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TRANSLATION EDITOR’S PREFACE

THE classical partial differential equations of mathematical physics, for-
mulated and intensively studied by the great mathematicians of the nineteenth
century, remain the foundation of investigations into waves, heat conduction,
hydrodynamics, and other physical problems. These equations, in the early
twentieth century, prompted further mathematical researches, and in turn
themselves benefited by the application of new methods in pure mathematics.
The theories of sets and of Lebesgue integration enable us to state conditions
and to characterize solutions in a much more precise fashion; a differential
equation with the boundary conditions to be imposed on its solution can be
absorbed into a single formulation as an integral equation; Green’s function
permits a formal explicit solution; eigenvalues and eigenfunctions generalize
Fourier’s analysis to a wide variety of problems.

All these matters are dealt with in Sobolev’s book, without assumption
of previous acquaintance. The reader has only to be familiar with element-
ary analysis; from there he is introduced to these more advanced concepts,
which are developed in detail and with great precision as far as they are re-
quired for the main purposes of the book. Care has been taken to render
the exposition suitable for a novice in this field : theorems are often approach-
ed through the study of special simpler cases, before being proved in their
full generality, and are applied to many particular physical problems.

Commander Dawson has taken pains to render his translation idiomatic
as well as accurate, thus assisting the English reader to avail himself readily
of the vast amount of information contained in this volume.

T.A.A.BROADBENT

ix



AUTHOR’S PREFACE TO THE FIRST EDITION

THis book is based on a course of lectures given in the “Lomonosov” State
University in Moscow. The author has therefore retained the name “lectures”
for the various sections. The same circumstance also explains the selection
of material, the extent of which was limited by the number of lecture periods.

The author expresses his deep gratitude to Academician V.I.Smirnov,
who read through the manuscript, and also to Professor V.V.Stepanov for

his useful comments.
S.SOBOLEV

AUTHOR’S PREFACE TO THE THIRD EDITION

THE third edition of this course on “Equations of Mathematical Physics”
differs little from the second edition, which underwent extensive revision.
In the second edition the lecture on the Ritz method was omitted since that
subject lies somewhat apart from the rest of the course. The theory of
multiple Lebesgue integrals and of integral equations has been simplified
somewhat, and the proof of the Fourier method has been made more
precise.

Asin the second edition, variousimprovements in style and clarifications
of the presentation have been made. Moreover, in this third edition the
lecture on the dependence of the solutions of equations of mathematical
physics on the boundary conditions has been developed in greater detail by
the editor, V.S. Ryaben’kii.

The author expresses his gratitude for valuable comments made by var-
ious people when the second and third editions were being prepared. Partic-
ularly valuable comments were made by Academician V.I.Smirnov and the

editor of the third edition, V.S.Ryaben’kii.
S.SOBOLEV



LECTURE 1

DERIVATION OF THE FUNDAMENTAL
EQUATIONS

THE theory of the equations of mathematical physics has as its object the
study of the differential, integral, and functional equations which describe
various natural phenomena. It is somewhat difficult to define the precise
limits of the subject as it is usually understood. Moreover, the great variety
of problems relating to the equations of mathematical physics does not allow
them to be dealt with at all fully in a university course. The present book
contains only a fraction of the whole theory of the equations of mathematical
physics: it includes only what seemed to be most important for an intro-
duction to the subject.

The course isdevoted forthe most part to the study of second-order partial
differential equations with one unknown function; in particular, we shall
deal with what are usually called the classical equations of mathematical
physics, namely, the wave equation, Laplace’s equation, and the equation
of heat conduction. We shall develop the necessary theory of related
problems as we go along.

§ 1. Ostrogradski’s Formula f

Before we undertake the derivation of those equations of mathematical
physics with which we shall be concerned, we recall a formula of integral
calculus dealing with the transformation of surface integrals into volume
integrals.

Let P(x, y, z), Q(x, y, z), R(x, y, z) be three functions which:

(i) are specified in a certain domain D of the variables x, y, z;
(ii) are continuous right up to the boundary of D; and
(iii) have continuous first-order partial derivatives with respect to x, y, z
throughout D.
Consider within D some closed surface S consisting of a finite number of
pieces foreach of which the tangent plane varies continuously. Such a surface

+ Mikhail Vassilievich Ostrogradski (1801-1862). See Mem. Acad. Imp. Sci., St. Peters-
burg (6), 1, 130 (1831). The result is otherwise known as Green’s lemma, Gauss’s theorem,
or the Divergence theorem.— Translator.
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is said to be piecewise smooth. We shall further suppose that any straight line
parallel to any of the coordinate axes either intersects S in a finite number of
points or has a whole interval in common with it.

Consider the integral

j"[ [Pcos(n,x) + Q cos (n,y) + Rcos(n,z)]dS. (1.1)
S

where cos (n, x), cos (n, y), cos(n, z) denote the cosines of the angles formed
by the inward-directed normal to the surface S at the point (x, y, z),

and dS is an element of the surface.

Using vector notation, we can regard P,Q, R as the components of a
certain vector T.
Then

Pcos(n,x) + Qcos(n,y) + Rcos(n, z) = T,,

where T, is the projection of the vector T in the direction of the inward
normal.

A classical theorem of integral calculus enables us to transform the
surface integral (1.1) into a volume integral over the region D bounded by the
surface S.

This theorem asserts that:

Jj [Pcos(n,x) + Q cos(n,y) + Rcos (i, 2)]dS

0
Lt e
0z
or in vector notation
jj T,dS = — Jjj div T dv (1.2)
S D

where dv denotcs an infinitesimal volume-element and

d1vT-—+ 6Q + —

(1.3
0x Oy 9z )

The formula just obtained is valid under rather more general assumptions
with regard to S. In particular formula (1.2) holds for any piecewise smooth
surface bounding a certain region D.

We shall in future take the word “surface” to mean a piecewise smooth
surface unless a further restriction on its meaning is made.
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An important result follows from formula (1.2):

LEMMA 1. Let F be a continuous function defined in some domain in three-
dimensional Euclidean space. Let S be any closed surface within the domain
over which a vector function T is specified, and let S bound the region §,. Then
the necessary and sufficient condition for the equality

” Tnds—”j Fdv=0 (1.4)
JJs 9]

divT + F=0.

to hold good is that

For, using formula (1.2), we can put the equality (1.4) into the form

‘”‘J divT + F)ydv = 0,
£

and then the sufficiency of the condition in the lemma becomes obvious. It
is also necessary. For, suppose, if possible, that the function divT + F is
different from zero, say positive, at some point 4; then because of continuity
it would also be positive in the neighbourhood of 4, and the integral

jjf (div T + F)dv

taken over a small region w round 4 would be non-zero, and so the left-hand
member of (1.4) would also be different from zero. Hence our supposition
contradicts (1.4), and the necessity of the equality

divlT + F=0
is proved.
The analogous lemma for a two-dimensional region lying in a plane can
be proved in a similar way.

§ 2. Equation for Vibrations of a String

Consider a string stretched between two points. By string we mean a
rigid body whose other dimensions are small compared with its length; and
we also suppose that the tension in it is considerable, so that its resistance
to flexure can be neglected in comparison with the tension.

We take the x-axis to be along the string when it is in equilibrium under
the action of the tension only. When transverse forces act on the string it
will assume some other form, in general non-rectilinear.

Imagine the string cut into two pieces at some point x and consider the
interaction between the two parts. The force which the right-hand part exerts
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on the left-hand part is directed along the tangent at x to the curve represent-
ing the string and is denoted by T(x) (see Fig. 1).

To simplify the discussion, let us suppose that the motion of the string
takes place in one plane, and let ¥ denote the displacement of the string
from its rest position. Let # = u(x, t) be the equation of the curve assumed

u
T(x)
{a(x))
o X X

Fic. 1.

by the string in the plane xOu. Let o(x) denote the linear density of the string
at the point x, i.e., the limit of the ratio of mass to length for a small part
of the string.

We consider first the equilibrium position of the string under the in-
fluence of a transverse loading p(x): by which we mean that the part of the
string defined by x,; < x < x, isacted on by a force, directedalong the u-axis, of

X
magnitudej
X1

tangent to the string at the point x; then the component along the u-axis of
the tension acting at the point x, is given by

2
p(x) dx. Let a(x) be the angle formed with the x-axis by the

IT(xz)I sin a(x,) = T(x,) sin a(x,)

where T(x) is the absolute magnitude (the length) of the vector T(x).
Similarly, the component along the u-axis of the tension at x, is given by

— IT(xl)l sin a(x;) = — T(x,) sin a(x,).
Now
ou
. O0x
Sin & =

\/ Ju \?
1 + B

and if we take du/dx to be so small that its square can be neglected, we obtain
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as the equilibrium condition for the string

0 2
N T e R (v | (1.5)
ax x4 ax Xy X1
Ou B Ou I ﬁ dor
Tax 2 Tax - £ Ox Tax

so that the condition (1.5) can be written as

=1 0 ou
Jrl I:—é;( 0x> + p(x)] dx = 0. (1.6)

Since (1.6) holds for any values of x, and x,, the integrand must be identic-

ally zero, i.e.,
0 ou
— + p(x) =0 1.7
6x< ax> p(x) (1.7)

But, clearly,

and this is the required equation for equilibrium of the string under the trans-
verse loading p(x).

Next we pass from statics to dynamics and consider vibrations of the
string. To do this we apply d’Alembert’s principle and include in the equation
for equilibrium the inertial forces for the string as well; these take the form

[-w%2)e
X t

The condition for equilibrium becomes

[ 9 ou
— x)|dx =0,
J, |:6x <T 6x> ]

and the equation for vibrations of the string will be

0 - Oou

ox 0x
We suppose that the vibrations of the string are transverse. The com-
ponents along the x-axis of all the forces acting on any element of the string

must therefore add up to zero. Since the loading p(x) is also transverse, we
have

= 0. (1.8)

[T cos o], — [T cos «],, = 0

for any values of x,, x,.
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Hence, neglecting «* and higher powers, we get

[:r]xz = [T]xl

i.e., Tis independent of x. Hence T can be taken outside the differential co-
efficient with respect to x in (1.8). If we also assume that T'is independent of
the time, i.e., that it is constant, and also that the density g is constant and

the Joading p(x) zero, then equation (1.8) takes the form
0%u  , 0%u

a
or? Ox?

(1.9)

where a? = TJo = constant.

The equation (1.9) was discussed by Daniel Bernoulli, d’Alembert, and
Euler as early as the 18th century.

§ 3. Equation for Vibrations of a Membrane

Consider a film, i.e., a very thin rigid body stretched uniformly in all
directions. We suppose that the film is so thin that it offers no resistance to
flexure. Such a film is called a membrane.

Let its rest position be in the plane xOy and let

u = u(t,x,y)

be its equation when displaced.
Considering any piece S of the membrane, we suppose that the rest of
the membrane exerts on it a uniformly distributed tension 7 which, at any

v
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point on the boundary of S, is directed along the normal to the boundary
and lies in the tangent plane to the membrane (see Fig. 2).

We shall establish the equation for the equilibrium of the part S of the
membrane which is bounded by the curve s under the action of transverse
forces. The component along the u-axis due to the tension is given by the
integral

| T cos (I, u) ds (1.10)

where T is the length of the vector T

and [ 1s a vector directed along the line of action of the tension.

We next evaluate cos (/, ).

By hypothesis, the vector / is perpendicular both to the boundary s and
to a vector v along the inward-directed normal » to the surface u = u(, x, ).
Again, any vector s directedalonga tangent to theboundary sisperpendicular
to v and to a unit vector n along the inward normal (at the corresponding
point) to the projection of the boundary s on to the plane xOy (since the
tangent vector s and the tangent to the projection of s on to the plane xOy
lie in a plane touching the projecting cylinder). Hence as the vector s we
may take the vector product n,v, and the vector /; defined by !/, = s, v
= (n,v).v can also be written as I, = — m? + »(nv).

Since n has components {cos (n, x), cos(n, y), cos(n,z)}, and v has

components {—%, —@, 1} , we find for the components of /; the ex-

X oy

pressions {—cos (n, x), —cos (n, »), __ZZCOS (n, x) — ?l—cos (n, »},
X

A 2 2
from which we have dropped il , ou , Ou Ou as being quantities of
0x oy O0x 0y

the second order of smallness.

To the same order, the length of vector /; is unity, and so we may now
regard /, as the unit vector / directed along the line of action of the tension,
and thus

0
cos (Lu) = ——% cos (n,x) — 4 cos (n, y).
O0x Oy

The equation for equilibrium of the membrane has the form
pr(x,y) dxdy + j Tcos(l,u)ds = 0
[ S

where p(x, y) is the magnitude of the transverse loading per unit area,

and o is the projection of S on to the plane xOy.
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Substituting for cos (/, u) we get

0 0
H p(x,y) dxdy -j <—u cos (1, x) + — cos (1, y)> Tds =0,
s\ 0 ay

X
©

or by virtue of Lemma 1,

) a (.9
9 (pou) . T2 + p(x,y) = 0. (1.11)
Ox Ox Oy Oy

The equation for vibrations of the membrane has the form

2 9 0
p(x,y) — Qau dxdy — | T(=2Xcos(m x) + —cos (n,) |ds = 0

where o = o(x, y)is the density per unit area of the membrane,

or,by Lemmal,
aax <T gz> + ;y <:r Z;‘) + p(x, ) — o(x, ) ‘2;‘ —0. (1.12)
If T and g are constant, we get from (1.12)
T<g:: + Z;‘;) +pe,y) = o ‘;j:‘ . (1.13)
The sum 2—2:% + Zyi‘: or, in three-dimensional space, % + % + %,

is often called Laplace’s operator and is denoted by V2u. Using this notation
we can write (1.13) as

0? X,
Y _ vy 4 2) (1.14)
or? 0
where
2 T
a° = — = a constant.
0

§ 4. Equation of Continuity for Motion of a Fluid. Laplace’s Equation

Before deriving the equation of continuity, we establish an important
formula.

Consider a closed, piecewise smooth, time-dependent surface S(¢) en-
closing a variable volume §,(¢). Let o(x, y, z, t) be some function of the co-
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ordinates and the time ¢, and consider the integral

o = J‘JJ‘ o dx dy dz:
QU

our aim is to calculate the time-derivative of Q.

Consider first the special case when the volume §(¢) is bounded by a
cylindrical surface with generators parallel to Oz and having a fixed base §),,
in the plane z = 0 and with an upper surface z = ¢(x, y, t). Suppose that
z = ¢(x, y, t) is the equation of a piecewise smooth surface S(¢). Suppose

also that the derivative 6_(;) is bounded: Z—T < M.

ot
Then
s
o) = Jj {j o(x,y,z2,t) dZ} dx dy,
it 0

where the plane region §,, is the part of the boundary of the volume §, which
lies in the plane xOy.

To calculate Q/0t we first set up an equation for the ratio of increments.
We have:

$(x,y,t+4t)
40 =JJJ olx,y,z,t + At) dz dx dy
0

$(x,»,1)
— fjj o(x,y,z,1) dz dx dy
0
P(x,y,t+At)
i—? A—lt-j {‘[ olx, y,z,t + A1) dz} dx dy
¢d(x,y,1)

P(x,y,1)
{J [o(x,y,z, ¢t + A1) — o(x, y, 2, 1)) dz} dxdy
4

0

P i o+4¢
= S A —— {j ot + A1) dx} dx dy

¢
(9 —
JJd (4] At

Passing to the limit as At — 0, we find

a o +4¢
lim flg = lim _A.?i—l—{j ot +/Jt)dz} dx dy
at—0 At A'_'Ou J SZlAt A(p ¢

r ¢ o(r + A1) — o)
+ lim U o dz} dx dy
(95

4t=0 | 0 At

Kkl

(%
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1 ¢+4¢
dt= O O A!"'O

Po(r + At) o(®) dz} dx dy
Ior A:—»o At ’

[this change in the order of the hmltmg processes can be justified],

0
=j ?ﬂg(x,y,w)dxdy+fjfidxdydz
o 0t ot
or£Q-=11m—— dedydz+ dxdy
dt a~o0 At
=J‘J‘J —dedydz—Jjg—%cos(n,z)dS
s Ot

where n is the direction of the inward normal to the surface S.

op/ct is called the apparent velocity of movement of the surface S(¢) in
the direction Oz. It has very obvious interpretation: é¢/ét is the velocity of
movement along the straight line given by x = const., y = const., of the
point of intersection of the surface z = @ with this straight line.

The apparent velocity can be expressed in another form. To do this we
represent the family of surfaces z = ¢(x, y, t) in the form of the equation
solved for ¢:

or

t = y(x,p,2).
Then
oz 1
o o
oz

But 61/0z is the component along Oz of the vector grad ¢, which is directed
along the normal to the surface S and has the components

ot ot ot
—cos (n, x), —cos(n,y), —cos(n, z).
5 (n, x) 5 (n, y) ™ (n, 2)

n n
Hence

dp 0z 1 1

ot ot ot ot
— — cos (n, z)
0z On

1
t Editor’s note. We spend so much time proving that, in general d y/dx = ———, that

aylax’
it is a little of a shock to come across an instance where the relation is in fact true, simply
because x and y are in each case the second and third variables.
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The expression is called the apparent velocity of movement of the sur-

t/on
face along the normal and we shall denote it by v,. For the apparent velocity
of movement of the surface along the axis O, (which we now denote by v,)
we have
Op v,

dtr  cos(n z)

If the surface S consists of material particles moving with velocity v, then
the velocity along the normal will be

v, = v, cos (n, x) + v, cos (n,y) + v, cos (n, z),

and we can write our formula for dQ/d¢ on p. 10 as

i”j ¢ dx dydz =J” ie_dx dydz — “ ov, dS. (1.15)
dz Qm Qo 01 sty

Exactly the same formula can be obtained in the general case, by dividing
the surface S(¢) into a finite number of suitable pieces.

It may be helpful to give an easily visualized physical illustration of for-
mula (1.15). At a certain instant of time, £, we pick out on the surface .S some
element dS and draw the trajectories of all points of dS during the time-
interval (¢, t + A4t). The element dS traces out a volume which coincides
approximately with an oblique cylinder the length of whose generators is
given by v df where the vector v is the velocity of movement of the surface.
The volume of this cylinder is equal to the product of the area of its base by
the height, i.e., v, dr dS. The total contribution of the integral [ {od§
arising from the movement of the surface S is approximately equal to the

integral
JJ ov, dt dS.
S

On dividing this expression by d¢, and after calculating separately the con-
tribution to Q arising from the change in o, we obtain (1.15).

The formula (1.15) may be used to obtain an equation which expresses
the conservation of mass of fluid during the motion. Suppose that fluid
motion is taking place in some region of space and that the velocity com-
ponents v.(x, y, z, 1), v,(x, ¥, z, t), v.(x, y, 2, t) are given functions of the co-
ordinates and time. Imagine a surface S(¢) which consists always of the same
moving material particles and which encloses a varying volume §2(¢). The
mass of fluid enclosed within §,(¢) is given by

0= [[[ ansnisea
QW

where g(x, y, z, t) is the density of the fluid.
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The mass of fluid within such a volume must remain constant because
fluid neither enters it from outside nor disappears within it. So that, differ-
entiating with respect to time,

00
ot

[0 e =0
Q) 6t s(t)

This equality must hold good for any surface S and for any time . Hence,
using Lemma 1, we get

=0,

or, using (1.15),

0
28 4 div(w) =0 (1.16)
ot

or in explicit form

o
+_(Ux)+ (v)+—(vz)—0
ot 0x ¢ & 0z 2
This is known as the equation of continuity.
Let us by way of illustration apply this equation to the motion of an in-
compressible, homogeneous fluid —for which the density is constant. The
equation then reduces to

Oov, . Oy, Ov,
0 + — + = 0.
O0x Oy 0z
The problem of the motion of an incompressible fluid is equivalent to that
of finding an unknown function V¥ (the velocity-potential) such that

v=gradV, vx=ﬂ, v},=_6£ vz__aﬁ
Ox Oy 0z

Substituting these expressions for the velocity components in the continuity

equation, we get
62V 62 2
0 " 14 + o’V _ 0
Ox? 0y? 0z*

or
VY =0 (1.17)

where V2V stands for the previously introduced Laplacian operator

02 02 02
+ +—.
ox? 0y* 0z2

(1.17) is known as Laplace’s equation.
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Later we shall write down the complete set of equations of motion for a
fluid and we shall show that any function V which satisfies (1.17) does indeed
describe a possible motion of the fluid. Thus to solve a problem of fluid motion
it suffices to know how to find the requisite solutions of equation (1.17).

In some circumstances, the velocity » and so also the function ¥ do not
depend on the time ¢; the motion is then one of steady flow.

§ 5. Equation of Heat Conduction

We know from physics that heat may be regarded as the result of random
motions of material particles. The thermal state of a body is defined by its
temperature. There is a simple relation between the energy of thermal motion
of a body and its temperature, namely

o= [fore

where D is the volume occupied by the body,

Q is the energy of thermal motion, or, what comes to the same thing,
the quantity of heat in calories,

¢ 1is the density of the substance,
T is the absolute temperature,
and ¢ is the heat-capacity of the body.

The transmission of heat from one body to another can take place in
several ways. We shall pay no attention here to radiation, chemical processes
and so on, but concentrate on the transfer of heat by direct transmission of
kinetic energy from one particle to another.

Imagine within the medium under consideration a region bounded by a
smooth surface S, and let n be a unit vector normal to S. The thermal energy
due to the motion of the particles situated on either side of this surface may
change in course of time either because of their mutual collisions or because
particles move across the surface.

A particle whose mass-centre lies on one side of the surface and which
has a certain energy can transmit energy either by itself passing to the other
side of the surface or by colliding with another particle whose mass-centre
lies on the other side of the surface. Let 45Q denote the amount of energy
per unit time which at the time ¢ is being transmitted across the surface S to
the particles situated on the side to which the normal is directed from the
particles situated on the other side.

We shall suppose that the quantity 4sQ can be expressed in the form

450 = J‘j (S, dS
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where
X(S’ t) = f(x’y’ Z’ n’ t)'

This formula is equivalent to supposing that the amount of thermal energy
passing across an element of area depends only on the position of the centre
of the element and the direction of the vector n. The heat flow is regarded
as positive if it is in the direction of n. We shall further suppose that f; p, ¢,
and T are everywhere differentiable functions of their arguments.

In considering the diffusion of heat within a certain body, we shall suppose
for the sake of generality that there is within the body a continuous distribu-
tion of heat sources with intensity g(x, y, z, t). Then striking a heat balance
for the volume D, we obtain

JJJ coT dv —J‘J‘f 6(COT)
dt
—Jf fx,y,z,m,t)dS +Jjj q dv (1.18)

where the vector nis directed along the outward normal.
Equation (1.18) holds good for any volume D. We apply it now, taking
as D the tetrahedron &, shown in Fig. 3, having a vertex at the point

c
z

ﬁ/x‘,,)f,,za}

FiG. 3.

A (x9, yo, Zo) and the three faces through A4 parallel to the coordinates planes.
Let S,, S,,S; denote the faces perpendicular to Ox, Oy, Oz respectively, and
S, be the inclined face; let oy, 0,, 0,, 0 be their areas. We then have

oy = 0y cos (ng, X), 0, = 0gcos (ng,y), 0,= 0,cos(ng,z),
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where cos (n,, x), cos (ng, ¥), cos(n,, z) are the direction-cosines of the
outward normal to the face S,.
Applying (1.18) to the tetrahedron §) we get

ff —a—(ch) do —fjf gdv = NJV S, 3, 2,4, 1) doy
o Ot 0 JJ s,

+ J‘J fx,»,2,j4,0) do, + f fx,y, 2, k, t) do,
Sy S

o

™
+ f Sy, 2z, —ng, 1) do,,
So

LY

where i, j, k are unit vectors parallel to Ox, Oy, Oz. If the volume of §}, is w,
then by a mean-value theorem,

0 — — — —
w o (coT) — wq = o0, + o0, + 0,0,
t

+ oo fix,y,2z, — Ny, 1)
where the bars denote mean values, and we have written for brevity
v, = fix,y,z,41), v,=fxy27Jt), v,=Lfxy2zk1i.
If & is the perpendicular distance of 4 from S, the above equation can be

written

0 _ - - -
1ha, = (coT) — +hooq = 6,{v, cos (1o, X) + v, cos (19, y) + v, c0s (o, z)

+ fx,y, z, — ng, t)} .
We divide both sides by o, and, keeping the direction of n, constant, let

h — 0. Then the left-hand member clearly vanishes, and so, noting that

f(x,y, z,—n, t) = _f(xsy: z,n, t):
we find

f(Xo0, Yo, 20, B, £) = [v, cos (n, x) + v, cos (n,y) + v, €05 (1, 2)] (xg,y0.20)

= [D,,] (X0,¥0+20)

where nis the direction of the outward normal to a side § of the tetrahedron
§b, and concides respectively with — i, — j, — k, n, for the sides S, S,
Sz, So-

We thus see that the function f(x, y, n, ¢) is the projection of a certain
vector » on to the direction of a.
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/

Hence, for an arbitrary volume D, (1.18) becomes

[[[ Z@ns=-[[ s+ |[[ ae

This formula is somewhat similar to (1.15). The vector », which is analogous
to the velocity of a fluid flow, we shall call the keat flow.

The heat flow existing in a medium is bound up with the temperature
distribution in the medium. Under natural conditions heat always flows from
the parts with higher temperatures to those with lower temperatures. We
shall select some small area dS in the medium and investigate how the tem-
perature varies at points close to this area.

The increase of temperature is characterized by the quantity

0
l:ngradT.

on

Suppose the medium is isotropic, i.e., it has the same properties in all direc-
tions. It is natural to assume that, if the temperature increases in a direction
normal to a surface S, then the heat flow across S will be negative. In other

words, the quantities
ngrad T = grad, T and v,dS

must have opposite signs: and this must be true for any direction n. Hence the
projections of the vectors grad 7" and v in any direction must be opposite in
sign, and this is possible only if these vectors have opposite directions.
That is,

v=—kgrad T

where kis some positive scalar quantity, which may depend on the properties
of the medium, on the temperature, on the way the temperature changes, and
so on. If the temperature does not change very sharply, then as a first
approximation we may assume that k is a function of position in the medium
only. This assumption agrees very well with experiment.

Substituting this expression for v in the last equation for the heat balance,

oo [[[ semaw=([] xZtas+ ||| qa

Applying Lemma 1 and taking into account that when the direction of the
outward normal is replaced by that of the inward normal the sign of the
derivative 0T/on = grad, T changes, we get

0 0 oT 0 0 0
— (ocT) = k + k T + 0 k T + q. (1.19)
ot Ox Ox oy dy 0z 0z
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If we assume g, ¢ and k to be constants, we get

oT .
— = a* V°T + ¢q, (1.20)
ot
where
a* = — = const.,, ¢, = 4
ec oc

Equation (1.19) or (1.20) is called the equation of heat conduction.

§ 6. Sound Waves

As a last example we consider the equation for transmission of sound.
Suppose a compressible fluid is moving with velocity v, having the com-
ponents along the coordinate axes

v(t, x,3,2), 0t x,p,2), vt x,,2).

The trajectories of the fluid particles will be determined by the equations

The accelerations are easily calculated. We have

d’x _ Ou, + ov, dx N ov, dy ov, dz
dr? ot Ox dt oy dt 0z dt
O0v, 0v, vy Ov,
= + Uy + v, + v,
ot 0x Oy 0z
1 (1.21)
d?y ov, ov, ov, ov,
= + v, + v, + v,
dr? ot 0x Oy 0z
d?z 0v, ov, ov, ov,
= + Dy + U, + (22
dr? ot Ox Oy 0z J

Suppose that at each point of the fluid there is a force acting which, per
unit volume, we denote by F with components X, Y, Z along the axes. If
p(t, x, y, z) denotes the pressure at any point, then the force acting on a

surface S enclosing a volume §), will have a component along the x-axis given
by

“ p(t, x,p,z) cos (m,x) dS.



18 - DERIVATION OF FUNDAMENTAL EQUATIONS L.1

We obtain the equation of motion by applying d’Alembert’s principle; in the
x-direction,

f[pcos(n,x)dS+fJf X do
Js Q
0
—Jj[ Q( vx+vx 6vx+vy av"-i—v, aU")dv:O,

where dv is an element of volume.
Applying Lemma 1 the equation of motion becomes

) ) )
oL g5, 0y Oy, 0% L P v (22)
ot 0x Oy 0z 0x

Similarly we find

Qav,,+vx6vy+vyavy+vzavy +@__ _
ot 0x oy 0z

0 0 .
0 v’+vxav’+vy vz+vz§g__ +8—p—Z=O.
ot Ox Oy

These three equations contain five unknown functions: v, v,, v,, p and p.
Two more equations are needed to make the system determinate. We have
already derived one other equation relating these quantities, namely, the
equation of continuity. So, in the general case, we still have to seek one more

equation.
First, however, we consider an incompressible, homogeneous fluid, for

which we can put
o = const.,

and then we immediately have sufficient equations.
We can now verify what was said earlier about the potential flow of an

incompressible fluid: namely, that
v = grad V,
ViV =0,
do actually satisfy the complete system of equations, if the function ¢ is
defined correspondingly, and if further
oU oU oU

X = sy, Y=—r, Z=—,
ox Oy 0z

i.e., if the external forces have a potential.
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It suffices to show that if we take

oV oV ov
Uy = —, vy = —, v, = —,
Ox dy 0z

then the equations (1.22) allow the function p to be constructed. When the
expressions for v,, v,, v, are substituted, these equations yield explicit ex-
pressions for

op Op Op

ox 0Oy 0z
And it is known from the theory of partial differential equations of the first
order that the equations will be compatible provided that the mixed second-
order derivatives

0% 9% 0%

dxdy dydz 0z0x

determined from the different equations have the same values. It is left to the
reader to verify this.

Returning to the general case of a compressible fluid, it is known from
physics that the density and pressure in any fluid are related by a so-called
equation of state, into which the absolute temperature T also enters. For
an ideal gas, for example, the equation of state is

T rr

where R is the gas constant.

Since this equation has introduced another unknown function, 7, it may
be necessary in some cases to bring in yet another equation for the inflow of
heat.

However, in a number of cases we can suppose that there is a functional
relation between density and pressure:

o = f(p) (1.23)
where fis a given function.

Such a circumstance holds good if, for example, we consider processes
occurring so rapidly that there is no time for heat to be transmitted from one
particle to another. Such processes are said to be adiabatic.

In order to obtain from the general equations (1.16), (1.22), (1.23) the
required equations for the transmission of sound, we now make certain
simplifying assumptions. We shall suppose that the motion of the fluid con-
sists of small vibrations about an equilibrium position. In the equilibrium
condition the pressure p, and the density g, are constants. The deviations
P — Po and ¢ — g and also the velocity will be supposed small and, in
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particular, we shall suppose that terms such as v, —Z& , ... 1n (1.22) may be
neglected. We then get X
. 0 0 0 ov, 0
o By, By By (O g
ot Ox ot Oy ot 0z

Working to the same degree of accuracy, we may write these equations in
the form
ap op op

9
—(ovy) + — = X, ov) + —=Y, —(ov.))+ —=2Z.
o1 - (00 ox 0 ot 2 @ By o7 @)+ 5,

Differentiating these equations with respect to x, y, z respectively and adding,
we get
2 0%p 0*p ox oY 0Z

9 9
= [div (ov)] + —& + =L 4 =22 472 (129
ot Ox*? y? 0z> Ox Oy 0z

Using the equation of continuity, we can write the left-hand member of (1.24)
as

0? 0? 0? 0? 0? 02 02

p O O O 9  op 0%

ox? Oy? 0z? or? Ox? dy*> 0z?

2p L —aiz
5 f([))<6t>~

Finally, regarding f”(p) as constant for a small change in p, so that

f'(p) = "(po)

and denoting the right-hand member of (1.24), i.e., X + oY + 2
Ox dy Jz

by @ we have

= @, (1.25)

0? 0? 0? 1 02
p O O 1
ox*® 0y*? 0z> a* 0r?

where a is a constant defined by 1/a = \/f’(po).
Equation (1.25) may be written in symbolic form as

V2p _ i . (’)Zp
a®> dr?

=@,

We might have obtained an equation for transmission of sound by taking
as the unknown function the density ¢ instead of the pressure p: in which
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case we should have obtained a partial differential equation for g of exactly
the same form as (1.25).

The various equations which we have obtained are sufficiently character-
istic. We could go on to adduce other examples, but our main purpose is not
the derivation of the equations of mathematical physics but their investiga-
tion and solution. We shall therefore limit ourselves to these examples and

pass on to a consideration of various problems connected with these equa-
tions.



LECTURE 2

THE FORMULATION OF PROBLEMS
OF MATHEMATICAL PHYSICS.
HADAMARD’S EXAMPLE

§ 1. Initial Conditions and Boundary Conditions

We know from the theory of ordinary differential equations that the
solution of such an equation is not uniquely determined by the equation itself,
The solution of an equation of the form

Fx,y,yy ..., y™) =0 2.1)

depends, in general, on » arbitrary constants:

Yy = ¢(x,Cy, Cay ory Cp). (2.2)

Often we can take as these constants the initial values of the unknown func-
tion and its derivatives:

[Vlk=0 = Yo, [J"]x=o = y(ol): ceey [y("_l)]x=o = yg.—n. (2.3)

A solution of the form (2.2) is called a general solution if it is possible to
satisfy the condition (2.3) with arbitrary values of y,, y{¥, ..., y®=1, by
choosing appropriate values for the constants cy, ..., ¢,. To do this it is
usually necessary to solve a system of finite (not differential) equations. In
particular, if the equation (2.1) is a linear homogeneous equation, then the
general integral (2.2) will have the extremely simple form

Yy =0C1y1 + Y2+ o+ CrYas

where the functions y,, y,, ..., y, are n linearly independent particular in-
tegrals.

The situation is similar for partial differential equations: such an equation
has not a unique solution. Its solution will depend, in general, on a number of
arbitrary functions. For example, the general solution of the equation
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in two independent variables x and y will be

u = f(x)

where f(x) is a completely arbitrary function.

To make a solution determinate it is usually necessary to specify certain
supplementary conditions; for example, to require that the unknown func-
tion, and often also some of its derivatives, or certain combinations of the
function and its derivatives, shall take certain specified values on various
manifolds.

It is conceivable, generally speaking, that we might pose the problem
of finding a general form of solution for a partial differential equation,
similar to the corresponding problem for an equation of the form (2.1). How-
ever, although such general solutions do indeed exist, a knowledge of them,
with rare exceptions, in no way helps us to solveimportant particular prob-
lems; for instead of having a system of finite equations for finding ¢,,
C2, ..., €, as was the case for ordinary differential equations, we get for the
solution of these particular problems so complicated a system of functional
relations for the arbitrary functions that it is practically impossible to find
these functions.

Any problem of mathematical physics presents itself as a problem of
solving some equation, such as (1.9), (1.14), (1.17), (1.19), or (1.25) for ex-
ample, with definite supplementary conditions which in most cases are
dictated by the requirements in the physical formulation of the problem.

We now point out some of the possible ways of stating the problem for
the equations which we have already obtained.

In the problem of a vibrating string, for example, it is natural to consider
a length of string, 0 < x </, fixed at both ends. Hence we must seek a
solution of equation (1.9) satisfying the conditions

[uli=0 = 0 and [u],-, = 0. 24)

If the ends are not fixed but are set in motion according to some definite
law, then the conditions (2.4) are replaced by

[Mli=o = fu(1) and [ulio; = f2(). (2.5)

It is possible to specify other end-conditions, but we shall not partic-
ularize them.

It is not sufficient to specify the behaviour of the string at its ends in
order to solve the problem. We need to know in addition, say, the value of
the function u and of its rate of change du/d¢t at the initial moment of time,
i.e.,

Ou

[uli=0 = Po(x) and [a—:l = ¢:1(%). (2.6)
"

=0
EMP 2
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The conditions (2.5) and (2.6) together completely determine a solution
of equation (1.9). We shall show later that, subject to certain provisos about
the smoothness of the functionsf x,/2, (0,(px, such a solution always exists,
and consequently none of these conditions is superfluous.

The problem of a vibrating membrane can be put in an exactly similar
way. In order to determine the motion it is sufficient to specify that

Mt=o = n Ctt)> 9h(wy) (2.7)

and the values of the function u on the boundary S
Ms (2.8)

where the function f(S, t) depends on the point of the boundary S and on
the time t.
Instead of the values of u on the boundary, the linear combination

aMs + = AS, 1) (2.9)

may sometimes be given.

As we shall show later, the conditions (2.7) and (2.9) make the problem
completely determinate. A solution satisfying them always exists, and con-
sequently neither of the conditions (2.7) or (2.9) is superfluous.

The problem of transmission of sound in a region of space bounded by
a surfaceS becomes completely determinate if, in addition to equation (1.25),
we take into account the initial conditions

[plt=0 = (PO(x.y,z), (™(x,y,z) (2.70

and the boundary condition
[t]s AS,Y) (2.80

where @Q <L} and/ are given functions.
For the solution of the problem of heat conduction in some body [see
(1.19)] it suffices to know the body’s initial temperature

th=0 = <Q(x>>A (2.10)
and the conditions at the boundary of the body

af[7ls + =AS) (2.11)

~d7i
where/(S) denotes a specified function for points on the surface.

With all the equations that we have discussed —the equations of a vi-
brating string or membrane, the equation of heat conduction —it is by no
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means necessary to restrict attention to a finite body. We can also consider
a line, plane, or space, of infinite extent: the conditions (2.4), (2.5), (2.8),
(2.9), and (2.11), which we call generally the boundary conditions, then just
drop out. A problem without such conditions is known as a Cauchy problem
the conditions (2.6), (2.7), and (2.10) are called the /nitial conditions (or the
Cauchy data).

Consider next a body whose surface has been exposed for a long time
to various constant influences, so that inside the body the temperature has
attained a value constant at each point but varying from one point to another.
This means that the heat distribution within the body has reached a steady
state. From equation (1.20), putting 0770t = 0, we get

2 2 2
T OT, 0T _ 4 (2.12)
0x? oy? 0z2 k

This equation can be solved subject to the condition (2.11). The two
simplest cases, when either « = 0 or f = 0, are of especial interest. The
problem of finding a solution of (2.12) subject to the condition

[T]s = f(S) (2.13)

is known as Dirichlet’s problem. The same problem can also be posed and
solved for an equation with two independent variables; the equation cor-
responding to (2.12) is then
0? 0T
R (2.14)
0x? oy? k

If, further, g = 0, then this equation also applies to the problem of the
equilibrium of a membrane. For, if we put du/dr = 0, and consequently
0%*u/0t* = 0in equation (1.14) for a vibrating membrane, we again obtain an
equation of the form (2.14).

It is interesting to note that, as we have seen, one and the same equation
may describe completely different physical processes or conditions. Thus
it appears that mathematical equations possess a high degree of generality
arising from the process of abstraction from the concrete physical properties
of this or that phenomenon.

The other problem, of finding a solution of the equation (2.12) subject
to the condition

oT

[E]s: 1) (2.15)

is called Neumann’s problem. This too can be considered for the case of
two independent variables. The problem of the potential motion of an in-
compressible fluid leads to a Neumann problem [see (1.17)]. For if we want
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to find the velocity of the fluid inside some region, it is natural to specify
on the boundary of the region the magnitude of the normal component of
velocity v,, which characterizes the fluid flow across each point of the surface.
If, for example, the surface S is an immovable, impenetrable wall, then we
must specify that the fluid flow across this wall is to be zero. If the wall is
moving, then the normal component of the velocity of the wall must coin-
cide with the normal component of fluid velocity. But v, = d¥/on, from which
it is clear that the problem discussed is identical with a Neumann problem.

For equation (2.12), just as for the earlier equations, it is by no means
obligatory to consider its solution only in a finite region. Very often it is
important to solve it for an unbounded region. This happens, for example,
when the dimensions of the region under consideration are very large com-
pared with the scale of the phenomenon which is being investigated. It is
natural, for example, when investigating the heat-transfer from a long, tu-
bular conductor buried in the ground to regard the earth, not as a sphere,
but as an infinite half-space, and to solve equation (2.12) in a half-space with
a cylinder cut out of it.

When considering unbounded domains, the behaviour of the solution at
points at a great distance is by no means a matter of indifference; indeed in
many cases the problem becomes determinate only when definite assump-
tions are made about this behaviour. For example, if equation (2.12) is
solved in the infinite space outside a sphere, then the solution must satisfy
the supplementary condition that it should vanish at infinity. Otherwise the
solution remains indeterminate.

There is still another supplementary consideration which plays an im-
portant role.

§ 2. The Dependence of the Solution on the Boundary Conditions.
Hadamard’s Example

The statement of problems of mathematical physics includes, as we have
seen, certain functions which enter into the boundary and/or initial con-
ditions, and the solution will depend on these functions. These functions are
usually determined from experimental results and therefore cannot be found
absolutely accurately.

A certain amount of error in the initial or boundary conditions is in-
escapable. This error will manifest itself in the solution too, and it will not
always follow that the error in the solution will also be small.

We shall sec very simple examples of problems where a small error in the
data can entail a very large error in the result. When we investigate equations
of mathematical physics, we should always particularly examine the question
of the dependence of the solution on the boundary conditions.

Suppose some problem in mathematical physics reduces to finding a
certain function u(x, y, z, t) of four variables in some domain §. of variation
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of these variables, which satisfies in this domain an equation

(2.16)

b

Ou Ou Ou Ou O0%*u 0™u
Flu, —, —, , , - = 0.
Ox 0y 0z 0t O0x? orm

In the examples considered earlier, the domain §}, of the independent vari-
ables x, y, z and a certain interval of time 0 < ¢t < T served as the domain.

Let the required solution also have to satisfy some supplementary condi-
tions of the form

Ou Ou Ou 0 o
(e B B ), T e
Sy

i=1,2,...,01; j=1,2,...,p,

where S; is some manifold of less than 4 dimensions, and ¢;(S;) is a given
function defined on the manifold S; (the S; lie within or on the boundary of
the domain §).

In our previous examples these conditions were set up on, e.g., the mani-
folds + = 0 and on some surface S of space (x, y, z) for all values of ¢.

We are going to define the concept of continuous dependence of the
solution u on the boundary data {¢,(S;)} . But before we can do this, we must
in preparation introduce the ideas of: distance between any two systems of
boundary functions {¢;(S))}; and {¢,(S;)}., and also distance between any
two functions u; and u,.

Let us examine in more detail the familiar problem of measuring the
distance between points of some set lying in a plane. Suppose, for example,
that this set consists of points scattered over a certain region. With each
pair of these points, 4 and B, can be associated a number g(4, B), the se-
paration between them. In different circumstances it may be natural to take
different numbers o(A4, B) as this separation. Thus, for a helicopter pilot,
the separation will be the length of the interval 4B; but for a car-driver, it
will be the shortest distance between the points 4 and B by road. However,
the car-driver might instead regard the separation as being the shortest time
necessary for the journey from 4 to B without counting the actual number
of miles (““A is two hours’ travel from B’’). And on this basis, the separation
on making a detour by a “By-pass” road might be shorter than that along
an urban road coinciding with the rectilinear interval AB.

Again, consider for example a set of cross-roads in some city. Suppose
that all the streets are parallel to one or other of the axes of a rectangular
Cartesian coordinate system Oxy. We might take as the separation o(4, B)
between two cross-roads 4 (x4, y,) and B (xg, yp) the length of the interval
AB:

Q(A: B) = \/(XA — xp)? + (a4 — y8)2§
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but for a pedestrian it would be natural to take the shortest distance he must
walk to get from A to B:

o(4, B) = |x4 — xpl + lya — ysl.

It might also be convenient, on occasion, to define the separation by the
formula

o(4, B) = max (|x, — xpl, (W4 — ysD).

We now take a certain class @ of systems of functions {¢,(S;)} which are
defined on the manifolds S;, and a certain class U of functions u(x, y, z, t)
defined in §). We assign to the difference between any two systems of
functions {@;(S;)} and {@,*(S,)} a certain positive number g, by means of a
suitable formula, and this number p is defined to be the “separation’ be-
tween these systems of functions:

o = Qrp{‘P;k(Si) — @,(S)}.

In a similar way we introduce the separation between members of the func-
tion class U:

ev = eu(u® — u).

Suppose that for a certain system of functions {¢,(S;)} from @ the problem
(2.16), (2.17) has a unique solution u of U. We now change the right-hand
member of (2.17) and put instead of the system of functions {¢;(S,)} another
system of functions {¢}(S;)} from @:

‘7’.:'"(51) = @S + F(S). (2.18)

We shall suppose that for any system of functions {¢}) sufficiently close to
the system {@;(S;)} the problem has a unique solution, which we shall denote
by u*, and we write

u* =u+ 4. (2.19)
Suppose now that, given any ¢ > 0, we can find a 0 such that the magnitude
of the deviation of the solution, py(#), is less than ¢,

ou(l) < ¢

provided only that the magnitude of the deviation of the boundary functions,
00({@(Sy)}), is less than 4,
0s({@A(SD}) < 0.

In this case we shall say that in the region §, the solution u depends continuously
on the boundary data.

Such a definition of continuous dependence is clearly an immediate
generalization of the familiar concept in analysis of the continuous depend-
ence of a function on its argument.
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In order to give this concept of the continuous dependence of a solution
on the boundary functions a definite meaning, we must select the classes @
and U, and specify formulae: defining ¢ and g,.

We shall give two examples of possible definitions of continuous de-
pendence, and we shall then show why it is natural to use them.

DEFINITION 1. The class @ is defined to be the class of systems of functions
{g;(S))} which are continuous and have continuous partial derivatives up
to a certain order k inclusive (the partial differentiation being with respect
to any of the parameters on the manifold S;).

The class U is defined to be the class of functions # which are continuous
and have continuous partial derivatives up to a certain order p inclusive.

As the separation gg between two systems of functions we shall take the
upper bound of the absolute values of the differences between these functions
and between their partial derivatives up to order k inclusive on the mani-
folds S;.

As the separation gy between two functions u# and u* we shall take the
upper bound of the absolute values of the differences between these functions
and between their partial derivatives up to order pinclusivein the domain §3,.

If, in the sense indicated, there is continuous dependence of the solution
on the boundary data, we shall say that the solution depends continuously to
order (p, k) on the boundary data in the domain §,. If, conversely, for some
&, > 0 and for any 6 > O there exists a deviation of the system of boun-
dary functions {@;(S;)} such that

Qo [{(ijJ(Sl)}] < 6 s
but

QU(ﬁ) > o>

then the solution u in the domain §), depends discontinuously to order (p, k)
on the boundary data.

DEFINITION 2. Continuous dependence in the mean.

The class @ is defined to be the class of systems of functions {¢,(S;)} such
that the functions ¢,(:S;) and their partial derivatives up to a certain order k&
inclusive have squares which are integrable on .S;.

The class U is defined to be the class of functions # which are such that
the squares of these functions and of their partial derivatives up to a certain
order p inclusive are integrable in the domain §..

As the square of the separation g4 between two systems of functions
{p,(S)} and {@](S;)} we shall take the sum of the integrals of the squares
of the functions @;(S;) = ¢; — ¢, and of those of derivatives up to order
p inclusive on the manifolds ;.

As the square of the separation gy between the functions u* and u we
shall take the sum of the integrals in the domain §, of the squares of the
function u* — u and of those of its derivatives up to order p inclusive.
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If a solution u of the problem (2.16), (2.17) depends continuously on the
boundary conditions in the sense of this definition, we shall say that the
solution depends on the boundary conditions continuously in the mean to order
(p; k).

We may mention that continuous dependence to order (0, 0) admits of
a simple physical interpretation. Thus in the problem (2.12), (2.13) where
the temperature T of the body plays the part of u, and the function f(S),
the temperature on the boundary, plays the part of ¢;(S;), continuous de-
pendence of order (0, 0) means that a small change of temperature at any
point on the boundary would produce a small change of temperature at
every point inside the body.

Continuous dependence in the mean can be interpreted just as easily.
In the problem on transmission of sound (1.25), (2.7’), (2.8"), there is, as
can easily be shown, continuous dependence in the mean of the solution on
the functions ¢, and ¢, of orders (1, 1) and (0, 1) respectively. This property
is the mathematical counterpart of the fact that a small change in the energy
of vibration of the air, initially, produces a small change of energy subse-
quently.

Ordinarily in mathematical physics we use the idea of either continuous
dependence of order (p, k) or continuous dependence in the mean of order
(p, k). There are other natural definitions of continuous dependence apart
from the two which we have introduced, but we shall not touch on them here.

We may remark that at one and the same time there may be continuous
dependence in the sense of Definition 1 but not in the sense of Definition 2.

If for any system of functions {@;(S;))} from @ it is possible to indicate
a domain §’, containing the manifolds S;, such that the solution u of the
problem (2.16), (2.17) depends in this domain on the boundary conditions
continuously to order (p, k), or continuously in the mean to order (p, k),
where p and k are any particular natural numbers, then we shall say the
problem (2.16), (2.17) is correctly formulated. In the contrary case, the
problem is incorrectly formulated. Sometimes, instead of an arbitrary system
of functions, some particular fixed system of functions {¢,(S;)} is considered,
and we then speak of the correctness of the formulation of the problem for
this system of functions. For non-linear problems, the idea of correct for-
mulation may turn out to be substantially wider than that just expounded.

For ordinary differential equations the problem of integrating an equation

m m-—1
d"u =f<x,u,2,..., d u)

dx™ dx dxm-1?

with initial conditions

[u] =u du =u " u =u
x=0 0> dx o 1 ’ dx'"_l o m—1
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is, as is well known, always correctly formulated, subject to the restrictions
placed on the function f by the theorem of existence and uniqueness.
The same applies to a partial differential equation of the first order

ou Ou Ou Ou
—=ff,«\';y,2,—s—,—-
ot Ox 0Oy 0z

Cauchy’s problem, i.e., the problem of solving this equation with the initial
data [u],=o = uo(x, y, z) is correctly formulated for this equation, since u
depends on u, continuously to the order (1,1).

But for a partial differential equation of order higher than the first this
circumstance may no longer obtain; consequently, to pose Cauchy’s problem
for such an equation may not always be meaningful. To illustrate this, we
choose an example due to Hadamard.

We shall find a solution of the equation

2 2
Ou | O _ (2.20)
ox® | Oy?

in the half-strip y > 0, —7/2 £ x < @/2, satisfying the conditions

6 —

[1im a2 = 0 = [z = [0 » [—“] = e "cosnx (2.21)
ay y=0

where n is an odd integer.

It is not difficult to see that this solution will have the form

Vn

u = — e~ '" cosnx sinh ny. (2.22)

n

It can be shown that the solution of the problem formulated is unique. It

is easy to see that when » tends to infinity, the function e~V" cosnx tends
uniformly to zero, as do all its derivatives. But the solution (2.22) for any
non-zero y has the form of a cosine-curve having an amplitude as great as we
please.

It is clear that in this case continuous dependence in the sense of the
first definition can never hold in any domain x, y which touches the axis
y=0.

We can also show that there is no continuous dependence in the sense
of the second definition. It is easy to see that the integral

f f {—e V" cos nx sinh ny} dx dy
—n/2 n

tends to infinity as n — co however small y > 0 may be, and this justifies our
assertion.

EMP 2a
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Thus the problem just discussed on Laplace’s equation is not formulated
correctly.

If we look into the question of continuous dependence in an unbounded
domain, we find that even for ordinary differential equations the question
ceases to be a simple one. For these, continuous dependence on the initial
data is known as “Lyapunov stability (or continuity)”.

The related questions in the theory of partial differential equations could
also fittingly be called the theory of stability. So far these questions have not
been fully worked out; they are too difficult for an elementary course, and
we shall not deal with them here.

The solution of problems which are incorrectly formulated has no
practical value in the majority of cases. When analysing solutions of all the
problems appearing in the course, we shall always stop to ascertain that the
problem is correctly formulated.

In the next lecture we shall be concerned with a more detailed examination
of the differences between the various equations which we have so far studied.



LECTURE 3

THE CLASSIFICATIONOFLINEAREQUATIONS
OF THE SECOND ORDER

§ 1. Linear Equations and Quadratic Forms. Canonical Form of an Equation

All the equations we have so far considered have been linear equations of
the second order with real coefficients, i.e., equations of the form

n n 82 n a
) ZAU—” +zBi—u+Cu=F (3.1)
i=1 j=1 Ox0x; i=1 0Ox

where A4;;, B;,, C and F are given functions of x;, x,, ..., X,.

To study the properties of these equations in more detail we shall investigate
certain properties of their coefficients. We shall examine first of all how the
coefficients of the equation (3.1) transform under an arbitrary change of the
independent variables, or, what comes to the same thing, under any geo-

metrical transformation of the space of the variables x;, x5, ..., X,.

In place of x4, x;, ..., x, we introduce new variables y,, y,, ..., y,. We
assume that the functions y1(X(, .. Xp)s +++> Ya(X1, .., X,) havecontinuous
second derivatives.

Then

0 2 Ou O
oy B (3.2)
(')xi =1 ay, 0x,
Pu_ 0 [Ou) " & 0% 0y, Oy, + Z Ou 0%, . (3.3)
Ox0x; O 0x, k=1i=1 Oy, 0y, Ox; O0x; (=1 0y, Ox;0x;

Substituting the expressions (3.2) and (3.3) in the equation (3.1) we get

e 0 (&L Oy, Oy
A;j
kgl 1;1 0y .0y, (igl J';l dxi 0x;

Z": (Z > A +iB,iy‘—>+Cu=F. (3.4)

/=1 0y, \i=1Jj=1 x,ax, =1 0x;

33
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Denoting the new coefficients of the second-order derivatives d%u/dy, 0y, in
(3.4) by A,,;, we have

R n n a a y
Ay = X Z Aij 'ﬁ ‘ﬂ‘ . (3~5)
i=1 =1 Ox; 0x;
If we fix on a definite point in space and write, at this point,
Oy
—* = a, 3.6)
o, K (
then the transformation formulae (3.5) become
;1:! = Z z Ayj oy g, (3.7

i=1 j=1

which are the same as the transformation formulae for the coefficients of the
quadratic form

Y 2 Aypip; (3.8)

i=1Jj=1

under the change of variables

Dy =kZ Xgy Gk 3.9
=1

which takes (3.8) over into the form

n n

Y Y Aadiai (3.10)

k=11=1

The determinant |a,;| must, of course, be non-zero in order that the formulae
(3.9) shall give a (1-1) change of variables.

