPoZo + (aoPo -  aotfo +  Po) z 0 = 0 (20.5")

and at the end x = 1 they become

ZiPiz'i + (<x1p'1 -  al ql + z x = 0. (20.6")

We might also consider conditions of a more general type to be imposed 
on the family {y}. These would connect the values of y and y’ at both ends 
of the interval. We shall not, however, bother to enumerate and classify such 
conditions, but merely indicate how they may be obtained.

The bilinear form

0 ( T o , T o , T i > T i ; zQ, z o , z l , z[ )  =  p 0yoz0 -  P o T o ^ o  +  (g0 ~ P o )yo z0

~  Piy'iZi + p 1qlz[ -  (qx - / ? 0 T i z i>

consisting of two sets of four variables, vanishes for arbitrary values of the 
variables of the one set if and only if all the variables of the other set are zero. 
If  there are linear relations between the four variables of one set, say, 
y0, y'0, y t , y [ , then on expressing some of the variables in terms of the re­
mainder, we can transform the given form into another form which is linear 
relative to y  but which depends on a smaller number of variables. The condi­
tion for the annihilation of this new form is that the coefficients of these 
remaining variables shall vanish. Thus, the sum of the number of conditions 
which are imposed on {y} and {z} is equal to four.

Consider, for example, the equation

Ly - - y"  + k 2y  = 0.

Here,;? =  l ,q  — 0 ,r = k 2. Let the conditions imposed on the family {y} be:

To = y i .  To =  y l -  

In our theory & will have the form

(J> = y0(zo -  z[) + y'0 (z0 -  zO = 0.

Consequently, the adjoint conditions will be:

Z q  =  z  1 , Z 0 =  z x .

§ 2. Adjoint Operators and Adjoint Families

The concept of adjoint families or of adjoint conditions relates not merely 
to ordinary differential equations of the second order. It can easily be carried 
over to the case when Lisa  linear differential operator with partial derivatives
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of any order. We have defined above the concept of the operator M  adjoint 
to a given differential operator L. The integral formula (20.4), which we 
have already shown to be true for two adjoint operators, in our illustrative 
example, will form the basis of the general definition of adjoint operators.

D efinition. The operator M  is the adjoint o f L, and the two families o f 
functions {«} and {v}, defined in a domain f t, are adjoint relative to L andM  
in this domain, i f

v Lu d ft =  u Mv d ft (20.8)

for any functions u and v from the respective families.
The conditions, by means of which the two families which are adjoint 

relative to the operators L  and M are defined, are called the adjoint conditions.
D efinition. An operator L is said to be self-adjoint i f  it coincides with its 

own adjoint, i.e..
Mu =  Lu.

Similarly, for any self-adjoint operator, a family of functions which coin­
cide with their own adjoints is said to be self-adjoint.

We shall examine a few more very simple examples.
E x a m p l e  1.

L y  =  p Qy w  +  P i y (n~ l> + +  p „ y .

We choose the family of functions (y) in the interval 0 ^  x ^  1 so that

y 0 =y o  = -  =yon" 1) =  o. (20.9)

It is easily seen that the adjoint operator will be

M z  =  ( _ , +  - T W )
dx" dx71— 1 + ••• + PnZ-

Noting that 

d mip
V dx''

/ i \m dm9? d+  ( — l ) m i p --------  =  ------
dxm dx

im- 1V
dxm- 1

dq) dm 2y) 
dx dxm“2

d2<p dm 3ip 
dx2 dxm" 3

the indefinite integral
J (zLy — xMz) dx

can easily be obtained in closed form. Without working it out in full, we 
see that it will be expressed as a bilinear form in the derivatives

y ,y ',  ...,y^n~l \  z ,z '. . . ,  , z i- 1\

the coefficients being functions of the variable x.
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By the conditions (20.9) this bilinear form will vanish for x = 0. To 
make it vanish also at x =  1, it is sufficient to put

zt = z[ =  ••• =  z(1"_1) = 0 . (20.10)

(These conditions are also necessary if no restriction is laid on the values of 
the function y  and its derivatives at x = 1.)

Under these conditions
'1

(zLy — yM z) dx =  0.
J o

Thus the conditions (20.10) are adjoint with (20.9). 
Example 2. We consider the operator

Lu — V2u (20.11)

and investigate a family of functions {u} which satisfy the condition

= 0 , (20.12)
■

dll a du4- ecu +  p
dn ds _ s

in a domain SI of the two variables x, y  which is bounded by the curve, s, 
where du/dn is the derivative along the inward normal at a point of the bound­
ary s, and du/ds is the derivative along the tangent taken in the positive sense 
of description of the curve s. Green’s formula gives:

Integrating by parts the term

L ds,
s ds

and noting that the integrated terms drop out because of the periodicity 
of the functions /?, u, v on the boundary, we obtain
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It is natural to say that the expression

is adjoint to (20.12) relative to the operator V2.
The families adjoint relative to the operator V2 will be: 

the family {u} satisfying the condition

du n du----  + au + 0 ----
dn ds

= 0,

and the family {t>} satisfying the condition

For two such families we have:

V2u dSl =
£

V2v dSl.

E x a m p l e  3. If {u} is a family of functions not restricted b y  any conditions, 
then the adjoint family in the domain Si relative to the Laplace operator 
will satisfy the two conditions

[v]s = 0. =  0.

This follows from the fact that the condition for adjointness, i.e.,

f f
(uV2v — vV2u) d ft =  0

J %) <\ ’
will be satisfied for an arbitrary choice of the function u only if the stated 
conditions are satisfied.

These examples should have made the concepts of adjoint families and 
adjoint operators sufficiently clear. We pass on now to a more detailed ex­
amination of the problem.

§ 3. The Fundamental Lemma on the Integrals of Adjoint Equations

We consider the following problem:
To find the solution of the equation (20.1) satisfying the conditions, either

[«o py' +  Poy]x=o =  tfo,

[«!/?/ + ^ y ] x=1 = a , ,
(20.13)
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or
K py' + p0y\x=o = o, 
[a i py' + Piy]x=i =  o.

(20.130

Problems of a similar type are encountered, for example, if we have to find 
the equilibrium form for a string of variable density and variable tension, at 
the ends of which certain relations between the displacement and the com­
ponent of the tension along the jy-axis are to be satisfied. The variable tension 
could arise from the string being inclined to the horizontal, so that the weight 
of each element would affect the tension above this element.

L e m m a  1 . Let

Ly = py" + qy' + ry and M z = (pz)" — (qz)' + rz

be two adjoint operators, and suppose that the coefficients p(x), q(x), r(x) are 
continuous in the interval O ^  i  ^  1 and that p(x) has continuous derivatives 
of the first and second order and that q(x) has a continuous first-order deriv­
ative in the same interval. Suppose, further, that p(x) does not vanish anywhere 
in this interval.
Then, i f  Fi(x) satisfies the equation

Ly = 0 (20.14)
and the condition

\cc0py' + Poy]x=o = °> (20.15)
then the function

z,(x) -  y d x )  exp f  * d* (20.16)
P Jc P

is a solution o f the adjoint equation

M z = 0 (20.17)
satisfying the condition

[Oopz)' + (jS0 -  x0q) z]x=0 =  0 (20.18)

adjoint to the condition (20.15).
[Compare (20.5') and (20.5")].

The lemma may be proved by a straightforward method. We have

{pzf)' = y[ exp q_
P

q— exp f i - d , .
P J c  P

1 r  „ , , r— [pyi + qy i + oh] exp
p Jc

=  0.
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Thus the function (20.16) does indeed satisfy equation (20.17). We next 
verify that condition (20.18) is satisfied:

[ ( a 0 /JZ i) ' +  (0o  -  a o<?) Z i]*= o

aoJi + aoTi — +
Q \  P

— (ao py'i + 0oJ>i) exp 
P J*=o

—  d x  =  0 .  
c  P

Hence the lemma.
Similarly, if y 2 is the solution of the equation (20.14), satisfying the 

condition
[a  I py'i +  01^ 2]*=  1 =  0 .  (2 0 .1 9 )

then

z2 = Z le x p  | - I d x  (20.20)
P J c  P

will be the solution of equation (20.17) satisfying the condition

K«1 pz)' + (01 -  *i9)^L=i =  0, (20.21)

which is adjoint to (20.19).
If y 2 and y 2 are linearly independent, then the formulae (20.16) and 

(20.20) can be given a rather different form. Using the familiar fact that 
the Wronskian, y \y 2 — y^yi, satisfies the equation

C{y[y2 -  y 2yx) = exP ( 20 .22)

we shall have, by a suitable choice of the arbitrary constant factor,

y  i _ y i---------------------------  , Z 2 — --------------------------
p [ y [ y i  -  y 2y i ]  p \ y \ y 2 -  y 2yx]

(20.23)

Remark. Lemma 1 is evidently the dual of this result, and it may be form­
ulated thus:
If z1 and z2 are solutions of the equation Mz =  0 satisfying the conditions
(20.18) and (20.21) respectively,
then

Zly  i =  —  exp 
P

'X 2p’ -  q
c  P

dx =  Cpz1 exp

(*X

C

2P' ~ q
P

dx = Cpz2 exp



274 g r e e n ’s f u n c t i o n L.20

where C is a certain constant, are solutions of the equation Ly = 0 satis­
fying the conditions (20.15) and (20.19) respectively.

It follows from (20.23) that

2 iZ2 y  i j ’2 pyiZ 2 py2z 1

from which we get:

Li = Zl______
p{z[z2 -  z2z x) y 2 =

Z2
p{z[z2 -  Z2ZX)

(20.230

It may also be noted that
y i  z 2  =  z i y 2>

y[ z2 -  y'2 zi - z[ y 2 -  y i z2 = — ;
p

these results may be immediately verified.
Corollary . I f  the equation (20.14) has a non-trivial solution, satisfying 

the conditions (20.15) and (20.19), then the equation (20.17) has a non­
trivial solution satisfying the conditions (20.18) and(20.21): and conversely. In 
this case both equations have the same number o f linearly independent solutions.

It is important in our further discussion that we should distinguish the 
two cases when:
1. Equation (20.14) has no non-trivial solution satisfying the conditions 

(20.15) and (20.19).
2. Equation (20.14) has such a solution.
We shall prove later that in the first case equation (20.1) always has a de­
finite unique solution satisfying the conditions (20.13). In the second case 
this will not be so.

We shall call the problem of finding a solution of (20.14) subject to the 
conditions (20.15) and (20.19) the homogeneous problem.

Let y x be a solution of the homogeneous problem. It is not difficult to 
see that such a solution can be determined only to within a constant factor. 
For, if y x and y 2 are two linearly independent solutions of equation (20.14), 
then their Wronskian is not zero; consequently, the ratios y[jy1 and y2/y2
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are not equal. Hence neither y 2 nor any linear combination + C7y 2 
with C2 A 0 will satisfy the boundary conditions.

By the Corollary to Lemma 1,

is the unique solution of the adjoint problem.
We now prove for the second case under consideration a theorem which 

is formulated under the supposition that a0 = oc1 = 1.
T h e o r e m  1. A necessary condition for the equation (20.1) to have a sol­

ution satisfying the conditions (20.13) is that

Let the function jq(x) be a non-trivial solution of the homogeneous 
problem, i.e., it satisfies equation (20.14) and the conditions (20.15) and
(20.19); then the function z f x )  defined by (20.16) will satisfy the adjoint 
equation and the adjoint boundary conditions (20.18) and (20.21).

Applying formula (20.7) to the function y(x), which is the solution of
(20.1) and satisfies the conditions (20.13), and to z 1(x), we obtain immedi­
ately (20.24).

We leave the reader to formulate and prove the similar theorems for the 
cases when a 0, or oc2, or both a0 and au are zero.

§ 4. The Influence Function

We now examine in more detail the first of the cases mentioned on p. 274.
Let x 0 be an arbitrary point of the interval 0 ^  x 5S 1, and let the func­

tion ze satisfy

z x =  —  exp — dx 
P Jc P

WoZi]x=o +  f { x ) z l dx -  [aizf[x=i =  0. (20.24)
0

then

Using the integral mean-value theorem, and in the resulting equality passing 
to the limit as e -> 0, we get
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If z£ and y  belong to adjoint families, i.e., if they satisfy the conditions 
(20.15), (20.19), (20.18), and (20.21), then the formula (20.7) gives

f 1 Pl
y(x0) = lim yM ze dx =  lim ztLy d.v = lim z £/ ( . y )  dx.

e-*0 J o  £- * ° J o  * -* °J o

For the sake of definiteness we shall in future suppose that the numbers a0 
and <xt occurring in the conditions (20.13) are both equal to 1 (we shall 
leave the reader to analyse the three remaining possible cases :a0 = 0, = 1;
a 0 =  1, a t =  0; a 0 =  at =  0).

Then for the same ze and for an arbitrary function y, we get from (20.7):

j (x 0) =  lim
E-*0

z«(0) (py' + p0y)x=o + z£ Ly dx -  zc( 1) (py' + jSty)x=l .
J o

(20.25)

If it now happens that as s -> 0, the function z£ converges uniformly to a 
limit function

z+o(x , *o) = l im  z £,
£—* 0

which depends, of course, on the parameter x0, then it will be possible to 
pass to the limit in the formulae for j(x 0). The solution of the equation (20.1) 
satisfying the conditions (20.13) will be expressible as

jKxq) = z+o(0, x 0) aQ +
-*1

z + o(-V, x 0) f(x )  dx
 ̂ o

■̂ +o(i? -Yo) fli- (20.26)

We may remark that the equation involving z£ with which we began this 
section may be considered as the equation for the equilibrium of a string 
which satisfies end-conditions (fixing conditions) adjoint to the conditions 
(20.13') and which is acted on by a transverse force of magnitude 1 distrib­
uted over an interval of the string of length 2e with its mid-point at the point 
x 0. In this case we can interpret z£(.v, .v0) as being the deviation of the string 
at the point x  under the influence of a unit force acting in the e-neighbour- 
hod of the point x 0. The function z+0(x, x0) is thus equal to the deviation 
(or influence) produced by unit force concentrated at the point x 0. It will 
become clear later that if .v is regarded as the parameter and x0 as the argu­
ment, the function z+0(x, x0) can still be regarded as an influence function 
for a string with a different density and tension, whose deviation j(.v0) 
under the action of a force f(x )  satisfies equation (20.1). This enables the 
formula (20.26) to be interpreted physically: the integral in it denotes the 
total influence at the point x0 dm to the distributed force f(x).

Without calculating z£, we shall at once make clear what properties the 
function z+0(.v, x0) must have.
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Property 1. Knowing the properties of ze, we shall naturally expect that the 
function z+0(x, x 0) regarded as a function of x will satisfy the equation 
M z = 0 everywhere except at the point x 0 and will also satisfy boundary 
conditions adjoint to (20.13').

We explain one more property of z+0. By integrating M ze over the inter­
val (x0 — 5, x 0 +  6), where <5 > e, we get

On the other hand,

»x0 + 5
Mzt dx = 1.

J  Jc0 - i5

whence

'*o + <5
M zt dx =

*0_ 5

x=xo + d 
x  =  *o  — <5

• X q  +  S

-  rze] dx,
x 0 -<5

1 = x  = x 0 + d 

x=xo~S

*Xq + 6
{(qzy -  rzt] dx.

x 0 ~ 6

Assuming that and z' are uniformly bounded, and passing to the limit as 
e -> 0, we get:

x  =  *o  +  0

X - X q - 0
= 1.

But the function p(x) and its derivative are continuous, and therefore, 
regarding z+0 as continuous, we get:

Hence follows: 
Property 2.

\(pz+0y]x=xo+0 = pC*o) W+o]x=L J x  = x 0 - O  L J j: =

r  , -) x = x 0 + o  1
\Z+0 ~L J x = i o- 0  p(x0)

The heuristic considerations which we have adopted make the following 
a natural supposition:
If it is possible to construct a function G(x, x0) having Properties 1 and 2 
which the function z+0 must have, then an equation similar to (20.25) must 
hold for the function G(x, x0) and any function X *):

y(x0) = <7(0, x 0)[py' + p0y]x=0 +
r 1

G(x, x0) Ly dx
J o

-  G ( \ , x 0)[py'  + piy ]x=l (20.25')

and consequently, if the problem under consideration has a solution, then 
this solution may be written in the form

X x 0) = <7(0, x 0)aQ + J  G(x, x„)/(x ) dx -  <7(1, x0)ax. (20.26')
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§ 5. Definition and Construction of Green’s Function

We pass on to the strict definition and the construction of Green’s 
function G{x, x0) and to the proof of the formulae (20.25') and (20.26'). In 
defining and constructing the function G(x, x0) we shall have in view the 
general case for the boundary conditions; the formulae (20.25') and (20.26') 
themselves are valid only for the particular case when a0 =  a x =  1.

D efinition. A function G(x, x 0) will be called Green’s function for the 
operator Ly and the boundary conditions (20.13) if it satisfies the following 
conditions:
1. As a function of the variable x, for any x 0, it satisfies the conditions (20.18) 

and (20.21) adjoint with the conditions (20.13') for the operator Ly, i.e.,

[(«opG)'x +  (Po ~  ao?) G]x=o = 0

[ ( « i pG)'x +  (Pi ~  a iq)  < ? ]*= ! =  0 .
2. The function G(x, x0) and its derivatives up to the second order are con­

tinuous in the intervals 0 S  x < x0, x 0 < x  ^  1, and G satisfies an 
equation adjoint to Ly = 0, i.e..

Mz d2[p(x) z] 
dx2

d[ffQ) z] 
dx

+ r(x) z = 0.

3. At the point x = x0 the function G(x, x 0) as a function of x is itself con­
tinuous, but its first derivative has a discontinuity, the jump being

G '(x0 + 0, x0) -  G'(.v0 -  0, x0) =  - I — . (20.27)
P ( - S q )

The actual construction of Green’s function as we defined it is not dif­
ficult. It must clearly have the form

G(x, x0) =  n(x0) z,(x), 0 ^  x 5S x0

G(x, x0) = b(x0) z2(x), x 0 ^  x ^  1.

A function G satisfying these two equations will have the first two propetties 
stipulated in the definition, for any values of a and b. And we can now choose 
a and b to satisfy the third requirement, i.e., to. satisfy the equations

a(x0) z^xo) -  b(x0) z2(x0) = 0,

a(x0) z;(x0) -  b(x0) zj(x0) = -----------.
P M
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Hence we obtain

a(x0) = - z 2( x 0 )

P ( x o) [z2O o) z i(*o ) -  z 2(x 0) Z1O 0)]

b(x0) = - -Zi(Xo)
p(x 0 ) [z2(^o) z[(x0) -  z 2( x 0 )  Z i C ^ o ) ]

The Wronskian which appears in the denominator of these fractions is not 
zero since z f x )  and z2(x) are linearly independent solutions.

Comparing these expressions with (20.23'), we see that

where ji(x ) and y 2(x) are solutions of the equation Ly = 0 which satisfy the 
conditions (20.15) and (20.19).

We have thus proved that Green’s function exists and have obtained for 
it the explicit from

From (20.28) we have the following:
Theorem. Green’s function G{x, x 0) with x 0 taken as the argument is the 

Green’s function for the operator Mz and the conditions (20.18) and (20.21). 
In other words, when the problem is replaced by the adjoint problem, the 
arguments o f Green’s function merely change places.

Other properties of Green’s function can be derived from (20.28). 
Property 1. Green’s function G(x, x 0) is a continuous function relative to 
the aggregate of variables in the square O ^ x ^ l ,  0 ^ x o ^ l  in the 
plane xOx0.
Property 2. The first derivatives of Green’s function are continuous inside, 
and on the sides containing the right angle, both triangles into which the 
diagonal x  = x 0 divides the square 0 ^ v ^ l , 0 ^ x o ^ l .  Further, the 
first derivatives can be continued without discontinuity on to this diagonal 
x  = x0. Hence, in particular,

(a) GXo(x0 + 0, x 0) and GXo(x0 -  0, x 0)

are continuous functions of x0;

a(x0) =  M *  o ) ,  &(*o) =  T i ( * o ) ,

(20.28)

(b) Gxf x 0 -  0, x0) = GXo(x0, x 0 + 0),

CJo(vq T 0, xj) GXq(xq, Xq 0).
E M P  10
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Property 3. The derivative G'Xo on the diagonal x = x0 satisfies the condition

G*0(* o . x 0 +  0) -  G ;o(x 0 , x 0 -  0) =  —
p(x  o)

The first two properties are obvious. To prove the third, we recall that 
the function G(x, x0) as a function of x0 is Green’s function for the operator 
M qz , and the coefficient of z"(x0) in the expression for this operator is 
p(x0). Hence the equation to be proved holds by definition of Green’s func­
tion [see (20.27)].

We now prove that the equation (20.25') is satisfied by any function 
X*) which has continuous derivatives up to the second order inclusive. We 
write down the equation (20.7), substituting for z(x) the function G(x, x0), 
separately for the intervals 0 ^  x ^  x0 — 0 and x0 + 0 ^  x ^  1. The 
formula is valid on each of these intervals, since G(x, x0) has continuous 
second-order derivatives within each interval and has continuous first-order 
derivatives everywhere including the ends. Taking into account the first two 
points of the definition of Green’s function, we have for the two intervals 
respectively the formulae:

G(0, x0) [py' + M x = o  +
fXo

G(x , x0) Ly dx + j ( x 0) p(x0) G'x(x0 -  0, x0)
0

+  X*o) P'(x0) G(xo, x0) -  X*o) 7 O 0) G(x0 , x0)

-  G(x0, x0) p(x0) y '(x0) = 0
and

-X xo)p(xo) G '(x0 + 0, x0) -  y(xo)p'(xo) G(x0, x 0)

+ G(x0, x 0) p (x0) y'(xo) + X*o) q(*o) G(x0, x0)

+ G(x, x0) Ly dx -  <7(1, x0) [py' +  0o>]*=i = 0.
J 0

Adding both equations and taking (20.27) into account we obtain the required 
equation (20.25').

Since equation (20.25') holds good, it immediately follows that, if the 
solution exists, then it is given by the formula (20.26') and, consequently, it is 
unique. We shall prove that the solution exists. Since the problem can 
always be reduced to the problem with homogeneous boundary conditions 
(20.13'), it is sufficient to show that the function

X*o) = G(x, x0)/(x ) dx
J 0

(20.29)

satisfies equation (20.1) and the conditions (20.13').
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We differentiate the expression with respect to x0. We have:
'*0

y(x0) = | G(x, x 0) f(x )  ±x + f  G(x, x0)/(x ) dx, 
0  J x 0

y'i*  o) =
"*0 dG

dxn

/'l
f ix )  dx +

*o

dG
dx0

f(x )  dx

+ G(x0, x0) /(x 0) -  G(x0, x0) / (x 0),

i. e. /O o )  =
-*0 dG „  x , f 1 dG
o dx0

fix )  dx +
0 dx0

/(x) d x . (20.30)

Further, using Property 2, (a) and (b), we can write

y 'O o) =
d2G „  x , r 1 d2G . . . .  „ . f  dG ~

— j  f ix )  dx + /(x 0) - —
o d x 0 L ^X q jx = x 0-o0 dx0

f(x )  dx + ■fix) dx + /(x 0) a
-  f i x o)

f 1 d2G

^* = *0 + 0

f(x )  dx + / ( x 0)
1

J 0 dxo '  ' ' '  ' "  pix0)

Using these expressions, we find:

Pixo) y"(x0) + ?(x0) y (x 0) + Kx0) X*o) =  / (x 0) +

(20.31)

/» 1
L0G(x, x0) f(x )  dx.

But G(x, x0) as a function of its second argument x0 satisfies the equation 
L0G = 0; whence

/>(xo)/'(x0) + ^(xo)y'(xo) + rix0) y ix 0) = / ( x 0).

That the conditions (20.13') are satisfied follows from the first point of 
the definition of Green’s function.

We have examined the problem in the first of the cases distinguished on 
p. 274. We have established that in this case there is always a definite sol­
ution of equation (20.1) satisfying the conditions (20.13) or (20.13') and it 
may be expressed in the form (20.26'), where (?(x, x0) is Green’s function as 
we have defined it.

§ 6. The Generalized Green’s Function for a Linear Second-Order Equation

We shall now analyse in more detail the second case.
Green’s function in this case does not exist, for z(x) is the only function — 

apart from its possible multiplication by a constant factor—which satisfies
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the first two requirements in the definition of Green’s function and the 
continuity condition, but it does not satisfy the condition (20.27).

Lemma 2. I f  y0(*) and zo(*) are solutions o f the equations Ly =  O and 
M z =  O satisfying the homogeneous conditions (20.15), (20.19) and (20.18)
(20.21) respectively,
then f 1 /  ̂ s ,

I yo(x) z0(x) dx ±  0. (20.32)

This follows from the fact that
'1

y0(*) zo(*) dx = c %l y l exp | j — dx ]
Jo , 0 P V J c P )_

and since the integrand is constant in sign, the integral cannot vanish. 
L em m a  3. The equation

M z -  z0

cannot have a solution satisfying the homogeneous conditions (20.18) and
(20.21), and the equation

Ly = y Q

cannot have a solution satisfying the homogeneous conditions (20.15) and
(20.19).

For, otherwise, by applying formula (20.7) and substituting in it for y  
the solution y0, we should obtain

I*1 /*1
y 0Mz dx = zQy 0 dx = 0,

Jo Jo

and this would contradict Lemma 2. The second part is proved in the same 
way.

D e f in it io n . The generalized Green’s function for the operator Ly and the 
boundary conditions (20.13) is a function G fx , x 0) satisfying the following 
conditions:
1. As a function of the variable x, for any x0, the function G fx , x0) satis­

fies the conditions adjoint to (20.13')

[KtOOGi)' + (ft, -  <*oq)Gi],=0 =  0, )
(20.33)

[(a1p(x)G1)' + (0! -  aitf)GiLc=0 = 0. j 2

2. In the intervals 0 ^  x < x0, x0 < x ^  1 the function G^x, x0) and its 
second-order derivatives are continuous, and Gy satisfies the equation

Mz = fl(x0) z0(x); (20.34)

we define the function a(x0) later.
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3. At the point x =  x0 the function G ^x, x 0) itself as a function of x is 
continuous, but its derivative is discontinuous, with

4.

dG ^xo + 0, x0) _  dG ^xo -  0, x0) = 1
dx dx p(x 0)

■•1
Gi(x, x0) jo W  dx = 0.

J 0

(20.35)

(20.36)

The condition (20.35) enables the multiplier tf(x0) to be determined.
We pass on to the construction of the function Gx in explicit form. Let 
and y (2) be two particular solutions of the equation

Ly = y 0 (20.37)
which satisfy the conditions:

I/'T-o = W .0 = 0,
I / 2' ] - ,  =  I / 2" ] , - ,  =  0

and similarly let z(1) and z(2) be two particular solutions of the equation

Mz = z0 (20.38)
which satisfy the conditions:

[ z ( V ] x = o  =  [ z ( 1 ) ' U o  =  0 ,

[ * 2 >  L - i  =  [ z < 2 ) ' ] x = i  =  0 .

It is clear that the difference y (2) — j (1) = y x is a particular solution of 
equation (20.14) and is linearly independent o f j0- For, if it were possible that 
y (2) _  y i)  _  then b0th functions j;(1) and y (2) would have to satisfy 
the conditions (20.15) and (20.19) at the ends, and this is impossible by 
Lemma 3.

The specification of y 0 determines the functions y (2), y (1), and y j . We put

,  _  To _ y i
Z o — ,  Z\  — ■ .

piyiyi -  TiTo) K toTi -  y[yo)
It may be immediately verified that the functions y (1) and y <2) can be ex­
pressed in terms of y 0 and y x in the form

rx0 r̂ o
y (V(xo) = Jo (* o ) T o W  Zj(x) dx -  jEjCxo) ToW Zo(x) dx,

J o  J o
p.x0 rx o

y <2)(xo) = To(^o) I J o (* )  Zi(x) dx -  ^ i(x0) J y 0(x) z0{x) dx.

For, it is clear firstly that y (1) (0) = j (2) (1) = 0.
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Further,
/ i v ( 0 ) = [^o(0)]2 Zi(0) -  y  i(0) y o(0) zo(0) = 0,

/ « ' (  1) = bo(D]2 *i(D -^ iO )J o ( l)^ o ( l)  = 0.
Moreover,

y (1)' =  y o ( x o)

'*0
j>0(*) z i(x) dx ~  y l(x o)

%xo
y 0(x) zo(x) d x ,

0 J o

y (1)"  =  y " ( x  o)
fXo

y 0(x) Zi.(x) dx -  y* (x0)
J 0

y 0(x) z o(x) dA

+  [^o(-^o) * i ( * o )  TiC'-o') ^o(-Vo)] V o (* o )>
from which

Ly<l) = y 0(x),
as was to be shown.

The formula for / 2) is proved in the same way.
If we now form the difference

JhOo) = / 2;Oo) ~  / ” Cvo)

= —y0(x0) j;o(-'-) z l(•*-) d.v + y i(x'o)
Jo

^oW  Z0(x) d.v,

we see that

0
1

y 0(x) z i(-x) dx  =  °>

y 0(x ) z0(x) d.v = 1,

i.e.,
/'I

JoW  Z(1)(x) d.v = y0(-v) z<2\x )  d.v = C.

We shall prove that the function

OoO) z(1)(x) + / 2>(a'0) z 0(x ) -  Cy0{x0) z0(.v), x ^  x0.
Gi =

[j>0(x) z(2\x )  + / u (x0) Z q ( x )  -  Cyo(x0) z0(x), x ^  x 0

satisfies all the four conditions enumerated above.
(1) The conditions (20.33) are obviously satisfied since z0(x) satisfies them 

and so do z(1) at x = 0 and z(2) at x =  1.
(2) The equation (20.34) is satisfied by virtue of (20.38). It is clear that

MGi = jo(x0) z0(x).
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(3) The continuity of Gx is obvious. For the jump of its derivative we have

GlJcC^O +  0, A 0 )  — G[x(x0 — 0, A 0 )

= .yoOo) [z(2)'(x0) -  z(2),(x0[)] +  [ / u (x0) -  / 2>(*o)]zo(*o)

=  Jt'oUo) Zl(X0) -  Jl(.Vo) Z^ATo) =  — ----
P(X o)

Finally,

(4) Gi(x, *o) y0(*) dx

=  -  Cv0(*o) +  J o ( ^ o )  ^ o ( - r )  z ( 2 ) ( x )  dx

+ ToOo)
'*o

[za>(x) -  z(2)(x)] y 0(x) dx

"**0
+ [ / 2,(x0) -  / ” (*)] ZoM^oC*) dx +  / 1J(x0) y0W  zo(x) dx

= - C y 0(x0) + Cy0(x0) +  / u (*0) -  / ° ( x 0) = °-

It is clear that the generalized Green’s function G 1( a , a 0 )  as a function of 
the variable a 0 will serve also as the generalized Green’s function for the 
adjoint operator Mz and the boundary conditions (20.18) and (20.21). By 
means of it the solution of equation (20.1) which satisfies the conditions 
(20.130 can be expressed in the form

j(^o) = J  Gi(x, a 0 ) / ( a )  d A  + (20.39)

provided only that / ( a )  satisfies the condition
*1

/ ( a )  z 0 ( a )  dx =  0. (20.40)
J 0

It follows from the proof, incidentally, that the condition (20.40) is not only 
necessary but is sufficient for the solubility of equation (20.1) subject to the 
conditions (20.13')- We shall not give the proof of all these assertions, since 
it is exactly the same as the one we gave for Green’s function itself.