If we want to simplify equation (4.1) by means of a change of variables,
we can examine, instead of this problem, that of the simplification of the
quadratic form (3.8) by means of the change of variables (3.9) with real
coefficients ay;.

A problem of this sort arises in analytical geometry in the simplification
of equations of second-order surfaces. But our present problem is rather
simpler, since we are not bound to orthogonal transformations, and we
have no need to demand that in the space p, p,, ..., p, the directions of the
axes ¢, 4, --., g, shall be orthogonal.

It is proved in text-books on linear algebra that the coefficients of the
transformation can always be chosen so that a quadratic form is reduced to a
sum of squares (not necessarily with positive coefficients): (3.8) becomes

n n

Yy Aupipr =Y kial (3.11)
I=1

i=1j=1
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where the k, are certain numbers which may be positive or negative or zero.
We now prove the following theorem:
THEOREM 1. (Rule of Inertia of Quadratic Forms)

The number of positive coefficients and the number of negative coefficients
among the k|, k,, ..., k, is independent of the particular choice of change of
variables (3.9) which transforms the quadratic form (3.8) into the form (3.11),
provided only that the determinant || is non-zero.

It follows, incidentally, that the number of non-zero coefficients k, must
also be the same in all representations such as (3.11).

Proof.

If we transform our quadratic form in two ways into the sum of squares,

we shall have

n

Y kigi =) o,m? (3.12)

=1 s=1

where mig and g, are the space coordinates chosen in the two cases, and are
linearly related

ms = Z ﬁsl (Jl'

Suppose now that the number of positive k, is, say, greater than the
number of positive p,. We equate to zero all those ¢, whose squares have
non-positive coefficients and also all those m, whose squares have positive
coefficients. If we suppose that

klngg gkr>02:kr+lgkr+22 =kns
0, 2 02 2 20 >02041 2 %422 2 0On»

then we shall put
Grit = Qr42 = - =¢q, =0

my =m, =--=m=0,.

Now among the relations between m, and ¢, written above, those whose
left-hand members have been put equal to zero may be regarded as a system
of homogeneous linear equations for determining q,, ¢, ..., 4,, and the re-
mainder as equalities fixing the values of 7,4, #2, 4+, ..., m,. Since the num-
ber of these equations is less than the number of unknowns, we can always
find a solution of the system in which not all the ¢4, ¢, ..., g, vanish. Sub-
stituting these values of ¢y, ¢,, ..., ¢, in (3.12), we see that the left-hand
member will be positive, but the right-hand member will be non-positive;
consequently (3.12) does not hold, and our supposition is contradicted.
Hence the theorem.
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This theorem enables a classification of partial differential equations of
the seeond order to be made.

At each point of the space of the variables (x,, x,, ..., X,) we can carry
out a change of the independent variables p, so that at this point the form

Z z Aipip;
i=1 j=1

transforms into a sum of squares of the form

n 2
Y. kiri.
i=1
Further, the simple substitution

q, = v lkil F;

transforms our form into the expression

Yag - Y q (3.13)
i=1

i=r+1

where r is the number of positive coefficients &;
and m 1is the total number of non-zero coefficients.

Suppose now that the substitution (3.9) which reduces the basic form (3.8)
to the form (3.13) has been found, and that it is written as

n
— %
P = Z Xk G-
k=1

We introduce a linear change of the independent variables x,, x,, ..., X, in
our space by means of the formula

n
Y=Y X
k=1
This means that in formula (3.6)
Ay = gy

and so, at the point of space considered, all the 4,; with i % k will vanish and

the A,, will be either + 1 or 0. The terms of the equation which contain sec-
ond-order derivatives will take the form

r a2u m 62u

> -
i=1 i=r+1 Oy;
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If the equation (3.1) has constant coefficients, then under a lincar change
of variablesit will transform into an cquation with coefficicnts constant again.
Consequently we shall, in this case, be able everywhere in the space to bring
the equation into such a form that in the new coordinates the coefficients of
the mixed second-order derivatives vanish and the cocfficients of those of
the derivatives d%u/dx* which do not vanish are equal to + 1. We shall call
this the canonical form of the equation.

As we shall sce later, the character of a second-order cquation is com-
pletely determined by the number r of positive coefficients and the number s
of negative cocfficients of the second-order derivatives after such a trans-
formation. If we consider an equation with variable cocfficients, we find that
it is impossible by a single such transformation to bring it into canonical
form for the whole space at once; all we can do is to putitinto canonical form
at cach point of spacec scparately.

Moreover, in doing this, we may obtain different values of the numbers
r and s at different points. In such cases it is convenient to divide the space
into parts over which r and s arc constant, and to investigate the equation
in cach part in turn.

We now introduce the concept of types of partial differential cquations
of the second order. In domains where r and s keep constant values, we shall
say that the equation belongs to the type (r, s). It is clear that the types (r, 5)
and (s, r) arc essentially the same, since by a change in sign of allcoefficicnts
r and s change places. The equation for a vibrating string is of type (1,1)
with n = 2. The cquation of a vibrating membranc belongs to type (2,1)
with n = 3. The equation of heat conduction belongs to type (3,0) with

= 4: and Laplace’s cquation to type (3,0) with n = 3.

We shall call type (n, 0) the elliptical type; type (r,s) with r + s = n,
r >0, s > 0, the hyperbolic type; and of these, the type (n — 1, 1) is the
normal-hyperbolic type. Types (r, s) with r + s < n arc called parabolic types.
Of these, the type (n — 1, 0) is called the normal-parabolic type. Parabolic
types where s = 0 are called elliptico-parabolic types, and those with r > 0
and s > 0 are called hyperbolo-parabolic types.

The equations for a vibrating string and membrane belong to the normal-
hyperbolic type [equations (1.9) and (1.13)]; the cquation of heat conduction
(1.19) belongs to the normal-parabolic, and Laplace’s equation to the clliptic
type.

In this course we shall restrict ourselves to the normal-hyperbolic, nor-
mal-parabolic, and elliptic types. All the cquations which we considered in
Lecture 1 had canonical form and belonged to onc of these types. We thus
see that none of these equations can be reduced to another by a real trans-
formation of coordinates and that each of them is typical of a certain spe-
cies.

Note. The coordinate system in which an equation takes canonical form
is not unique.
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Laplace’s equation
, 0%u 0%u 0%u
\& + + e

= 2 2 2
Ox; Ox; ox;

remains invariant under any change of origin and any orthogonal transform-
ation of coordinates.
For, the coefficients A4,, after an orthogonal rotation will have the form

n
Ay = L HirXiy
i=1
Oy
where «;, = LI cos (yx, Xy),
Xi

and by the orthogonality conditions

n 1 for k=1
Zaik“it= >
i=1 0 for k#1
so that
- _ 1 for k=1
M 0fork¢l’

as was to be shown.

The transformations of the independent variables which leave the wave
equation invariant are known as Lorentz transformations; they play an im-
portant role in the theory of relativity.

§ 2. Canonical Form of Equations in Two Independent Variables

As we have seen, an equation with variable coefficients can always be
brought into canonical form at an isolated point in space. If the number of
independent variables is greater than two, then only in exceptional circum-
stances can the equation be brought into canonical form throughout the
whole space in which the equation is given. However, an equation in two
independent variables can always be brought into canonical form throughout
the whole region of variation of the independent variables.

We shall examine this question in more detail. When there are two in-
dependent variables the sum of the terms containing second-order deriv-
atives may be written in the form

0? 0? 0?
U L op u . o9

Lu= A .
Ox? Ox0Oy oy?

We shall call this sum the principal term of the second-order operator.
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On transition to new variables £ = &(x, ), n = #(x, y), the operator Lu
takes the form

Lu = [A <8—5>2 + 2898 %8 | ¢ <35—>2] Ou
Ox Ox Oy Oy 0&?

2
+2[ fﬁﬁ+3<ﬁf_fﬁ+ﬁf3‘_§>+caf 377] 0%u

Ox Ox ox 0Oy Ox Oy Jdy 0y | 0&0n
01 \? on 0 on\?*] 02 0
+a(ZLY 428200 4 (20 au+—uL£+a—“L77
ox Ox Oy Oy on? 0& oy
or
Lu=Lu+ 21+ %0,
0¢& on

Liu denotes the principal term of the operator in the new variables. We
assume as regards &(x, y) and #(x, ), in addition to their smoothness, that
the curves &(x, y) = const. and #(x, y) = const. do not meet tangentially at
their points of intersection.
In order that the equation may have canonical form after the transfor-
mation of coordinates, it is necessary that:
(1) The coefficient of the mixed partial derivative
o0& 0 o0& 0 on 0 o0& 0
B, = 42500  p(05 0n  0On 0N, -0 On
ox Ox Ox Oy 0x Oy dy Oy

must vanish and (2) If the equation is of elliptical or hyperbolic type, then
must

Ay = +Cy,
and if the equation is of parabolic type, then must either
Al == 0 or Cl = 0.

It 1s known from analytical geometry that the canonical form of the
quadratic form

Ap?* + 2Bpq + Cq*

whose coefficients transform like those of the operator Lu is determined by
the sign of its discriminant
A = B?> — AC,
and if A < 0, the form is elliptical and transforms into r} + r3
if A > 0, the form is hyperbolic and transforms into r? — r3

if A = 0, the form is parabolic and transforms into r2.



40 CLASSIFICATION OF SECOND-ORDER EQUATIONS L.3

In the last case we shall exclude the possibility of complete degeneracy of
the form (4 = B = C = 0). We shall examine the parabolic case first. If
A = 0, then B? = AC and, since we exclude the completely degenerate case,
this implies that at least one of the coefficients 4 and C is not equal to zero.
Suppose 4 # 0. Put

B C
k=—=—.
A B

(If B = 0, then C = 0 also, and the equation is already in canonical form.)
We have:

4, =A<3_§>2+23ﬁ6_’5+c(ﬁif:A(?iJrk?E)l

0x 0x Oy Oy 0x Oy
2 2 2
Co=A(20Y 422190 (O _ (21 o1
Ox Ox Oy Oy 0x Oy

Bx= a_sﬁ_;.B(a_g_aﬁ_{._a_n.a_g)q_C_aiﬁ

Ox Ox Ox 0Oy Ox Oy Oy Oy

(%5 L 95N (o, Om
0x dy / \ Ox Oy
In order that the coefficients B, and C, should vanish simultaneously it is

sufficient to put

Oon Loy, (3.14)
Ox oy

(3.14) is an equation of the first order for the unknown function 7(x, y).
We can take any solution of this equation as the new independent variable 7.
In the new variables &, 7 the principal term of the equation will take the form

0%u
1 e .

The coefficient 4; cannot vanish, since neither A nor 0§/0x + k 0&/0y
vanishes. For 4 # 0 by hypothesis, and the expression 0&/0x + k 0&/0y
could vanish only at points where the curves £ = const. and 7 = const.
touch, and there are no such points by hypothesis. Dividing the equation
by A, throughout, the principal term becomes 0*u/0&2. It is useful to note
that equation (3.14) does not define a single curve but only a family of
curves 7 = const. and so a certain arbitrariness remains for the choice of the
function &(x, y).

In the case when our second-order partial differential equation is of
elliptic or hyperbolic type, it is easy to show that the coefficient B, vanishes.
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The complete reduction to canonical form of an equation of elliptic type isa
complicated problem, and we shall not stop to deal with it. An equation of
hyperbolic type, as we shall show in a moment, can always be easily trans-
formed to canonical form.

We select first the case when a linear second-order equation in two in-
dependent variables does not belong to the parabolic type and the coefficient
A4 does not vanish (the case C # 0, 4 = 0 can be treated in a similar way;
the case 4 = C = 0 we shall deal with separately). Let then 4 # 0. We put

E=x, n=q¢xy).

Then 0&/0y = 0, 0§/0x = 1, and the condition that the coefficient B, should
vanish becomes

49 g0 _ g (3.15)
0x dy

Taking once more for 7 any solution of the equation (3.15), we obtain a sys-
tem of coordinates in which the equation has the required form. This form
will not be canonical, because the coefficients of the second-order derivatives
will not, in general, be + 1.

If A = C = 0, then the equation will have a principal term of the form

0%u

Ox By

and will be hyperbolic. It is easy to see in this case that by the substitution
E=x+y, n=x-—y
the equation takes the canonical form

0%u 0%u

082 on?

It is clear from this that the reduction of a hyperbolic equation to the form

0%u
Ox0y

would solve our problem completely. Moreover, in many problems it is
precisely this form which is most convenient, and we shall therefore devote
a separate section to it.
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§ 3. Second Canonical Form of Hyperbolic Equations
in Two Independent Variables

The second canonical form for a second-order partial differential equation
of hyperbolic type in two independent variables is one where the equation
does not contain the partial derivatives d?u/dx* and 0%u/0y?.

It follows from the formulae of the previous section that, in order to bring
an equation to this form we must find functions &(x, y) and %(x, y) satisfying
the equations

2 2
AIEAQE_ +236_££+C£ =0
O0x Ox Oy 0x
\ 2 2
C= ALY 420 (Y
o0x Ox Oy oy

These two equations are necessarily one and the same, and we have to find
& and 7 as two different solutions of the one equation, which we may write
in the form

o \ ? o¢
P 9
Al Z ) + 28| ZEj+c=0 (3.16)
o¢ o
dy dy

where ( stands for either of the functions £ or 7.
Along a curve { = const. we have

o
dy _ ox
dx ot

oy

and therefore (3.16) can be rewritten in the form of a quadratic in y’
Ay? = 2By' + C = 0.

The condition B> — AC > 0 ensures the existence of two distinct real roots

¥, = |B+ /B — AC|j4, y, = [B~ /B> - aC]ja. (3.17)

By taking the integral curves of the first and second of the equations (3.17)
as the curves £ = const. and n = const. respectively, we obtain the solution
of our problem.
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§ 4. Characteristics

The introduction of suitably chosen variables £ and # eliminated the terms
in 0%11/0£? and 0?u/07? in an equation of hyperbolic type in two independent
variables.

In the general case of n variables we could also select new coordinates
V1s Y, -+-» Va SO that there was no term containing 0%u/dy?, for example, in
the equation. We have seen that the coefficient of this derivative is given by

- G . e dy, Oy,
Ay = Ajjog; 00 = Ay — . (3.18)
H i;1 j=zl T Y i;1 j;L ! ax,- axj
As regards the function y,(x,, x,, ..., X,), we shall assume that on the surface

y, = 0 and in a certain neighbourhood of it the inequality

n 2
i=1 axi

holds good; this ensures that there are no singular points on the surfaces
yi(x1, X2, ..., X,) = const. This condition can always be fulfilled if the surface
y1 = Oissufficiently smooth and if the family of surfaces y, = C, for varying
C, fills a certain part of space adjoining the surface y; = 0. Any smooth
surface having an equation ¢(x;, x5, ..., x,) = 0 can be taken as the surface
y, = 0. L

We examine the condition that the coefficient A4, shall vanish on the
surface y; = 0. Applying a familiar result in the differential calculus, the
cosine of the angle (n, x;) which the normal n to the surface y, = 0 makes
with the axis x; is given by

cos (n, x;) =

Ji(2)

Hence the equation A,; = 0 can be written in the form

Y Y Aijcos(m, x;) cos (n, x;) = 0.
=1

i=1 J

This equation shows that the vanishing of Ay, on the surface y, = 0isan
intrinsic property of this surface and that it in no way depends on the choice
of the variables y,, yi3, ..., Va.

DEFINITION. A surface

yl(xl’ X2y eiey xn) = Co
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is called a characteristic of the equation (3.1) if, on changing from the variables
X1, X2y «v.y X, Lo new variables y,, y,, ...,¥,, Where y,, ..., y, are arbirtary
Sfunctions of x4, X2, ..., X, and all the y; are continuous and have first-order
derivatives and a non-zero Jacobian in the neighbourhood of the surface under
consideration, it happens that the coefficient Ay, of 0*u/d y? vanishes on this
surface.

It is not difficult to see that an equation of elliptic type can have no real
characteristic, since 4,, here appears as a positive definite quadratic form
in o,; and therefore cannot vanish.

If the surface x, = 0 is a characteristic for our equation (3.1),

n n 2 n
YT Ay OFu_ | 3 B fcu=F
iT1 j=1 8x,-6xj i=1 8)61
ie,1f [A11]x,=0 = 0,
then this equation becomes a differential equation relating [#];,-o and
[0u/0x,]x,=0- For, if x;, = 0, we can rewrite it in the form

, o (T o 0o 0>
2 Z A” to— “ + Y Z Aij [u]x1=0
i=2 X, =0 Ox; 0x, x; =0 =2 j=2 x1=0 ayiaxj

6 n
+ [Blmo ([ a”] > + 3 [Blco = (Be,-o)
I!=0 i=2 ~i

Xy
+ [C]x1=0 ([”]x,:O) = [F]x1=0‘ (3.19)

The problem of finding, for the second-order equation in general form, a
solution which satisfies on a certain surface S the two conditions

Ju
[uls = @o and [—] = @1
s

on

is known as Cauchy’s problem.

As we saw earlier, particular instances of this problem arise in the in-
vestigation of vibrations of a string or membrane when the position and
velocity of the particles of the vibrating body are given at the initial instant
of the motion.

It may be usefully remarked that, in general, it is not essential that the
direction along which the dcrivative of u is specified should be normal to the
surface S'; [0u/0n]s itself need not be given. For, the specification on S of the
function u itself enables all its derivatives in any tangent plane to be deter-
mined, while a knowledge of the normal derivative enables the value of the
gradient of the function to be found at all points on the surface S. But the
derivative of the function in an arbitrary direction is the projection of
its gradient in this direction. So that ouraim, a knowledge of the gradient, will
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be achieved if we are given at each point of the surface the value of the deriv-
ative of v along any non-tangential direction.

It follows from equation (3.19) that in the case when the surface x; = 0
is a characteristic, [#], = and [0u/0x,]:, =0 are not independent functions of
the variables x,, X3, ..., X,, and Cauchy’s problem for this surface x; = 0
becomes impossible; for [u],, -0 and [du/dx,],, =0 cannot be specified arbit-
rarily and at the same time satisfy (3.19).

This argument has shown that it is impossible to prescribe arbitrarily on
characteristic surfaces both the value of a function and that of any com-
ponent of its gradient not lying in a tangent plane.



LECTURE 4

THE EQUATION FOR A VIBRATING STRING
AND ITS SOLUTION BY D’ALEMBERT’S
METHOD

§ 1. D’Alembert’s Formula. Infinite String

The equation for free vibrations of a string, i.e., for its vibrations when
there are no external transverse forces, is
0%u 1 0%u

- =0 4.1
0x? a*> 01? (“-1)

where a = \/F/E To bring it to the second canonical form we put
E=x—at, n=x+ at. 4.2)
Then equation (4.1) becomes
0%u

= 0. 4.3
P50y (4.3)

The general solution of equation (4.3) is easily obtained. Moreover, in
contrast to what, as we said in Lecture 2, usually happens with such solutions,
this general solution can easily be applied to various concrete problems,

From (4.3) we have 5 ou

o8 o
whence

ou ,
— = p,(n), (4.4)
on

where w5(%) 1s an arbitrary function.
From (4.4) we gct

u = (1) + p.(6),
where y,(§) is an arbitrary function. Returning to the variables x, f, we get

U= yw(x —at) + p(x + ar 4.5)

46
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This solution depends on two arbitrary functions y, and yp,: it is called
d’Alembert’s solution.

To solve any particular problem on free vibrations of a string, we have
only to determine ¢, and y, for that particular case.

We consider first of all Cauchy’s problem for an infinite string, i.e., the
problem of finding a solution satisfying the conditions

[uli-o = @o(x), [6—u] = @;(x). (4.6)
o fi-o

Substituting formula (4.5) in (4.6) we have
p1(x) + paAx) = @o(x)
—api(x) + apy(x) = ¢i(x),

and from the second of these we get

—ayp,(x) + apy(x) = f ) ¢ (y)dy + aC

0

where C is an arbitrary constant, and y, of course, is merely a dummy
variable. Hence

pi(x) = L [%(X) — ir P (y)dy — C]
2 alo

pa(x) = é[%(x) £ L f " o) dy + c].

alo
Hence

1 l X —at
= [%(x —ay - L f 71) dy — € + qolx + an
alo

ato

1 x+at
+ —f p(y)dy + C:I

or finally we get the formula
1 1 x+at
U= -2-|:(p0(x —atf) + @o(x + at) + ——J @(») dy:l. 4.7
aJx-at

It is clear that this solution satisfies equation (4.1) and also the initial
conditions. The method of deriving (4.7) shows the uniqueness of solution of
the problem. Further, there is no doubt that the problem was correctly
formulated. For any ¢ > 0 we can find an 7 such that, if we replace @q(x)
and ¢,(x) by p§(x) and ¢¥(x) such that

lpo(x) — ()| < 7, |oi(x) — ¢F ()| < 7,
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then the absolute value of the difference between the new solution and the
original one will be less than ¢ in any finite and previously given time-interval.
Thus the solution of the problem depends continuously to order (0, 0) on
the initial data.

We may profitably examine the vibrations of an infinite string in some-
what greater detail. We select one or two simple cases.

Cask 1. The function ¢,(x) is identically zero, and the function ¢(x) is
zero except in a finite interval —k < x < k.

The solution (4.7) then becomes

"= %[%(x — af) + polx + ad)].

The term $@q(x — at) represents a disturbance of constant shape travelling
with velocity a in the positive x-direction. This is evident from the fact that,
if we put the origin of a moving coordinate system & at the point x = at,
i.e., if we put £ = x — at, then we should see a constant disturbance in the
moving system. Similarly, the term 1py(x + af) represents a disturbance of
the same shape travelling with the same speed in the opposite direction.
These disturbances are called waves. The first is the direct wave, the second
the reverse wave. The waves are initially superimposed, and then they sep-
arate and move in opposite directions further and further away from each
other. At points lying within the region of the initial disturbance the string

u
¢=0
-K K
>4
u a
/\ /[\ x
-K-at K-at -Kiat K+at
Fi1G. 4,

returns to its rest position after the passage of both waves, and at other points
after the passage of one wave. Fig. 4 shows the disturbed string at two in-
stants of time.

Cask 2. The function @q(x) is identically zero, and the function ¢,(x) is
zero except in a finite interval —k < x < k. In such a case we may say that
the string has an initial impulse but no initial disturbance.

Consider the function @,(x), the indefinite integral of ¢,(x). It is zero
for values of x in the interval —c0 < x £ —k. For x 2 k it will be equal
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to some constant, in general non-zero. This constant is evidently equal to

f " i) dx.

-k

Formula (4.7) gives

U = 1 (D,(x + at) — D(x — ar)].
2a

In this case again, two waves travel along the string, one forward, one re-
verse. They differ only in sign.

Where both the forward and reverse waves have already passed, the
string will have reached a state of rest, but it will not, in general, have re-

v t=0 D, (x)
A
- B
l .
-K K
7
/__\t > K
X
-K-ol Keot
Fi1G. 5.

turned to its original position. For at sufficiently large values of the time,
x 4+ at > k and then @,(x + at) will be equal to the constant, but x — at
< —k and @,(x — at) will be zero.

A so-called residual displacement will remain in the string. The shape of
the displaced string at a particular time is shown in Fig. 5.

It will readily be seen that it is possible to produce a wave travelling in
one direction only by giving the string a suitable initial disturbance and im-
pulse. It is only necessary to ensure that the reverse waves evoked by the
initial displacement and by the initial impulse differ only in sign.

§ 2. String with Two Fixed Ends

We next consider a string with fixed ends and seek a solution subject
to the conditions (4.6) and also

[ul,—o = 0 and [u],=, = O.

Obviously the functions ¢4(x) and ¢,(x) in this case will be defined only
in the interval 0 < x =< /.
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Returning to formula (4.5), we see that y,(x) must be defined in the
interval from — oo to /, and y,(x) in the interval from 0 to + co. Putting
x = 0 and x = /1n the solution (4.5) we get

wi(— at) + p,(at) = 0 } “s)
vl —at) + p(I + at) =0

or
Pi(—x) + p,(x) =0, 0L x< @ } 45)
wi(=x) + w(x +2) =0, —-1<x < .

Any two functions ,(x) and y,(x) which satisfy (4.8’) will give a solution of
the problem.

The first of the conditions (4.8’) enables y,(x) for positive x to be expressed
in terms of y,(x) for negative values of the argument. Substituting the value
of y,(x) from the first condition into the second, we get

Pi(—x) — pi(—x — 2) = 0. 4.9)

This formula asserts that the function y,(x) must be periodic with period 2/
throughout the region in which it is of interest to us.

Regarding (4.8") as a pair of equations in two unknown functions, we see
that the first of them can be regarded as a definition of y,(x). It is evident
that this pair of equations is exactly equivalent to the single equation (4.9),
since if (4.9) is satisfied then so are both of (4.8). Let us formulate the result
achieved.

We have shown that any solution of the equation (4.1) subject to the
conditions (4.8) may be expressed in terms of an arbitrary periodic function
w,(x) with period 2/, defined in the interval —o0 < x < I

u=y,(x —at) —yp,(—x — at). (4.10)

If y,(x) continues to be periodic with period 2/ along the whole straight
line —o0 < x < o0, the function (4.10) will not change for any x in0 = x
< /from what it was before. This is the only interval that interests us in the
present problem. However, (4.10) would in that case also be the solution of
some problem on the vibrations of an infinite string.

Putting 1 = 0 in (4.10), we see that

[uli=o = vi(x) — vi(—x).

[0_“] = —dlyi(x) = pi(=V)].
ot -0

But y,(x) — v,(—x) is, as may easily be seen, an odd function, which, by
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what has been proved, has period 2/. Such a function can easily be con-
structed in full from its values in the interval 0 £ x < /, where we have

pi(x) — pi(—x) = @o(x), 0= x =L
Similarly, starting from the equality
—ayi(x) + api(—x) = ¢i(x) for 0= x =/,

it is easy to construct —afyi(x) — w1(—x)] everywhere as an odd, periodic
function. This is equivalent to continuing the functions @q(x) and ¢,(x)
along the whole straight line as odd, periodic functions.

When the functions ¢4(x) and ¢,(x) have been constructed along the
whole straight line, w,(x) can be found without difficulty in the same way
as we did in the case of the infinite string.

It follows from this that the solution to our problem is expressed by
the same formula (4.7) if in it we take @o(x) and ¢,(x) to be odd, periodic
functions. The formula (4.7) does indeed give the required solution, since
the fact that the initial conditions are odd implies that [u],-o = 0; and an
odd function of period 2/ is obviously odd relative to the points x = k/
(k=0,1,-1,2, =2, ...). Hence [u].=, is also equal to 0.

One important point must be mentioned. Strictly speaking, a function
given by the formula (4.5) will satisfy the equation provided that ,(x) and
w,(x), together with their second-order derivatives, are all continuous func-
tions. The question arises whether the solution we have found satisfies this
condition.

For the condition to be satisfied, we require that @o(x) and ¢,(x)after
theircontinuation along the whole straight line as odd, periodic functions shall
be continuous and have continuous second-order derivatives. As the reader
can verify, this means that we must have

o) = 95(1) = 9o(0) = @5(0) = 0,
(D) = ¢i()) = ¢,(0) = ¢1(0) = 0.

However, it is also possible to contemplate functions which do not satisfy
all these conditions. It then becomes necessary to generalize in an appro-
priate way the class of admissible solutions of equation (4.1). We shall con-
sider this question later.

§ 3. Solution of the Problem for a Non-Homogencous Equation
and for More General Boundary Conditions

We consider next a more general problem. Suppose we require to solve
the equation
d u 1 0

- ——t— = p(x, 1) 4.11)
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subject to the conditions

afuly=o + /3 3— = fl([)
H 0% = 4.12)
s + 6| 241 = 100
_ax__x=l
and
(Wi = Pol), [%] = o). @.13)

A solution is sought in the domain defined by the inequalities

0<x</] and 0 < t.

We may first remark that it is easy to construct a particular solution of
equation (4.11), though not, it is true, one satisfying the conditions (4.12)
and (4.13).

By introducing new variables
f=x—at, n=x+ at (4.14)
we can transform (4.11) into the form

0%u

0&0n

4

= 0, 7). (4.15)

¢ and 7 will vary over the domain defined by the inequalities

n—§&>0 (4.16)
and

0<n+ &<2L 4.17)

this is the half-strip ending in GF and going through E and D, as shown in

Fig. 6. We continue the function Q(£, %) quite arbitrarily beyond the two
straight lines given by

E+n=0
E+n =2,

thus defining it over the whole half-plane given by (4.16). If we find a solution
of (4.15) over the whole half-plane, then clearly it will also satisfy our equa-
tion in the strip defined by the inequalities (4.16), (4.17). We shall try to
find a particular solution v, of equation (4.15). Putting

ov,
on

= z(&, ) (4.18)
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E+ 722

7
£+7=0 =
4 N e
£
F
G $
Va4
F1G. 6
we get from (4.15)
0z 1
_— = — S, ; 4.19
E 4 (&, 7) (4.19)
and a particular solution of (4.19) has the form
1 4
o) = = f 0, 7) de. (420)
4 n
Further, a particular solution of (4.18) will be
n
v, = J z(&, B) dp 4.21)
g

or, combining (4.20) and (4.21), a particular solution of (4.15) will have the
form

1 (" 4 1 9 4
oy = —f U 0(e f) daJ ap = ——f U 0, f) dx] af (422)
4 4 B 4 n B

The integral (4.22) is taken over the domain
E<f<a<n,

which is the triangle ABC in Fig. 6, the point A4 being the point (£, #). In
other words,

by = —H O(a, B) dx df
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and this integral may be divided into the sum of the same integral taken over
the areas ACEG, ADBF, and ADFGE:

1

o= -1 j PCLETE . f J 0 dnap

1
- ZJJADFGEQ(a, p) da dp.

The triangle CEG depends only on the coordinate & of the point 4, and the
triangle DBF only on the coordinate 7 of A. The point A is taken inside the
half-strip. Consequently,

1 1
1 f f 0, ) dzdf = wi(®), -1 f J Oz, f) du df = wa(n).
4 ACEG 4 ADBF
If the function v, satisfies equation (4.15) then the function
1
b= vy = wi(®) = wal) = — J f 0@ B dzdf  (4.23)
4 ADFGE

will also satisfy the same equation. If we transform the variables in the
integral (4.23) back to x and ¢, then, since

D(a, B) _ 1 —a — 2a.
D(x, 1) 1l a
we get
p= -2 J J p(x, 1) dx de (4.24)
2 ADFGE

where ADFGE has the shape shown in Fig. 7.
We shall try to find a solution of our problem in the form of a particular
solution of the non-homogeneous equation and a solution of the homo-

l,

FiG. 7.
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geneous equation which satisfies the boundary conditions. To do this we
introduce instead of « a new function w where

w=u— 0. (4.25)
The function w will then satisfy a homogeneous equation for a vibrating
string and conditions of the same type as (4.12) and (4.13).

In dealing with this problem we can immediately take p(x, t) = 0 and
suppose the conditions (4.12), (4.13) transformed according to (4.25).

{2}

Fi1G. 8.

Our change of variable does not disturb the uniqueness and existence of
the solution. If the problem was correctly formulated initially, then it will
still be so after the change of variable. For, the solution w depends contin-
uously on the initial conditions. The new conditions for w will depend con-
tinuously on v and consequently on p(x, ). As a result, small deviations in
p(x, 1), f1, f» will give small deviations in the solution u.

A solution of the equation

0%u 1 0%u

-~ ——=0 (4.1
0x? a’> 0t )

may again be sought in the previous form
u = yp,(x — at) + yp,(x + at). (4.5)

As in the first problem, the initial conditions (4.13) enable the functions
¥1(x) and p,(x) to be defined in the interval 0 £ x < /. This means that
the function u is defined inside a triangle lying in the strip (see Fig. 8) and
resting on the x-axis (¢ > 0).

EMP 3
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The next question is: Can we satisfy the conditions (4.12) by a suitable
choice of continuations of y,(x) and y,(¢) over the whole domain of interest
to us?

Substituting the expressions (4.5) in (4.12), we get

ap(—at) + Pyi(—at) + aypy(at) + Pyi(at) = f1(9)
(4.26)
ypi(l — at) + oyl — ar) + ypo(I + af) + (I + ar) = £,(2)

We can draw, in the (x, ¢) plane, two series of strips, parallel to the
straight lines given by x — at = 0 and x + at = 0, in which the inequalities

—lk<x—at < —-lk-1), [k]
ml < x + at < (m + 1)] {m}

hold good ; and we shall denote each strip by its corresponding number placed
inside either a square bracket [ ] or a curly bracket { } (see Fig. 8).

From the first of the conditions (4.26), the value of y, in the strip [m]
can be determined if the value of p, in the strip {m — 1} is known; and from
the second of these conditions, the value of , in the strip {k} can be deter-
mined if the value of y, in the strip [k — 1] is known; in each case by solving
an ordinary differential equation with constant coefficients. Thus, denote
—at in the first equation of (4.26) by &; then it becomes

—§

a

wps(@) + Poi(6) = —apx(—8) — Pyi(—&) +f1< ); @.27)

and if we replace / — at by & in the second equation of (4.26), it becomes

- ¢

0i(E) + Opl(E) = — a2 — £) — Spi2 — &) +fz< ) (4.28)

Knowing y, in {0} and solving (4.27) for y,, we obtain the value of p, in
[1]; and then, solving (4.28) for y,, we get the value of 9, in {2}; and so on.
The arbitrary constants arising in the integrations are determined from the
conditions for continuity of y; and w,. In exactly the same way, starting
from the value of . in [0] and solving equation (4.28), we get the value of
v, in {1}; and then, solving (4.27) for ¢, , we find the value of y, in [2]; and
so on, It is clear that in this way all the required conditions can be satisfied.

It is clear that in this process no doubt can arise about the existence and
uniqueness of the solution nor about the correctness of formulation of the
problem. The only thing which is not clear is whether the functions v, and
w, which we have constructed will have continuous second-order derivatives.
We shall leave the reader to establish the necessary and sufficient conditions
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for this to be the case, and we merely remark that, since we have extended
the class of solutions of the equation (4.1), we can drop the requirement
that the functions y,; and v, shall be continuous.

The equation for a vibrating string and equations of hyperbolic type
in two independent variables similar to it are often encountered in various
problems of mathematical physics.



LECTURE 5

RIEMANN’S METHOD

§ 1. The Boundary-Value Problem of the First Kind for Hyperbolic Equations

In constructing a solution for the equation of a vibrating string we made
use of the fundamental property of the characteristic of this equation, allow-
ing us to integrate the equation (4.3) immediately.

This property consists in the fact that, on the characteristic curves
7 = const., the equation (4.3) becomes an ordinary differential cquation in
Ou/On with & as the independent variable. Hence we were able to find the
function u by quadrature. This same property of characteristics—the
existence of equations with fewer variables, which express relations between
the values of the unknown function and its derivatives —forms the basis of
several important methods of integrating partial differential equations of
hyperbolic type.

Consider the equation

0%u

Ox Oy

0 0
+ a(x, y) — + b(x, y) — + c(x,y)u = F(x,); (5.1)
o0x Oy

as we have seen, any linear, hyperbolic equation in two independent vari-
ables can be put into this form.

We first prove this lemma:

Suppose the value of u is given on two intersecting straight lines parallel to
the coordinate axes (i.e., on the characteristics):

[u]xzxo =@()); YoEy=b

[u]y=.vo = @(x); Xo=x=Za

(5.2)

and suppose that ¢,(yo) = ¢.(xo). Then in the rectangle defined by x4 < x
£ a, yo =y £ b, equation (5.1) has a unique solution satisfying the con-
ditions (5.2). (We assume that ¢,(y) and ¢,(y) have continuous, first-order
derivatives.)

Put

ﬂ = v, iu_ = w. (5.3)
ox dy

58
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Then (5.1) can be rewritten in the form

0 0
Z =2 - Rxy) - axy) v~ b, y)w — cx, »u.  (54)
oy Ox

It follows at once that

o(x,y) = v(x,y0) + | [F(x,y) — a(x.y)v — b(x,y)w — c(x, y)u] dy
w(x,y) = w(xo,y) + | [F(x,y) — a(x,y)v — b(x,y)w — (x, puldx; (5.5)

ry
u(x, y) = u(x,yo) + | w(x,y)dy

J Yo

and by virtue of (5.2)

Ou

o) yo) = [E;J — P39

oo = [22]

It follows from (5.4) and (5.5) that

P:1(»)-

o(x,y) = @(x) + | [F(x,y) — a(x, y)v — b(x, y)w — c(x, y)u] dy1

wix,y) = @i(¥) + | [Fx,p) — alx,y)v — b(x, y)w — e(x,y)u] dx } (5.6)

J Xo

(v
u(x,y) = @(x) + 1 wdy.

J Yo

Conversely, any solution of the system (5.6) will obviously satisfy the equa-
tions (5.4) and the second of the equations (5.3). Moreover,

ou Y ow
— =gx)+ | —d
Ox ?72( ) Jyoax y
'y
— Pl + f [F(x, y) — a(x, y)o — bx, y)w — e(x, y)ul du
Yo
that is,
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Consequently, the first of the equations (5.3) is also satisfied. It also follows
from (5.6) that

[u]y=yo = (Pz(x) s

[MF%®~=%uo+j ?1() dy

Yo

y

MF%=%uo+f

= @2(x0) + ©:1(¥) — 91(¥0) = @:1(¥).

Thus, any solution of the system (5.6) is a solution of the problem pro-
posed. It follows from all that has been stated that the system (5.6) is
equivalent to the equation (5.1) with the conditions (5.2).

We shall find a solution of the system (5.6) by the method of successive

approximations. Let

Vo = (Plz(x)> Wo = ‘7)11()’); Uy = @(x)

and write
Up = @a(x) + [ [(F(x,y — a(x,y) vy — b(x,y) w,_,
o — o(x,y) up_] dy
wo = 400 + | [F0p) = aCug) vy — b s | 5D

- C(.\', y) yn—l] dx

y

U, = QDZ(X) +f Wnp—-1 dy

Yo
(n=12".).

We show that the sequences u,, v,, and w, converge. To do this, we
assume that all the functions ¢,(y), ¢,(x), ¢1(3), e2(x), F(x,y), a(x,y),
b(x, y), c¢(x, y) are bounded in the rectangle defined by (5.2). We have

J!
Upt1 — Up = _j [a(x’y) (U” - Un—l) + b(“\sy) (W,, - wn—l)
Yo

+ C(-":)’) (ll,, - “n—l)] dy

Wop1 — Wp = —f [a(x, ) (V2 — va—1) + B(x, ) (W — War) 1 (5.8)

+ o(x,y) (un — u,-)] dx

y
Upyy — Uy =J\ (H‘n - ”!n—l) dy'
Yo
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We shall show that [u, — u,_,|, [v, — v,_,|, |w, — w,_,| satisfy the in-
equalities

m - 1!
o o, -1
Wy — Wai| < K™14 ¥ +y = X — yo) (5.9)
n - 1
_ _ n—1
U, — un—ll é Kn—lA (x + Y Xo }’o)
(n— D!

where
K > |aCx, )| + [b(x, »)| + |e(x, »)|

and the A’s are certain numbers, independent of .

For n = 1 the inequalities (5.9) obviously are true if the constants 4 are
chosen sufficiently large. We show that these inequalities remain true when »
is replaced by n + 1. From (5.8) we have, for example,

lvu+1 — Uy

< qu o]+ e ot g EALZ T o' g,

¥ _ o, -1
<agr| FHY X =yl g

Yo (n — !

— AK" (x +y = x0 — yo) _ (x — xo)"
n! n!

(x +y — xo0 — yo)

< AK"
n!

The other differences in (5.9) may be estimated in the same way.
It follows from (5.9) that the series

@ ™ )
uy + Z (un - un—l): Vo -+ Z (Un - vn—l)s Wo + Z (Wn - Wn—l)
n=1 n=1 n=1

are absolutely and uniformly convergent, since their terms are in absolute
magnitude less than the corresponding terms of the uniformly convergent
series

A+A§Kn_1 (x+y—x0-y0)n_1
n=1 (11— 1)'

which, as is well known, is the function 4 + A4 eX&*+¥—*o=v0),
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Consequently, u,, v,, and w, tend uniformly to definite limits in the rec-
tangle given in (5.2). Passing to the limit in the formulae (5.7), we see that the
limit functions u, v, and w satisfy (5.6), and our problem is solved. We may
note that an exactly similar argument would apply in the case x < x,,
Y <JYo-

It is not difficult to show that our solution is unique. To do this, it is
sufficient to show that in the case when F = 0, ¢(y) = p,(x) = 0, the
system (5.6) has no other bounded solutions than u =0, v =0, w = 0.
Suppose that there is some solution satisfying the conditions |u| < 4,
fv] < 4, |w] < A. Then the functions u, v, w will satisfy the inequalities

(x +y — xo — yo)' ! ~

(n — 1)

_ _ n—1
IUI < K1 4 (x +y — Xo — Yo) (5.9
(n — 1)

(x+y—xo—yo)"*
(n — 1)!

|u| < K" 4

|w| < Kk*-1 4

These inequalities are obtained in the same way as were those in (5.9), i.e.,
by successive approximation.

The uniqueness of the solution immediately follows, since the only func-
tions which can satisfy (5.9") forallnareu = v =w = 0.

§ 2. Adjoint Differential Operators

Consider the linear differential operator L of the second order such that

n n 02 n 0
=Y YA, — +Y B~ + Cu (5.10)
I=1j=1 a.\‘i 6.\‘] i=1 a'\‘i

where 4,;, B;, and C are given functions of x,, x,, ..., x, and have second-
order derivatives. Without loss of generality we may assume A4,; = A4;;; for, if
this is not true initially, we can make it so by letting A4,; stand for half the
sum of the original coefficients of 0?u/0x; 0x; and 0%u/dx; 0x;.

We now introduce the differential operator Mv which is adjoint to Lu:

Mvzilzla—z(ﬂ)——i—a(—lg'ﬂ-ﬂ—Cv. (5.11)

i=1j=1 Ox; Ox; i=1 Ox;
It is easily shown that the relation between L and M is reciprocal: Lv is
adjoint to Mu.

A differential operator which is identical with its adjoint is said to be self-
adjoint.
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Next we show that

viu — uMv = Z i {Z I:UAU aau — a(AUU):I + Btuv} (5.12)
1

i=1 0x; (j= X, ox;

i.e., the expression v Lu — u Mv is the sum of the partial derivatives with
respect to the x; of certain expressions P;,

viu — u My = ﬁi—
i=1 0Xx;
where
. 0
P, =) [vdy; Y o40) + Buw. (5.13)
i=1 0x; ox;

Formula (5.12) follows at once on differentiating:

i%: Z ivAU

I 1j=1 xi

. 0
+ Y 0B — + Cuv}
i=1 axt

_ i i az(AUv) i” O(B,v) 4 Cuv:l

i=1j=1 Ox;0x; i=1 O0x
+i i Ou 0(4,;v)  Ou 0(4,) .
i=1j=1\0x; Ox ox; 0x;
The last sum vanishes, and we have
5 9P L= u Mo (5.14)
i=1 axi

as was to be proved.

Now consider some n-dimensional volume §2,, bounded by a piecewise
smooth surface S. We assume that all the conditions of continuity of the
functions and their derivatives which were discussed when we established
formula (1.2) are fulfilled.

(If n = 2 or 1, the words “volume” and “surface” would be replaced by
“domain’ and “curve” or “interval’” and “ends of the interval™.)

On the basis of a formula similar to (1.2) we shall have

JJ---J(vLu — u Mo)dx, - dx, = ‘JJZP cos (m, x)) dS (5.15)
O s I=1

where cos(n, x,), cos(n, x,), ... are the direction-cosines of the inward
normal to S.
(5.15) is known as Green’s Formula. We give two examples.

EMP 3a
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EXAMPLE 1. Green’s formula for the Laplace operator.

Let
Lu = V2u,
Then
Mv = V%
and
P, = vﬁﬁ—u—a—v—, Py=v—ai—u—a—u-, P. = v-a—u—uﬂ.
O0x Ox oy oy 0z 0z

Green’s formula takes the form

fjf (wV?u — uV?v) dx dyd:z
o
ou v Oou Jdv
= — v— —u—|cos(n, x) + (v — — u—1cos (ny)
s 0x 0x oy oy
(022 _ 2% cos (m 2) | ds = 289N as (5.6
0z 0z s\ On on

where, as usual, dv/0n denotes the derivative of v along the normal and is
equal to the projection of the vector grad v = {0v/0x, dv/dy, Ov/0z} in the
direction of the inward normal. (5.16) is also known as Green’s formula for
the Laplace operator.

ExaMmpLE 2. Consider the equation (5.1).
The adjoint operator Mv and the functions P, and P, for the operator Lu
on the left-hand side of this equation will have the form

2
v da) by ,

My =
0x Oy ox oy
Pl__l. Uﬁl__uﬁ + auv
2 dy ay
Pz—l v%—uﬂ + buv
2 ox Ox

Then Green’s formula gives (with the inward normal)

0
JJ (vLu — uMv) dx dy = —J‘ {[l<v % —u —£> + auuj| cos (n, x)
(e N 2 ay ay
+ 1 v @- —u 9 + buv | cos (n. y)} ds 5.17
2\ 0x ox
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§ 3. Riemann’s Method

An important method for finding various solutions of equation (5.1),
based on Green’s formula (5.17), was given by Riemann.

Consider the solution of Cauchy’s problem for the equation (5.1). Sup-
pose that we are given the values of u and du/dy on the curve y = u(x) and
assume that

p(x) <0 (5.18)

[u]y=u(x) = ‘Po(«\') (519)

[@] = P9 (5.20)
ay y=pu(x)

(the derivative in (5.20) is partial, and is not taken along the curve y = u(x)).
Differentiating (5.19) we have

0 0
[—”} + [—] W(x) = g4(x)
Ox y=p(x) ay y=p(x)

[ﬁ‘-] = P6(x) — P W) (5.21)
y=pu(x)

so that

Ox
We now transform (5.17) into a rather more convenient form. Assuming
that the boundary of the domain is traced out anticlockwise so as to keep
the enclosed area always on the left, we have
dx = cos(n,y)dS, dy = —cos(n, x)dS,

if we take dS to be always positive.

Y

<

F1G6. 9.
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Using these relations, we get from (5.17)

Jj (vLu — u Mv)ydxdy = 1 uﬁ)——v% —buv:ldx
Jo) s 2 ax ax

_J l:i (u @_ — v ?_1{) — auv] dy (5.22)
sl.2 oy Oy

Draw through the point M(x,, y,) two straight lines parallel to the co-
ordinate axes to intersect the curve y = u(x) in the points P and Q (see
Fig. 9). Then, applying (5.22) to the triangle MPQ, we have

Q 0
JJ (v Lu — qu)dxdy:f {[L<u@—— v—u> —buu:|dx
0 P2 Ox O0x
1/ ov au) } f“[l < Ou au)
— | —yu— — v == — qu dy + —(V— —u—1\} 4+ auv dy
2 oy oy o L2 oy Oy ]

+ HE v Ou u Ov + buv |d 5.23
—(v— —u— X. i
P L2 Ox Ox (5.23)

Transforming the last two integrals,

M Ou 80) ] 1 M M dv
—(v=—=—u—) 4+ aw |dy = — [uv] +j <—u——+auv>d
NGt y ol + ] (g aw) o

1 M M ov
= — [uv]g + u{ ——+avd
> [uvle L ( o ) y (5.24)
—(v— —u—) + buv|dx = — [uv]p + ul — — .
J,,[2< dx 8x> ] 2 L ( dx +b“>d*°
(5.25)

These formulae enable our problem to be readily solved.
Let v(x, y, X0, o) be any function satisfying the conditions

Mv =20
y X
[V]i=xo = expf a(xo, p)dy, [v]y=y, = expj b(x, yo) dx.
Yo No
Then
v('\‘05y09 No» J’o) = 15

ov i
|:——-:| = a(xy.y) expf a(xq, y) dy = alx,, y) [U]X=x°
0y dx=xo Yo

ov *
Ii_’} = b(x, y,) expj b(x, yo) dx = b(x, yo) [v],-,. .
0x y=yo ’

X0
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We have already established in § 2 that such a function exists by our sol-
ution of the boundary problem of the first kind. A function v satisfying these
conditions 1s called a Riemann function.

Since we have y = y, on the straight line PM, and x = x, on QM, the
last terms in (5.24) and (5.25) vanish, and we get

M
i uﬁ—n@- + auv dy=l[uv]g
o L2 oy Oy 2

M-
1 D@_u_u_a_v_ + buv dx=l[uv]ff.
P _2 6.\' ax 2

Substituting the expressions (5.26) in (5.23), we now have

(5.26)

Jjwmw¢My=mM—iwm—iwm+¢ (5.27
a 2 2

where @ denotes the first integral on the right-hand side of (5.23) and is ex-
pressible entirely in terms of v and known functions, since on the curve PQ
u, 0u/ox, Ou/dy are all known, by (5.19), (5.20) and (5.21).

Hence (5.27) gives the so-called Riemann formula

u(xo,y0) = % [uvlp + % [uv}e — @ + JJ vF(x,y) dx dy.  (5.28)
a

M(x,, yo) 1s an arbitrary point, and thus (5.28) gives in explicit form the
solution to our problem.

It follows from the very method of deriving Riemann’s formula that the
solution is unique, since we have obtained for the unknown function # an
explicit and single-valued, definite expression, without making any assump-
tions whatever about it except that it exists. To complete the investigation,
it remains only to show that the solution of the Cauchy problem which we
have examined does actually exist.

We note first that it is sufficient to establish the existence of a solution
of the equation (5.1) under the conditions that on the curve y = u(x) the
function u together with its first-order derivatives all vanish. For, we could
introduce instead of u a new unknown function

w=u— @o(x) — [y — p(x)] @:1(x).
The function w would satisfy the equation

02w

Ox Oy

0 ow
wmw§+mw§wwww=mw)um
X y
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where
Fi(x,y) = F(x,y) — ¢i(x) — a(x, ) {@o(x) + [y — p(x)] 91(x) — @' (x)p(x)}
— b(x, ) @1(x) — o(x, ) {go(x) + [y — u(x)] @, (x)},

with the homogeneous conditions

Aw
[H']yzl_‘(x) - l:—l';l = 0.
ay y=pu(x)

The equation (5.29) has exactly the same form as (5.1), but differs from
it in its free member. If we prove the existence of a solution for this new
problem formulated for the function w, then this will imply that a solution
for the original problem exists. In fact,

u=w+ ox) + [y — px)] :(x)

would be the solution of the equation. Now in the case when the functions
@, and ¢, vanish, Riemann’s formula gives

u(xo,yo) = fj vF(x,y) dx dy. (5.30)
')

It is sufficient for us to prove that the function u(x,, yo) defined by (5.30)
satisfies the equation (5.1) and that together with its first-order derivatives
it vanishes when y, = u(xo). We verify the last statement first. When
Yo = u(x,) the domain §, disappears and consequently [u]y,=, (s = O.

Further, on the basis of the rule stated earlier for the differentiation of
integrals in a variable region, we have

0 M 0
uo_ f oF(xo, o) dy +j j 2 (v, y) dx dy
o

Ox X
°ve ° (5.31)

0 M 0
“ - J vF(x,y0) dx + J‘[ b F(x,y) dx dy
a}’0 r o 9y,

|

and in both formulae the integrals on the right-hand sides vanish when
Yo = u(xo).

It remains to show that u(x,, y,) satisfies equation (5.1). We shall verify
this at the end of the next section.

§ 4. Riemann’s Function for the Adjoint Equation

In § 1 we found a solution of a boundary problem of the first kind by a
method ofsuccessive approximations. Riemann’s method enables the solution
to be found in a more convenient form.
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Suppose that, as in § 1, we wish to find a solution u of equation (5.1)
subject to the conditions (5.2). In the plane (x, y) we draw through the point
S(xo, yo) the straight lines SP, SQ, given by x = x4, ¥ = yo; and through
the point M(x,, y,) we draw MP, MQ parallel to the axes. We apply (5.22)
to the rectangle MPSQ, taking as u the as yet unknown solution and as v,
Riemann’s function v(x, y, x;, y,). We then have

jj (vLu — uMv)dx dy = [I vF dx dy
&
M
i v——uﬂ + buv | dx
2 ox

”M|:1< Ou 80) ]
+ —(v— —u—1| + aw | dy
Je L2 dy dy

JS

Transforming, as before, the integrals along the intervals PM and QM
and noting that on the intervals SQ and SP the integrands consist of known

functions, we get

'U vF(x,y)dx dy = [u]y — i [uv],
IS 2

QT 1 ov 1
— — [ vpy, — — + bv dx — — [ww
J‘s |:2 < P2 Ox ‘Pz) ‘PZ:I > [uv]p
| , 0
_J [_ (U‘P1 _ov (P1> + av(pl] dy. (5.32)
sl 2 O0x

It is convenient to eliminate the derivatives of the function v by integrating
by parts both integrals on the right-hand side of (5.32). Then, rearranging the
terms, we have

Wl = L ol + - [uolg — - [uo]? — - [uol? + j “ o + by dx
2 2 2 2 s

P
, f o, + apy) dy + f f oF(x, y) dx dy.
S O
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Thus o b
[y = [uv]s +J v(¢y + bep,)dx +J (] + apy) dy + JJ vF(x,y)dx dy
s 19

S

(5.33)

Formula (5.33) leads to an important result. Suppose the function uis the
Riemann function for the adjoint equation Mv = 0, i.e., u is a function
which satisfies the equation Lu = 0 and the conditions

[uly=5, = exp {_JX b(x,y0) dx} ,

Xo

[u]x=xo= €xXp {—J‘y a(xo'y) dy} .

Yo

Then all the terms on the right-hand side of (5.33) vanish, and we get, using
the equality [u]s = 1,

[u]M = [U]S or u(qu’l: xOryO) = U(xo: Yo, xl:yl)'

This relation is known as the theorem on the symmetry of Riemann’s
function. It may be expressed in words thus:

If in a Riemann function the variables xo, y, are regarded as the current
coordinates, and x;, y; as the coordinates of the vertex, then the function be-
comes the Riemann function of the adjoint equation.

CoROLLARY. The Riemann function v(x, y, Xo, ¥o) defined above satisfies
the equation

0%v ov Jv .
—— + a(xo, yo) + b(x0, ¥o) + e(xo, yo)v = 0. (5.34)
Oxo 9y 0xo 9o

Using this result, we can easily verify that the function u(x,, y,) defined
by (5.30) does actually satisfy the equation (5.1) and hence that it is a solution
of the Cauchy problem. On differentiating the first of the formulae (5.31)
with respect to y,, we get

M

0%u v M o0
- - = [v](xo,yo) F('\.Or .Vo) + J P F("’o:)’) dy + [ F(x' J’o) d.\‘
0x, aJ’o Q 0o Jp O0Xg

0%v
+ ———— HF(x, y) dx dy.
Qo 0xo Oyo
Hence
0%u Ou Ou

+ a(xo, yo) P + b(x0, yo)

+ c(x,, u(Xxo, =
dxo Yo Xo a}’o (X0, ¥o) (X0, Yo)
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M oo
= F(xo,Yo) + + alxo, yo)v | F(xo, y) dy
Q aJ’o

M
+ J‘ I:-—dv— + b(x0: yo)v] F(x, yo) dx

pLCGXo
0%v ov ov
|| =2 + o, o) 2% + Blxo, yo)
.[4[0[ 9x0 Oyo oo 0x, e Yo

+ c(x0, Yo) U] Kx,y)dxdy.
From the last formula we get immediately

Lu = F
which is what we had to prove.

>

§ 5. Some Qualitative Consequences of Riemann’s Formula

From Riemann’s formula may be derived certain results of general inter-
est, which we shall examine a little more closely.

Let us investigate the behaviour of a solution to Cauchy’s problem for
equation (5.1) in relation to a change in the initial conditions. It is easy to
see that the value of this solution at a certain point (x,, y,) Will not depend
at all on the Cauchy data outside the curvilinear triangle MPQ, formed by
the two characteristics through this point and the curve carrying the initial
data. If we were to change the initial data outside this triangle, the solution
would change only outside this triangle. Thus any characteristic will se-
parate the region where the solution remains unchanged from the region
where it does change. We reach this conclusion: to a given solution which is
fixed inside the triangle MPQ we may attach along the characteristic, in
general, various solutions which may be regarded as its continuation.

Thus the characteristics are curves along which the domain of existence
of a solution may be cut if we wish to replace one solution by another in
certain parts of this domain and still obtain a valid solution over the whole
domain. This important property of characteristics is closely linked with the
fact that Cauchy’s problem is, in general, insoluble for arbitrary initial data
specified on the characteristics. For any other curve we could, knowing the
solution on one side of the curve, find the values of the solution and its
derivatives on this curve and solve the Cauchy problem on the other side of
the curve. Thus across any non-characteristic curve there is a single-valued
continuation of the solution.



LECTURE 6

MULTIPLE INTEGRALS:
LEBESGUE INTEGRATION

IN COURSES on elementary mathematical analysis it is mainly continuous
functions of one or more independent variables that are dealt with. In
problems in mathematical physics, however, continuous functions are not
enough, and discontinuous and unbounded functions play an essential part.
One of the most important concepts is that of an integral, and the application
of this concept to discontinuous and unbounded functions is needed in
mathematical physics. We shall therefore dwell particularly on the theory of
integration of discontinuous and unbounded functions. We shall construct
the theory of the Lebesgue integral for such functions, following in the main
the ideas of the Russian mathematical school, and we shall prove for this
integral all the fundamental theorems that are usually given in courses on
mathematical analysis for integrals of continuous functions.

It should not be supposed that our purpose is merely to achieve the
greatest generality possible in the theory of integration of discontinuous
functions. The generalization of the concept of an integral gives to the theory
of integration an intrinsic completeness, and, thanks to this, enables a whole
series of important theorems to be obtained which have no place in the
theory of ordinary integrals of continuous functions.

We shall later make use of the following three important results:

1. The criterion for the admissibility of passing to the limit under the integral
sign.

2. The Lebesgue-Fubini theorem on the possibility of changing the order of
integration in a multiple integral.

3. The criterion for the convergence in the mean of a sequence of functions.

We shall consider the integration of discontinuous and unbounded func-
tions, making use mainly of what we may call the idea of exclusion of
singularities.

If a function f of many variables x,, x,, ..., X, which is given in some do-
main § is discontinuous in this domain, but becomes continuous in the
domain §}’ which remains after a certain partial domain o, which may be as

72
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small as we please, has been excluded, then the natural way of finding the
integral of this function is to consider first its integral in §}’ and then to pass
to the limit as §)’ tends to §),. This method is always used in the elementary
theory of improper integrals.

We shall explain the theory of Lebesgue integrals using a generalized
form of this procedure. The concept of a function continuous on a closed
set will be of fundamental importance to us. The properties of closed sets,
i.e., of sets which contain their limit points, will be dealt with later. We
merely mention at the moment that functions which are continuous on a
closed set of points have a number of important properties; in particular, the
intcgral of such a function can be constructed.

As well as closed sets we shall also consider open sets, i.e., sets which do
not contain any of their boundary points. We shall first define the concept
of an integral for functions which are continuous on an open set. Using this
concept we shall further develop the theory of integration of continuous
functions on closed sets and then investigate the behaviour of an integral when
the region of integration vartes.

In the general case the Lebesgue integral of a discontinuous function is
constructed as follows. From the domain §,, in which the function fis given,
a set o is excluded so as to leave a closed set §)’ on which the function is
continuous. The integral of fon the closed set §’ is then calculated. Passing
to the limit as §)’ tends to §}, we obtain the integral of fon §,.

In the theory of integration built up in this way we shall naturally try
to preserve a number of fundamental properties of the ordinary integral,
such as, for example, the possibility of termwise integration of the sum of
a number of functions. This at the very outset imposes a limitation on the
set of functions suitable for our consideration: we are led to the concept of
summable functions. And it is with these summable functions that the further
investigation is concerned; for them all the most important properties of
ordinary integrals remain valid. We shall in this lecture touch on some of the
questions in the theory of summable functions.

§ 1. Closed and Open Sets of Points

Before we enter into the exposition of the theory of the Lebesgue inte-
gral, we must go into certain properties of point sets in n-dimensional
space.

We consider an n-dimensional space with coordinates x;, x5, ..., X,. By
an open set of points in this space we mean a set of points M such that every
point of the set is an internal point, i.e., there can be drawn, with its centre at
this point, a sphere which belongs wholly to the set M.

An open set may be connected, i.e., it consists of a single piece; butit may
also be unconnected, being formed of a finite or infinite number of separate
pieces. An open connected set is usually called a domain.
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ExAMPLE 1. The set of all internal points of a certain rectangular parallel-
epiped defined by the inequalities

o<x;<a (=12..,n

is an open set. (The sign < must not be replaced by the sign <. The parallel-
epiped together with its boundaries does not form an open set.)

ExaMpLE 2. The set of all internal points of a certain sphere defined by the
inequality

n
Y x? < R?
i=1

1S an open set.
If we exclude the origin from this set and consider points defined by

n
0<y x? < R?,
i=1

we again obtain an open set.

By the sum or union of several sets we mean the set of all points which
belong to at least one of the sets. We shall denote the sum of the sets E; and
E,by E, + E,.

The sum of a finite or infinite number of open sets is itself an open set.

For, each point of such a sum is an internal point of at least one of the
open sets and consequently it will be an internal point for the sum.

Besides open sets, closed sets will play an important part, i.e., sets which
contain all their boundary points.

We give some examples of closed sets.

EXAMPLE 3. The set of all points of the sphere

is a closed set. (The sign < must not be replaced by <.)

ExAMPLE 4. The set of all points of a certain parallelepiped 0 < x; < g
(=1,2, ..., n)is a closed set.

ExAMPLE 5. The set consisting of a single point x; = a; (i = 1,2, ..., 1)
is a closed set. For, this point has no boundary points at all.

The sum of a finite number of closed sets is a closed set.

(For an infinite number of sets this assertion is no longer true.) The proof
presents no great difficulty, and we leave it to the reader.

Let us agree to call a set which contains no point at all an empty (null)
set. This convention serves to simplify the statement of a number of later
theorems. The empty set will be regarded as being simultaneously both open
and closed.
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Let Ey, Ez, ..., Ey, ... be certain sets; the number of them may be either
finite or infinite. By their intersection we mean the set E of all points each
of which belongs to all these sets. We shall denote the intersection E of the
sets Ey, Es, ..., Ex by

E = ElEZ e Ek or E = 1—[ Ek~
k

The intersection F of afinite or infinite number of closed sets F,, F,, ..., Fy, ...
is a closed set. (In particular, it may be the empty set.) For, a boundary
point of the set Fis also a boundary point of each of the sets Fy, F,, ..., Fy...
and consequently it belongs to all of them and therefore must be contained
in their intersection F.

If all points of a certain set E; belong to the set E,, then we shall say
that E, is contained in E, or isincluded in E,. We shall express this property
symbolically by

E,2FE or E g FE,.

A bounded infinite set in n-dimensional space always has at least one limit
point.

The truth of this assertion is established in the same way as for a single
independent variable. Let the coordinates of the point P® (i = 1,2, ...)
belonging to the set E be (x{?, x{, ..., x). Consider the set of numbers
{x{P} which are the first coordinates of the points P‘”. This set, being infinite
and bounded, has at least one limit point (in particular, if any one of the
numbers, say x{%, is repeated infinitely often in our sequence, then it may
be taken as such a limit point).

We select from the sequence P® a sequence P{” such that for it the se-
quence x{ has a limit. Repeating the argument, we select from the sequence
P a sequence P for which the sequences of each of the first two coordin-
ates have limits; then we construct a sequence P, and so on. After n steps
we reach a sequence P, in which all the coordinates converge, and which
consequently has a limit point, as was to be shown.

THEOREM 1. If a sequence of bounded closed sets is a contracting sequence,
e, if

Fi2F22F2"

and If none of the sets F, is empty (null), then their intersection also is not null.
For, consider a sequence of points P,, P,, ..., Py, ... with P, € F;. The
set of points of this sequence, being bounded, must have at least one limit
point. This point, being a limit point for each F,, belongs to all the F; and
consequently enters into their intersection. This intersection therefore cannot
be null. Hence the theorem.
It may usefully be remarked that:
The intersection of a finite number of open sets S, = S §ba ... Ly isan open
seft.
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For,any point of £, is an interior point of each of the sets § 1, §ba, -+, Sbx,
and in each of them it is the centre of some internal sphere. The smallest of
these spheres will be an internal sphere in §,.

Let E, and E, be two sets. Remove from E; all points belonging to
their intersection E, E,. Then we shall call the remaining set E the difference
of E, and E,, and write E = E; — E,. By means of this operation of form-
ing the difference of sets, we can construct further examples of open and
closed sets.

If §4 is an open set, and F a closed set, then

Slo = SL - F
is an open set.

For, if there were a point belonging to §2,, which was not surrounded by
a sphere internal to )¢, then in any neighbourhood of this point there would
be points excluded from § and therefore belonging to F. Being thus a limit
point for the set F, the point must itself belong to F, and consequently can-
not belong to 1, = § — F. This contradiction proves our assertion.

Further, Fo = F — §, is a closed set.

For, a point P which is a limit point for the set F, and a point of F would
be excluded from F on the subtraction of §, only if it belonged to §,. But
points of §, cannot be limit points for F because they, together with certain
neighbourhoods round them, belong to §; and since these neighbourhoods
belong to § they cannot contain points from F,. This means that no point
P which is a limit point for Fj is excluded from F on subtracting §,. Conse-
quently F, contains all its limit points and is therefore a closed set.

The closure E of any set E, i.e., the set obtained by the adjunction to E
of all its limit points, is a closed set.
For, let P, be a limit point for some sequence of points P,, P,, ..., P, of

E. We shall show that P, is a limit point not only for E, but also for E,

and consequently enters into £. It will follow from this that the set £ con-
tains all its limit points and is therefore closed. Inside every sphere o, des-
cribed about P, with radius 1/2* there is at least one point Q, belonging to E.
The sequence Q, obviously again converges to P,, and consequently P, is a
limit point of the set E, as was to be proved.

The boundary C of an open set §),, i.e., the set of limit points of this open
set which are not internal points, is a closed set.

For, by definition of the set C we have C = §, — §), where § isthe
closure of the set §2,. Hence by the previous propositions the set C is closed.

By using the operations which have just been discussed on sets of closed
and open sets of simple structure we can obtain closed sets of quite complex
structure, as the following two examples show.

ExAMPLE6. The set F, of all points of the closed interval [0, 1], whose co-
ordinates can be expressed in the decimal system without using the digit 5,
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is a closed set. It is to be allowed here to write a number as a recurring
decimal; e.g., 0-5 = 0-4999... Hence, if the decimal fraction expressing the
coordinate of any point is finite and contains only a single figure 5in the
last decimal place, then that point belongs to the set F.

The easiest way to show that this set is closed is to note that it can be ex-
pressed as the difference

where [0, 1] is a closed set, and §1 4 is an open set consisting of all points be-
longing to the open intervals §},; which are given by inequalities of the form

05<x<06: 015 < x <016: 025 < x < 0:26:
tQJ* = Z Sz.;i.

In fact, any point whose coordinate cannot be written without using the
digit 5 belongs to one of the intervals §2,;. Allthe §,; are open sets and there-
fore §4 is also open, and this implies that F, is closed.

A set of points E such that in any open set §},, there is an open subset §),,
which does not contain a single point of E is said to be nowhere dense.

The set F, considered in Example 6 is an example of a closed, nowhere
dense set.

ExaMPLE 7. Consider in some open set a continuous function f. The sets
E(f > a) and E(f < a), where a is any number, are open sets.

We prove this, e.g., for E(f > a). For, if at some point P the value of the
continuous function f is greater than @, then the inequality f > a will also
hold in some sufficiently small sphere round P. Hence the set E(f > a) con-
sists only of interior points and so is an open set.

ExaMPLES8. Now let f be a function which is continuous in the closure Q

of an open set §: §L = § + C, where C is the boundary of the set §,. The
sets E(f = a) and E(f =< a) for any a are closed sets.

We give the proof for E(f = a).

If for some sequence of points Py, P, ..., Py, ..., tending to P,, the
inequality f(P,) = a holds, then lim f(P,) = a. But since f is continuous,

k— o0

lim f(P,) = f(P,). Hence the point P, belongs to the set E(f = a), and
k-

this implies that the set E(f = a) is closed.

In courses on mathematical analysis, functions are considered which are
given, as a rule, in open or closed domains. We shall have to consider later
on functions which are given on sets of a more general character.

A function which is given on some set E is said to be continuous at the
point Py (belonging to E) if, given any positive number ¢, a neighbourhood
(however small) can be found round the point P, such that for any point P
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(of the set E) belonging to this neighbourhood the following inequality holds
good:

| APo) — fIP)] < .

In particular, it follows from the definition that at isolated points of E any
function is continuous.

Functions which are continuous at all points of a certain set are said to be
continuous on this set.

Let

S = 84y + a2+ 0+ S F+

be the sum of a finite or infinite number of open sets. If a function f, given on
§1, 1s continuous on each set §),, then it is continuous on §, also.

For, any point of § together with a certain neighbourhood round it be-
longs to one or other of the §}, and in it is a point of continuity of f.

We shall consider in more detail functions which are given and continu-
ous on closed sets, and first of all we shall prove two important theorems.

THEOREM 2. (Weierstrass) A function f which is continuous on a bounded,
closed set F is bounded on this set and attains on it its upper and lower
bounds.

We prove first that the function fis bounded on the set F. For,if it is not,
we can obtain a sequence of points belonging to F at which the values of f
increase without bound. This sequence will have at least one limit point
belonging to the set F because the latter is bounded and closed. Denote this
limit point by P,. Then any neighbourhood of P, must contain points at
which the values of the function f become as large in absolute value as we
please. But this contradicts the continuity of f at the point Py, since by de-
finition of continuity, for points P sufficiently close to P, and belonging to F
it must be true that

| AAPo) — fAP)| < &

for any positive ¢. This proves that fis bounded on F.

The set of values taken by fon F, being bounded, has an upper bound M
and a lower bound m. We now show that the function f attains the values
M and m at some points of the set F. By the definition of an upper bound,
for any positive ¢ there must be a point P, of F such that M — f(P,) < .
Putting e = 1/n, we obtain a sequence of points P, such that f(P,) — M as
n — 00. Since the set F is closed and bounded, this sequence must have at
least one limit point P, in F. Since fis continuous, the equality f(Py) = M
must hold at the point P,, as was to be shown.

In exactly the same way it may be shown that f attains its lower bound
at some point of F.

THEOREM 3. (Weierstrass) A function f which is continuous on a bounded,
closed set F is uniformly continuous on it i.e., given any positive number ¢, q
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number 6 = 0(c) can be found such that, for any two points P and Q of the set F,

|AP) - Q)] < e

provided only that the distance between P and Q is less than 0.

If, as is usual, we call the difference between the greatest and least valucs
of the function on a certain closed set the oscillation of the function on this
set, then this theorem of Weierstrass can be restated thus:

For any ¢ > 0 there is a number 0(€) such that the oscillation of the function
[ does not exceed ¢ on the intersection of F with any sphere of radius 0(¢).

We give an indirect proof. Suppose, if possible, that fis not uniformly
continuous on F. Then a positive number &, can be chosen such that, for
any 0 > 0, two points P;and Q5 can be found such that the distance between
them is less than 6 but the absolute value of the difference between the values
of the function at these points is greater than &,. Putting 0 = 1/n, and choosing
from the sequence P, a sequence P,, converging to some point P, (the cor-
responding sequence of points Q, will obviously also converge to this point),
we reach the conclusion that in some neighbourhood of P, the oscillation of
fis not less than ¢4, contrary to the hypothesis that f is continuous on F.
Hence the theorem.

We mention one application of these theorems. Let F be a closed set and
P, some fixed point. The distance r(P, P,) from the variable point P of the
closed set F to the point P, is a continuous function of the point P for a
given point P,. By the first theorem of Weierstrass, this function attains its
lower bound. Put §(P,) = min r(P, Py). The number (P,) is called the

P

distance of the point P, to the closed set F. If P, does not belong to F, then
this distance is different from zero.

§ 2. Integrals of Continuous Functions on Open Sets

As already mentioned, in constructing the general concept of anintegral
we shall broaden bit by bit the class of sets on which an integral is defined.
We begin with integration in open sets.

Suppose a function f(x,, X5, ..., X,) 1s given, and is continuous and non-
negative, on a certain open set. (It may, of course, be unbounded and not
uniformly continuous, as, for example, the function

1 !
N i T

in the region 0 < r < 1 obtained by removing the origin from the open
sphere 0 < r < 1.)
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We divide all space into cubic cells Fy,,y,, ..., x, Of side & defined by the
inequalities
klhé,\',é(kl"’l‘ l)h (1= 1, 2,...,")

where the k; are integers. We shall call such a division a net.

We now form from a finite number of cubes of the net some set @, lying
wholly within §,. We shall call such a set an internal net set. We shall then
decrease A, by dividing each cube of the net into a whole number of smaller
cubes, and again form an internal net set. We shall say that such a system of
internal net sets is exhaustive for the domain §), if two conditions are satisfied :

(a) the sequence @, expands, i.e.,

D, @ 0

N
in

’12 g oo hk T

(b) every point of the domain §, falls strictly inside all the sets @, starting
from a certain k.

We remark that for any open set there is at least one exhaustive system
of internal net sets. For, in forming the internal net set we can include in it
all the cubes of the net, which, together with their boundaries, lie within §,.
The system of internal net sets obtained in this way will be exhaustive. In
fact, any point P, of the domain §) can be enclosed by a small sphere o
belonging to §},. Consequently, for a sufficiently small net, when the greatest
diagonal of the cube with side 4 becomes less than half the radius of the
sphere o, one of the cubes together with the point P, and all the cubes bor-
dering on this one will enter into @,, as was to be shown.

Put

Jk:J‘ "'J‘ﬂxl,,\fz,...,x")dxl de"'dxru
Dy

where the @, form an exhaustive system of net sets. Since the function fis
non-negative, the magnitude of J, does not decrease with increasing k. If the
sequence J, remains bounded as k — oo, then obviously J, will tend to a
certain limit. In this event we shall say that the function f'is integrable in the
domain §, and we shall call the limit of the sequence J, the integral of the
Sunction f(x, X3, ..., X,) in the domain §),:

J ‘-'ff(xl, e, Ay dxg ..o dx, = lim J ---Jj(xl,...,x,,)dxl...dx,,.
£ k=0 J o,

As we shall show, this limit does not depend on the method of choosing
the exhaustive system nor on how the coordinate axes are situated in the

space.
We shall write the 1ntegra1f ff(xl, X3y ey Xp) dx  dx, ...dx,inthe

shorter formsf fdvor ’ fd»c1 dx, ...dx,.
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If the sequence of expanding sets is not exhaustive, then

lim fdv = j fdo.
¢llk (Q

Remark 1. A function f which is non-negative, bounded, and continuous,
in a bounded, open set §, is integrable in this set. For, the integrals over an
exhaustive system of net sets are bounded in their set, and hence they con-
verge to a definite limit.

LemMMA 1. Consider an expanding system of open sets

S R P = R = P = T
and let
LQ)=LQ)1+|Q:2+“'+|Q)]<+”'

Then any closed, bounded set F lying entirely within §3, will fall inside all ..,
starting from a certain k.

For, suppose this assertion is false. Then for any k& we could find a point
P, belonging to F but not to ). The set of points P, has at least one limit
point P, which obviously will belong to F. It is easy to see that Py does not
belong to any one of the §),, for in any neighbourhood round it there are
points P, with k as large as we please. This, however, is impossible, since the
set F belongs to the sum §,, and consequently each of its points must belong
to one of the terms forming the sum §,. This contradiction proves the lemma.

We now prove that an integral on an open set does not depend either on the
direction of the coordinate axes in space or on the method of setting up the
exhaustive system of net sets.

Consider an open set §,, consisting of all interior points of the sets @,, .
The sum of these open setsis an open set §,, and thisimpliesthatany bounded,
closed set F lying inside §) will be contained in all the net sets @,, starting
from some k. Let @, and ¥, be two exhaustive systems of net sets, not ne-
cessarily given in the same system of coordinates. By Lemma 1, for a suitable
choice of k, = k,(k,) and k3 = ks(k,) and for any k,, we shall have

b <c¥W <o

hiy, ~— hgy = th'

Consequently

fdv £ fdv £ fdv

¢hkl q"‘kz ¢'Ik3

from which it is clear that the limits for the systems @, and ¥, are equal.
Hence the independence of the integral from the choice of the exhaustive
system of net sets and from the direction of the axes is proved.

Any non-negative function which is integrable on an open set §, is inte-
grable on any open subset §2,;. For, integrals on an exhaustive system of net
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sets for §); will be majorized by the integrals on the corresponding net sets
constructed for §),. Hence they form a bounded, and therefore convergent,
sequence.

Remark 2. 1If §}, = §,, and the function fis non-negative, then

fdv < | fdo.

&2 forX|

For, the exhaustive sets for §1,, can be taken so that they enter into the ex-
haustive sets for §2,;.

Remark 3. 1If f; and f, are any two non-negative functions which are contin-
uous and integrable in §,, then their sum f; + f, is integrable in §,, and

J (f1 +/2) dv =J Sidv + | fado.
& & 19

The proof of this assertion presents no difficulty. It follows at once on passing
to the limit from the obvious equality

'[ (f1 "‘fz)dl’=J~ Sadv +J‘ f>dv.

Remark 4. If fis non-negative, continuous and integrable in £, and if a is a
non-negative constant, then af has the same properties as f, and

j af dv = aj fdv.

Again the proof presents no difficulty.

THEOREM 4. Let ), and §}, be two open sets, which may intersect each
other, and let f be a continuous, non-negative function in the set §,, + §, and
be integrable on this set. Then

fdv + | fdu =f fdv + [ fde. (6.1)

% 012

1tz ¢ ooe2

Construct in §; and §, exhaustive net sets @ ¥’ and © . Clearly,

J fdv+J fdv:j fdv—+—J‘ fdv. (6.2)
@y (1) @), (2) DD+ Pp(2) @, (1) @, (2

It is readily seen that the sets @ + @* form an exhaustive system for the
set §4; + $v,, for any point of this set sooner or later falls into some set
DM or @2 ; and PP forms an exhaustive system for §,  § 5, since sooner
or later any point of this set falls in both the net sets @{*’ and @{¥. Hence,
passing to the limit in (6.2) we get (6.1).



§2 INTEGRALS ON OPEN SETS 83

CoRrOLLARY. The integral of a non-negative function taken over the sum
of a finite number of open sets does not exceed the sum of the integrals taken
over each of these sets:

ffdvéJ‘ fdv+f fdv+---+Jv fdo.
& s 82 §k

Hence it follows that if all the integrals on the opensets §,, exist, thenso
does the integral on §.
THEOREM 5. Given an expanding sequence of open sets

1€ 8,€--€ 8 s-eey

let )4 denote their sum 41 + Sba + =+ + L + -
Let f be any non-negative, continuous, and integrable function in §,o. Then

fdv = lim| fdo.

§o = J ok
Proof. Clearly,
fdv = fdv
flo Ok
hence
f fdvglimf fdv. *)
Sio k2o J O

Construct a system of exhaustive net sets @, for the open set §),o. By Lemmall
any such net set will be wholly included in a certain §2,,. We shall therefore
have

ffdvg fdv = lim| fdv
Dn §in k= &k

and passing to the limit as 4 —» 0, we get

f fdvglimf fdv.
’ §lo k2o J O

Comparing this inequality with (*), we see that

fdv =1Im | fdv
§lo k= J o
as was to be proved.
COROLLARY. Given a sequence (not necessarily expanding) of open sets
1y 2y ooey Soi -.. and f a non-negative continuous function, if the sums

N

Y| fdv (N=1,2..)

k=1 (Qk
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are bounded in the aggregate, then the integral exists over the sum §, of the
sets Sk, and

fdv = lim J fdv
Eat o

Co k= oo 1t Ok
glim[ fdv + fdv+-~-+J fdv:|.
e §h 82 953

Remark 5. Let ), be an open set and @), be a net set contained in it, and let f
be a non-negative function continuous and integrable in §3,. Then

J fdv+J fdu=jfdv.
8~ Phy Py &

To prove this, we include @,, strictly within a net set @,, so that

J fdv <‘[ fdv + e.
Dhe (Dho

The sets @,,, + ¥, where ¥}, is an exhaustive system of interior net sets for
§t — Dy, will be exhaustive for §, and consequently

dev = limj fdv £ lim U fdv +J .f'dv]
& h=0 J &y + ¥, h=o0 D v

gj fdv+j fdv + e,
Dy, §=Phy,
from which our assertion follows.

THEOREM 6. Suppose that a contracting sequence of open sets is given:

0,280,228 =2..

and suppose that their intersection §, ¢ = $L18ba ... Sty ... isalso an open set
(in particular, it may be empty).
Let f be a continnous, non-negative function, integrable on §i.,. Then

J fdz;:lim[~ fdv

° k= o0 fol}

(if o is the empty set, then this limit is zero).
Proof. In each set §),, we introduce a corresponding interior net set @ such

that
€
dv — dv —
J o=l s

h
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We set up the opensets Sz = §, — ¥+ Thenitis not difficult to see that
the open set §}; coincides with the sum Qo + 41 + *** + Sk + .... By the
corollary to Theorem 5

fdv 2| fdo+| fdo+ - +| fdo+ -
01 Qo a1 e

But by virtue of the choice of @**1> and Remark 5,

do=| fdo-— fdv < dv — ©
L},ﬁf Jgk L,‘,“*” Jignf f9k+; 26+

and this implies

J‘fdvgj fdv+<j fdv—j fdv+—>
& §lo &1
+<f fdv—-J fdv + >+
§2 3

23
fdv+lim< f'dv—J fdv>

Qo L ol

I\J[m

whence

lim fdvgj fdu+§.

k= (Qk ¢Q0

And the theorem now follows from the obvious fact that

lim fdv = fdo.

k=0 J Gk o

In this section only non-negative functions have been considered. In § 4
we shall show that the integration of functions which change sign reduces to
the integration of non-negative functions. This will be proved for an integral
understood in a more general sense, namely for the Lebesgue integral, par-
ticular cases of which are the integrals of continuous functions on open sets
(§ 2) and on closed sets (§ 3).

§ 3. Integrals of Continuous Functions on Bounded Closed Sets

We now pass on to the definition of the concept of an integral of a contin-
uous function on a bounded closed set. It is natural to define it in this way.
Let the function f be defined on some bounded closed set Fand be continuous
on it. We enclose F in some open set. Suppose we have succeeded in contin-
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uing fin a continuous manner on to the open set §, and that fis found to be
integrable on this set. We further form the open set §§ — F. We then de-

fine [ fdv by writing
ffdv=ffdv—J fdo.
F 9, G —F

But in this definition much still remains to be explained. It is not clear,
firstly, whether the function fcan always be continued in a continuous man-
ner and whether an integrable function will result from doing this; and sec-
ondly, it is not known whether such a definition of an integral will lead to
an unambiguous result.

In order to establish the validity of our definition we now prove certain
auxiliary propositions.

Let f be any non-negative function, continuous and integrable in an open
set §%;. Suppose further that §), is contained in §},, and that Fis a closed set
included in §),. Then we shall have

O+ —F)= &, W, — F)= 8§ — F.
Hence, by Theorem 4,

[fdv+ fdv=j fdv + fdv

S—F §—F
le.,
ffdv— fdv—f fdv — fdo.
§1—F

Let f be non-negative, continuous and integrable on the open sets §),; and
Lo, and let F E §,;8,. We put §§ = §,;5,. Then from what has been
shown,

dev— fdv— fdv — fdv = fdv—j [fdv.
& §a—F 82 §2—F

We have obtained the important result that: the difference

does not depend on the choice of the open set §..
LeMMA 2. If a continuous function f vanishes at points of a certain bounded
closed set F lying within an open set §),, then

dev=f fdv.
& &-F
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Suppose first that the set §, is bounded.
From Remark 2 (p. 82),

J fdvéffdv. (**)
Q-F o

We consider an open set §,. of those points at which f < e, where ¢ is a
small positive number. Since §), and consequently all §2,, are also bounded,
we see that

limJ‘ fdv =0,

£50 QE

By the corollary to Theorem 4,

J fdv £ f dv + fdv
8%
which implies

fdu >J fdv.

Comparing this with (**), we obtain the asserted result.
In the general case, we may take § as the sum of expanding, bounded,
open sets §3,. Passing to the limit as k£ — co in the equality

fdv =J fdo,
19" Si—F

we get the result asserted in the lemma.
If two functions f; and f, are equal at all points of the closed set, F, then

J\fldv— fldU_szdU— /> dv.
&

—F
For, from Lemma 2 we get immediately the equivalent equality

J (fi = f2)dv =J (f1 — f2) dv.
& Q-F

The result just proved implies that in the definition given at the beginning
of this section of the integral of a function f, continuous on a closed set F,
taken over this set, the value of the integral does not depend on the way in
which the function is continued outside F. We still have to demonstrate the
possibility of such a continuation.

LEMMA 3. Consider an open set §, and its boundary C. Let F be a closed
set lying in the set §, + C. Let some continuous, non-negative function f be
given on F. Then a continuous, non-negative function ¢ can be constructed in

EMP 4
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U + C whichwill be equal to f at the points of F: and the upper and lower bounds
of ¢ will be equal respectively to the upper and lower bounds of f.

As was shown on p. 79, any point P of the domain §, which does not
belong to Fis situated at a finite positive distance d(P) from the set F. We
construct a sphere of radius R with its centre at a given point P and consider
the maximum value of the function f'in this sphere. Let

max f = My(R).
r<R
If there are no points of Finside this sphere, we shall take M (R) to be zero.

Mp(R)increases monotonically and consequently is an integrable function
(in the usual sense of the word) of the variable Rf.

As the function ¢ we may take, for example,

1 24(P)
P)y= — Mp(R) dR.
@(P) 5P) | serr #(R)

At points of the set F we put ¢(P) = f(P).
We prove that the function ¢(P) so defined is continuous. For, at a

point P, at a distance § > 0 from some point P, of the set F, the value of this

function will be between
min fAP) and max f(P),

r<3s rs3

where we have taken a sphere of radius 3§ with centre at the point P, of the
set F and consequently f(P,) tends to f(P,) as  — 0 since fis continuous.

Next, for two points P, and P, which do not belong to F and which are
at a distance 4 from one another, we have

Mp(R) £ Mp(R + &) and d&(P,) < 6(P,) + h,
Mp (R) £ Mp(R + h) and 6(P,) £ &(P,) + h.
We shall take

h < min {6(1)1) , O(PZ)}.
3 3
Then
P — gy = —— [ My (R)d L[y (R) dR
W) — @ls,) = R)dR — P,
qr 6(Pl) J‘J(Pl) " 6(P2) J\ﬁ(Pz)
1 28(Py)
< Mp (R) dR
6(P1) 3(P,y)
1 26(P )~ 2h
- —j Mp(R — h) dR
0(Py) + h 3(P)+h

T See, for example. V.I.Smirnov, Course of Higher Mathematics, Vol. 1, p. 2994,
Pergamon Press, 1964.
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§3

1 26(Py)-3h
- M, (R) dR
6(P1) fé(Pl) "
1

26(Py)
+ - MPI(R) dR
6(})1) J‘Zé(Pl)—3h

1 26(Py)—3h
— &—j M, (R) dR
0Py + h sy

206(Py)—3h

h
o(P)6(P;) + H] ja(m

M, (R) dR

26(Py)
M, (R) dR
o(P,) jzo(f’,)—sh 1

jA 26(P;)

< - j M, (R) dR
[6(P)] o(Py)

1 J~26(P1) 4hM

M, (R)dR < ,
o(P,) 5(Py)—3h a(P,)

A

where
M = max f 2 MuR).

For a sufficiently small / this quantity can be as small as we please, and this
implies that, for any given ¢ > 0, we can make ¢(P;) — ¢(P,) < & by
taking h sufficiently small. But the points P, and P, are on an equal footing,
and so the inequality ¢(P,) — ¢(P,) < ¢ also holds. Hence it follows that
@(P) is continuous, and the lemma is proved.

We may remark that the case when the function fchanges sign may readily
be reduced to the foregoing one, by considering in place of f the function
f + ¢, where c is a sufficiently Jarge positive constant.

The concept of an integral on a closed set has now been firmly established,
and we have at the same time shown that any non-negative function f which is
continuous on a bounded closed set F is integrable on this set. For, by Theorem 2
this function is bounded on F, and so an immediate application of Lemma 3
shows that f'is integrable.

For closed sets such as a parallelepiped or a net set, our definition of the
integral obviously agrees exactly with the usual definition of a Riemann
integral of a continuous function.

THEOREM 7. If F; and F, are bounded closed sets and f is a non-negative
Sunction, continuous on both sets, then

dev+[fdv= fdv+J. fdv.

F1+F2 FIFZ
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This theorem is readily reduced to Theorem 4 if we enclose F, + F, in
a domain §),and put §, — F, = §;and  — F, = §,. Then, noting that

R1+&2=R—F1Fz, 'QJIS?JZ=_(F1+F2)5

we get
dev= fdv — fdo; dev=J‘fdv—J\ fdv;
Fy J5o J D1 F, 82 82
fad Iad
J fao = rav—{  rav; 63)
Fi+Fy J 5 J 182
f fdv=| fdv — fdv.
F,F, ) J Q1+ 8

And the theorem follows from (6.1) and (6.3).
THEOREM 8. Let F, 2 F, =2 --- 2 F, 2 ... be a contracting sequence of
bounded closed sets, and let F, denote their intersection:

Fy = FyFy o Fy .
Let f be some non-negative function continuous on F,. Then

J fdv=1hm| fdv.
Fo

k— o0 Fy

This theorem follows from Theorem 5 in the preceding section, if we
continue f on an open set §}, containing F; and put &, = & — F,. Then
putting also §lo = Ly + Sb2 + -+ + Sk + - we have §§ — o = F,

f fdo =f fdv—| fdv =12 ..).
Fi 8 &

lk

Applying Theorem 5 and passing to the limit, we get the stated result.
THEOREM 9. If the intersection of a contracting sequence of open sets

28,2282
is a closed set F:

F = -Q.vluQJz nQ_yk ceey

and if f is a non-negative, continuous function, integrable on Q,,, then

k— o0 Sk

ffdv = lim | fdv.
F
For, let

S?JI

k='QJk_Fa
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jfdv:J fdv—f fdv.
F Qo Qk

Passing to the limit on both sides of this equality, and noting that

then

limj fdv =0

k= o0 (Qli

by Theorem 6, since the intersection §; is null,

we get
ffdv = limj fdv,
F k= J Ok
as was to be shown.

We may remark that any closed set F can always be taken to be the inter-
section of a “‘nest” of open sets §3,,. For we may take as §, the set of points
whose distance to the closed set Fis less than ¢, , where ¢, — 0 as k — oo. It
is clear that the intersection of such sets §2,, will contain only points whose
distance to Fis zero, and so it will coincide with the closed set F.

THEOREM 10. Let F, € F, < --- € F, € ... be an expanding sequence of
closed sets such that their sum E is bounded and is either a closed set or an
open set. Let f be a non-negative function, continuous on all the F, and on E,
and integrable on E. Then

J.fdvzlim fdv.
E

K=o Fi

(The supplementary condition that f be integrable on E is not needed if E is a
closed set.)

If Eis an open set, say E = §, then this theorem reduces to Theorem 9,
if we consider the open sets §},, = §y — Fy; and it reduces to Theorem 6, if
the set E is closed and = F say.

We now examine the particular case when f = 1. We shall call the inte-

grals
J dv and Jdv
&2 F

respectively the Lebesgue measure of the open set §, and of the closed set F,
and we shall denote them by m§), and mF respectively.

All the theorems already proved, when applied to the case f = 1, at once
give similar theorems about the measure of open or closed sets. Measure
appears on the scene as a natural generalization of “‘volume”. We shall come
back to the properties of measure later.

Of particular importance for its applications is the following theorem.
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THEOREM 11. (Mean-value theorem)

Let E be an open set or a bounded closed set on which a function f is con-
tinuous. When E is an open set, we further suppose that E has a finite measure
and that f is integrable on E. Suppose that, everywhere on E,

M, = fs M,

where M,, M, are constants. Then

MmE éffdv < M,mE.
E

The proof follows immediately from the fact that

J(f—Ml)dng, f(Mz—f)dugo.

§ 4. Summable Functions

We now pass on to a consideration of the general theory of the Lebesgue
integral.

Let f be an arbitrary non-negative function given in a bounded open set
$ . We consider all the closed sets F < §, on which f is continuous, and
determine the upper bound of the integrals of ftaken over the sets F:

supffdv.
F JrF

We shall call this upper bound, if it exists and is finite, the inner integral on
the set §), of the function f, and we shall denote it by

(in)f fdo.
9]

The concept of the inner integral is of particular importance in cases where
the function fis measurable.
A function f given on some bounded open set §), is said to be measurable on
the set §), if there are closed sets Fs, witl neasure as close as we please to the
measure of §},, on which the function f is continuous, such that

m§y — mFy < 4,

where 0 is any positive number.
If a non-negative measurable function f has an inner integral in the
open set §1,, then it is said to be integrable, or surnmable, in the Lebesgue sense
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on the domain §),, and its inner integral is called simply its integral or its
Lebesgue integral. In this case we shall use the ordinary integral sign.
Remark. If a function f is measurable on a bounded open set §\,, then it is
measurable also on any open set S}’ which is wholly contained in §,.

To prove this it is sufficient to take as the set F/ the intersection of the
set F, with an inner net set @, belonging to an exhaustive system for §’.

COROLLARY. If a function fis summable on a bounded open set §,, then
it is summable also on any open subset §’ of §,.

Remark. 1t is easily proved that the sum and the product of two measurable
functions are measurable.

As we shall show later, the Lebesgue integral has a number of extremely
important properties, which remarkably simplify its use. The following
example shows that, for a non-measurable function, the inner integral, even
if it exists, does not have some of the most important properties of an ord-
inary integral.

Consider a function f which is positive in an open set §, and has aninner
integral on §),, but which is not measurable (it can be shown that there are
such functions).

Since f'is not measurable, closed sets on which fis continuous will have
a measure substantially less than mQ,, i.e., supmF = a < mS§},.

F

It is obvious that the closed sets in which fand f + 1 are continuous will
be identical. For any one of them we shall have

J(f+ l)dv—dev:mF

(see Remark 3, p. 82).

Hence

f(f+ 1)dv=dev+mF§supJ fdv + a
and ’ ’ "

(in)f (f+ Ddv £ (in)j fdv + a.
& £

Consequently,

(in)f (f+ Ddv # (in)J fdv + (in)f 1 dv,
. 8§ 9! &
since

(in)J 1 dv = m§l > a.
&

The last inequality shows that, in general, the additive property does not
hold for inner integrals of non-measurable functions.
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LEMMA 4. Let f be a measurable, non-negative function in the bounded open
set §),, and let F, be some system of closed sets on which f is continuous such
that

ms§y — mF, < e.

lim | fdv
=0 FE
exists and is finite, then the function f is summable, and this limit is equal to

If even one of these assertions were false, we should have

If the limit

limJ‘ fdv < supjfdv,
F, F JF

=0

since, by definition, either

supj fdv = o or supffdv=J fdv.
F F F F 19

We should therefore be able to find a closed set F,, such that, for any ¢ > 0,

dev—[fdvg77>0,
Fo J F

€

with f continuous on Fy, and 7 independent of e.
Put F/ = FyF,. Then using the previous inequality we have

dev—ff'dugoy> 0.
Fo F,

The function fis bounded on F,. Let f < M. Then

j fdv —f fdv = {J (f — M)dv —J (f- M)du} + M(mF, — mF)).

But the expression inside the curly brackets is clearly non-positive, and so

?
mFy — mF, > —7—

M
But by Theorem 7,

mFy — mF, = m(F, + F.) — mF, < ¢,

and we get 7/M < &. Hence our hypothesis is wrong, and the lemma is
proved.
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COROLLARY. Suppose that in the bounded open set §, an expanding system
of closed sets is given:
Fiecheggkhe- -,

and mF, > m§, — 0,, where 6, > 0 as k — 0.

Let f be a non-negative measurable function which is continuous on all the
F,. If the integrals [, fdv are all bounded by the same number A, then the
Sfunction f is summable in §), and its integral is given by

fdv =lim | fdo.

[9) k— Fr

This corollary follows at once from the lemma, if we note that the non-
decreasing sequence of values of [, fdv has a limit.

THEOREM 12. Let f be a summable and non-negative function in the bounded
open set §), . Then, given any € > 0, there is a 5(¢) such that, for an open set §),;
with Q5 € § and mQ,, < 8, the inequality [, fdv < & holds.

For, suppose the theorem false. Then a number ¢, > 0 and open scts
s can be found with measure as small as we like, m§,; < 0, for which

f fdv = &. (6.4)
Qs

Using the open sets §,, we can construct a contracting sequence of open
sets §, for which m§,, < 9, 0, —» Oask — oo andtheinequality (6.4) holds.
To do this it is sufficient, for example, to choose from the §},;some sequence

of sets §Lssuch that m§,; < 1/2°t! and to put &, = > §s. By the corollary
s=k

to Theorem 5, m§,, < 1/2% so that we can take J, = 1/2*. Let F, be an ex-
panding system of exhaustive scts for fin §, with m(§), — Fgx) < 0,f. Then
the closed set Ff = F, — §),, has the property that

mFf =z m§, — 20,.
This follows from the fact that , — F&f < (§, — Fy) + §L, and so
"1(5-2; - F,:k) §_ m(ﬂ) - Fk) + mS?.»k é 26;(.

From the corollary to Lemma 4,

1imj fdv =f fdv.
k— F¥ bo!

T We shall call the system of closed sets Fy lying in §, exhaustive for fin §, if thefunction
fis continuous on each F4and if for all § > 0 an Fs can be found such that m(§y, — Fpg)
< 3. The nomenclature “‘exhaustive (integral)”’ is justified by Theorem 12.

EMP 4a
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Hence, for sufficiently large k,

€o
do — —.
fFide g ,Qf ’ 3

On the other hand, we can find inside the set §, a closed set F¥* on

2
which fis continuous and for which fF**fdv > ;0 .

Now the F{ have no points in common with the F*, so that the func-
tion fis continuous on the closed set Fy + Fi * and therefore

f fdu>deu+f32.

FE+F}* &

But this is impossible, since [ fdv = sup [r fdv. The contradiction proves
the theorem. F

The property which we have just proved and which is of fundamental
importance is known as the absolute continuity of the Lebesgue integral. Tt
characterizes completely the dependence of the Lebesgue integral on the
set on which the integration takes place. We shall make use of this property
on more than one occasion in the sequel.

We shall now concern ourselves with a more detailed explanation of the
relation between the Lebesgue integral and the function which is being
integrated.

LEMMA 5. If a function f, is measurable and non-negative, and if a function
f1 is summable, and if

VER-V

then the function f, is also summable, and

J‘ £y do gJ‘ fido.

& &

For consider an expanding system of closed sets F¢"’ on which the func-
tion f is continuous and which have measure satisfying mF = m§, — ¢;
and consider also a similar system F* for the function f>.

Then, from Theorem 7, the measure of the sets F* = FVF? will tend
towards m§},:

mF® > mQ, — 2¢.
We have

fHdvs| fido éJ fi do.

= (3) (3)
Fe Fe

The sequence J F(s)fl dv does notdecrease, is bounded, and consequently has
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a limit. So by Lemma 4 the function f, is summable. And, passing to the
limit, we see that the integrals of f; and f, do satisfy the stated inequality.

THEOREM 13. If f, and f, are non-negative and summable in S}, then their
sum fy + f, is also summable and

f (f1+f2)dU=Jf1dU +Jf2dv. (*)
£ 9] &

We construct sets F{, F® F® in the same way as in the previous lemma.
The functions f; and £, will obviously be continuous on F* and, moreover,

(fi + f2)dv = fidv + f> do. (6.5)

FO F) F)
€ 3 £

The right-hand side of(6.5) has the limit f¢, f; dv + [, f> dv. Hence the limit
of the left-hand side exists, and so, applying Lemma 4, we see that (f; + f5)
is integrable and the formula (*) is valid.

So far we have considered only the integrals of, firstly, non-negative
functions which are continuous on open sets and on closed sets, and second-
ly, non-negative functions which are measurable on bounded open sets.
We now pass on to the integration of functions of variable sign.

Let f'be a function which can take both positive and negative sign. We put

fr=207+1 r=%1if]1-1.

We call /™ and f~ respectively the positive and negative parts of the function f.
The function f+ coincides with f at those points where fis positive or zero,
and it vanishes at those points where f is negative. On the other hand, f~
vanishes at those points where f is positive and is equal to —f at those
points where fis negative or zero. Clearly, f = f+ — f~.

If a function fis continuous on a closed set F, then both the functions f+
and f~ will also be continuous on this set.

For, if f is positive at a point P belonging to F, then f will be positive
at all points of the set F which are sufficiently close to P. Moreover, the
function f* will coincide with f'at these points and so will also be continuous.
The continuity of f~ at those points where f'is negative is shown in exactly
the same way. At points where f = 0 both functions f* and f~ will also be
continuous, since, for example, the values of f* as the points P, tend to P
on F will either coincide with the values of f at these same points or will
vanish, but in either case will tend to a limiting value equal to zero. Hence
follows
Remark. If the function f is measurable on an open set §), then both the func-
tions T and f~ will also be measurable on ), .
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We define the integral of f on an open or closed set E by the formula

jfdv=ff+dv—Jf‘dv.

A function fis said to be summable if f* and f~ are summable.

From this definition follows:

THEOREM 14. If a function f is summable in a bounded open set §},, then,
for any system of closed sets Fy on which f is continuous and which are such
that mFy > m§, — 6,6 — 0,

ffdv=lim fdo.
62

6-0 [ p,

To prove this, it is sufficient to notice that

ffdu=f f+dv—ff'du.
Fs Fs Fs

and pass to the limit.

We now have another lemma.

LEMMA 6. If a function f, measurable in an open set §),, is represented in two
different ways as the difference between two non-negative functions

f=fHi—f, and f=f3—fq,

jfldv—szdU=ff3dv—Jf4dv.
& & 8 9%

For, the result to be proved is equivalent to

ffldv +Jf4dv=J‘ fodv +ff3dv,
9 k9] k9 &

and this immediately follows from Theorem 13 if we note that f; + f,

= f, + f3. Hence the lemma.
It follows from this lemma, incidentally, that, however we represent the
function f as the difference of two non-negative functions, we shall always

have

then

ffldv— f2d0=Jf+dv—jf'dv.
o 52 &2 8
If a function is suinmable, then the integral of its absolute value exists, and

conversely .
For, if the integral of | f| = f* 4 f~ exists, then by Lemma 5 each of f+

and f~ is summable. Conversely, if f* and f~ are summable, then from
Theorem 13, | f| is summable.
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Remark. If ¢ is an arbitrary constant,and if fis a function summable onthe

open set §, then
f cfdv = cj fdv.
& &

This is almost obvious; the proof follows at once by using the similar
property for functions of constant sign.

Animportant general property of the Lebesgue integral follows from the
previous remark.

If fi, f2s - -5 Ji are summable functions, and a,, a,, ..., a, are arbitrary
constants, then

J @fi+tafo+ - +taf)do= a1f fdv'*‘azJ~ Sfdv + - + akj Sdv.
19 8 & &

This is proved by induction.

We notice one more important property of the Lebesgue integral.

THEOREM 15. Let f be a summable function, and p a measurable and bounded
Sfunction so that |@| < M. Then the product fp will be summable, and

ffqodv = Mf |f|dv.
8§ &
For, | fp| £ M |f|. The function M | f] is summable; therefore so is | f|
and
J‘ftpdv §f If(p]dv < MJ !fldv.
& & §2

§ 5. The Indefinite Integral of a Function of One Variable. Examples

If f(x) is a summable function in the interval 0 < x < 1, then it will
obviously be summable also in the interval 0 < x < y, where y < 1. The
integral

) = j fx) dx

is called an indefinite integral.

By the very definition of measure, an isolated point has zero measure.
Hence the integral over the open interval 0 < x < yis equal to the integral
taken over any one of the following half-open intervals or the closed interval:
0=x<y,0<x=y 0= x <y This justifies the use of the notation

Jyf (x) dx
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and also allows us to write

ff(x) dx + fcf(x) dx = f Cf(x) dx

for any summable function f(x).

We next prove:

THEOREM 16. The derivative of an indefinite integral is équal to the function
under the integral sign at all points where this function is continuous.

For,

Fy+h—Fy _ 1 '“*j/.(x) dr.
h h .

Let m, and M, be the lower and upper bounds of the function f(x) in the
intervaly £ x £y + hifh > 0,orintheinterval y + h < x S yif h <O.
Then

ny, é F(x ha h}: — F(y) é Mh

and consequently
i FO+ 1) = F)

h—0 h

= f(»),

as was to be shown.
A measurable function may not be summable.
Let us look at a few examples.
ExampLE 8. The function

_1 el
= R where R = */’\_I + '\.g + e .\‘5

ismeasurablc inthe sphere given by R < 1. For, if we exclude from this sphere
the interior of a small concentric inner sphere R < ¢, f will be continuous

in the remaining part.
This function will be summable provided @ > 0. To prove this, we notice

that
dx, ... dx k-1
j J — Z Y-
——<R51

_ dx, ... dx,
Wm - __IQN—H_—.
1 1 -
1|+1§R§ Im

where

[
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We change the variables iny,, by x; = /2" (i = 1, ..., n). Then

- 1 dé&, ... d¢, _ 1 v
n Jma ] ] n—a oma o>
o 2 &
Z2es1 i=1
where
0= &
igl :
Hence we have
k—1 <) a
DRy Yo = Wo ifa >0,

m=0 m=0 2ma 2a - 1

as was to be shown.
ExaMpLE 9. The function

1

I.n a

f= where  r=(x, — y)? + - +(X0 = y0)?,

is measurable in the 2#n-dimensional domain 0 < x; <1, 0 < y; < 1,
(i =1, ..., n). It will be summable if a > 1.

For, if the set r < eis excluded from this cube, then f will be continuous
on the remaining part. The volume of the excluded domain, as may easily
be seen, is a small quantity of the order £". That fis summable if a > | may
be established as in Example 8.

ExaMpLE 10. A function fin the cube vy, —1 < x; < 1 (i =1, ...,n),
which is equal to unity at all points whose coordinates are rational numbers
and to zero at all other points, is summable.