For an equation of the second order under the conditions investigated, 
the homogeneous problem can have only one non-trivial solution. For 
equations of higher order, cases can occur where the corresponding homo­
geneous problem has several linearly independent solutions, j>,(x), i = 1,..., n.
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The generalized Green’s function must then satisfy the equation

MG =  X y , (x0) Zi(x),
i = 1

and instead of the single condition (20.36) we shall have several similar 
conditions. We shall not analyse these cases in detail, but pass on now to 
consider a few examples.

§ 7. Examples

Example 1. We seek a solution of the equation

Ly eee y" = f{x )  (20.41)
subject to the conditions

[yh=o = a0, [tLc=i = ax. (20.42)

The only solution of the equation y"  =  0 subject to the conditions 
[ y ] x = o  =  b]*-i =  0 is zero.
By the general theory, Green’s function exists:

(x (*0  -  1),  X  ^  X 0  

Uo(* “  ^  -Vq •

The solution of the problem will be:

(20.43)

T(*o) =  a0(l -  x0) + axX0 + (x 0 -  1)
(* X0

f ( x ) x d x  + A'0 f(x )(x  -  1) d x .
xo

(20.44)

Example 2. We seek a solution of equation (20.41) satisfying the con­
ditions

[T']* = o = ao, [y' L=i = ax. (20.45)

In this case the equation y"  = 0 has a non-trivial solution satisfying the 
conditions

namely,
[/L=o = [y']x=i = 0, (20.46)

V = 1-

Consequently in this case, Green’s function does not exist, and we shall have 
to construct a generalized Green’s function. We have:

Zl =To =  1 > zo = 1 and ■v. .v.
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Further,
z(1) = x 2j2 and z f2> =  (1 - x ) 2/ 2 .

Then
y (1> =  x 2/ 2 , y<2> = (1 -  x)2/2. C =  1/6.

The function Gy will therefore have the form

fx2l2 +  (1 -  *0)2/2 -  1/6,
A

llo*
(20.47)Gy =

Uo/2 +  (1 -  x)2/2 -  1/6, IIV o

Example 3. We consider the same equation (20.41) in the interval 
0 ^  x 5S 2 7i and shall regard a  as the length of a circular arc of unit radius 
measured from some initial point. Points whose coordinates differ by a 
multiple of 2tc coincide. It is clear, therefore, that the required function y  
must be periodic with period 2n. We have for this function the conditions

[y]x=in = bL=o, [y']x=2n = W  L=o- (20.48)

These conditions express the circumstance that the function y  and its first 
derivative are continuous on the circle. The fact that the point x  =  0 plays 
a special part in these conditions is due merely to the choice of the initial 
point.

We shall not develop the general theory for problems of this sort, but 
limit ourselves to the analysis of this problem which is entirely similar to 
our previous work.

It is not difficult to see that the homogeneous equation

y"  = 0

has, as in the previous problem, the non-trivial solution y = 1 satisfying 
the conditions (20.48). Consequently we shall have to construct the general­
ized Green’s function. This construction is most easily accomplished by 
using the periodicity of the required function, and also the fact that all 
points on the circle are equivalent and therefore the function will depend 
only on the difference x — x0. In view of this we shall put from the start
A q — 3T .

The equation for Green’s function will have the form

dx2

and its solution will obviously be a quadratic form

Gy(x, 7 t )  =  C y X 2  + c2x  + c 3 , — 71 ^  X  ^  71 .

From the continuity condition we have:

G i (7C — 0, 7t) — Gy{7t + 0, 7t) = Gyijt, 7 t )  — Gy( — 7t, 7t) = 2 71C2 ,

E M P  10a
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and therefore
c 2 =  0 .

Further, from the condition for the jump in the derivative, we see that:

G[{n +  0, n) — G[{n — 0 , n) = — 4nc2 = 1,
so that

cx — — i/An.

Moreover, Green’s function must be orthogonal to a constant, whence

1 f +7t
------ x2 dx + 2nc3 — 0 or c3 = nj 12.

4n I

Finally, we have:
, .2

Gx{x, 7l) - — —--- 1- — , —71 ^  -Y ^  +  71.
An 12

By virtue of the periodicity, Gx(x, ti) — G^ix, {Ik + 1) tz), and in the general 
case

G j(.Y  — X 0 +  71, n ) = ------—  (.Y -  .Y0 +  7t) 2 +  —
An 12

G i(-V,.Y0) =
for .Y0 — 2n  ^  .y ^  x 0 ,

1 7t
G i(a -  -  A'0 - n ,  n )  -- ---------------(.y  -  ,v0 -  n ) 2 +  —

An 12

for .y0 ^  .y  ^  ,y0 + 2n.

(20.49)

This Green’s function which we have constructed is symmetrical with 
respect to x and x0 and has all the properties which were established earlier 
for the generalized Green’s function.

In practical problems we often encounter cases where in the equation
(20.1) p{0) = 0 or p(l) = 0, and sometimes both ends of the interval are 
roots of p(x) =  0. Under these conditions we can sometimes still construct 
Green’s function, albeit with certain additional limitations. We limit 
ourselves here to the analysis of a single example which will be useful to us 
in the sequel.

E x a m p l e . We consider the equation
2

Ly = xy"  + y ’ -  — y = f{x )  (20.50)
x

where m is an integer, and we shall seek a solution satisfying the condition

= 0. (20.51)
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It is not difficult to see that

y i = y 2 = a- m 

are integrals of the homogeneous equation

Ly = 0.

One of these is unbounded at the beginning of the interval. Hence, in order 
that one of the constants entering into the general solution shall be fully 
determinate, it is sufficient to require that

\y\ ^ l
-Ml — 1

The other constant is determined from the condition (20.51).
In this case the adjoint operator coincides with the original one:

L z - M z

It is natural to replace in the definition of Green’s function the con­
dition at x  = 0 by a requirement for boundedness. In this case Green’s 
function for our problem may be expressed in the form

G(X, A'o) -

•*"■(*£ -  *o,n)
2m

Xq (xm -  x~ m) 
2m

x  ^  x 0

X  ^  X q

(20.52)

We assume that f(x )  satisfies the inequality

l/(*)| < 4 - »  O ^ k ^ m .

Applying formula (20.26) to the required solution, we shall have:

y(*o)  =  —An ~  A, - m (*xq mi /*1

2m
x mf  (a) dA + 2-2- J (x m — a m) / ( a) dA. 

2m *0
It is not difficult to find an upper bound for the absolute value of this 

solution:
" Ml f * X 0 t. i i .V

v I ym
I>’(a0)| ^  x m~kA dA +  A°

2m

< A
Y* — fc + 1 Xq

2m

+

~ -m- kA dA + —  f A xm~k dA
*o 2m J o

-k +1
+

a '"-*0
2 m(m — k  + 1) 2 m(m + k — 1) 2m(m — k  + 1),
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or

w * 0)| S  4 ~ .
X Q

Consequently, since k S  ni, the solution will satisfy the conditions imposed.
If m =  0, then y t =  1, y 2 =  loge x will be solutions of the homogeneous 

equation. And in this case, for bounded functions f ( x ) a bounded solution 
may be looked for.

It is also possible to construct Green’s function for equations of higher 
order than the second. We shall again restrict ourselves to one example.

We consider the solution of the equation in Example 1 of § 2 subject to 
the conditions (20.9). In this case Green’s function is defined by the formulae:

G (x,.ro) = 0 ,  x > x0,

MG = 0, x < x 0,
and satisfies the conditions

[G]X=X0 = [GAX=X0 = [G:X]X=X0 -  -  = [ G ^ ] x=JCo =  0

[■fCn-Di ______ ^
L^xx.. .xJ* = x0-  0 / •

P o(*o)

Using this Green’s function, we get the solution of the problem in the form

^(x0) =  j* G(x, x0)f(x )  d.v.

The reader may verify this for himself immediately. The Green’s function 
defined by these conditions differs, as before, from the Green’s function for 
the adjoint problem only in the interchange of the arguments.



LECTURE 21

GREEN’S FUNCTION FOR THE LAPLACE
OPERATOR

§ 1. Green’s Function for the Dirichlet Problem

Having analysed the most important cases of construction of Green’s 
function for various ordinary differential equations, we now proceed to in­
vestigate Green’s function for various problems connected with Poisson’s 
equation.

We consider in a space with the coordinates x, y, z a domain SI bounded 
by a sufficiently smooth surface S. We shall seek a function u which in this 
domain satisfies the equation

V2m = f(P )  (21.1)

and one of the following conditions:

M s = F0(S) (21.2)
or

= F ^S). (21.3)
du
dn

A problem of this sort is encountered, for example, in seeking the potential 
of an electric field due to a given distribution of charges. The problem of the 
equilibrium form of a membrane subjected to specified transverse forces also 
reduces to the same type; and so on.

The Laplace operator, as we know, is self-adjoint. The homogeneous 
conditions

M s = 0 or -J = 0,

corresponding to (21.2) or (21.3), are also self-adjoint, as is clear from 
Green’s classical formula

(vV2u — uV2v) d ft
du v ---
d n  J

291

dS. (21.4)
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The arguments which we shall adduce can be carried over without diffi­
culty to the case of more general conditions, but we shall not deal with this 
question.

D e f in it io n . A function G(P, P0) o f two variable points P and P0 which 
satisfies the following conditions will be called Green's function for the equation
(21.1) subject to the conditions (21.2), or Green's function for the Dirichlet 
problem:
1. G(P, P0) is a harmonic function of the point P throughout the domain SI, 

including the point P0 itself.
2. As a function of the point P G(P, P0) satisfies the condition [G(P, -Po)]s = 0.
3. In the domain, SI, G(P, P0) can be expressed in the form

G(P, Po) = ~ — + g(P, Po),
4n;r

where r is the distance between P and P0, and g(P, P0) is a regular har­
monic function.
The function G(P, P0) is entirely similar to the Green’s function which we 

constructed earlier for the ordinary linear differential equation.
Instead of the definition just given, we might also have defined this 

function as an influence function (as in § 2, Lecture 20), but we shall not go 
into this in detail.

We prove that Green’s function for the Dirichlet problem exists.
By property 3

G(P, P0) -  - L  = g(P, P0)
477T

is a harmonic function of the point P throughout the domain S I :

V2g = 0.
Its boundary values on S  will be

(21.5)

^o)]s ( 21 .6)

In view of (21.5) and (21.6) it follows that g(P, P0) may be constructed by 
means of the solution of the corresponding Dirichlet problem.

We shall examine one more important property of Green’s function. We 
first prove a lemma.
Lyapunov's Lemma. Consider a domain SI bounded by a twice-differentiable 
surface S. Suppose two surfaces S y and S2 are drawn, one on each side o f 
S, at a distance h from S, and that h < d, where d is the least radius o f curva­
ture o f any plane normal Section o f the surface S.
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Suppose that a function F(x, y, z) is continuous and has continuous first- 
order derivatives in the region included between S 1 and S2 and that its second- 
order derivatives are continuous everywhere within this region except on the 
surface S itself Suppose further that V2F is bounded.

Then a function which is harmonic within SI and coincides with F on the 
surface S will have a regular normal derivative on S.

To prove this lemma we apply Green’s formula separately to the two 
layers SL i and Sl2 included between S x and S  and between S2 and S. For any 
point P0 lying inside the inner layer SI i we shall have:

F(P0) = 4 ~  4tz
or

J  S + Si

1

dn \  r / r dn) 4jz
-  V2F dSl

fit r

F(P 0) =  —  
4jz

F —  ( T )  d S + —  
s dn \ r  /  4jt

dS
dn \  r )

An s+s. r dn 4tz
—  f f f -
4jr J J J Sl2 r

V2F d S l.

The integrals standing on the right-hand side

4jt
— V2F d S l,

s+s i
i ^ d S ,
r dn

1
4 71

dS

have regular normal derivatives; this follows from Theorem 2 of Lecture 15. 
The left-hand member has continuous first-order derivatives in the neigh­
bourhood of S. Consequently the integral

4jt

1
r

dS

also has a continuous, regular normal derivative.
Similarly for a point P0 lying outside the surface S  we have

whence by the same arguments we see that the integral

-  V2F d S l ,
.p, r

1 f 
4jt V I

has a regular normal derivative outside S  as well.
Hence by Lyapunov’s Theorem, Lecture 15, we see that a function which 

is harmonic inside SI and takes on S  values equal to those of the function F 
has a regular normal derivative, as was to be shown.

F ——
S d n

— 1 dS.
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We can now establish the further important property of Green’s function. 
T heorem 1. I f  a surface S  satisfies the conditions o f Lyapunov's lemma, 

then Green's function regarded as a function o f the point P will have a regular 
normal derivative when the point P0 lies inside L i.

The proof follows immediately from Lyapunov’s lemma. For we have

The function 1 / 4 obviously has a regular normal derivative. The function 
g takes on the surface S'the same values as the function 1/47ir, which is twice- 
differentiable in the region near S. By Lyapunov’s lemma, g has a regular 
normal derivative, as was to be shown.

Theorem 2. A solution o f the equation (21.1) subject to the conditions 
(21.2), i f  it exists, can be represented in the form

u{P0) =
dC*

F0(S) —  dS  
on

r% r%

G(P, P0)f(P )  dP. (21.7)

For the proof, we apply Green’s formula to the domain Li' obtained from 
37, by removing a small sphere with surface o of radius <5 described about 
the point PQ. We take u to be the unknown solution of equation (21.1) and 
v to be Green’s function G. (We may note that Green’s formula can be 
applied because G has a regular normal derivative.) Both u and G will be 
continuous and have continuous first-order derivatives inside Si'- We get:

G(P, P0) V2« dP
S'

dG u ----
dn

dS,

where S' is the complete surface of 37/.
We denote by n' the direction of the normal on the surface o, taken in the 

direction inwards into 37/. Let n be the direction of a normal going into the 
centre of the sphere o. Taking into account the fact that on S  the function G 
vanishes, we get

J C j  G (P ,P 0) f(P )d P  =
. ■% /»

Fo(S)
,1 J s

8G_
dn

dS

1 /% /%

Ajc <J
± ( 1
dn \  r

1 du 
r dn

d a

The minus sign before the last two integrals arises because in the integration 
over the surface o the direction of the normal n is opposite to that of the 
inward normal n'.



§1 g r e e n ’s f u n c t i o n  f o r  d i r i c h l e t  p r o b l e m 295

The limit of the last integral as <5 -> 0 is zero, since u and g and their 
derivatives are bounded. Further,

l im ----
<5->0 A l t r dn J

= lim ------
a-*o And2

u da — lim ------
<5-+o Ajtb2

6
J a

du
dn

dcr.

The limit of the first term is the limit of the mean value of u on the sphere a 
and is equal to u(P0). Using this fact, we at once obtain the required formula 
(2 1 .7 ) .

T h e o r e m  3 . The function G(P, P0) is a symmetrical function o f its argu­
ments.
Proof We apply Green’s formula to the functions G(P, P d  and G(P, P2) in 
the domain Si"  obtained from SI by excluding both the points Px and P2 
by means of small spheres. Denoting the boundary of SI" by S" we shall 
obtain

G(P, P t)
dG(P, P2) 

dn
G(P, P2) dG(P, P d  

dn
d S" = 0.

This integral taken over the surface S  is zero, since there both the functions 
G(P, P d  and G(P, P2) vanish. The limit of the integral over the sphere round 
P1 will obviously be equal to G(P1} P2), and the limit of the integral taken 
over the sphere round P2 will be equal to G(P2> P d  - thus we have shown 
that G(PU P d  = G(P2, P d .

T h e o r e m  4 . The function u(P0) defined by formula (2 1 .7 )  gives the solution 
o f the problem under consideration.

To prove this, it is sufficient to show that the solution exists, since by 
Theorem 2 it must be given by formula (2 1 .7 )  if it does exist.

Let y  be the Newtonian potential of the domain SI with the density f (P ) :

V( Po)
1

An
f f  f ( P ) dv.

J J P r

The function y  satisfies Poisson’s equation (see p. 169):

We put
V2y  = f .  

v = u — ip.

If we can find a harmonic function v satisfying the conditions

[ y]s  — M s  — [y]s>
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then u — v + yj will be the solution of the problem. But the existence of such 
a function v follows from our earlier investigation of the Dirichlet problem. 
Hence the theorem.

One more point is worth noting. Green’s function satisfies the inequality

G ( P , P 0) ^  — •
An r

This follows from the fact that the function g is negative on the boundary 
and so is negative everywhere.

Just as we have constructed Green’s function for the Dirichlet problem 
in space, so we could construct the same function in a plane. We should then 
have to separate out the term (l/2^r) loge (1 Jr) instead of 1/4nr. The solution 
would be given by the formula (21.7) if we took SI to be a plane domain and 
.Sits boundary curve.

§ 2. The Concept of Green’s Function for the Neumann Problem

When we try to solve the Neumann problem, either in space or in a 
plane, we meet the difficulty that Green’s function, as we should like to 
construct it, does not exist, since the corresponding homogeneous problem 
has a non-trivial solution, viz., a constant. We should have to find a general­
ized Green’s function, i.e., to require it to satisfy not Laplace’s equation but 
the equation

V2G(P, P0) = C. (21.8)

We shall examine this question in more detail. We shall show that a 
solution of (21.8) exists, having the form

Gl = —  + g (21.9)
Anr

where [dG^drils = 0, and g is a function which is regular within the domain. 
To do this, it is sufficient to show that, for a proper choice of the constant C, 
a function exists which satisfies equation (21.8) and the condition

dg 1 ra mdn s 4 n _ dn \ r  )_

We shall try to find g in the form g = aR2 + gu  where R 2 = x 2 + y 2 + z2, 
and is a harmonic function. For the function we get the boundary 
condition

be 
1_

r  o r2 i 1
\ d ( 1 Yl— — oc — ----L dn Js dn s 4?r dn \  r )_ s

( 21. 10)
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We shall show that with a suitable choice of the constant a, the following 
equation holds:

dR2
dn

+
4tc

d S  =  0. (21. 11)

From this it will follow that a harmonic function exists satisfying (21.10), 
and moreover we shall have

V2g — 6x = C.

Consequently, it will follow that a function exists satisfying (21.8) and 
(21.10). We shall call this function Gx Green's function for the Neumann 
problem.

We have /■»f d R 2 f f fa - - - - dS =  a 1
J ft s  dn J J «

V2CR2) dS 6x ■ m f t ,

where m ft is the volume of the domain ft. Further,

Hence the condition (21.11) is satisfied if we put a =  —(l/6m ft).
Using Green’s function G1 a solution of the following problem can be 

constructed: to find a function u satisfying the equation

V2« = /(P )

and the condition [8ujdn]s =  0.
The necessary and sufficient condition for this problem to be soluble is 

that

m  d v  -  0 .

If this condition is satisfied, then

u(P0) = G(P, P0)f(P ) dm
SI

We shall leave the reader to verify this assertion.
We consider one example.
E x a m p l e . We shall construct Green’s function for the Neumann problem, 

formulated for the sphere R 5S 1, where R = Vx 2 + y 2 + z2.
By definition,

G =  —----- 1- g
4  n r
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where

V2G = const , r * i  = - ± \ ± ( i ] \  .
[_anJK=] 4jz |_ dn \  r j J fi=1

For convenience, we suppose that the pole of Green’s function is at the
point (0, 0, z0). Then ___________________

r = \ /  x 2 + y 2 + (z -  z0)2 ,
and

d / r
dn \ r R =  1

x cos (n , x) + y  cos (/;, >’) + (z — z0) cos (n , z)
R= 1

But on the surface R = 1 we have cos (n, x) = —x, cos (n.y) = —y, 
cos (n, z) = —z. Hence

We now introduce the number z'0 — \jz0 and the function

rt = yjx2 + y 2 + (z -  Zq) 2.
Clearly,

(21. 12)

ra 1 -  ZqZ~
_ dn 1\ ri /_ R~ I L r? J

Putting R0 = z0, q = rl f R =  1 in (10.8), we have [r]R=1 = [ z o r ,) ^ .  Using 
this, we find

whence

d_ 
dn

" d (_LY1 , 2  ^ 0  ~

_ dn \  ,-i /_ R =  I
“ u  3r^

(21.13)
R =  1

9L +tK (t)L ,= ['
1 -  2 z z 0 +  Zq

- m  ■r= i L '  J r= i

To finish these preliminary calculations, we consider the function

w =  loge (Zq -  z +  r j .

We prove that w is a harmonic function. For,

dw _  a* a,v v
dx r i ( z 0 — z  +  f^ ) GO?o -  - + ^i) ’
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d»t’ = - 1  + (z -  Z p ) l r 1 _  1
d z  z ' 0 — z  +  a*i

d2w _  (zq — z )  ( r \  —  x 2) + r \  — 2riX2 
5a2 r?(zj -  z + r,)2 ’

9 2 w = (Zq -  z) ( r \  -  y 2) +  ri -  2r xy 2 

dy2 r\{z'0 -  z + rx)2

d2vv _  z  — Zq d2w d2w _  z '0  —  z

" d x 2  V \  ’ a ^ 2 +  a ^ 2" r \ ~

Hence V2iv =  0.
We next calculate [dw/dn]R=1. We get

5 h' ~ _ r x  cos (n , x) + y  cos (n, y) — {zq — z + rx) cos (», z)
_ dn _. . .  L r l(z0 -  Z +  Ty)

[ r \  -  (zp -  z)2] -  z(rx + z ' q -  z)~j
r l ( Z o  -  Z  +  f i )  _ | r  =  1

R= 1

(21.14)

Using (21.12), (21.13), (21.14), it is easily verified that Green’s function must 
have the form

G = 1
4 j t r

1 1
+ -----------

Z q 4 j l V !

W
4  71

R̂ _
8̂ :

+ C,

where C is a certain constant which can be determined from the condition

G dx dy dz = 0.
R <  1

The calculation, which we shall not give in detail, leads to

1C = -
2Z0

8tt 4 j z

loge z0 .

R 2 z 20
Hence

1 1 1 IV 1
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Returning to the notation of Lecture 19, we have

G =
An .s f  R 2 — 2RR0 c o s j  +  R l

1
+  *---  =

J r 2 R l -  2RR0 cos y + 1 2
R
~2

loge (1 -  RR0 cos y  + J  R 2 R l -  2RR0 cos y + 1 )

<N O



LECTURE 22

CORRECTNESS OF FORMULATION  
OF THE BOUNDARY-VALUE PROBLEMS  

OF MATHEMATICAL PHYSICS

§ I. The Equation of Heat Conduction

With most of the problems which we have so far considered, the method 
of solution itself answers the question whether the particular problem was 
correctly formulated. In some cases, however, it is more convenient to deter­
mine first of all whether the problem is correctly formulated.

Let us consider the equation of heat conduction in a bounded domain ft 
of three-dimensional space, variables jc, y, z, with the boundary surface S, 
when there are internal heat-sources present with density F(x, y, z). Let 
u(x, y, z, t) be the temperature at the point (x, y, z) at time t. The function u 
satisfies the equation

V 2w = —-—  F (x ,y ,  z ) . (2 2 .1 )
dt

If we regard the heat influx as being non-negative everywhere, we have

F (x ,y ,z )  = F(P) ^  0 .  (2 2 .2 )

Suppose, further, that the following boundary andinitial conditions are given:

M s =fi<2> t), Mt=o =  <P(P) (2 2 .3 )

where the functions/ and <p are continuous, and the values o f /fo r  t =  0 on 
the surface S  coincide with the values of <p, and where Q is a point of the 
surface S  and P is a point of the domain ft. We prove the following.

T h e o r e m  1. At any instant o f time within any finite internal 0 ^  t0 ^  T  
the following inequality holds within the domain f t :

u{P0, t0) ^  infpC«;Qcs min [f{Q, t), <p(P)]. (2 2 .4 )

In other words, the function u attains its lowest values either at t = 0 or on the 
boundary o f the domain ft.
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Proof. Suppose the theorem false. Let the function u take at a point P0 and 
a time t0 a value which is less than all its other values within the domain ft 
at t =  0 and less than its values on the surface S  during the time-interval 
0 ^  t ^  t0. Then

w(T0, 'o) -  infpc^.ocs min [f{Q, t), q,{P)) = -  e0 < 0.
OSrgto

We form the function

v (x ,y , z , t) =  u (x ,y , z , t) -  —  —------
2  tn

As before, the function v has the property that in the interval 0 ^  t ^  tQ, 
it does not take its minimum value either at t = 0 nor on the boundary 
of the domain. This follows at once from the fact that its value at the 
point (P0, t0) is less, by at least e0/2 , than the minimum values of v(x, y, z, t) 
on the boundary of ft and at t = 0, because

v(Pq,  to) — u( Po ,  t0) ,  [ i;]s  St [ u ] s  — 80j 2 ,  [f]( = 0 — [ « ] f = 0 ~  £o /2  ■
The function v must take its least value either somewhere within the domain 
{ ft, 0 ^  t ^  t0} or at t = t0• It is now easy to see that our hypothesis 
leads to a contradiction. If the minimum v were to lie within ft for t < t0, 
then the first derivatives of v with respect to the space coordinates and 
time would vanish at this point, and the second derivatives d2v/dx2, 
d2vjdy2, d2vjdz2 would be non-negative, as would V2v. On the other hand,

^  dv du Eq ,V2l> =  V2w, ---- = ------- 1------- , and V2v
dt dt 210

d v  d u  e 0
= V2« -------------   < 0.

dt d t It

Thus, a non-negative number would have to equal a negative number; and 
this shows our hypothesis untrue.

We have still to consider the case when v attains its minimum at t = t0. 
The derivative dvjdt clearly cannot be positive at the point where v attains 
its minimum, for otherwise at smaller values of the time v would have lesser 
values and we should not have found its minimum. On the other hand, as 
above, the inequality V2v ^  0 holds at this point. Repeating the previous 
argument, we are led to the absurd conclusion that the non-negative expres­
sion V2v — dvjdt must be less than zero. Hence this case also is impossible, 
and the theorem is proved.

By changing the signs of the functions u , f  y  and F  we derive:
C o r o l l  a r y  1. I f  in equation (2 2 .1 )  the function F satisfies the inequality

F (x , y , z) S  0,

then the function u attains its maximum value either for t — 0 or on the bound­
ary S o f the domain ft.
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C orollary 2. A function u(x, y, z, t) which, in the domain Si and for 
Q = t T, satisfies the homogeneous equation o f heat conduction will take 
its maximum value and its minimum value either at t =  0 or on the boundary 
S o f SI.

From the foregoing arguments follow the uniqueness of solution of the 
equation of heat conduction under the conditions (22.3) and the continuous 
dependence of order (0, 0) of this solution on the right-hand members of 
the boundary and initial conditions, i.e., the correctness of formulation of 
our boundary-value problem.

For, if there were two solutions of the problem, then their difference, 
satisfying the homogeneous equation, would vanish for t — 0 and on the 
surface S. But then, by Theorem 1, both the maximum and the minimum of 
this difference would be zero. Consequently the difference itself would be 
zero. That is, the problem cannot have two different solutions.

We can prove that the problem is correctly formulated in a similar way. 
If the difference of the functions which give the initial and boundary con­
ditions does not exceed in absolute value a certain positive number e, then 
the difference of the corresponding solutions, considered as the solution of 
the homogeneous equation of heat conduction with small boundary values, 
will also not exceed e in absolute value.

Theorem  2. The solution o f equation (22.1) depends continuously not only 
on the conditions (22.3) but also on the free member o f (22.1). More precisely, 
i f  for 0 ^  t ^  t0 the values o f the functions f  and <p are less than e 0/2 ,  and the 
function F satisfies the inequality F  5S e0j2t0, then for 0 ^  t ^  t0 the solution 
o f (22.1) satisfies the inequality u < e0.
Proof Suppose that at a point (P0, t0) the solution of our problem takes a 
value exceeding e0. We form the function

v = u + e0(t0 -  t)/2t0.

This function must have a maximum within SI for 0 < t < t0. But, by 
forming the expression V2v — dv/dt, we find that it is positive everywhere 
within 51 for 0 < t < t0, and this contradicts the condition that v should have 
a maximum.

Corollary 1. I f  the signs in the inequalities for cp, f  and F are changed, 
i.e., i f  (p > —e0j 2 , f  > — e0/2, F > —e0j2t0, then u > —e0.

Hence, finally, we have:
C orollary 2. I f

H  < £o 12, | / |  < e0/2, |p | < e0/2t0, 

then in the interval 0 < t < tQfor all P a  51 we have |h| <  e0.
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§ 2. The Concept of the Generalized Solution

In many of the problems of mathematical physics which we encounter, the 
existence of a solution is established only if we lay considerable restrictions 
on the boundary conditions. We now introduce a concept which will enable 
us to avoid having to investigate these questions.

Suppose we have three sequences of continuous functions F„, y n,f„, 
which tend uniformly to the continuous functions F, <p, f  respectively, and 
let the equation

V2w„ dun
dt

= Fn

have a solution u„ subject to the conditions [w]t=0 =  <pn> Ms =  fn (by what 
has been proved, such a solution will be unique). By Theorem 2 of this 
lecture, the difference

um -  un

will be arbitrarily small in absolute magnitude if m and n are sufficiently 
large. That is, the sequence u„ tends uniformly to a function u which satisfies 
our boundary conditions. But we know nothing about the convergence of 
the derivatives of u, and therefore we cannot assert that the limit function 
satisfies the equation

dt

We shall call the function u the generalized solution o f the equation (22.5) 
with the given initial and boundary conditions.

Such a generalized solution is unique, for there cannot be two sequences 
w„and u£2) for which the functions /„ and f J,(1), <pn and 9?̂ 1), F„ and F (nl) con­
verge respectively to single limits while the sequences themselves converge to 
different limits, because in this case the sequence

„ 7,(1> „ ,/>) u „«>W1 , W1 >112)  1*2 > • • • > u n ? 11 n > • • •

would diverge, and this is impossible.
In practice, instead of posing the problem of finding the true solution, 

it is sufficient to solve the problem of finding the generalized solution. For, 
in physical problems we do not know precisely the values off  <p, and F. The 
values which we take for them will not be precise, but will differ from the 
exact values by only small amounts. Hence the generalized solution, even 
though it is not the true solution, will differ from it but little.

We have just discussed the generalized solution of the equation for heat 
conduction. Similar considerations apply to Poisson’s equation, considered
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earlier. We can define a generalized solution of the equation

305

V2U = Q
subject to the conditions

= v  or [ | t ]

as the limit of solutions of the equation

V2u =  Q„,

du

- V

subject to the conditions

[u]s = <pn or —  -  y„,

provided that
<?„ -»■ Q ,  <Pn - *  < p ,  W n  -*■ V

uniformly in each case.
We give an example for which such a generalized solution exists.
E x a m p l e  1.