All rational points (i.e., points with rational coordinates) can be enumer-
ated, i.e., put into a 1-1 correspondence with the natural numbers. For,
suppose the coordinates of any positive rational point are expressed by the
fractions

P P2 P

> LIRR AR

ql ‘]z qn

We write these 2n integers one after the other: p;, P2, -.o, Pus G15 925 oo Ga-
Each rational point will correspond to many such combinations of integers,
since the coordinates of one and the same rational point can be represented
by many different fractions, if these have not been reduced to their lowest
jerms. On the other hand, to each combination of 2# integers corresponds
tust one well-defined rational point. All such combinations can be enumer-
ated one after the other using the sequence of even natural numbers. To do
this, we write first the combination of integers whose sum is equal to zero,
then those whose sumis equal to 1, then to 2, and so on (there will obviously
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be a finite number of each of these). In this way all the positive rational points
will be enumerated, though to each point will correspond infinitely many
different natural numbers. If we wish to make the correspondence 1-1, then
when numbering the points in sequence we must reject points to which a
number has already been assigned. As regards the negative rational points,
we can include these in our enumeration by using the sequence of odd
natural numbers.

Each of the rational points P, P,, ..., P, ... can be included within a
certain sphere §),, with centre at the given point and such that

1

ok+t

mély <

The sum QY = §; + -+ + Sy + --- will be an open set with measure
< 1/2* and therefore as small as we please.

We exclude from the cube v, those points whose distance from the boun-
dary is less than 1/¢; and we denote the remaining closed set by v, . The closed
set F, = v; — ¥ will have a measure as close as we please to that of v,.
On it f will be continuous and equal to zero. Consequently,

j ---‘[fdv = ().
—1<x;<1

We often have to consider functions which are given in an unbounded
domain .

We consider a system of spheres R < N, and let §, 5 be the part of the
open set §) lying within the sphere R < N. We shall say that say a non-
negative function fis measurable in §, if it is measurable in any §, y,and that
it is summable in §, if the integrals [,y f dv are bounded in the aggregate.

Then by definition
ffdv = Iimf fdv.
£ Now J oy

Integrals of functions of variable sign were defined on p. 98. For such
integrals all the usual properties are valid: we enumerate

1. r‘(fl+f2)du=Jvf1dv+J‘fzdv,
8 O &

f‘
2. afdv = af fdv,

RS 9]

IIA

.
3. f dv
v &

max]cpI.J‘ |f|dv,
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and moreover the existence of the right-hand members of these relations
implies the existence of the left-hand members. The proof of these pro-
perties is obtained in an obvious way from a passage to the limit.

ExAMPLE 11. Let
1 n
= > R = x2,
b NP

in the domain R > 1. The function fis clearly measurable in §. It will be
summable in §, ifa > 0,

For,
dx, ... dx, <
= ‘( m
J J\ Rn+a mL;O P
where
dx; ... dx,
'(l)m = ere _—HH___.
2m<R<2m+1 R
Put
=275 (i=1,...,n) andp = “ £2,
P
then

b o ] J Jd&l...df,, L,
m — cT = 0>
9ma 1<g<2 p" e oma

2ﬂ
0 2 — 1

or

y)Oa

as was to be shown.
It follows, incidentally, from Examples 8 and 11 that the integrals

dx1 ... dx, and dx, ... dx,
Rn a 1 Rn+a
R>—6—
tend to zero as d —» 0.

§ 6. Measurable Sets. Egorov’s Theorem

With a view to the further study of the properties of summable functions,
we now introduce the concept of a measurable set. Let §, be a bounded open
set, and let E be any point set included in it. We construct the characteristic
Sunction £¢(P) for the set E, i.e., a function which is equal to unity at the
points of E and to zero at points not belonging to E.

If the function £5(P) is measurable (and consequently also summable,
because of the boundedness of £x(P) and ), then the set E is said to be
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measurable, and the integral

j £,(P) dv
§2

1s called the measure of E and is denoted by mE.

It 1s not difficult to verify that, in the cases when E is an open set or a
closed set, the new definition of measure agrees with the one given earlier
(see p. 91), since mFE is constructed in exactly the same way as previously in
these cases.

If the set F is measurable, then so is § — E. For, if the function & z(P)
is measurable, the function 1 — §g(P) = &,_g(P) will also be measurable,
and in this case

m(§L — E) =j [1 — &x(P)]dv = mSy, — mE,
&2

For any two measurable sets £, and E,, the following relation holds:
Ep,(P) + &g, (P) = &g+ p,(P) + 5,5 (P) (6.6)

Further, &g, , = &g, &5, Evidently, &5, £,(P) is measurable and consequently
&k, +1, 1s measurable. Hence we see that the sum and intersection of two mea-
surable sets are always measurable.

THEOREM 17. The necessary and sufficient condition for a set E lying in an
open set §, to be measurable is that there should be a sequence of closed sets F,
included in E and a sequence of open sets §i, containing E, such that

m($y — F) >0 ask - oo.

Proof. Suppose that the function £(P) is measurable. Then closed sets F,
can be found with measure as close as we please to m§2, and on which & /(P)
is continuous. Each such set F, may be decomposed into two subsets having
no common points:

1 2
F, = FV + F&,

where F{V = F.E, F{*’ = F, — E. On F!" the function &(P) is equal to 1
and on F{? it is zero.

Each of the sets, as may easily be seen, will be closed. For, a limit point
for a sequence of points P, from F{!’ is a point of the set F, and consequently
belongs either to the set F{" or to F{*’. But it cannot belong to F{*’ because
the function £ z(P) would then be discontinuous at this point on F, and this
contradicts the choice of Fy. In exactly the same way it can be shown that
F# is closed.

According to the premises we have

mF, = mF" + mF® > m§, — 8,, where §, — 0.
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Hence
mF"” + mQ — m(, — FP) > mL — oy,
or
m(§ — FP) — mF" < §,.

The sets F{" and (§ — F{?’) are, then, the sets whose existence was asserted
in the theorem.

Conversely, suppose there are sets F, and §,, having the propertiesindi-
cated in the theorem. We can always replace the sets §,, by sets §u,* such
thatthe sets §, — §L5* will be closed. To do thiswe join to theset £, aset T
consisting of those points of the set whose distance from the boundary C
of the set §, is less than 1/k. Obviously, m {7, — 0 as k — oo, and therefore
if we put UF* = Q. + 5%, the difference mQF* — mF, will as before be as
small as we please for sufficiently large k. The set §, — $u5* will be closed
since it is the difference between the closed set §, — §1/k and the open set
«Q»k + 'Qaf/k-

We can easily satisfy ourselves that the function £¢(P) is continuous on
F.andon § — LF*.Consequentlyitiscontinuousontheset Fy, + (§, — SL5™),
since a function which is continuous on two closed sets is continuous on the
sum of these sets. We evaluate the measure of this set, @, say. Clearly,

b, = F + (8 — NE*) =88 — (QF* — F).
Further,
m&, = ml®, + QUF* — F] S mP, + m(QUE* — Fp).

Consequently, m®, = m§, — 9,, where 6, > 0 as k - 0.

Thus, £(P) is continuous on the closed sets @, with measure as close as
we please to the measure of §, and eonsequently it is measurable, as we had
to show.

It is not difficult to show that if a set E is measurable, then

mE = sup mF = inf m§,
FEE ES(
where the F are closed sets contained in E, and the § are open sets contain-
ing E.
Let F be a measurable set, and f be a function summable in §,.. Then we
define the integral of f on the set £ by the equation

J Fdo = | ) fiP)av.
E &

It is easy to see that this definition does not depend on the choice of the
open set §, which contains the set E. If the set E were included in any other
open set, the value of the integral would remain unchanged.
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This definition is equivalent to the former ones when E = Fis a closed
set on which f'is continuous, and when E = §, is an open set on which fis
continuous.

For,let F{*> and F{* be two closed sets having no points in common, on
which &¢(P) is continuous and takes the values 1 and O respectively, with

(1)

mFY + mF® > m§, — 6, 6 - 0.

The existence of such sets was shown in the proof of Theorem 17.
If E = Fis a closed set and fis continuous on F, then we may take as
the set F{ the set F itself. Then, by Theorem 14,

-0

j Ex(P) f(P)dv = limj §e(P) fIP) dv = dev.
9. F{D4 P F

If E = §},is an open interval and P; is a system of exhaustive sets for f
in 0, then the set F;* may be replaced by @;, for

[0 — (@5 + F2)] = [ — (F5° + F§)] + (g — @y)
and this implies
m — (D + FEN £ mlL — (FV + FP)] + m(§Ly — D,) < 20.

Thus, @, + F{» will be an exhaustive system for the function &g(P) f(P).
Hence

£.(P) f(P) dv = lim f P fP) do = lim | £.(P) f(P) do

é—0 -0
9} 3 ®5

= limJ~ fP)dv =J fdv,
80 ) o, Qo
as was to be shown.

From formula (6.6) we have

J‘fdv+dev=J‘ fdv+[ fdv.
E; E; E{+E, E(E,

In particular, if f = 1, we get
nTEl + mE2 = m(E1 4 Ez) + m(ElEz).

If for a certain set E there are open sets §},, containing £ and such that
inf m§,, = 0, then (by the remark following Theorem 17) mE = 0. Con-
versely, any set of zero measure can be included in an open set with measure as
small as we please.
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THEOREM 18. If a function f is different from zero only on a set E of zero
measure, then the integral of this function on an open set §), containing E is zero.

For, let F, be an exhaustive system of closed sets for f, and 2, be a
system of open sets, with measure tending to zero, which contain E. The
measure of the closedsets @, = F, — §, willtend towards the measure of §,
since §, — D, = (L — F) + SLi; hence m(, — @) S m(y, — F) + m§y,
— 0. Thus the system of closed sets @, will be exhaustive. The assertion of the
theorem follows from the fact that for this system all the integrals

I fdv
1'4%
are Zero.

COROLLARY. If two summable functions f; and f, differ from each other
only on a set of points of measure zero, then

ffldv=ff2dv.
§? §?

gf 15 — ] dv = 0.
&

For,

Jfldv—ffzdv
& Q

We shall say that a certain assertion holds good almost everywhere if it
holds good for all points except perhaps those of some set E of measure zero.
As we have just shown, if two functions coincide almost everywhere, then
their integrals are equal, and the integral of the modulus of their difference
1s zero. We shall say that such functions are equivalent.

We now consider another question of importance for the sequel. Let E
be some measurable, bounded set, and let F be an expanding system of
closed sets belonging to the set E:

j (fi —fi)dv
8§

FPe FBY g Y ¢ . ¢ K

N

We shall say that a system F'® consisting of the sets

2
FPc Y c FP g ¢ F®

fn

is interior in relation to FV if for any set F® \we can find a set FSY such
that F® < FV.

Let us agree to express this relation by F & g or p) 3 F® (The
relation F' > F@® does not exclude F ™ < p@yy

FO'> F®and F@ » F® implies FD 5 po)y

LemMA 7. Suppose that a sequence of expangding systems of closed sets
on a set E is given:

FO s F@ 5 O 5 S ACNG
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such that
lim (mE — mF™) =0, S=1.9 ..

>
k—wo ’

Then a system F” exists which is interior in relation to all the F'> and which
is such that
lim (mE — mF) = 0.

ko

Proof. In each system F'® we choose a set FS = F®&* gych that

mF® = mE — —1—
2S

Let
F AL A
IS(U) (k) G+D* F("l)* -

It is clear that

()
A g F ¢ ...

N

The sets F{® are closed sets.

It is not difficult to see that the system F‘ is interior in relation to any
one of the systems F®. This follows from the fact that F{ < F'" for
any S = k.

It remains to show that lim mF{® = mE. We have
k=

mE — mF* < m(E — F" + m(E — F**P%) 1+ ...

] 1

’ 1
(k+m)*
-|-m(E—F )+'”<F+21\'T+'“=7k——1’

from which our assertion follows and the lemma is proved.

A consequence of this important lemma is:

THEOREM 19. Suppose a sequeuce of functions fy, fo, ..., fx, ... which are
continuous on a closed set F is given. If the sequence converges everywhere
on F, it will converge uniformly on every set of a certain system of closed

sets Fy which are such that lim mFs = mF.
5-0
Proof. We consider closed sets F,(¢) having the property that on them

]f;nl - .f;nz| é £

for any m,; > kand m, > k.
Whatever ¢ may be, any point of F will belong to at least one Fy(€)-
Hence
F=F()+ - + F(e) + ---.
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Moreover,
Fi(e) € Fle) € - < File) < -

Applying Theorem 10, we shall have lim m¥F(¢) = mF.

k- oo
Consider the sequence of systems F‘S consisting of F,(1/25), F,(1/25),--- .
Obviously F' » F® » .-
Applying Lemma 7, we see that a system F“ exists which is interior in
relation to all the F'®. On any set F{® the sequence f,f2, ... converges
uniformly. For, F{ lies inside a certain F;%’ for any (S) and so we get

lfml - fmz

|
< ; for m, > ng, m, > ng.

Hence the theorem.

From this theorem follows immediately the essential fact in the theory
of measurable functions:
Egorov’s Theorem. If a sequence of functions fy, f5, ..., fx. ..., which are
measurable on a bounded open set §),, converges almost everywhere, then the
limit function is measurable.
Proof. We select closed sets F, on which f; is continuous so that we have

0

m‘Q, - "’IFk § F.

On the set Fy = F,F, ... F ... all the functions f,, f,, ... are continuous.
We evaluate the measure of F,. We have

mF, = lim mF,F, ... [},

k=
0
mFl - mF1F2 = m(Fl + Fz) '—1an é 17’151 - ,an ég
0
mF1F2 - mF1F2F3 = m(FlFZ + F3) — mF3 é mLQ.. - mF3 é E;.
and so on. Hence
0 0 )
mF,F, ... F, =2 mF; — — = m§§, — (m§§ — mF,) — — 2 m§l — —
4 4 2
and consequently
0
mFy, 2 m§l — 5

Since the sequence f;, f2, -.-,fx, -.. converges almost everywhere, it fol-
lows that there are closed sets F; such that mF; = m§, — 6/2 and on which
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the sequence converges. Then Fy = F,F; has the property
mFy = m§l, — 6.

By Theorem 19 the sequence f;, f5, ..., fx, ... converges uniformly on the
set

F] ¢ F¥, sothat mFy — mF] < 0.

Hence mF; = m§, — 26, and consequently the function f, = lim f; is con-

= K— o
tinuous on the set F; with measure as close as we please to m&, i.e., it is
measurable, as we had to prove.
Using Theorem 19, we can prove the following important lemma.

LeMMA 8. If a non-decreasing sequence of functions f1, 5, ..., fx, ... which
are summable in the bounded domain §), has the property that
J‘ Jedo= A4
&
i.e., if the integrals of its members are bounded, then the sequence f,, f5, ...,
S« ... converges almost everywhere and has as its limit a summable function
lim f = fo
k-0
and moreover

limj fr do =J fo dv.
BRUNS) 9

The lemma will be proved if we establish the existence of closed sets F;*
such that all the f; are continuous on them, the sequence f, converges uni-
formly, and also m(§}, — F§) < d, where ¢ is any positive number.

For, in this case the limit function f, will be continuous on all the sets F;*
and the inequality

fodv < 4
F3
will hold.

By Lemma 4, f, will be a function measurable and summable on §,. The
closed sets F; form an exhaustive system for f,, and therefore

‘[fodv=1imj £, do < 4.
o d—0 Fg

Finally, given any ¢ > 0, we shall have, for a sufficiently large ,

Jfkdvéjfodvg fudv + e,

& % *
Fs Fj Fs
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and consequently,
ff,,dvgj fo dv <J.fkdv + ¢
Q

which implies

J‘ Jfodv = limf fi do,
Q koo ) o
as was to be shown,

We still have to show that sets exist having the required properties. Con-
sider first the case when f, = 0.
We introduce the functions

Y = tan"? fi.

Clearly, w, will be a non-decreasing bounded sequence. Hence y, will con-
verge everywhere on §}.
We write

:im Yi = ¥Yo-

By the arguments used in proving Egorov’s theorem we see that closed
sets F; exist for which m§, — mF; < 48, and for which the convergence is
uniform and y, is continuous.

Let F; be a closed set of those points of F; for which o = /2. On F;
the function y, tends uniformly to 7/2 and this implies that f, = tany,
tends uniformly to infinity. Consequently, mF; = 0, for otherwise we should
have jpé fx dv = o0, which is obviously impossible.

We enclose F; in a domain 3,5 such that m§; < 6,
and put
Ff = F, — Q.
Then clearly,
mF§ > mF; — m§y; > m§ — 26.

On the sets F5 the sequence v, converges uniformly to a limit different from
7[2, i.e., f converges uniformly to a finite limit.

If £, is a function of variable sign, it is sufficient to consider a sequence
@« = fr — f1,and then the proof reduces to that just given. Hence the lemma
is proved.

§ 7. Convergence in the Mean of Summable Functions

To illustrate the use of the previous theorems we now present some pro-
positions dealing with the properties of measure.

‘THEOREM 20. Suppose that on a bounded open set §, a sequence is given of
measurable sets E, , E,, ..., E,, ..., no pair of which have any points in com-



112 MULTIPLE INTEGRALS: LEBESGUE INTEGRATION L.6

mon. Then the sum of these sets, E, = E; + E, + -+ + E, + - is measur-
able and

mEO = f mEi.

i=1

Proof. Let £,(P) be the characteristic function of the set E,. We put
ps= Y &(P).
i=1

By Theorem 13, each of the functions v, is summable, since it is the sum of
a finite number of summable functions. The sequence y, is a non-decreasing
sequence which converges to the characteristic function of the set E,, i.e.,
to £4(P). Moreover, y, < 1, since the sets have no common points and con-

sequently there cannot be two function &(P) different from zero at any
point. By Lemma 8, the function &,(P) = lim y, is summable, and

S>> w®

j E(P)dv = limj ( i £k(P)> dv = f f £(P) dv.
§? S—r @ fe) k=1 k=1 Q

Hence the theorem.

CoROLLARY 1. If E|, E,, ..., Ey, ... is any sequence of measurable sets
lying within a bounded domain §,,and Eq = E, + E, + =+ + E, + -+, then
E, is measurable, and

[=2]

mEy, £ Y mE,.

k=1

For, the set E, can be presented in the form

E, + [E;, —E,] + [E; — (E, + E)] + -
FE = By + B + o+ Bl + .

Here all the addends are obviously measurable and no two of them have any
points in common; also m[E, — (E, + E, + --- + E,_;)] < mE,. Hence the
proposition.

COROLLARY 2. The sum of a sequence of sets each of zero measure

E0=E1+E2+"'+Ek+"', mEk=O,

is also a set of zero measure.

This follows immediately from Corollary 1.

We showed earlier that if a function f vanishes almost everywhere, then
its integral is zero. We now prove a theorem, which, in a certain sense, is the
converse of this.
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THEOREM 21. If the integral of a non-negative summable function f on a
bounded open set is zero, then the function f is zero almost everywhere, except
perhaps at points of some set E of zero measure.
Proof. Consider an expanding system of closed sets F; on which the function f
is continuous and such that m(§y — F,) < 1/2%. The set E, of points belong-
ing to §) which do not enter into any of the sets F, has zero measure, since
it can be included in the family of open sets §, — F, whose measure tends to
zero as k — 0.

The set D, of those points of F, at which f = 1/2* is obviously a closed

set. By hypothesis, 4, fdv = 0, and hence m@, = 0. Put E = E; + ) D,.
k=1

The sets @, form an expanding sequence. Any point at which f > 0 must
enter into either E, or one of the sets @, i.e., it will belong to E. And from
what we have already proved, mE = 0. Hence the theorem.

THEOREM 22. If a function f is summable in an open set ), and if for any
Sunctiony which is continuous in ), the equality [, fy dv = 0 holds, then f must
satisfy the condition [, | f| dv = O and consequently f is equal to zero almost
everywhere.

We prove this theorem by reductio ad absurdum.

If the integral [, | /] dv were different from zero, then at least one of the

integrals
j ftdv, f f~dv
19, 82

(whose sum isequal to {(, | f|dv) would be different from zero. The difference
of these integrals is zero, since it is equal to the integral of /. Consequently,
both the integrals must be different from zero. Hence there is a closed set F*
on which f* > 0 and consequently ' = f+, and for this set

ff+dv=dev=lz>0.
F’ F’

This integral may be written in the form [, f(P) &(P) dv where &z.(P) is the
the characteristic function for the set F”. By Lemma 3 and by the definition
of a measurable function (see p. 92), a continuous function y,(P) exists
whose values lies between zero and unity

and which can differ from &¢(P) only on a set £, of measure as small as
we please. Further,

f AP) £n(P) dv = f F(P) 1P dv + f SP) [£n(P) — 1(P)] do.
£ 1Y) Q
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But from the hypothesis, the first integral on the right-hand side is zero be-
cause of the continuity of y,(P). And using Theorem 15, we get

J S(P) [€eAP) — x(P)] dv
'Y

;[Mwa
Sk

Since the integral of | f(P)| is absolutely convergent, the last integral, to-
gether with the measure of §,,, becomes as small as we please, and con-
sequently cannot be equal to the constant number # > 0. We are thus Jed
to a contradiction, and the theorem is proved.

LEMMA 9. Any function w(P) which is continuous in the open set §, and
which is different from zero only inan open set ), ying together with its bound-
ary inside S}, may be uniformly approximated on §), as closely as we please by
means of a functiony,(P), whose derivatives of any order are continuous and
which is different from zero only in an open set S, consisting of points whose
distance from §,, is less than h.

Here 4 is a sufficiently small number, dependent on the desired degree of
accuracy of approximation and on the configuration of §, and §,,,. We con-
struct the function y,(P) by the formula

j e” " w(P)dpP’
r<h

r2
J e” " dp
r<h

r= 0 — X))+ (X — X2 4 e+ (v, — X%

vi(P) =

where

The function y,(P) is differentiable without restriction. To see this, we put

J e 7" dp = a(h)
r<h

and define a function w(P, P’) by the relations

0, r>nh
r2

[
(P, P') = Jl 1 =
{ a(ll) ,

h.

IA

Then the function y,(P) can be written in the form
v (P) = f w(P') (P, P’) dP'.
§?

In this form we can apply to it the theorem on differentiation with respect
to a parameter under the sign of the integral.
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For, the function w(P, P’) has continuous derivatives of any order with
respect to the coordinates of the point P. Derivatives of any order of w(P, P’)
obviously exist for r < h and r > h. Their limiting values for r > h and
r — h will all be zero. We have to establish that the limiting values of all the
derivatives of w for r < h, r = h will also be zero. This follows from the fact
that any derivative of w of order s will have the form

r2

2_p2
asw er h

Oxqt -+ Oxy B (r* — h?»$

Q(xla sy Xy x,b LR xrll):

r2

where Q is a polynomial in its arguments. But o

than 1/(r? — h?)% tends to infinity, and this implies that

tends to zero faster

: 0w
Iim P = 0.
r—h axl‘ G

For the difference w,(P) — y(P) we have

J qe’z—”z [p(P) — w(P)] dP’

r2

2_K2
J e " qp
r<h

lw(P) — p(P)| < e,

whence, by the mean-value theorem,

I’:"'h(P) - 'P(P)l <e.

wi(P) — w(P) =

For sufficiently small 4,

Hence the lemma.

This lemma enables us to apply the integral criterion for the vanishing of
the function in a rather weaker form than that given in Theorem 22. Let f
be summable in §,. Suppose that

J APWP) dP = 0 6.7)

for all functions y(P) which firstly, have continuous derivatives of any order,
and secondly, are each different from zero only in some inner subset §,, of
the domain .

Then this is sufficient to assert that

f |f(P)|dP = 0.
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For, if the condition (6.7) holds good for all functions which are differ-
entiable without limit, then it will also hold for all continuous functions.
Suppose the contrary. Then a function y,(P) exists such that

J J(P) wo(P) dP > &.
o

By the lemma, there is a function y,(P) as close as we please to y, which is
differentiable without limit. We have:

J J(Pyypo(P) dP =J S(P) pu(P) dP + | f(P) [wo(P) — wu(P)]dP.
9 £ 9

By the condition, the first integral on the right-hand side is zero. On the
other hand,

J S(P) [wo(P) — w(P)] dP
9]

< max [yo(P) — vi(P) f 7P| dP < e,
&

where ¢ is an arbitrary positive number. We are thus led to a contradiction,
and this proves the assertion.

To prove the important Theorem 23 we require the following lemma.
Lemma on the Upper and Lower Limits of a Sequence. Let x,, X5, ..., Xx, ...
be any bounded sequence of real numbers. Then a number Y is said to be
the upper limit of the sequence {x,} if for any number ¢ > 0 there is among
the numbers of {x,} only a finite set for which x,, > Y + ¢, and an infinite set
for which x,, > Y — ¢.

A number y is said to be the lower limit of the sequence if x, <y — ¢
holds only for a finite set of the numbers x, and x;, < y + ¢ holds for an
infinite set of them.

If the upper and lower limits coincide, then the sequence obviously con-
verges and has only a single limit point.

We usually write lim x, for ¥ and lim x, for y.
Our lemma asserts that

lim x; = lim {lim max (x;, ..., x,ﬂ)} (6.8)
J2 o (s—w

lim x, = lim {lim min (x;, ..., xjﬂ)} (6.9)
Jo o R o)

Both limits on the right-hand side of (6.8) and (6.9) are meaningful. For, as
s increases, the numbers

(6)]
zg" = max (Xj, Xj415 o5 Xj4s)

do not decrease but remain bounded, and consequently tend to certain limits
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which we denote by z{”. The numbers z$” are bounded from below and do
not increase with increasing j, since z¢” < z¥7", and consequently

z$ = lim 2 £ lim 2Y30 = 250,
§—+w §2 0
Hence the limit of z§” as j — oo exists.
We shall now prove the relation (6.8). Given any ¢ > 0, an infinite set
of numbers z{ will satisfy the condition

Z¥ > limx, — ¢

and hence it may be shown that, for allj = 1,

2§ = lim x,, ie. limz{ = limx,.

Jow
On the other hand, for a sufficiently large j all the z will satisfy the in-
equality

ZY¥ < lim x, + ¢,

from which it may be proved that

lim z&° < lim x,,
g
hence (6.8).
In an exactly similar way we can prove (6.9), which, incidentally, reduces

to (6.8) if x, is replaced by — x,.

Suppose a sequence is given of functions fi, f5, ..., fx, ... Which are
summable in the open set ). If for any ¢ > 0 there is an integer N = N(¢)
such that

J |/ = fildv < &
&

for all m, n > N, then the sequence {f,} is said to be convergent in itself.

THEOREM 23. For any sequence of functions fi, fa, ..., fus ... which is con-
vergent in itself, a summable function f, exists whicl is called the generalized
limit of the sequence { f\} and which has the property that

Jlfk—foldv—»Oask—» .
£

Before proving this theorem we make this observation. If fi, f,, are
summable functions, then so is f3 = max (f;, f3).

For, max (f1,/2) = f1 + (/> — fu)*. But if f1, f, are summable, then
so is their difference and also the positive part of this difference.

If fi, /5, ..., [ are summable functions, then clearly the function

max (fnfz, °°-3fm)

will also be summable.
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We turn now to the proof of Thecorem 23. We consider a sub-sequence
{f~,} chosen from the sequence {f,} so that

f | /v —kal|dv < % for k&, > k.
&

We write y, for f,. We shall prove that the sequence y, converges almost

everywhere to a summable function f,. To do this, we examine lim y, and
lim y;. Let

2O = max (Wi, Yo, s Yuo)-

We keep j fixed for the moment and consider the sequence ¢, %Y, ...,
¥, ... This is a non-decreasing sequence of summable functions. Onthe
other hand,

v, S 2P Sy + |1Pj+1 = Wj' + I%‘+z - 1Pj+1| + o+ |1Pj+s = Yirs—1

whence

J+s Jj+s—1
) 1 1
0 éf Xij)dv—J ijdv§j { Z IWA Yi- 1| }é <
0 0 o (k=i+1 k=j 2 2

Conscquently, by Lemma 8, the sequence {’} has almost cverywherc a
certain function y§” as its limit, where 3§’ = y; and

0<| #Pdv~| p,dv < ! .
o 0 27-1

We now consider the sequence ¥, ¢ x o, ... It will be non-increas-

ing, since ¥’ < 4Y~Y; hence g < ¢¢ -, . The integrals ofy; are uniformly
bounded from below, since

o 1

ijdv éj WodU_ZJ lwe — wies| do ;J Yodv — ) —
o 0 k=1 ) o 0 k=1 2

:J wodv_‘ 1-
o

Conscquently the integrals of x¢” are bounded from below. By thc same
Lemma 8 the sequence x§? converges almost everywhere to a certain function
fo where

limJ‘ %S dov —J fodv = 1imf|,¢‘” — fo]dv = 0.

Jj— oo Jo 0

By the lemma on the upper and lower limits of a sequence, f, = mwk.
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We now show that f; satisfies the requirements of the theorem. We have

(s) ¢
J —Jo = J T Ao 3 - Jo ‘e
“,, f|dv<f|w z dv+flxo> fo| dt
) 8 82

Both integrals on the right-hand side become as small as we please for
sufficiently large j. Hence

J |tp,~ —f0|dv < ¢ for j> Je).
[9)

Following exactly the same argument for the function f§ = limy,, we
obtain

j|w,—f:|dv<e
&0

and this implies

J Ifo —fg‘ldv s
&

ij —fo|dv +J‘ "l,UJ -—fo*ldv < 2e,
J & e}

Consequently, ﬁ

lfO _fO*ldv = 0:
v §

and the functions f, and fg coincide almost everywhere.
Finally, for any function of the original sequence f;, we shall have

J lfk —foldl’ éj Ifk - %Idv +J |1,U_, —foldv.
9] 8§ &

Consequently, given any ¢ > 0, we can find an integer N(e) such that, for

k > N(e),

J Ifk —foldv <ée,
&l

as we had to prove.

We shall say that a series ). w,(P) (6.10)
k=1
converges in the Lebesgue sense if a summable function u exists such that
N
limf u— Y wjdv=0.
N—o o k=1

It is clear that convergence in the Lebesgue sense implies that it is possible
to pass to the limit under the integral sign.
We shall say that the series (6.10) converges in itself in the Lebesgue sense if

.

m+p

2,

k=1

dv < ¢ for m > N(e).

EMP 5
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Theorem 23 can be reformulated for series thus:
A series which converges in itself in the Lebesgue sense converges in the Lebesgue
sense to a certain limit function.

A series which converges in itself may be multiplied term by term by any
measurable bounded function and will still remain convergent.

THEOREM 24. The members of a sequence fi,f>, ..., %, ... which con-
verges in itself have Lebesgue integrals which are absolutely equicontinuous.

In other words, given any ¢ > 0, a number 6 can be found such that

J fk dU
EOF

provided only that the measure of the open set §}; is less than 6.
Proof. Given ¢ > 0, we choose an N so that, for k > N, m = N, we have

J\ Ifk '—fm
Le)

For any f, of the functions fi, f5, ..., fx We can, by virtue of the absolute
continuity of the Lebesgue integral, find a d, such that

J9|fk|dv < —;—

assoonasm§y,, < 6. Wetake as d(¢) the smallest of the number d,, d, ... dy.
Then for £k < N the assertion made by the theorem is fulfilled because of
the choice of § (¢), and it is also true for k > N because

J Jiedo
§it

THEOREM 25. In order that the sequence { f} should be convergent in itself
in the Lebesgue sense in an open interval, and consequently that it should have
a limit in the Lebesgue sense, it is sufficient that two conditions be fulfilled:

< &£

dv<—€.
2

+

éj o = il do +f ] do <
Pt oF

s34

| -

€
2

1. The sequence { f,,} shall converge almost everywhere to a certain limit func-
tion fy.

2. The members of the sequence { f;} shall have integrals which are absolutely
equicontinuous.

Proof. By virtue of the lemma to Egorov’s theorem, there are closed sets F s
with measure as close as we please to the measure of §, on which the con-
vergence is uniform. We choose 6 > 0 so small that

Lllfqdu < 7
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as soon as m§l,; < 0. Further, we find an N so that on the set F, the in-

equality I e
— il <
lfk Sy 3m&

holds as soon as k, m > N. Then, for k > N and m > N, we shall have

flfk—fmldv=,f 5~ fo du+f i = ful do
& &Fs Fs
éj ]fk} dv +J Ifmldv +J Ifk - fmldv
Q-Fs §-Ts Fs
<= + i + A €.
3 3 3

This implies that the sequence {f;} converges in itself, as was to be shown.

COROLLARY. If a sequence of summable functions fi, f>, ..., fx, ... con-
verges almost everywhere in the open set §, to a limit function f,, and if the
Sfunctions | f| do not exceed a certain summable function v, then the integral

I fo dv exists and
J fodv = limJ~ fi dv. 6.11)
£ k2o J o
For, it follows from the inequality |f;| < y that the integrals of the
sequence {f,} are absolutely equicontinuous and this implies that the
sequence converges in the Lebesgue sense. It is clear that its limit in the
Lebesgue sense must coincide with f, almost everywhere. The possibility of
passing to the limit under the integral sign is, as we have already pointed
out, a consequence of the convergence in the Lebesgue sense.

§ 8. The Lebesgue—Fubini Theorem

The Lebesgue-Fubini Theorem. Let f(xX,, X2, ..y Xpy V15 Vas --or Yum) be a
summable function, of m + n variables, giten in a cube §l, (0 < x; < 1,
O<y; <), i=012,...,mj=12,...,m Consider a certain measurable
set E of o and let E(yy, ..., y.) be the section of this set by the manifold

y, = const., y, = const., ..., y,, = const.,

i.e., the set of points having the same coordinates
Xy Xayseues Xp

as the points (xl, X5 eees Xps V15 V25 oees ym) ofEforﬁxed YVis Va2, cvisVm-
Let E, be the projection of E on to the manifold y,, ..., y,, i.e., the set of
all points whose coordinates y,, ..., yn are the same as those of any points

of E.
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Let w® (y,, ..., y,.) be a function defined in the cube 0 < y; < 1 by

0 outside E,
w(E)(yl, ...,ym) = (6]2)
J fdx, ... dx, inside E,
)

E(»y,cves Vi

Then:

(a) The integrals on the right-hand side of (6.12) exist for almost all values
Of Y15 --e» Yms (L.€., for all points except perhaps those of some set of zero
measure) .

(b) The function v'® (y,, ..., y,) is a summable function in the variables
YVis «+ 5 Vm-

(C)dexl codx,dy, ... dy, = I PYEyi, e, Y Ay dyn. (6.13)
E O<yy<l

Without loss of generality we may take f to be positive. We shall prove
the theorem first for the case when E is an open set §),, and the function f'is
continuous in §,. We construct a system of net sets @, exhaustive for §,.
Then it is clear that

f Sfdx;...dx,dy,...dyn =f YUYy, e, Ym) dyy o dy. (6.14)
4 O<yy<l

h

The sequence p®* (y,, ..., ¥.,) is a sequence, which does not decrease
as & — 0, of measurable functions such that

J‘ w(d)h)(yl:---:'ym) dyl dynl éffd'\‘l d'\‘" dyl"'dy""
O<yj<l 52

By Lemma 8 this sequence has almost everywhere a limit p’(y,, ..., y,,) such

that
(q)h

hm’P )(yu---,ym)=’P'(y1,---,ym)

h—0
and

h—0

lirnj\ ’P((ﬁ")(yu.--,ym) dyl"'dym
O<yj<l

=J\ 1/)’(-})1*~-‘9"'ym)dy1'°'dym'
O<yj<l

But the @, (y,, ..., y,) form an exhaustive system of polyhedra for
SU(Y1s---» Ym), since any point of S(y,, ..., ¥, falls into one of the

(Dh(yl 3 Py ym)’ and consequently ’P'(}’x y s ym) = 1/}('QJ)(yl y *e ym) . Then
passing to the limit in (6.14) we obtain the required result (6.13) for this case.
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Remark. If we consider a system of domains §3; 2 4, 2 " D oy 2
such that
lim m§i, = 0,
k=
then for almost all y,, ..., y,, we shallhave m§,, (¥, ..., y) = Oas k - co.
For, by what we have proved,

M8y =j Mm(yys o Ymydys - dy,,.
O0<y;<1

The sequence of functions m§(y1, --«s Ym) = ¥i(V15 ---, ¥) is monotonic
and bounded; hence at all points it has a limit

lim px = wo(P1s -+ Ym)-

k= o

By Lemma 8, we can pass to the limit under the integral sign:

k= o k2w

limf wkdyl...dym=j Yo dyy ... dy,, = limm8, = 0.
O<yj<l O<yy<l1

Consequently, y, = 0 almost everywhere, as was asserted.

We next consider the case when E is a closed set F on which fis con-
tinuous. This case reduces to the previous one if we extend f over the whole
cube ), and consider the open set § = §,o — F. Clearly,

J&fdx1 .dx,dy; ... dy, =J‘ fdx; ...dx,dy; ... dy,,
Q

F Qo

——J‘ fdx, ...dx, dy,...dy,. (6.15)
&
On the other hand,

PP 4 & = o
which implies

J p® dy; ... dyn, =f pE0dy, ... dy,
O<yy<l O<y;<1

—J w2 dy, ... dyn (6.16)
0<y;<1

Substituting in the right-hand side of (6.15) for the (m + )-tuple integrals
their expressionsin terms of the functions %! and y“?, and using (6.16),
we obtain the required result for this case.

Finally we consider the case when E'is an open set § and fisan arbitrary
summable function. The general case of a measurable set E may easily be
reduced to this one.
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We construct an exhaustive system of closed sets F) for the function f.
By what has been proved

j fdx, ...dx,dy, ... dy,, =I P dy, . dy,.  (6.17)
Fy O<y;<1

The sequence * is an increasing sequence of measurable functions such
that

Jv w0 dy, ... dyn, éJ\fdxl o dx,dyy . dyy.
O<y;<I &

By Lemma 8 it will have almost everywhere a finite limit %’ such that

k— o0

lim p* = v, limJ p dy, . dy, = f w dy, ...dy,.
0<yj<1 0<y;<1

We shall show that
wl — w(Q).

To do this, we shall establish that F,(y,, y2, ..., V) forms an exhaustive
system for SL(¥1, Y25 ---» Ym) for almost all y,, ..., y,,. For, the measure of
L, — F, is as small as we please for sufficiently large k. Consequently, in
view of the Remark on p. 123, for almost all y,, ..., ¥,

’l(inl ’n['Q)(.Vl Y25 oees ym) - Fk(yl’ Y2» ,ym)] = 0
-+
This implies that F(y,, y,, -.., Ym) does indeed form an exhaustive system
for (1, y2s .oos ym) for almost all y;,y,, ..., y,, and consequently
w =Y, Then a passage to the limit in (6.17) proves the Lebesgue~Fubini
theorem.
Remark. If the function f(x,, ..., X, Y1, ..., Vm) i1s measurable, if f = 0, and
if moreover the function & exists and is summable, i.e., if proposition (a)
of the Lebesgue-Fubini theorem is satisfied and the right-hand side of (6.13)
is meaningful, then the function f will be summable and, consequently, the
Lebesgue—Fubini theorem in its entirety will be valid. That is, the left-hand
side of (6.13) will be meaningful and will be equal to the right-hand side.
This is almost obvious. For, suppose it happened that the function f was
not summable ; then the integrals

jfdxl dx,, dyl dym
F

taken over closed sets on which fis continuous could be made as large as
we please. Suppose that the integral on the right-hand side of (6.13) is equal
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to A. We then choose a closed set F so as to have
j.fdxl oodx, dy, o dym > A4 + 1.
F

We construct a function

f1 = &P) AP,

where & is the characteristic function of the set F. Then w® exists and is
summable and

f Wl(E) dy,dy, ...dy, > 4 + 1.
O<y;j<l

On the other hand, it is clear that ¥ < »®, which implies

O<y;<1

[ w(lE) dy, dy, ... dy,, §f w(E) dy; dy, ...dy,, = 4.
oS O0<y;<l1

We are thus led to a contradiction, showing that our supposition was false.
There is one further obvious consequence of the Lebesgue-Fubini

theorem which is noteworthy:

In a repeated integral of a summable function the order of integration may be

changed.



LECTURE 7

INTEGRALS DEPENDENT ON A PARAMETER

§ 1. Integrals which are Uniformly Convergent for a Given Value of Parameter

Suppose that in a closed domain D of the variables x,, ..., x, a function
F(x,, ..., x;, A) is given, which depends on the parameter 4 whose values
vary over the interval @ £ 4 < b. Consider the integral

p(d) = J “.JF(XI’ vees Xp, Ay dxy ... dx,. (7.1)
D

We shall suppose that this integral exists in the Lebesgue sense. In other
words, we assume that the function F(x,, ..., x,, 4) considered as a function
of the point (x,, ..., x,) in n-dimensional space becomes continuous if we
exclude from the closed domain a certain open set of points ¢ whose measure
may be arbitrarily small (in applications we shall for the most part consider
cases when F(x,, ..., x,, A) is discontinuous at points belonging to certain
manifolds of fewer dimensions: e.g., at isolated points, or on a finite number
of surfaces, curves, etc.) and that

.[ -"J‘F(Xl, ceey x,,, Z) dxl e dx" = limJ\"' J'F(xl, ...,x,,,l)dxl ...dx,,.
D

D-o
However, the open set 0 may decreas eprovided only that its measure tends
to zero.
We shall say that the integral (7.1) converges uniformly for A = 1, if,

given any ¢ > 0, a number /(&) and a part o(¢) of the domain D can be found
such that:

1. The function F(x,, ..., Xx,, A) 1S continuous in Xx;, X,, ..., X,, A on the
closed set D — o(¢) for [A — 4| < A(e).
2. The integral

J---JIF(xI, X2y ooy Xy A)| dxy dix, .. dx,
a(e)

is less than ¢ for all values of A in the interval 2, — i(¢) £ 1 < 44 + h(e).

3. The domain D — o(¢) is bounded (this condition is not needed if D is
bounded).

126
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LeMMA 1. If the integral converges uniformly at A = Aq, then it is a con-
tinuous function of A at this point.
For,

f JF(xl,.. Xp, A1) dx; ... dx, f fF(xl, vers Xpy Ao) dx; ... dx,

j J[F(xl, veey Xps A) — F(xy, ooy X, Ag)] dx; ... dx,
D—o

+ J‘”'J‘F(x“ ooy Xpy A1) dxg ... dx,

+ f---JF(x,, vies Xpy Ag) dxy ... dx,
< j fIF(xl, cees Xpy A1) — Fxq, ..., X, lo)ldx1 ... dx,
D-o
+f-~-j|F(xl, ey X, Ap)|dxy L dx,
+f "'JIF(XI’ cees Xp, lo)l dx, ... dx,.

We choose o(¢) and k() so that the second and third addends are each less
than ¢/3. Then, since a function which is continuous on a bounded closed
set is uniformly continuous, we can choose |1, — 15| so small that, for all
points x,, ..., x, belonging to the domain D — g, we have

£

Fxg, ..., x5, 1) — Flx{, ..., X, )] < —————
|Fx, ) - R, N < 55

where D — o denotes the measure (volume) of the domain D —¢. We then
have

J---JF(xl, vees Xns A1) —-j -~-fF(x1, vy Xy A)dxy Lo dx,| < €
D D

and the lemma is proved.

An integral (7.1) which converges uniformly for any A in a certain interval
will be a continuous function of 2 in this interval.

If it is possible over the whole of this interval to choose the open set
o(e) to be the same and independent of the value of 4, then the integral will
be uniformly convergent over the whole interval in the sense of the usual
definition in analysis.

EMP 5a
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In some cases it is convenient to generalize the concept of uniform
convergence of the integral for a given value of parameter to meet the
situation where we take as parameter some point P with coordinates (X;, X,,
..., X,) in n-dimensional space. Consider the integral

j ---JF(xl, vers X P)dx, ... dx,. (7.2)
D

We shall say that this integral converges uniformly at the point P, if, for
any ¢ > 0, we can find a neighbourhood /(¢) about the point P, and a part
a(e) of the domain D such that:

1. The function F is continuous when the point P is in the neighbourhood
h(e) of the point P, and the point Q with coordinates (x,, .... x,) is on the
closed set D — a(¢).

2. The integral {,... [ |F(xy, ..., X, P)| dx; ... dx, is less than eforall P of
h(e).
3. The domain D — ¢ is bounded.

For this case the following lemma holds good.

LEMMA 2. If the integral converges uniformly at P = P, then it is a
continuous function of P at this point P.

The proof is a repetition of the argument for Lemma 1.

FiG. 10.

We shall often have to use the following sufficient criterion for uniform
convergence. Let a function F(x,, x,, ... Xx,, P) given in a bounded domain
D satisfy the condition

A
]F(xl,...,x,,,P)| < ,

n—a
r
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where a > 0, 4 is a certain constant, and r denotes the distance from the
point P(X,, X,, ..., X,) to the point Q(x, ..., X,).

It is supposed that F depends continuously on the x;, ..., Xp, X1, «+.» Xy
everywhere except at points where P coincides with Q.

It is easy to establish the uniform convergence of the integral

J ~--JF(x1, vy Xy, P)dxy ... dx,
D

at any point P, lying inside D. To do this, it is sufficient to take as ¢ a
sphere, centre at P, (Fig. 10), and radius g such that

A
dx; ...dx, < ¢
r<20 rn-a

and for A(¢) a sphere of radius p; < p. For, we then have

J’ JF(VI,.. x,, P)dx, ... dx, j J|F|dv1 ... dx,
<J‘ f :{a dxy ... dx, < e.f
r=2p r

It is clear that in D — ¢ and on its boundary, the function F will be a con-
tinuous function of its arguments for points P of the neighbourhood

h(e).

§ 2. The Derivative of an Improper Integral with respect to a Parameter

Suppose we have an integral
W) = f f F(x,, x5, ..., Xp, 4) dx; dx, ... dx,
D

over a domain D which does not depend on the parameter 1. In analysis we
often encounter the formula

Fx,, x5, ..., X, 4) dx,; dx, ... dx,
62[ J(l : \ dx,

Jv J— le d’(') dx" = (p(l)

T It is clear that a sphere of radius r <{ 2¢ with centre at the point P will contain
the sphere P, (Fig. 10) if the point P is no further from P, than ¢; < .
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which is valid if the integral on the right-hand side is proper. It will be useful
to us to get rid of this premise. We shall prove the following theorem.

THEOREM. Suppose

(a) the function F(x,, ..., X,, A) is the improper integral with respect to 4 of the
Sfunction f(x,, ..., X,, A) in the domain D of the variables x,, x5, ..., X, for
a<izZb,ie.,

A
Fx,, .., x5, ) — F(xq, ..., X, Q) =fﬂx1, ey X, 4) dA

Sfor all x4, x,, ..., x,0f D except perhaps points of some set of measure zero.
(For the most partthisset willconsist of separate points,curves, or surfaces.)

(b) the function f is a summable function of the (n + 1) variables (x,, ..., Xp, 1)
i.e., the (n + 1)-tuple integral

2
j J ..-jf(xl, Xas ey Xpyd) dxy ... dx, di

aJ D

exists fora £ A £ b.
(c) the function () = [p...[ f(X1, X2, ..y Xny A) dX; ..., dx, is continuous at
)» = Ao.

Then the following relation will hold:

[61#(1)] _ if...jp(xl, ) x) day ...dx,,]
04 A=12g | 02 }»p A=2o

~
— .'.J‘ﬂxl’.“’x", ]0) dxl ...dX,,.
D

LY

The proof of this theorem presents no difficulty. By definition,

W Chim L (R, 2o )
a;. A=1o h-0 h D

- F(.\.l, caey /\‘n, ;-0)] d.\‘l eee d.\'n.

By the Lebesgue-Fubini theorem,on change of order ofintegration (Lecture 6),
the integral on the right-hand side is equal to the (n + 1)-tuple integral

I oo | fdx, dx, ... dx, dZ,

{10<AZ }.0+h}
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and this last integral can be expressed as

JHh(J ---J‘fdx1 dx, ... dx,,> dA.

Using the property of indefinite Lebesgue integrals at a point of continuity
of the function under the integral sign (see Lecture 6, Theorem 16), we have

Wl g
[az jl)':h] (P( 0):

which is what we had to prove.

We shall often have to make use of this theorem for some integral or
another. Usually it is easy to verify that the condition (@) holds, but we
shall give several simpler criteria to satisfy the condition (b).

Criterion 1. Conditions (b) and (c) of the theorem will be satisfied if the
integral

_[...J‘f(XI’ Xgy voey Xy, 1) de dxz . dx,,
D

converges uniformly in the closed interval a £ 4 < b.

The proof is easy and we leave it to the reader.
Criterion 2. Condition (b) will be satisfied if the function f(x, x5, ..., X, 1)
(n = 2)is continuous in all its arguments everywhere with the exception of a
smooth curve, continuous in 2, given by:

Xy = al('?'), Xy = az(l), ceey Xp = an(l)’ a é 'z é b: (7'3)
and if in the neighbourhood of this curve the inequality

If(x19 Xz vevy Xpy 'l)l é AQ—'""’B
is satisfied, where

o = min \/i[x,-—a,-(l)]z, e>0,

asisb

and if the domain D is bounded.
We separate the curve (7.3) from the (n 4+ 1)-dimensional domain

D
a<i1b

by means of a domain o, at the points of which ¢ < g,, where g, is a con-
stant. The integral

|

...Jlﬂxl,.\'z, ces Xy, D) dxy ... dx, dA (7.4)

agl;.éb}
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will be convergent if the limit of the integral

J o ‘[If(xl,xz,...,x,,,)»)|dxl ... dx, d4
{aglgb}-”"
exists when go — 0. This limit will exist if, as g, — 0, the integral
J...j|f(x1, X2y ooy Xps 2)' dx, ... dx, d2
J0

tends to zero uniformly with respect to 2. We have

f -.-flf(xl, X2, vovy Xpy /1)' dxl dxz dxn di

b
§J dlj JAQ""” dx, ... dx,.
a 0<p=<eo

J f@“"’“‘ dx, ...dx, = c.05:
0<p=o0

from which it is clear that the integral investigated converges, and also that

the integral
f ...J_/(xh vy Xny Ay dxy .. dx,
D

converges uniformly with respect to the parameter A.
Criterion 3. If the domain D is not bounded, then we must examine the be-
haviour of the function at infinity as well as the singularity considered in
Criterion 2.

The convergence of the integral (7.4) will be guaranteed if

But

IF(xl, Xoy eees Xn Z)I < Ar~"°
where

e>0 and r=/x} +x3+ - +x2

The reader will easily be able to prove the validity of this criterion.



LECTURE 8

THE EQUATION OF HEAT CONDUCTION

§ 1. Principal Solution

Having already considered a few problems concerning equations with two
independent variables, we now pass on to equations in several independent
variables.

We first consider the equation

0%u 0%u 0%u 1 Ou
+ + = __ — + X, ), 2, ! ’ 8'1
0x? dy? 0z2 a’? ot ey ) 8.1

which determines the temperature at points of a certain homogeneous, iso-
tropic body.

A change of variable using ¢; = a2t enables us to get rid of the coefficient
a?. So for convenience we shall in the rest of this lecture take @ = 1. And if
we denote the sum of the second-order derivatives, as before, by V2u, we
can write the equation of heat conduction in the form

Viu = % + fix,y, z, t). (8.1
t

It is this equation which we shall solve.

We are going to examine the problem of heat conduction in an unbound-
ed medium. We shall solve Cauchy’s problem for the equation (8.1%), i.e., the
problem of integrating the equation (8.1’) with the initial condition

[uli=o = 9(x, y, 2). (8.2)

As we pointed out in Lecture 2, this condition means that the distribution of
temperature throughout the body is known at the initial moment of time.
A particular solution of the homogeneous equation of heat conduction
(that is, equation (8.1’) with f = 0) plays an essential part here; it is known
as the principal solution.
Consider the function

v = _%1__ e— 4(10—1) (83)
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where

r=J(xo — 02 + (o — »)* + (20 — 2)%.

We shall prove some lemmas about this function.
LEMMA 1. The function v satisfies the equations

vio— 9% _ o v+ 2 o (8.4)
0to ot

where
0% + 0%v 4 0%
Ox}y oy 9z2

Viv =

For, differentiation with respect to x, gives

r2 r2

2 - a2 -
6172 - _ 1 e 4Uo—D + (xo x) e 4D
0xg

3 H 3 7
1672 (ty — ) 3272(ty — 0)?

with similar terms for the derivatives with respect to y, and z,. Hence

Vip = —3 + r’ e— 4(';_”
° 3 s 3 7 ’
1672(t, — 0)? 32n%(ty — 1)?

and moreover

r2
O _ —3 + r: e 4Go—D
Ot 3 5 3 il ’
1672(ty — 1) R2x%(ty — 1)?

from which it is easily seen that the first of the equations (6.4) is satisfied.
And the second of these equations may be deduced from the first, by noting
that the function v depends only on the differences (x, — x), (yo — »),
(zo — 2), (1o — 1), and consequently

0%v 0%v ov ov

= )

axz  ox? Oto or

LEMMA 2. If t, > ¢, then

+wo pto ~too
J j J vdxdydz = 1.

For, introducing polar coordinates r, 0, ¢, making use of the symmetry of
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v, and integrating by parts, we get

+o MA+w Ao
f f J vdxdydz=f ffvsmf)d@dgv

@ 2 ——— o) e
r - 4(10—1)
1 3 1 1
ﬂz(to‘_‘t)z 0

0 2n2(ty — 1)?

r2
+o r

_ 1 ® = A(1g—1) _ 1 4(t:,2—-l‘)
=07 J e dr = T_ e d T
7wty — 1)* TJw 20t — O

1 +w
= — C—zde.
7l

Hence our lemma follows from the well-known result that

fme-” dz = J=. (8.5)

—

Equation (8.5) may be proved, for instance, as follows:

+ o 2 + a0 o> + o0 + o
(J e~ dx> =J e~ ™ dxj e " dy =f f e~ 4x dy

o 2n o]
=f re™" drf do = nf e™" d(r?) = —afe™"]? = a.
o] 0 0

+ —_
f e~ dz = /n.

— a

Hence

LeMMA 3. Consider the integral f(to — 1, Xo, Yo, 20) = [[[qvdxdydz
taken over some finite domain §,. As to — t — 0, this integral tends to 1 if
the point (x,, yo, zo) lies within the domain §3,, and to 0 if this point lies outside
the domain.

We introduce new variables x,, y,, z, defined by

x—xo=x1~/to_t, y_.)’o=)’1~/to—t, Z—Zo=21A/t0—t,

Then
1 —3(x}+ri+2)
f(tO_tsanyOaZO)= J[J € o dXL dyl dZI
£

3
82
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where the domain of integration §2,, for the variables x,, y,, z, is obtained
from the domain §} of the variables x, y, z by a homothetic transformation

with the coefficient of similitude 1/,/¢, — r and (xo, yo, zo) as the centre of
similitude, followed by a change of origin to the point (xg, yo, 20). As
to — ttends to zero, this domain will expand without limit.

If the point (X, Vo, Zo) lies inside the domain §,, then the domain §,,
will expand in all directions and in the limit will occupy all space. By the
previous lemma, we conclude that in this case the limit of the integral will
be equal to 1.

If, on the other hand, the point (x,, yo, zo) lies outside the domain §,,
then as 1o — ¢ — 0 the domain §,, will expand and in so doing will move
away from the origin so that its distance from the origin in the coordinate
system X, y;, z; Will increase without limit. By virtue of the convergence of
the integral of v over an infinite space, which was established in the previous
lemma, the limit of the integral f(¢, — ¢, Xxo, Yo, Zo) in this case will be zero.
Hence the lemma.

LEMMA 4. Let F(x, y, z) be any function which is continuous and bounded in
a certain domain §), (in particular, §}, may be the whole of space). Then

r2
lim e ** F(x,y,y)dxdydz = F(x,, yo, 2zo) (8.6)
-0

3
2

%‘

if the point (xo, Yo, 2o) belongs to the domain §).. In this formula the passage
to the limit is uniform with respect to (xq, Yo, Zo) it any finite domain §),,
lying together with its boundary within §,. It is here assumed that & remains
positive as it tends to zero.

Proof. We form the difference

r2

:1‘ - e—TéF(x, y, z) dx dy dz
8m2g2 o
— F(xq, yos 2o) — [ e—4—¢ dxy dy dz 8.7
8w2&? Jo
1 -
= — e *“[F(x,y,z) — F(xq, Yo, Zo)] dx dy dz.
87.[—2_57 Q

The second term of this difference tends to F(x,, o, Zo) by Lemma 3 and
moreover, does so uniformly. To prove Lemma 4 it suffices to show that in
any region $,(Xo, Yo, Zo) this difference tends uniformly to zero as & — 0.
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We isolate the point (x,, o, Zo) by 2 sphere of small radius 6. Let § be so
small that for r < 9,

£
IF(X, Y, Z) - F(x09y09 zo)l < 37

this inequality being uniformly satisfied for all points (x¢, yo, zo) Of the
domain §,,. We shall evaluate the difference in (8.7) by breaking down the
integral on the right-hand side into two integrals, one taken over the volume
of the sphere r < d and the other over its exterior. We get

\[J‘J‘ U[F(x)y7 Z) - F(anyO’ ZO)] dx dy dZ
§

= J:[:[ [F(x,y, 2) — F(xo, Yo, z9)] dx dy dz L (8.8)

+ f f f W[F(x, y, 2) — F(xo, yo, zo)] dx dy dz.

Estimating the first of these integrals, we have

JJJ U[F(x>y’ Z) - F(anyo, ZO)] dx dy dx

+x + o +xn € e
< —vdxdydz = —.
—0d —mMmJd —x 2 2

Moreover, since F is bounded there is a constant M such that |F| < M, and
consequently

1 - J [J e *[Flx,y,z) — F(x¢, Y0 Zo)) dx dy dz
57 [ rzo

3
8n?

r2

om ([ -
= ;}JJj ¢ *dxdyd.
875252 rs

We change the variables in the last integral, putting

x=x1f~‘5_, Y =W A/E I=4 ‘/E’ So that rf:"z/f,

and we have

_1p M
_ﬁl—— e 4 1d.xl dyl dZI = - r2 e“}:rf
3 \/ﬂ ! dr,.
82 rizs/1T o/ye
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For sufficiently small & this integral is less than ¢/2 because of the convergence
of the integral © 1.2
2 ~ahn
J‘ r ¢ dr1 .

0
Hence the lemma.
Remark. We could consider, in place of the integral (8.6), the more general
integral

1
q)(XO’ yO: Zg, E) =

g3 &3

ijj e *F(x,y,z & dxdydz, (8.9)
I

in which the function F(x, y, z, £) under the integral sign depends on the
parameter £ and is continuous and bounded for positive &:

IF(x, Vs 2, E)] <M.
Let
lim F(x, y, z, §) = F(x, », 2), (8.10)

E->+0

F(x,y, z,£) tending to F(x, y,z) uniformly in any bounded domain §,
which, together with its boundary, lies within §,. Then
lim D(x,, o, 2o, &) = F(Xo, Yo, Zo)

40

at any interior point (X, Yo, Zo)-
For, the difference

1 Rag
(X5 Yos 2o, &) — 3 3 J‘[J e * F(x,y,z)dxdyd:z
8n* £° 0

= l jfj e ‘:—5 [F(x, y,z. &) — F(x, y, z)]dx dy dz.
871% E% 0

We split the last integral up into two integrals, the first taken over the space
inside a sphere o defined by (x — x0)* + (¥ — o) + (z — 25)*> < 0,and the
second taken over the space outside this sphere. Then, given any positive
number &, we get for sufficiently small &,

1

(H e H [F(x, y, 2, &) — F(x, y, 2)] dx dy dz

r2
< §3JJJ e “dxdydz < e.
8n* &° o

3!
8x° £°
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Further,

__’__ J ” e % [F(x, y, 2, &) — F(x, , 2] dv dy dz

< M JJJ e” % dxdydz.
475%6% O-o

The last expression tends to zero (see Lemma 4). Consequently,

lim (D(-\‘o,yo, 205 5)

§—=++0

= lim : QJ‘J‘J e % F(x,y,z)dxdydz|;
T 8a? 2 5

but by Lemma 4, the last limit is equal to F(x,, yo, o), and so the assertion
is true.

§ 2. The Solution of Cauchy’s Problem

We now pass on to the solution of the equation (8.1).

Suppose that for 1 > 0 a certain function u is given which has con-
tinuous derivatives with respect to the space coordinates up to the second
order inclusive and a first-order derivative with respect to time. Suppose
also that u and its first-order derivatives are bounded throughout space.

We apply Green’s formula (5.16) to the functions u, v for values of
¢t such that 0 < ¢ < ¢, taking as the domain of integration a sphere §
bounded by the spherical surface S. We get

jfj (Vv — v Vu)df) = fj‘ <v—- — uﬁ> ds. (8.11)
on

Further, it may easily be verified that

AL (e e ) anpan={]] e ]

for any two functions u, v such that the integrals

(. o ] o5
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are continuous functions of ¢ in the interval 0 < ¢ < #,. Combining this
equation with (8.11), we get

AT ) oo
(oL L 2ol on

(8.12) holds identically for any functions satisfying the appropriate con-
ditions. We now substitute for u the required solution of equation (8.1’) and
take v to be the particular solution of the equation of heat conduction which
is given by (8.3). Then, using (8.2) and (8.4), we get

UL -] -
R T

Now an integral of the form

to + + + 0
J {j j J oF(x, y. 2, 1) dﬂ,} ds
0 — 0 — —w

will converge absolutely if F(x, y, z,t) is a continuous, bounded function.
For,

JIO {JJ:[ IUF(X’ Y. 2z, t)I dﬂ;} dt é ‘ro{J‘J‘j max IF(.\‘, ¥y, Z, t)‘ Ud.Q,} dr
0] o o 9

< max lF(x, ¥, 2, t)| lo.

We shall assume at present that f(x, y, z, t) and ¢ (x, y, z) are continuous
bounded functions. We shall further suppose that as t — t,, the solution
u(x, y, z, t) tends uniformly to its initial values in any bounded domain.

We now pass to the limit in equation (8.13), letting the radius of the
sphere §), tend to infinity. Then the integral over the surface S will tend to
zero, since by hypothesis, both » and du/dn are bounded and e™"/¢ tends to
zero more rapidly than any power of r as r - co. We clearly get

ptw pto pto tp—0
|:J J J uv dx dy dz]
— — —® +0
To + 0 +co + o
—J {J J J of(x, p, z, t) dx dy dz} d?
(0] — 0 —w —
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By the remark made after Lemma 4,

+ oo +o rtoo
limf J f uv dx dy dz = u(xg, Yo, Zo» to)s

) —nd —od —®

it is clear that this integral is continuous for ¢ = 0; hence

+ o +w +w
(X0, Yos Zo» to) = j J f @(x, v, z) ([v];=0) dx dy dz

— J‘to{JwOo J~+oo Jv+cnuf(x, ¥, z, 1) dx dy dz} de. (8.14)

Equation (8.14) gives an expression for the solution of our problem.

In deriving this formula, we have assumed that a solution to the problem
does exist. Hence we should now verify whether the function u defincd by
(8.14) does in fact satisfy the equation (8.2) and the initial conditions.

It should be noted that the equation (8.2), which we have solved for
¢ > 0 with initial conditions given for ¢ = 0, may have no solution at all for
¢ < 0. The solution (8.14) in any case will cease to have any significance in
these circumstances.

Passing on now to the proof, we first show that the function u given by
(8.14) has continuous derivatives up to some definite order. For, on changing
the variables of integration by

§=Xx— X0, =Y — Yo {=2z— 29, T=1— I,
we can write (8.14) in the form

u(xO’yOS Zo> to)

t+wo prto frt+o
=f j f oE, 0, ©, 10) plxo + &, Yo + 1 2o + [) dE dn d

to A+ oo + o +
—H j j (&1, L, X
0 —m - —w

xf(xo + §3y0 + 1, 2o + C’ o — T)ddedCdT,

where
1 e 4n2+(2
e - 41

v(é,n, L, 1) =

(8]

X

8t

)
[N

Now it is shown in calculus text-books that such a formula may be differ-
entiated with respect to the parameters at least the same number of times
as the order of derivatives of fand ¢ which remain bounded, since the inte-
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grals of derivatives of the functions under the integral sign converge uni-
formly. We shall assume that the functions fand ¢ have the required number
of continuous, bounded derivatives.

When f(x, y, z, t,) = 0 the formula (8.14) gives

1 +o rt o + o0 B r_Z_
ui(Xo5 Yo, Zos to) = ——— e 4o g(x,y, z)dx dy dz
8‘7_[% t% — o — o0 - o
° (8.15)
where u; denotes the solution of the equation
0
Vi, — 2L 0
oty

which satisfies the condition

[t1)e=0 = @(Xo, Yo, Zo)-

By Lemma 4, the right-hand side of (8.15) is a function which in any bound-
ed domain tends uniformly to ¢(xo, Yo, Zo) as f, — 0. Moreover, it is not
difficult to see that the integral may be differentiated with respect to the
variables xg, Vo, Zo, o as often as we like provided only that 7, > 0. We get

0u(Xo, Yo, Zo, ¢
Vous(x0, Yo, Zo» to) — (X0, Yo, Zo, o) (8.16)

Ouy
+ o + o +
=J f J <V§v— av)(p(x,y,z) dx dy dz.
— o - - atO

By Lemma 1 we see that u,(x,, yo, 2o, ?o) satisfies the equation (8.1’) when
f(x0, Yos Zo» to) = 0, as we had to show. The uniqueness of the bounded,
smooth solution, i.e., of a solution having the required number of continuous
derivatives, follows immediately from the arguments which led us to the
formula (8.14). Thus the formula (8.14), when f = 0, gives the solution of the
problem.

It remains to show that the second addend in (8.14), i.e., the function

1o + + oo +
us(Xo, Voo 2o Io) = — j { J J f ofe,y, 2, 1) dx dy dz} d,
(o] — - — o

satisfies the equation (8.1) and the condition [u,],,—0 = 0. It will then follow
that the function u satisfies equation (8.1) and the initial condition (8.2).
We introduce an auxiliary variable w defined for ¢, > ¢ by

+ o + o0 + o0
w(Xo, Yo, Zos Los 1) = —f J J of(x,y,z,t)dxdydz. (8.17)
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The function w(x,, yo, Zo, 1o, t) satisfies the equation

Viw — — =0 (8.18)
o

and the condition
W=t = —f(x0, Vo> Zo> 1.

The function u,(x,, Yo, Zo, ¢p) can be expressed in terms of w as

to

uZ(x07 yO: Zq9, tO) =J‘ W(XOaJ’o, ZO> th t) d"

o

By its construction, it is clear that u,(x,, yo, zo, 0) = 0.
We now work out the expression for

Ou,
Oty

2
Vouz -

(8.19)
Differentiating u, under the integral sign with respect to x,, yq, Z,, We get

to
2
Vguz = J Vow(xo, Yos Zo> Lo, 1) df.

0

Also,

0 © OW(xo, Yo, Zos o> ¢

R [w(x0, Y05 Zos o> t)]t=to + (Xo, Yo, %o, fo, ) ds,

Ot, o Ot,
and hence

0
Vguz - auz = f(x,y,z,1),
{

as was to be shown.

The question whether the Cauchy problem which we have just considered
is correctly formulated may be immediately resolved by analysing formula
(8.14).

It is obvious that small changes in ¢ or f will have little influence on the
solution.

There is continuous dependence of order (0, 0) (see Lecture 2, § 2).

It is now time to mention another important circumstance.

If the free term in equation (8.1) is zero (this implies that there are no
heat sources), then the solution of the Cauchy problem which we have just
examined is a function which may be differentiated with respect to x,, yo, zo
as often as we please, quite independently of whether the function ¢ has
derivatives or not.
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This smoothness of its solution distinguishes the equation of heat con-
duction in an essential way from, say, the equation for a vibrating string or
from the wave equation.

For, the d’Alembert solution u = ¢(x — at) for the equation of a
vibrating string cannot be differentiated with respect to x or ¢ more than
twice. This same function is also a solution of the wave equation in two or
three independent variables, since, clearly,

0%u 0%u

0y? 0z*

Consequently the solutions of these equations are no smoother than the init-

ial conditions are.
We have discussed the solution of the equation (8.1’) in a space of three
dimensions. In an exactly similar way the solution of the equation

0%u N 0%u ou

= + f(x,y, 0 8.20
o T o7 o Sfx,y (8.20)
or of
0%u ou
= — + f(x, ¢ 8.21
= o D) (8.21)

may be examined. Without going into detailed consideration of these equa-
tions, we give the final results.
The principal solution of (8.20) will have the form

r2

fo1 (8.22)

D = ._—l__.e_
47(ty — 1)

and the solution of (8.20) with the condition [u],—o = ¢(x, y) will have the
form

w(Xxo, Vo, to)
1 + w0 + _ i
= e 4o @(x,y)dxdy
4 lo —J —oo
l 1o + + o 1 _ r2
- — {f J e 40o-0 f(x,y,)dx dy} dr (8.23)
4.7'[ 0 — 0 - ’0 - t

In exactly the same way the principal solution of (8.21) will be

1 (x—Xg)2

== — e_ 4(tg—1t)

v
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and the solution of (8.21) with the condition [u],-, = ¢(x) will take the form

+ 0 (x —x0)?

| -
u(xo, fo) = —__—_j € 4fo (p(x) dx
2\/75 \/l‘o -

1 to 1 +to (x —x0)2
— f {J e 4to-n f(x, () dx} dr. (8.24)
V2 Jdo \/to -t -»

We leave the reader to verify the correctness of these formulae.




LECTURE 9

LAPLACE’S EQUATION AND POISSON’S
EQUATION

§ 1. The Theorem of the Maximum

We have seen that a whole series of questions in mathematical physics
reduces to the solution of this or that equation of elliptical type. We shall
deal next with the simplest of such equations: Laplace’s equation

Viu(x,y,z) =0 9.1)
and Poisson’s equation

Vzll(_x > Y Z) = _4759(}:: Y, Z)' (92)

Any function which has continuous second-order derivatives and which
satisfies Laplace’s equation in a certain domain is called a liarmonic function
in this domain.

Before going on to the solution of problems related to these equations,
we shall examine certain general properties of the solutions of these equa-
tions.

LeMMA 1. If the function o(x, y, z) is positive at a point (xq, Yo, Zo) Iying
within the domain where the equation (9.2) is defined, then the solution of this
equation cannot attain its minimum value at this point.

For, if the function u(x, y, z) satisfying equation (9.2) attained a minimum
at this point, then it would attain a minimum with respect to each variable
separately at this point. But then all the first-order derivatives of u would
have to be zero at this point, and the second-order derivative with respect to
each variable would be non-negative. Consequently the sum of the second-
order derivatives would have to be non-negative, and this contradicts the
hypothesis that g(xq, yo, Zo) 1S positive.

Hence the lemma.

COROLLARY. If o(x, y, 2) is negative at the point (xq, Yo, Zo), then u(x, y, z)
cannot attain its maximum at this point.

This is proved by changing the signs of ¢ and u.

THEOREM 1. A harmonic function which is given in a certain domain §, and
is continuous up to the boundary S cannot take anywhere within §, values which

146
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are greater than its greatest value on the boundary nor values which are less
than its least value on the boundary.
Suppose, if possible, that

u(xO,yo, Zo) > Usg + E,

where ug is the value of u at an arbitrary point on the boundary of the do-
main.
The function
v=u+ nre,
where
rP=(x = x0)* + (y = yo) + (z = z0)?,

and 7 is some positive constant,
is such that
V2 = Vi + 69 = 67

and is hence a solution of Poisson’s equation (9.2) with positive p. But v, for
a sufficiently small #, will take a value at (x,, yo, zo) Which is still greater
than max vg.

For,

U(ZO’yOa ZO) = u(xo’y09 ZO)
and by hypothesis

u(xo, Yo, Zo) > Uy + € = vy + £ — Nri.
Choosing 1 to be so small that, throughout §,,

e — nrr > i¢
we get
(xo, Yo, 20) > vs + 1e,

and consequently v will attain its maximum somewhere within the domain.
This contradicts Lemma 1, so our supposition was false.

The second part of the theorem is proved by changing u to —u.

We shall show later that a harmonic function which takes a value inside
the domain which is equal to its maximum or minimum value on the bound-
ary is a constant,

COROLLARY 1. A harmonic function which is equal to zero on the boundary
of a finite domain is identically zero throughout this domain.

Hence it follows that two harmonic functions which take equal values
at points of the boundary of a domain will have equal values everywhere
within their domain. For their difference is a harmonic function and is equal
to zero on the boundary and consequently throughout the domain.
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COROLLARY 2. If a sequence of functions u,, which are harmonic in a domain
§Y and continuous up to the boundary, converges uniformly on the boundary S
of this domain, then it will converge uniformly throughout this closed domain.

This follows because |u,, — u,,| < &) for ny > N and n, > N for
every point on the boundary and hence also throughout the domain.
Consequently, by Cauchy’s test, the sequence u, converges uniformly through-
out the closed domain.

§ 2. The Principal Solution. Green’s Formula

In order to investigate the properties of harmonic functions more deeply,
we shall prove some more lemmas.
LemMA 2. The function

1
\/(x — Xo)> + (¥ — yo)* + (z — 20)?

V2<i>==0 (9.3)
r

except at the point (Xo, Yo, Zo) Where 1/r becomes infinite.

1
r

satisfies Laplace’s equation:

For,

0> (Ly_ _1 36— x)°

Ox? \ r r3 r’

0? 1 1 (y — 2
Yo L 30 =y

oy* \r r3 rd

0* (1\_ _1 | 3G&=z)"

0z \ r r3 r’

Equation (9.3) follows by addition.

LEMMA 3. If the function u is continuous, and has continuous first-order
derivatives throughout a domain §), and on its boundary S, and has second-order
derivatives continuous within §,, then

JJJ leu dst =JJ (u—(—a—<l> - lﬂ) dS — dnu(x,, yo, 2o)-
or s on \ r r On

(9.4)

Here d/0n denotes, as usual, the derivative along the inward normal to the
surface S. Thc surface S of the domain §, satisfies the conditions of § 1 in
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Lecture 1, i.e., it is piecewise smooth and is intersected by any straight line
parallel to a coordinate axis either in a finite number of points or in a finite
number of whole intervals.

We shall suppose at first that u has continuous second-order derivatives
throughout §, and on its boundary S. To prove the lemma, we cut out of
the domain §), a sphere @ with radius ¢ and centre at the point (xo, Yo, Zo)-
and apply Green’s formula to the remaining domain. Then

J‘[J‘ 1 V3u dl = limffj 1 V2ud$
o r e—0 O-w ¥
) 1 1
= lim J‘JJ‘ {— V2u — uV? <—>} dst
£—0 O-w r r
A G- e
s on \ r r On
+ limjj {u i <i> 1 %} ds (9.5)
=0 ) J, 1 On \r r On

where o is the surface of the sphere w.
It is not difficult to see that on the surface o

ii_d 1__]__1
on \ r dr \ r r? N

and consequently,

0
u— i ds = ——l— udS
s On \r e JJ)s
| |
= _—'J‘J‘ u(xm)’o:Zo) dS—'—J‘J‘ ndS:
e? v £? .

where 7 tends uniformly to zero in w as ¢ — 0:

|n| < 6(e), and &() - 0 if & 0;

and
JJ. u(xo, ¥y, 20) dS = 4me*u(xy, yo, 20); lJ‘J\ ndS

Since du/on is bounded, |0u|/0n| < k, and so

JJ iﬂds é—l—f‘[kd5§4nk8
s on £ -

< O(¢) dme?.
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lim i i u —lﬂ dS = —dnu(x,, yo, 2o)-
e»0 ) |, 0n \ r r on

Substituting this expression in (9.5), we obtain the required result.

To get rid of the requirement that the second-order derivatives shall be
continuous on the boundary of the domain, we replace the domain §, bya
domain §; which, together with its boundary, lies within §3,. Then by first
applying (9.4) to the domain §,; and then letting §,; — §, we obtain the
required result.

Formula (9.4) was deduced onthe assumption that the point (xq, o, Zo)
belongs to the domain §Y. If (xo, ¥o, zo) lies outside the domain, then the
formula becomes

JJJ inudSl =J‘J {ui<l> - i%} ds. (9.6)
o r s on \ r r on

This may easily be established by repeating the whole argument, noting that
there is now no need to introduce the integral over a domain o.

The proof can also be extended without difficulty to cover the case when
the derivatives have a finite number of points of discontinuity within the
domain but otherwise satisfy the conditions of the theorem.

The name Green’s formulae is often given to (9.4) and (9.6). The likeness
will readily be seen between Green’s formula (9.4) and the similar formula
(8.14) which we obtained as the principal solution of the equation of heat
conduction. Here then the function 1]r is the principal solution of Laplace’s
equation.

and

§ 3. The Potential due to a Volume, to a Single Layer, and to a Double Layer

If by some previous consideration we know the values of the u, Vu
and du/dn which appear in Green’s formula (9.4),

Ou
Viu = —4mo, |uls = fi, |:—:| = fa,
on |

then the formula gives us the unknown function u explicitly:

1 0o [1
(X, Yo» Zo) =JJJ 2 gy dy dz + ——jj _<_ fidS
aQr ar ) )s Ou \ r

_ J L as. ©9.7)

47 st

But we cannot specify f; and f, completely arbitrarily. Hence (9.7) does not
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allow us to construct a solution of equation (9.2) which shall itself have
arbitrary values on the boundary and also have arbitrary values for its
normal derivative thereon, as we did for the problem of a vibrating string.

We give special names to the integrals which appear in (9.7). We call
the integral [{§o ofr dx dy dz the Newtonian potential and the function ¢ the
density of this potential. Similarly, we call the integral ({¢f3/r dS the po-
tential of the single layer with density f,, and theintegral (¢ f1(0[on) [(1/r)] dS
the potential of the double layer with density f;.

The Newtonian potential has a very simple physical interpretation.
Imagine that mass is distributed through the volume £, with density o. We
calculate the attraction of this mass on a material particle. By Newton’s
law, a mass m at the point (x, y, z) attracts a unit mass at (x,, yo, Zo) With
a force F of magnitude m/r? directed towards the point (x, y, z). In other words,

F = grad, U

m

where U = — = .
V(= X2 + (= po) + (2 — 20)?

The function U whose gradient is equal to the attractive force is called
the potential of the gravitational force. Hence we can call i#1/r the Newtonian
potential of the mass m at the point (x, y, z).

By dividing the whole volume §?, into small elements and replacing the
attraction of the mass o4 §), in the element 4 ), by that of an equal mass con-
centrated at some internal point this element, we obtain an expression for
the force F acting on a unit mass concentrated at the point (x,, ¥,, 2o), Viz.,

F =) grad, L 4§,
Te

where grad, (1/r;) is the value of grad, 1/r at some internal point of 45,.
Passing to the limit, we get

F=JJI 0 grad, — dSU, F,=IJJ 0o X" %o 4q,
2 4 9 r’

e ff e e[ e
fo) r3 fo) r3

Suppose o(x, y, z) is a continuous function. Then the quantities F,, F,, F,
will be uniformly convergent integrals and, by the theorem in §2 of Lec-
ture 7, they are the derivatives with respect to xo, yo, 2o respectively of the
function .

o-[]] £

EMP 6
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and consequently
F = grado U.

Thus Uis the gravitational potential of a mass distributed with density g over
the volume §}.

The same interpretation can be given to the potential of a single layer.
This is the potential due to a gravitating mass distributed over the surface S
at points outside the surface. If f, is the density of this mass, then, by re-
placing the effect of each surface element A4S at the point (x4, ¥, Zo) by
grady (1/r) f> A4S where grad, (1/r,) denotes the value of grad, (1/r) at some
mean point of the surface element, and by summingoverallthe elements 4.5
and passing to the limit, we obtain for the total attractive force at the
point (xo, Yo, Zo) the expression

F = grady U where U = Jj Sz ds

s I
as we had to show.

We have considered ¢ and f, to be the density of masses gravitating
according to Newton’s law, but we could equally well have derived the same
expression as an electric potential due to charges attracting or repelling
according to Coulomb’s law, or as a magnetic potential.

We now pass on to explain the geometrical significance of the potential
due to a double layer, to which end we put the integral into a rather dif-
ferent form. We consider a surface, which, in general, is not closed. We
select some point O and construct round it a sphere C of unit radius.

[

Fic. 1L

We suppose that the surface is two-sided, and we designate one side as
the inner side, the other as the outer side, and in so doing we define the
direction of the inward normal at all points of the surface. We suppose that
the surface S can be divided into a finite number of parts S,, S,, ..., Sk so
that each part either meets each radius vector drawn from the point O in a
single point or else forms part of a conical surface with vertex at the point O.
For each such piece the sign of the cosine of the angle between the internal
and a radius vector drawn from O will be constant. The radiui vectores drawn
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to all points of the piece .S; will intersect the unit sphere C and form on it a
certain domain C; (see Fig. 11).

We shall call the area of this domain C; the solid angle which the inner
surface of the piece \S; subtends at the point O and we denote it by ws,. We
shall call this solid angle positive if the radius vector directed from O to a
point of S; forms an obtuse angle with the inward normal, i.e., if an observer
situated at O would actually see the inner surface of S;; and we shall call the
solid angle negative if the radius vector makes an acute angle with the in-
ward normal so that an observer at O would actually see the outer surface of
S,;. For pieces of a conical surface with vertex at O, we shall take the solid
angle to be zero.

Using polar coordinates with pole at O, the solid angle subtended by
the piece S; at O may be written as

_ f j sign [cos (r, n)] sin 6 d0 dg (9.8)

where the notation sign [cos(r, n)] denotes the sign of the cosine of the angle
between the radius vector r and the inward normal n.

For the whole surface S we define the solid angle which it subtends at
the origin as the sum of the solid angles for the pieces S;, and it will be ex-
pressed by the integral

—J‘j sign [cos (r, n)] sin 6 d0 de.
S

We can now formulate a lemma.

LemMma 4.
s On \Ur

Proof. The solid angle wg depends only on the boundary / of the surface S
and does not change, no matter how the surface S may be deformed, provided
that the boundary /stays the same and that the surface Sdoes not pass through
the point O during the deformation.

The integral (9.9) also does not depend on the position of the surface S
during such a deformation. For if S, and S, are two surfaces having the
same boundary, the difference of the integrals

JLarG)e-]] a6

is the integral over the closed surface S’ formed by S, and S,. And since
by supposition the point O is outside the domain enclosed by S, we have by
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Green’s formula (9.6), putting u = 1,

[ ()e=o

We can now prove (9.9) by showing that wg and the integral in (9.9)
coincide for any one particular type of surface S bounded by the boundary
[. We may take in particular the surface consisting of part of the sphere C
and a part L of the conical surface formed by the radii vectores through the
origin and points on the boundary /. But for both these pieces (9.9) is evi-
dently true: for on L, d(1/r)/{0n = 0 and the solid angle is zero; and on C,

d /1 d /1) .
= (7> = + ™ <7> sign [cos (¢, n)]

= —sign[cos(r,n)]asr =1 onC
and therefore

o <i> dS = —sign [cos (r, n)] sin 6 d0 de.
on \ 'r

(9.9) could also have been proved by direct calculation.
From (9.8) and (9.9) we see that for any surface

—sign [cos (r,n)] sin 6§ d6 dp = i (l> ds.

on \ 'r

We shall sometimes denote the expression d(1/r)/dn dS by dw and call it

an elementary solid angle:
do = 2 (1) ds. 9.10)
on \ r

Using the notation (9.10) we can put the expression for the potential of a
double layer in the form
” fi do. (9.11)
S

Hence it follows that if the density f; of the potential of a double layer is
equal to unity, then this potential expresses the solid angle subtended by the
surface S at the point (xo, Yo, Zo)-



LECTURE 10

SOME GENERAL CONSEQUENCES OF
GREEN’S FORMULA

§ 1. The Mean-Value Theorem for a Harmonic Function

When u is a harmonic function, Green’s formula (9.4) takes the form

1 0 (1 1 0
u(xo, Yo, Zo) = EJ‘JS{UE <7> - 7 En_} ds (10.1)

As we have seen, this formula is always valid if the function u has first-order
derivatives continuous throughout and on the boundary of the domain and
second-order derivatives continuous within the domain. The right-hand side
of (10.1) consists of the sum of the potentials of a single layer and of a
double layer. We shall examine the properties of these potentials in detail
later, but we now show that each of them is a harmonic function everywhere
outside the surface S.

For,if the point (x,, ¥, zo) does not lie on this surface, then the potentials
of the single and double layers can be differentiated under the integral sign
with respect to the variables x,, y,, z, as many times as we please. We have
already seen that V3(1/r) = 0, and so 1/r is a harmonic function of these
variables; consequently the potentials of the single and double layers will also
be harmonic functions outside S.

We next show that these potentials will be analytical functions. Near a
point x3, y§, z&, the function 1/r can be expanded in a series of powers of
Xo = X3, Yo — Yo, zo — z& which converges uniformly for sufficiently small
values of the absolute values of these differences.

For,

1 1

V(= x0) (0 =y + (2 — zo)?

= {[(x = x§) — (xo = xHP+ [y — y3) — o — ¥3))*
1 ~ )~ (o — 2P}

155
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=[x = %P+ =yl + (=21

x[l _2(x — x5)(xo — x5) + (¥ —y3) (yo —y5) + (z — 25) (20 — 25)
(x = x5+ (y —y3) + (2 —z3)

+ (xo — \0)2'*‘()’0—}’0)2‘*‘(20—20) :|
(x = x5+ (¥ —y5)* + (z — z5)?

On expanding this expression in a series using Newton’s binomial theorem,
itis easy to see that the series will converge uniformly for values of (x, — x§)?
+ (Vo = Y2 + (zo — 2&5)? which are sufficiently small in comparison with
the minimum value of (x — x3)? + (y — y3)? + (z — z&)? as the point
(x, y, z) moves over the surface S.

By integrating this series term by term, we see that the functions

LIJ ﬂldS and w =—Jf < >dS
14 on r

also admit of similar expansions, and are therefore analytical functions of
Xg, Ve, zo everywhere except on the surface S.

Let u be a function which is harmonic inside a sphere and which, together
with its first-order derivatives, is continuous throughout and on the surface
of the sphere. We apply Green’s formula (10.1) to a sphere of radius /2 drawn
about the point (x,, o, 2o); S is now the surface of this sphere. We get

But for any closed surface S,

fj _dS— jJJ Audx dy dz =0,
a” Oy

where §),, is the volume bounded by the surface S, , and the function u is har-
monic within §,; and has continuous derivatives up to and on the boundary.
The first equality follows from (1.2) since Ju/dn = (grad u), and Adu
= div (grad u); and the second equality is obvious. Consequently,

U(XOJ’O, ZO) =

i n 2n
udS = 1 do u(R,0, @) sin 6 de (10.2)
2 s 4 ) o 0

4rh

where R, 0 and ¢ are spherical coordinates.

Hence we have:

TuHEOREM 1. The value of a harmonic function at the centre of any sphere
is equal to the arithmetic mean of its values on the surface of this sphere.



§1 MEAN-VALUE OF HARMONIC FUNCTION 157

This property of harmonic functions completely characterizes this class
of functions. In other words, the converse theorem holds:

THEOREM 2. If a function u(x, y, z) which is continuous in a domain §), has
the property that its value at the centre of any sphere lying wholly within §},
is equal to the arithmetic mean of its values on the surface of this sphere, then
the function has continuous second-order derivativesandV*u = 0, i.e., u(x,y,z)
is a harmonic function.

We postpone the proof of Theorem 2 until a little later, and meanwhile
point out certain properties of functions which satisfy the conditions of
Theorem 2.

LEMMA 1. A4 continuous function u(x, y, z) having the property that its value
at the centre of any sphere included within the domain of its definition is equal
to the arithmetic mean of its values on the surface of this sphere cannot have
either a maximum or a minimum value within this domain unless it simply
reduces to a constant.

For if at some point P, within the domain §, the function u attained a
maximum value, then the arithmetic mean of its values on the surface of any
sufficiently small sphere o with its centre at P, could equal u(P,) only if the
function u were equal to its maximum value everywhere on the surface of o.
This would imply that the function was constant within the sphere 0. But
if the function u is constant within any sphere surrounding any point where
it attains a maximum value, then, as may easily be seen, it must be constant
everywhere within the domain §,. For we can join the point P, to an arbitrary
internal point P by some smooth curve / lying wholly within the domain &,.
Then by Weierstrass’s theorem there will be a minimum distance from an
arbitrary point of the curve / to points of the boundary of the domain, and
this minimum distance will be positive. Hence there exists a positive number 7
such that a sphere of radius % described about any point of the curve / will
lie entirely within §. And we find on the curve / a finite number of points
Py, P, P,, ..., P, = P such that each successive point lies within a sphere
of radius » described about its predecessor. Using the demonstrated fact
that u is constant in any internal sphere circumscribing a point at which u
attains a maximum, and passing in sequence from one vertex of the polygon
to the next, we get

u(P) = u(P,).

LEMMA 2. If a function u(x, y, z) which satisfies the conditions of Lemma 1
vanishes on the boundary of some region §,, then it will be identically zero
throughout this domain.

For, if the function u took values within the domain which were different
from zero, then it would have a maximum or minimum value within the
domain and would not be constant, contrary to Lemma 1.

Lemma 3. If a function u(x, y, z) which satisfies the conditions of Lemma 1
coincides with a harmonic function ug on any closed surface S, then it will coin-
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cide with this harmonic function everywhere within the domain bounded by S,
and so will be itself a harmonic function.

For,the difference u — u, will then also satisfy the conditions of Lemmal l,
since u and u, separately do. But this difference is zero on S. Therefore, by
Lemma 2, u — u, = 0 everywhere within the domain bounded by S.

We shall prove later that, for any continuous function f(S) which is
defined on the surface of a sphere, there exists a harmonic function ¥ which
1s continuous within the closed sphere and is equal to f(S) at points of its
boundary. From this, Theorem 2 will follow immediately. In fact, for any
internal sphere o in the domain §,, a function u, exists which is harmonic
within the sphere o and which takes the same values as u on its surface. Then,
by Lemma 3, u coincides with u,. This implies that u is harmonic in any
internal sphere, and consequently at any internal point of §,, as Theorem 2
asserts.

The formula (10.2) implies the following theorem.

THEOREM 3. If a sequence of functions {v,} which are harmonic in the
domain §, converges uniformly in this domain to a limit function v, then this
limit function v is also a harmonic function.

For, if each of the functions v, satisfies

1
(X0, Yo, 20) = v, dS.
(X0 Yo > Zo) 4 st

where S is a sphere of radius & = V(x — x0)? + (3 — yo)® + (z — 20)?,
then the limit function will satisfy the same relation. Consequently, v is a
harmonic function in §2,, as we had to show. Hence it follows, incidentally,
that if a harmonic function v(x, y, z, A) depends continuously on the para-
meter A in a finite interval @ < A < b, then the integral of v taken over this
interval will also be a harmonic function in the domain §3.

§ 2. Behaviour of a Harmonic Function near a Singular Point

Suppose a function # has a singular point in the domain §,, butis har-
monic in the neighbourhood of this singular point. We shall examine its
behaviour near the singular point. For simplicity we shall take this point as
the coordinate origin, and we shall transform the function u into polar co-
ordinates, so that u = u(R, 0, ¢).

LemMA 4. If a function u(x, y, ) satisfies the inequalities

4|0

OR

A
Rn+ 1

<

ju] =

where A is a constant, and R = Vx4 y? + z%, and if u is a harmonic func-
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tion everywhere in §, except at the origin, then u can be represented in §, by

n—1 o™ 1
u(Xo, Yo Zo) = . iy ; + u*(X0, Yo, Zo)
° ° ? m;o i+j§k=m g 3«\‘5 ayi) azz <RO> ( 00 °
(10.3)

where u* is a function which is harmonic everywhere in ), including the origin.
(If n = 0, the first addend on the right-hand side of (10.3) is absent.)

The proof follows immediately from Green’s formula (10.1). On sur-
rounding the origin with a sufficiently small sphere with centre at the origin
and such that the point (x,, y,, z,) lies within it, we get

1 o /1 1 Ou
u(xy, Vo, Zo) = —— — (=) - " \ds
(X0, Yo, Zo) 4n_[_[s<u on <r> r 6}1)
1 g0 (1Y 1 ou), o
7T ,, on \ r r on

Using Maclaurin’s formula, we can express the function 1/r near the
origin by

| 1 - | ; o |
L-1l.'y 2 Myl oo (= ) |+ Ras
r R m=1 i+sFk=m i1 j1 k! oxt ay’ 0z \ r /),

where the derivatives are evaluated at the origin, and Ry = / X5+ yo + 22
and |R,] < CR" where C is a constant. Using the fact that

o™ 1 o 1
—g o) = D e ()
oxt 0yl oz \ r / |o 0x, 0yp 0z \ Ry

n—1 - m . am
N + L—ﬂ—x‘y’ z* — — : + R,. (10.4)
RO m=1 i, J! k! axo ayo aZO -RO

Similarly, d(1/r)/0n can also be expressed asa linear combination of deriva-
tives of 1/ R, with respect to xg, yo, 2o of up to the (n — 1)th order with co-
efficients independent of x,, yo, Zo, and a remainder R, satisfying the in-
equality | R,| < C R"!. This follows from the fact that the derivatives of
1/r with respect to x, y, z differ only in sign from the derivatives with respect
to Xg, Yo, Zo, and for these derivatives the required expression is clearly
valid. But

0 0 0 0
— = cos (n, x) — + cos (#, — 4+ cos(n, z) —.
on ( )ax (y)ay ( )(92

where cos (n, x), cos (1, y), cos (n, z) do not depend on Xx,, o, Zo, and are
bounded.

EMP 6a
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Hence we get

1 a /1 1 0u ay’
u(xo, Yo, 2o) = — U—_[—)— ——3dS +
02 o 7o) 4n jjs{ Oon <r> r an} R,

+ nil a'y) o" 1
= Toxt oyl 025 R,

+ Ru — R, Ou ds,
4 - on
(g)

where ;7 are certain numbers.

We pass to the limit as o contracts into the points x = y = z = 0. The
limit of the integral taken over o will be zero, by the conditions of the lemma.
The first integral on the right-hand side is a harmonic function of x,, y,, Zo
and is independent of o (it is the sum of the potentials of a single layer and a
double layer). It follows that the sum

(d) n—1 ) om 1
+ ail'?k - -
mzl l+J;€ m ! a’CE) ayé aZ’(‘) <R0>

must also tend to a certain limit @(x,, yo, zo) = P(P,). We shall prove that
this limit can be expressed in the form

o + n-1 Z . am ( 1
—_— ik T — .
R, mz=l it jtk=m ’ 6-\'8 o az'(") R,
To do this it is sufficient to prove the following lemma.
LEMMA 5. Let g, @4, ..., @i be certain functions of x|, x5, ..., x, (kisa

finite number). If a linear combination of these functions having variable co-
efficients which do not depend on the x., x5, ..., X,,

Z y('") q‘l(xl9 L] xrl)s

i=1

converges as m — 0, then its limit ¢*© is also a linear combination of the same
Sfunctions ¢;.

For, the function ¢¢™ obviously cannot take independent arbitrary values
throughout space, since on assigning a value toitatsome point P$’ we obtain
a certain linear equation which the coefficients »{™ must satisfy. The number
of such linearly independent equations is not greater than k. Hence we can
find N points PV, ..., PN (N £ k) such that the value of the function ¢
at any point Pcan be defined completely in terms of its values at these points:

N
g™ (P) = Y ¢"(Pe) ps(P) (10.5)
s=1

where y (P) are linear combinations of the ¢; with numerical coefficients.
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Conversely, any function satisfying (10.5) is expressible in the form of a
linear combination of the ¢;.
Passing now to the limitin (10.5), we see that ¢‘® must satisfy the equation

N
¢O(P) = ¥ ¢ V(P) ys(P),
s=1

i.e., '® is a linear combination of the ¢,(P), as was to be shown.
Hence Lemma 5 and with it Lemma 4 are proved.
'THEOREM 4. The representation (10.3) is valid if |u] < A/R".
We introduce in place of u(R, 0, ¢) an auxiliary function

R

1 .
u(R, 0, @) = —R"—+1f u(Rl, 0, (p) R; dR;: (106)

0

the integral on the right-hand side converges. 1t can also be put into the form

1

1 1
"R, 6, ) Rf u(RE, 9, ¢) R'E" d<R£>=f u(RE, 0, ¢) £ d&

o 0

1
= f u(éx, &y, &z) & d¢.

0

The integrand of the last integral, as may easily be seen by direct differ-
entiation, is a harmonic function of the variables x, ¥, z; hence, by
Theorem 3 of § 1, v is also a harmonic function.

Differentiation with respect to R gives

ov(R, 0, n+1 8 n u(R, 0,
D= e | 0 ek MDD
(o]

(10.6), (10.7) imply

Rn+‘ o
1 [® A
ﬁ—s‘ ntZ Ade+ n+1 = A(n+2).
OR R" o R R't!

Consequently the function v satisfies all the conditions of Lemmg 4 and can
be expressed in the form

a() + n—1 (’)m ( 1 > + ‘ (R 0
V= — aij . (R, 0,
Re 0w ot 0% \ Re % %),

where w is a function which is harmonic near the origin
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The function u can be simply calculated from v:

1 0 n
u(R, 0,9) = T R [R™" u(R, 6, p)]
o+ DR, 0, ) + x 204,00 00
ox Oy 0z
) on : .
Since Y = W R 1S a homogeneous function of degree

— (m + 1), we have, by Euler’s theorem on homogeneous functions,

OP; i +y BQPijk +z Wy ji

= —(m+1 ,
Ox oy 0z ( ) Visk

and on noting that if wisa harmonic function, then so is x Oy +y % +z %

Ox ay 0z
(as may easily be verified by direct differentiation), we see that our theorem
is valid.

COROLLARY. If in the neighbourhood of the origin the function u(x, y, z)
is everywhere (except possibly at the origin itself) bounded and harmonic, then
it can be made harmonic everywhere, including the origin, by a suitable choice
of the value of u(0, 0, 0).

The function u coincides in the neighbourhood of the origin with a har-
monic function w. Consequently it can only fail to be harmonic everywhere
because u(0, 0, 0) is not equal to w(0, 0, 0). Hence our proposition.

It is clear that the singularity need not be at the origin but could be at
any point,

§ 3. Behaviour of a Harmonic Function at Infinity. Inverse Points

The function 1/r can be transformed into a certain form which will be
extremely useful later. We have

1 |
r x/xz+y2+22—2(xx0+yyo+zzo)+x§+y§+zc2,
1
- 1 o + 1
RR, | — — 2 XXo yy02+ ZZg + =
R? R* R} R?
where

R? = x% +y® + 22, RY = xi + yo + z5.



§3 BEHAVIOUR AT INFINITY: INVERSE POINTS 163

Hence
1 1
4 RRO\/L_x_c;2+ RSN
R> R R R} R> R
We write
X _ J - 2 _ Ko _ Yo _ 2o _
—;2—2- - 5: R2 77, R2 C: Rg EO, Rg ’70: Ré CO'

We call (£, 3, {) the inverse point to (x, y, z) with respect to the unit sphere.
It is not difficult to see that

1
R 2 2
P2 =&+ + ¢ =
3 _n ,_2¢
X=—, y=—, Z=—.
p2 p2 p2

Thus the relation is reciprocal: if (£, 1, £) is inverse to (x, y, z), then (x, y, z)
is inverse to (£, 5, £). The point inverse to a given point lies on the radius
vector from the origin to the given point at a distance which is the reciprocal
of that of the given point.

Writing

0=~/ (&= &) + (1 — mo)* + (£ — Lo)?,

P=VeEt+np+2, Po=+E + 1+
we have

Lo L , (10.8)

From this formula we get a theorem which is important for its applica-

tions:
THEOREM 5. If the function u(R, 0, @) is harmonic in a certain domain §), of
the variables R, 0, @, then the function

1 1
—u(—,0, = v(P, 0,
= <P ‘P) ( ®)

is also a harmonic function in the corresponding domain §),, of the variables
P, 6, ¢ which is obtained from the domain §, by the substitution P = 1/R. In

1 1
other words, 7 ( 3 0, <,n> is a harmouic function of &, 1, {.
\
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For, by Green’s formula (10.1) any harmonic function u(x, y, z) can be
expressed as the sum of the potentials of a single layer and of a double layer

u(Ro, Oa(Po)—J‘j#—( )dS+JJ v—l-dS,
s r

1 1 ou
u=|—ul, and v =| ———1 .
4 | 4n On |s
Consequently,

L. Rou _” <R°> ds +” R ds; (10.9)
P, on

but R,/r=1/Rgisaharmonic function of &, 7,, {, and therefore the integrals
in (10.9) are also harmonic functions of these variables, as we had to show.

COROLLARY 1. If a function which is harmonic outside a certain sphere
satisfies the inequality

where

|u| < AR™1, (10.10)

then this function can be expressed in the form

n—-1 am 1
u=a, + a R — — — [ — ) + u*, 10.11
° ,.Z=1 e ox' 9y dz* <R> (1011

i+j+k=m

where u* is a harmonic function tending to zero at infinity.
For, if the inequality (10.10) holds for u, then we shall have |v| < A/P"

for the functionv(P, 0,¢) = % u <—ll; , 0, <;0>. But by Theorem 4 of this lecture

om 1
o(P, 0, -——+ _ + v*(P, 0, ¢). (10.12)
( i mzl & and A" ( > ( P '
'The function 551577—15@‘( ! >1s a homogeneous function of degree — (m + 1)
in§,7,¢.
Consequently, P™t1 a—i is a homogeneous function of zero

ok ol ok P
degree in &, 7, { and depends only on the ratios of these variables. But &,%,{
are proportional to x, y, z. Hence

prev 0" (1N _ gm0 (1
0L on! Lk \ P dx' 9yl 9z \ R )’
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so that
0" (LN pm2_ 0" (1) (013
0& ond 0Lk \ P Ox' 0y’ 9z \ R

Substituting (10.13) in (10.12), and using the fact that # = (1/R) v, we get
(10.11). Hence the proposition.

Another important corollary follows from (10.11).

COROLLARY 2. A function u(x, y, z) which is harmonic and bounded outside
a sphere will tend to a definite limit at infinity.



LECTURE 11

POISSON’SIEQUATION IN AN UNBOUNDED
MEDIUM. NEWTONIAN POTENTIAL

WE SHALL next investigate Poisson’s equation for an unbounded medium.

LEMMA 1. A4 function which is harmonic throughout space and which tends
to zero at infinity is identically zero.

For, applying Theorem 1 of Lecture 9 to an arbitrarily large sphere, we
see that the value of our harmonic function at any point of space is as small
as we please. Hence the lemma.

COROLLARY 1. The solution of Poisson’s equation

Vv = —4mp(x, y, z) (11.1)

in infinite space which tends to zero at infinity is unique.

For, if v; and v, are two such solutions, then their difference v; — v, is
a harmonic function which tends to zero at infinity. Hence by Lemma 1,
this difference is identically zero.

COROLLARY 2. (Liouville’s Theorem) A harmonic function which is bounded
throughout space is constant.
For, by Corollary 2 to Theorem 5 of Lecture 10, this function tends to
a certain limit ¢ at infinity. The difference ¥ — cisitself a harmonic function
and tends to zero at infinity. Hence by Lemma 1, this difference is everywhere
zero, i.e., ¥ = ¢ everywhere, as we had to show.
We now pass on to the solution of Poisson’s equation (11.1) in infinite
space.
Suppose that the function g(x, y, z) is integrable and that it satisfies the
inequalities
|Q(.\‘ y z)|<—A— if R=>1
7 R2*E = (11.2)
Ig(x,y,z)|<A if R<1
where

R=\/x2—+-y2+z2 and a > 0.

Without loss of generality we can suppose that a < 1, for otherwise the
replacement of a by a, < a would only weaken the inequality (11.2).

166
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The solution of equation (11.1) subject to the conditions (11.2) can easily
be constructed using Green’s formula (9.4). Let u(x,, yo, Zo) be a solution
of (11.1) which tends to zero at infinity. For any volume §), bounded by a
surface S we have by Green’s formula,

u(XO:yO: ZO)

1 1 1 o /1 |
1 Ou
Hj dxdydz+—” u—< )dS———Jj — 5, 45 (LY
or

where r is, as usual, the distance between the points (x, y, z) and (x,, yo, 2o)-
We take as the volume §}, a sphere of radius R with centre at the origin and
let R — oo. Then the first integral on the right-hand side of (11.3) will tend
to a definite limit, since by virtue of the conditions (11.2) the volume integral
converges. The sum of the other two integrals is a harmonic function.
We shall show in a moment that the limit of the first integral gives a solu-
tion of the problem posed. Then because of the proved uniqueness of
solution it will follow that the sum of the second and third integrals tends
to zero.
We now show that the function

+w fto + o 0
u(xo,yo,zo)=f f f dedydz (11.49)

where the triple integral is taken over all space, does really satisfy equation
(11.1) and the stipulated conditions.

The function (11.4) is called the Newtonian potential, and o(x, y, z) its
density as already defined in § 3, Lecture 9.

We investigate first how u(x,, Vo, zo) behaves at infinity. We have

|u(x0, yo, 20| < J f J

The magnitude of the last integral depends only on Ry = v/x% + y2 + 22,
and if we put x, = Ry, yo = 0, z, = 0, its value is unchanged. For this
integral obviously does not change when the coordinate axes are rotated, and
we may choose the axes so that the axis OX goes through the point (x,, yq, o).
Changing to new variables &, 7,  given by

10u 45

st on

_ dx dy dz.

X = ROE; )v’ = .Ron, z = RoC,
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the integral becomes

) Y+ pto pto Rgdfdnd{,' B A +m» M+ + dfd”)dc
- o — a0 —a R03+aP2+aP1 R‘(]) - - -0 PI P2+a ’

where

P=v&+P+0, Pi=JE-1)2+n+ .

The last integral converges: since (i) when P — oo, theintegrand decreases
like P~37¢; (ii) near P = O the singularity of order P72~ is integrable; and
(iii) near P; = O the singularity of order P}" is integrable. Writing

+ o + o + d‘s dn dC B k
—wJ ToJ T® 1:)1 P2+a ’
Ay

|u(x0a Yo» ZOa)I é Ra s
o]

we get

which shows that ¥ — 0 at infinity.
We next show that « has continuous derivatives, obtained by differentiat-
ing under the integral sign. For example,

+ +m +
Ou = 0 9 i dx dy dz.
0x, cod mod = Oxo \ 7

Differentiating under the integral sign is permissible because the integral so
obtained converges uniformly with respect to x,. For,

0 -1- - X7 % and 9 L <
Oxo \ r r3 Oxq \ ¥

and this guarantees the convergence (see Criterion 2 in Lecture 7). Simulta-
neously we have proved that continuous first-order derivatives of the Newton-
ian potential exist. In order to prove the existence and continuity of the
second-order derivatives, certain new restrictions must be laid on the func-
tion o(x, y, z); we shall in fact assume that this function has continuous
derivatives of the first order. This restriction is not really essential, but to
replace it by a weaker one would make the investigation longer.

The function o(x, y, z) can always be split into two parts g, and g, such
that, in the neighbourhood of the given point (x,, yo, zo) 0, Will beidentically
zero, while ¢, will be identically zero in a certain neighbourhood of infinity,
i.e., outside a certain domain D; and at the same time, both ¢, and g, will
have continuous first-order derivatives. Then

1

’.2

A acs)
22 4y dydz.