Let

where

x 2 -  V 2 72„ =  yV2u =
R 2 logo R (loge R)2 _

( 22 .6)

z2 .R  =  J  x 2 +  y 2 +

We shall show that, for R  ^  1/2, the function

M o  =  ( * 2 -  y 2) l°ge |loge R |

will be a generalized solution of equation (22.6) subject to the boundary 
conditions

[W]f l= l /2 =  [Wo ]i l= l /2 -
For, write

Uk =  (A2 -  y 2) loge |logc i?k|,
where

R k = R 2 +  dk , —> +  0 as k  —> co .

Calculating Auk we get:

^ Uk =  2 loge I loge /?k| +
dx.2

+ (x2 -  y 2)

Rk loge Rk 

1 2x2 x.2

R l l0ge R k  R t  ^ge R k  R t ( ^ge R k Y
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d2uk 
dy2

d2uk
dz2

whence

=  - 2  loge | loge R k | -  

+ (x2 -  .y2)

(* 2 -  y 2)

4 y 2

Rk l°ge Rk

[ i ? 2 loi
2 y 2 y

[ i ? 2 loj

loge Rk Rt ^ g e  Rk Rt (loge Rk)2

2 z 2 z 2
loge Rk Rt lOge Rk Rk (loge Rkf

V2uk =
x 2 — y 2

R l
1

loge Rk (loge RkY

The sequence uk obviously converges uniformly to u0 ask  -»• oo. Moreover, 
for R  ^  1/2, the sequence V2wk also converges uniformly to the right-hand 
side of equation (22.6). For, if R < r and if <5kis sufficiently small, then both 
V2u and the function

R 2 L lOge R (lOge R f  _

will be as small as we please if r is sufficiently small, and if r ^  R  ^  1/2 the 
uniform convergence is obvious.

Consequently, u0 is the generalized solution of equation (22.6). However, 
at the point (0, 0, 0), the second derivatives of u0 have no meaning.

A solution of equation (22.6) with the boundary conditions

[w]r=i/2 — [wo]r=>/2
does not exist.

We notice, preliminarily, that u0 satisfies equation (22.6) in the usual 
sense everywhere in the circle under consideration except at the point 
(0, 0, 0).

If u were a solution of the proposed problem, then the difference u — u0 
would have to :

(i) be a harmonic function everywhere except perhaps at the origin,
(ii) be continuous everywhere,

(iii) vanish on the boundary of the domain.

But we have already seen that a continuous function which is harmonic 
everywhere except perhaps at one point must be harmonic at that point also.

Hence the difference u — u0 is a harmonic function which is zero on the 
surface of the sphere, and is therefore zero everywhere. Hence the only pos­
sible solution of our problem is the function u0. Since u0 does not satisfy 
equation (22.6) at the origin, our problem has no solution at all.
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If we now take the equation for heat conduction with the same right- 
hand member as in (22.6):

_5_________ 1
lOge R  ( l0 g e R ) 2 _

and try to solve it with the conditions

Mr=1 / 2 = [wo]r = i/2 ’ tw]t=o = wo>
we shall be unable to find a solution.

The function u0 can again serve as the generalized function in this case. 
It can be shown that a continuous function which satisfies the homogeneous 
equation of heat conduction everywhere except perhaps at a point (x0, y0, z0) 
for all values of time must also satisfy the equation at this point too. Using 
this fact and repeating the argument used in investigating Poisson’s equation, 
we can prove that the problem has no solution.

du x 2 — y 2 
dt ~ R2

§ 3. The W ave Equation

We now investigate the wave equation

d2uV2w _  _  = f  (22.7)
dt2

and consider its solution in a domain SI bounded by a surface S, with the 
initial conditions

[«L=o =  <Kp )> = V(P) (22.8)

and the boundary conditions

= f(S). (22.9)

Our argument will apply without change if, instead of its normal deriv­
ative, the unknown function itself is specified on the boundary.

As regards the function u, we shall assume that within SI it has continuous 
derivatives up to the second order inclusive and that its first-order derivatives
are continuous in the closed domain SI-

Without loss of generality we can always suppose that

(p = 0, ip = 0, /  = 0.

For if this is not initially true, by taking a new function v defined by

v u — w.
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where w is any function whatever which satisfies (22.8) and (22.9), we at once 
derive the homogeneous conditions for v.

We consider the integral

K y{t) = du

ft

\ ( d u \ 2 ( d u \ 2 [ d u \ 2
l U J  +  \ d y )  + \ d z )  +  \ d t

dv dy dz.

Calculating dKy{t)jdt, we use (22.7) to find

d Ky
d t

= 2

= 2
f du d2u du d2u du d2u du d2u )
\ ------------ + ------------- + ------------- + ------------ V dvdjdz

p{d.v dx dt dy dy dt dz dz dt dt dt2 j

f du d2u du d2u ( du d2u du d2u 
+  —  — —  +

ft

= 2

= 2

dx dx dt dt dx2 J \d y  dy dt dt dy2 J

fd u  d2u du d2u \  du)+ ------------ + ------------- I -  F —  V dx dv dz
\ d z  dz dt dt dz2 J dt J

■ i ± ( ^ ^ \  + ± ( ^ d u \ ± / ^ ^ \ _ p a u ^ d x i y d !
p ( d v \ d t  dx J  d y \ d t  dy J  d z \ d t  dz J  d t j

^ . ^ . d S - 2
; dt dn ft

F  —  dv d j dz .
dt

Since we have assumed [dujdn]s = 0, we get

d Ky
dt

= - 2

ft
F  d.v dv dz. 

dt
(22.10)

Using the obvious inequality, |ab\ ^  a2j2 + b2/2, we can write (22.10) as

d Ky <
dt ft

F 2 dv d_v dz +  | | | ^ d v  ^

or, making use of the same inequality again, 

d Ky <
dt

F 2 dv d_v dz +  Ky.
ft

If we put F 2 dv dy dz = A(t), then
ft

d Ky
dt

-  Ky £  A(t),

or
d(e~Wt)

dt
^  e *A(t). (2 2 .11)
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e-'tfiW  ^  K M  +

K x(t) g  e% (0) + e‘ tlA{ti) dt1
o

{TIM)

It follows at once that, provided ^ ( 0 )  =  0, for any fixed, finite interval 
of t the value of K ^t)  will be as small as we please if A{t) is also sufficiently 
small.

We note also that, putting K0(t) = dx d^ dz, we shall have

dK0(t) 
d t

u —  d.x dy dz ^  K0(t) + K ^t) ,  
o dto'

dK0{t)
dt

K0(t) ^  K f t ) . (22.13)

From this inequality, in the same way as above, we get

K0(t) <, e '^ 0(0 ) + e '- ^ C O d t i .
o

(22.14)

If FTo(0) =  0 =  J^x(0), then K0(t), like K x{i), will be as small as we please 
if A(t) is sufficiently small.

A number of conclusions can be drawn from these results (22.12) and 
(22.14).

T h e o r e m  3. Let the sequence o f functions u„ satisfy the equations

and the conditions

Let the functions F„ satisfy the condition

rT
lim
«-«> J 0

F 2 dx d_y d z | dt =  0 .

(22.15)

(22.16)
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Then for all values o f t such that 0 5S / F,

lim K0(t) = 0
n -+ co

lim K f t )  = 0.
n-> oo

Proof From (22.12) and (22.14) we have a fortiori

K x{i) tk eT
f T

A(tj) dt1

and

K0(t) ^  eT f K ^ t .)  dtx ^  e2Tr f  A{t,) d t , , 
Jo Jo

(22.17)

(22.18)

and our theorem follows at once from (22.17) and (22.18).
By Theorem 3, the solution is continuously dependent in the mean to 

order (0, 1) on the right-hand member of the equation (see p. 29). If we 
compare the solutions of two equations

V2Mj -  = F, and V2w2 -  = F2, (22.19)
dt2 dt2

with the homogeneous conditions(22.15) and(22.16), the difference (F, — F2) 
being sufficiently small in the mean, i.e., the integral (F, — F2) 2 dx dy dz 
is sufficiently small for all t, then although we cannot assert that | — u2\ 
will be everywhere small, nevertheless the difference {ul — «2) and its deriv­
atives of the first order will be arbitrarily small in the mean at any instant,

ue'’ r r r
(ux — u2) 2 dx dy dz < e,

J J J Q

SI

dwj
dx

du2\ 2 (du i du2\ 2 fdu ,
dx J \  dy dy J \  dz

du2
dz

dx dy dz < e.

Suppose we wish to compare the solutions of the two equations

= v h ,2 -  =  f 2
dt2 dt2

subject to the conditions

[Ml]r = 0 = J [M2]f = 0 = 9?2 >

(22.20)

du,
~d7

=  Vi ,
( =  0

du1
dn = / i ,

du2
."aT

du2
dn

= V>2,
1 =  0

= f l .
_ s
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where <p1} q>2 have continuous derivatives up to the second order, and xpu 
f y, f 2 have continuous first-order derivatives. Suppose that these functions 
are near to one another so that the following inequalities hold:

\<Pi -  <P21 <  <5,

|Vi -  < 8,

li7! -  F2\ <

d<p i 
dxt

dVi
dxi

d<p2
dx t

<  <5,
dxt dxj

d2Vi 
dx t dxj

< <5,

dy>2

dxt
< d, \fi  ~ U | <  <5,

dh
dxt

dh
dxi

< <5,

(*i =  x , x 2 = y ,  x 3 = z).

It is easy to see that, if we reduce these problems to problems with homo­
geneous conditions, we again obtain two equations of the form (2 2 .2 0 ) 
whose right-hand members are close together, and consequently their solu­
tions will be close together in the mean for any values of t in a finite interval.

In exactly the same way as for the equation of heat conduction, it is 
easy to show that the solution of equation (22.7) with arbitrary initial con­
ditions (22.8) is unique. To do this, it is sufficient to show that the homo­
geneous equation with homogeneous conditions has only a trivial, identically 
zero, solution. And this follows because, as we have seen, the integral of the 
square of such a solution is zero.

Finally, just as in the previous problems, the question of the existence 
of a solution presents very considerable difficulties, which even exceed those 
arising with Laplace’s equation and the equation of heat conduction. These 
difficulties may be avoided by introducing again the concept of a generalized 
solution.

§ 4. The Generalized Solution of the Wave Equation

We make a few preliminary remarks. Consider a function u{x, y, z, t) of 
four independent variables, x, y, z being the coordinates of an arbitrary 
point in a certain domain SI and t the time; suppose that u2 is integrable with 
respect to x, y, z for any value of / in a certain interval. We shall say that 
the function u(x, y, z, t) is continuous in the mean with respect to the variable 
t at the point t0 if the magnitude of

(w(x, y , z, t0 + h) — w(x, y , z, t)}2 dx dy  dz
9.

1/2

can be made arbitrarily small for sufficiently small \h\. We shall say that a 
function which is continuous in the mean at every instant of an interval 
a 5S t /? is continuous in the mean in this interval. It is convenient to 
introduce an abbreviated notation. For any function of the variables x, y, z
E M P  11
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which is specified in the domain ft, and whose square is integrable, we shall 
call the quantity

» -11/2 

u2(x, y, z) d .Y  d y  dz
J P

the norm o f  the function u and denote it by ||w||.
By Minkovski’s inequality (see § 6  below)

||w + p|| ^  ||«|| + ||u||.

If ||m|| =  0, then, as shown in § 7, Lecture 6 , the function u vanishes almost 
everywhere in f t.

If a is an arbitrary constant, then obviously ||uw|| =  \a\. l|u||.
We shall need these properties of the norm later. Using this new notation, 

the definition of continuity in the mean can be re-formulated thus: the 
function u(x, y, z, t) is continuous in the mean at the point t0 if, given any 
positive number e, a positive number r/(e) can be found such that

||«(fo +  h) -  u(/0)|| < £

provided only that \h\ <: ?/(e). (The arguments .y ,  y, z of u have been left 
out for brevity.)

We shall say that a sequence of functions u„( x, y, z, t), (/i =  1, 2, ...), 
converges uniformly in the mean to the function « 0 ( .y , y, z, t )  if

II01e25 ff
/+ — 

{ w „ ( .v ,  y , z, t) -  Uq (x, y .  z, t)}2 d .Y  dy dz
J J Pc

for all t in the given interval, provided only that n 5: N(e). 
T h e o r e m  4.  I f  the sequence of functions

u„(x, y , z, t), n =  1 , 2 , ...,

converges uniformly in the mean, and i f  each function is continuous in the 
mean, then the limit function is continuous in the mean.

The theorem is proved in the same way as that for ordinary continuous 
functions in elementary mathematical analysis. Let e be a given positive 
number. Choose N  so large that

|K ( 0  -  «o(0 || < |  (2 2 .2 1 )

for all t in the given interval, provided only that n N. The function 
un(x, y, z, t) is, by the conditions of the theorem, continuous in the mean at
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the point t0. Consequently, for |/z| <

||u„(t + h) -  «„(0 || < y -  (2 2 .2 2 )

From (22.21), (22.22) and Minkovski’s inequality we obtain

||w0(f + h) -  wo(0 || ^  ||mo(* + h) ~  u„(t +  h\\ + ||«o( 0  -  ^(OH

+ \\u„(t +  h) — u„(r)|| < — + — + — = e.
" 3 3 3

Thus for \h\ < i], ||w0(J + h) — «0(OII < and the theorem is proved.
We shall say that the function u, whose square is integrable in the domain 

SI and which satisfies

lim (u„ — u) 2 dx dy dz = 0

n-'00J J J  Q
is the limit in the mean of the sequence un.

We define the generalized solution of equation (22.7) subject to the con­
ditions (22.15) and (22.16) to be the function u which is the limit in the mean 
of the sequence of functions u„ which satisfy the equations

V2w„ -
dt2

-  F„

and the conditions (22.15) and (22.16), where the sequence F„ converges in 
the mean to F.

An important result follows from the inequalities established in Theorem 3: 
if the sequence F„{x, y, z, t) converges in the mean uniformly with respect 
to t, then the sequence of solutions u„(x, y, z, t) also converges in the mean 
uniformly with respect to t.

Just as we did earlier (see, for example, Lecture 18), we shall regard two 
functions u(1) and m<2) as equivalent if

(»(U — u<2))2 dx dy dz = 0 .
J J J ft

This means that the two functions can differ from each other only over a set 
of measure zero (see Theorem 21, Lecture 6 ).

The generalized solution is unique, for the sequence u„ cannot have two 
limits in the mean; otherwise we should have for the two different limits the 
inequality

(w(l) -  u(2)) 2 dx dy dz S
J J ft 
< 2

[(m(i) -  u„) + («„ -  ui2))]2 d xd yd z(2h l2

(uCl) — u„)2 dx dy dz + 2

ft
(m<2) — u„)2 dx d>> dz ^  4e ,

ft
so that «(1) and u(2) must coincide.
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The existence of the generalized solution can be established by using a 
theorem in the theory of functions of a real variable, known as the Riesz-

i __
Fischer Theorem. This theorem states that:

I f  the integral o f  uf exists for all i, and i f  the sequence o f functions ulf 
u2, • • • has the property that, for all sufficiently large m and n,

(um — un)2 dx dy dz < e,
£1

then the sequence has a limit in the mean, i.e., there is a function u such that

lim («„ — u)2 dx dy dz = 0 .
J J  «p

We shall prove this theorem at the end of this lecture.
We now show how the Riesz-Fischer theorem can be used to prove the 

existence of the generalized solution of the wave equation. Let un{x, y, z, t) 
be a solution of equation (22.7) satisfying the conditions (22.15) and (22.16). 
Consider the expression

| | « n , ( 0  “  « n ( 0 | | -

The function vnun = u j t )  — u„(t) is a solution of the equation

A.. d2V">'»   Z7 F
m , n  * \ mdt2

By virtue of the uniform convergence in the mean of the function Fn to F  we 
shall have ||i7„J(f) — F„(0ll <  V f°r sufficiently large m and n and for any 
i] > 0. As we have seen, it follows that ||pm>n|| < e, where e is an arbitrary 
positive number. By the Riesz-Fischer theorem, the sequence u jx , y, z, t) 
converges uniformly in the mean to a limit function, which, by Theorem 4, 
will be continuous in the mean, as was to be shown.

In the examples considered in the previous sections it happened that the 
generalized solutions of Laplace’s equation, Poisson’s equation, and the 
equation for heat conduction, had continuous first-order derivatives. As 
we shall soon see this circumstance is not fortuitous.

In contrast to these problems, the generalized solution of the wave 
equation and its first-order derivatives may be discontinuous. It would take 
too much time to explain the circumstances in which this can happen, and 
we shall not deal with the question here.

To conclude this section we give a simple example.
Example 2. We take as the domain SI a sphere of radius 1. Let ip(£) be a 

certain function which is specified in the interval —c o < £ < c q .  Consider 
the function

W  + 0  — W  ~ r)u o =
r

(22.23)
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where r is the distance of the variable point from the origin. If r ^  0, the 
function u0 has the same number of derivatives as the function xp. If r ^  0, 
u0 has derivatives of order one less than the order of the highest derivatives 
that xp has. It is not difficult to establish this by differentiation of the deriv­
atives with respect to the space coordinates x, y, z, and for the derivatives 
with respect to time it is immediately obvious. For,

1
= _  [t/ fc)(t + r) -  xp(k\ t  -  /•)]. 

d r  r

This function is determinate for r — 0 only if

lim — [xpm (t + r) — xpw (t — r)] = 2 y/fc+1) (r) 
r-*0 r

exists. Consequently the necessary (and sufficient) condition for the existence 
of the derivative dkujdtk at r = 0  is that the continuous derivative xpik+1) shall 
exist. It is easy to see by differentiation that u0 is a solution of the equation

V2n0
d2 up 
dt2

-  0 ,

if xp has continuous third-order derivatives. Suppose now that the function^ 
from (22, 23) is differentiable only once or not at all; then it can be shown 
that Uq is still the generalized solution.

The sequence of solutions

Wn(r + t) -  xpn(r -  t)un
r

will tend to this function u0 if the sequence of thrice-differentiable functions 
xp„ tends to xp.

If at some point |  = t0 the function xp(g) has no derivative, then u0 will 
have a discontinuity at the point r — 0, t — t0. In this case there will be no 
function u satisfying the conditions

[wJs — IMo]s> tM]r = o — tuo]f = 0 )
and the equation

V2w
d2u 
dt2

r  du~\ =  r  du° i
L Jt=o L dt J t=0

For, if such a solution existed, then, since a solution depends continuously 
on the initial conditions, the sequence un would have to converge towards 
this solution, and this is impossible because the sequence converges to u0.
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There is another approach to the generalized solutions by means of 
which they can be defined immediately without having recourse to a passage 
to the limit.

If un is some solution of the equation Lun — Fn, and if yj is a completely 
arbitrary function having continuous derivatives up to the second order and 
which is different from zero only in a certain interior part a of the domain Q, 
then

<WF„ un Mrp) d ft =  0.

The terms outside the integral drop out since y> and its derivatives vanish 
outside a.

We now require to use an important inequality known as BunyakovskVs 
inequality (Schwarz's inequality). Let (pu <p2 be two functions of n variables 
.vl5 x 2, x„ which are defined in an open set SI- If the integrals

(p\ dp and

exist, then the integral

(pi dp
Ac'

<fi(p2 du

also exists and

(f\<P2 du V ^ < P l  d t ; |  | J  , 2 d p | .

We shall prove this inequality later.
Minkovski’s and Bunyakovski’s inequalities give, for any generalized 

solution of equation (22.7), for any e > 0 and for sufficiently large n.

(■ipF — uMip) d ft
J o<

[y>(F -  F,d -  (u -  un) My)] d ft

< ip2 d SI (F -  Fny  dsi
-I -> 6'

+
(%

j* (u — un)2 d^l •
J * J (S; * «

(My))2 d ft ^  e.
Q

This means that for any generalized solution, the integral equation

uMy> d ft
k)

y>F d£l
,Qv  %

(22.24)
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holds for any function y. The differential equation may be replaced by this 
integral relation. We can say that the generalized solution of the equation

Lu = F

is any function which satisfies the integral relation (22.24) where y  is any 
function which has continuous derivatives up to the second order and which 
is different from zero only in a certain internal part o of the domain SI- 

If we recall the proof of the existence of the solution which we obtained 
by Kirchhoff’s method, we see that the formula (22.24) was an important 
link in the argument. We have proved, in this way, the existence only of the 
generalized solution. Now from (22.24), supposing that u has derivatives, 
and integrating by parts, we deduce the following formula:

/ » / * / »

y(Lu — F) d SI = 0,
%/ Q

(22.25)

and hence conclude that u is a solution of the equation Lu = F. This last 
step can be taken only if u is a solution of the problem in the classical sense 
of the word.

§ 5. A Property of Generalized Solutions of Homogeneous Equations

The following general theorem holds.
T h e o r e m  5. For Laplace's equation, the equation V2u + Xu =  0,  and the 

homogeneous equation for heat conduction, any generalized solution in the sense 
of the integral relation (22.24) is necessarily differentiable as often as we 
please and is a solution in the ordinary sense.

This property sharply distinguishes equations of elliptic or parabolic type 
from equations of hyperbolic type, for which this property does not hold.

We shall prove the theorem first for the equation of heat conduction.
We first construct certain auxiliary functions. We define a function ^ (l)  

by the formulae
/ 0  £ £  i .

m )  = 1 + exp ~ £  + 1  

(£ -  i)  0  -  £)

- 1

i  < £ < 1 ,

VI £ £  1 .

The function !F(£) has certain obvious properties:

(a) It is continuous in the interval 0 ^  £ ^  co .

For, the fraction ( — £ + l/2)/[(£ — 1/4) (1 — £)] attains its limit + oo
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when £ -> (1/4) + 0 and its limit — oo when £ -» 1 — 0: consequently,

lim exp 
S-l/4

r + * l
L (i -  i)  (i -  f) J

= oo, lim exp - £  + i
_ (£ -  i)  (l -  £) _

= o

and the continuity of W(!~) follows.

(b) The function *¥{£) has continuous derivatives of all orders.

Proof. It is sufficient to show that the limit values of the derivatives of Wif) 
of any order when £ -> 1/4 or £ -> 1 are zero. We have

— exp - i  + i  1
_ (£ -  i)  (l -  £) J d

1

1 +

^ 1  + exp r  - i  + i  
L a  -  i)  a  -  0 .

■y d£ 1

'-‘H1
J-Cr

d r  f  - 1  i
d£ i 1 1 w 1__

1 + exp - f  + i
L (£ -  i)  (l -  0

-  £ +  2

w1 +  exp £ -  i
L( £ - i ) 0 - £ ) J

The expression exp
L G - m i - s )

than any rational function of £, and

tends to infinity, when £ -> £, faster
i

he expression exp 1 ’ 2

- f )
also tends to infinity when £ -> 1 faster than any rational function of £. 
Consequently,

+ 0 ) = 0 ; -  0 ) = 0 . (22.26) 

Any derivative Wm(g) may be expressed in the form

Rm.p. «(£)<F-(£) = X
<isi 1 + exp - £  + i

L(f -  i)(i -  f)J
1 + exp i - i

. (£ -  i ) 0  -  i ) J J
(22.27)

where are certain rational functions.
This formula may be proved by induction.

(22.27) shows that

+ 0 ) =  0 , Wm{ 1 -  0 ) = 0 (22.28)

as was to be proved.
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We now bring into consideration the function

w„(x -  x 0, y  -  y 0, z -  z0, t -  t0)

( 0

I 2{t — t0) z
3.

- 1

3 W[n2(r2 + t0 -  !)]> t < t0

where

r =  V O  -  x 0 ) 2 + O  -  J o ) 2 + (z -  z 0) 2 , O g r <  +oo.

We note one or two properties of the function wn.

(a) It is clear that

w„(x -  x0, y  -  y 0, z -  z0, t0 -  t)

= n2Wt[n(x -  x0), n(y -  y0)> n(z -  z0), n2{t0 -  /)]. (22.29)

(b) We form the expression

Then it follows from (22.29) that

#„(* ~  *o, y ~  To, z ~  z0, t0 -  t)

= n50 1[n(x -  x0), n(y -  y 0), n(z ~  zo)> n2(t0 -  01- (22.30)

(c) The function 0 n is different from zero only in the domain Dn :

which shrinks to the point x 0, y 0, z o as n -> o o .
For, in the domain where 0[n2(r2 + t0 -  01 is equal to unitY> i -e-> 

where r2 +  t0 -  t ^  Ijn2, we have wn = -  v, where v is a particular solu­
tion of the equation V2u +  dv/dt = 0 (see Lecture 8).
That is, V2 w„ +  dwJ8t=0 for r 2 + t0 -  t ^  1/n2.
That 0 n vanishes for r 2 +  t0 — t 5S l/4« 2 is obvious.

(d) The following formula holds:

^  r 2 + / 0 —  ̂ t < 0̂ )

0 n dx d j dz d t = 0 n dx d j dzl dt = 1 . (22.31)

E M P  I l a



320 CORRECTNESS OF BOUND ARY-VALUE PROBLEMS L.22

For, by Green’s formula (21.4) we have

dx d j dzl d t

dx dj> dz = !r = t0 - i / n 2 dx dy> dz,

where v is a principal solution of the equation of heat conduction, as defined 
in Lecture 8 . The last integral, as was shown in Lemma 2 of that lecture, 
is equal to unity, and this proves (22.31).

(e) Let /(x , y, z, t) be an arbitrary continuous function in the domain SI 
of the variables x, y , z, t.

We select a domain Sl„ of values of x0, y 0, z0, t 0  so that for points x0, ,
z0, to ° f Sin the domain Dn lies wholly within SI- We construct in Sl„ the 
function

f n ( * o  , y 0 , z 0 ,  t 0 )

Then the sequence of function s fn(x0, yo, z0, t0) converges to the function 
f ( x 0, y 0, z0, t0) j and the convergence is uniform in any domain interior to SI- 

We write the function /  in the form

It is evident that in the domain Dn for sufficiently large n we shall have 
M  < £ because/is continuous. We write

0„(x -  A'0 , y -  Vo, Z  -  z0, t -  t0) f ( x ,  y , z, t) dxdj>dzdr.

f ( x , y ,  z, t) = f ( x 0, y 0, to) + V-

By virtue of formula (22.30)
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We have:

M x 0, y 0, zo, *o) =
I I ,

0 „ f  dx d j dz dt

'
fK A x 0, y 0, z0, t0) d.v dy dz dt

J R

+
J

(Pnt] dx d>> dz dt
R

whence

= /(v0,To, Z 0  5 ô) + fI>„rj d.v dy dz dt

\ f n ( x 0 , y o , z 0 , t0) -  f { x o ,y 0, zo, *o)l ^  eM,

as was to be shown.
(f) The function f „  which we have constructed will be differentiable with­

out limit. This follows because &„ is differentiable without limit.
After these remarks we can now prove our Theorem 5.
Let u be some generalized solution of the equation of heat conduction. 

We set up u„(x0 , y 0, z 0, tQ) . Then all the w„(x0 , y 0, z 0, t0) for any values of n 
are equal and do not depend on n. For,

Z0, *o) Un +p(.Xoi y  Oi zO > to)

z, t) (&„ -  (K+p) d.v dy dz dt

u(x, y , z, t)
R

V2(vr„ -  wn+p) +  —  (w -  w„+p) 
d t

x dx d_y dz dt.

But w„ — wn+p = if is different from zero only in the domain

4 (n + pY
^  r2 + t0 -  t ^

since if r2 + t0 — t ^  1 In2 the function w„ coincides with wn+p.
The function yj satisfies all the conditions for formula (22.24) to be 

applicable. In this case we can take
d

M  = V2 + —
d t

v 2 ~ T 'd t
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whence, noting that our equation has the form Lu = 0, i.e., F = 0, we have

tin Un + p yjF dx dy dz dr =  0.
S I

Hence it follows that u = un; but u„ has an unlimited number of derivatives. 
Consequently, u also may be differentiated any number of times. Hence the 
theorem.

Suppose now a function satisfies the equation V2u + ).u = 0. We put

v = e Xtu.
Then

V2» = e ' V «  = -2 e
Consequently,

V2u =
dt

By what we have just proved, the function v will have an unlimited number 
of derivatives. Consequently, the function u will also have the same pro­
perty, as was to be shown.

It can also be shown that all solutions of the equation V2« + )m = 0 will, 
in fact, be analytical throughout the domain SI, in contrast to solutions of 
the equation of heat conduction, for which this property does not hold.

§ 6. Bunyakovski’s Inequality and Minkovski’s Inequality

Let q(P) be a non-negative function, which we shall call the weight.
Let <p(P) and yj(P) be two functions, specified in the domain SI, and such 

that the product of the weight q(P) and the squares of their moduli are 
integrable, i.e.,

I |<pCP)l2eCP) dP < oo

^ (22.32)

I IH-^)I2<?(-P) d-P < oo-
J SI

Then the following inequality holds:

f <pCP) w(p ) e(P) dP
J ,s>

< l<KP)l2t?(P) dP IKP)|2(?(P)dP. (22.33)
SI J SI

It is clearly sufficient to prove the theorem only for the case when ip(P) 
and <p(P) are real, non-negative functions, since

(p(P) y>(P) e(P) dP
SI

< |9?(P)| |v>(P)| e(P) dP. (22.34)
SI
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We have, for any two non-negative functions whatsoever,

323

<pip ^  (p2j2 +  ip2/2.

Consequently the integral Jq <p(P)yK.P)e(P) dP is meaningful. 
Consider the following (also meaningful) integral:

(<p — lip)2 q dP — <p2Q dP — 21 <pipQ dP + I 2 ip2Q dP

= a l2 — 2b 1 +  c. (22.35)

The parabola defined by y  =  a l2 — 2bl +  c in the plane of the variables y  
and 1 cannot have a single point below the 2 -axis, since the magnitude of 
(22.35) is greater than or equal to zero. This implies that the equation

cannot have different real roots, and it can have a repeated root only when 
there is a 20 such that

i.e., when the expression (<p — l 0ip)q is equivalent to zero, 
i.e., when it is different from zero only on a set of measure zero.
In the case when the weight-function q(P) vanishes, if at all, only on a set of 
measure zero, this means that the expression <p — l 0ip is equivalent to zero. 

Consequently,

and the equality sign can hold only when 9? and yi are proportional. This 
proves Bunyakovski’s inequality (22.33).

From Bunyakovski’s inequality it follows in an obvious manner that, 
for any functions <p and ip such that the products of their squares with the 
weight-function are each integrable,

(<p2 +  2(pip +  ip2) q dP
J SI

a l2 — 2 bl +  c = 0

(<p -  l 0ip)2 q dP = 0,

b2 ^  ac.

<
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or

{cp + xp)2 o dP j ^
J p I

\cp\2odP  + / \xp\2o dP. (22.36) 
P ^ J P

(22.36) is MinkovskVs Inequality. The left-hand side exists if the right-hand 
side exists.