+ oo + o + o0 0 4+ o + o
u(Xo, Yo» Z0) =j j J ~Ldxdyd:z +j J
—oJd-xd-—w T —nd -t -2 T




POISSON’'S EQUATION: UNBOUNDED MEDIUM 169

Since g, = 0in the neighbourhood of (x4, ¥4, Z5), We can exclude this neigh-
bourhood from the second integral; and then we can differentiate it twice
with respect to the parameters and obtain uniformly convergent integrals.
Considering now the first integral, we shall have, for example,

a + 0 +o *+wm - x
- f J J o dvdydz—J f J 2= %0 dx dy d.
Xo —J TXJ —®

Introducing new variables x = xq + &, yo = yo + 9, z = 25 + {, We get

+too ptoe Mt
0 &d,\ dy dz
axO — o™ - —w r
J-‘-m j‘+wJ‘+w §01(x0 + &, o + 1,20 + &) d&dndl
o VE + 7+ )

and this last integral can obviously be differentiated with respect to the para-
meters X,, Yo, Zo, Since the integrals so obtained will converge uniformly.

It remains to show that the Newtonian potential satisfies Poisson’s
equation.

We take a function y(x,, yo, Zo) Which is equal to zero everywhere ex-
cept in a certain sphere C with centre at the point (x,, ¥, Zo) and which has
continuous derivatives of certain orders. Then using Green’s formula we
find, noting that outside the sphere C the functions y and dy/dn vanish,

1 + o +x + o Vz .Y,
W(xO: Yo “0) = - J‘ f ——l/)(x 4 Z) dx dy dz.
4n o r

— a0 i © ]

—

Multiplying throughout by o(x,, yo, zo) and integrating with respect to x,,
Yo, Zo, We get

+ +w ptw
J J‘ J W(xq, Yo, 2Zo) (X0, Yo, Zo) dxo dy odzg

rt 2 ¢
J j V2p(x, y, 2) 0(xos Yo, Zo) dx dy dz dxq dy, dz,
r

—
6 times

1 +w J~+n P+

4z

X {j = dx, dy, dzo} dx dy dz
1

V2y(x, y,2)

T My —®J ~x®
+o +on +

J‘ »[ o

—m) ~eJ-= T

+ +»

+ o
= _4_ J‘ J' u(x, y, z) Vp(x, y, z) dx dy dz. (11.5)
T oG

- -0
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The last integral can be transformed by using the fact that for a sufficiently
large domain D

JJJ u V¥p dx dydz =fjf wV2u dx dyd:z.
D D

Comparing this with (11.5) we conclude that
+owo pto pto
f J J‘ p(x,y, z) [du + 4np]l dx dy dz = 0,

and since y(x, y, z) is arbitrary, it follows that

Viu = —4np,
as was to be shown.



LECTURE 12

THE SOLUTION OF THE DIRICHLET
PROBLEM FOR A SPHERE

IN LECTURE 2 we met the Dirichlet problem for Laplace’s equation: this
was the problem of determining a function harmonic within a domain when
its values on the boundary are prescribed. The Dirichlet problem can also
be posed for other equations of elliptic type besides Laplace’s equation; the
problem then is to find a solution of the given equation within the given
domain which shall take specified values on the boundary of the domain.
In this lecture we shall investigate the solution of the Dirichlet problem
posed for Poisson’s equation VZu = p for the case of a sphere.

We take a point (x,, yo, Z,) Within a domain §, bounded by a surface S.
We have already seen that the function 1/r, where

r = \/ (x — x0)2 + (¥ — yo)* + (z — 20)%,

is a solution of Laplace’s equation.
Applying Green’s formula (9.4) to 1/r and some solution u of Poisson’s
equation V?u = p, we get

i 0 | 1 Ou
u(xy, Vo, Zo) = u— 1 [_—} - ——41dS
(X0, Yo Zo) 4x st{ on <r> r On}
| 0
— J‘J‘J — dx dydz. (12.1)
47'[ (Qr

If we were to construct a function g(x, y, z, xo, Yo, Zo) harmonic throughout
and such that [gls = [1/r]s, then, applying Green’s formula to u and g, we
should have

RS {gV?u — uV?g} dvdy dz = R go dx dydz
4z v 4 Q

1 og Ou
u—— —g—:>,ds. 12.2
4 J‘J;- { on & on } (122)

171
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Combining (12.1) and the second equality (12.2) and taking into account the
value of g on S, we get

1 g
U(Xo, Yo, 20) = — - = dx dy d:
(X0, Yo, Zo) J'J‘J\“<4:rr 4n>0 y
— £ )ds. (12.3)
dmr 4

1 g
— = = G(x Z, Xo, Yo, Zo)
4nr 47 .y, 0r 70220

w(xo, Vo, Zo) = ijj‘ Gop d§b +JJ —f(S) ds.
§

The function G is called Green’s function. Thus, on the assumption that a
solution of the formulated Dirichlet problem exists, the formula

u(xo, Vo, 2o) = jjj Go dSb + jj ——f(S) ds (12.5)

will give this solution in explicit form if Green’s function i1s known.
Green’s function takes the value zero on the boundary and it is the sum
of the function 1/r and of the function g which is harmonic everywhere with-
in the domain. It is clear that it is determined uniquely.
We now pass on to the solution of the Dirichlet problem for a sphere. In
this case Green’s function can be constructed in explicit form. We put

Writing

we have

ro=N(x — &)+ (¥ — 70)* + (2 — Lo)?

where &, = xo/Réa Mo = Yo/RZ, Co = ZO/—R(Z): RG = .\'3 + ¥ + Z(Z)s as on
p. 163. If the point (x, y, z) lies ona sphere of unitradius, thenx = §, y = 7,
z = . By virtue of (10.8), on the sphere R = 1, we shall have

Fora I
Rory |r=1 r

The function 1/Ryr, is obviously a harmonic function of the variables x, y,z
inside the sphere R < 1. Consequently g = 1/R,r,.
Hence

1 1
4ar 4 Rory
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where

Ro=vV X2+ y2420, r=v @ =x+ (y—yo)? + (2 = 2.

2 2 2
,1:\/x_10; iy 2oV Z_z_02>
R R R

1
= N VR2RE — 2Axxy + yyo + 22zo) + 1

0

Hence

11 1
G(x,y,Z,on’o»Zo): e 2 .
4 | r JRPRE = 2xxe + yyo + 22) + 1

As we see, the function G turns out to be a symmetrical function as regards
the arguments (x, y, z) and (x,, yo, o). Consequently it is also a harmonic
function of the variables (x,, yo, zo) if r # 0.

We next verify that the formula (12.5) really does give a solution of the
Dirichlet problem for the sphere. Our proof will consist of two parts. We
shall show separately that the first term in (12.5) is a solution of Poisson’s
equation and vanishes on the boundary S of ), and that the second term is
a solution of Laplace’s equation and takes the specified values f(S) on S. We
begin with the proof of the first assertion.

We shall prove that the function

n(Xos Yo 20) = —f j j Go dx dy dz (12.6)
N

vanishes on the boundary and satisfies Poisson’s equation. To do this we
must estimate the magnitude of Green’s function G(x, y, z, X, Vo, Zo). We
shall show that

0<G < (12.7)
r

We first establish that Gis positive. We surround an internal point (xq, yo , zo)
by a small sphere o, and we consider the function G in the domain £’ in-
cluded between the spheres o and S. In this domain G is a harmonic func-
tion. If the sphere o is sufficiently small, then G will be positive on it, since
the first term is as large as we please and the second term is bounded. On
the sphere S the function G is, by definition, zero. Hence G is non-negative
everywhere on the boundary of §,’ and is positive on part of this boundary.
Since it cannot have a minimum value, it must be positive everywhere within
the domain §’.

To prove the second inequality in (12.7), it is sufficient to show that the
function g is positive. This follows from the fact that it takes positive values
on the boundary of §, and is harmonic within §3.
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By Criterion 2 of Lecture 7, it follows from the inequalities (12.7) that
the integral converges uniformly at the point (xo, Yo, Zo); consequently the
integral is a continuous function. Its value is zero if (x4, yo, Zo) is a point on
the boundary. Hence the integral (12.6) tends to zero if the point (x,, yo, Zo)
tends towards a point on the boundary.

Suppose that the point (x,, yo, Zo) lies within the sphere. We write the
integral (12.6) in the form

(X0, Yos Zo) = ——jJJ £ dx dy dz + ——jff go dx dy dz.
Q

The first term is the Newtonian potential and so the Laplacian operator
applied to it gives p. The second term is a harmonic function, since

Vﬁl:—l——J'JvJ‘ ggdxdydz:l =ijj‘ oVag dx dy dz = 0.
4n 0 47 Y

(We denote the Laplacian operator by V3 here to stress that the derivatives
are taken with respect to the arguments x,, ¥o, zo.) Hence formula (12.6)
gives the required solution of Poisson’s equation.

Passing on now to the second part of the proof, it is useful to transform
formula (12.5). Let y be the angle between the radii vectores of the points
(x, ¥, z) and (x,, yo, Zo). Then the distance r, as the side of the triangle
opposite the angle v, can be expressed in the form

r =+ R?* + R% — 2RR, cos y :

similarly, r; can be expressed in the form

\ R
r1=\/R2+E2——2—-cosy,

1] 1)

and then Green’s function will take the form

1 [ 1 1 ]
G = - ,

4w | JR* + R2 — 2RRycosy  ~/ R®*R% — 2RR, cos y + 1
and

Gl _|_9%9
on R=1 OR R=1

1 [ R — Ry cosy _ RRS — Ry cos y

4 (R*> + R2 — 2RR, cos y)% (R*R5 — 2RR, cos y + 1) R=
1 1 — R;

47

(I — 2Ry cosy + R(Z,)%
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To investigate the second term on the right-hand side of (12.5), we apply
this formula (12.5) to the case of Laplace’s equation (¢ = 0). Then the first
term will vanish. The solution of the Dirichlet problem, if it exists, may be
written in the form

1 1 — RZ
ux(Xo, Yo, 2o) = —'J‘j‘ 0 "
47 JJs (1 — 2Ry cos y + R3)?

where f(S) are the specified values of u(x,, ¥o, Zo) On the unit sphere. (12.8)
is known as Poisson’s formula.

We have obtained in explicit form the solution of the Dirichlet problem
for a sphere of unit radius. The solution for a sphere of arbitrary radius P
can also easily be obtained from (12.8). We introduce a function

(Ro, 0o, 90,) = u(Ro/P, 0o, ®o)

1 1 — (Ro/P)?

= an 273
4 1—2&cosy+ ECANE
i P P

Replacing P2 sin 6 d6 dg by dS, we finally obtain

A(S)dS (12.8)

£(S) sin 0 d0 dg.

P* — R
(Xo,Y0,20) = _fj 2 3
(P> — 2PR,cosy + R)* P

We have to show that the function v(x,, ¥o, Zo) takes on the boundary
the values f(S) and that it is a harmonic function. From the very method.of
obtaining (12.9), this formula is valid in the particular case when f(S) =
and when a solution of the Dirichlet problem obviously exists (it is identically
equal to 1). Thus we have

£(S) ds. (12.9)

! =~ Ro ds = 1.
47T s 2 2 %
Let S, be some point of the sphere S. We form the difference
v(Xo, Yo Zo) — J(So)

j J — %o — [f(S) — f(So)] dS.
$ P(P? — 2PR, cos y + RO)

We shall prove that this difference tends to zero when the point (x,, yo, o)
tends to S,. This proof is almost the same as that which we have already
given when examining the equation for heat conduction.
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We surround the point S, by a small sphere of radius 7, choosing 7 to
be so small that, at all points of the surface which fall within the sphere, by
virtue of the continuity of f, we have

| /0S) — fiSo)| < e,

where ¢ is a given positive number. Let o be the part of the surface S which
1s included within the sphere of radius % with centre at S,. Then the above
difference can be written in the form

(X5 Yo, Zo) — f(So)

f f i _[AS) — (S0)] 45
577 P(P? — 2PRycos v + RO)

f j — R _[AS) ~ SN S = 1, + I,
P(P* — 2PRycos y + RO)

Being continuous, the function f(S) is bounded on S, i.e., |f(S)| < M,
where M is a certain number. The last integral, which we have denoted
by I,, may be estimated thus:

. 1
L= —
|2| 47

f f P~ R [(S) — f(So)] dS
° P(P? — 2PR, cos y + Ro)2

1A

4L . % J J ~ Ro ds
& P(P* — 2PR, cos v + R2)}

<—;-.41 ff P =R ds = =.
s P(P?* — 2PRy cos y + R(Z,)% 2
The first integral I, may be estimated as follows:
2 2
|11|§2M.4]_ j P Ry ds
"I pp2 _ 2pR, cos v + RS)%
_ JJ (P — Ry) (P + Ry) dS.

S=¢ P[(P — Ry)* + 2PR,(1 — cos y)]
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Thus, | I, | may be made as small as we please by taking the point (x,, yo, Zo)
sufficiently close to S,. For then (1 — cosy) will be greater than a certain
positive number everywhere outside o, and thisimplies that the denominator
of the integrand is bounded from below; the numerator can be made as
small as we please. Hence |I,| < ¢/2 and |v(xq, Vo, Z0) — f(So)| < &, as
we had to show.

That the function v(x,, ¥4, zo) 1s harmonic follows from the fact that,
for R, < P, the function G, and therefore also dG/dn, is a harmonic function
of the variables x,, ¥4, zo-

We now formulate one more problem, the so-called exterior Dirichlet
problem for a sphere: it is required to determine a function u# which shall
satisfy the equation V*u = g outside the sphere, take specified values on the
sphere, and tend to zero at infinity. The solution of such a problem is ob-
viously unique.

As before, let r denote the distance from the point (x, y, z) to the point
(x0, Yo, 2o) lying outside the sphere, and let r, be the distance to the inverse
point.

Then, similarly to the previous problem, a function g which is harmonic
outside the sphere and takes on it the values [1/r]s will have the form

l
Ror, .

If we suppose at first that at infinity the function u decreases like 1/R¢,
where @ > 0, so that its first derivatives decrease like 1/R**! and its second
derivatives decrease like 1/R?t2, then it is not difficult to obtain in the same
way as before the formula

0G
u(Xos Yo, 20) = —f j GQd_\‘dydz-}-jJ — udsS
O s On

1 l
dxr 4T R,yr

where

In the above formula the derivative function under the integral sign is
taken along the external normal to the sphere; this is the internal normal to
the domain in which the problem is being considered.

Restricting ourselves again, first of all, to the case when [u]s = 0, we see
that the solution of the equation V2u = ¢ withhomogeneous conditionshas

the form
u = —fjf Go dx dy dz. (12.10)
Y
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We shall have, on again carrying out a change of variables,

1[ 1
G=—
47 |/ R® + R2 — 2RR, cos y

1
v R?R% — 2RR, cosy + 1 }
el W
OR |- 3
On Is R g1 (R% — 2Ry cos v + 1)?

We shall verify that the formula (12.10) gives the solution of the problem
formulated if p is identically equal to zero outside a certain bounded domain.
The analysis of the general case, when, for example, |o| < A/R?**, is left to
the reader.

We now go on with the proof. As before, the formula which expresses
the value of u(x,, yo, zo) falls into two parts, the first of which is a solution
of Poisson’s equation and satisfies the condition of vanishing on the boundary
of the domain, and the second is a solution of Laplace’s equation and takes
on the boundary the values specified for u. We shall establish the truth of
this assertion only for the first part, since the proof for the second part is
exactly the same as in the previous case.

But this assertion is evidently true, since, for sufficiently large R,, we

have:
<M ‘ 0 <‘9G>" <M qa

=R o\ ) =R

6] < XL,
Ry

g
on

The first of these inequalities gives at once for u

|u| §IJJ max|g|%/{-d5 = 431M.
e} 0 0

R

The proof that u satisfies the equation VZu = g is the same as before, as
is the proof that u vanishes on the boundary.

From the same inequalities (12.11) immediately follows another import-
ant consequence.

If a function u is harmonic outside a sphere of unit radius and tends to zero
at infinity, then there is a constant M such that

ou

M Ou
oy

Ry

<M

ou
ox

< M

= "5 au = ﬂ
R;

Ju < oS e (212)
0

2
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For, by the uniqueness theorem, such a function must coincide with the

function
4y = ” 99 1 ds,
s on

which, as we have just seen, is a harmonic function which vanishes at in-
finity and takes on S the same values as ». This implies that

]
Al

This proves the proposition. The sphere of radius unity may easily be
replaced by one of arbitrary radius by means of a transformation of the
variables. We then obtain the following theorem:

THEOREM 1. For any function u which is harmonic in the neighbourhood of
an infinitely distant point and which tends to zero as R — oo, there is a num-
ber M such that the inequalities (12.12) hold good.

?ﬁ luIdS b max|uls-A—14n,
on R,

ou

O0x,

9 <0_G>, |u| dS < max |u|s—A—1 47; and so on.
dxo \ On [ Rs




LECTURE 13

THE DIRICHLET PROBLEM
AND THE NEUMANN PROBLEM
FOR A HALF-SPACE

THE two main types of boundary-value problem for Laplace’s equation
are the Dirichlet problem and the Neumann problem, and these have already
been formulated on p. 25.

We recall that the Dirichlet problem for Laplace’s equation consists in
determining a function « in the domain §, with the boundary S to satisfy the
equation

Viu =0 (13.1)
and the boundary conditions

[t)s = fi(S). (13.2)

The Neumann problem consists in finding a solution of the equation (13.1)
to satisfy the boundary conditions

ou
[a—nl — (S). (13.3)

We assume that the functions f;(S) and f,(S) are continuous.

We now take as §, the domain z > 0; the plane XOY will serve as the
surface S. We shall prove that in such a domain the solution of the Dirichlet
problem, bounded everywhere, is unique, and that the solution of the Neumann
problem is determined to within an additive constant.

To make the solution of the Neumann problem also unique, it is sufficient
to impose, for example, the further requirement that u(x, y, z) shall tend to
zero when the point (x, y, z) tends to infinity, i.e., that |u(x, y, 2)| < e if
x2 4+ y2 + 22 > R(e).

Suppose, for example, that the Dirichlet problem had two solutions u;
and u,. Then their difference v = u; — u, would be a harmonic function
vanishing for z = 0. We define v for negative values of z so that it is an odd
function:

v(x,y,z) = —v(x,y, —2z).

180
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We shall now prove that this function » will be harmonic throughout space
including the plane z = 0.
We construct a sphere o of arbitrary radius with its centre on the plane
z = 0, and define a function v, harmonic within this sphere and taking on its
surface the values
[vdd, = [],- (13.4)

It is easy to see that v, will be zero for z = 0. For, the function

wl(x’yaz) = %[01(75:% Z) + Ul(x:ya _Z)]

will be harmonic and will vanish on the sphere o; hence w,(x, y, 0) = 0. But
wl(x9 ¥ O) = Ul(x9 Y, 0)

The plane z = 0 divides our sphere into two half-spheres. The function v,
coincides with » on the boundary of each half-sphere; on the surface o this
follows from (13.4), and on the part of the plane z = 0 both functions are
zero. Hence v = v,, and this implies that everywhere within the sphere o the
function v will be differentiable any number of times and will be harmonic
within this sphere. Since the position of the centre of the sphere o is arbitrary,
it follows that » will be harmonic throughout space.

Since by hypothesis v is bounded throughout space, Liouville’s theorem
(Lecture 11) implies that it must be identically equal to some constant. And
this constant can only be zero, since v = 0 when z = 0.

We next prove the uniqueness of solution of the second problem under
consideration.

Let u, and u, be two solutions of the Neumann problem for the half-
space. Then the function v = u, — u, satisfies the conditions:

(1) V2v = 0 for z > 0,
(2) [av/az]z=0 = 0.
Moreover, the function »is bounded throughout the upper half-space, since u,

and u, are.
We define v for negative values of z by means of the formula

v(x,y, Z) = v(x,y, _Z)'

We shall prove that the function v so defined will be harmonic everywhere
including the plane z = 0.

Consider the derivative 0v/0z = w(x, y, z). This will be a function which
is harmonic in the upper and in the lower half-spaces and which satisfies
the conditions:

wx,y,2z) = —w(x,y, —z), wix,y,0 =0,

and consequently, as we have just proved, it will be harmonic throughout
space.
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The function

z+1
oy, 9 = [ 22D

=uvx,y,z+ 1) —=v(x,y, 2
2 0z
will also be harmonic throughout space, as may easily be seen by an imme-
diate differentiation.

Hence it follows that the function v(x, y, z) is also harmonic throughout
space. For, the possibility that v might not be harmonic on the planez =0
is ruled out because

v(x,y,2z) =v(x,y,z + 1) — w(x,y, 2), (13.5)

and since the right-hand side of (13.5) is harmonic on this plane, the left-hand
side must also be.
Now, by Liouville’s theorem, since v is bounded throught space, we have

v = constant.

Hence the solution of Neumann’s problem is unique to within an additive
constant, as we had to show.

We now pass on to the explicit solution of the Dirichlet problem and the
Neumann problem.

We shall assume that the harmonic functions considered satisfy the con-
ditions:
ou

g ou Ou
oz

- R"'}ax

7

= R1+ﬂ

LB |0

= R1+a ' \ay

Ho.
=g

IA

b

[

where R = Vx? + ¥* + 22, a> 0, and pu is a constant. After we have
obtained the explicit solutions, the necessity for this assumption will drop

out.
We apply Green’s formula (9.4) to the function u, taking for the volume §,
a half-sphere with centre at the origin: R < 4, z = 0. Since V?u = 0,

1 o /1 1 Ou
Xos Vos Z0) = — u—»I —) - ——1dsS,
u(Xo: Yo, Zo) 4 J‘J‘S< on <l> r 6/1>

r=\/(»\'_xo)2+(y—yo)2+(z—zo)2-

where

The surface S consists of a part Sy of the plane z = 0 and of S,, a hemi-
spherical surface R = 4. Letting 4 tend to infinity, we find

0
lim {u— —1— —iﬂ dS = 0:
Row ) ) s, on \ r F on
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2
as| < _1_” P —
(4 — Ry)? > (4 — Rp)* 4°

and
10w ol 1 J Oulys < Ad
S> Y an A bt RO ) an (A -— Ro) Aa
where
Ro=+x2+32+22.
Hence

. 1 0 (1 1 ou
u(xo, Vo, Zo) = lim Uu—~7_[_—) - ——4dS
(%o, ¥a, %) 4-w 47 jjsl{ on <r> r Gn}
L (LY L% a3
7 =0l On \'r r on

We consider together with (x,, o, zo) its image-point (xq, ¥y, —2) in

the plane z = 0, and let r; = V(x — x0)2 + (3 — yo)* + (z + z,)? . In the
upper half-space 1/r; is a harmonic function, as well as u. Hence

fff {L V2u — uVv? -1—} dxdy dz = 0,
P! 1

and consequently

[, ) fesmo

Passing to the limit as 4 tends to infinity, and using the same inequalities as
were used in deriving (13.6), we get

[REICRT

0 1
We now note that on the plane z = 0, r; = r and — <—> = — —6— <i>

ou \ r, on \ r
(the radii vectores r, and r are symmetrical relative to the plane z = 0),

and hence
w (LY Loulgs . (13.7)
20 on \'r r Gn

EMP 7
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Adding (13.6) and (13.7), we get

1 [ 0 |
U(Xo, Vo, Zo) = — u—7_[—1ds
(X0, Yo o) o “L:o o <r>

1 0 /1
= — || A& —=(=)ds, (13.8)
27 ) Ji=0 on \'r
and subtracting,
1 " 1 Ou
u(xg, Vo, Zg) = —— — —dS
(¥a, Yo, Zo 2 J‘UFor on
1 ([ 1
= _—-J — £,(8) dS. (13.9)
2w J )0 1

We shall show next that (13.8) and (13.9) do actually give the solutions
of the Dirichlet and Neumann problems.

We shall assume that £,(S) = f1(x, y) and f5(S) = f>(x, y) are continuous
functions satisfying the inequalities

M
Sy = M, | L0 0)] < T (13.10)

where g = \/x2 + »?, a > 0, and M is a constant. Without loss of gener-
ality we may suppose a < 1.

We first verify that the integrals on the right-hand side of (13.8) and (13.9)
satisfy Laplace’s equation. This follows from the fact that, for z, > 0, we
may everywhere differentiate with respect to xg, ¥o, zo under the integral
sign. Thus, for example,

v2 f J 9 <i>fl<5) as = j j fuis) -2 [v3<i)] ds = 0.
220 On \Ur 220 On r

In exactly the same way we can show that the right-hand side of (13.9)
satisfies Laplace’s equation.
We next examine the behaviour of the right-hand side of (13.8) and (13.9)

when R, = ~/x2 + y2 + z2 — o0. We begin with the integral (13.8). We
show that this integral is bounded. We have

+ o +oc a 1 4+ + -
— [ — ) filx,y) dx dy = — if1(xa y) dx dy.
cwd w0 O\ r cwd—w P

Subject to the conditions (13.10) the integral on the right-hand side clearly
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converges. Further, we have

14

— o0 r W —CJd —®

rto prto
=M 9 (1Y dx dy.
_eo On \ r

~a®

+00 prHoo 7 rto (oo z
‘ | Bneaslsy %0 4x dy

J T@OJ

But the last integral is equal to the solid angle which the plane z = 0 sub-
tend at the point (xo, yo, Zo) and consequently is equal to 2.
Thus we get

[ (3 ) axa

Consequently the integral (13.8) is a bounded function of the variables x,,
Yo> 20

Considering next the integral (13.9), we first prove the following lemma.

LEMMA. If 0 £ 0 £ 1, then x> — 20x + 1 = 3(x — 1)2.

For, 20x < 2x if x = 0, and 20x < 0 if x £ 0. Hence 20x £ x + | x|
and x2 —20x +1=2x2 —x+ 1 —|x]|.

But | x| £ § + 1x2 (this follows from the inequality |ab| < (a® + b?)/2),
and so

< 2aM.

2 - 20x + 12 4x — x + 4 =3 - D%

In order to estimate the integral (13.9) at the point x, = ¢, yo = 0, z,
(and, thanks to symmetry, an estimate at this point will give all that is needed),
we put

Then

1
— f2(x, y) dx dy
r

1 M
< dx dy
—wd —» \/x2 — 2xp0 + y? + zé + 03 \/ (x? +y2)l+a

1 1
— 260 + 1+ 72 A/ (82 + )

d¢ dn.

—a®
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By the lemma we have

1 B 1 _ V2

\/52—2§0+1+n2=\/(5—1)2+g2_ VE- D+
2

and hence

—fz(x y) dx dy

+ool '

II/\

M\/ZJ f 1 1 0t an.
co N (E - D2 (E g

The last integral converges absolutely near its three singularities: (a) § = 1,
) =0;()&=0,97=0;(c)& = o0, n = co. Denoting it by N, we have

+
[ L ara] s 2032

0

Consequently our function u(x,, ¥, z,) vanishes at infinity, as we had to
show.

Finally, in order to be certain that we have obtained solutions of the
Dirichlet problem and the Neumann problem, we have still to verify that
the conditions on z = 0 are also satisfied. To do this, it is sufficient to
establish that

hm——f J 20 fibe ) dx dy = filxo, v, (= 1.2),

zp—0 2-75

since the boundary values of the solution of the Dirichlet problem and the
boundary values of the normal derivative of the solution of the Neumann
problem can both be expressed in this form.

We surround the point (x,, yo) with a circle ¢ so that within ¢

| /i, ) = filxo. yo)| < —;
67

the remaining part of the xy-plane outside ¢ we denote by ¢’. Since the func-
tions f;(x, y) are bounded, let | fi(x, )| < L.

We take z, to be so small that the solid angle subtended by the circle ¢
at the point (xo, yo, 2o) is greater than 2 — (¢/3L), and consequently the
solid angle subtended by the'rest of the plane ¢’ will be less than ¢/3L. (The
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sum of these two angles must be 2:7.) Then

J- COJ- UoZ—of,(x,y)dxdy =j‘ m( mi<l>fi(x,.)’)d-\' dy
r? —w On \ r

- — o = e

=j wf " £, ) do

- j j Fi(0, yo) deo + ﬁ Ui 3) = fixo, y0)] dov + ” £(x7) do.

LY

Now

<

1A

f,-(xo,yo)<27r — 271 + %)l

s[ £ ooz L
T ) ) 6m 3
<L|| dox3;

Je 3

L.
3’

27 fi(Xo, ¥o) — H Fi(x0. yo) doo

o [}

l” Lfixs 9) — filos 7)) dao

I” £x,9) do

hence, as was to be shown,

rwrw —z%f;(x,y) dx dy — 27 fi(X0» Vo)

-

—a



LECTURE 14

THE WAVE EQUATION
AND THE RETARDED POTENTIAL

§ 1. The Characteristics of the Wave Equation
We shall consider the wave equation in four variables

0%u 0%u 0%u B 1 03%u

+ + — = Fx,y,z,t 14.1
ot Vo T o T @ o Tyl (14.1)

and first of all we shall deal with its characteristics.
The equation of the characteristic surfaces will have the form

<a_¢>2 + <_‘5‘£>2 . <@>2 _ L <@’_>2 —0 (14.2)
ox oy 0z a’ \ ot
(ﬂ)z + (ﬂ)z n (ﬂ)z - L. (14.2)
Ox dy 0z a*

We consider in the four-dimensional space of the variables x, y, z, ¢ the
surface defined by

or

(x — x0)*> + (¥ —y0)? + (2 — 20)2 — a’(t — 15)* = 0. (14.3)

This surface is called the characteristic conoid. 1t is easily verified directly
that the implicit function defined by (14.3) satisfies the equation (14.2"). The

point (xo, Vo, Zo, {o) 1s a singular point of the surface (14.3). At this point
the surface has no tangent plane, since the ratios

cos (n, x): cos (n, y): cos (n, z): cos (n, ¢)

become indeterminate there. By analogy with three-dimensional surfaces
this point is called the vertex.

The characteristic surface for the equation of a vibrating membrane will
be given by

(x — x0)* + (¥ — yo)* — a’(t — t,)* = 0.

188
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This is the equation of a cone with vertex at the point (x,, Yo, %) in the three-
dimensional space of x, y, ¢.
We can put the equation (14.3) into the form

=t +— (14.4)
a

where

r=~ (x — X0)? + (y — po)? + (z — 29)? .

Depending on the choice of sign in (14.4) we obtain either the upper or the
lower half of the conoid. We shall use the lower half, i.e., the part defined
by the equation

§ 2. Kirchhoff’s Method of Solution of Cauchy’s Problem

The idea underlying Kirchhoff’s method of solution of Cauchy’s pro-
blem for the wave equation is the same as that of the solution of a boundary-
value problem of the first kind for a hyperbolic equation by the method of
successive approximations, which we have already discussed in Lecture 5, § 1.
A characteristic conoid is constructed with vertex at the given point (x,,
Yo, Zo). As was explained in Lecture 3, the values of the function u and its
derivatives on this conoid are related by certain partial differential equations
in three variables which can be derived from (14.2) by virtue of the wave
equation. We shall see after a detailed examination that this circumstance
enables the value of the unknown function at the vertex of the conoid to be
expressed simply in terms of the known data, in the same way as in Lecture 4
the value of the function du/dn at a certain point was expressed in terms of
its value at some other point on the same characteristic by means of quadra-
ture.

Let us begin the examination of the method. In order to obtain the re-
quired relation on the characteristic conoid, we start off in the same way as
in Lecture 3, § 4. We transform equation (14.1) by introducing new independ-
ent variables

r
X, =X, =Y, zy=2z, L =11—1FH+ —.
a
We write

r
u<x1:J’1,Zu I+t — —> = U (X, Y1, 21, 1y)
a

and similarly for other functions.
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Then
Ou _ Ouy Ouy xy —xo Ou _ Ouy 0w _ 0%
0x 0x, Ot ra O 9, or  or’
0%u _ 0%u, 5 0%u, x; — X, 0%u; (x; — xo)?
Ox? ox3 O0x, 0t ra or; rt a?
+ L _ (xy — x0)*\ Ouy )
ra r’a ot,

(It is clear that, with our substitution, r; = r and we shall always write r.)
Equations (14.1) becomes

0%u, 0%u, 0%u, 2 0 [0u 2 Ou,
2 2 T >t — T t
0x1 O0y1 0z; a Or \ 0t ra 0t

+ [(x1 — Xo)? (¥1 — yo)? (21 — 20)? 1 :| 0%u,

+ 2.2 + 2 T2 2
r’a* r’a r’a a or;

= Fl(xl’yla zy, tl)

where 0/0r stands for

X, — X 0 - 0 2y — Z 0
1 0 + Yi — Yo + 2t 0
r axl r ayl r azl
Since
_ - z; — z
X1 Xo _. cos (x, 1), Y17 Yo _ cos (y, r), L 2% = cos (z, ),
r r !

the operator d/0r denotes the derivative taken in the direction of the radius r
from the point (xo, Yo, Zo) to the given point (x,, y;, z,).
Since
2 2 2
- x -y zy — 2 1
(x4 0) 4 (1 — o) + (2, o) S—

a2r2 (12"2 azrz

=0,

a

our equation may be written as

2 0 Ou
Viu, + ——|\r =) = Fi(x(.)315 21, 1),
ar Or or,

or

— V2 4+ — | r = — F;(x{, s 215 81). 14.5
- U o Or < 6t1> P 1( 12 Y15 215 1) ( )
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Equation (14.5) enables certain important particular solutions of the wave
equation to be constructed immediately. Suppose F; = 0. Then the function
D(¢
L %W
r

a solution of the equation (14.5), since 2—1;1 = LCD’(tl) and therefore both
i ¥
terms on the left-hand side of (14.5) vanish. Replacing ¢, by its expression

in terms of x, y, z, ¢, we have

1
u=—(b<t—to+—r->.
r a

In the given case the parameter ¢, is not essential and we can take the solution

in the form
1
u = -— @1<t + L).
r a

It may easily be verified that

u = Lc153<—t + L)
r a

will also be a solution of the wave equation, since the latter is unchanged
when ¢ is replaced by — f. Putting

o))

and adding both particular solutions, we get

u = 1 |:(I)1<t + —r-> + (Dz(t - L)] (14.6)
r a a

In appearance (14.6) is reminiscent of d’Alembert’s solution of the equa-
tion for a vibrating string. The solution (14.6) represents spherical waves. The
first term represents a spherical wave of constant form moving towards the
point r = 0, its amplitude increasing as it approaches the centre. The second
term represents a spherical wave of constant form moving away from the
point r = 0 towards infinity, its amplitude decreasing as it moves away
like 1/r.

If @, and D, are different from zero only over a finite interval in the range
of variation of their arguments, then at any point in space the function u
will be zero, i.e., there will be a state of rest, both before the arrival of the
spherical waves and after their passage.

As we shall see later, these solutions for the wave equation play the same
sort of role as the function 1/r played for Laplace’s equation.

, where @ is an arbitrary, twice-differentiable function, gives us

EMP 7a
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We shall integrate both sides of equation (14.5) over a certain domain §},
of the space x,, y,, z1, the point (x,, yo, z,) being included in §,. S is the
boundary of §,. For convenience we shall separate the point (xo, ¥o, Zo)
from this domain by means of a small sphere ¢ of radius ¢ and volume .
Finally we shall take the limit as ¢ — 0. We get

2
lim V2u1 + 9 ([, 2\ 4y, ay, dz,
£=0 ar® Or ot,
JIJ — F W(x1, y15 21, 11) dxy dyy dz, . (14.7)

Before proceeding to the limit with the left-hand side, we transform it some-
what. By Green’s formula (9.4) we have

limJ‘j“ — V2u1 d’Cl dyl le - jJ‘ — V Lll dll dvl dZI
£=0 —z :T}
1 1 0
= —dauy(xo, Yo, Zo» I — fo) + —) — — 2L dst, (148)
6}1 r r On

since 1, = t — to when x; = x4, y; =0, Zy = zo. Further, introducing
polar coordinates, we have

dxl dyl le == 1'2 Sin 0 d@ d(p dr
and

1, = 2 _(9_ r Ou dx, dy, dz,
-z ar’ Or ot,
__jJJ' ( >91110d0d¢di
_. Or ot,

= gjj‘ ¥ Ouy [ — sign cos (r, #)] sin 0 d0 dp = 3‘[‘[ r O dw
a s+o Ol a sta Ol

where w denotes a solid angle [see (9.8)]. Continuing the transformation, we

have
0 - ,
_ 2 u, 0 ds = — 2 1 6} Ou, ds.
0[1 on s+o on oty
.. 1 or JOu,
The limit of — —- —"-dS is obviously zcro if ('iul/('it1 is bounded,
r on 0t

since Or/dn is bounded and the integral is less than —- ff dS = 47eM,
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Where M is a certain constant. Consequently

lim I, = ——” Or Gu g5 (14.9)

£—0

The formulae (14.7), (14.8). (14.9) give

—4ﬂul(Aan0aZOst_t0)+JJ{ <L>_L%u—l—igi_g_ljl_}ds
ra on 1

J‘J‘J‘ — Fi(x1, Y1521, 1 1)d’C1 dy, dz,.
&

Wenow put 7, = 0;thent = t, — (r/a). If further, X, = Xo, y; = ¥o,2; = Zo,
then ¢ = ¢,. Therefore

“1(-’(0, ,Vo, Zg» 0) = u(xo, J’0> Zg, IO)-

¥
Fi(xy, y1, 215 0) = F<x>yszat0 - _>
a

and our formula can be written as

| o [1 1 Ou 2 Or Ou
”l(xa ,Z,t)='—— Uu—|\|—} - — 1__— - dS
0> Yo %o fo 4 JJS[ Y on (r) r On ra on at]_:It1=O
Jjj <.X Y>Zyto — —> dx dy dz. (14.10)
o F a

(14.10) is called Kirchhoff’s formula; as we shall soon see, it enables a
solution of Cauchy’s problem for the wave equation to be found.

This formula is very similar in form to Green’s formula, which we
derived earlier. If u, , 0u,/0n, and Ou,/0t, are specified on the surface S, then
the right-hand side of (14.10) will be a known function. The integrals oc-
curring on the right-hand side of (14.10) are commonly called the retarded
potentials. We may explainthisnomenclature by takingasan example the last

integral
fjj — F(A Y,2Z, g — ——) dx dy dz. (14.11)
a

This integral differs from the Newtonian potential only in that the func-
tion F enters into it not with the argument #, but with the retarded argument
— (r/a). _ .

We now pass on to the solution of Cauchy’s problem, i.e., to the solution
of equation (14.1) subject to the conditions

Ju

[ul;—0 = @o(x,Y,2), l:?t] _0= @,(x,p,2). (14.12)
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As the surface S we take the surface defined by 7, — (r/a) = 0; then on it
t = 0 when ¢; = 0.

The domain bounded by S is a sphere of radius at, about the point
(X0, Vo> Z0)> and consequently formula (14.10) may be applied to it. For
¢t = 0 the conditions (14.12) define all the first-order derivatives of # and so

of u, also. We shall have:

0
[@‘J = [_lil_:l = (pl(xay’ Z)a
0t -0 0ty Ji=o

0
Ouy _ 01 o (n, x) + cos (1, y) +

o axl Y1 Z1

ou, ou,

cos (n, z)

0z a Ot 0z
and consequently

Ou, 0P, | or
- = - - X, 92) >
[ on Lo o g Ao

and finally

1 0o (1 1 O 1 or
u(Xo0s Yo, Zo» to) = — A (e WSk < S ds
(Yo: 70 20, fo) 4r .[L:mo{% on (r) r On  ar On %}

1 iF x,y,z,to—i dxdydz (14.13)
4n rsate ¥ a

The formula (14.13) gives an explicit expression for the value of the un-
known function at any point (xo, Yo, Zo) at an arbitrary moment of time
t, > 0. It also shows that the solution of Cauchy’s problem for the wave
equation, if it exists, is unique. We shall show later that the function which
we have obtained does satisfy the wave equation and the initial conditions,
and we shall also establish that the Cauchy problem was correctly formulated.

When F = 0, the formula (14.13) can be put into another form known as
Poisson’s formula, which is often encountered in the literature.

Let T, {¢} denote the arithmetic mean of the values of the function y on
a sphere of radius ¢ drawn about the point (xo, yo, Zo):

1 21 pn )
T (v} =4—nj fw(e,f),q)) sin 0 d0 dg,
(4] 0

where o, 0, ¢ are the polar coordinates with origin at (xo, yo, zo) and are
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related to the rectangular Cartesian coordinates by

X = Xg+ gsin 0cos @

y = Jo + {fsin Asin @

z = zo + q COS s

0 9?5=2ji, 05 0rgjr.

With this notation, (14.13) may be written in the following form (Poisson’s
formula):

d
u(x0,y0, z0, t0) = tOTado {oeJ + E[Wfotoo}]-

Proof. On the surface g = at0, we have

dg % _ ., dS = azosin ddodp
dn do

and consequently

1 109 g = 10 cpfg, O, @) sin 6 d6 dop.
Arc e=at0 ag dn At Joo
Further,

<0 depo d (1 1 dg
dn dg dn\gJ 2 dg atd

whence, after some reduction, we get

! 1 | ds
An Q-ate dn\ gJ g dn |
. d .
qdsin 0d6 dp + tO ' qo sin 0 d6 dep,
Art Q= ato d t 0 4,/ r gqo

as was to be shown.
We now note some important consequences of formula (14.13).

Suppose there are no external disturbing forces, so that F = 0, and
suppose that the initial disturbance at t = o is concentrated in a certain
bounded domain to. We shall investigate the behaviour of the solution at
some point (x0,  z0) lying outside the domain o Let d be the distance
from the domain asto the point (x0, Jo >"0)- F°r {0 < &a?the sphere S whose
equation is r = atO will lie entirely outside the domain w, and so the result
of substituting such a value of t0 in the right-hand side of (14.13) will be
zero. At t0 = 8/a, u will begin to vary and will do so while S intersects the
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domain w. Then at ¢, = D/a, where D is the greatest distance of a point of w
from (xo, Vo, o), # Will again become zero and will be zero thereafter. The
further the point (xq, o, Zo) is from w, the later the disturbance will arrive
there and the later the disturbance will pass this point. At any given instant 7,
we can construct a surface S, separating the points which the disturbance
has not yet reached from those at which it hasalready arrived. This surface
is called the leading wave-front.

A second surface S, separates the points at which the disturbance is still
occurring from those points at which oscillation has ceased. This surface is
called the rear wave-front.

The existence of the rear wave-front is to be explained by the fact that a
sound emitted by a source does not die away gradually at a given point in

space but ceases at once after the sound wave has passed. If this were not so,
sounds would merge into one another, like the sound of the notes of a piano
when the damping pedal is raised.

Figure 12 depicts the leading and rear wave-fronts arising from a disturb-
ance in the bounded domain w.

We pass on now to the proof that the Cauchy problem is correctly
formulated.

If in formula (14.13) we replace the functions @, and ¢; by ¢§ and ¢%
such that

|¢0—976k|<5a I(Pl_99f|<8,

0po Opg
0z 0z

0po 6¢g

oy dy

0po  Ogg

Ox Ox

< €, < &,

2

then the new solution u* of the Cauchy problem which is obtained from
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(14.13) using the new initial conditions will differ but slightly from the
solution obtained using the old conditions. For,

ut — ul= — ) — [ —) — = o _
I I 47 Ujmaro{(% Fo on <r> r ( on on

1 0
- — (o - %)} ds
ar On

< Me

where M is a certain constant depending only on ¢,.

Consequently the solution u depends on the function ¢, continuously to
order (1, 0) and on the functions ¢, continuously to order (0, 0), in the sense
defined in Lecture 2.

We next prove that the solution which we have derived does actually
satisfy the wave equation. It is sufficient to prove this for the case when g,
and ¢, are identically zero, since we shall then be able to establish the ex-
istence of the solution for any two functions ¢, and ¢, which continuously
have second-order derivatives. For, if we prove that the solution exists for
the zero initial conditions, we shall also have proved the existence of a solu-
tion of the equation

where v is an arbitrary function.
If v satisfies the conditions

av
1 = = . B — = 0,
7] P Qo [at ]‘20 T

and such functions obviously exist (e.g., v = ¢ + t¢,), it will then follow
that a function u = w + v exists satisfying the Cauchy conditions and the
wave equation (14.1). If the solution of this last problem does indeed exist,
then it is expressed by the formula (14.13).

Putting then ¢y = ¢, = 0 in formula (14.13), we get

1 1
u(-any09ZO> t0)= - — F X, ¥, Z.to_‘—’; dXdde.
47!' r<atg r a

(14.14)

We shall prove that the function u(x,, yo, zo, ¢o) given by (14.14) does in
fact satisfy the wave equation. A direct verification of this circumstance
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would demand an enormous amount of algebraic reduction, and we prefer
to choose another way.

We shall prove an important integral identity which, in a certain sense,
is equivalent to the wave equation for the function u defined by the formula
(14.14).

We consider an arbitrary function w(xg, Yo, Zo, to) Which vanishes every-
where except within a certain sphere ¢ in four-dimensional space with its
centre at the point (xo, o, Zo, fo) and which has everywhere continuous
derivatives up to some order. This function will satisfy a certain equation

2
Viy — % "z;f " (14.15)

where ¥ is to be calculated by direct differentiation.
According to our hypothesis,

0
[leer = O, [—"’] =0
ot |-t
for sufficiently large T.

Further, the function v, as the solution of Cauchy’s problem for the
equation (14.15), is given, for ¢ < T, by the formula

Y(Xo, Yos Zo» to) = ——JJJ LlP(x,y,z,to +L> dx dyd:z.
r<a(T—te) T a

(14.16)

(We have not derived this equation, but it is obtained at once by, firstly,
a change of variable from ¢ to T — ¢* in the equation, and then, having
transformed the data, by writing down the solution of the equation, and
finally returning from the variable ¢* to the variable ¢.)

In formula (14.16) we could have left out the limits of integration, since,
if r = a(T — t,) the function ¥(x, y, r, to + (r/a)) obviously vanishes, be-
cause 1y + (rla) = T.

Let F(xo, yo, 2o, to) = O for t, < 0.

We multiply the function yp(xq, Yo, Zo, o) by F(Xg, Yo, Zo, to) and inte-
grate throughout the space. Then we shall have

+o0o rt+oo rto rt o
J j J‘ j w(Xo, Yo Zo» to) F(Xo, Yo, 2o, Lo) dxo dye dzo dtg

J J j J‘ F(xo,¥0, Zo» to)
T r

X — Y x,y,z,tg + —})dx dy dz} dxo dyo dz, dt,.
cod —wd w0 T a
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The last integral can be written in the form

1 +o pt+tw ptoo pto rto pto +ool
e I S I I I R
X F(xo, Yo, Zo» to) dx dy dz dx, dy, dz, df,

since the integrand is different from zero in a bounded domain of its inde-
pendent variables.

If r/a or t, is sufficiently great, thent, + (r/a) will also be great, since z, > 0.
We change the variables, putting ¢, + (r/a) = ¢. Then we have

+w +w + + o
J f [ J W(Xo, Yo, Zo, to) F(x0, Yo, 2o, to) dxo dyo dzg dt,

1 +w + o + o + + o + o + 1
e I I O I
47[ —Wd —0J —wJ ~® —wJ —wd —0 ¥

X F<xo,y0, Zo, I — _r_) dxgo dy, dzo} dx dy dz dt.
a

For, the inner integral is meaningful, since the integrand for fixed x, y, z, tis
different from zero only in a bounded domain. Hence

+ 0 + 0 + o 4+ o
J' f J~ Jv V’(xay,Z,t)F(x,y,Z, t)dXddedt

@ @

+to pto pto ,to 1 621/1
= Vip — — u(x,y,z,t)dx dy dz dr (14.17)
—oJ ~0J —nJ —o az 6[2

where

ulx,y,z,1)

1 +o prto prto 1 2
= — ——Jv J\ Jv ——F(xo,yo,ZO,[ — -—-) dxo dyo dZO.

The identity (14.17) is the fundamental integral identity which the function u
satisfies.
We shall show that if # has continuous second-order derivatives, then it
satisfies equation (14.1).
For, the operator
1 0?2

VZ — — —
a? o’
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as it is not difficult to see, is self-adjoint (see Lecture 5, §2). Hence the
integral

2 2
u Vzw—iaw -y Vzu—Lau dx dy dz d¢
1Y a* 01 a*> or?
= J 0P, + oP, + oF: + aP‘)dx dy dz dt

transforms into an integral taken over the surface S bounding the volume
[see (5.15)). If we take the volume §), sufficiently large so that onthe surface S
the function y and all its first derivatives vanish, then the last integral is
equal to zero and we get

2
” (v — L 2N dv dy dz de
NENEY) a* ot
2
=” zp(Vzu——l—au>dxdyd:dr
¢ aZ atz
whence, by (14.17),

2
J‘J‘f y(x,y, z, 1) <V2u _ L Ou _ F) dx dy dz d¢
Y a’> ot?

The last integral vanishes for any function y; hence

Viu — —1- 0%u
a’> 0t

Il
=

= F.

and we have shown that the function u satisfies the wave equation.

It remains to show that # = 0 and du/dt, = 0 when ¢, = 0.

That u = 0 when ¢, = 0isanimmediate consequence of formula (14.14).
To show that du/dt, = 0 when t, = 0, we change the variables in the integral
on the right-hand side of (14.14), putting

X =X+ ato, ¥y =y + aten). z = zo + atel.
Then

r = \/(x — x0)? + (y — .Vo)2 + (z — z0)* = alyé,
where

o=VE + 242,
In the new variables
u(xXo,Yo» Zo> to)
a’t,

2
:_ J” LF[X" + atof, y + aton. zo + atof, to(1 — @)] dé dydd.

4m 010
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The right-hand member may be differentiated with respect to ¢, under the
integral sign, and then, putting ¢, = 0, we have

ou ]l o
C/)to tp=0

For the justification of differentiating under the integral sign, assuming the
boundedness of the first-order derivatives of F, see § 2 of Lecture 7.

We have purposely not gone into the question here as to how many
continuous derivatives it is necessary to have in the initial data in order that
our formulae shall give a solution of the problem possessing the required
number of continuous derivatives. As we shall see later, this question has
no real significance if we make use of the concept of the generalized solution
of the wave equation, which we shall examine in a subsequent lecture.

We make one more important observation.

As we have seen, the solution of the equation for a vibrating string was
just as smooth as the initial conditions, i.e., it possessed just as many con-
tinuous derivatives as did the functions entering into the initial conditions.
The solution of the equation for heat conduction turned out to be smoother
than the initial conditions. In this respect, the solution of the wave equation
is distinguished from the other problems considered. It appears to be, in
general, less smooth than the initial conditions. This is seen from the very
fact that the function u is expressed in Kirchhoff’s formula in terms of the
integral of the normal derivative [0u/0n},_o. The value of a derivative of
order k£ of a function satisfying the wave equation is thus related to the
initial values of derivatives of order (k + 1) of the functions in the initial
conditions.

In this lecture we have analysed the Cauchy problem only for the case
where the 1nitial data are related to a surface ¢+ = 0. But exactly the same
method enables a solution of the Cauchy problem to be constructed for the
general case when the initial data are specified on a hypersurfacet = y(x, y, z),
and also the solution of a problem similar to the boundary-value problem
of the first kind for a hyperbolic equation in a plane. The detailed analysis
of these problems we leave for the reader.



LECTURE 15

PROPERTIES OF THE POTENTIALS OF
SINGLE AND DOUBLE LAYERS

§ 1. General Remarks

In order to examine the Dirichlet problem and the Neumann problem
for domains other than a sphere or a half-space, we shall have to study in
detail the behaviour of the integrals

I =jj i<l>f1(5) dS and I, =JJ (4S5
sOn \ ' r s r

which we have already met more than once. As we mentioned earlier, the
integral I, is called the potential of a single layer, the function f5(S) being
its density. The integral 7, is called the potential of a double layer, and f;(S)
is its density. We shall assume that the functions f;(S) and £,(S) are con-
tinuous.

We shall say that a surface Sis smooth in the Lyapunov sense or simply
that it is a Lyapunov surface if the following conditions are satisfied:

(a) at each point of the surface S it has a tangent plane;

(b) about any point P, of the surface a sphere can be described with radius
h (h independent of P,) so that the section )_ of the surface S which falls
within the sphere meets lines parallel to the normal n, at the point P,
no more than once;

(c) if P,, P, are two points of the surface, and n,, n, are unit vectors directed
along the outward normals to the surface S at these points, then the
vector n, — n, satisfies the inequality

5
In1 — 112| < Arf,

where 4 and ¢ are constants, 0 < § £ 1, and r is the distance between
the points P, and P,;

(d) the solid angle w, which any part ¢ of the surface S subtends at an
arbitrary point P, is bounded:

|w0| < K.

202
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(If straight lines emerging from P, met the surface S more than once,
then, by taking o to be the set of all those pieces of S subtending positive
solid angles at P,, we could have w, > 4z and, in general, w, could be
indefinitely large. Hence the limitation (d) is essential.)

We consider first the case when S is a finite, closed, Lyapunov surface.
Let ), be the domain enclosed within S.

We shall examine in more detail the nature of the integrals occurring
in the expressions for the potentials of a single and a double layer; we shall
investigate their behaviour near a point P of the surface S. For convenience,
we choose a coordinate system having P as the origin O, the tangent plane
at P as the plane XOY, and the axis OZ directed along the inward normal.
Let the local equation of the surface S be

z = C(x, y),

0L(0, 0) _  _ 0L, 0)

¢(0,0) = 0 and
©.0) ox Oy

§ 2. Properties of the Potential of a Double Layer
The potential of a double layer is given by

w(Xo, Yo, Zo) = JJ f1(S) i <L> ds. (15.2)
s on \'r

The expression d(1/r)/dn is clearly a function of two variable points: the
point (x,, Yo, Zo) Occupying an arbitrary position in space, and the point
(x, y, z) situated on the surface S. The derivative is taken in the direction of
the inward normal to the surface S at the point (x, y, z).

We shall prove some simple propositions about this potential.

LEMMA 1. Let ¢ be the angle between the direction of the inward normal at
an arbitrary point of the surface S and the radius vector from this point to
the point (xo, Yo, Zo). Then the potential of the double layer can be expressed
by
s P g
r2

W(xos Yo, Zo) = f j £1(S)

Proof. The cosines of the angles formed by the radius vector from (x, y, 2)
to (xo, Yo, Zo) With the coordinate axes are

Xo =X Yo — ) Zg — 2
H b .
r r r
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Hence
Xg — X ‘ 0 — ¥ -z
cos ¢ = X0 7 % cos (i, x) + Yo =) cos (1, y) + 207 % cos (n,2)
r r r
B or
on’
and
cos @ Lo 0 /1
r? r2 On on \ r

Hence the lemma.