§ 7, The Riesz-Fischer Theorem

The Riesz-Fischer Theorem. I f  <Pt,q2> • • •, qy, ... is a sequence o f functions 
such that cp2 is integrable in a bounded domain kl for all k, and i f  given any e, 
a number N(e) can be found such that

(cpk — <psy  dv < e i f  k > N(e), s > N(e), (22.37)
Jp

then there is a function <p0 such that cpl is integrable in kl and

lim (cpk — <p0)2 dv = 0 (22.38)
ft">00 J  P

It is clear that such a function would be “unique with accuracy up to 
equivalence” ; that is to say, if there were two such functions, they would 
necessarily be equivalent. For, if there were two such limit functions, say <p0 
and , then we should have by Minkovski’s inequality

J  (<Po -  <p*)2 dp ^
V Jp

(<Po -  <PnY dP +
J P

iSPn ~  <P*)2 dv < £
J

for an arbitrary small £ > 0 , and hence

(<Po ~  <F*)2 dp = 0.
J P

We shall call <p0 the limit in the ineau square for the sequence cpk.
We now prove the theorem. We first show that the sequence cpk converges 

in the mean, i.e., that there is a summable function cp0 such that
/%

lim |(p0 -  dp = 0  
k - > c o  J ^

To do this, we note that by Bunyakovski’s inequality

I <Pn TpI d ft =

<

I<P„, -  Cpp\. 1 • d67,
P

\%
—

(pPI2 d 57,
1
2

/% — 
1 . d ^

_ • p
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and consequently

|<pm -  (pp\ d SI < rj,
J Si

provided only that
in > N(rj), p > N(rj).

Applying Theorem 23 of Lecture 6 , we see that a summable function <p0 
exists which is the limit in the mean of the sequence (pk.

It follows from the above method of proof that there is a sequence <pkj, 
belonging to the sequence <pk, which converges to <p0 almost everywhere and 
which does so uniformly in the closed set Fd on which all the functions are 
continuous. The set Fb can be chosen so that its measure is as close as we 
please to that of SI- We have

cpl di> = lim cpl. di> S  A < oo
J  F S

whence
/%

(pi dt> ^  A
J

and the integral on the left-hand side exists. It is not difficult to see that the 
magnitude of

(<Po ~ <Pk) 2 d f t
J SI

can be made arbitrarily small by taking i sufficiently large. For brevity, we 
write yi, = (pki. Then for any closed set F& and for any given positive num­
ber s, we have, for a sufficiently large / (which will depend, in general, on Fs):

(<Po ~  Vi)2 dfl, =
>s

[(Vi ~  Vi) +  (Vo -  Vi)]2 d f t

^ 2  ( i p ,  — i p i ) 2  d ^  +  2 (<Po ~  Vi)2 d f t

< 2 (Vi ~  Vi) 2 d f t  +  e.
,o

By the hypothesis, for a sufficiently large / and i, which are independent of Fd

(Vi ~  Vi)2 d-ft ^  £.
Si
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Hence

and consequently

(<p0 -  Vi) 2 dft, 5S 3e
Fs

(Vo -  Vi)2 dSl  ^  3e.
SI

We now show that y 0 is also the limit in the mean square for the original 
sequence <pk.

For s, ki > N(e) we have:

(<Po -  vd2 + 2 (Vi ~ <Ps)2 d SI
q J n

^  6e + 2s = 8 e.
Hence the theorem.

(Vo -  Vs)2 d SI
o



LECTURE 23

F O U R I E R ’ S  M E T H O D

§ 1. Separation of the Variables

Boundary-value problems in mathematical physics for equations of para­
bolic and hyperbolic type can conveniently be solved by a method put for­
ward by Fourier which we shall refer to as separation o f the variables.

We shall illustrate the essence of the method by means of particular ex­
amples. The reader who has mastered the arguments set out in the previous 
lectures will have no difficulty in understanding immediately how and in 
what circumstances the Fourier method enables the solution of a problem 
to be found.

Suppose a solution is required of the equation

V2u = 1 du 
a dt

(23.1)

in a domain SI of the space x, y, z bounded by a surface S, and for t satis­
fying 0 ^  t ^  T, the solution being subject to the conditions

M s =  0 (23.2)
and

[«]t = o = <p(x, y, z ) .  (23.3)

For the time being we shall disregard the condition (23.3) and shall try to 
find particular solutions of equation (23.1) which satisfy condition (23.2). 

We seek these solutions in the form of a product of two functions

u = U (x ,y ,  z) T(t) (23.4)

Substituting (23.4) into (23.1) and dividing both parts by u, we get

V2U (x ,y ,z )  I  H O  m  -
U(pc, y ,  z) a T(t)

In equation (23.5) the variables x, y, z and t are separated; the left-hand side 
does not depend on t nor the right-hand side on x, y, z. The equality is

327
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possible only if both the left-hand side and the right-hand side are equal to 
one and the same constant, say — A:

or

V2U _  J_ T'(t)
U ’ a T(t)

- I , (23.6)

V2U + ?.u = 0  (23.7)

T(t) = Ce~Xat. (23.8)

In order that our solution shall satisfy the condition (23.2) it is necessary 
for the function U(x, y, z) to satisfy this condition. The values of A for which 
the equation (23.7) has a solution satisfying the boundary condition (23.2) 
are called the eigenvalues (or characteristic values) of the boundary-value 
problem for this equation subject to the condition (23.2). By no means 
every value of A is an eigenvalue. For, transferring the term XU in (23.7) to 
the right-hand side and considering it as a free member, we have, by applying 
formula (21.7)

U(P0) =
_X_
4 TC

C f
G{P, P0) U(P) d P

%> SI
(23.9)

where G(P, P0) is Green’s function for the Laplacian in the domain SI.
Equation (23.9) is a linear, homogeneous, integral equation of the second 

Fredholm type with a kernel satisfying the requirements of § 7 of Lecture 18. 
By Fredholm’s fourth theorem, it can have a non-zero solution only for 
certain discrete values of A. Let these values of A be Ax, A2 , . . . ,  A„, ... and let 
Ui, U2, ..., U„, ... be the corresponding solutions of equation (23.9); these 
functions are called eigenfunctions (or characteristic functions). Then we have 
a whole set of particular solutions of equation (23.1) of the required type:

u, = Ut e~x,at.

We may mention that the kernel of equation (23.9) is a symmetric function 
of the coordinates of the points P and P0.

We shall prove shortly (in Lecture 24), in the theory of integral equations 
with symmetric kernels, that there are infinitely many such solutions, and 
that for any function q> whose square is integrable a series

u = X aiUfi-*1"  (23.10)
i=i

may be constructed which will satisfy the conditions (23.2) and (23.3) and 
which in the mean will form a generalized solution of equation (23.1). It 
follows from Theorem 5 of Lecture 22 that any generalized solution of 
(23.1) is a solution in the usual sense of the word.
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We point out, for the moment without proof, five important properties 
of the system of functions Ufx, y, z) and the numbers A,:

1 . Of the infinite number of numbers Af, all are real and positive. (In 
certain other problems, this circumstance becomes: only a finite number of 
the A* are negative.)

2. The set of functions Ut is orthogonal and can be normalized, i.e.,

/%

J J
Ut(x, y ,  z) U j(x,y , z) dx dy dz 1 ,  i =  i 

0 , / /  j .

3. The functions Ut form a so-called complete system, i.e., any continuous 
function cp(x, y, z) can be expressed as a series

00

cp{x,y,z) = £  a iU i(x ,y ,z )
i = i

(23.11)

which converges in the mean, where the numbers a, are the so-called Fourier 
coefficients for the function cp. If, further, cp satisfies the condition

l > ] s  =  0

and has second-order derivatives which are continuous everywhere, including 
the boundary, then the series (23.11) converges uniformly.

4. In addition to the conditions for orthogonality, written above, the 
following equations hold:

euL w L +  m  ato + ayL a u A i x i y i z  _ i - J ,
dx dx dy dy dz dz J (0 , / #  j

5. If  a function cp which is continuously twice-differentiable satisfies the 
condition (23.2), then the series (23.11) not only converges uniformly to cp, 
but the series obtained from it by termwise differentiation also converges in 
the mean to the corresponding derivative of cp. In other words, if we put

N

cpN =  y , aiu i•
i =  1

then the integral

~  <Ptr) 
dx

+ ^ d(<p - <pN) J dx d>> dz

tends to zero.
Consider now the problem of finding the Fourier coefficients for a func­

tion 9?(x, y, z). If we multiply both sides of (23.11) by U3 and integrate over
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the domain SI, integrating the series term by term, we get
(%

U j(x,y , z) (p(x,y, z) dx  dy dz

00

I Cli [ f ft —
U i(x,y , z) Uj{x, y , z) dx d^ dz

i = 1 _ . Q
Clj.

(23.12)

Formula (23.12) gives us, in fact, the value of the Fourier coefficient dj.
In order that the function expressed in the form of the series (23.10) 

shall satisfy the condition (23.3), we naturally require equation (23.11) to 
be satisfied. If the sum of the series (23.10) is continuous for t ^  0, then the 
conditions (23.2) and (23.3) will be satisfied for the values of u, which are 
the Fourier coefficients for the function 90 .

It is not difficult to establish that the series (23.10) converges uniformly 
and gives the generalized solution of equation (23.11). For, let

N
<Fn = £  atUt( x ,y ,  z).

i=  1

It is clear that
N

u n  = £  aiUt( x , y ,  z) e ~ A‘at 
1=1

gives the solution of equation (23.1) subject to the conditions (23.2) and

[wnL = o — <Pn-
But we proved in the last lecture that under these conditions it follows from 
the convergence of the sequence <p N that the sequence UN converges uni­
formly in any finite interval of the time variable to the generalized solu­
tion u; and this is what we had to show.

In exactly the same way the problem of integrating the wave equation 
may be solved by the method of separation of variables. Suppose we require 
a solution of the equation

r\2
V2w--------- = 0 (23.13)

dt2
with the initial conditions

[w]» = o <Po(*,.y> ^);
du ~
dn r = 0

9hCv,J, z) (23.14)

and the boundary conditions, say, of the form

du
dn s

= 0 , (23.15)
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where S  is the surface bounding the domain SI in the space of the variables 
x, y, z.

The particular solutions of this equation which satisfy the conditions 
(23.15) may, as before, be sought in the form

u =  U (x ,y ,z )T ( t ) .  (23.16)

Substituting (23.16) into (23.13), we find:

T(i)V2U(x, y , z) = U(x, y , z) T"{t),
or

T'{t) _  V2U(x, y , z) _
T( 0  U (x ,y ,z )

whence
T” + P T  = 0 (23.17)

V2£/ + ?2U = 0. (23.18)

A solution of (23.18) subject to the conditions (23.15) can be found by the 
use of Green’s function again. In this case the function Gi{P, P0) satisfies 
not Laplace’s equation but the equation

V2GX
4?r
D

where D is the volume of the domain SI. The constant — 4zc/D serves in this 
case as the solution of the adjoint homogeneous problem, i.e..

V2
4n \  d
—  = 0 , —  
D ) dn

4 71

D
= 0 ,

and is chosen so as to ensure the existence of Green’s function. This follows 
from the earlier investigation of the Neumann problem (see § 2, Lecture 21). 
Gi will thus be the generalized Green’s function.

We shall seek that solution U of the equation V2U = —K2U which is 
orthogonal to a constant in our domain: JJJg22 U dx  d^ dz =  0. We shall 
solve equation (23.18), regarding X2U as the free term. In this case, by the 
results of the previous lectures, the solution of (23.18) which is itself ortho­
gonal to a constant must have the form

/%

U(P0) = I 2 Gi(P, P0) U{P) dP

£1 4 TC
(23.19)

We have again obtained an integral equation with symmetric kernel for the 
eigenfunctions of the problem. For this integral equation all our previous 
assertions are valid except No. 3, which is now modified thus:
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3(a). Any function <p(P) which has continuous second-order derivatives in 
and on the boundary of SI, and which is orthogonal to a constant:

<p(P) d P  =  0 ,

and which satisfies the boundary conditions, may be expressed as a uniformly 
convergent series of eigenfunctions of equation (23.19).

Equation (23.17) has two linearly independent solutions:

Tt — cos At, T2 =  sin At.

If Ut(x,y, z) =  Ut(P) is an eigenfunction of equation (23.19) and Ax is its 
eigenvalue, then the required particular solutions of equation (23.13) will be:

U fa, y ,  z) cos A ,̂ Ut(x, y ,  z) sin Att.

We shall seek a solution of the problem in which we are interested in 
the form of series

co OO
u = Yj atUt( x ,y ,  z) cos A(t + £  biU i(x ,y , z) sin Att + c0 + c^ .

i=1 i=l
(23.20)

If the series (23.20) and its derivative with respect to time both converge 
uniformly in the mean, then u and dujdt will be functions of time which are 
continuous in the mean. This was proved in Lecture 22, Theorem 4. We 
shall soon see that the conditions for uniform convergence in the mean are 
satisfied.

We require the series (23.20) to satisfy the initial conditions:

00 r  d u l  00
M,=o = L  «(£/»(*, .V. z) + co, —  = X }'ibiUt( x , y , z )  + Cj

i=i |_dr_|r=0 i=1

If we choose the coefficients at and bt so that
CO

L  OiUt( x ,y ,  z) = <p0( x ,y ,  z) -  c0

(23.21)

(=i

^  AtbtUt( x , y ,  z) = <pi(x, y ,  z) -  clt
i =  1

then the initial conditions (23.14) will be satisfied in the mean. Again assum­
ing the system of functions Ut to be orthogonal and normalized

Ut(P) Uj(P)dP = l =  J',
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we can again determine all the coefficients of the series (23.21), having first 
chosen the constants c0 and cl so that q>0 — c0 and (px — cx are orthogonal 
to a constant. Repeating the former arguments, we get

at = (p0Ui dP, (PiUt dP.
J  Si

We pass on now to the proof of the convergence in the mean of the 
series (23.20). Exactly as before, we first verify that

N N
uN =  £  ciiUi cos Xft  +  £  btUi sin Xtt 

j = i  i = i

is a solution of the problem with approximate initial conditions.
We consider two finite sequences of terms of the series (23.20), u„ and 

um, and suppose that n > m. The difference of these two sequences

N N
v„m = un -  um = £  atUt cos X t t  +  X  b i u i sin

i = m+ 1 I = m + 1

satisfies the equation

Av -  d2 v-  = 0
dt2

the boundary conditions (23.15) and the initial conditions

[ Un m lr =  0

It is clear that

i  a , U „  [ % 1  = E
j  = n i + l  |_ Ot  _|t =  o i =  m + l

[vL)t = 0 d f t r  <  e.
Si J I J M J dfi, 1 <  E

provided only that n and m are sufficiently large.
If we now make use of Property 5 of the system of eigenfunctions, we have, 

in the notation of the previous lecture,

Ko(0) < e2, ^ ( 0 )  <  e2, A(t) = 0.

It follows from the inequalities (23.12) and (23.14) that, under these condi­
tions ^fo ( 0  and Kiit) will also be arbitrarily small in any finite interval of t. 
Thus the sequences vnm and dvnmjdt satisfy the conditions of the Riesz- 
Fischer theorem and consequently converge in the mean uniformly with 
respect to t in any finite interval d ^  t ^  b. Hence the series (23.29) con­
verges in the mean to a certain generalized solution. We shall not investigate
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in more detail the circumstances under which this solution will be a solution 
in the ordinary sense of the word.

We see that each term of the series (23.20) represents a so-called harmonic 
oscillation; the frequencies A, of the oscillations form a discrete sequence.

§ 2. The Analogy between the Problems of Vibrations
of a Continuous Medium and Vibrations of Mechanical Systems 
with a Finite Number of Degrees of Freedom

An analogy may easily be pursued between the problem considered for 
equation (23.13) and the problem of free, small vibrations of mechanical 
systems having a finite number of degrees of freedom. The latter problem 
may be formulated as a problem of integrating a system of equations

A2„
— -  = I  aJkqk (./ = 1,2, ..., m) (23.22)
d r  k= i

subject to the conditions

and it is also assumed that a u  —  a j t .

In such a system, instead of a function u(P, t) depending on t and on a 
variable point of space, we have a quantity depending on t and a discrete 
number j .  If we construct a grid of a finite number of points P l} P2, . . . , P m 
in the domain and consider instead of the function u(P, t)the finite num­
ber of quantities q} =  u(Pj, t), and replace the derivatives in equation (23.13) 
by finite differences, then we shall obtain a system similar to (23.22).

We know from the theory of ordinary differential equations that the 
solution of the system (23.22) has the form

m

qj = E  (cJr cos ?.Tt + dJr sin Afr),
T =  1

where the Xr are the frequencies of vibration determined from the so-called 
characteristic equation (or frequency equation or secular equation)

On — A2 al2 ••• alm

a2\ Qii ~  A2 a2m
= 0 .

2 "" ®mm ^

The difference between our earlier problem and the problem of finding 
solutions for the system (23.22) consists only in the fact that the system
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(23.22) has a finite number of characteristic frequencies of vibration (eigen­
values) while our problem of integrating the wave equation has infinitely 
many. The analogy goes even deeper.

If we interpret the set of numbers g 1} g2, ..., g m as a point in m-dimen- 
sional space, or, more precisely, as a vector <7 joining the origin to a certain 
point in this space, then the system of equations (23.22) may be written in 
the form

—  = Aq (23.23)
d t2

where A is the matrix of a linear substitution on the vector q. It is known 
from the theory of ordinary differential equations that the integration of
(23.23) reduces, in fact, to an orthogonal change of variables (a transformation 
of coordinates in the space g) such that the matrix A of the linear substitution 
is reduced to diagonal form. If these new coordinates are denoted by 
r l5 r2, . . . ,  rm, then after the change of variables

Qj Z

we shall have the system

where

Z  Z j  ’i= 1

d2 rj 
d t2

m
Z  aJkrk,

h =  1

\ ~ h  J = k
O j k  =

I 0  j  #  k.

(23.24)

The consideration in the case of the wave equation of the eigenfunctions

U1 , U2, ..., Um

is exactly similar to the choice of new coordinates just described. Instead of 
the values of some function u(P, t) taken over all possible points P  we shall 
regard this function as specified by its coefficients/,(t) in a series expansion

f ( P , t ) = t m U t(P). (23.25)
I =  1

The formula (23.25) and the formula

f (P , t) Ui(P) dPm  = (23.26)
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are similar to (23.24) except that the suffix i in (23.25) and (23.26), which 
corresponds to the suffix s in (23.24) goes not from 1 to m but from 1 to in­
finity, and the role of the suffix j  varying from 1 to m in (23.24) is now 
played by the point P varying over the domain SI-

This point of view gives a new insight into the Fourier method itself of 
solving the problem of integration of the wave equation (23.13) with given 
initial and boundary conditions. The analogy which we have noted does 
not, of course, arise fortuitously; both problems are really particular cases 
of a more general problem which may be formulated in terms of the abstract 
theory of equations in functional spaces.

§ 3. The Inhomogeneous Equation

Without going more deeply into the question, we shall use the existing 
analogy which has been pointed out in § 2 and shall extend it further. We 
illustrate this analogy by the problem of integrating the wave equation with 
a free member and subject to zero initial conditions. As we have seen, the 
general case can be reduced to this one.

We consider the equation

dt2

and try to find a solution satisfying the conditions

Seeking u in the form of a series

u = £  ait)  U, + c0(t) (23.27)
(=i

(any twice-differentiable function u which satisfies the condition [du/dn]s =  0  

can be expanded in such a series), and expressing F in  the form of a similar 
seriesf, we obtain:

/ 00 \  f)2 / 00 \  00
Co(0  + A i ait) U A - — 1 X ait) Ut \ = £  Fit)  Ux + F0(t).

t  The function F  will not, generally speaking, satisfy the boundary conditions. How­
ever, it can obviously be replaced by a function F' which does satisfy these conditions and 
also (F' — F) 2 d.v d v dz <  e. Then, by the argument of the previous lecture, a sub­
stitution of this sort will introduce into the solution only an error which may be made as 
small as we please.
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We carry out the differentiation under the summation signs. This is permis­
sible, if we suppose the series of derivatives converge uniformly. Then we 
have:

c’o{t) -  F0(t) + f  E/f[ - / ?  at{i) -  a'Kt) ~  F,(01 = 0.
i = 1

We multiply both sides of this equation by Uj and integrate, noting that 
all terms except those having the suffix j  then drop out; hence we have the 
differential equation

a'J(t) + «/(0 + Fj(0 = 0 (23.28)

for the determination of aj(t). We also have

c'o(t) ~  F0(t) =  0.

Using known formulae for the solution of ordinary differential equations 
we get

« | ( 0  = f  sin [2 , 0  -  *,)] F ,( /)  d/, ,
“t J 0

Co(0 (t -  11) F0{ti) dt1.
o

For such values of a^t) the formula (23.27) gives us the required solution, 
provided only that the series (23.27) and the one obtained from it by differ­
entiating twice converge uniformly. To avoid having to investigate the con­
vergence, we can again replace the free member F by a function FN which is 
a finite sequence of the Fourier series. Then, passing to the limit, and usingthe 
Riesz-Fischer theorem, we obtain a solution which, if it is not a solution in 
the usual sense of the word, is a generalized solution.

Our substitution (23.27) is the analogue of the change of variables in the 
system (23.23) which brought the latter to canonical form. Just as for (23.23), 
it quickly solves the problem.

It is also easy to indicate the way to solve the problem of integrating the 
equation of heat conduction when it has a free member and when the con­
ditions on the boundary are inhomogeneous :

V2u ---- -
a

du
1h

F(P, t).

Ms = /(.s, /).
[«]t = 0 = <P(F)-

It is sufficient to remark that this problem can be reduced to that of integrat-
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ing the same equation under the conditions

[M]s — 0 ,

[w](=o = 0 .

We expand the free member as a series of the form

F(P,t) = £  Ut(P) F it).  (23.29)
i = i

Such an expansion is possible, since for a fixed value of t the function F{P, t) 
is developable in a series of the form (23.29). The coefficients of this series 
depend, in general, on t :

m  = UIP) F(P, i) dP. (23.30)

The Fi(t) are continuous, differentiable functions if the partial derivative of 
the function F{P, t) with respect to t is continuous, as is seen from the for­
mula (23.30).

Seeking a solution of the equation

in the form

we get

w  -  -  ^  = I  m  u p )a at i=i 

= Z  «i( 0  Ut(F).i= 1

£  Ut(P) j iq ( f )  +  -  al(t) +  /llfl((o j  = 0 ,

(23.31)

whence, multiplying by Uj and integrating, we see that the coefficient at{t) 
must satisfy the equation

- « , ' ( 0  +  Z i a M  +  F i ( »  =  0 .  (2 3 .3 2 )
a

Taking as c,(0 t'iat solution of (23.32) which vanishes at t = 0, i.e..

cii - dt,
J  o

we see that uN(t) will satisfy equation (23.31) and also the required initial and 
boundary conditions.

Passing then to the limit as N  -*■ oo and noting that the right-hand mem­
ber of (23.31) tends to the function F, we obtain, by the previous argument.
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the generalized solution, which for a sufficiently smooth Fwill be the solution 
in the usual sense of the word (see § 2, Lecture 22).

In practical problems our greatest interest in solving the wave equation 
is to determine all the frequencies or, as we say, the spectrum of natural 
frequencies of vibration. A knowledge of this spectrum enables undesirable 
resonances to be avoided. Resonance generally arises when an external force 
varies according to a sinusoidal law and its frequency coincides with a 
natural frequency of vibration of the system.

Suppose, for example, that in formula (23.28)

then
Fi(t) = sin Xtt;

i r
ai(.t) = —  sin Xt(t — tj) sin Xit1 d ^

hi J  0

1

J o

t

[cos Xi(2t1 — t) — cos Xtt\ dt x

1
cos Ip  -I------- sin Xtt

2X\

We see from this that aft),  and with it the amplitude of the vibration, in­
creases without limit as t increases.

§ 4. Longitudinal Vibrations of a Bar

Many other cases of the use of the Fourier method could be given besides 
those which we have examined. It would be natural to study in this way, for 
example, the equation

, . dzu , . du , N , N dup{x) ——  + q (x )—  + r(x) u = g(x) —  +  F{x, t), 
o x2 ox ot

or
d2u . , du d2u .

P(x) — — + q(x) —  + r(x) u = q(x) — ■ + F(x, t), 
dx2 dx d t2

subject to conditions on u at the instant t = 0  and at the ends of the interval 
0  ^  x ^  1 ; and a host of similar problems.

Without going into details, we shall examine one more simple application 
of the general theory. We examine the equation

d2u d2u
dx2 d t2



340 F O U R I E R ’S M E T H O D L. 23

with the conditions

[ m ] ( = o  =  ( P o ( x ) ,

du
-  o,

0

du
~di

du
r-o

dx
= 0 .

(23.33)

(23.34)

This problem arises, for example, in studying the longitudinal vibrations of 
a bar, free at both ends.

In accordance with the method already explained, we seek a solution in 
the form of a series

OO
U = Y, (aJ cos -V + bj sin ).jt) Uj(x) + c0 + c^t.

j= i
where the Uj(x) are solutions of the differential equation

+ l)U j = 0. (23.35)
dx2

In this case we do not need to bring in an integral equation in order to find 
solutions of (23.35) satisfying the boundary conditions

d Uj' 
dx

=  0  and
x — 0 * _U i

= o.

The general solution of (23.35) will be

or
Uj = Cj cos IjX +  dj sin Aj\ if /.] > 0 ,

Uj = Cj cosh ?/jX +  dj sinh iljX if / 2 < 0 .
Correspondingly,

d Uj 
dx

^j( — Cj sin /jX + dj cos /jx ) ,

or
d Uj 
dx

Xj(cj sinh iAjX + dj cosh //,x ).

The first of the boundary conditions then shows that we must take dj =  0 
in both cases, and the second condition leads to the conclusion that imaginary 
values of Xj (i . e negative values of A2) are impossible. Hence

. T . d Uj . . .
Uj =  Cj COS AjX, -------   =  — AjCj S i l l  AjX.

dx
Using the second boundary condition, we conclude that sin Xj = 0, whence

Aj = jjr and Uj = Cj sin jitx .
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It is well known that

cos jnx  cos Alta: civ
Jo

j  if j  =  k ,

0  if j  k.

If we now choose Cj = yj2, then we obtain the required system of orthogonal, 
normalized functions Uj in the form

Uj = yj2 cos j n x .

The coefficients a} and bj are obtained in the form

aj = y'2 J  <p0(x) cos jn x  d v ,

/2 r 1bj = ——  <f>i(v) cos jn x  dv,
nj J o

and we derive the final answer in the form of the series

where

u = yj 2 Y, (aj cos + bj sin jnx) + c0 +  c xt,
j~ i

Co = <?o(v) dv, Cl = <px(x) dv.j: i:
We see that the natural frequencies of vibration of such a bar will have the 
form

nj, j  = 1 , 2 ,

To conclude this exposition of the Fourier method we make one or two 
further remarks of a general nature. An essential feature of the argument 
has been that the numbers A, are nowhere dense. Consequently, in the for­
mulae (23.25) and (23.26), which we considered as the analogue of linear 
transformations of n numbers, one of the variables -  with the suffix /—could 
take only a denumerable set of values. A more detailed investigation would 
show that this circumstance is intimately connected with the fact that the 
domain SI is bounded. Those properties of integral equations with symmetric 
kernels upon which we have relied may be lost if the domain is unbounded. 
In such a case it can happen, for example, that the required orthogonal, 
normalized eigenfunctions do not exist. They would be replaced by a whole 
set of functions U(P, £) depending on a continuously varying parameter f . 
If the problem is not self-adjoint, then the eigenvalues X are not necessarily 
real but may be complex.



LECTURE 24

INTEGRAL EQUATIONS WITH REAL, 
SYMMETRIC KERNELS

§ 1. Elementary Properties. Completely Continuous Operators

We have already seen that the problem of finding the eigenvalues and 
eigenfunctions for many of theproblems of mathematical physics is reducible, 
with the aid of Green’s function, to the problem of finding the eigenvalues 
and eigenfunctions for some integral equation of the second Fredholm type 
with a real, symmetric kernel, i.e., with a kernel such that

K(P, P0) =  K(P0, P).

We shall examine a rather more general integral equation, viz..

<F(P0) = f(P  o) +  X K(P0, P) <f{P) Q{P) dP
J £2

and the corresponding homogeneous equation

(24.1)

9>(Po) = X K(P0, P) <p(P) e(P) dP, (24.2)
J L

where K(P0, P) is a symmetrical function of the coordinates of the points P0 
and P, and q(P) is a non-negative, measurable function, called the weight. If 
q =  1 we get integral equations with a symmetric kernel.

For integral equations of the type (24.1) and (24.2), and, in particular, 
for equations with a symmetric kernel, a whole series of important pro­
positions hold good, and to the investigation of these we now tu rn .

We shall say that equation (24.1) has a weighted symmetric kernel or a 
symmetric kernel with weight q(P). In order not to complicate the argument, 
we shall consider only the case when q(P) is bounded. We shall further 
suppose that q(P) vanishes only on a set of measure zero.

Lemma 1. Let <f(P0) and ip(P) be two arbitrary functions, real or complex^, 
such that their moduli are quadratically integrable with weight q(P) in the

t  By a complex function of a real argument (or real arguments) we mean a function 
which can be expressed as <p(P) =  cpfP) i<po{P) where (px{P) and (po(P) are real func­
tions.

342



bounded domain 41, i-e.,
' (*

\v(P)\2q(P) dP < C O , | y W | 2<?(P«>) dP0 < 0 0 .
Q. J <Q

Further, let the real kernel'] K(P, P0) satisfy the inequality
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\k (p , />„)| s
where r is the distance between the points P and P0, and a < n. Then the 
integral

|K(P, P0) <p(P) rp(P0)\ q(P) Q(P0) dP dP0 (24.3)
S  •! S

converges.
By Bunyakovski’s inequality,

|K(P, P0) <p(P) HA>)| Q(P) Q(Po) dP dP0

S I J  S

< |«p(P) | 2 Q(P) dP
S

f* f  (*

SI
|K(P, P0) K^o)| e(Po) dPoi e(P) dP

si
If we establish the existence of the integral

|K(P, P0) y>(P0)\ Q(Po) dP0 (*)

for almost all P, and also the convergence of the integral

|K (p, P 0) tp(P0)\ e(P0) dPo \ e(P) dP, (24.4)
Si u  Si

then our lemma will follow. 
We have:

| K (P , P 0) vKP0) | e(P„) dP0 ^  4  I ̂ (Po) I p(Po) dP°
si J  Sc 

= A

< A

4 -  4 -  |v>(A)| e(A ) d A
^ r2 r2

e(A>) dP0
x

X

V — | ^ o ) | 2 <?(/>„) dP0 ;

t  The kernel K(P,  P0) is not assumed to be symmetric.

E M P  12
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but
e(Po) d P 0 < M .

ft

where M  is a certain constant.
Consequently the integral (*) exists for all those points P for which the 

integral

4 > ( P o ) |W o ) dP0 (24.5)
J ft r

exists. Thus
* /»

\K{P, P0) V(Po)\o(Po) d P 0

ft
q(P) dP

< M
ft LJ ft

— \v(Po)\2e(Po) dP0 a(P) dP.