LEMMA 2. The potential of the double layer at P, remains meaningful if
the point P, coincides with a point Qq of the surface.

To prove this proposition, we put xo = y, = 2z, = 0 in (15.3).

We select on the surface S a section S; containing the origin and such
that on S, z is a single-valued function of x and y. The remaining part S,
does not affect the convergence of the integral. Then

0S
s, =H £ 52 gs
5y

r

= —jf f1(S) (-YT cos (1, x) + }—3 cos (n,y) + % cos (n, z)> ds.
Sy r r r

We shall estimate the magnitude of

cos X ’ z
- ¥ - cos (n, x) + Y cos (n,y) + — cos (n, z).
r2 r3 ’.3 r3

Wchave
cos (n, x) = ni, cos(n,y) = nj, cos(n,z) = nk,

where 7, j, k are unit vectors directed along the coordinate axes. Further,
n, = k and therefore

cos (n,x) =ni = (n — ny)i,
cos(n,y) =nj = (n — ny)j,
cos(n,z) =nk = —np)k + ngk =1+ (n — ny) k,
whence, using the conditions of Lyapunov smoothness, we have:
|cos (n, x)l < Ar°, lcos (n,y)| < A, lcos (n, z)l > 1 — Ar°. (15.4)

Next we shall estimate the magnitude of z. By the theorem on finite ini-

crements
0z
Z(.Y, }‘) =X |:*:| + y liﬁil D
8,\‘ =] ay S
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where (£, n)) is a certain point on the interval joining the origin to the point
(x,y) in the plane XOY. But from text-books on differential geometry we
know that

0z _ cos(n,x) 0z _  cos(n,y),
Ox cos (n, z) ’ dy cos (1, z)
hence
P 8
o| ' (o] _ a4t
0x 1 — A |0y 1 — Ar°

For points of the surface which lie within or on the boundary of the sphere
C5 defined by the inequality

Ar’ < L,
3
we have
1 — A4 = 2
) 3
and hence
EZ_ < _3_ Ar‘s, E s -3—AI‘6.
0x 2 oy 2
We shall show that
|z| < 340’ £ ¢ = \/x2 + y? (15.5)

holds for points of the surface S which fall within the sphere C;. Let OP
denote the ray which starts at the origin and passes through the point

z=z(x, )

FrG. 13.

P(x, y) in the plane XOY. The plane through the z-axis and the ray OP will
intersect the sphere C; in a circle and the surface Sin a certain curve (sce
Fig. 13). Consider the projections on to the ray OP of the points of inter-
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section of the surface S with the surface of the sphere Cj;; let Q be that
particular projection which is closest to the origin. (The set of points con-
sidered is closed ; hence there must be one which is closest to the origin, and
it is clear that it does not coincide with the origin.)

If the point (x, y) lies on the interval OQ, then the point (&, %) also lies
on the interval OQ, and the point (¢, 7, z(§, 7)) lies within or on the boundary
of the sphere C;. Hence at this point the inequalities written above for
|0z/0x| and |0z/0y| and also (15.5) are valid.

If the point P(x, y) lies outside the interval OQ but the corresponding
point of the surface lies within the sphere Cj, then the inequality (15.5)
will be all the more valid:

|2(P)| < |2(0)| = 00 < OP = o.

Hence (15.5) is proved.
For points of the surface lying within the sphere C,, we have

o =r = 2.

The left-hand inequality is obvious, and the right-hand one follows from
the fact that

r=\/92+22§\/292§29.

This enables the inequalities (15.4) and (15.5) to be made more precise. We
have:

|Z| < 34 2o < 649!
|cos (n, x)I < 2°40° < 240°, |cos (n, y)| < 24¢°, (15.5)
|cos (n, z)| > 1 — 240° > 1.

Substituting these estimates in the expression for (cos ¢)/r?* we get

cos ¢ < 240727 4 24072% 4 64p72"° < 10

< 2-0 °
0

4

(15.6)

r2

The integral over that part S’ of the surface S which falls within the sphere
C, can be written in the form

[[ ro=5tas = || nwtt ——are
S’ g’

¥ cos (n, z)
where o’ is the projection of S’ on to the plane XOY. By (15.5’) and (15.6)

cos @ 1 30.4.M

< = *)

Y

Si(S)

r?  cos (n, z)

where M = max f(S5).
S
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Hence the first integral on the right-hand side of

f J £1(8) =2 ds = ” £ =L as + f f £18) 22 ds
S r S’ ¥ S-S’ r

exists; and since the second integral undoubtedly exists, the lemma is
proved.

Remark 1. The potential of the double layer is a continuous function of the
point P, = Q, when Q(xo, Yo, Zo) moves over the surface.

Forthe proof we pass from integration over S’ to integration over ¢’,and
notice that the inequality (*), with perhaps a bigger constant factor on its
right-hand side, will hold not only for a point Q, coinciding with the origin
but also for all points sufficiently close to the origin, in which case

0 = V(¥ — x0)2 + (¥ — yo)*.

So we can apply the criterion for uniform convergence of the integral (§ 1,
Lecture 7), and then the truth of this proposition follows from Lemma 2 of
Lecture 7.
As we shall show in a moment, w is a discontinuous function; it suffers
a break of continuity on passing across the surface S. Let w, denote the
value of the potential of the double layer when (x,, yo, 2o) in (15.3) is re-
placed by a point of the surface S; wy is a function of a point on the surface.
THEOREM 1. The function w has limit values as the point (xo, yo, o) tends
towards the surface S from the inside and from the outside, and these limits
are different.
If w, is the limit value of w as (xo, Yo, Zo) tends towards S from outside, and
w, is the limit value of w as (xq, Yo, o) tends towards S from inside, then

we = —27tf1(S) + wo
(15.7)

w; = 27f1(S) + we
Proof. We have

w(P) = f j L(S) — fi(Po)] <i> as + J J fuPo) 2 (i) ds
s On \ r s on \ r

= w,(P) + wy(P), say, (15.8)

where P, denotes some fixed point of the surface S.

The first term, w,(P), in (15.8) is a continuous function at the point P,
This follows because the integral is uniformly convergent at this point (see
§ 1, Lecture 7). For, suppose we surround the point P, by a domain o(e)
so small that

|£1($) — Ai(Po)] < e,
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where S is a point belonging to the domain 6(¢). Then for any point P lying
in a certain neighbourhood k() of the point P,, we shall have

| f f LA(S) —fl(Po)]—a—<i> as|s e j i<i> as
" on \ r JJs0on \ r
= sff dow — e[f do,

where r is the distance between the point P belonging to the neighbourhood
h(e) of the point P, and the point S of the surface o;

0, is the part of ¢ which subtends a positive solid angle at P,

and o, is the part of ¢ which subtends a negative solid angle at P.

For a sufficiently smooth surface S and in any case for a Lyapunov surface
[by virtue of the condition (d)], both the integrals

JLom ] e

will be boundedt. This is sufficient to establish the continuity of w; at the
point Py,.

The second term in (15.8) can easily be calculated:

J (1
wa(P) = f f fiPo) (—) as = /i(Po) f f do = £1(Po) - 05(P).
s on \ r s

where ws(P) is the solid angle subtended by the surface S at the point P.

Let w, tend to the limits w,, and w,; as P tends towards the surface S
from outside and from inside respectively, and let (w,), be the value of w,
when a point P, of the surface S is substituted for P. In order to evaluate
these quantities, we must investigate the behaviour of wg(P) on crossing the
surface S at the point Pg.

Let the point P, cross the surface S from inside to the outside. While P,
is inside the domain bounded by the surface S, ws(Py) = 47. As soon as P,
crosses the surface S and falls outside it, ws(P,) = 0. Consequently the
function wg suffers a break in continuity on passage across the surface.

The value of wg(Py) when P, is a point on the surface S has still to be

determined. To do this, we surround the point P, by a small sphere ¢ of
radius 7, and consider the curve / in which the sphere o intersects the surface

T More detailed courses on potential theory, e.g., Gyunter, ‘‘Potential Theory and its
Application to the Principal Problems of Mathematical Physics”, State Technical Pub-
lishing House, 1953, explain the precise conditions for the surface S in order that the

a (1
integral ff — (—) d S shall be bounded.
sadn \r
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S. The curve / divides the surface of the sphere into two parts—g, lying
inside S and o, lying outside S. The curve also divides the surface S into two
parts—.S; lying outside the sphere ¢ and S, lying inside 6. The exterior part
S, together with o, forms a closed surface to which the point P, is exterior.
Consequently the solid angle subtended at P, by the surface S, is equal to
the solid angle subtended at P, by the part 6, of the sphere o.

In order to find the solid angle subtended by the surface S at Py, it
is sufficient to determine the solid angle subtended by S; and proceed to
the limit as the radius 7 of the sphere ¢ tends to zero. From what has been
said, this is equivalent to finding the limit of the angle subtended at P, by
the part o, of the sphere . It is not difficult to prove that this limit is equal to
27, as follows.

We cut the sphere ¢ by the tangent plane to S at the point P,. As proved
earlier, the distance from points of the curve / to the tangent plane does not ex-
ceed 647'+. Thus the curve / lies wholly within a zone on the sphere ¢ de-
fined by |z| £ 6479+,

We set up on ¢ a “geographical” system of coordinates by taking the
normal to S at the point P, as the “polar’ axis. In these coordinates, the
zone within which the curve [ evidently lies is bounded by a parallel of
“south” latitude «, and a parallel of “‘north” latitude «,, where

1+6
2o = sin”! A " _ it 6A7°.
N

The angle «, clearly tends to zero. Consequently ¢, tends to become a
hemispherical surface, and hence the solid angle subtended at P, by o, tends
to 271, Thus wg(Py) = 27 if Py lies on the surface S.
Hence
(ws)e = — 27 + (Ws)o, (Ws); = 27 + (Ws)o-

And we have for w,:

Wae = — 27f1(Po) + (W2)o, Wi = 2f1(Po) + (W2)o-

(15.7) follows at once from the formula (15.8) and the continuity of w;.
Since P, is an arbitrary point of the surface S, our theorem is proved.
Remark 2. From the continuity of w,(P) and the fact that w,(P) is, for a
fixed P,, a constant function both inside and outside §,, it follows that the
potential of the double layer can be continued from inside §, on to Sand
also from outside §, on to S continuously with respect to all the variables.
In other words, whereas this potential is discontinuous in crossing the double
layer, it does not change suddenly on crossing either of the single layers which
together form the double layer; the discontinuity occurs in the double layer
itself.
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§ 3. Properties of the Potential of a Single Layer

We next investigate the potential of a single layer

o(P,) =j L 1S ds. (15.9)

s r

If the function f5(S) is continuous, then v(P,) will be continuous every-
where including the surface S.

To prove this, we surround the point P, by a sphere of radius % as we
did in obtaining the inequality (15.6), and we denote by S’ that part of the
surface S which lies within this sphere. We then split the integral (15.9) into
two parts, one taken over S’ and the other over S — §’. The continuous de-
pendence of the second integral on the parameter P, is obvious; we prove
the continuity of the first integral.

We draw the tangent plane at any point of the surface S’ and take it
as the plane XOY. Then

jf ifz(S) ds = Jj lfz(S) _ dx dy.
o F o T cos (n, z)

At all points of S’ we have cos (1, z) > ; hence

|
cos (n, z)

2M 2M
< .
T VG = 3% + (6 = o)

Therefore, by virtue of the criterion for uniform convergence and Lemma 2
of § 1, Lecture 7, the function v(P,) must be continuous.
We notice that the first derivative of the potential of a single layer taken

L
r

along any direction » depends continuously on P, at any point P which does
not lie on S. For, on differentiating (15.9) formally, we get

Ov(Po) _ _0_ _1_
ov jfs Ov < r >f2(S) as.

The right-hand side of this equality is continuous because the integrand is
bounded and depends continuously on P, in the neighbourhood of the

point P. For the same reason the differentiation under the integral sign is
valid.

We now go on to investigate the behaviour of the derivatives of the
potential of a single layer near the surface S. Let n* denote the direction of
the inward normal to S at any chosen point Q, of the surface. The derivative
in this direction at a point P, not lying on the surface will be

Ov(Py) _ 0 (1 «
on* JlL on* < r >f2(S) a5 )
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0 <1> 1 or 1
— ) =———7 =— — cos ¥,

on* \ r rz on* r

But

where vy, is the angle between the radius vector r drawn from P to P, and
the direction of the normal »n* at the point Q,. For, if we introduce a co-
ordinate system with origin at Q, and the z-axis parallel to n*, we have

or or Zo — Z
= = = COS 1100'
on* 0z, r
Hence we can write
ag(P o) J '[ £,(8) =22 Yo ds. (15.10)
n

We shall prove two propositions.
LeMMA 3. The integral

f f £o(8) 22 ¥ g
s r?

occurring on the right-hand side of (15.10) remains meaningful also when the
point Py coincides with the point Q, on the surface and is then a continuous
Sfunction of the point Q4 over this surface.

For, by virtue of (15.5’), we have for any point P of the surface situated
sufficiently close to P, = Qo(0, 0, 0)

COS Yo 64

r2

This inequality is similar to (15.6) and it enables Lemma 3 to be proved in
exactly the same way as Remark 1 to Lemma 2 was proved in the preceding
section.

We shall denote the integral discussed in Lemma 3, when calculated for
a point Py, = Q, lying on the surface S, by dv/on,:

Ov 0 1
g _”S on* <7>f «S) dS.

We shall also denote by 0v(P,)/0n; and 0v(P,)/0n, the limiting values of the
normal derivatives as the point P approaches the point P, along the normal
from inside S and from outside S respectively.
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THEOREM 2. If f, is continuous, then

dv ov
= 2nf5(Py) +
on, o
(15.11)
ov

ov
= _2'7Ef2(PO) + ano ’

n

To prove this we compare dv/dz, with the potential w of a double layer
having the density —f,(S). We form the difference

I , =ff £(5) cos @ —zcos Yo 4s (15.12)
S

0z, r

We shall show that this difference is a continuous function of z, at the point
0,0, 0). For,

CosS @ — cos X —x
i Yo _ X7 %0 oo (n, x) —
2 r? r

Y =Y
3

cos (1, y)
r

zZ — zq

[cos (i1, z) — 1].

¥

Let the point (x,, Vo, Zo) Mmove along the normal to the surface, i.e., put
Xo = Yo = 0; then

COS @ — COS Yo _ X COS (n, x) _ ycos (n, y)
rZ r3 r3
zZ - ZO

[cos (n, z) — 1].

Using the inequalities (15.5") we have
|x cos (1, )| < 446" "%, |y cos (i, p)| < 410'*°, |1 = cos (n,2)| £ A,0°,

where A, is a constant. Noting further that

|z - zol <r=+x*+ V2 + (z — z0)%,
we get
COS @ — COS Y,
2

24,0 A’ _ 34,
2 = 02—6 :

lIA

3

r r r

We surround the point P, = Q, by a sphere 6 of small radius and denote
by S’ the part of the surface that falls within 6. We divide the integral (15.12)
into the two parts, the intcgrals taken over S”and S — S’. In the first of these
integrals we switch over to integration over the domain o’ in the xy-plane
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into which S’ projects. Then by virtue of the inequality which we established
above, and by the criterion for uniform convergence in § 1, Lecture 7, the
integral over o’ converges uniformly with respect to the parameter z, and
is a continuous function of z, at the point x, = yo = z, = 0. Hence it
follows that the integral (15.12) is also a continuous function of z, at this
point. Consequently

I: > :l [ > ] l: . :l
- W = - W = —-w .
0z, 0= +0 0z, fo=—0 0z¢ =0

Using Theorem 1 of this lecture, we obtain at once the formulae (15.11).
Remark 3. The inequality satisfied by (cos ¢ — cosy,)/r? does notdepend on
the particular point of the surface considered. Consequently the derivative
dv/dz, will tend to its limit value uniformly over the whole surface S.

THEOREM 3. If the function f,(S) is bounded, then dv|du, is continuous.

For in the proof of Lemma 3 and also of the Remark after Lemma 2,
we have in fact used only the boundedness of the function f,(S).

THEOREM 3. Suppose that the density of a single layer satisfies the con-
dition

|f2(P1) - fz(P2)| < K (15.13)

where K and 8; > O are certain constants, P, and P, are any two points on
the surface, and r; is the distance between P, and P,. Let Q, be some fixed
point of the surface; we draw the tangent plane and normal at this point.

Then under these conditions, at all points of the normal (with the possible
exception of the point Q, itself) the potential will have a first-order derivative
in any direction parallel to the tangent plane. This derivative will vary con-
tinuously along the normal everywhere except perhaps at the point Q, where
it may have a removable discontinuity.

As before, we take Q, as the origin, the tangent plane at 0, as the plane
X0Y, and we take the x-axis in the direction in which the derivative under
consideration is calculated.

We shall evaluate this derivative dv/dx, at a certain point Py(0, 0, z,),
Zo # 0, lying on the normal. The derivative may be written in the form of

the integral
ov X
= — f2(S)dS
= f f A

and it is continuous at the point P,,.

To prove the theorem it is sufficient to show that this integral depending
on the parameter z, converges uniformly at z, = 0 if its value at z = z,
(when it might not exist) is chosen in a suitable manner.

We construct round the z-axis a cylinder of radius and height 4 such that
at points on the piece S* of the surface S which lies within this cylinder the




214 PROPERTIES OF POTENTIALS L.15

normal to S makes an angle with the z-axis not exceeding /4. If we also
choose & to be so small that the cylinder falls within the sphere C, (see
p. 205), we shall have |z| < o.

Let r¥ = </x* + y*> + z. We consider the integral

3

J‘J\ /2(Qo) ,: cos (n, z) dS.
S r

This integral is clearly zero for all values of z, except z, = 0 for which it
does not converge; for it can be rewritten in the form

X

(00 f f dx dy.
° x24y2<h2 \/(Xz + y2 + Zg)3 g

where the integrand is an odd function of x.
For z, = 0 we can define the integral to be also equal to zero.
Our problem obviously reduces to showing that the integral

[ 820
s r

JJ‘ ¥ (fz(S) _ S2(Qo) C:: (n, Z)> ds (15.14)

r3 r

or

converges uniformly at z, = 0. This is not difficult. For, we have

f2(S) _ S2(Q0) Sf2(S) — £2(Qo) 4 f2(Qo) [1 — cos (n, 2)]
p*3 3 3

cos (n, z) =
3 r r

r

r*3

+ S0 cos 9 (= — )
r

We estimate in turn each of the terms on the right-hand side. We have

r=Vx 1y A (-2 0 >0 =X 4yi 22 <0V2:

fz(S) _fz(Qo) < K"gl < K, ‘
r3 = ’.3 - 03—51
From (15.4) we get
f2(Qo) [1 — cos (n, z d K
T D < inonja L = X
r r 0
Further,
I 1| I’ B *l 1 1 1
—',_3' p*3 - r e + P2p%2 + 3




§3 POTENTIAL OF SINGLE LAYER 215

The difference of the vectors r and r* is an interval of length z. Therefore,
by (15.5),

|r — r*l =|z| = Ko'*°.
Hence
1 ]. 140 1 l 1 1
—_ - <
3 F*3 = Kse P + p2r¥2 + pr¥3 = K, 93—6'

Returning to the integral (15.14), we see that it may be written in the form

jJ‘ X (fz(S) _ f2(Qo) cos (n, Z)) dx dy. (15.15)

3 *3
x2+y2<h? COS (n, Z)

r r

The integrand does not exceed

Q\/2_<K1 +K2+K4>= KS

03 -3 92—6 ?
independently of z, (and also of the direction of x). Consequently, by Cri-
terion 2 of Lecture 7, the integral converges uniformly relative to z, at the
point z, = 0, and it is therefore a continuous function for z, = 0. Hence
the theorem.

We next examine the gradient of the function v at a point Py # Q, lying
on the normal. It can be expressed as the sum of two vectors, one directed
along the normal and the other parallel to the tangent plane at the point Qy:

0v(Py)
on

grad v(Py) = k + (grad v),

where k is a unit vector in the direction of the inward normal.
Remark 4. 1t follows from the proof of Theorem 4 that the vector (grad v),
tends to a definite limit

. 1
lim J‘J' <grad "> f2(S) dS
Ppo—Qp S r T

when P, tends to Q, along the normal either from inside or from outside §,,
and it does so uniformly relative to the point Q, on the surface.

THEOREM 5. Under the conditions of Theorem 4, the vector grad v has
continuous limit values (grad v), and (grad v), on the surface S to which it
tends uniformly when the point P tends to Qo from inside and from outside the
domain §), respectively.

We consider, for definiteness, the case when the point P tends to Q,
from inside the domain §3,.

When a point P, moves along the normal to a point Q, on the surface S,
it actually follows from Theorems 3 and 4 that the vector grad v tends to

EMP 8
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a certain limit value, which we denote by (grad v);. And this convergence
1s uniform in relation to the point Q,. Hence, by virtue of the fact that a
Lyapunov surface has a continuously varying tangent plane and because of
the condition (b), p. 202, it follows that the vector function (grad v), is a
continuous function of the point Q.

We now show that when the point P tends towards the point Q, along
any path from inside §,, the limit of grad v will exist and will be equal to
(grad v);, and also that the convergence to this limit will be uniform.

For, the value of grad v at a certain point P, lying within a sphere of
radius # with centre at Q, will be little different from the value of (grad v);
at the point Q, on the surface S which is closest to Py (P, obviously lies on
the normal to S atthe point Q,). But the value of (grad v); at Q, is, in its turn,
little different from the value of (grad v); at Q,, because of the continuity of
the function (grad v); on the surface S.

The theorem is proved for the casc when the point P moves towards the
point Q4 from outside the domain §, in exactly the same way.

COROLLARY. The function v has continuous derivatives of the first order up
to the boundary everywhere within, and also everywhere outside, the domain
St

It is sufficient to notice that the first-order partial derivative in any di-
rection is equal to the projection of the vector grad v in that direction.

THEOREM 6. If the density v(Q) of the potential of a single layer is a contin-
uous function of the point Q of the surface, then the value of dv/on, as a
Junction of position on the surface satisfies the condition (15.13) of Theorem 4.

To prove this, we consider the difference

- L BZ)as
IRl R

where r, and r, arc the vectors joiningQ toQ, and Q,,

A(Ql’ Qz) = [aanv

and nis the unit vector along the inward normal at the point Q.

We surround the point Q; by a sphere C, of radius 7 =[r(Q,,0,)]*. We
suppose that the points Q,, @, are so close together that # is less than the
radius # of the Lyapunov sphere (see (b), p. 202).

Let o be the part of the surface S falling within the sphere C,. We split
the integral 4 into the two terms 4(Q,,Q,) = I, + I_,, where

I, = f J "0) (n,’—; - '—> iS, Is, = “ Q) <,.'_ - '—> as.
4 ry ra S—o r r,

Let Q' be a variable point on S, and r’ the vector joining Q and Q’. The vector
¥’ [r'3 is a continuously differentiable vector in the domain § — o. The deriv-
atives of its components do not exceed 4/r'3. Hence we can apply the formula
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for finite increments to obtain the result

r ¥ 12C
_; - —z_ é 3 r(Ql: QZ)'
r r ry

Thus for the integral I5_, we get

IIS_,,I é Clr(Qla PZ)\[J‘ i;g—

rizrnen® 1

ds
= Cir(Q1, Q>) [A +JJ —3-],
hzri2r@, 0% 11

where C, C,; and A are constants, and A is the radius of the Lyapunov sphere.
But within the Lyapunov sphere dS/r} < C,072 do d¢ (see p. 206). There-

fore
h 1
IIs—al < Cyr(Qy, Qo) {[9_1] + A} < Cur(Q1, Q2)%.
1r(Qy, Q2)
Further,
I < Ca{” ——("’3") as| + JJ ——(”’:2) ds‘}.
4 r + r
05r(SrQy, Q2) 1 0<r252r(Qy, Q2) 2

By using the earlier inequalities (p. 206) we get

%
.| = K, J

Hence the theorem.

[2r(Qy, Q)] i+ s
-1+
9 “do £ Kyr(Qy, 0))*.

0

§ 4. Regular Normal Derivative

We shall have to apply Green’s formula later on to harmonic functions
represented in the form of potentials of a single or double layer. In order to
be able to do this we have to impose further restrictions on the type of
surface S.

We first of all make an important remark. We obtained Green’s formula
(5.16) on the assumptions that the functions # and v have continuous first-
order derivatives right up to the boundary and that V2uand V2vare integrable
within the domain.

Let us assume that our surface S is such that the functions by means of
which it is expressed in parametric form

x = x(4p), y=y4p, z=1z23, (15.16)

have continuous derivatives up to the second order inclusive with respect to
the parameters.
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At each point of this surface we construct the normal » and mark off
an interval of constant length { along the normal. The locus of the ends
of these intervals is given by the equations

Xy =x4 {cos(n,x), yy=y + fcos(n,y), z; =z + {cos(n, z),

and describes a certain surface S; which can be called a surface ‘“parallel”
to S.

It is easily shown that the surface S; has a continuously varying tangent
plane. To do this, we consider the parametric equations (15.16) for the
surface S. The components of the normal vector

ni, w, n(,w, n(i,p

can continuously be differentiated once with respect to 2 and . Substituting
these expressions in the equations for x,, y,, z,, we obtain a parametric re-
presentation for S; which will clearly have continuous first-order deriv-
atives with respect to 4 and ¢; and this implies that the surface S; will have
a continuously varying tangent plane.

Now let us suppose that the functions v and v are such that 4u and dv
are continuous within the domain §),. Suppose that u and » have continuous
normal derivatives on any surface S; “parallel” to S and lying within it.

Suppose further that the normal derivatives [0u/0n]s, and [0v/On]s, defined
on the surface S; tend uniformly to continuous limit functions ¢,(S) and
,(S) as S; tends to S. We shall call these functions the normal derivatives
of u and v on the surface S and denote them by [0u/dn]s and [dv/dn]s. We
shall say in this case that the functions « and v possess regular normal deriv-
atives.

THEOREM 7. If u and v are two functions harmonic in a domain §), and
possess regular normal derivatives, then they satisfy Green’s formula

To prove this, it is sufficient to apply Green’s formula to a surface S,
“parallel’” to the given surface S, and then to take the limit as S, tends to S.

From Theorem 2, Lemma 3 and Remark 3 of this lecture it follows that,
if the density f5(S) is continuous, then the potential of a single layer has re-
gular normal derivatives.

§ 5. Normal Derivative of the Potential of a Double Layer

The condition for the existence of a regular normal derivative of the
potential of a double layer is given by the following theorem.
Lyapunov’s Theorem. The necessary and sufficient conditions that the solution
of Laplace’s equation V?u = 0 in the domain §, bounded by the surface S, which
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satisfies the condition [uls = f(S), (the solution of the Dirichlet problem),
should have a regular normal derivative are that the potential W of the double
layer, expressed by using the function f(S),

1 0 (1
-]t (e

should have a regular normal derivative both from outside and from inside and
that the values of these regular normal derivatives should coincide.
To prove this theorem, we consider the function

— W if P, is inside U,

w(Py) = "
° — W if P, is outside §,

w(P,) will be harmonic both inside and outside the domain §2,. Further,
it will be continuous throughout space except on the surface S, where it has
a removable discontinuity. This follows from Remark | of this lecture and
the fact that the jump of the function w(P,) on crossing the surface S is,
as may readily be seen, equal to [1(P,)]s — f(S) = 0.

If the function u(P,) has a regular normal derivative du/dn, then the
function w(P,) will coincide with the potential of a single layer

CL([ Louyg
4 | Js r On

For in this case, by Green’s formulae (9.4) and (9.6) we have

f ds — — _1__ Ou ds u(Po) 'lf Po. is inside S,
on \ r on 0 if Pyis outside b,

)

u(Py) + ——Jf — gi dS if P, is inside §,

J‘j - dS if P, is outside §3, .

Thus the potential, W, of the double layer is expressible as the sum of two
functions having a regular normal derivative from both sides of the surface
S, and consequently it too has a regular normal derivative from both sides
of S. The jump of this derivative, by Theorem 2 of this lecture, is zero.
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Consequently, the limit values of the normal derivative outside and inside
the surface coincide.

We have proved that the conditions of the theorem are necessary. We
now show that they are sufficient.

We note first of all that if a continuous, regular normal derivative of the
function W exists, then the function w may be regarded outside §, as the
solution of the Neumann problem with the specified continuous values of
the external normal derivative

owl|] [oW
6’1 s 6” s |

But, as will be proved in Lecture 19 independently of the present proposition,
the solution of such a problem is presentable as the potential V* of a single
layer with a continuous densityt #»(S). This potential will coincide every-
where with the function w(P,), since their difference V*(P,) — w(P,) is a
function which is harmonic in §,, continuous throughout space, andidentic-
ally zero outside §,. This implies the existence of a normal derivative dw/dn,
regular from inside §,. But inside §, we have

Jou ow ow
+

on on on

Hence, since w and W have regular normal derivatives, # must also have a
regular normal derivative, as was to be shown.

§ 6. Behaviour of the Potentials at Infinity

The last important property of the potentials of a single and a double
layer which we shall analyse now is their behaviour at infinity. We prove
that if the surface S is bounded, the potential of a single layer will decrease
at least as rapidly as 1/ Ry, and the potentialof a double layer will decrease at
least as rapidly as 1/R2, when R, = \/.\‘(2, + y¢ + zZ tends to infinity.

For, when R, is sufficiently great, we clearly have

r=y = x4+ (7 =y + (2 - 20)?

= V2 + 12+ 2D — 2xe + o + 720) + (4 )P + 2)

V21212 1= Koty tzz) - (4 Y+ )
xo + yo + ZO > > >
(XO + yo + Zo)

_ P2
gRoJl_&o_z_R_;%g,
R

T Sce page 261.
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o] = l” L (s ds| = = ” | ()| dS
st R,
J J T £(5) ds| £ —” /()] ds,

as was to be proved.

Hence

w| =




LECTURE 16

REDUCTION OF THE DIRICHLET PROBLEM
AND THE NEUMANN PROBLEM TO
INTEGRAL EQUATIONS

§ 1. Formulation of the Problems and the Uniqueness of their Solutions

Let S be a closed and sufficiently smooth surface. Let §,, be the volume
enclosed by S, and §},, the infinite domain external to S which is also bounded
by S.

We consider four problems:

1. The Internal Dirichlet Problem.
To find a function ¥ harmonic in §,, and satisfying the condition
uls = f1(S).
2. The External Dirichlet Problem.

To find a function « harmonic in §2,, and satisfying the conditions

(a) [uls = £1(S)
(b) limu = 0.
R-ow

3. The Internal Neumann Problem.

To find a function » harmonic in §,; and satisfying the condition

ou
[797]5 — 7(S).

4. The External Neumann Problem.

To find a function # harmonic in §,, and satisfying the conditions

ou
@) [5;] — 14S)
(b) limu = 0.

222
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Before showing how actually to find the solutions of these problems we
investigate some of their properties.

THEOREM 1. The solution of the Dirichlet problem, internal or external,
is unique.

The proof is quite simple. It follows from the principle of the maximum.
The difference of two distinct solutions, if they existed, would in the case of
the internal problem be a harmonic function equal to zero on S; in the case
of the external problem, the difference of the two solutions would be har-
monic, and zero on S and at infinity. Consequently the difference of solutions
cannot take within the domain either positive or negative values, since
otherwise it would attain its positive maximum or its negative minimum, and
this is impossible. Hence in both cases the difference of the two solutions is
always zero.

THEOREM 2. A solution of the external Neumann problem which has con-
tinuous first-order derivatives right up to the boundary is unique: and a solution
of the external problem is determined to within an arbitrary additive constant.

As regards the surface S, it is sufficient to assume that it satisfies the
Lyapunov conditions. We deal with the internal problem first. Using Green’s
formula, which is applicable under the conditions we have here adopted, we

can transform an integral ff v Z—vdS as follows:
n

-4
(] 63 565 2o
(] () () o

If now v is a harmonic function and if dv/dn vanishes on the boundary, then

(I, 7+ (2 + ()},

and this implies

Hence it follows that v is a constant.

Now let u,, u, be two solutions of the internal Neumann problem. Then
their difference v is a harmonic function whose normal derivative vanishes
on the boundary of the domain. As we have just proved, such a function is
a constant. Hence the theorem in the case of the internal problem.

EMP 8a



224 REDUCTION TO INTEGRAL EQUATIONS L.16

The internal Neumann problem is not always soluble. A necessary and
sufficient condition for its solubility is that

”fzm ds = 0.

The necessity of this condition follows in an obvious way from Green’s form-
ula (5.16) on putting v = 1. We shall prove its sufficiency in Lecture 19.

For the external Neumann problem we take a sphere X of radius 4, where
A is a sufficiently large number, and let §,; be the volume enclosed between
2 and S. By the foregoing,

TN
] e () () - (o

If v is a harmonic function which tends to zero at infinity and which is such
that [0v/dn]s = O, then the left-hand side of the above equation is as small
as we please by choice of A. For, by Theorem 1, Lecture 12, on X we have

lvl < ﬂ, ﬁ < ﬂ
A on A?
and
2
2 2 a5l < M2 j dS=4atM—
» On
Hence

(I () + () o =

for any € > 0, and this is possible only if

w_w_ g

Ox a_y_ 0z

Hence v is a constant. But this constant can only be zero, for otherwise v
would not tend to zero at infinity. The difference of two solutions of the
external Neumann problem is therefore zero, and hence the solution of this
problem is unique.

Remark. The assertion in Theorem 2 remains true if the limitation on the
first derivative of the function v is weakened while that on the surface S is
made more rigorous, namely, by supposing that the surface satisfies the
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conditions of § 4, Lecture 15, and that the solution has a regular normal
derivative. For, in proving Theorem 2 we used only Green’s formula and
this remains applicable under the conditions stipulated in this remark. It
would also be possible to prove the uniqueness of the solution of the external
Neumann problem under even weaker conditions.

§ 2. The Integral Equations for the Formulated Problems

The properties of potentials which we established in the last lecture enable
us to solve the Dirichlet and Neumann problems for any domains which
are bounded by sufficiently smooth surfaces by reducing the problems to the
form of integral equations.

For, suppose we wish to find, for example, the solution of the internal
Dirichlet problem. We assume that the required function u is the potential
of a double layer with an as yet unknown density x(S):

w=we || HSDOSP 4o
s r?

As we already know, the potential of a double layer is a harmonic function.
We shall impose on w the condition that its limit value from within the
domain shall be equal to f;(S):

w; = f1(S).

From equation (14.7) we have
' S
wy = 2au(S) + wo = 2mu(S) + Jj 4 1)2005 @ ds,
s s

where r is the distance between the points .S and S, of our surface. Thus we
have for u(S) the equation

usy =08 1 [[ MS)cose g (16.1)
27 2r ) Js r?

If, for brevity, we denote (1/27) f;(S) by F;(S)and [(1/27) cos ¢]/r* by K(S, S)

(this last expression being obviously a function of the two points S, S; on

the surface), then we arrive at the equation

u(S) = Fi(S) — f f K(S, §1) u(Sy) 5. (16.2)

Integral equations of this form for the unknown function u(S) are known
as Fredholm integral equations of the second kind. We shall shortly begin to
study such cquations.

Inexactly the same way, the Dirichlet problem for an external domain
bounded by the surface S, i.e., for an infinite domain bounded by S, can be
reduced to a Fredholm equation of the second kind. For, again seeking a
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solution in the form of the potential of a double layer with the condition
w, = f1(S), we similarly obtain for the unknown density (S)

we = —2mu(S) + wo,

whence
S 1 S) cos
2 2 J Js re
Denoting - % by @,(S) we obtain

#@)=¢%@)+JJ‘KG,&)MSJdS (16.3)

This is an equation of the same type as (16.2).

The internal and external Neumann problems can also be reduced to the
solution of integral equations.

We shall seek a solution of the internal Neumann problem in the form of
the potential of a single layer

u=v=J‘J V(Sl)dSI.
s r

As in the preceding case, we have

0 0
= = —2m(S) + — = £o(S),
on, Ong
whence
ws) = — 228 L” M8y cosyo 4o (16.4)
2% 2 s r?

The angle y, is obtained from the angle ¢ by replacing the point S by S, .
Hence, putting

) _
=2 = ()

we get for »(S) the equation
v(S) = Fy(S) + Jj K(S,, S)»(S, dS,. (16.5)
S
Finally, if we seek a solution of the external Neumann problem in the

form of the potential v of a single layer, we get

ov

g

COS Y,
2

— 2m(S) + “ o(S)) a8, = £3(S)

r
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or

w(S) = LS _ L‘” ¥(S1) cos o dS,
27 ) Js r

2

27
Putting

f_‘Z(S) = (1)2(5) s
2

we get for »(S) the equation

)(S) = By(S) — j f K(Sy, 5) ¥(Sy) dS;

227

(16.6)

If we succeed in finding functions u# and » to satisfy the equations (16.2),
(16.3), (16.5), or (16.6), then the corresponding problems of mathematical
physics will be solved. The theory of such integral equations will be studied

in Lectures 18 and 19.



LECTURE 17

LAPLACE’S EQUATION AND POISSON’S
EQUATION IN A PLANE

§ 1. The Principal Solution

We have already discussed Laplace’s equation and Poisson’s equation
in space in sufficient detail. But it frequently happens in practice that the
function # does not depend at all on one of the variables, say z, and then

w_ v,
0z 0z2 '

In this case these equations become equations in two independent variables.
The problems which we previously posed for space can now be posed in the
plane XOY for the equation

0%u 0%u

Viu = +
0x? oy?

= o(x, ),

where o(x, y) may sometimes be identically zero.

We shall consider certain properties of such two-dimensional problems
which distinguish them from the three-dimensional case.

Exactly the same as in space, it is easy to prove that a function which
is harmonicin a certain domain D of the plane XOY attains its maximum and
minimum values on the boundary of this domain. Hence it follows, by the
former arguments, that the solution of the Dirichlet problem for any bounded
domain is unique. However, as we shall see later, the Dirichlet problem for
an unbounded domain, as it was previously formulated, no longer has any
meaning. To pose the problem of finding a harmonic function which shall be
equal to zero at infinity is meaningless for the two-dimensional case. The
fact is that a solution which will vanish at infinity does not, in general, exist,
and any question about the uniqueness of such a solution is pointless.

We have here two other lemmas similar to those proved in Lecture 9.

LEMMA 1. The functionlog, 1/r = —log r, wherer = \/(x — X))+ (y—y)?,
is a harmonic function of the variables x and y.

228
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For,
02 c — x0)2
— IOge y = — i + M,
0x? r? r*
02 _ 2
——loch‘:—i-{—M,
ayZ r2 ’.4
whence, by addition,
V2 log, 1 = 0.

r

LEMMA 2. If a function u is continuous and has continuous second-order
derivatives within a domain D, boundary s, containing the point (xo, ¥o), then

u(xo, yo) = — —— J f log. (i> V2u dx dy
27 D r

1
0 (loge —>
L L {u N T g, (i) %}ds (17.1)

27 on r n

0/0n here denotes the derivative along the inward normal to the boundary
curve s.
If the point (x,, yo) lies outside the domain D, then

—L“ log, (—l— V2u dx dy
2 ) Jbp ¥
1 0 1 1\ Ou
4 — —(log, —)} — log, [ —)—}ds = 0. (17.2
2w | e (o) —on () oo 07

The proof of this lemma is exactly analogous to that of Lemma 3 in
Lecture 9, and we shall not go through it.

It can also be proved, as before, that if the function « has a singularity
atthe origin, is harmonic in the neighbourhood of the origin, and satisfies the

inequality
[ul < % where R = ./x? + )2,

then u can be expressed in the form

m=0 i+j=m

" o™ 1
= a log. — | + u™, 17.3
i=3 ¥ ”amy(g ) (173)
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where u* is a function which is harmonic throughout the domain including the
origin.

The following theorems are valid.

THEOREM 1. If u(R, 0) is a harmonic function, then so is v(R, 6) = u(1/R, 0)
(R and 0 here are polar coordinates in the plane.)

THEOREM 2. If u(R, 0) is harmonic for large values of R and satisfies the
condition

lu| < AR,

then it can be expressed in the form

w=Y ¥ ayRm—2 (logei>+u*,

m=1 i+j=m ax’ ay’ R

where u* is bounded (and harmonic).

§ 2. The Basic Problems

The problem of finding a solution over the whole plane for Poisson’s
equation in two independent variables

Vau = o(x, »)

which will vanish at infinity is, in general, insoluble, and we shall not deal it.
We may remark that the integral

+ o + o0 1
j j o log. — dx dy,
—0dJd —® r

extending over the whole plane (if o is different from zero only in a finite
domain, then the domain of the integral will effectively be finite) is never-
theless a particular solution of Poisson’s equation, but it will in general in-
crease without limit at infinity. This integral is known as the logarithmic
potential of a distributed mass.

The Dirichlet problem for a half-plane, with certain limitations on the
boundary function, has a solution among the class of functions which vanish
at infinity. Let the function f(x) satisfy the inequality

|f1(x)| < % where @ > 0.

The solution of the equation
Viu =0
subject to the condition

[uly=0 = f1(x),
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and vanishing at infinity, will have the form
1 (** 9

u(xo, Yo) = 2—31 o (loge —)fl(x) dx = —J‘

cos ¢

fi(x) dx

= ij w.fl(x) d(l)(x, Xos .Vo)
T)-w

where ¢ is the angle between the radius vector drawn from the point (x, 0)
to the point (x,, y,) and the direction of the inward normal to the boundary
of the domain at the point (x, 0).

The reader will easily be able to derive the proof for himself.

The Neumann problem for the half-plane not only has no solutions
which vanish at infinity; it has not even any bounded solutions. If we write
the solution of this problem formally as anintegral which we may regard asthe
potential of a single layer in the planef [compare (13.9)]

1 [t 1
- log. — f>(x) dx,
TJ_p r

then this integral will increase without bound as the point (x,, y,) moves
away to infinity. We shall not deal with this problem.

The Dirichlet problem for a circle is solved by a method similar to that
used in solving the same problem for a sphere. If (x,, ;) is the point inverse
to (xo, yo) With respect to a unit circle round the origin, i.e., if

X0 Yo
X1 = —5——>3» N1 =

xg'{‘yo xé'i'yg,

then for a point on this circle, as before, r = Rory,

r=\/(x—xo)2+(y—y0)2, r1=\/(x-—x1)2+(y—y1)2,

and R, is the radius vector of the point (x,, yo)-
Let (x,, yo) be an internal point of the circle R < 1. Applying Green’s
formula to the solution of the equation V?u = ¢ we get

1 1
u(Xq, Yo) = —;ff e log. de dy
R=<1
1 0 1 Oou 1
+ — u—|(log, —} — — log. —} dS. 17.4
2m { 611( £ r) on o8 r} 174

Since (x,, y,) lies outside the circle, the function log, 1/Ryr; is a harmonic

T We deal with this, the so-called logarithmic potential, in § 3 of this lecture.
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function everywhere inside it, and by virtue of the remark made about the
formula (17.2) we obtain

1 1
- o log, dx dy
27 fng Rory
1

+ — 02 (log. L) = % 0e L lys=o. (17.5)
27 ) p=y on Rory On Ryr,

Subtracting (17.5) from (17.4) and writing

| 1 | 1
G(xs Y, Xo, yO) = logc - ——loge—,
27 of1 2m r

gives

1 [ 0
u(Xo, yo) = jf eG(x, y, Xo, yo) dx dy — ——J 29 gs. (17.6)

Green’s function G is a symmetrical function of the points (x, y) and
(X0, Yo); consequently it is a harmonic function of (x,, y,). Clearly, it is
identically zero for all x, y if (xo, ¥o) lies on the boundary.

If the problem of finding a solution of Poisson’s equation satisfying
the condition

[uls = fi(s). (17.7)

is soluble, then the solution will have the form (17.6). In the particular case
when [u], = 0, the solution is given by the formula

u(xo, yo) = j J oG dx dy. (17.8)
R<1

It is easily verified that the function u given by (17.8) does in fact solve the
problem. For,

J‘f ngxdy=——1—[J Qloge-l—dxdy
R<1 27 } Jr<1 r

1 [ 1
+ ——JJ ¢ log, dx dy.
2n Rs1 Ro"l

It can be shown that the first term is a logarithmic potential of a distributed
mass, satisfying the equation V?v = g, and the second is a harmonic function.
Conscquently, (17.8) gives a solution of Poisson’s equation, and it is im-
mediately obvious that this solution satisfies the condition [u]s = 0.

We transform formula (17.6) by substituting in it an explicit expression
for G. In polar coordinates, replacing x, y by R and 0, and x,, yo by R, and




§2 THE BASIC PROBLEMS 233

6o, we get for the coordinates of the point x,, y, the expression 1/ Ry, 0.
Also

1 1
log, — = rY log. [R* + RZ — 2RR, cos (6 — 6,)],
r
1 1 202
log, = — — log. [R*R; — 2RR, cos (0 — 6,) + 1].
Rorl 2

Green’s function may then be written in the form
1
G = e {log. [R? + R5 — 2RR, cos (8 — 6,)]
7

— log, [R*R} — 2RR, cos (0 — 6,) + 1]}
and
oG — R + Ry cos (0 — 0,)

_
l:an ]R=1 27r|_R2 + R3S — 2RR, cos (0 — 6,)

B — RRS + Ry cos (0 — 6,)
RZRS - 2RRO COS (6 - 00) + 1 R=1

1 R -1
2% R — 2Rpcos (0 — 6g) + 1

The solution of the Dirichlet problem for the circle then becomes

u(Ry, 05) = L i f1(6) do
o e 27 ) _ RZ — 2Ry cos (0 — ) + 17" ’

a result known as Poisson’s formula. It can be verified that this formula does
really give the solution of the problem in the same way as was used for the
three-dimensional case.

The external Dirichlet problem for a circle is solved in a similar way.
This is the problem of finding a function u which is harmonic outside the
circle R = 1, satisfies the condition [u]s = f;(s) on the boundary, and which
is bounded at infinity. This last condition makes the two-dimensional external
Dirichlet problem essentially different from the three-dimensional one. We
shall not stop to go into this problem. The formula giving its solution will
have the form

(R, 00) = [ Ro — 1 7,0y 40
u(R,, = )
o e 27 ) _. R: — 2R, cos (8 — 0p) + 1 !

From Poisson’s formula for harmonic functions inside and outside a
circle, all the results which were obtained in the three-dimensional case
follow, with hardly any change in the method of proof.
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§ 3. The Logarithmic Potential

The concept of potentials can also be carried over to functions of two
variables.
An integral of the form

v = J log. <—1-> u(s) ds
s r

is called the logarithmic potential of a single layer. It is a harmonic function
outside and within the domain D bounded by the curve s. The function is
continuous on crossing s, but its normal derivative suffers a break in con-
tinuity. If we form the integral

0 1
J;E <loge -)——) u(s) ds

where the derivative is taken for varying x, and y,, then it turns out to be
meaningful if the point (x,, ¥o) lies on the boundary. If we denote its value

by [0v/dn],, we get
on |, # on |,

_@. = —rmu + _ai
on | K on o.

The quantity [0v/0n], can be expressed in the form

u c0S Yo 4.
s r

where ), 1s the angle between the radius vector from the point (x, ) to the
point (x,, yo) and the normal at the latter point. The function (cos y,)/ris a
bounded function provided only that the curve s is sufficiently smooth.

In general, the logarithmic potential of a single layer is not bounded at
infinity.

An integral of the form

M :f _(9_ <10gc _1> ‘u(s) ds =J‘ M ds
s On F s r

where ¢ is the angle between the radius vector from the point (x, y) to the
point (x,, o) and the normal at (x, y), is called the logarithmic potential of a
double layer. It is a harmonic function both inside and outside the domain D
bounded by the curve 5. On s the function suffers a break in continuity. If
(X0, Yo) lies on the boundary curve, which we assume to be sufficiently smooth,
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then (cos ¢)/ris a bounded function and the integral wis meaningful. Denoting
its value in this case by wg, we shall have

We = — Tl + Wo,

wi JT/,I, + wOa

The logarithmic potential of a double layer vanishes at infinity.

And as with the three-dimensional case, the Dirichlet and Neumann
problems can also be formulated in the plane. There are, however, certain
special features in the external problems. In the external Dirichlet problem,
instead of requiring that the function u shall vanish at infinity, we have to
impose the condition that it shall be bounded in the neighbourhood of an
infinitely distant point. The Dirichlet problem then has a determinate and
unique solution.

In the external Neumann problem we have, as before, to seek a solution
which vanishes at infinity, but, in contrast to the earlier case, this problem
will, in general, have no solution. The necessary and sufficient condition
for a solution to exist is that

fﬁ@m=o

where f,(s) is the value of the normal derivative on the boundary.

In this respect the internal and external two-dimensional problems are
more similar to one another than they are to the three-dimensional analogues.

The reader would find it beneficial to prove the foregoing assertions for
himself.

The Dirichlet and Neumann problems can, as before, be reduced to
integral equations. We leave this reduction too for the reader to carry out.

For the integration of the two-dimensional Laplace equation there is an-
other extremely powerful method, based on an application of the theory of
complex variables. Here we shall only indicate the essence of this method,
without going into details.

We consider any analytic function w(z) = u + iv of the complex variable
z = x + Iy. Taking x and y as the independent variables and applying the
Laplace operator to w, we get

Viw = e + 52 = w’(z) + i?w’(z) = 0.
Y

It follows that the function w(z) is a harmonic function of the variables x
and y; consequently its real and imaginary parts, u(x, y) and v(x, y), will
also be harmonic within the domain in which w is analytic.
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We now introduce a new independent complex variable { = & + i% and
put z = y({), where y is any analytic function. Then

X = x(f, 7]), y =y(£, 77):

and the analytic function w(z) will go over into an analytic function of the
variable £:

w* () = w@(0).

Hence the functions

u*(&, n) = u(x(&, ), y(&, 7)),
v*(&, n) = o(x(&, ), (&, M)

(17.9)

will again be harmonic functions of the variables £ and #.

In the theory of functions of a complex variable it is shown that the
formulae (17.9) define a conformal mapping of the x, y plane on to the
&, n plane, and that any conformal mapping can be obtained in this way. It
follows from this argument that a harmonic function of the variables x, y
within a certain domain remains harmonic when this domain undergoes a
conformal transformation.

For any simply connected domain §, of the x, y plane we can obtain a
solution of the Dirichlet problem in the following way. We find a conformal
mapping

x = x5, y=y&,n)

which carries the domain §, over into a circle. It is proved in the theory of
functions of a complex variable that such a mapping always exists. The
function ©#*(&, ) must be harmonic within the circle and take specified values
on its circumferences; it can be constructed by using Poisson’s formula. Then
going back to the variables x, y, we obtain the required solution of our
problem.



LECTURE 18

THE THEORY OF INTEGRAL EQUATIONS

§ 1. General Remarks

We have already seen in earlier lectures that the solution of certain prob-
lems of mathematical physics can be made to depend on the solution of
equations of the form

o(P) = J (P, P) o(Py) dP; + f(P), (18.1)

where D is a certain domain over which the points P and P, vary. The func-
tion K(P, P,) of two variable points of this domain is called the kernel, and
@(P) is the unknown function.

Suppose that the domain D lies in n-dimensional space, and let the co-
ordinates of the point P and P; be (x;, x5, ..., X,) and (x], x;, ...,x})
respectively; then the kernel K(P, P,) is a function of the 2n variables
(X1, X35 «ovs Xn, X|, X4, ..., x1), and the functions ¢(P) and f(P) are func-
tions of n variables, ¢(x;, x5, ..., X,), f(x;, X2, ..., X,); and these variables
may vary only in such a way that the points P(x;, X3, ..., X,), Py(x;, x5, ...,
x!) do not go outside the domain D.

If, in particular, the domain D is one-dimensional and connected, then
the position of the point Pis defined by a single coordinate x, and the integral
equation takes the form

o(x) = J Kix, %) g(x) dx' + f(x).

a

We are about to begin a systematic investigation of equations of the
form (18.1), which are generally known as Fredholm integral equations of the
second kind.

We shall assume the functions K and f to be real. We shall introduce
other restrictions such as boundedness, continuity, and so on, as the need
arises.

Later we shall encounter equations which can have not one, but many
solutions. But in all such cases we shall not regard functions as being differ-
ent if they are equivalent, i.e., if they take different values only on a set of
measure Zero.

237
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For Fredholm integral equations, as for all linear equations, the following

theorem holds:
TueoreM 1. The general solution of the equation (18.1) has the form

¢(P) = @o(P) + ¢*(P)

where @o(P) Is some particular solution of the equation (18.1)
and  @*(P) is the general solution of the equation

o(P) = f K(P, P) ¢(Py) dP,. (18.2)

We shall call (18.2) the homogeneous equation corresponding to equation
(18.1).

It is clear from this that if the corresponding homogeneous equation has
no solution other than the trivial one ¢*(P) = 0, then the equation (18.1)
cannot have more than one solution.

§ 2. The Method of Successive Approximations

We shall examine first, in §§2, 3 and 4, a few special cases; this will
enable us to pass on to a more general treatment of the problem.

Instead of equation (18.1) we shall consider a more general equation of
the form

o(P) = 1 f K(P, P,) ¢(Py) 4P, + f(P), (18.3)

D

the so-called equation with a parameter.

Let us suppose that the domain D of variation of the point P is bounded;
we shall denote the volume of this domain by the same letter D. Let us further
suppose that the kernel K(P, P,) is a summable function of the pair of
variable points P, P, in the space of 2n variables, and that

j |k(P, P)|dP, £ M

where the constant M does not depend on the position of the point P.