We shall establish simultaneously both the existence almost everywhere of 
the integral (24.5) and the convergence of the integral on the right-hand side 
of the last inequality, by using the Lebesgue-Fubini theorem.

We shall show that the 2«-dimensional integral

ft. ft e
l~\vKP0)\2e(P0) e(P) d P 0 d.p

converges. Hence it will follow that the multiple integral

(24.6)

is meaningful and convergent, as well as the integral (24.4).
In order to establish the convergence of the integral (24.6) we shall carry 

out the integration in the other order:

|v<^o)|2eCPo) f  — Q(P)dP dP0
J  ft L  J ft r

(24.7)

By virtue of the inequality (**) the function under the integral sign is less than

p|v<Po)|2e(Po)

where B is a constant; consequently the integral (24.7) is less than

B \  |H A ,)h?(Po)dP0,
J ft

which converges by the conditions of the lemma. This implies that the 
integral (24.6) also converges; hence the lemma.
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C o r o l la r y .  The following equation holds:

f  <r(p) | |  k (p ,  p„) H A ) e(Po) dP« | e(P) w  

=  |  If(Po) | |  K(P, Po) <P(P) q(p ) d p |  e (P „) d P 0 .

The proof follows from the remark made after the Lebesgue-Fubini 
theorem (see p. 125).

We now introduce the notation:

K(P0, P) <p(P) q(P) dP = A<p
P .

K(P0, P) ip(P0) q(P0) dP0 = A*y>.

(24.8)

(24.9)
P

From what we have just proved it follows that the integrals

j* \A(p\2Q(P) dP and j* \A*ip\2(p(P) dP exist.

We notice that if the function K(P0, P) is symmetrical, then the operator A 
coincides with the operator A*.

Let also

(<p, V) = <P(P) V>(P) Q(P) dP, (24.10)
P

where ip denotes the complex function conjugate to ip. Then clearly

(<p, w) = <p(P) y;(p>) e (P )d p -
J p-

We shall call the expression (<p, ip) the scalar product of the functions cp and ip. 
We note some properties of these symbols:

1 . Aiaicpx + a2<p2) = axA y x +  a2Acp2.

2. w) = ai(<Pi> y’) + vO-

3 . (<p, aiWi + a2W2) = afcp, xpi) + a2(<p, ip2).

4. (<p,y’) = (v7<p)-

5. For any quadratically integrable function cp,{cp,cp) ^  0, where the 
equality sign holds if and only if the function <p is equivalent to zero.
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In the equalities 1, 2, 3, at and a2 are constants. All these equalities can 
be verified directly.

Our corollary may be written in the form

(<p, A*y) = (A y ,y ) .  (24.11)

If the function K(P, P0) is real and symmetrical and if y  and y  are real, we 
have (y , Ay) = (Ay, y).

We now pass on to the investigation of the integral equations, and we 
shall deal first with the homogeneous equation.

Let us agree to consider in future only those eigenfunctions such that 
their moduli are quadratically integrable with weight q.

Theorem  1. I f  and X2 are two different characteristic numbers o f the 
equations

y  = X1Ay
and

y  = l 2 A * y ,

then the eigenfunctions y and y  o f these equations satisfy the relation

For,
(y, y) -  0 .

(y, A*y) (<P, S’),

(24.12)

(Ay, y) —  < p , w j  =  —  ( < p ,  w ) ;

hence, from (24.11)
* i ( < p ,  w )  =  A i ( < p ,  w ) .

and this is possible only if (y, y) — 0 . as was to be shown.
We shall call functions y  and y  which satisfy (24.12) orthogonal with 

weight q, or simply orthogonal, if this will not lead to ambiguity.
C o r o l l a r y . The fundamental functions o f an integral equation with a 

weighted symmetric kernel which correspond to different characteristic num­
bers are orthogonal.
Proof. For a weighted symmetric kernel, all the fundamental functions of 
the equation y  =  XA*y simply become the fundamental functions of the 
equation y = XAy, since A = A*.

T h e o r e m  2. A real, weighted, symmetric kernel cannot have complex 
characteristic numbers.
Proof. Let X0 be a characteristic number and y 0 a fundamental function of 
our equation, i.e.,

To X0A y0.
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Taking the complex quantities conjugate to both sides of this equation, and 
taking into account that for a symmetric kernel K(P, P0)

we get
Arp — A(p. 

<Po =  •

Hence it follows that 20 is also a characteristic number, and 9?0 a fundamental 
solution of our equation.

If X0 ^  X0, then, by the corollary to Theorem 1, we see that cp0 and (p0 
must be orthogonal with weight q, i.e..

(<Po> <Po)
/•

<Po(P)  v J P )  q(P )  d P
J ft'

/*

k o ( P ) |2 q(P) dP =  0;

this implies that cp0 = 0 , which contradicts the hypothesis that <p0 is a non­
trivial solution of the equation 9? =  XAcp.

T h e o r e m  3 . All fundamental functions o f a real symmetric kernel are them­
selves real (or, more precisely, can be chosen to be real).

Let 9?0 (P) = oc(.P) + ij3(P) be a fundamental function. Substituting it in 
the equation, we get

9?0 = a + i f  = AA 9?0 = AAoc + iAAfi; 

and separating real and imaginary parts,

cr. =  AAa, - AA\5.

Consequently, a and /S are themselves fundamental functions, and in place 
of 9?0 we may consider either of these functions, or a linear combination of 
them.

L e m m a  2 . All fundamental functions o f a weighted kernel may be con­
sidered orthogonal with weight 0 .

We remark that for an equation with symmetric kernel of the type 
described, all the Fredholm theory obviously holds, since the integrals

|K(P, P0)| o(P0) dP0, |K(P, P 0)| <?(P„) dP
* £7 * <Q

are bounded. In particular, to each eigenvalue X corresponds only a finite 
number of linearly independent functions.

Turning now to the proof of the lemma, any non-orthogonal functions 
could only be those which correspond to one and the same characteristic 
number X. Suppose these functions are, for example, cpx, <p2, ..., < p q . Tn place



348 I N T E G R A L  E Q U A T I O N S  W I T H  R E A L ,  S Y M M E T R I C  K E R N E L S  L.24 

of them we consider the linear combinations of them:

V i  =  < P u

Vz =  <p2 -  

V i  =  < P i  -

( V i ,  V z )  

( V i ’ V i )  

( V i , V i )  

( . V i > V i )

( V z ,  V z )  

( V z ,  V z )

Vk = v  -
( V i  > < P k )  

( V i ’ V i )

( V z ,  V k )  

( V z ,  V z )

( . V k - 1 ,  < P k )  

( V k ~  1 J V k - l )

It is easily proved by induction that each function ips is orthogonal to all the 
preceding functions, since

V s , V t )  =  ( < P s ,  V t )  -  V t )  -  • • •

( V i ,  V i )

( V s -  1 ,  V s )

( V s - l , V s ~ l )

( V s - 1 ,  V t )  •

By the hypothesis of the induction all the terms on the right-hand side are

zero except (<ps,vv)and —QiiJEA (y)t , y t) because t < s, and these two 
cancel each other out. ^

T he^fc are obviously solutions of the homogeneous equation, as was to be 
proved.

D e f in it io n . We shall say that the sequence {<pn} o f functions whose moduli 
are quadratically integrable converges in the mean with weight q to the func­
tion (f) with a quadratically integrable modulus i f  the relation

lim \yn — <p|2 q dP = 0
holds.

We note that if the sequence {<p„} of functions whose squares are integrable 
converges uniformly to cp, then this sequence converges in the mean to <p. 
But the converse proposition does not hold. If we reject the requirement for 
uniform convergence, then examples can be constructed of sequences which 
converge everywhere but which do not converge in the mean.

We encountered the concept of convergence in the mean earlier in Lec­
ture 22, § 7, where we proved that a sequence cannot converge in the mean 
to two different functions. Here we should remind ourselves again that, if we 
are supposing integrability in the Lebesgue sense, then in the proposition 
mentioned we should regard functions as different only if their values differ 
on a set of positive measure.

D e f in it io n . We shall say that a set o f functions is compact if, from any 
infinite subset o f  these functions, a convergent sequence can be selected.

With different conditions imposed on the convergence, which may, for 
example, be convergence in the mean, or uniform convergence, etc., we get 
different conditions for compactness.



§ 1 E L E M E N T A R Y  P R O P E R T I E S :  C O N T I N U O U S  O P E R A T O R S 349

Compact sets of functions are, by definition, strongly reminiscent of 
bounded sets of points. It is clear that any infinite sub-set of a bounded 
set of points is itself a bounded, infinite set and therefore has at least one 
limit point and consequently also contains a sequence converging to this 
point.

In mathematical analysis, the concept is introduced of the equicontinuity 
of a set of functions. We recall the definition.

D e f in it io n . A set o f functions {93} is said to be equicontinuous if, given 
any positive e, a number r](e) can be found such that

\(p(P) -  9<Pi)| < e,

provided only that the distance between the points P and Pt is less than t](e), 
the number rj(e) being the same for all functions belonging to the set {99}.

One of the most important applications of the idea of equicontinuity is 
the so-called Arzela’s theorem!, viz.

From any set {93} o f functions which are uniformly bounded and equi­
continuous, a uniformly convergent sequence o f functions can be chosen.

(A set of functions is uniformly bounded if every function satisfies the 
inequality 19 31 < A, where A is independent of 93.)

Using the concept of compactness, we can formulate this result thus: A 
set consisting of uniformly bounded, equicontinuous functions will be com­
pact if uniform convergence, or, a fortiori, if convergence in the mean is con­
sidered.

For, by Arzela’s theorem, such an infinite set has at least one limit func­
tion, i. e., it contains a uniformly convergent sequence. It is clear that in such 
case there will also be convergence in the mean if the domain in which the 
functions are specified is bounded, as we shall suppose. A set of functions 
which is compact for uniform convergence will evidently be compact for 
convergence in the mean.

We shall say that a set of functions {93} is bounded in the mean with 
weight q(P) if it satisfies the condition.

d p  ^  A -

D e f in it io n . We shall say that the operator A is completely continuous if, 
when it is applied to all functions of some set {93} which is bounded in the 
mean, it transforms it into a compact set in the sense o f convergence in the 
mean. If the set {A(p} is compact in the sense o f uniform convergence, we shall 
say that A is a strong, completely continuous operator.

T h e o r e m  4 . The integral operator A defined by

A(p K(P0, P) cp(P) 0{P) dP,
J £1

t  See V.V. Stepanov, Course o f Differential Equations, 4th edition. Chapter II, §2  
page 64, or I. G. Petrovskii, Lectures on the Theory o f Ordinary Differential Equations, §11.
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where the function K(P0, P) is continuous, and q(P) is an integrable function, 
is a strong, completely continuous operator.

Let {99} be a set of functions bounded in the mean: \<p\2Q d P < A.
Using Bunyakovski’s inequality we can easily see that the family of func­

tions {Acp} is uniformly bounded. Writing co = A<p, we have

if

\<P\2q dP
Si

/%

\K(P0, P)\2q(P) dP ^  A M 2B,
J nQ

|*(P0,P)|  ̂ M, B = q{P) dP.
oC

We shall prove that the family {w} is equicontinuous. We take the 
difference

<o(P1) -  oj(P2) [K(P, P J  -  K(P, P2)] <p(P) e(P) dP:
Si

we have

C0 (Px) -  C0(P2) I2 5S |«?(P)|2!?(P) dP •
si

/%

I ^ P j - ^ P . P j f K O d P .
J oQ

We choose the point P 2 to be sufficiently close to P 2 so that

|K(P, P ,) -  K(P, P 2)| < e.

This is possible because the kernel K{P, P 0) is continuous in the closed 
domain of variation of the variables P, P 0 and, by a known theorem, will be 
uniformly continuous therein. Then

| " (A )  ~  m{Pi ) I2 ^  A s2q(P) dP = e2AB

where

B = q(P) dP.

We see, then, that the difference ^ (P j)  — oj( P 2) | can be made less than 
any previously assigned number for P x sufficiently close to P 2, simultaneous­
ly for all a  — A <p, since we did not use any individual property of 7 ; in 
obtaining the last inequality. Consequently the family {Acp} isequicontinuous. 
Hence follows the compactness of this family in the sense of uniform con­
vergence and, a fortiori, in the sense of convergence in the mean.

Suppose now that the kernel K{P0, P) is real and continuous everywhere 
in the domain £1 x f i  in both variables with the exception of the set {P = p 0}
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and that it satisfies everywhere in ft, x ft, the inequality

351

|* (P 0 ,P ) | ^  — , a > 0  (24.13)
r” ‘

We shall say that such a kernel is almost regular.
T h e o r e m  5. The integral operator A defined by

A<p
/*

K(P0,P) <p(P) q(P) dP,
Si

where the kernel K(P0, P) is almost regular, and the function q{P) is bounded, 
is a strong, completely continuous operator.

The proof of this theorem is very similar to that of the preceding one. 
Let {9?} be a family of functions uniformly bounded in the mean. We 

shall show that the family {Arp) is uniformly bounded and equicontinuous.
As before, the uniform boundedness follows from Bunyakovski’s in­

equality. For, if
/%

|<p(P)|2t?(P)d(P) ^  M ,
J Si

then

k (p q, P) <p(P) Q(P) dp ]2
LJ si

< |k (p 0, p ) |2 <?(p) dp
Si

|<KP)|2e(P) dP .
Si

By the condition (24.13) we have

\K(P0, p ) | 2 e(P) dP ^ „n — 2 a q(P) dP ^  C
J SI J SI

where C is a certain constant. Using this result, we get

K(P0, P) <p(P) q(P) dP
L J  Si

< MC.

Hence the family (A<p} is bounded.
We now write co = Acp and set up the difference

«(P i) ~  <o(P2) = [K(Pi, P) ~  K(P2, P)] <p(P) q(P) dP

EMP 12a
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We have

H A )  -  <o(P2)\ 2

^  |< K A |W ) dP
J

|K(Pt ,p )  -  k (p 2, p )\2q(p ) dp
SI

where

^  M  |K(Plt P) -  K(P2, P)\zq(P) dP = M I,
J Si

|K ( P l t P ) ~  K(P2, P ) |2e(P) dP . (24.14)

SI 

I =
SI

We shall estimate the magnitude of this last integral.
The function \K(P1; P) — K(P2, P)\2 is a function of the 3n coordinates 

of the points P, Pu P2 which is continuous everywhere in the domain 
SI x SI x SI except on the set of points {P = P Y and P = P2). Let rx be 
the distance from the point P  to the point P u and r2 be the distance from 
the point P to the point P2. In the space of the 3n variables we exclude from 
the domain SI x SI x SI the open sets of points which satisfy the conditions 
rx < rj and r2 < rj, where t] is any previously specified positive number. In 
the remaining closed set, the function |.K(iY P) ~  K{P2, P) | 2 will be uni­
formly continuous, by Weierstrass’s theorem. For P x = P2 it will vanish. 
Consequently, given any e > 0, we can find a positive number 6(s, ?;) such that

|X(Pa,P )  -  K(P2,P ) I2 < £,

provided that the distance r* between P x and P2 is less than (5.
Suppose then that £ is a given positive number. In the domain of vari­

ation of P we surround both the singular points P 1 and P2 by small spheres 
of radius r j ,  and we divide the integral (24.14) into two parts

where

and

I  = h  + h

h r ^ \ K ( P , , P )  -  K(Pt , P)|JS( f )  dP

h '■*' |Jf(A . P )
J r2̂ n

K(P2, P )|2o(P) dP.

It is not difficult to see that r^e) can always be chosen so small that
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For,

[ * ( / \ ,  P) -  K(P2, P ) ] 2 ^  [K(Pi, P) -  K(P2, P ) ] 2

+ [K(P,, P) + K(P2, P)}2 = 2[K(P1,P )]2 +  2[K(P2, P)]2

and consequently

r
h  ^  2 r , < r /  

r 2 <n
[K iP ^P )]2 q(P) dP + 2 ri<, [■K{P2,P )}2 Q(P) dP.

r2<t]

Hence, using the inequality (24.13) for K(PX, P), K(P2, P), we get /j ^  e/2.
Having chosen the value of ?/(e), we can further find <5(e) so that every­

where in the domain under the integral sign I2 we have

[K iP ^P ) -  K(P2, P ) ] 2 ^
£

2 sup g(P) mSl

where mSl is the volume of the domain f t , provided only that r* < <5. We 
shall then have

I2 S
\

Hence
2m S l  J sup q

dP < T .

I  < £.

We see that the value of <5(e) depends only on the distance between the 
points P 1 and P 2 and does not depend on the function (p. Consequently, the 
set of functions {Ay} is equicontinuous. And we proved earlier that it was 
uniformly bounded. Hence, by Arzela’s theorem, the set of functions {Ay} 
is compact in the sense of uniform convergence. Thus, the operator A is a 
strong, completely continuous operator, as was to be shown.

As we shall explain later, this property of an operator of being com­
pletely continuous is of the greatest importance, for from it follow the 
main theorems for equations with weighted symmetric kernels.

It can be shown that the whole qualitative aspect of the Fredholm theory 
for asymmetrical kernels, i.e., the Fredholm alternative, the conditions for 
the solubility of equations, etc., is carried over completely for the equation

y  = 2Ay + /

with a completely continuous operator A. We shall not, however, go into 
this question.

In future, if we wish to establish the complete continuity of an operator 
A, we shall show that it is a strong, completely continuous operator.



354 INTEGRAL EQUATIONS WITH REAL, SYMMETRIC KERNELS L.24

§ 2. Proof of the Existence of an Eigenvalue

Theorem 6. I f  A is a completely continuous operator, the integral equa­
tion

<p = XAcp (24.15)

with a real, symmetric kernel has at least one eigenvalue.
Proof. We notice first of all that, for our purpose, it suffices to show that the 
equation

cp = p,A2cp

has at least one characteristic number and fundamental function. For, let 
us write the last equation in the form

(p — piA2cp =  0

and let A0 be its eigenvalue and cp0 the corresponding eigenfunction. Then, 
putting//q =  A0, we have, in the notation of Lecture 18,

( E -  X0A) [ ( £ +  V I )  <p0] =  0.

The left-hand member of the last equation can vanish only if the function

Wo =  {E + ?.0A) cp0 

is a solution of the equation

(E — IA) ip — 0 for A =  V

Consequently, either ip0 =  0, or the equation

(■E -  X0A) ip0 = 0

has a nontrivial solution. In the first case we have

(E +X0A) (p0 = 0,

and this implies that cp0 is an eigenfunction of equation (24.15) corres­
ponding to the eigenvalue A =  A0 of (24.15). In the second case we also arrive 
at the existence of an eigenvalue A =  A0 for equation (24.15).

Consider the expression

(Acp, Aq>) =  {(p, A 2(p)
( < P ,  < P )  ( < P ,  < P )

for all possible functions <p which are real, quadratically integrable, and not 
equivalent to zero. This ratio cannot be zero for all cp, for otherwise Acp
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would be identically zero. It is obviously not negative. Moreover, it cannot 
take unboundedly large values. For, this ratio does not change when the 
function is multiplied by any constant. Hence it is sufficient to establish 
the boundedness of this ratio for functions which are uniformly bounded 
in the mean, and this follows in an obvious way from what has been proved 
above. Consequently, the expression {Acp, Acp)/{cp, cp) has a least upper bound, 
which we denote by x y.

It is then clear that

(A 2<p, A 2cp) _  {A zcp, A 2<p) {Acp, Acp)
{cp, cp) {Acp, Acp) {cp, cp)

Let cpn be a sequence of functions such that

(24.16)

{cpn,cpn) = \ (24.17)

lim{A<p„, Acpn) = x x. (24.18)
n-¥ oo

Such a sequence can always be constructed. By the property of the upper 
bound there is a sequence cp* such that

Hence putting

lim
{Acp*, Acp*) 

{<Pn*,yn* )

(fn = <Pn

J  t o t , (p?)
we obtain the required sequence.

Consider the sequence
Wn =  Xl<P„ ~  A 2Cpn

We show that
lim {ip„, y>„) =  0.
n -+ co

For,
(Vn, y>n) =  XZl {<)V <Pn) ~  2*l{<Pn, A 2<pn)  +  { A 2<p„, A 2<pn) .

(24.19)

By (24.16) we have

{y>n,  V n )  ^  2 x \  -  2 x i { c p n , A 2cpn) =  I x ^ X y  -  {A<pn , cp„)).

Hence, using (24.18), we obtain (24.19).
Thus the sequence of functions Xycpn — A 2cp„ tends to zero in the mean. 

Since the operator A 2 is completely continuous, we can choose from the se­
quence A 2<p„ a sequence A 2cp„k which converges in the mean to a certain con­
tinuous function.
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But
lim A 2cp„k = lim cp„k (24.20)

where the limit on the right is to be understood as in the mean. This implies 
that the sequence cp„k also has as its limit in the mean a certain function, 
which we denote by cp0. Passing to the limit in the relation (24.20), we get

-  A 2<p0 -  0.

Or, putting — \jfx1, we have

(pQ = [*iA2(p0 = 0 .

Consequently equation (24.15) has the eigenvalue [iu as was to be shown.
Comparing Theorems 4, 5 and 6 , we see that the existence has been 

proved of at least one eigenfunction and one eigenvalue for integral equa­
tions with weighted, real, symmetric kernels in two cases —for continuous 
kernels, and for almost regular kernels.

It is important to note that the eigenfunction, whose existence we have 
proved, is always continuous. This follows from the strong, complete con­
tinuity of the operator A.



LECTURE 25

THE BILINEAR FORMULA  
AND THE HILBERT-SCHMIDT THEOREM

§ 1. The Bilinear Formula

In the last lecture we proved that an integral equation with a weighted 
symmetric kernel

cp = AA(p (25.1)

always has a fundamental function <px and a characteristic number By 
multiplying this function by a constant, we can arrange to make

fo iO P )]2 eOP) d i*  =  1 .
J £2

We now introduce a new integral operator B t defined by the conditions

Obviously

V W  = Biq> = -^- cpiiPo) I <Px(P) <p{P) Q(P) d P.
J si

L ( P , P 0) =
<Pi(Po) <Pi(p )

is the kernel of the operation Bt . 
The equation

cp = XBiCp (25.2)

obviously has an eigenvalue and a fundamental solution (pu For, the 
function B ^ i  dilfers from <pt only by a (constant) factor. Consequently, for 
any X, the solution of equation (25.2) can be only the function q>t. Substituting 
<p = (pi in (25.2), we get

=  y -  < P i ( p ) ,

whence A = X1.
Lemma. All fundamental functions o f the integral equation

cp = l(A — Bi) (p

357

(25.3)
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with the kernel

K — L = K(P, P0) — -(p- P-  ^ P-° l (25.4)
^i

are fundamental functions o f equation (25.1) for the same values o f X. Con­
versely, all fundamental functions o f equation (25.1) which are orthogonal to 
cpj serve as fundamental functions o f equation (25.3) for the same values 
o f I .
Proof Let cpk{k ^  1) be some solution of equation (25.1), corresponding 
to the eigenvalue Xk. Then Bpcpk =  0, since all fundamental functions of 
equation (25.1) are orthogonal. This implies

i.e..

Further,

(A - q>k = Acpk = — <pk
Xk

cpk = Xk(A -  B]) <pk.

X(A — Bi) 9?! = 0.

Consequently, all solutions of equation (25.1) except cpa satisfy equation 
(25.3), and, moreover, with the same eigenvalues.

We now prove that any eigenfunction of equation (25.3) satisfies the 
equation (25.1). We first show that all solutions of (25.3) for any X are 
orthogonal to q>y. For, from (25.3) we have

{cp, cpj = X[(A -  B f) cp, cpj] = X{cp, (A -  B i) 9?j) = 0.

Now let <p* be any solution whatever of (25.3) corresponding to X =  X*. 
Since cp* is orthogonal to <pu  we have B-pcp* = 0. Thus (A — Bx) cp* = A<pk , 
and consequently cp* = ?>*(A — Bf) cp* = X*Acpk, as was to be shown.

For brevity we now write

A -  B 1 = A x.

The operator A t is again a symmetrical integral operator. Two possibilities 
now present themselves: either its kernel is identically zero, or it has at least 
one more fundamental function <p2(P) corresponding to an eigenvalue 
X2 (X2 may sometimes be equal to ?n). But in the latter case we can set up an 
operation B2 with the kernel

<Pi(P) yzQPo)
X2

and, repeating the foregoing argument, arrive at an operator

A 2 = A — B x — B2,



§1 THE BILINEAR FORMULA 359

for which the integral equation <p =  XA2<p will have the same fundamental 
functions as (25.1) has, except q>x and cp2, and only those fundamental func­
tions. We continue this process.

Then if the kernel of the operator A has only m eigenfunctions, the 
operator

A m = A — B x — B2 — ■■■ — Bm (25.5)

will have no eigenfunction, i.e., it will be identically zero. Hence we have: 
Theorem 1. A symmetric weighted kernel which has a finite number o f 

fundamental functions can be expressed in the form

K ( P , Po) =  Z
t=i

<Pi(P) <Pi(P q) (25.6)

and consequently is degenerate.
If the kernel K(P, P0) has an infinite set of eigenfunctions, then, by 

arranging all the Xm in order of increasing absolute value, we can obtain 
operators

A m = A -  B x -  B2 -  ••• -  Bm, m =  1 ,2 , 3, ...,

whose eigenvalues are arbitrarily large in absolute value for sufficiently large 
values of m; for, by Fredholm’s 4th theorem, the sequence {2,,,} must, if it is 
infinite, be unbounded. Let

1

Then for all (p such that (cp, f )  = 1,

max (Amcp, A m<p) = xm.

For, if (Am<p, A m(p) could take values greater than x m, the equation cp = XAm(p 
would have an eigenvalue Am +1 with |Am+1| < |AJ, and this is impossible. 

We thus see that
lim (Am<p, A m(p) = 0, (25.7)

and that this holds uniformly for all (p which are uniformly bounded in the 
mean.

In a certain sense the equation (25.7) means that A m<p tends to zero;
m

consequently the kernel of the operator A — Z  tends to zero. Hence the 
series < = 1

00zJ= 1

<Pt(P) <Pt(Po)

in a certain sense represents the kernel K(P, P0).
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If it happens that the series

y  PtCP) <Pi{Po

00

converges uniformly, then the kernel of the operator A — £  5, will have 
no eigenvalues, i.e., it will vanish. Hence we have: , = 1

Theorem 2. (The Bilinear Formula) I f  the series

f  Vj(Ph ' (P°) (25.8)
i = i  At

converges uniformly in both variables, then its sum is equal to the kernel 
K(P, P0):

i =  i  X,

In general, however, the series (25.8) may not converge uniformly: 
in which case there is a further question of interest to us.
We shall say that a function f{P 0) which has the form

APo) K(P, p 0) h(P) 6(P) dp ,

where h is a quadratically integrable function, is a sourcewise-representable 
function by h with the aid o f the kernel K.

If we substituted in place of K(P, P0) its proposed representation by (25.8) 
we should obtain for /  the formula

/ ( A )

where

Ii = 1
<Pi(Po)

J SI
<pt(P)  K P ) e(P)  <i p i  f<F,(ro)- (25.9)

>' = i h

i»

h(P) cpi(P) q(P) dP.
J  Si

We now prove a theorem.
Theorem 3. I f  f (P 0) >s a function which is sourcewise representable by h, and 

i f  the integral

I h2(P) o(P) dP
J Si

converges, then the series

f  — ^ P o) (25-10)i = 1 Ai
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converges in the mean and its sum is equal to / ( P 0 ) .  ln other words,

361

lim f  f / ( P 0 )  -  Y —  ^ o ) T e O P o )  d P 0 = 0. (25.11)
i = 1 <Pl J

This theorem is an obvious consequence of formula (25.7). For,

f ( P o )  -  I  7  V M  = f  ( k  -  I  b ]  h(P) e(P) AP = A „h,
i=i M J* A  1=1 J

whence, applying formula (25.7), we at once obtain our theorem.
The theorems already proved will enable us to make clear later the 

significance of the argument by which we prove the existence of eigenvalues. 
But first we prove a lemma.

Lemma 2. (Bessel’s Inequality)
Let <pi, <p2, . . . ,  cp„, . . .b e  a finite or infinite sequence o f real, orthogonal 

functions which have been normalized with weight q:

<Pi(P) <Pj(P) Q(P)
Q

1 , i = j  
0 , i ^  j

and let f  be a certain function whose square is integrable with weight q:

f 2q dP = A.
J .R

We shall call the numbers

f ,  = f<PiQ d P
J

the Fourier coefficients for the function f.
CO

Then the series £ / f2 converges and its sum does not exceed A:
i= 1

(25.12)'
i= 1

If for a certain function/the inequality (25.12) becomes an equality then 
the system of functions is said to be closed relative to / .  A system of func­
tions which is closed relative to all functions whose squares are integrable 
is called simply a closed system.

Equation (25.12) is known as Bessel’s Inequality.
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To prove the lemma, we first show that

N
I  fi fk A ,
i = 1

from which, when N  -* oo, we at once obtain the proof of the lemma. We 
have

0  ^
9

/  N
fpifi q d P

P e  d P - 2 Y . f i
a i = l

S
ftPiQ d^  + Y  f i  ' 

9 i = 1
P q dP

N N
f 2g d P -  Y f i  = A -  Y  f i -  

1 = 1  1 = 1

Hence the lemma.
The fact that the system {9?,} is closed relative to /  has the following 

significance. If
N t ~ N

lim Y  f t  ~  A , then lim \ A — Y  ft
N- > 00 ( = 1  N - 00 [_ i =  1

= 0

and this implies

lim [ ( f  ~  Y  <Pif) 6 = 0 ,
<=1 /

OO
i.e., the function f{P ) is represented by the series Y fV i( p ) which converges 
in the mean. i=1

Thus, Theorem 3 shows that the system of fundamental functions is 
closed relative to any sourcewise representable function.

L em m a  3. Let u^P), u2(P), ..., uN{P) be any system o f orthogonal, 
normalized functions, and f{P) be an arbitrary, quadratically integrable 
function. We consider the minimum value o f the integral

P f ( p ) -  Y  a iui(p )
n (= 1

d P

for all possible values of at.
This minimum is attained when at = /„  where f  = p f ( P )  u fP ) dP, and 

is equal to

f  m i ' d f -  1  f t -
J o  '=■
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For, let
n

A P ) = I  M ( P )  + R A P ) :  (2 5 .1 3 )
i= 1

multiplying both sides of (25.13) by Hf(P) and integrating, we get 

R N(P )u t(P)dP  = 0, (z = 1,2, ...,7V).

Then
SI

A  =
r  n

SI
I  (A  -  at) ih(P) + R n(P)
(=i

dP

= f R 2AP) dP + i  ( f  -  ad2 
Jsi i = 1

It is clear that this expression will have a minimum for a, =  f .  Then

R 2AP ) d P  =  f  I~AP)  -  Y A A P )
S2 J 52 L i= 1

dP =
SI

f \ p )  dP -  I  f t2
i = 1

as was to be proved.
We make two more small observations.
T h e o r e m  4 . For any quadratically integrable function xp,

00
(v. Axp) -- Y  -7 ->

( = 1

where xpt are the Fourier coefficients o f the function xp, i.e..

(2 5 .1 4 )

Vi = A P ) <Pi(P) Q(P) dP.

We note that

and consequently

SI

A mxp = Axp -  Y Vi<Pi{P)

( = i
Vi<Pi(P)(xp, A mxp) = (V, Axp) -  Y  (xp, = (V> ^ )  -  I

/ *=1 f
But

| ( V  j
V>Amy)Q dP

1 /%

s j xp2o dP • (Amxp)2 <J dP
V J J SI

= . \X X p 2 Q  d P .
SI



364 BILINEAR FORMULA: HILBERT—SCHMIDT THEOREM L.25

Since x m -» 0 as m ->■ oo, so also the quantity (ip, A mip) tends to zero. We have

as was to be proved.
C o r o l l a r y . I f  all the eigenvalues Xt are positive, then (ip, Aip) ^  0  for 

any ip, and conversely, i f  (ip, Aip) nowhere takes negative values, then all the 
Xj are positive.

Kernels which have only positive eigenvalues are said to be positive 
definite.

T h e o r e m  5. The least eigenvalue o f a positive definite kernel is determined 
by the equation

as was to be shown.
We recall that it was, in fact, by determining the upper bound of the 

expression (ip, Aip) subject to the condition (ip, y>) =  1 that we established the 
existence of an eigenvalue for the kernel K2 of the operator A 2.

§ 2. The Hilbert-Schmidt Theorem

To conclude our investigation, we prove further that, under certain 
conditions, the convergence of the scries (25.8) will be uniform.

Theorem 6. (Hilbert-Schmidt)
I f  a real symmetric kernel K(P0, P) is quadratically integrable with respect 
to each variable, and if each o f these integrals o f its square is uniformly 
bounded with respect to the other variable, i.e., i f

lim (ip, ~  Z  —  =  0 ’

—  =  sup (ip, Ay>). (25.15)

For,

(ip, Aip) = —  for ip = (PO­
X'o

On the other hand,

where X0 is the least positive of the A(, 
and since (y>,ip) =  1, we have from (25,12),

then the series (25.10) converges uniformly to the function f(P 0).

(25.16)
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For, by Bessel’s inequality, the series

y tf(P  o)
kx

converges and the inequality

£  f i  (F0) ^  A (25.17)
i = 1

holds. This follows from the fact that <Pi(P0)l^i serve as the Fourier coef­
ficients for the function /  =  K(P0, P) :

<Pi(P o)
2 f

K(P0, P) <pL(P) q(P) dP.
SI

Moreover, the series with constant terms

(25.18)

Z  A? (25.19)
i=i

also converges, again by virtue of Bessel’s inequality. From the convergence 
of the series (25.19) it follows that

m + p
Z  h] < where em -> 0  as m -* cc.
i = m

By Bunyakovski’s inequality,
m + pz hi<pi

2 ;

consequently, the sum

(25.20)

is as small as we please, and this implies that the series (25.10) converges 
uniformly.

Writing

y (P  o) = z1=1
hi<Pi(P0)

and passing to the limit in formula (25.11), we get

( / -  y ) z Q dPo =  0.
• Q
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Consequently,

f{P 0) = y(P0) = £  hiCpi(.Po). . (25.21)
i = i At

Hence the Hilbert-Schmidt theorem.
C o r o l la r y .  (Bilinear Series for an Iterated Kernel)

I f  the kernel K(P0, P) satisfies the condition o f the theorem, then for an 
iterated kernel the bilinear series converges and moreover does so uniformly 
relative to P for a fixed P0.

We can take <p((-^o)M? as the Fourier coefficients for the iterated kernel. 
For,

/*

K2(P0,P )  <p,(p ) e(P) dP
J SI

K(P0,P i) K(P!, P) %(P) e(P) dP Q(Pt) dPt

Hence

=  ~  f  K { P 0 , P , )  ^ ( P , )  q( P , )  d F x =  <Pi{Po)-
A!i J &

K 2(Po, P) = I
i = 1

%

<Pi(Po) <Pt(P) (25.22)

The convergence of the series for kernels K m, where m ^  2, will be even more 
rapid; for these kernels we shall obviously have

oO
K n ( P o ,  P ) =  I

1 =  1

<Pi(p o) <Pt(P)

It can be shown, though we shall not bother to do so here, that the converg­
ence of the bilinear series (25.22) is uniform relative to both variables.

The Hilbert-Schmidt theorem is obviously valid for continuous kernels 
with any bounded measurable weight. It is not difficult to see that it also 
holds for almost regular kernels, since for such kernels

{K(P0, P)}2 q(P) dP rg [ e(P) dP < M ,
J q J n

as is required for the hypothesis of the Hilbert-Schmidt theorem.
The Hilbert-Schmidt theorem can be extended immediately for all 

kernels of the type of Green’s function with two or three independent vari­
ables. For, such kernels, which have a singularity loge (1/r) or (1 jr), are clearly 
almost regular.
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Consider the integral

d N — ' J [K(P, P .) -  X
i = 1

< P i { P )  < P i ( P \ ) ' eOP) eCP,) d/> dP,.

Simple transformations give

d \  — [K{P, P t ) ] 2 Q(P) Qi.Pi) dP dP t

- 2i f  f
‘- 1 j  £2 j  fl

/»  (• N  2

+ I
J <0 j  <0 1=1

K(P, P i) <lh{p)[pi{Pi) e(p) Qip,) dP dP,

<pi(P) <pi(Pi)
; .2

h

q(P) g(P0  dP dPt

U  [*(P, Pi)]2 e(Pi) d P , - 2 .  X + £ ^ (P)
i= 1 /I? i  =  1 7. i

e(p) dp

j  [ t f 2(P, P) -  X •— - J  Q(P) dP.

Obviously, > 0. By what we have proved above, the series X <Pf(P)M? 
converges to the function PT2(P, P). i= 1

By Lemma 7 of Lecture 6  we can assert that the non-decreasing sequence
N

of functions X (P)/Af, which has a bounded integral, converges almost
( = i

everywhere to a limit function, and we can pass to the limit under the in­
tegral sign. This limit function can be none other than K2(P, P); whence it 
follows that lim dN =  0. The result just obtained gives the important.

T h e o r e m  7. The bilinear series for a continuous kernel converges in the 
mean to this kernel with respect to both variables.

There is also a theorem (which we shall not prove) due to Mercer: The 
bilinear series for any continuous, positive definite kernel, i.e., a kernel which 
has only positive eigenvalues, converges uniformly.

The uniform convergence with respect to both variables of the series 
(25.22) follows from Mercer’s theorem.

§ 3, Proof of the Fourier Method for the Solution
of the Boundary-value Problems of Mathematical Physics

We can now return to the assertions which we left unproved in Lecture 23 
in our exposition of the Fourier method. We shall prove the five basic prop­
erties of the system of eigenfunctions which were enunciated in Lecture 23 
(p. 329).
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We saw that eigenfunctions for boundary-value problems of equation 
(23.7) were solutions of the integral equation (23.9) with a real, symmetric 
kernel and with an almost regular kernel. Hence it follows that the eigen­
values 2, will be real. We shall prove shortly that there are infinitely many 
eigenvalues and that none of them is negative.

By what we have already proved, the eigenfunctions can be regarded as 
orthogonal and normalized, i.e.. Property 2 (p. 329) holds.

Certain properties of the eigenfunctions are best examined separately 
for the different boundary-value problems. We shall consider first the 
boundary-value problem of the first kind.

We have proved that the functions Ut which are the solutions of the 
equation

V2[/; +  ItUi = 0 (25.23)
satisfying the conditions

[Ut]s =  0 (25.24)

are solutions of the integral equation

U,(P0) = k GUi d P.
3 J S}

(25.25)

We shall now prove the converse proposition:
Any solution of the integral equation (25.25) has continuous derivatives up 
to the second order inclusive, is continuous right up to the boundary, and 
satisfies the differential equation (25.23) and the boundary condition (23.24).

As a preliminary, we show that the Ut have continuous first-order deriv­
atives. Because of the strong, complete continuity of the integral operator 
with almost regular kernel (25.25), the function Ut is bounded (it is uni­
formly continuous in a bounded domain). Green’s function G may be written 
in the form

G(P, P0) = —  +  g(P, P0),
4 nr

where g is regular in the domain SI relative to either argument of the function 
when the other argument has a fixed value lying within the domain SI. Hence

— Ut(P) dP +
Si r

/% /*

J J
gUt(P) dP.

S i

Both terms on the right-hand side of this equation have continuous first-order 
derivatives at any internal point P0 of the domain SI, since differentiation 
with respect to the parameter under the integral sign gives integrals which 
are uniformly convergent at the point P0. Hence the continuous differenti­
ability of Ut is proved.
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We now pass on to the proof of the proposition already enunciated. 
Consider Poisson’s equation

V2w = - h U i ,  (25.26)

where a solution of the integral equation (25.25) stands on the right-hand 
side. We shall seek a solution of this equation satisfying the condition

M s =  0 . (25.27)

Such a solution can be constructed in two stages. Consider first of all a 
Newtonian potential with the continuously differentiable density 2, Utj4n:

Q ( P o )  =  - ±
4 7t

"L 6P .
ft

(25.28)

We can show, without essential alteration of the proof given in Lecture 11, 
that the potential Q(P0) is a solution of equation (25.26). A function u which 
satisfies equation (25.26) and the condition (25.27) can be put into the form

u ( P 0) =  Q ( P q) + w ( P 0) ,

where w(P0) is a function which is harmonic in the domain SI and takes the 
values Q(S) on the boundary S. Such a function exists. By Lyapunov’s 
lemma (see Lecture 21, p. 292), it has a regular normal derivative. 
Consequently a solution u exists of equation (25.26) satisfying the condition 
(25.27) and having a regular normal derivative.

But such a solution, as was shown in Lecture 21, can be expressed in the

u ( P 0) =  ?n G(P0, P) Ut(P) dP. (25.29)
J J J ft

By (25.25) the right-hand side of the last equation is Ut(P0). This implies 
that the function Ui(P0) coincides with the function U(P0), from which 
follows immediately the proposition that was to be proved.

We now go on to investigate the eigenfunctions for the second kind of 
boundary-value problem. We proved that any function Vs which is bounded 
and which satisfies the equation

V2V, + 2,Vt = 0 (25.30)
and the boundary condition

~dVi 
dn

= 0, (25.31)
s

where the derivative is to be understood as the regular normal derivative, 
will be a solution of the integral equation

G*(P0,P ) V i(P) dP,
ft

V , ( P 0) = h (25.32)
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where G*(P0,P) is the generalized Green’s function for the Neumann problem. 
We now prove the converse proposition.

We shall seek a solution of the equation

V2v = - X tVt (25.33)
subject to the condition

~dv 
dn

= 0. (25.34)
s

Such a solution exists, since the function Vt is orthogonal to a constant, i.e., 
to the solution of the homogeneous Neumann problem. In order to find the 
required solution, we first set up the Newtonian potential

R ( P o )  = -p~4tc

f*

- ^ -d f t .
si r

(25.35)

Since Vt is bounded, this potential will have everywhere continuous first- 
order derivatives satisfying the conditions of Theorem 4 of Lecture 15 (the 
Lyapunov conditions).

Moreover, the function v will be expressible in the form

v(P0) = R(P0) + s(P0), (25.36)

where s(P0) is a harmonic function satisfying the condition

But [dR/dn]s is a continuous function on the surface S  and satisfies the 
Lyapunov conditions. Hence, as in Lecture 16, § 2, the function s will take 
the form of a potential of a single layer, whose density (by virtue of (16.4) 
and Theorem 6  of Lecture 15) will in its turn satisfy the Lyapunov con­
ditions. It follows from Theorem 4 of Lecture 16 that the function s will have 
a regular normal derivative.

It has been proved (see Theorem 2, Lecture 21) that the solution of 
equation (25.33) with the conditions (25.34) can be presented in the form

V( P  o) =
f

G*{P0, P) V(P) dP.
S)

(25.37)

Consequently the function v(P0) coincides with the function Vt. Hence V{ 
has a regular normal derivative, which vanishes on the boundary, and it 
satisfies the equation (25.30).

We shall now prove Property 1. We have still to show that there are no 
negative eigenvalues among those, 2,-, for a kernel representable by a Green’s
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function. Using equation (23.7) we have

Ut V2Ui dx dy dz = - k A  Uf Ax Ay dz = - I (25.38)
J £2 J  £2

On the other hand, by Green’s formula, we have, using the boundedness of 
Ut and the regularity of the normal derivatives,

V2 U; dx dy dz

dx dy dz + Ui —  AS.
dn
(25.39)

But if [C/;]s = 0 or [dUi/dn]s = 0, then the last term, the surface integral, 
vanishes, and we get

K
r r

J £2

dUtX
dy J

dUt \ 2
dz J

d x d y d z ^ O ,  (25.40)

as we had to prove.
We now prove the third property of a system of eigenfunctions —its 

completeness. Let <p be an arbitrary function which satisfies on the boundary 
of the domain the condition either [<p]s =  0  or [d(pjdn]s = 0  and which has 
continuous second-order derivatives everywhere. Then, if we put

V29? — 4 Ttip,

the function y  is continuous in the closed domain SI. By the property of 
Green’s function

<P =  J J J G (P ° ’ P ^ ^ d P -

Thus the function cp is sourcewise represented by ip with the aid of the kernel 
G and consequently may be expanded in a uniformly convergent series of 
eigenfunctions. Thus the system of eigenfunctions is complete relative to any 
function cp which is continuously twice-differentiable and which satisfies the 
boundary conditions. But with the aid of such functions it is obviously 
possible to represent approximately in the mean any function which is quad- 
ratically integrable in the domain.

As we have already proved (see Lemma 3, p. 362), the best approx­
imation in the mean to a given function is a finite Fourier series. Hence a 
finite Fourier series also gives an approximation in the mean to any function 
which is quadratically integrable over the domain Si. This implies that any 
function f  which is quadratically integrable over the domain Si can be ex­
panded as a Fourier series of eigenfunctions converging in the mean. Hence
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Property 3 has been proved. It follows, incidentally, that there are in­
finitely many eigenfunctions {£/,}, for otherwise they could not form a com­
plete system.

We now prove Property 4. Let Ut and Uj be two eigenfunctions. Inte­
grating by parts and using the boundary conditions, we have :

( d U t dUj dUt dU, dUt d U j \  , , ,
---- - --------------- 1    +       dx d v dz

ro \  dx dx dy dy dz dz J

dUjU, V2Uj dx dy dz +
52

Ul X s dft
dS = /.j j UiUjdxdydz,  

(25.41)
from which Property 4 follows.

It remains to prove Property 5. To do this, we consider the integral

J  = r r f  { -7 T  ( y  -  <Fn )

2
+ „ ( y  y N )

2
+

" d
—  ( y  -  <p n )

« J J [ _ d x  J L  d y  J d z

x dx dy dz, (25.42)

where <pN = £  and the quantities at are the Fourier coefficients of
1 = 1 the function (p in the system {t7j.

Removing the brackets and integrating, in exactly the same way as in the 
derivation of Bessel’s inequality, and making use of Property 4, then:

J =
52

(25.43)

r r r  ra® d u t d? du,  dy o u , ) ,  , , ^  , 2
- 2 Z ai r r + ,  t + ,  T r ' d,' d I + ^ w '‘- 1 dx dy dy dz dz J /=i
It is easily proved that

f f f  +
J  J  J  £} 1 dx dx dy dy dz dz j

For, integrating by parts,

■ r r  / i v  du,  +  a?  m  + a?  a u p \ d x i y  .z
J J Q V  dx dx dy dy dz dz J

cp V2Ui dx dy dz =
SI

cpUi dx dy dz = Alal.
Si
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Thus, from (25.43) we have

373

f f f  1
■ d I 2 
—  (<P -  0hv) +

J J ft 1 dx J
- ( < P -  ifP ~  J  dx dy dz

The left-hand side of this last equation is non-negative, and we obtain an 
inequality similar to Bessel’s inequality:

E  W  £<= i fl L

dw\ 2 (  dm\ 2 /  dm\ 2

W  +  \ l y )  +  W  .
dx dy dz.

This inequality shows that the series E  Xtaf converges. And from this follows 
the convergence in the mean for the series

” dU, "  dUt ” dUt
a i ~ ’ Z-j a i a  ’ E  a i ~ '

i= i d x  i = i a y  ( = i d z

For, consider the integral

I S S M -

n+p d u t y  r + p d u t y  r y p a u A 2!  , , , 
i — - )  +  ( e  a i - r -  +  ( E  a i - t — ) d x  dy d z -dx i = n dy , ( ' Dz  J  _

If we establish that this integral is as small as we please for a sufficiently large 
n and arbitrary p, then the convergence in which we are interested will follow. 
Using Property 4, we can evaluate this integral directly; we find

n + p

E  °ti = n
dUi
dx

2 ny p dUi
<5. Gi dy

2

dx dy dz

dx dy dz

n + p

+ 2  E  ataj
i , j  — n 

i * J

dUt <rUj_ dUj_dUj_ dUt dU}
dx dx dy dy dz dz

dx dy dz

n + p

=  E  W  •
i =  n

00

Since the series E E a? converges, it follows by Cauchy’s criterion that the
i=i

last sum is arbitrarily small for sufficiently large n. We have proved that 
the series obtained by termwise differentiation with respect to x, y  and z of
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the series
OO

Z  Q i U i i w  y ,  z )

converges in the mean.
To complete the proof of Property 5 we have to prove one more theorem.

00

Theorem 8. I f  the series <f ~ Y  vt o f  terms continuously differentiable in
i = i

the domain Hi converges uniformly, i f  the sum of  the series has a partial deriv­

ative with respect to x, and i f  the series Y  dvt/dx obtained by termwise dif-
1 =  1 OO

ferentiation converges in the mean, then the series Y  vt can be differentiated
termwise, i.e., r= i

d<p _  y  dvt (25.44)

where, of course, by convergence is to be understood convergence in the
mean.
Proof Let tp be an arbitrary, continuously differentiable function of the 
variables x, y, z, which is different from zero only in a certain domain Hlv 
lying wholly within the domain. Then the following formula for integration 
by parts holds:

V dx 1 dx
d.v dy dz = 0 , (25.45)

where % is an arbitrary function having a continuous derivative d%jdx. In 
particular,

/*

%}
d.v dy dz = 0 .

We now substitute in place of % in (25.45) the function <p N

(25.46)

A ’

= Y  vt. Then
;= i

/»

xp 9<Fn

dx
dtp

+ (Pn —  dx
dv dy dz = 0 .

In this formula we can pass to the limit as N  ->oo. Let <p' denote the sum
o o

of the series dvtjdx. By the hypothesis, this sum exists. We then have
i= i

J «

1% dy)
W  +  <P —  dx

d.v dy dz =  0 .

Subtracting this equality from (25.46) we get
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This equality holds for any function, subject only to the requirements stated 
above; hence

d<p ” dv,
~Z~ =  <P‘ =  I  — .
O X  i = 1 O X

as was to be proved.

§ 4. An Application of the Theory of Integral Equations 
with Symmetric Kernel

One of the most important applications of the theory of integral equa­
tions with symmetric kernel is to the theory of the so-called Sturm-Liouville 
equations, i.e., of ordinary differential equations

(py'Y + ry + Xq(x)y = 0 (25.47)

depending on a parameter X, with certain boundary conditions.
We shall seek a solution of such an equation satisfying the homogeneous 

conditions:
[py  + *y]x=o = 0, [py  + Py]x=l = 0. (25.48)

Assuming that, for X = 0, the homogeneous problem has at least a trivial 
solution, and applying Green’s formula, we have

X*o) = - J  XG(x, x 0)y(x) q ( x )  dx. (25.49)

The kernel G(x, x 0) will be symmetrical, because the operator Ly  and the 
boundary conditions are self-adjoint.

Consequently the eigenfunctions of the Sturm-Liouville problem, i.e., 
functions satisfying (25.47) and (25.48), will serve as eigenfunctions of the 
integral equation (25.49) with weighted symmetric kernel and will have all 
the properties of eigenfunctions of such equations. The converse is easily 
established: any solution of equation (25.49) will satisfy the differential 
equation (25.47) and the boundary conditions (25.48). We leave the reader 
to verify this assertion.

As an example of a more general equation with a singularity we may 
consider an equation of the form

in2
( x y 'Y --------y  + Xxy =  0,

x
or

xy" + y  + x U  -  — )  y = 0 .

Green’s function for this equation was constructed earlier [see (20.52)]. All 
our theory applies to this equation, which is known as Bessel's Equation.
EMP 13



LECTURE 26

T H E  I N H O M O G E N E O U S  I N T E G R A L  

E Q U A T I O N  W I T H  A  S Y M M E T R I C  K E R N E L

§ 1. Expansion of the Resolvent

In previous lectures we have examined in some detail the homogeneous 
integral equation of Fredholm type with a symmetric kernel. In this lecture 
we shall study the inhomogeneous equation, from the point of view of the 
theory already developed. We have explained already how the kernel of a 
symmetrical integral equation can be expressed when its eigenvalues and 
eigenfunctions are known. The solution of an inhomogeneous equation can 
be expressed in a similar way, using the same eigenvalues and eigenfunctions.

To prove this, we shall apply the Hilbert-Schmidt theorem to an inhomo­
geneous equation with a symmetric kernel. We have

(for simplicity we take q = 1).
Suppose that A is not an eigenvalue. Then a solution of the equation 

exists. We shall find an expression for this solution by means of eigen­
functions.

It is clear that the function /u(P) — f ( P ) is sourcewise representable by 
means of the kernel. Consequently

On the other hand, multiplying both sides of (26.1) by <Pi(P) and integrating, 
we get

MP) = /CP) + l  K(P, P.) «(P,) dP

mp) -  /(p) = * I
f =  t /  .

(26.1)

where

f*t = n(P) <pt(P) dP.

376
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EXPANSION OF RESOLVENT 377

a -  f l  -
1 -  2/2, 2, -  X

Consequently the function n ,  i f  it exists, can be represented in the form

00 y*

A P )  = A P )  + * I  — —  <P,{P)- (26.2)i=i Ai — A

If we now introduce the expression for / ,  in terms of eigenfunctions and 
interchange the order in the limit of its partial sum, we obtain

AP) =AP)  +  2 lim  f  / ( / > , ) £  <y,|(f )  y ,( 'f ,l)  d / v
N~* cq  ̂ q ( = 1  Aj A

We shall show that the formula just obtained really does give the solution 
of the problem. To do this, it is convenient to introduce a new function

r { P ,P y ,X )

called the resolvent of the integral equation under consideration and given by

n P , P „ X ) = X  ^  ■ (26.3)
i= i 2 , - 2

It is easy to show that the series on the right-hand side of (26.3) converges 
in the mean for all values of X which do not coincide with any one of the Xt. 
To do this, we notice that the series for the resolvent can be written in a 
different form. We have:

or

r ( p ,  p t, ;.) = 1 9 ,(p) 9 t ,p d  + (— !—  -
i=i  \_Ai \ A ,  -  A

_  y  <Pi(p ) cPi(p i)  +  ;  V <Pt(p i)
ih xt l i=i xt(x, -  x)

r(p, p\  x) = k (p , p ') + x f  7 ^  <Pîp'->
i t [ 2 ,(2 , -  X)

_  y  Vi{p ) <Pi(P0 + x y  <Pi(P) <P,(n
i k  2 , ik 1 2 ,(2 , -  2)

%

9

)]

(26.4)

where the series in the second term converges uniformly.
The necessary and sufficient condition for the uniform convergence of 

the series (26.3) is clearly the uniform convergence of the bilinear series 
for the kernel.
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Note. We see that the resolvent of an integral equation with a symmetric 
kernel is a meromorphic function over the whole complex plane of the para­
meter X. All the poles of this function are simple and are the eigenvalues of 
the kernel.

Using the demonstrated convergence of the series for r(P, P l5 X) we can 
interchange the order of summation and integration in the formula so that

KP)  + * d p x.
J SI

this result being meaningful, by what has been proved. By applying to both 
sides the integral operation with kernel K(P0, P) we can verify that /u(P) 
does really satisfy the integral equation

f*
KP) = J\P) + * K { P , P d  f*{Pi) d P j .

§ 2. Representation of the Solution by means of Analytical Functions

Expansion as a Fourier series, which we have investigated in previous 
lectures (see § 2, Lecture 23), was interpreted in a purely geometric way as 
a representation of a certain function in function space, in which the char­
acteristic directions of the linear operator were taken as coordinates axes.

By using the resolvent, we can approach the question in another way. 
Consider the integral

xCP’ *) =

r»

r ( p ,  p 1 , / ) / ( P 1) d P 1

J SI

Y  fi9~i(P) 
1=1 xt -  ‘

This integral is a meromorphic function of the parameter X with simple poles 
at the points Xt. The residues at these poles are equal to fi<Pi(P) and form the 
successive terms of a Fourier series. The Fourier series for the function 
/  is the sum of these residues, and a part of this series is the sum of the 
residues at a certain number of the poles. Hence such a part may be repre­
sented in the form

M P) =  —  f  %{P, X) dX2M J Cat
where C N is a contour in the plane of the complex variable X enclosing the 
first N  singular points of the resolvent.

It is again convenient to use a symbolic notation.
From formula (26.2), the function % (P, X) can be expressed in the form

M P ) "  f(P)X(P> 2) =
X
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where /x(P) is a solution of the equation

379

fx{P) -  X 

i.e., of the equation

= f ( P ) ,
SI

(E -  XA)/x = f .

As we have seen earlier, for small values of X this solution can be written in 
series form

fx = (E + XA + 12 A 2 +  ••• +  l mA m +  •■•)/; 

on the other hand
/* = ( £ -

whence, in symbolic notation,

Hence

X =
V ~  f  

I
~{E -  XA)~l Af.

f » { P )  =
1

(%

2m %cN
(26.5)

We have previously seen the analogy between certain symbolic formulae 
containing polynomials or power series in the operator A and corresponding 
formulae of algebra or analysis. Our formula (26.5) is also the analogue 
of a corresponding formula in the theory of functions. For, let a and / b e  
any numbers. Consider the integral

y = f — ----/ d 2 = - — f ---- f- ---- dX. (26.6)
2ni J c 1 — Xa 2ni J c 1 ja — X

It is clear that y  = /  if the contour C encloses the point X0 = 1 ja, and that 
otherwise y  = 0. The formula (26.5) is a generalization of (26.6).

The number X0 satisfies the relation

X-Oa(Pk — <Pk (26.7)

where <pk is any non-zero number.
The equation (26.7) goes over into (25.1) defining Xk, if we replace a in it by 
the operator A. And the formula (26.5) can be used to obtain solutions of 
problems of mathematical physics expressed in the form of definite integrals.

Without going into the general theory of this question in detail, we shall 
analyse an example of heat conduction, viz., the problem of integrating 
the equation

du
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with the conditions
Ms = 0, Mt=o = u0(P).

We recite briefly the usual argument in the Fourier method. 
Applying Green’s formula to the equation, we have

u =

or in symbolic notation

G(P, Pi)
J S i

du(Pj , t) 
dt

d Pi

u + A du
dt

= 0 .

Particular solutions of this equation will be given by

where
u = e Xitut(P) 

ut — ?hAui ~ 0 .

The sum of the particular solutions corresponding to different eigenvalues 
i.e., the solution in the form of a Fourier series will take the form

u = I  e - A‘M(P). (26.9)i= 1
It follows from the condition

Mt = 0 = Mo
that the w((P) are the members of the Fourier series for the function u0, and 
this implies that the functions ut are the residues at the poles of the resolvent 
of the function

1 \P ,P i,2) u0{Pi) dPi.
Si

Further, e x‘tui(P) are the residues at the same poles of the function

— e -;.r 1\P, Pi .X) u0(Pi) dPi,

and a finite number of terms of the series (26.9) can be expressed in terms 
of the integral

uN =  -
1

2m
. - A t

C n

I \ P , P l , X ) u 0{P1) d P i ) d X ,  (26.10)
<Q

thus giving the complete solution of the problem.
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The solution may be written symbolically in the form

uN = -----— | e“ A‘ ----------- «0 dA. (26.11)
2m  J CjV E -  IA

We compare our solution with the solution of the ordinary equation

du
' a ------ h u =  0 ,

dt

where a is a constant number. It is clear that here

By the theorem on residues

u = -

This integral is equal to its residue at the point A0 — 1 ja if A0 lies within the 
contour C, and is zero if A0 is outside this contour.

On this basis it is convenient to denote

u — e tlau0. (26.12)

1 f  e-At_ au0_  d/L
2  ni 1 — Xa

1

2ni
e— At

C

symbolically by e t/Af 0. The solution of equation (26.8) can then be written 
in the form

u e t,Au0 (26.13)

The general theory of functions of operators (which we cannot develop 
here) enables a whole series of generalizations of this formula to be obtained 
for a considerably wider class of problems of mathematical physics. It enables 
similar methods to be applied to the solution of problems where the sin­
gularities of the resolvent are not merely isolated points in the plane of the 
variable A.

In particular, these ideas enable the solution of problems of mathemat­
ical physics to be investigated in unbounded domains or in cases where the 
equations in question have singularities within the domain investigated. 
Often the occurrence of such singularities is bound up with a change in the 
analytical character of the resolvent, producing singularities of the resolvent 
which are not simple poles.

In the following chapters we shall not go more deeply into this question, 
but we shall study concrete applications of the Fourier method to particular 
problems of mathematical physics. The examples which we shall’consider 
will be extremely instructive, since it was, in fact, from the investigation of 
these questions that the theory developed.
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V I B R A T I O N S  O F  A  R E C T A N G U L A R  

P A R A L L E L E P I P E D

As an example of the use of the Fourier method we take first the problem 
of the vibrations of a rectangular parallelepiped, which we shall formulate 
in the following way. We shall seek a solution of the equation

in the domain

V2u
d2u 
dt2

-  0

0 ^  x  :S c, 0  ^  y ^  b, 0  z < c

(27.1)

with the boundary conditions

[ « L  =  0  =  W \x = a =  [ « ] y  =  0 =  M y  =  b =  M z  =  0 =  M :  = c =  0  ( 2 7 . 2 )

and the initial conditions

du
Mt=o =  u0(x, y , z ) .

dt
«i(*, y*z)- (27.3)

1 =  0

By the general theory (see Lecture 23, § 1), the solution will have the 
form

u = Y j Ut(x, y ,  z) (a{ cos l-j + bt sin 2,/), (27.4)

where the Ut are solutions of the equation

V2h, + 2ft/, =  0, (27.5)

satisfying the conditions (27.2). In the present case these solutions can be 
expressed in finite form by means of elementary functions by using the 
device known as complete separation of the variables. With this object we 
shall write the solution of equation (27.5) in the form

Ui(x,y, z) = X,(x) Vj(y, z), 

where V, depends only on x, and _F, is independent of x. To determine the

382
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functions X t and Vt we have

™ + x { ^  +  ^ f )  +  i f x ‘v ‘ -  ”■
d2Vt d2Vi 1 +

or

It is clear that

XJ_ + dy2
Xi v t

dz2
+ X\ = 0 .

Y"Sl i 2
=  ~ * i .

d2Vi d2Vl
+

dy2 dz2
t >

x t v,

where x x and r, are constants related by xf  + rf  = Xf. The equation

X I  + x \X x = 0 (27.6)

under the conditions (27.2) has as eigenvalues the numbers x { = k xnja 
where the k ( are integers. The function

satisfies the equation (27.6) with the boundary conditions at a: =  0 and at 
x  = a. The system of solutions {X,} is an orthogonal, normalized system of 
functions.

Considering the equation

d2Vi

dy2

d2Vi 2 ___ L + T?U.
dzf + 1 1

= 0 ,

again we seek a solution in the form

Vt = 7,00 Z t(z),

where Yt depends only on y, and Z, only on z. We obtain

whence it follows that

XT’" ry H
+  r f  =  0 ,

Yx Z t

- y  ft r y tt
1 i _  2 2

r ,  ~  • '  i T “
where at and are constants satisfying
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The equation 

has the eigenvalues
Y" + o2i Yi =  0

liJZ

where the /, are integers, and the eigenfunctions

The equation 

has the eigenvalues
Z" + £  Z t -  0

171,71
Pi = ----- .

C

where the mt are integers, and the eigenfunctions

Finally we obtain a set of eigenfunctions for the vibration of the parallel­
epiped in the form

U =
abc

. TtkiX . n l.y  . Tima s in ------ s in ------- s in ------- (27.7)

These eigenfunctions correspond to the following eigenvalues of equation 
(27.5) under the boundary conditions (27.2):

V fl2 b2
”h (27.8)

where k u lh nit run through all possible trios of integers.
We notice that the numbers may be repeated, i.e., it may happen that

— %i+1 — •” — ‘̂i + k •

The number of eigenvalues which are equal to one another is equal to the 
number of solutions in integers of equation (27.8) as regards k h lh mt.

It can be shown that equation (27.5) under the conditions (27.2) has 
no other eigenvalues or eigenfunctions. To do this, we prove the following 
lemma.
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L e m m a  1. Any function (f(x, y, z) which satisfies the conditions (2 7 .2 )  and 
has continuous second-order derivatives^, is expressible as a convergent series

<p(x,y, z) = 

where the series

8 \  “  . Tikx r  ®  . 

—  I s i n —  Z  s iabc /  k= i a |_, = 1
rely ( .  zcmz 

s in -----I 2. <Pk.i.m sm
v m= 1

<Pk,fe) =  Z  <Pk.i.m s i n j z m z

171=  1

W t O ,  z )  =  Z  Vk.iiz)  s i n  —
j = i b

00 jritx
y,  2 ) = Z  z) s in -----

m =  i  a

“ )]
(2 7 .9 )

converge uniformly with respect to the arguments which appear under the 
sine. Here

(Pk,l,
1 \ a b c /

We shall at first regard cp(x, y, z) as a function of the variable x  with 
y  and z as parameters. In view of the fact that for the equation (27.6) and 
the given boundary conditions Green’s function has been constructed (see 
Lecture 20, § 3), we can, using the Hilbert-Schmidt theorem, express the 
function cp(x, y, z) as a series, uniformly convergent with respect to x, in 
the eigenfunctions of equation (27.6), i.e..

where

cp(x, y, z)
a

00z'= 1
(pk(y, z) sin krtx

a

<Pk(y, z) a
<p(xl , y, z) sin

J o
knx-t

a
dxt . (27.11)

From formula (27.11) it is seen that y h{y, z) is a continuous, twice-differ- 
entiable function of y  and z, which satisfies in these variables the conditions 
(27.2). Consequently 9ok(y, z) is expressible as a series uniformly convergent 
relative to y:

<pk(y, 2)
2

~b z
1 =  1

<Pk.i(z) sin
nly
------  )

b

f  We require the second-order derivatives here only because we invoke the theorem on 
expansion in eigenfunctions.
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where

<Pk, i(z) =

Finally, (pk,i(z) can be expanded in a series uniformly convergent with respect 
to z:

Combining the formulae for (pk{y, z), <pkA{z), <pkj <m and the series for 
<p(x, y, z), <pk(y, z) and <pkti>m, we obtain at once the assertion in the lemma.

Suppose now, if possible, that U0 is some eigenfunction of equation
(27.5) with the conditions (27.12) which is different from all the functions 
(27.7). As was proved in Lecture 24, it can be regarded as orthogonal to 
all the functions (27.7). By the lemma, it can be expanded in a series (27.9). 
It follows from formula (27.10) that all the coefficients of such an expansion 
would be zero. Hence formula (27.9) gives

Consequently our problem can have no eigenfunction different from (27.7).
Instead of the conditions (27.2) we could also consider conditions of a 

different type, for example

where a and /J take constant values on each of the boundaries. On the basis 
of the general theory, we conclude that this problem too is completely solved 
by the Fourier method, since we can satisfy all the initial and boundary con­
ditions by proper choice of the coefficients in the expansion of the solution 
as a series of eigenfunctions (27.7).

The vibrations of a rectangular membrane can be studied in the same 
way as the vibrations of a rectangular parallelepiped.

Attention may usefully be directed to the following circumstance. Sup­
pose that the coefficients a and (1 in formula (27.12) are not constant. Then 
the decomposition of the eigenfunctions Ut into the product will
not, in general, take place. The question arises: Would it be possible to carry 
out some transformation of the independent variables, introducing new 
coordinates t,, t2, 13 in place of x, y, z, so as to achieve such a representation?

where

U0 = 0.

(27.12)



VI BRATI ONS OF R E C T A N G U L A R  PARALLELEPI PED 387

The coordinates for which it is possible in some problem of mathematical 
physics to carry out a separation of the variables are sometimes called 
normal coordinates. So we may formulate the question: Are there normal co­
ordinates for a given problem, and, if so, how are they to be found?

In the next lecture we shall indicate the normal coordinates for certain 
particular problems of mathematical physics. But, as V.V. Stepanov has 
proved, normal coordinates exist only in a very restricted class of problems.



LECTURE 28

L A P L A C E ’ S  E Q U A T I O N  I N  C U R V I L I N E A R  

C O O R D I N A T E S .  E X A M P L E S  O F  T H E  U S E  

O F  F O U R I E R ’ S  M E T H O D

§ 1. Laplace’s Equation in Curvilinear Coordinates

Curvilinear coordinates of one sort or another, polar, cylindrical, etc., 
are often used in mathematical physics. We shall investigate the form taken 
by Laplace’s equation in such coordinates.

Let t3, t2, t3 be the curvilinear coordinates, related to x, y, z by the 
formulae:

h  = z), t2 = t2{ x ,y , z ), t3 = t3(x ,y ,z ) ,

x = x(t1} t2, t2), y = y(t3, t2, t3), z — z(ty, t2, t3) . 

Consider any two curves passing through one and the same point:

*iCU), T1O1), ^iOi);

^ 2(^2)? y2(s2)> ^2(^2)-

where s is the arc-length.
By a well-known formula of differential geometry, the cosine of the angle 
between these two curves is given by

dx, d.v2 dy, d v2 dz, dz2 cos (f =    + —  - i L  + 1 2
dj'i ds2 d^j di?2 d^i ds2 

In the new coordinates this formula will take the form

cos (p
3 3 /  

=  I  E  (■i=i j=1 \
dx dx ^  dy dy dz dz

= 1 1;=i j= 1
a,.

dti dtj dti dtj dt; dtj

d/“ >
d^i ds2

d r<2)

dr;( 1 ) d t)( 2 )

d^j ds2

388
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cos cp d?! ds2 = Yj X aij (̂ ^1> 5 (28.1)
i=i j =i

where df((1) and dfj2) are differentials taken respectively along each of the 
two curves considered. We note that

<xij — aji ~
dx dx dy dy dz dz

+ +
dtt dtj dti dtj dtt dtj 

If the two curves coincide, then (28.1) takes the form

<k2 = L  X au d*id0-
(=1 j=i

(28.2)

In deriving Laplace’s equation, as in many other questions involving 
curvilinear coordinates, it is convenient to express all formulae in terms of 
the coefficients au.

If the system of coordinates tx, t2, t2 is orthogonal, i.e., if the coordinate 
curves intersect at right angles, then all au = 0 when i ^  j .  For, let us fix 
arbitrarily chosen values i = i0, j  = j 0, i0 ^  j 0. Then on the one coordinate 
curve, only d t^  ^  0, and on the other curve, only dtj2) ^  0. For these co­
ordinate curves the left-hand side of (28.1) vanishes since the angle cp = nj2 , 
and the right-hand side will be 2aioJo, d ^ ’5, d/)2), whence ociojo = 0 . 
Restricting ourselves then to orthogonal systems, we put

( h t ,  i = j ,
«u =

I 0 , / 56 j .
Then

ds2 = h\ dt\ + h\ dtl + hi dt\.
Examples.

1. For polar coordinates in 3 dimensions,

x  = r sin 0 cos cp, y = r sin 0 sin cp, z = r cos 0,
whence

ds2 = dx2 + d_p2 + dz2 = dr2 + r2 d02 + r2 sin2 0 d(pz .

2. For cylindrical coordinates, we have

x = r cos c p ,  y = r sin c p ,  z — z, 

d i’2 =  d x 2 + dy2 + dz2 = dr2 + r2 dcp2 +  d z 2 .

It is useful to evaluate the determinant of the transformation D(x, y, z)j 
D(tx, t2, t2) in terms of the same quantities hx, h2 and h3. To do this we
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introduce an intermediate, rectangular coordinate system x u y u z u dif­
fering from x, y, z only in the direction of the axes. We choose the directions 
of x u yi,  Zi so that at the given point x, y, z they coincide with the directions 
of tu t2, t3. In this case we have at the point considered:

d(x, y, z) =  d(x, y, z) d f x ^ y ^ z j  = d(xl , y it zt)
d ( t i , t 2 , t 3) d ( x i , y i > z i )  d( t i , t 2, t 3) ~  d(ti , t2, t 3)

for at this point d(x, y, z)/d(xl , y2, z j  = ±  1, the sign being determined by 
the orientation of the coordinate system x l5 y 1} z Y. Hence

d(x, y , z )  _  J

d x y

dti

dyv

dXi
dt2

dyi

dXi
dt3

dyi-11/"“SfO<N d tx dt2 dt3

dzi dzi dzi
dti dt2 dt3

But in the determinant d{xi, y u z 1)ld(t1, t2, t3) all terms except those on the 
principal diagonal are zero and so

d(*i , y i . zi) = dXj dyt dz l 
d ( t i , t 2, t 3) dti dt2 dt3

Further, on the x^axis and on any curve tangent to x t at our point we have

dx] = ds2 = h\ dt\; 

similarly on the ^i-axis and on any curve touching it

dy \  = ds2 = hi dtl; 

and finally on the z^axis and on any curve touching it

dzl = ds2 = h23 dtl;
whence

dti
- ± - L .

dt2
= 0,

dt3
= o,dxi hi dxi dxi

dti
= o, dt2 - + - L , dt3 =  o,dyi - k2 dyi

dti = o, dt2
= o,

dt3 1
dzi dzx dzi "  h3



§ 1 L A P L A C E ’S E Q U A T I O N  IN C U R V I L I N E A R  C O O R D I N A T E S
j

and
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finally we get

dx1
dt l

= ± / i i , ^ 
£ II ' o dx3

dh
=  o ,

d y i
5/! =  o , 3 w  =  ± h „  

3 / 2

dy3
dt3

=  o ,

dzv

dti
=  o , -  0 ,

3 / 2

dz3
dt3

=  ± h 3

d(x, > y  i > z i) i i i i
3(*i, l2 > h)

the sign being determined by the orientation of the coordinate systems 
O i, yi,Zi)  and (fi, t2, t3).

As we have seen earlier, if L and M  are mutually adjoint operators, then 
the following integral relation holds:

%l 0
(uLv — vMu) dfl, [uP(v) -  vQ(u)] dS,

where Si is a certain volume bounded by a smooth surface S, and P(v), Q(u) 
are linear conbinations of derivatives of the coefficients u, v with coefficients 
independent of v and u.

If one of the functions, for example v, vanishes outside a certain domain 
SI v which with its boundary lies wholly within the domain Si, then the surface 
integral in the above identity vanishes, and we have

/ » / * / *

(uLv — vMu) dfl, =  0.
%> v Q

We can take this last relation as the definition of the operator M, if we specify 
that it shall hold for an arbitrary function u and for any function v which is 
different from zero only in a certain interior domain SLV.

Before we evaluate the Laplace operator in curvilinear coordinates we 
prove a lemma.

L em m a  I. I f  a second-order operator is self-adjoint, then it must be repre­
sentable in the form

Lu = E  Ii=i j= i dxt
' d u \Au — j  +  cu. (28.4)

where AtJ = AJt.
We note that an operator which has the form (28.4) must be self-adjoint: 

this follows at once from the definition of self-adjointness of an operator
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(see § 2, Lecture 5). We now have to prove the converse proposition, ex­
pressed by the lemma.

We show first that there could be only one operator adjoint to the given 
one. For, if and M 2 were two operators adjoint to the operator L,
and if v is a function which is zero everywhere except in a domain interior 
to SI, then

and

(uLv — vM !«) d SI — 0
SI

(;uLv — vM 2u) d ft =  0

for any function u. Subtracting, we get

v(My -  M 2)u dfl, =  0.

Butuisanarbitraryfunction within the domain Slv. Hence(A/j — M 2)u = 0, 
and consequently the operators M v and M 2 are identical.

If L  has the form

i  i —  U j f -i=i j =i dtt \  dtj + X 
» =  1

du

dti
+ cu,

then the adjoint operator will have the form
n

I
i =  1

" 3V _
M  dt,

Aji
du
dh

D du
E  Bi ~r~ + cu’

i =  i  d t i

and the two operators can be equal only if Bt = 0 and A tJ = AJt. Hence the 
lemma.

The Laplace operator V2 will not be self-adjoint in the variables t 1, t2, t3, 
but it can be readily expressed in terms of such an operator. For, choosing 
any pair of functions u, v as in the proof of Lemma 1, we have

(z/V2v — vV2u) dx dy dz — 0,
J SI

or, going over to the new variables,

J J J
(uV2v vV2u) d /t dt2 dt3 = 0,

since, as we have already proved, the Jacobian 8(x, y, z)/d(t1, t2, t3) can 
differ from h j i j h  only in sign.
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This implies that the operator L defined by Lu = h1h2h3V2u is already self- 
adjoint.

If

Lu = I  I
d

i= i j= i dtt lu
du'
dh.

(the term cu obviously cannot appear either in V2 or in L), then

- - I  — ( l  A *h1h2h3 (=i ot{ y = i otj
(28.5)

The coefficients of the second-order derivatives in the expression (28.5) 
will clearly be AiJ/h1h2h3.

On the other hand, these coefficients can be determined directly. We 
first change the variables to x 1,y 1, z l : this does not change the form of the 
operator V2m, since, as may be immediately verified, the Laplace operator 
is invariant for a linear, orthogonal transformation of the variables. Now, 
using the formulae (28.3), we find

i.e., 

V2w =
1

i 2 ’ 1 J ’hi

0, i j .

d ( h2h3 du \  + d / h3hx du \ d ( h1h2 du
h2h2h3 _dt± y h 1 dti dt2 dt7 dt3 dt3

In polar coordinates, h3 = 1, h2 = r, h3 =  rsinO, and
(28.6)

V2w sin 0
' d (  2 . n du —  r2 sin 0 —  
dr V dr

d
+  ----

dO
sin 0 du

J o
d

H------
dcp

1 du VI 
sin 0 d<p ) \

--------------___________________________________ !______2 X

r2 dr \  dr J r sin 0 dO \  dO J r2 sin2 0 dcp2

(28.7)
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V2M = —
1 " d (  du
r dr V dr.

1
9 ('r 9U )

r dr 'v d r )

+

+

d

h2 = r, h3 = 1,

( I du \ d
I — ----  +
\ r d(p) dz

d 2u d2u
dcp2

+
dz2

du
dz

(28.8)

§ 2. Bessel Functions

Consider the ordinary differential equation

y" +  — /  +  ( l ~  =  ° »  ( 2 8 -9 )

which is known as Bessel’s equation. In books on the analytical theory of 
differential equations and the theory of special functions, a number of im­
portant properties of the solutions of this equation are derived. Here we 
shall merely give the results without proof; readers wishing to learn the 
proofs of these properties may consult:
Y.I .  Smirnov: “Course of Higher Mathematics”, Vol. 3, Chapter 2, or 
R .O .K uz’min: “Bessel Functions” .
For a detailed exposition of the theory of Bessel functions, see 
G .N .W atson: “A Treatise on the Theory of Bessel Functions”.

We shall examine equation (28.9) with integral values of v and with non­
integral values separately.

The following propositions hold:
1. For non-integral values of v, equation (28.9) has two linearly independent 
integrals,

Jv( x) and J - V(x),

which may be expanded in series uniformly convergent over the whole plane 
of the complex variable x:

00

A W  =  Z
s = 0

( - 1 ) S

r(s  + i) • r(v  +  5 +  i)

j - ,  w  = Z
c - o > f

— v +  2s

=o r(s + i )  • r (—v +  s + i )

In other words, x Vv(x) and xV_v(x) are integral functions of x. The func­
tions 7v(x) and J _ v(x) are called respectively Bessel functions of  order v and
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—v; the linear combination of them,

395

Nv(x) = Jv(x) COS ( V 7 t )  ~ J - f x )  
sin (vji)

is called Neumann’s function.
2. For integral values of v = m, Bessel functions of order m and —m as de­
fined above are no longer independent:

j _ m(x) = c - i r  m x ).

In this case we may take as the linearly independent solutions of equation 
(28.7) the two functions:

( v \ m + 2s

f)
— ------------- ,

......... st7o r(s  +  1) • r(m + s + 1)

and

N m(X) =  1  ( log. i  + c )  -  I  " I  (m ;  * ~  1)1 ( A
Jt \  2 J 71 s = o r(s  + 1 )  \ 2  /

, -m + 2s

1  ( l X  i / 1 | i
jt \ 2  J ml \ m  m — 1

i - i y

+ ••• + i

i 00

- L i7t s= 1

/  1

, 2s+ m

I \ s  + 1) • T(m + s + 1) \ 2
x

+
1 1 1

m + s m + s — 1
+ + 1 + — +

s s — 1
+ -  + 1

(28.10)
where C = 0-577215 ... is Euler’s constant.

As may be seen from (28.10), Bessel’s function J m(x) is an integral func­
tion of its argument and so is x~mJ m(x). Neumann’s function N m(x), which 
is the limit of the function Av (x) as v m, has a singularity at the origin in 
the form of a branch-point coincident with the pole.
3. For pure imaginary values of the argument (x = it) the function

i m Jm(x) = i m Jm(it) = Im(t),

which is the solution of Bessel’s equation in the variable x, will be real.
The other solution of equation (28.9) which is real for imaginary values 

of x has the form

i
ire T . ~\

---- — Jm(l0
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4. The linear combinations

77^(x) = Jv(x) + iNJx), 77v(2)(x) = Jv(x) -  iNJx)

are known asHankelfunctions ofthefir stand second order respectively. These 
functions, which are clearly solutions of Bessel’s equation (although they 
are complex for real values of x), have the following asymptotic expressions 
for large, real values of x (valid both for integral and fractional values 
of v):

H ? \ x )  = J ( ^ j  ei(x- vn/2~K/4) [1 + 0 (x -1)]

-------  / (28.1 l) t
Hl2\x )  = +

\  V 7CX )  J

For T /^ x )  this representation is valid for large x satisfying the condition

3 j i

' •>
2

and for Hl2)(x) for large x satisfying the condition |arg x + rr/2| < 3rr/2.
The following asymptotic expressions for the Bessel and Neumann func­

tions are obtained from (28.11):

71
arg x ------

2

U x )  = 

iVv(x) =

(28.12)

The formulae (28.12) show how the Bessel and Neumann functions behave 
as the argument increases. They are oscillatory functions, passing through 
zero infinitely many times. The amplitude of their oscillation gradually dies 
away. The roots of the Bessel and Neumann functions of the same suffix 
alternate, i.e., the functions interlace.

For large, real values of z, the function 7„(z) has the representation

Ini?) -  - 4 =  U + O
V 2nz I

The equation satisfied by In(z) can be obtained by elementary means:

d2 In(z) [ 1 d/„(z) 
dz2 z dz

7n(z) = 0.

This function is often encountered in applications.

t  /(x ) =  0(<p(x)) means that the ratio / (x)/ |<t>(x) ] remains bounded as x —* oo.
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Usually in the tables only the values of the functions J 0(z) and J y(z) are 
given. There is a relation between the functions Jn(z) for different n, which 
enables Jn(z) and its derivative to be expressed, for integral n, in terms of these 
two basic functions:

2 n
+  Jn+ l O )  =  ------- Jn-l(z)  -  Jn+l(z)  =  2J'n(z) .

Z

§ 3. Complete Separation of the Variables in the Equation V2« =  0 
in Polar Coordinates

Consider the wave equation in a plane:

d 2ud 2u  d 2u
------  + -------
d x 2 d y 2 d t 2

=  0 .

Suppose we wish to investigate the vibration of a circular membrane r ^  1 
with the boundary condition

[u]r=1 = 0 (28.13)
and the initial conditions

du
[ 4  = 0 — U0 ;

d t
- ui.

1 =  0

Going over to the variables r  and cp by means of the formulae x = r  cos cp, 
y  = r  sin 9?, we transform the wave equation into the form [see (28.8)]

I d /  d u \  d 2u  d 2u

r d r  \  d r )  dcp2 d t 2
0. (28.14)

We shall seek a solution of (28.14) in the form
00

u — Y. vi(r > V) (Qi cos ^it +  bt sin 1^),
i= 1

where vt is a solution of the equation

dvt1 d  

r  d r d r

1 d 2Vi 2 n+ ------------+ — 0.
r2 d ip 2

(28.15)

We shall show that r and <p are normal coordinates for this problem.
We seek a solution v{ in the form of a product

vi = &t(<p)R,(r). (28.16)

We shall prove later that such a solution exists. Substituting (28.16) into 
(28.15) we get

0j_ _d_ /  dRj 
r dr \ dr

1 d20,
+ — R t 4 - ^ -  + I] R t0 i  = 0,

r2 d (pz
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or, dividing by R t0i  and multiplying by r2,

d f  d R t \  d20[ r ----  r '
dr V dr /  dcp2

+ — —  + Xfr2 = 0,

i.e..
At

d20j
dcp2

d (  dRi r ----  r
dr V dr

+ r2;.?.
0 t R t

Equating both sides to a constant mf, we obtain the two equations

0'; + mf 0 . = O ,  (28.17)

r{rR'ty  -  (mf -  r2Xf) R, = 0. (28.18)

The solution of equation (28.17) must have the period 2rr if it is to have a 
definite physical meaning; so that mt must be real and integral. Then

= cos mt(p, 0 \ 2y = sinm,9?.

Equation (28.18) can be transformed to the self-adjoint form

(rR-Y
m, -  ?2r \ R l -  0. (28.19)

In this form the equation for R t is a self-adjoint equation of the second 
order. We shall seek a solution of it which vanishes for r = land which re­
mains bounded for r = 0. By the general theory (Lecture 20 and Lecture 24, 
§ 4) such a solution exists for a certain set of values ?2.

L emma l . |  The fundamental functions of equation (28.19) which satisfy 
the specified boundary conditions are orthogonal with weight r:

For, let

Ri(r) Rj f )  r dr = \ ^ J ’
o * = ;■

LRt = (rR'ty  -  —  R t = - t f r R t;
r

then
Cl

[RjLRt -  RiLRj] dr = {Xj -  Xf) rRjR, dr. 
0 Jo

f This lemma follows from the general theory, but we repeat the proof. The lemma is 
valid for a more general condition at r — 1, viz., [afl, -f  pR/]r=,l =  0.
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But the integral on the left-hand side is identically zero: hence the integral 
on the right is zero, as was to be proved.

We make th e  su b s t i tu t io n  2,r =  q, so  th a t

and equation (28.19) becomes

de V d(> ,

dr dg

mUi — X[Q j Rt — 0,

or
d  f  d R, \  ( mt

d e V d g J  U  /  ° '
(28.20)

Denoting J?, by y, we have

/ '  +  - / + ( i  - =  ° ’

so that the problem reduces to Bessel’s equation, which we have discussed 
earlier.

It is natural to take for R  the regular solution of equation (28.20), i. e.,

Ri(r) =  / m,(V)-

The value of 2, is obtained from the boundary condition (28.13). We have

*,(1) =  J,ntfd =  0. (28.21)

As was to be expected, this equation has an infinite set of solutions; this is 
obvious from the asymptotic representation of Bessel’s function (28.12).

We thus obtain a system of solutions of our boundary-value problem in 
the form

c, cos (m,9?) Jmtftdy dt sin (m ^) / m,(V) (28.22)

with eigenvalue 2?, where ct and dt are certain constants which can be found 
from the normalization condition. All these solutions are mutually ortho­
gonal. It is easily proved, as in the case of vibrations of a rectangular parallel­
epiped, that the functions (2 8 .2 2 )  in which the pairs of numbers mt and 2{ 
are all possible pairs of numbers satisfying equation (2 8 .2 1 ) include all the 
eigenfunctions of the problem. To prove this we first establish a lemma.

Lemma 2 . An arbitrary function a>(r, <p) having continuous derivatives up to 
the second order inclusive and satisfying the boundary condition (2 8 .1 3 ) can be 
represented in the form of  a convergent series 

00 00

<y(r > <p) =  Z  Z  ( “ ml cos m<p +  pmk sin mcp)  J m(4 m) r), (2 8 .2 3 )
m=0 k=1

£MP14
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where j  pin pi
=  — °>(r, <p) cos mcp 0  r dr d<p,

f t  J  O J 0

2 p2r. pi
Pmk =—  co(r, <p) sin m(p Jm(4m) r) r dr dip.

f t  J  O J  0

First, since co(r, 93) is a periodic function it can be expressed in the form
CO

<P) =  Z  [am(r). cos 7779? +  6m(r) sin 7729?], (28.24)
m = 0

where
1 f 2"

=  — "(l-,J o
1

93) cos m<p dip, bm(r) =  —
7X,-

co(r, 93) sin 7719? d^.

The coefficients am(r) have continuous second-order derivatives, satisfy the 
boundary condition (28.13), and must remain bounded for r =  0; hence they 
can be expanded in uniformly convergent series in the eigenfunctions of 
equation (28.20), i.e., in the functions J j f t ^ r ) :

where

Similarly

where

= £  ocmkJm(X[m)r),
k = 1

f  am(f) Jm0 i m)r) r dr

* m k  =

[UtiT'r)]2r dr

bm(r) =  Yj PmkJmV-kr),
k  = 1

I bm(r) Jnt fk' r)  r dr

Pmk — r /»!

u: [J„Um)r)]2 r dr

(28.25)

(28.26)

(28.27)

(28.28)

Combining (28.25), (28.26), (28.27) and (28.28), we obtain the assertion 
of the lemma, and the series (28.24) converges uniformly relative to cp, and 
the series (28.25) and (28.27) converge uniformly relative to r.

It follows at once from Lemma 2 that our problem cannot have any 
other eigenfunctions than those already found, for any such eigenfunction 
would be expressible as a series (28.23) with zero coefficients, and con­
sequently would be zero.

The problem of the vibrating membrane is thus completely solved.



LECTURE 29

H A R M O N I C  P O L Y N O M I A L S  A N D  S P H E R I C A L

F U N C T I O N S

§ 1. Definition of Spherical Functions

Before proceeding to further applications of the Fourier method, we 
examine another important topic. Consider Laplace’s equation in three 
variables:

d2u d2u d2u-----  + ----- + ------- = 0,
dx2 dy2 dz2

and suppose we wish to find solutions of this equation having the form of 
homogeneous polynomials of degree n in x, y  and z.

In the plane case, as may easily be verified, such homogeneous solutions 
of Laplace’s equation will have the form (x + iy)n, (x — iy)n.

We shall seek solutions of the problem in the formf

v = (x + iy)m X aJQ2Jzn- m~2J
j=o

= (x + iy)mf(e2, z), (m = 0, 1, 2, n) (29.1)
where _______

q = V x2 + y 2 .

Calculating the Laplacian of v, we obtain:

-----  =  m(m -  1) (x + iy)m~2f(o2, z) + 4m(x + iy)m 1 x ■
dx2

+ 2(x + iy)m ’ Ẑ - + 4x2(x + iy) 
d(e2)

dfie2 , z) 
dig2)

m d2/(g 2 , Z) 
die2)2

t  The summation is from / =  0 to j =  E(n — m)/2 where E(n — m)j2 is the integral 
part of the number (n — m)j2.

401
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“  m(m -  1) (x + iy)m 2J{q2 , z) + 4miy(x +  iy)m 1 —
dy2 afe2)

+  2 ( *  +  iyY dAe2- ' Z±  +  4 j 2( x  +  iyY W ’ z)
0 (e 2) a

= (A  + ,> r  ^ 2’ z)
dz2 

whence

V2p = (x + /»

dz2

dz2

_ ( ,  +  w . { a v ; +  4

3(e2)

,2fm + U d /

a ( e 2) 2 J

dz2 (e2)m d(Q2) L

Substituting the value off (g2, z) gives
-(n-in)/2

9(e2) J

V2P = (A- + / [(n —in)/

Eo (n — m — 2j) (n — m — 2j — 1) ajg2Jzn m 2J 2

(n~m)/2
+ E  /O' + ™) ajQ2J~2z n~’"~2j

i = 1

Replacing y by y + 1 in the second summation, we get

{ (n —m)/2
E  [(/J -  m -  2y) (n -  /n -  2y -  1) as

j=o

+ (y + l) (y + m + l) o,+ 1] e2Jzn- m- 2J- 2J..

Equating the coefficients of Q'1Jzn~m~ZJ~2 to zero, we obtain a system of 
equations from which all the cij can be expressed one after the other in terms 
of any one of them. Thus we have:

„ _  ( n  (« -  " ') (« -  „— C 1) --------- ---------a0.

a2 -  ( “  J)2

1. (m + 1)

(n — in) (// — i n — \) (n — m — 2) (n — m — 3)
1.2. (m +  1) (m + 2)

Qo j

a , jy+i  (» ~  w) (n -  m -  1) ... (n -  m -2y + 1)
J O' +  1)! (m + 1) (m +  2) ... (m +  y +  1)
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If a0 is real and positive, then all the a2J will be positive, and all the a2J+1 
negative. For definiteness, let

_  (n + m)\
2m m\{n — m)\

We have thus established the existence of one and, with accuracy up to a 
constant factor, only one harmonic polynomial o f the form

v =  (x +  iy)mf„,m(e2, z),

for any n and m = 0, 1, . . . ,  n. Associating with these a further n polynomials 
of the form

(x -  iy)mf„,m(e2, z) m =  1, . . . ,  n (29.2)

we obtain a system o f l n +  1 harmonic polynomials.
It is not difficult to see that these polynomials are linearly independent. 

Taking Ci = x  + iy and C2 =  x — iy as new independent variables, we 
obtain in each o f these polynomials such highest terms in Ci or C2 as cannot 
be encountered in any linear combination o f polynomials having a lower 
value of the index m .

We shall prove that there are no other homogeneous, harmonic poly­
nomials of degree n which are independent of those given.

Any homogeneous polynomial R„(x, y, z) will, if  we introduce in it new 
independent variables z, Ci =  x +  iy, C2 =  a — iy, be a polynomial in z, 
Ci and C2 5 and therefore can be uniquely expressed in the form

n
R» =  <P».o(ClC2 , z ) +  £  Z) +  ClVn.miClCl, Z)]. (29.3)

m — 1

To do this we must group together the terms in the full expression for the 
polynomial which have the form CiCiz' where j  — k =  ± m .  Hence it fol­
lows that any homogeneous polynomial o f degree n is expressed uniquely in the 
form o f a sum of polynomials by the formula (29.3).

If we apply the Laplace operator to the polynomial R „ ,  we obtain a 
homogeneous polynomial of degree (n — 2) which is also uniquely expressible 
as a sum of polynomials by the formula (29.3) with a change o f n into (n — 2). 
If R „  is a harmonic polynomial, then all terms in such an expansion of V2J?„ 
must consequently vanish (it follows from the uniqueness that there is no 
other expansion besides that in which all the terms vanish). On the other 
hand, applying Laplace’s operator to formula (29.3) and noting that when 
this operator is applied to polynomials o f the form (29.1) and (29.2) poly­
nomials o f the same form but with n replaced by in — 2) are obtained, we 
see that the result from each term o f the sum (29.3) in turn is zero. This 
implies that cp„p m =  cf„t m, as was to be shown.

Continuing to operate by analogy with the plane case, we change to polar 
coordinates putting x = r sin 0 cos 99, y  =  r sin 0 sin <p, z =  r cos d, where
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r =  *jx2 +  y 2 +  z 2 . Then any harmonic polynomial o f the type considered 
will take the form

rne±nn f̂nim(sm2 0, cos 0) sinm 0. (29.4)
Let

/ «,m(sin2 0 , cos 0) =  Wn,m(cos 0);

then it is not difficult to see that ip n<m (cos 0) is a polynomial in cos 0 o f  
degree precisely { n  — m ) .  For, each term o f the form a j Z n~ m ~ 2 J Q 2 J  is replaced 
by a polynomial o f  the form

dj{cos 0)n m 21 sin2-/ 0 =  afi 1 — cos2 0)J (cos 0)n m 2J,

in which the sign in front o f  terms containing (cos 0)n~m~2j is ( — l ) k. In the 
sum o f  such polynomials not a single term can cancel out. Moreover, it is 
clear that

Putting

W m O ) =  a0
( n  +  m ) \  

m  \ 2 m ( n  —  m ) !

sin"’ 0 ,„(cos 0) =  P„m)(cos 0) , (29.5)

and using (29.4), we can write the complete system of homogeneous harmonic 
polynomials o f  x, y, z o f degree n in the form

r"Pj,°\cos 0), r" sin (p P^1}(cos 0), r n sin 2(p P,(,2)(cos 0), ... ,

rn sin /vp P„n\c os 0); (29.6)

rn cos (p P (̂ ( c os 0), t•" cos 2<p P)j2)(cos 0), ... , r" cos iup P,(,n)(cos 0).

The functions (29.6) serve as three-dimensional analogues o f the functions

qn cos ncp, Qn sin rup,

which appear with the solutions o f the harmonic polynomial problem, and 
the functions

sin m<p P (nm\ c os 0), cos in<p Pnm)(cos 0) (29.7)

are the analogues o f the trigonometrical functions with multiple arguments, 
cos lvp and sin n(p. These functions, or linear combinations o f them, are 
usually known as spherical harmonics o f order n.

§ 2. Approximation by means of Spherical Harmonics

Theorem  1. An arbitrary continuous function can be represented (in the 
sense of uniform convergence) on a sphere of unit radius by a linear combination 
of the functions (29.7) of orders 0, 1, . . . ,  N with any desired accuracy pro­
vided N is sufficiently large.
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To prove this theorem we first establish one or two auxiliary propositions. 
Lemma 1. An arbitrary function F(0, <p) which is continuous on the sphere 

of unit radius can be represented thereon with any desired accuracy in the form 
of a polynomial

Q ( * , y ,  z) =  X X X akimx ky lz m.
k  =  1 1 = 1  m  =  1

Proof We form the expression

0 N =
N  +  1 

An

f * 2  i t  p i t

0 J 0

1 +  cos y N F{01, cpf) sin 0! d0t d<px

where cos y  denotes the cosine o f the angle between the vector 

x =  sin 0 cos <p, y  =  sin 0 sin <p, z  =  cos 0 

and the vector

Xx =  sin 0X cos cpx, y i =  sin Ox sin <px, z x — cos 0X ■

We have cosy  =  +  yyx +  zzx-
It is easily estabhshed that Q N is a polynomial o f degree iVin x, y, z. We 

shall prove, on the other hand, that Q N — F — e(N) tends to zero uniformly 
as N  tends to infinity. Consider the integral

N  +  1 •2 n

J o J o
\ . +- 9?± Yy  F(d, f )  sin Ox dOx d<Px

N  j .  i f'2*- r n

4?r
1 +  cos y 

2

N
sin Ox d Ox d<px •

Let S be the surface o f the sphere o f unit radius. The magnitude of

N  +  1 
An

r>2n (•%

0 J  0

T +  cos y \ N .
sin Ox d0x d<y! =

N  +  1
An

T +  cos y'
d 5

does not depend on the point (0, cp). Consequently, in calculating it, we can 
put <p =  0. In this case, cos y =  cos 0 X , and the integral becomes

+ i r - f V 1 +  cosO,y s.n 0id()i
An o j  o

N  +  1 4^ j*" ^ 1 +  cos 0 i ^  j  ^ 1 +  cos

1 +  cos Ox \ N+ r
=  1.

_ 0

2
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This implies

N  +  1 C2n r  / 1 +  COS y

J o J o \  2

Moreover,

Qn -  F(d, <p)

N

F(6, <p) sin d1 d0x d(pk =  F(6, (p).

N  +  1
4 7t

pin

0

1 +  cos y \ N [F(di ,  <pt) -  F(6, (p)] sin dl dl^ d<pt ,

We shall divide the last integral into two terms, by separating off around the 
point ([6, <p) a domain y <  6 on the sphere so that

|F(6, <p) -  F(Qy, y d | < y
for points (flj, <pL) belonging to the domain y <  6.

Since the function F( 6, 99) is continuous, it is bounded, i.e., | F(d, <p)\ 5? M. 
We now choose N  so large that the inequality

/ 1  +  cos d \ N £
( N  +  1) ---------------  <

4 M
holds. Then obviously

(N

For such N,

I Qn -  F\

+  l ) ( ' i ± i 2i Z r < _ L .  for y t s .  
V 2 /  4M

<

+

<

N  +  1
4 71

IT
4?r J J y<5 

N  +

1 +  cos y \ N

1 +  cos y'

\F{B, 99) — Fid^, 99J | sin d0L d^! 

\F(d, 99) -  F(61, 99JI sin 6t ddt d<pL

4 7t

e N  +  
+  —

2 4ji

M U 2 
! J L ( !

+  cos y
dS

+  cos y \ N E E
----------- Y-  dS <  --------2M + — =  e .

2 4M 2

Hence the lemma.
L e m m a  2. Let Qk(x, y, z) be a completely arbitrary polynomial in the 

variables x, y, z of degree k. Then there is a harmonic polynomial Pk(x, y, z)
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of degree not higher than k which takes the same values as Qk{x, y, z) on the 
sphere x2 +  y 2 +  z 2 =  1.
Proof. From what has already been proved, the polynomial Qk(x, y, z) can 
be represented in the form

k
Qk =  qoi.Q2, z) +  £  [(* +  iy)m <h.m(Q2, Z )  + (x -  iy)m q2,m(.Q2, z)\

m = 1

[see (29.3)].
Hence on the sphere x 2 +  y 2 +  z 2 =  1 we shall have

k
Qk = t 0(cos 0) + £  sinm 0 [cos m<p T1>m(cos 0) + sin m<p r2>m(cos 0)].

m= 1
(29.8)

where r0(cos 0) is a polynomial of degree not higher than k in cos 0, and 
Tj, m and t 2j m are polynomials o f degree not higher than k — m i n cos 0. 
But r0(cos 0) can obviously be represented in the form

k
t 0(cos 0) = Y. cj P j ° \ cos 0) (29.9)

y=o

and each of the quantities sinm 6 r 1>m and sinm 6 r2>mcan be represented in 
the form

k
sinm 8 rJ>m(cos 0) =  Y  c ^ P l„m)(cos 0)

m = n

sinm 0 r2>m(cos 0) =  ^  c ^ P („m)(cos 0).
n = m

The coefficients o f these expansions can be found one after the other, be­
ginning with the highest, for the degree of each P {nm\ t )  increases by unity as m 
does.

Substituting (29.9) and (29.10) in (29.8) we have the proof of Lemma 2. 
Theorem 1 immediately follows from Lemmas 1 and 2. For, by Lemma 1, 
an arbitrary continuous function may be replaced on the sphere with any 
desired accuracy by a polynomial. And by Lemma 2 this polynomial can be 
replaced directly by a harmonic polynomial.

§ 3. The Dirichlet Problem for a Sphere

The theorem just proved gives us a new method of solving the Dirichlet 
problem for a sphere. We know from the earlier lectures that this problem 
always has a continuous solution and that if we change the boundary values 
of the function

M s  =  < P

E M P  14a

(29.10)
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to approximate values <p' such that

[9? — 9 / 1 <  e,

then the solution o f the equation V2m =  0 subject to the condition

M s =  <p'
will differ by no more than e from the solution o f the same equation subject 
to the condition M s =  (P -

By taking as 9/  a linear combination o f spherical functions, we at once 
find a solution of the problem in the form of a sum of the corresponding 
polynomials. This will be the approximate solution o f the Dirichlet problem. 
At the end o f this lecture we shall give an explicit expression for the exact 
solution by means o f spherical functions.

§ 4. The Differential Equations for Spherical Functions

Let Y„(d, cp) be any spherical harmonic o f order n. The product rn Yn(0, 90) 
is a harmonic polynomial. Consequently

V V y n(0 , q>) =  0 .

Using the expression for the Laplace operator in polar coordinates [see 
(28.7)], we obtain

r2 or |_ dr J r2 si
_a_

sin 0 00

+
1 d2

whence
1

sin 0 dO
'sin 8 d y >

30
+

r2 sin 0 dcp2 

1 d 2Y,

’ 'A

sin 0 —  (rnY„(0, 99)) 
dO

[rnY„(0, ?>)] =  0,

sin2 0 dcp
n-  +  n(n +  \)Yn =  0 . (29.11)

Equation (29.11) is obtained from the equation

1

sin 0 dO
with

sin 0 dY'
dO

+  — !— —  +  i Y  = 0  (29.12)
sin2 0 dcp2

X =  n(n +  1). 

We let D denote the operator

(29.13)

_1____ d_
sin 0 dO

sin 0
d

~d0
+

d2
sin2 6 dcp2
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operating on a function %(Q, <p) defined on the surface o f the unit sphere. 
Then equation (29.12) may be written in the form

D Y  +  XY =  0. (29.14)

At first sight the operator D seems to depend on the choice of pole on 
the sphere. However, it does in fact remain unchanged for any possible 
choice o f the coordinates d and p  on this sphere. For, suppose the function 
X(0, <p) is specified in some manner on the sphere. We shall regard it as 
specified throughout the whole space r, 0, <p but independent o f r. Then

D(%{0, <p)) =  r2V2x .

The Laplace operator appearing on the right-hand side does not depend on 
the choice of the coordinate axes, and hence the operator D will not depend 
on this choice, as was to be shown.

The arc-length ds o f a curve on the sphere is given by

or

where

ds2 =  d02 +  sin20 dp2, 

d s 2 =  hi d 02 +  hi dcp2 

hl =  1, h2 =  sin 0.

The operator D is expressed in terms of hy and h2 by the formula

D% _ j ____ +  _ i ___________________ <L(h±_
hyh2 dO \  dO j hyh2 dcp \ / i 2 d<p)

which is analogous to formula (28.6) expressing the Laplace operator in 
terms of curvilinear coordinates. This formula may therefore be called the 
Laplace operator on the surface o f the sphere.

The equation (29.12) can have a non-trivial solution which is continuous 
over the whole surface of the sphere, but not for every value of A, only for 
particular values. The problem of finding such values o f A and the solutions 
themselves is similar to that o f finding solutions o f the equations y" +  Aj =  0 
which are continuous in a plane. We dealt with the latter problem in Lec­
ture 20. The present problem can be reduced to the theory of integral equa­
tions by using Green’s function. Let us examine this in more detail.

We shall seek a solution o f the equation

Dv =  rp(0, (p) (29.15)

on a sphere. We notice that the corresponding homogeneous equation

Du =  0 (29.16)

has a non-trivial solution u =  1. Hence the problem of finding solutions of 
(29.15) is not always soluble.
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We shall take as the Green’s function for equation (29.15) the function 
of two variable points on the sphere

G =
1

2k
logc sin y j2,

where y  denotes the angular distance between the two points considered. We 
know from spherical trigonometry that

cos y  =  cos 0X cos 02 — sin 0j sin d2 cos (<px — <p2),

where (0l5 (pt), (02, <p2) are the coordinates o f the two points.
We shall prove that if  the function xp satisfies the equation

I pn p2it
xp dS = xp sin 0 d<p dd =  0 , (29.17)

O J 0

then the solution o f equation (29.15) which satisfies the same condit ion

p n  p 2 n

v sin 0 d(p dd =  0
o j  o

is given by the formula

(*n p2n
v(60, q>0) - G{6, <p, 60, cpQ) ip(6, cp) sin 6 d(p dd =

o j o

(29.17')

Grp dS, 

(29.18)

where dS denotes an element of the surface o f the sphere. This will justify 
our calling G the Green’s function for the equation.

Suppose a solution of equation (29.15) exists. We choose the pole o f the 
sphere as the point (60, <p0). We then have

> /'ll i*2n r>n

Gy dS  =  GDv sin 0 d<p dO =
S J 0 J  0 J o

p2n

, • o f d . 3loge sin — < —  sin 0 —  
2 )3 0  30

1 *2 n

J o
v d<p +

GDv d<p ) sin 0 d0

1 ± r ^ \d(p v d0
sin 0 2k  J 0 d(p2 j

r  . 3=  — sin 0 —  
30

1 p2 n

2k
v d(p 1 cos 0/2

2 sin 0/2
dO

+
r  . .  3  (  i f 2n

sin 0 —  -----L 30 \  2 jc  Jo

1

v dcp | logc sin — 
/  2

= ----- sin 0
2  J o 2k

v dcp I d0 —
0 1 ’2n

COS —
2 2k

v dyp
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By virtue o f the condition (29.17),

Grp dS  =  [f]0=o (29.19)

It follows from (29.19) by symmetry considerations that formula (29.18) holds 
for any point on the sphere. We can also prove that if tp is an arbitrary func­
tion satisfying the condition (29.17), then the function v(60, (p0) definable by 
equation (29.18) gives the solution o f the equation

Dv =  rp.

The proof o f this assertion is similar to that which we have given more than 
once, and we shall omit it.

Since the Green’s function which we have constructed is symmetrical, 
all the theory of integral equations with symmetric kernels is applicable 
to the equation .

u =  1 Gu dS
J J S

which is equivalent to (29.14).
If we set ourselves the task o f finding all regular solutions o f equation

(29.12) on a sphere, then from what has been said it follows that the values
(29.13) will be the eigenvalues. Each eigenvalue has (2n +  1) eigenfunctions. 
We have already obtained, in (29.7), the set o f solutions of equation (29.12). 
It follows from the general theory of integral equations that those o f the 
functions (29.7) which correspond to different values o f n are orthogonal. 
The functions (29.7) which correspond to the same value o f n are also ortho­
gonal, since sines and cosines o f multiples of angles in the interval 0 ^  (p ^  2 n 
are orthogonal. Hence all the functions (29.7) are orthogonal.

Theorem 2. The functions (29.7) exhaust the whole set of eigenfunctions 
of equation (29.12).
Proof Let Y*(6, y) be an eigenfunction of equation (29.12) which is distinct 
from the functions (29.7), which we suppose to have been ordered in some 
way to give the set ut{0, y).

By Theorem 1, the function Y*(0, <p) can be represented in the form

Y*(0,  y) = £ c\N)ut(0,  <p) +  rjN,
i = 1

where r)N is arbitrarily small. This implies
1V

Y*(0, y)  -  £  c^'utid, y>)J dS =  rj2NdS <  e(N).

Let

Yi Y*(6,  <p) Ui{0, <p) d*S\
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Then
N

1=1 i = i

Taking into account the fact that, from the general theory o f integral equa­
tions, Y*{d, <p) is orthogonal to all ut(6, cp) and hence that y t =  0, we get

J
[ Y * ( d ,  cp)Y a s  <

s
e

for any positive e. This implies

Y*(d, 9>) =  0,
as was to be shown.

It follows at once from Theorem 2 that any function (p(S) which is 
quadratically integrable on the sphere, i.e., any function satisfying the 
condition

q>2(S) dS  <  oo ,

can be represented in the form o f a series convergent in the mean:

where

OO

X  <pvi
<=i

<pi =

/% /%

<put
J J s

a s .

The convergence o f the series will be uniform, by the Hilbert-Schmidt 
theorem, if <p has continuous second-order derivatives.

If we substitute one o f the functions (29.7) in the equation (29.12) and use 
the fact that

— [sin m<p JP*m)(cos 6)] =  — m2 sin mcp P^m)(cos 0), 
dcp2

we get

__1

sin

dP<m)(cos 6) 
dd

n(n +  1) —
m1 "1

sin2 6 J P<m)(cos 6) =  0 .

(29.20)

Equation (29.20) is a differential equation for the function P 'rn) (cos 0). 
If we put cos 0 =  //, then

d
~dd

— sin 0
d
d/j,
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and equation (29.20) can be written

or

- L i[”si„2 e ^ > 1  +d fi L ^  J
d r (1- , 2) « i
dHL dp J

n(n +  1) —
m “

M
sin2 6 

n(n +  1) -
m “

1 -  n

<mV )  =  o ,

=  o -■]
(29.21)

The differential equation just obtained is a linear, second-order equation. It 
is obtained from the equation

d
d n (1 =  0

by putting X1 =  n(n +  1) and A2 =  m2.
If we seek values of Xx and X2 for which the last equation has a bounded 

solution, then it can be asserted that, if  X2 =  m2, the equation will have no 
other eigenvalues than X1 = n(n +  1). This follows from the fact that, 
otherwise, we should have an eigenfunction y* of equation (29.21) and a 
corresponding eigenfunction for equation (29.12) in the form P*(cos d) sinmy 
which would be different from all the functions (29.7), and this has been 
proved impossible.

The relations which we have obtained enable us to study the problem of 
solving Laplace’s equation for the sphere by the method of separation o f the 
variables. Indeed, we have already practically carried out this method, though 
starting from other premises.

If we separate the variables in Laplace’s equation

- 1 /  d d u \
V2w =  — ( —  r2 —  I +  

r2 \  dr dr j
1 d (  . d u \  

—  ( sin 6 —  ) +
1 d 2u

r2 sin 6 dd \  dd J  r2 sin2 d d<p2 

we obtain after some simplification, which we leave to the reader,

K = £  r"P(nm\ cos 0) [a(nm) cos m<p + b(nm) sin my],

=  0 ,

n,m
m<,n

where cos m y  and sin m y  are solutions of the equation

d20
d y 2

+ m20 =  0,

i^m) is a solution of equation (29.20) or (29.21), 
and r" is a solution of the equation



LECTURE 30

SOME ELEMENTARY PROPERTIES  
OF SPHERICAL FUNCTIONS

§ 1. Legendre Polynomials

We shall examine one or two properties o f spherical functions. 
Theorem  1. A solution of the equation

is given by the function
)(m)/..\ _ ( - 1 ) "

^ mV )  = (1 -  p 2y
-  dn + m(l -  p 2)n

dp n+ m
(30.1)

2" • nl
Proof Let (1 — n 2)n =  &. Then the relation

d20
( 1  — p2) -------- h 2 (n — 1 ) p ------- h 2n& - 0

d [ .i2  d p

can be verified immediately. Differentiating it (m +  n) times with respect to p  
and using Leibniz’s formula, we get

d",+n+20  , dm+n+10
( 1  ~  P ) ~ ____ ■ -  2 (m + \)p

dpm + n+2 d p m + n + 1

dn + m<7)
+  (n -  m) (n +  m +  1) ----------  =  0 ,

or, putting

dm + n0

dp" + m

d ftm +  n — y , (1 — p 2) \p" — 2(m + 1) fixp' + (n — m)(n + m + 1)^ = 0.
m

Further, let P ‘m)(/() =  C(1 — p 2) 2tp, then by direct substitution we get
d2P (m) dP (in)

(1 ~  <“ 2) ~ r t ~  ~ ,dp dp
+ n(n +  1) - /«- >(m )

1 ~  p 2 J
III

= C(1 — p 2) 2 [(l _  p 2)xpn _  2(m + 1 )prp' +  (n — m) (n + m + l)y] = 0, 
as was to be shown.

414
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Formula (30.1) obviously gives us a new explicit expression fo r />'mJ(cos 0), 
since r" sin m<p P'm) is a harmonic polynomial, and there cannot be two such 
polynomials. A number o f useful recurrence formulae can be obtained from 
this formula which facilitate the calculation o f P (nm> (cos Q).

The polynomials

Pn°Xl*) = Pnip) ( - 1)" d"(l -  p?)n 
2" • n\ dp?

are known as Legendre polynomials, and play a special role among the 
spherical functions.

Strictly speaking, we have not yet the right to denote the function (30.1) 
by Plm) (p), as previously defined, since the two might differ by a constant 
multiplier. It is, however, easily established that such a multiplier could only 
be unity. For, firstly, it follows from (30.1) that

Pn( 1) =  I- (30.2)

This may be seen by putting^ — 1 — z; then

(1 _ fP)» = (-!)" zn(2 + z)n = (-1)" (2 V  + ),

from which (30.2) follows immediately. 
Also, if

Pn'Xcos 0)
sinm 0

W n . r ,

then similarly

W m O ) =
(n +  m)\

2m ■ n\(n — m)\

which proves our assertion.

§ 2. The Generating Function

T h e o r e m  2 . The expansion of the function —  =  ■ —  . — r
as a power series in r has the form v  1 — 2r cos 0 +  r2

—  =  E  r"Pn(cos 6). (30.3)
T j  n =  0

The function 1 / rx is therefore called the generating function o f the Legendre 
polynomials.

This theorem could be proved directly by calculating the coefficients of 
the power-series, but it can also be proved by a different method, as follows.
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Considering the function 1 /r l in a certain sphere r ^  q ^  1, we may 
expand it as a power series in r, the coefficients o f which will evidently be 
polynomials in cos 0, i.e.,

—  =  Z  rnQn(cos 0).
r ,  n  =  0

For,
1 — 2 r c o s  0 +  r2 =  (1 — re10) (1 — reie), (3 0 .4 )

and hence the expansion will have a radius of convergence equal to unity. 
This implies, that, for r =  q,

—  =  L  t?nC n(c o s  0 ) .  (3 0 .5 )
r l n=o

As we proved in the last lecture, a harmonic function which takes the 
specified values (3 0 .5 )  on the surface r =  q can be expanded in a uniformly 
convergent series

—  =  Z  ar,r"Pn(cos 6).
r t 71=0

Since the expansion o f an arbitrary function as a power series in r must be 
unique, it follows that

2„(cos 0) =  a„P„{cos 0).

To determine the value of a„, we note that, for cos 0 =  1, we have

and
(1 — 2rcos 0 +  r2)0=o =  (1 — r)2 

1 1
=  I  | -"-1 — r ti = o

Comparing this with the expression

1
—  =  Z  rnanPn(l) ,

n = 0

we have an =  1. Hence Theorem 2. 
C o r o l la r y  1.

/  Z  - ~ T  P n(c o s  0) ’ r <  R
7.=o Rn+1

\JR2 — 2Rr cos 0 +  r2 00 R n
(30.6)

Z  p n(cos 0) , r > R.
71=0 r
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____________ 1___________

V R 2 — 2Rr cos d +  r2

from which (30.6) follows. 
C o ro lla ry  2.

_ d ________________________ 1___________________

&Q V q2 — 2qt c o s  6 +  r2

_1_

R

J_

r

1

1 -  2 —  cos 0 +  ( —  
R

1

l - 2 * c o . »  +  ( * Y

“  Z  (»  +  0  ~ T T  (COS 0), r < Q.
n = 0 r‘n + 2

(30.7)

We may further remark that the convergence o f the two series (30.6) and 
of (30.7) will be uniform relative to the variable 6 provided that, respectively,

R — r >  e, \

r — R >  e, ) for a fixed value o f R.

or Q — r >  e, )

To prove this assertion, consider the series with positive terms

1 =  1 +  — r +  —  r2 +  •••. (30.8)
1 -  r 2 2.4

All the terms o f this series are equal in absolute value to the corresponding 
terms o f the series

1
= Z a«rn’

1

V 1 -  reie n=Q V 1 -  rc~19 n=0

Consequently, the terms o f the series 

1 1 1

=  Z  (30.9)

\ — r V  1 — r V  1 — r
=  1 + r +  r2 +

which can be obtained by the termwise multiplication o f the series (39.8) 
by itself, will be not less in absolute value than the corresponding terms of 
the series

1 1_____________ 1

\J 1 — re19 V  1 — rt~
z

n =  0

rnP„{cos 6),
V  1 — 2 r cos 6 +  r2
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which is obtained by the termwise multiplication o f the series (30.9) one by 
the other. Hence we obtain the inequality P„(cos 0) ^  1, in which the equal­
ity sign can hold only for 0 =  0 , i.e., if cos 0 =  1, as may easily be seen 
from the proof. From this follows our assertion that the convergence is 
uniform.

§ 3. Laplace’s Formula

Now let r"yn(0, <p) be a certain harmonic polynomial. Applying Green’s 
formula to it, we obtain

r n Y n { 0 , c p )

where

— dSi  (30.10) 
r i /  f i dn I

/q =  V r2 — 2rg cos y +  g2 .

dSi is an element o f the surface o f the sphere with coordinates 0t ^ , 
r! < g is the distance between the points M (rY, 0, <p) and M(g, 0i ,<px), 

and y is the angle between the vectors from the origin to the points 
M 1}M2.

Clearly, 

rg cos y

=  rg sin 0 cos cp sin 0X cos <px +  rg sin 0 sin cp sin 0! sin <px +  rg cos 0 cos 0X 

=  rg [cos 0 cos 0 ! +  sin 0 sin 0! cos ( 9 9  — 9 ^ ) ] .

Substituting in formula (30.10) the expressions (30.6) and (30.7) for \Jrx and

± ( ±
dn \ r 1

1

dg \ r x
we have 

rnY„(0, <p) 

1 f  f no rk

4 71
Yn(01, <pi) <jen(/2 +  1) X  -7 7 7  Pfc(cos y)

1 p= 1 k  =  0  g

0 0  k  ^

+  »(?n-1 X  —7 7 7  Y’kCcos y ) i  sin 0! d0x d^x

1

4 71

k  =  0  g

f*2n (  oo
Yn(0i, <pi) (2n +  1) J X  rkPk(cos y ) i  sin 0X d 0x d ^ .

O J o  [ k  =  0 J
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It is clear that the function Pj(cos y) for j  7̂  n is orthogonal to the function 
F„(0, 95), since they are harmonics o f different orders. The series under the 
integral sign is convergent in the mean and may therefore be integrated 
termwise. But then all terms save one disappear, because o f the orthogonality. 
Hence

rnYn(0, <p) 2 n +  1 r 2n 

4?r J 0

*71
rnYn{Ox, (fi) Pn(cos y) sin 0t d0t d931

0
i .e . .

Y„(0, <p) In +  1 f
An 0

*7t
Y„{01, tpd P„(cos y) d01 d9?x.

0
(30.11)

Formula (30.11) enables the coefficients o f the expansion o f a given func­
tion F(6, 99) in spherical harmonics to be obtained immediately. For, suppose

F(0, =  I  Yn(0,cp) (30.12)
n = 0

Multiplying both sides o f (30.12) by Pk(cos y) and integrating over a sphere 
we get

2n +  1 f 2" p

Jo  Jo F(6U <P 1) F fc(cos y) sin 0 j  d 0 !  d <px =  Yk(0, <p). (30.13)

Formula (30.13) is known as Laplace's Formula.
Laplace’s formula enables the solution o f the Dirichlet problem in a 

sphere to be written explicitly in the form of a series o f harmonic polynomials. 
For, by multiplying each harmonic o f order k by rk and adding, we can 
obtain a harmonic function which takes the given values F(0, 99) on the 
boundary of the sphere. We obtain the solution in the following form:

u(r, 6, 99) —  Z  {2k +  1V
4jt k=0

2ti

0

'71
F{01, (pj Pk(cos y) sin Oj d0x d99t .

0

To conclude this exposition o f the theory o f spherical functions, we 
shall give without proof a few formulae which are often useful:

p+i

J - 1

[Pnip)Y dfl 2
2 n +  1

+ 1 [Pnn)(M)]2
J -  1
/•+ 1

2
2n +  1

Pn(/Y) Pn'(/Y) d// =  0 ,
J - 1

(n +  m)\
(n — m)l

+1 / > r v )  p ? V )  ^  =  0 .

(30.14)

n ^  n'.
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The formulae (30.14) enable us to calculate directly the coefficients o f the 
expansion of a function in a series o f spherical functions o f the form (29.7).

Finally, we may mention the asymptotic representation o f Legendre 
polynomials for large values o f n :

P„(cos 6)

where e„ -+ 0 as n -*■ oo uniformly relative to 6, for e <  6 <  ti — e.
At this point we bring to an end this elementary course dealing with the 

principal characteristic properties o f the equations o f mathematical physics 
and their classical methods of solution. In this we have, of course, far from 
exhausted the content o f contemporary mathematical physics. Thus, beyond 
the scope o f our course there remain the following highly important topics, 
which would furnish material for another book o f at least the same size:
1. Problems o f mathematical physics for an unbounded medium and the 

applications o f the Fourier integral transformation.

2. Special problems for a semi-bounded medium, diffraction of waves, etc.
3. Variational methods in mathematical physics.
4. Approximate solution of problems o f mathematical physics by the method 

o f finite differences.

And among these most important topics we ought also to include the theory 
of non-linear equations.

The scope o f this course has not allowed us to go into any of the topics 
mentioned. We hope, however, that an attentive reader who has familiarized 
himself in these lectures with the basic ideas in the theory o f the equations 
of mathematical physics will be able, on his own, to explore profitably the 
contemporary literature dealing with these questions.
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