In the applications of the theory with which we shall be concerned, the
function K(P, P,) will have only a finite number of manifolds of a smaller
number of variables (i.e., of points, curves, surfaces, efc.) on which it suffers
a break in continuity. If we exclude these manifolds together with a volume,
as small as we please, surrounding them, then the function K(P, P,) will be
continuous in the remaining part of the domain.

We shall assume that f(P) is a bounded, measurable function:

sup | f(P)| = L < 0.
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This condition will be fulfilled if, for example, f is bounded in D and is
bounded everywhere except, perhaps, on a finite number of manifolds of
lesser dimensionality.
We shall also regard the function ¢(P) as being bounded and measurable.
If the value of 4 is small, the idea naturally occurs of seeking a solution
of the equation (18.3) in the form of a power series in 2

o(P) = go(P) + f T (P). (18.4)

Substituting this expression in (18.3), we get

nP) + 5 PP = [ KO P 0P + 3 i) | 4Py + 102,

D

from which we get by comparing coefficients of powers of 4 on the two
sides,

po(P) = f(P),

@1(P) = j‘ K(P, P,) @o(P,) dP,

D

(18.5)

#u(P) = f K(P, P) @y-1(Py) AP,

J

The relations (18.5) allow all the functions ¢,(P) to be calculated step by
step. For, all the integrals on the right-hand sides are meaningful, since the
integrands are the products of bounded functions by summable functions.
Estimating the right-hand sides of these equations in turn, we get

leoP)| £ L, |pu(P)| = j |k, P)|LdP, £ LM,
D

and, in general,
|pu(P)| < LM*.

Hence by the Lebesgue-Fubini theorem (Lecture 6), the functions ¢,(P) are

measurable.
For brevity, we denote the function

w(P) =J K(P, P,) f(P,) dP,
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by the symbol Af. And as we have seen, |4f| < M sup|f|. We shall call 4
an operator on the function f, and we shall consider powers of the operator 4:

A(Af) =A%, A(A4*f) = A3f, ..., A(A""f) = A™f.
Clearly,
A" = A™(A"f).

In this notation, (18.5) takes the form
pu(P) = A%. (18.6)

Also, as we have seen
|4*| < M* sup|f]. (18.7)

This operator 4 has an important property:
THEOREM 2. If a sequence of bounded, measurable functions f, tends uni-
formly to a limit function f,:

Jo = l}im Je
then
Afo = lim Af,
k— oo

and the sequence Afy also converges uniformly.
For,

|[Af — Afo| = |A(f — f)| £ M sup | fi — fol-

COROLLARY. If the series

o]

Z uk(P) = ll(P)

k=1
converges uniformly, then

Au(P) = i Au,(P).
k=1

In our new notation, (18.3) takes the form

¢ — 1dp = f,
or, writing Ep = ¢, where L is the identical or unit operator, we have
(E—44) ¢ = f.

If we substitute in (18.4) the expression for @, from (18.6), we get, and so
far merely formally, the equation

P(P) = f + AAf + BPAY + - + KL+ .o, (18.8)

The absolute value of the terms in the series on the right-hand side will, by
(18.7) and if |AM| < 1, be less than the terms of the convergent, positive



§2 METHOD OF SUCCESSIVE APPROXIMATIONS 241

numerical series

i 1
kzo|,1|"M"’ sup | f|] = sup ‘fl

1 —|4|Mm

Consequently, for a fixed A satisfying the condition |1| < 1/M, the series in
(18.8) converges uniformly, and (18.8) does indeed define a certain measur-
able function ¢(P). Also,

1

< 3 Al M- = _—
ol 5 3,18 o ] = sop ]

We now verify that the function ¢(P) which we have obtained does satisfy
equation (18.3). Substituting the expression for ¢ from (18.8) in the left-hand
side of (18.3), we get

(E — 14) [ f+ f Z"A"f].

If we show that this expression is identically equal to f, our assertion will be
proved. The series in the square brackets converges uniformly. By Theorem 2
we have

(E — 24) [f+ ZD; ,QkAkf] =f+_§ WA — JAf — i JEHL ght1 £ f
(18.9)

Thus we have proved that the function ¢(P) given by (18.8) is a solution of
the integral equation (18.3).

The uniqueness of the bounded solution subject to the condition {A| M < 1
is easily proved. For, assuming that the integral equation (18.3) is satisfied
by ¢, we apply to both sides the operator

E + Y 4*,
k=1

which is taken to have the meaning that

(E + ) Z"A"> f=r+ 3 kay,
k=1 k=1
We then obtain

(E + f 2"A"> [(E — i4) ¢] = <E + i 2“A"> f.

Removing the brackets on the left-hand side, we find

(E+Z;LkAk>(E—ZA)(p=(7)+Z(PAAR¢—I’\-A(F—XZR+1AR+I¢=q)'
k=1 k=1 k=1
(18.10)
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Hence

p = (E + k§1 Z"A") f.

Consequently the solution must be expressed by formula (18.8) and is
unique.
If we introduce the notation

B =E-— 14,
then the operator

E + Z zkAk
k=1

will naturally be denoted by B~!. The equations (18.9), (18.10) then take the
form

BB-f = f (18.11)
B-'Bf = f (18.12)

where fis any measurable bounded function. These formulae serve to justify
our notation.

§ 3. Volterra Equations

In certain particular cases it may happen that the series (18.8) converges
over the whole plane of the complex variable 2. We examine a case of this
sort.

Let the domain D of a single variable be the ray x > 0,

let P(x) = lr K(x, y) (») dy + f(x).

0

and suppose that the kernel K(x, y) has the property that
Kx,y)=0 if y> x,
and that it is bounded,
|K(x, »)| = M.

Then the equation will take the form

P(x) = 1r K(x, y) ¢(y) dy + f(x).

0

Equations of this type are known as Volterra Equations.
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Assuming as before that the function f is bounded (less than the con-
stant L) and is measurable, we can estimate the magnitude of A*f. We have:

"X

* Mx
l4f| = || K(x ) fp)dy éf IMdy = L 22
Jo o
X 2 5
|[42f| =] K(x,») (4f) dy| < ML My g4y = M=
J o 1 12
("X x 5 2 3.3
4| = || ke | = | ML MYy = M2
J O 0 12 1.23
MFkx*k
k <
471 = £ k!

Consequently, any term of the series (18.8)

[+ 2Af + BPAS + -+ A+ -
does not exceed in absolute magnitude the corresponding term of the series
AMx ‘L AZM?x? Ak MExF

+ o+ LT,
2! k!

L+ L

which converges over the whole 2-plane. It follows that the series (18.8) for
any fixed x converges uniformly in any finite circle of the A-plane and is a
completely analytic function of 4. For a fixed 4 it converges uniformly on
any finite interval of values of x, and this implies, as before, that it is the
unique solution of the integral equation considered.

§ 4. Equations with Degenerate Kernel

We consider one more particular class of integral equations, for which
the theory is easily constructed. The results obtained turn out to be valid also
in more general cases. We shall examine the integral equation (18.3) when its
kernel has the special form

N
K(P, P,) =l;‘P1(P) wi(P)- (18.13)

A kernel of this form, (18.13), is said to be degenerate.

Let us say that the system of functions ¢,(P), ¢,(P), ..., ¢ x(P)is linearly
independent if there are no constants «,, «,, ..., ay Which are not simultan-
eously zero such that the linear combination

a @ (P) + ayp,(P) + - + aypy(P)
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is equivalent to zero (see p. 237 for the meaning of “equivalent’). We can
regard the system of functions ¢(P), @,(P), ..., ¢ 5(P) and also the system
w1(P), v2(P), ..., wx(P) as being linearly independent in the domain D, for
otherwise one or more of these functions could be expressed as a linear
combination of the remainder and we should be led to a kernel of the same
form but with a smaller number of terms.

Unless some special proviso is made, we shall in future regard the func-
tions @, ..., ®n,¥;, -.-, Py as being bounded and having only isolated dis-
continuities on a finite number of smooth surfaces.

The equation (18.3) for a degenerate kernel takes the form

@(P) = 2121¢I(P)J vi(Py) @(Py) APy + f(P) (18.14)

and consequently the difference ¢(P) — f(P) must be a linear combination of
the functions ¢,(P), 1 =1,2,..., N, with constant coefficients. Putting
N

@(P) — f(P) = 1) o, (P) and substituting this expression in (18.14), we
k=1
get

kzlak‘Pk(P) = ﬂlzlfpl(P)J‘ {kglakqok(}’l)} p(P,) dP,

+1§1 ‘PI(P)f v(Py) f(P) dP,.

Since the functions ¢,(P) are linearly independent, the coefficients of the
same functions must be the same on both sides of this equation, and so we
obtain the system of equations

N
X — lz Ay =_fl, l= 1, 2, ceey N, (18.15)
k=1
where
ny =J @u(Py) le(Pl) dpP,, (18.16)
D
fi = f FCPY) wPy) dP,. (18.17)
D

The system (18.15) is equipolient with the integral equation (18.14). We
denote the matrix of the system (18.15) by M(4):

1l —m A — mk - — m N
— my Al — myk e — iy

M) =

— My A — My d e T — mypnd
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The solubility of our system depends on the determinant det M = |[M(1)]
of this matrix. Clearly there are two cases:

I.det M # 0,
II. det M = 0.

In case I we have the following theorem:

THEOREM 3. The system (18.15) for values of A for which det M # 0
is uniquely soluble for any f,, and the equation (18.14) is soluble for any
function f.

In particular, the equation

#(P) = 7 J K(P, P,) g(Py) dP;, (18.18)

which we called the homogeneous equation corresponding to (18.3), will in
this case have only a trivial solution.

The first assertion of this theorem is proved in the algebra text-books;
and the second assertion follows immediately from the first.

In case II, for values of 4 for which det M = 0, the system (18.15) is
not soluble for all f;, and consequently the equation (18.3) is not soluble for
all functions f.

In this case the system of homogeneous equations

N
LZ‘ —_— lz mk,ak = 0 l= l, 2, ...,N (18.19)
k=1

has N — g linearly independent solutions, where ¢ is the rank of the matrix
M(%). Let these solutions be &, «$?, ..., 0%, s =1,2, ..., N—gq. The
equation (18.18) will obviously also have exactly N — q linearly independent
solutions.

As 1s well-known, when their determinant is zero, a system of inhomo-
geneous equations may have no solution. We recall some of the necessary
and sufficient conditions for the solubility of the system (18.15).

By virtue of the condition det M = 0 the left-hand members of (18.15)
are r.ot independent; a linear combination of them can be formed which
will vanish identically. For, if we multiply the equations of (18.15) by 8, and
add, we get

N N N
Z af, ~ Z‘Z Z Mo, = “k.Bk - lz Z M%)
I=1 =1 k=1

k=1 i=1

el o]

The B, can be chosen so that

N
=AY mafi =0, k=1,2,..,N. (18.20)
1=1



246 THEORY OF INTEGRAL EQUATIONS L.18

The determinant of the system of equations (18.20) is equalto det M = 0.1t
is proved in the theory of algebraic equations that the number of linearly
independent solutions of (18.20) is again equal to N — g. Let these solutions
be B, B, .., B, s = 1,2, ...,(N—9).

A necessary condition for the equations (18.15) to be soluble is that

N
PN/ =0, s=1,2,..,(N - g), (18.21)
=1

and it is proved in the theory of algebraic equations that this condition is
also sufficient.

Just as the system of equations (18.15) corresponds to the equation (18.3),
and the system (18.19) to the equation (18.18), so a correspondence can be
established between the system (18.20) and the equation

p(Py) = EJ K(P, P,) w(P) dP (18.22)

D

which we shall call the homogeneous equation allied to the equation (18.18).
Substituting the expression for the kernel K(P, P,) and repeating exactly the
previous argument, we can show that the solution of the equation (18.22)
must have the form

y(Py) = l;ﬂES)w,(Pl)- (18.23)

where the 8{® are numbers satisfying (18.20). Hence the following theorem.

THEOREM 4. The homogeneous equation (18.18) and the equation (18.22)
allied with it have the same number of linearly independent solutions. This
numberr = N — q,where qis the rank of the matrix M(%), and N is the number
of terms in the degenerate kernel (18.13).

We emphasize that the homogeneous equations (18.18) and (18.22) have
a non-trivial solution only for those values of A for which the determinant
of the matrix M(2) vanishes. These values of A are called eigenvalues or
characteristic values for the equation. The number of linearly independent
solutions r = N — g corresponding to a given characteristic value is called
its rank.

If we substitute the expression for f; in the equation (18.21) we get

J AP)Y BPp(P) dP = 0 (18.24)
or

j fPYpy(P)dP =0, s=1,2,...,(N —9q). (18.25)

It is clear that (18.21) and (18.25) are equipollent.
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We shall say that two functions are orthogonal if the integral of their pro-
duct over the domain D is equal to zero.

We have thus proved the following theorem:

THEOREM 5. The necessary and sufficient condition for the equations (18.14)
to be soluble in case Il i.e., when det M = 0, is that its free member f should be
orthogonal to all solutions of the allied homogeneous equation.

It is clear that in this case the general solution of the equation (18.14)

takes the form
N-aq

@(P) = ¢°(P) + Zl Cip®(P), (18.26)

where ¢'®(P) is some particular solution,

and ¢¥(P),s=1,2,...,(N—gq), are particular solutions of the homo-
geneous equation (18.18).

The conditions (18.25) are independent of one another, for we can show
that if g, is a set of (N — q) arbitrary numbers, then a function f(P) can be
found such that

j P)y(P)dP =a,, s=1,2,...,(N - gq). (18.25")

We first prove that for any given set of numbers f; a function f(P) can be
found for which the equations (18.17) are satisfied.
We shall seek the function f(P) in the form

fP) =3, yapdP).

=1

We multiply this equation by y, and integrate over the domain D. We obtain
a system of equations for the y,:

N
fi =,Z v | wi(P)w(P)dP, [=1,2,..,N,
=1

which are soluble since their determinant is the Gram determinantf for the

T Translator’s note. For N functions v, s, ..., ¥, the determinant with LQ wiy, dSY
as the element of its ith row and jth column is known as the Gramian or Gram determinant.
This determinant is zero if and only if the functions y; are linearly independent in §,,
provided suitable restrictions are imposed on the functions v, :

e.g., if §1 is a bounded, closed set, that

(a) each y,; be continuous, and

(b) each 1y, be measurable, and |y, | be summable.
See p. 243 for the meaning of ‘linearly dependent’.

EMP 9
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system of linearly independent functions v; and is therefore positive. Thus
the solubility of the system (18.25") will be proved if we show that the system

SH-pP =a, s=1,2,....(N—gq) (18.21)

1s soluble. The latter system is soluble, since, due to the linear independence
of the system of numbers B, %, ..., (s=1,2,..., N—gq), the
rank of the matrix ||B{*| of the system of equations (18.21’) is equal to
(N —gq), i.e., to the number of equations, and consequently the rank of the
principal matrix of the system is equal to the rank of the augmented matrix.

Remark. Theorem 3 follows essentially from Theorems 4 and 5. For, if the
number of linearly independent solutions of the associated equation and of
the corresponding homogeneous equation is zero (the number of solutions of
these two equations is always the same), then the conditions for orthogonal-
ity drop out, and the inhomogeneous equation will be uniquely soluble.

Up to now, in considering equations with degenerate kernels, we have
assumed that the functions ¢,(P) and y,(P) do not contain the parameter 4.
Let us now suppose that the functions ¢,(P) and y,(P) do depend on the
complex parameter A and that they are analytic over the domain of variation
of this parameter. Then the determinant of M will also be an analytic func-
tion of Z in this domain §. Then inside %), the secoud case, i.e.det M = 0,
can occur only at isolated points, since det M, as an analytic function, can
have only isolated zeros. This result can be expressed as a theorem.,

THEOREM 6. If inan equation with a degenerate kernel the functions of which
the kernel is composed are analytic functions of the parameter 2 in a certain
domain of the A-plane, and if the equation is soluble uniquely with any right-
hand side (even if only for one 1), then the second case (det M = 0) can
occur only at isolated points of domain .

As we shall see, Theorems 3, 4, 5 and 6 hold good not only for equa-
tions with degenerate kernels but also for more general equations. In the
more general case they are known respectively as Fredholm’s first, second,
third and fourth theorems.

§ 5. A Kernel of Special Type. Fredholm’s Theorems

Having discussed thesolutionof integralequations withinacircle |A| <1/M
and also the solution of equations with degenerate kernels, we now pass on
to the analysis of a more general case. Suppose that the kernel of equation
(18.3) has the form

K, Py) = i%t(P) (P + Ki(P, Py) (18.27)
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where

|Ky(P, P)|dP, = M (18.28)
J D
and

|Ki(P, P)|dP < M. (18.29)

J D

Then equation (18.3) takes the form

o(P) — 1 f Ki(P, Py) ¢(Py) dP,

= 13 1(P) f £(P) ¢(Py) dP, + fiP) (18.30)

We shall consider equation (18.27) for values of A satisfying the condition
|A| < 1/M (M now has a meaning different from that in § 2). We again
introduce a symbolic notation

o(P) — i J Ki(P, P,) ¢(Py) 4P, = (E — i)y = Byg,

D

By ly.

X(P) + ¥, Mediy
k=1
We also use the corresponding notation for the associated equation

w(Py) — 1 f Ky(P, P p(P) dP = (E — 14%)p = Blyp.

D

It is easily verified that, if we put
BYYE(Py) = E(Py) + ) IFAFE(P).
k=1
then, similar to (18.11) and (18.12),

BY B ~'&(Py) = &P,), Bf 'Bfyp(P,) = w(P,).

We shall also use the formulae

f (B, ¢(P)] p(P) dP = f #(P) [BEp(P)] dP (18.31)

D

D

f (B} 17(P)JE(P) dP — f 2(P) BEIE(P] AP, (18.32)
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These are easily proved. We have

Il

f (P A19(P)] dP w(P){ f Ky(P, P,) g(Py) dPl} ap

v

_[ o) U Ki(P, P.) w(P) dP} dP,

M~

= @(P,) [ATp(P )] dP,.

J D

Hence we immediately obtain

f W(P) (£ — 14,1} dP = j #(P) {[E — 2471y} dP.

D

The formula (18.32) is proved in the same way.
Using this notation (18.30) may be written in the form

Bip = 1Y x,(P)J §(P) o(P) AP, + f(P).  (18.33)

D

We introduce a new unknown function by putting B,¢(P) = y(P), whence
@(P) = Bi' x(P). Substituting this expression in the equation (18.30) and
using (18.32), we get

(P) = 13 m(P)f &Py (BT 1(P] 4P, + f(P)

=13 1(P) f (BF-15(PO] #(P) AP, + f(P).  (18.34)

Thus the equation (18.30) has gone over into an equation with degenerate
kernel (18.34) for the new unknown function y(P) and having the same free
term, and the solution ¢(P) of equation (18.30) has gone over into the solu-
tion y(P) of equation (18.34). Conversely, if x(P) is a solution of (18.34),
then the function ¢(P) = B;* y(P) will be a solution of equation (18.30).
To prove this, it is sufficient to substitute for y(P) in (18.34) its expression
1(P) = B,p(P).

We shall show that Theorems 3, 4, 5, 6, which, by what has alrcady been
proved, hold good for the new integral equation as regards yx(P), will also
hold for the original equation (18.30) if (4] < 1/M.

We set up the associated homogeneous equation for (18.34):

(P — 1Y BE1E(P) j WP p(P)dP =0 (1835)
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and denote its left-hand side by w(P,). The function w{P,) vanishes if and
only if
Bfw(P)) = 0. (18.36)

This implies that the equation (18.35) has just the same solutions as the
equation (18.36) has. But

Bra(Py) = BFp(P,) — 1Y B BE-1&(P,) j 1(P) w(P) dP

= Brp(P) — 15 &Py J 1(P) v(P) dP,

and consequently (18.36) is the associated homogeneous equation for (18.30).
Thus the associated homogeneous equation for (18.34) and the associated
homogeneous equation for (18.30) are equipollent.

Using the theory which we have developed we can establish all the Fred-
holm theorems for the original equation.
Fredholm’s Second Theorem. The number q of linearly independent solutions
of the homogeneous equation corresponding to equation (18.30) is the same as
the number of linearly independent solutions of the equation (18.36) associated
with it.

t is sufficient to show that the number of linearly independent solutions
is the same for the homogeneous equation corresponding to (18.34) and for
(18.36), which are equivalent to the equations under consideration. But the
number of such solutions for the homogeneous equation corresponding to
(18.34) and for (18.35) is the same by virtue of Theorem 4, which we have
proved for an equation with a degenerate kernel. Hence the theorem.
Fredholm’s Third Theorem. The necessary and sufficient condition for the equa-
tion (18.30) to be soluble is that its free member should be orthogonal to all
solutions of the associated homogeneous equation (18.36):

f fP)y(P)dP =0, i=1,2,..,4. (18.37)

We remark that the solutions y;(P) of the equation (18.36) are solutions
of equation (18.35), and the free members of (18.30) and (18.34) are the same.
Hence, by Theorem 5 which has been established for an equation with a
degenerate kernel, the conditions (18.37) are necessary and sufficient con-
ditions for the solubility of (18.34). But equation (18.30) is soluble if (18.34)
is soluble, and vice versa. Hence the conditions (18.37) are also necessary
and sufficient conditions for the solubility of (18.30). Hence the theorem.
Fredholm’s First Theorem. If the equation (18.30) is soluble for any function
f(P) on its right-hand side, then the solution is unique, and this implies that the
corresponding homogeneous equation has only a trivial solution. Conversely,
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if the homogeneous equation has ouly a trivial solution, then the equation is
uniquely soluble for any function f(P).

As mentioned earlier, thistheoremisa corollary of Fredholm’s second and
third theorems.

Our previous Theorem 6 can now be formulated extremely simply in the
present case:

Fredholm’s Fourth Theorem. The characteristic values of A have no limit-
points inside the circle |A| < 1/M.

The proof follows from the fact that A = 0 will not be a characteristic
value for (18.30), since for this value of A there will be no other solutions than
x(P) = f(P). By Theorem 6 for equations with degenerate kernels, the
characteristic values for equation (18.34), and hence also for equation (18.30),
cannot have limit-points inside the circle |A| < 1/M, where the functions
which compose the kernel are regular. Hence the theorem.

We have proved Fredholm’s four theorems for integral equations whose
kernel can be expressed in the form (18.27). The kernels encountered in
applications of the theory can often be approximated to by a sum of the form

> 1P &(P)

with any degree of accuracy, in the sense that the number M, the upper bound
of the integrals

j |K.(P, P))|dP, and J |Ku(P, P,)|dP
D D

can be as small as we please.

For kernels of this type all the Fredholm theorems are valid in a circle
of arbitrarily large radius, and the unique limit-point for the characteristic
values of 4 can be taken to be at infinity.

We shall prove that this will be so if, for example, the following conditions
are fulfilled (as is often the case in applications of the theory):

(1) The domain D is a certain a-dimensional manifold in a certain k-dimen-
sional cube §,,:

(or a continuous l-1 mapping between D and such a manifold can be
set up);

(2) the kernel K(P, P,) is a function which is continuous in a 2n-dimensional
manifold and which can be continuously continued in the 2k-dimensional
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cube §},:

o
IIA
HA

1, i=12, ...,k

X

o
fIA
(1A
—_
[
r
&

Yi

where x; denotes the coordinates of the point P in the cube §,, and y; the
coordinates of the point P, in the same cube.

It is clear that both these conditions will be satisfied if, for example, the
domain D is a surface in three-dimensional space and the function K(P, P,)
is continuous for variation of P and P, over this surface.

We now pass on to the proof of our assertion.

By a well-known theorem due to Weierstrass on the approximation of
continuous functions by means of polynomials, it is always possible to
represent a function K(P, P,) which is continuous in the closed 2k-dimen-
sional cube by means of polynomials in 2k variables to any specified degree of

approximation. But polynomialsinx;,7 = 1,2, ..., kand y;,i = 1,2, ..., k,
can always be put into the form of a sum of products of functions which
depend onlyon x{, x,, ..., X, by functions whichdepend onlyon y,,y,, ...y,

as was to be proved.

It is clear from the very method of constructing the solution of the Fred-
holm equation in our case that this solution will be an analytic function of
the parameter 4 over the whole plane, with the exception of the singular
points, which are the characteristic values of 2 and which are isolated points.

§ 6. Generalization of the Results

In order to obtain the results set forth in § 5 of this lecture, it is not
necessary to require that the kernel K, (P, P,) shall satisfy both the conditions
(18.28) and (18.29). It is sufficient if just one of them, say the first, is satisfied.
We shall suppose that (18.28) is satisfied, but we make no stipulation about
the integral

J |K.(P, P,)|dP.
D
We put
AP = A%y = f K\(P, P,) w(P) dP.

D

We shall prove the following fundamental property of the operator A*:
if the function w(P) is summable, then the function y(P,) is also summable

and
J |x(P)|dP; < MJ |[y(P)| dP. (18.38)
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To prove this we consider the function of 2n variables K,(P, P,) w(P).
This function is measurable, since it is the product of two measurable func-
tions. Moreover, it is summable as a function of 2n variables. For, the in-
equality

[lw(P)|U |K1<P,P1)|dP1}dP§Mf [p(P)| dP

clearly holds. The repeated integral on the left-hand side evidently exists.
Hence, by the Remark made after the Lebesgue~Fubini theorem (Lecture 6,
§ 8, p. 123), the double integral

” [p(P) K(P, P,)| dP dP,
DD
exists, and consequently so does the double integral
JJ w(P) K (P, P,) dP dP,
DD

and moreover the order of integration may be changed. Thisimplies that both
sides of the inequality

f H Ky(P, P,) p(P) dP} dp, < j ” |K1<P,P1)w(P)|dP} ap,.

are meaningful and the inequality 1s valid. But

J‘ {J |Ki(P, Py) w(P)ldP} dpP; = J lw(P)l{ J IK1<P,P1)|dP1} dp,

D

which, together with (18.28) immediately gives (18.38).

THEOREM 6. If the sequence v, converges in the mean to a functiony,, i.e.,
if the integral [p \wo — .| AP converges to zero, then the sequence A* v, con-
verges in the mean to A* y,.

For,

J |A*1P0 - A*lpkldP =J lA*(WO - y)k)ldP =M J I’PO - w"ldP’
D D

D

from which our assertion follows.

@
In particular, if the series v = ) u, is convergent in the mean, then
k=1

o0
A*v = ) A*u, and the series on the right converges in the mean.
k=1
Consider the integral equation

BY*y = (E— 14")yp = ¢ (18.39)
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associated with equation (18.3). Just as we found a solution of (18.3), we can
obtain a solution of this equation in the form of a series

w=B¥ly =y 4+ Mry + PPARy + -+ 4y + -0 (18.40)
y4 X

We shall prove that the formula (18.40) really does give the solution of
(18.39) within the circle [A] < 1/M.

We show first that the series on the right-hand side of (18.40) converges.
Applying the inequality (18.38) successively gives

j 4%z dP < Mj |;g|dP,j |[A[*2x dP < sz x| dP, ...,
D D D D

J A dP < M"f x|, ...
D D

Hence
it p m+p m+p
J Y aA*y, dng {Z ll“A*kZ|} dP = 3 W[ |[4™*x] dP
p |k=m p (k=m k=m

m+p
< (Z |A]¢ M'f)J x| dP.
k=m D

In the circle |2| < 1/M we have

nip lkA*k dP - | n Mm |xl dP
p|lk=m 1 bl |/7l.

For a sufficiently large m the right-hand side of this inequality can be made
less than any previously specified number. Consequently, by the theorem on
convergence in the mean (Lecture 6, Theorem 23), the series (18.40) con-
verges in the mean, and its sum, denoted by B*~!y, is a summable function
of the variable point P, .

We next prove the identities

B*B*71E = &, (18.41)
B* 'B*y =y, (18.42)
We have
B* 7' B*y = (p — 24™y) + 24*(p — 14%y) + AT (p — 14%yp) + -
+ *A*E(p — AA%Y) + - = .

Further, using Theorem 6 and the convergence in the mean of the series,
we get
E 4+ AA%E + P2AFE 4 o 4 2RAFRE 4+ .

EMP 9a
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we find
(B — 24%) (& + A4™E + PPA™?E + o + BA™E + o) = &,

whence
B*B* 1t = &,

The last identity expresses the fact that the function B*~1y is a solution of
equation (18.39). Theidentity (18.42) shows that B*~!y is the unique solution,
for from (18.39), on applying to both sides the operator B*~!, we get
y = B*y.

The remaining considerations for equations whose kernel satisfies only
the one condition (18.28) are the same as those adduced in § 5.

§ 7. Equations with Unbounded Kernels of a Special Form

We consider a kernel K(P, P,) where the points P, P, belongto a bounded
domain D, and let r be the distance between the points P and P, . We suppose
that the kernel K(P, P,) is continuous everywhere over the aggregate of
points P, P, for which r # 0, and that when r — O the kernel may tend to
infinity but will satisfy the inequality

|k(P, P)| < i;
-

over the whole domain D, where 0 < « < n, n being the dimensionality of

the space.

We shall prove that for a kernel of this type all our conditions are satisfied
and that in this case the kernel K(P, P,) can be put into the form (18.27),
the constant M in the inequalities (18.28) and (18.29) being as small as we
please.

We consider the function

K*(P, P,) = min [K(P, Py, fa—]

where 0 is a given positive number.
We shall estimate the integral

J |K(P, P,) — K*(P, P))|dP;.
D

The difference K(P, P;) — K*(P, P,) can be different from zero only in the
domain r < 4, for at all other points K(P, P;) £ A/6* and this implies that
K*(P, P,) = K(P, P,). The function K(P, P,) — K*(P, P,) is everywhere
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non-negative and for r £ 0 it satisfies the inequality

1
0 < K(P, P,) — K*(P, P,) < A <T _ aa>'
r

Hence we get
JIK(P,Pl)—K*(P,Pl)ldP1=J [K(P=P1)—K*(P=P1)]dpl
D D

<4 Lar, <=
,.égra 2

for any given ¢, provided only that J is sufficiently small.

The function K*(P, P,), being the minimum of two continuous functions,
is continuous for r # 0. In the neighbourhood of the surface r = 0 itis a
constant, 4/0%, and consequently it is also continuous there. Thus, from
§ 5, this function can be put into the form

N
K*(P: Py = Z @1(P) v:1(Py) + K5(P, Py),

1
where

f K, P)| AP, < &
D 2
Consequently,

K(P, P) = Y ¢i(P) pi(Py) + Ka(P, P1) + [K(P, Py) — K*(P, P,)].

=1
Putting
K1(P, Pl) = Kz(Pa Pl) + [K(P> Pl) - K*(P: Pl)]:

we shall have

J |K.(P, P,)|dP, gf |K(P, Py)| dP, +f |K(P, P,) — K*(P,P,)|dP,
D D D

IA
| o

+ = E&.

€
2
Thus for kernels of the type considered, Fredholm’s theorems are valid over
the whole plane of the complex parametcr 4, just as they were for continuous
kernels: and this is what we had to show.

Remark. It follows from the inequalities that have been established that the

operators of the form considered in this section carry any bounded, sum-
mable function over into some continuous function.



LECTURE 19

APPLICATION OF THE THEORY
OF FREDHOLM EQUATIONS
TO THE SOLUTION OF THE DIRICHLET
AND NEUMANN PROBLEMS

§ 1. Derivation of the Properties of Integral Equations

The theory which we have developed for Fredholm equations enables us
to proceed to animmediate solution of the Dirichlet and Neumann problems,
which we earlier reduced to the problem of finding solutions of certain
integral equations. We begin with a few auxiliary propositions.

We shall always suppose in future that any surface S is either smooth in
the Lyapunov sense or satisfies the conditions of § 4 of Lecture 15.

LEMMA 1. Let the surface S satisfy the conditions of § 4 of Lecture 15,
let v(S) be a continuous function, and let the potential

=j S) 4§ (19.1)

¥

of the single layer have an external normal derivative [0v/on), which is identi-
cally zero on S.

Then the density v(S) is identically zero.

Proof. The potential of the single layer is a harmonic function outside the
surface S and tends to zero at infinity like 1/r. Its normal derivative from
outside Sis zero on S. In accordance with the definition in § 4 of Lecture 15
and by Remark 3 in § 3 of that lecture, this normal derivative will, under
the conditions of this lemma, be regular.

By virtue of the Remark appended to the theorem on uniqueness of solu-
tion of the Neumann problem (Lecture 16, § 1, Theorem 2), the potential
under consideration coincides outside the domain bounded by S with the
trivial solution of the Neumann problem, i.e., it is identically zero.

The potential of a single layer is a function which is continuous through-
out space. Consequently its limit value from within the domain is also zero.
We now apply the uniqueness theorem for the internal Dirichlet problem.
The potential under consideration is a harmonic function inside S. Its limit

258
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value on the surface is zero. Consequently it is identically zero. Hence the
limit valuc of its normal derivative from inside S is also zero.
Using the fact that

ov ov
[5;]9 ~ [_671 = 47x(S) (19.2)

and noting that the normal derivative has zero as its limit value both from
inside and from outside S, we see that the density »(S) is zero, as was to be
proved.

If the limit value of [0v/0n]; on S'is zero, then by the theorem on the uni-
queness of solution of the Neumann problem, the function v is a constant
inside S.

LemMmA 2. If v(S) satisfies the same conditions as in Lemma 1, and if

[@—] =0 andif v, =0.
on |

then the density is identically zero.

The proof is almost the same as for Lemma 1. The potential v is a con-
tinuous function, and this implies v, = 0. From the uniqueness of solution
of the external Dirichlet problem it follows that v is identically zero outside
S too. But then formula (19.2) gives »(S) = 0, as was to be shown.
Remark. In proving Lemma 1 and 2 we have used the Remarkappendedto
the uniqueness theorem (Lecture 16, § 1, Theorem 2). It would also be
possible to weaken the conditions regarding S and treat it as a Lyapunov
surface; we should then use Theorem 6 of Lecture 15, the identity f, = O,
equation (16.4), the Corollary to Theorem 5 of Lecture 15 and Theorem 2
of Lecture 16.

Lemmas 1 and 2 enable us to proceed immediately to the investigation
of the Fredholm equations for the Dirichlet and Neumann problems, which
we derived in Lecture 16. We obtained the equations:

for the internal Dirichlet problem:
59 + [ [ (50, 9) ) a5 = 91501 (19.3
for the external Neumann problem:
(So) + ff K(S, So) »(S) dS = »(Sy); (19.4)
s
for the external Dirichlet problem:

#(So) — f J K(So, S) p(S) dS = @(So); (19.5)
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for the internal Neumann problem:
»(So) — ” K(S, So) #(S) dS = »(S). (19.6)
S

The kernel K(S,, S) has the form
1 cos (n, r)

K(So, S) = — -

19.7
27 r ( )

2

By (15.6) we have
A

2-4 "
r

Consequently the kernel K(So, S) is one of the bounded kernels of the
special type considered in Lecture 18, since here we have, using the notation
of the previous lecture (see § 7, Lecture 18),

n=2, a=2-—0<n.

Thus for these equations all the Fredholm theorems are valid.

The results obtained in Lecture 18 were for integral equations in which
the domain of integration D was a plane. Nevertheless the results there
obtained are applicable in the present case, because a Lyapunov surface may
be divided into a finite number of pieces and we can then pass from integra-
tion over any piece of the surface to integration over that plane domain into
which this piece projects, on a tangent plane to the piece at some point Q.
In this process, by the third inequality of (15.5”), we can suppose that the
function under the integral sign is multiplied by a quantity

0<—1——<3,

cos (ng, n)

where ng is the inward normal at the point Q,
and n is the direction of the normal at the current point of integration.

§ 2. Investigation of the Equations

THEOREM 1. Equations (19.3) and (19.4) always have unique solutions.
Proof. Suppose that the integral equation

”(So) + J J K(S, So) »(S) dS = 0 (19.8)

has a bounded solution »(S). By the property of the integral operator with
kernel K(S, S;) mentioned at the end of § 7, Lecture 18, the second term
in (19.8) is continuous, and consequently the first term is also continuous.
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The potential of a single layer

v =j »(S) ds

¥

with a continuous density »(S) has a regular normal derivative, as we saw
in § 4 of Lecture 15. The limit values of the normal derivative of this potential
are expressed (as we saw in Theorem 2 of Lecture 15) by a density of the form

2n l:v(So) + in K(S, So) »(S) dSJ

and by equation (19.8) this is zero. By Lemma 1 from the previous section,
1(S) = 0, and so the homogeneous equation corresponding to (19.4) does
not have a non-trivial solution.

By the first Fredholm theorem it then follows that the associated homo-
geneous equation, obtained by putting ¢ = 0 in (19.3), also has no non-
trivial solution. Further, by the same Fredholm theorem, it follows that
each of the equations (19.3) and (19.4) will have a determinate, unique, and
bounded solution when any bounded functions stand on their right-hand
side. Hence we can obtain the solutions of these equations and thus the solu-
tions of the internal Dirichlet problem and the external Neumann problem.
(See p. 220.) R

Passing on to the solution of the external Dirichlet problem and the interna
Neumann problem, we prove the following theorem.

THEOREM 2. Each of the equations

u(So) — J J K(So, S) (S) dS = 0
y (19.9)
W(So) — f f K(S, S;) »(S) dS = 0

has one and only one principal function.

We first note that the two equations (19.9) are associated,and consequent-
ly they have the same number of linearly independent solutions.

For the first of the equations (19.9) we can take unity as such a principal
solution. For, the potential of a double layer

0 1
”‘”ﬁ(?)”“”s

with ¢ = 1 gives the size of the solid angle subtended by the surface S, and
consequently its value from the outside is zero.

But the left-hand side of the first of the equations (19.9) is precisely the
limit value of the potential of a double layer from the outside, and therefore
4 = 1 must make the left-hand side vanish. Consequently the number of
principal functions for each of the equations (19.9) is not less than one.
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We now show that neither of the equations (19.9) can have two linearly
independent solutions.

Repeating exactly the same argument as was used to prove the continuity
of the function »(S) in Theorem 1, and using Theorem 6 of Lecture 15, we
can show that all solutions of the second of the equations (19.9) satisfy the
condition (15.13).

If there were two principal functions »,(S) and »,(S), then both the

potentials
v, = [j "1(5) dS and v, = J‘J‘ 1)2—(Sld5
. S r S r

would be harmonic functions within the domain bounded by S and would
have within this domain first-order derivatives continuous right up to the
boundary. Moreover, the limitvalues{dv,/dn,];and [0v,/0n];for bothfunctions
would be zero; and by the theorem on uniqueness of solution of the Neumann
problem both these functions could only be constants. Replacing»;.i = 1,2by
o, v, where a;, i = 1, 2, are constant multipliers, we can make both potentials
v, and v, equal to unity within the domain. Let us suppose that thts has been
done. Then the potential

b= vy — v, = j j L pys) = na(s) ds
s 7

with the density »,(S) — »,(S) would be equal to zero inside S. The limit
value v; would then also be zero. And by Lemma 2, the density »,(S) — v,(S)
must also be zero, and this proves our theorem.

We have proved the existence of an eigenfinction vo(S) for the second
equation of (19.9). We may suppose that the value of the potential

v =jJ1@dS
0 s .

within the domain §), bounded by the surface S is equal to unity. The func-
tion vo(S) gives the corresponding distribution of electric charge on the sur-
face of a conductor filling the domain §, bounded by the surface S. The
problem of finding the potential of a charged conductor is known as Robin’s
problem, and the potential v, is called Robin’s potential.

The internal Neumann problem consisted in finding a harmonic function
such that

[ﬂ] — £.(S). (19.10)
on |;

THEOREM 3. The necessary and sufficient condition that the internal Neu-
mann problem should have a solution is that the right-hand side of (19.10),
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i.e., the function f,(S), should satisfy the equation
Jf f2(S)dS = 0. (19.11)
S

That the condition is necessary follows from the fact that, if we apply
Green’s formula (5.16) to u and 1 (both these functions are harmonic), then

we get 5
0=H 5”—dS=Jjj}(S)dS.

Its sufficiency follows because unity is the uniquc solution of the first
of the equations (19.9) which is associated with (19.6). Hence, if the free
member (S) of the equation (19.6) is orthogonal to unity, then by Fred-
holm’s theorem this equation is soluble. But (S) differs from £,(S) only by
a factor; consequently the condition (19.11) is necessary and sufficient for
the solution of the equation (19.6), and, with it, for the solution of the inter-
nal Neumann problem.

We now pass on to the solution of the external Dirichlet problem.

As we have seen, the integral equation (19.5) may have no solution, be-
cause the corresponding homogeneous equation has a trivial solution. This
might have been expected from the very beginning. The required harmonic
function » which satisfies the condition

[ul. = A(S) (19.12)

1s unique, as we have seen. It will tend to zero at infinity, generally speaking,
like A/r (see Theorem 1, Lecture 12), for example, and like the harmonic
function 1/r which is equal to unity on the unit sphere.

But we are trying to represent the function in the form of the potential
of a double layer, and this decreases like 4/r*. Evidently such a representation
may not be possible. So we now try to find a solution of the external Dirichlet
problem in the form

a
u=— 4+ u,
to
where @ is an indeterminate constant,
ro is the distance of the point (x, y, z) fromthe origin (chosen inside S),
and u, is the potential of a double layer

0 /1
] A G

The value of #; on the surface S will be

[]s = f(S) — [—"—] :

Fo
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The equation (19.5) therefore becomes

(o) — f f K(So, S) 1(S) dS = p(Sy) + -2 {i] (19.13)
s 27 | ro s

We require that the free member of this equation shall be orthogonal to
vo(S), the eigenfunction of the second of the equations (19.9). We get:

jf #(So) 70(So) dSo + ij[ VO(_SO) dS, = 0.
s 2n s To

The integral in the second term is equal to unity by hypothesis, and we get
a= - 2ﬂff #(So) vo(So) dSo.
S

Having determined the constant g in this way, we get from (19.13) a soluble
equation. By solving it, we get at the same time the solution of the external
Dirichlet problem.



LECTURE 20

GREEN’S FUNCTION

1. The Differential Operator with One Independent Variable

In many of the problems of mathematical physics which we have
encountered, the unknown function was determined not merely by the re-
quirement that it should satisfy a certain differential equation but, in addition,
by the conditions on the boundaries of the domain in which the unknown
function was defined.

Most of such problems were concerned with the solution of equations of
elliptical type. But there are also boundary-value problems for equations of
other types; and it is useful to be able to find a solution of such an equation
which will satisfy prescribed conditions on the boundary of the domain. In
order to investigate in detail the mostimportant properties of these boundary-
value problems, we set ourselves the task of presenting these solutions in
explicit form.

We begin with a very simple case. We shall seek a solution of an ordinary
differential equation of the second order

Ly = p(x)y” + q(x)y" + r(x)y = f(x) (20.1)

in the interval 0 < x < I, the solution satisfying certain conditions on the
boundaries x = 0and x = 1.

We assume that the function p(x) is continuous, has second-order deriv-
atives, and does not vanish, in the interval 0 £ x < 1. Subsequently, in cer-
tain cases, we shall remove the last condition on p(x). We assume that
the function g(x) is continuous and has first-order derivatives, and that the
function r(x) is continuous, in the same interval.

Although, formally, this problem belongs to the theory of ordinary
differential equations, we shall nevertheless examine it in detail. But we
must first make one or two important preliminary observations.

We set up the operator M adjoint with the operator L (see § 2, Lecture 5).
This adjoint operator will have the form such that

Mz = [p(x) z]” — [q(x) zJ + r(x) z. (20.2)

265
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The operators M and L are connected by the relation

d dy d(pz)
zLy — yMz = — —— —y—=+ qyz}.
y =y dx <pz O y - Y

Green’s formula in the interval [0, 1] for these two operators will have
the form

{POJ’(;ZO — PoYozo + (9o “P(’)))"ozo} - {Ply{zl — p1yizi+ (g, — Pi))’&zl}

1
+j (zLy — yMz)dx = 0 (20.3)

(]

where the suffixes 0 and | indicate that the values of the functions are to be
taken for x = 0 and for x = 1 respectively; for example,

po =p0), yo =y0), 2z =2z().

If the functions y and z are chosen so that the expressions in the curly
brackets vanish, then (20.3) simplifies to

1
J (zLy — yMz) dx = 0. (20.4)
(0]

It may happen that the formula (20.4) holds good for any pair of functions y
and z belonging to two families of functions {y}and {z}. We say that two
such families are adjoint families.

We shall examine some examples of adjoint families of functions for the
operator L of (20.1).

We consider families of functions y satisfying on the boundaries one of
the two linear conditions:

(I) Yo = 0,
, (20.5)
(1) PoYo + Poye =0
at the end x = 0, and similarly
(I) Y1 = 05
(20.6)
(11) Piyi+ iy =0

at the end x = 1, where 8, and 3, are given numbers.
The first curly bracket in (20.3) may be written in the form

—volPozo + (Po — qo + Bo) 2ol + Zo[Poyo + Boyol,
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and the second similarly. Thus (20.3) becomes

—yol(p2) + (Bo — q) zlizo + zolpy’ + Boyli=o +j (zLy — yMz) d~
0

+ yil(p2) + (B1 — @) zlezi — zidpy’ + Biylecy = 0. (20.7)

A number of simple results may be deduced from this expression.

If the family {y} satisfies the first condition at the end x = 0, then in
order that only the term outside the integral with x = 0 should vanish, we
may take as the family {z} any family of functions which satisfy the condition

(Ia) zo = 0.

If the family {y} satisfies the second condition at the end x = 0, then it is
sufficient to impose on the family {z} the condition

(11a) Pozo + (Po — go + Po) zo = 0.

If the family {y} satisfies both conditions at x = 0, i.e., if yo = yo = 0,
then no condition need be imposed on the family {z} at x = 0. Conversely,
if no restrictions are put on the family {y}, then the functions {z} must
satisfy the conditions z4 = zo = 0.

The end x = 1 can be examined in exactly the same way, and the condi-
tions which we have analysed will take the form:

D y, =0,

D piyi + Py =0,

(Ia) z, =0,

(I1a) pizy + (p1 — g1 + B1)z, = 0.

Theconditions(Ia)or(Ila)imposed atbothendsof theintervalaresufficient
to ensure that the family {z} shall be adjoint to the family {y} if the latter
satisfy the conditions (I) or (II). Theseconditions will also be necessaryif we
take as the family {y} the set of all functions which satisfy the conditions (I)
or (II) at both ends of the interval and which have continuous derivativesup
to the second order inclusive. We shall in what follows define the families {y}
and {z} in precisely this way.

The conditions (20.5) may for brevity be written in the form of the single
condition

[@0py” + Poyli=o = 0 (20.5%)
and the conditions (20.6) as
[ py” + B1y)e=y = 0, (20.6")
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where «q, %y, Bo, 81 are certain numbers; and without loss of generality
we may suppose that «, and «, are only equal either to O or 1.
The adjoint conditions (Ia) and (ITa) at the end x = 0 take the form

2o PoZo + (®opo — %ego + Po) 2o = 0 (20.5")

and at the end x = 1 they become

@1p1z1 + (aypi — oyq + Py) z; = 0. (20.6")

We might also consider conditions of a more general type to be imposed
on the family {y}. These would connect the values of y and )’ at both ends
of the interval. We shall not, however, bother to enumerate and classify such
conditions, but merely indicate how they may be obtained.

The bilinear form

D(yo, ¥4 Y15 Y15 Zos Z6» Z15 21) = PoYoZo — PoYoZo + (go — Po) YoZo
- P1Y1Z1 + P141Z{ —(q: _Pi)ylzu

consisting of two sets of four variables, vanishes for arbitrary values of the
variables of the one set if and only if all the variables of the other set are zero.
If there are linear relations between the four variables of one set, say,
Yo>Vo» Y15 Y1, then on expressing some of the variables in terms of the re-
mainder, we can transform the given form into another form which is linear
relative to y but which depends on a smaller number of variables. The condi-
tion for the annihilation of this new form is that the coefficients of these
remaining variables shall vanish. Thus, the sum of the number of conditions
which are imposed on {y} and {z} is equal to four.
Consider, for example, the equation

Ly =y” + k’ = 0.
Here,p = 1,9 = 0,r = k?. Let the conditions imposed on the family {y} be:
Yo =Y1, Yo =i
In our theory @ will have the form
D = yo(zo — z1) + yo (2o — z1) = 0.

Consequently, the adjoint conditions will be:

§ 2. Adjoint Operators and Adjoint FFamilies

The concept of adjoint families or of adjoint conditions relates not merely
to ordinary differential equations of the second order. It can easily be carried
over to the case when Lis a linear diffcrential operator with partial derivatives
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of any order. We have defined above the concept of the operator M adjoint
to a given differential operator L. The integral formula (20.4), which we
have already shown to be true for two adjoint operators, in our illustrative
example, will form the basis of the general definition of adjoint operators.
DEFINITION. The operator M is the adjoint of L, and the two families of
functions {u} and {v}, defined in a domain §,, are adjoint relative to L and M

in this domain, if
fovLudf = o uMvdS (20.8)

for any functions u and v from the respective families.
The conditions, by means of which the two families which are adjoint
relative to the operators L and M are defined, are called the adjoint conditions.
DEFINITION. An operator L is said to be self-adjoint if it coincides with its
own adjoint, i.e., '
Mu = Lu.

Similarly, for any self-adjoint operator, a family of functions which coin-
cide with their own adjoints is said to be self-adjoint.

We shall examine a few more very simple examples.

EXAMPLE 1.

Ly = poy™ + py" ™V + - + puy.
We choose the family of functions {y} in the interval 0 < x < 1 so that
yo = y(’) —SE R ygn_l) = 0. (20.9)

It 1s easily seen that the adjoint operator will be

d"~"(p,2) +

dx"_l +pnz'

Mz = (=1) —d"((l*’i_jz) + (=1t

Noting that

dmw dm(p d dm—-lw d{p dm—Zw
+ (-D)"yp —— = — -
l dx™ (=Dmy dx™ dxl: dx™~1 dx dx"-2?
dZ(P dm—3lp _
dx? dx™—3 ’

the indefinite integral
[ zLy — xMz) dx

can casily be obtained in closed form. Without working it out in full, we
see that it will be expressed as a bilinear form in the derivatives

-1 -1
VoV s, YOV oz 2, 2D,

the coefficients being functions of the variable x.
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By the conditions (20.9) this bilinear form will vanish for x = 0. To
make it vanish also at x = 1, it is sufficient to put

2 =zl = =D 20, (20.10)

(These conditions are also necessary if no restriction is laid on the values of
the function y and its derivatives at x = 1.)
Under these conditions

1
j (zLy — yMz)dx = 0.
0

Thus the conditions (20.10) are adjoint with (20.9).
ExampLE 2. We consider the operator

Lu = Viu (20.11)

and investigate a family of functions {#} which satisfy the condition

[ﬁ’l 4 au + 5ﬂ:| =0, (20.12)
S

on os

in a domain §), of the two variables x, y which is bounded by the curve, s,
where 0u/0n is the derivative along the inward normal at a point of the bound-
ary s, and 0u/0s is the derivative along the tangent taken in the positive sense
of description of the curve s. Green’s formula gives:

” V2 — vv2) d§ =J (u—ai - uiv—>ds
o s on on

Integrating by parts the term

puv 8_u ds,
s Os

and noting that the integrated terms drop out because of the periodicity
of the functions f3, u, v on the boundary, we obtain

f UV — oV2u) d§)
8

Oou Oou ov o(pv)
= v|l— tau+ f—|—u|— — ds.
_L{ [an b as:l {811 oo 0s ]}
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It is natural to say that the expression

LA AV}
[Bn <a— as)”"ﬁ OS:L

is adjoint to (20.12) relative to the operator V3.
The families adjoint relative to the operator V2 will be:
the family {u} satisfying the condition

[—ai+au+ﬁﬂ] =0,
S

on ds

and the family {v} satisfying the condition

ou (7.__0£ v - ﬁ. =
[+ (o) e par] o

For two such families we have:

fj v Viud$y =JJ uVirdQy.
& &

ExampLE 3. If {u} is a family of functions not restricted by any conditions,
then the adjoint family in the domain §, relative to the Laplace operator
will satisfy the two conditions

av
s =0, —1 =0.
2 0 l:an :L

This follows from the fact that the condition for adjointness, i.e.,
J:[ (Vi — vV2u) d§y =0
L

will be satisfied for an arbitrary choice of the function u only if the stated
conditions are satisfied.

These examples should have made the concepts of adjoint families and
adjoint operators sufficiently clear. We pass on now to a more detailed ex-

amination of the problem.

§ 3. The Fundamental Lemma on the Integrals of Adjoint Equations

We consider the following problem:
To find the solution of the equation (20.1) satisfying the conditions, either

[%opy’ + PBoyli=0 = a0,
(20.13)
[arpy’ + Biyl=1 = a4,
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or
[aopy” + ﬁOy]x=0 =0,

(20.13)
loespy” + ﬁly]x=l = 0.

Problems of a similar type are encountered, for example, if we have to find
the equilibrium form for a string of variable density and variable tension, at
the ends of which certain relations between the displacement and the com-
ponent of the tension along the y-axis are to be satisfied. The variable tension
could arise from the string being inclined to the horizontal, so that the weight
of each element would affect the tension above this element.

LEMMA 1. Let

Ly=py” + q/ +ry and Mz = (pz)’ — (qz) + rz

be two adjoint operators, and suppose that the coefficients p(x), q(x), r(x) are
continuous in the interval O < x < 1 and that p(x) has continuous derivatives
of the first and second order and that q(x) has a coutinuous first-order deriv-
ative in the same interval. Suppose, further, that p(x) doesnot vanish anywhere
in this interval.

Then, if y(x) satisfies the equation

Ly =0 (20.14)
and the condition
[aOPy, + 50)’]x=o = 09 (2015)
then the function
z/(x) = yl( ) expf — dx (20.16)
P c P

is a solution of the adjoint equation

Mz =0 (20.17)
satisfying the condition

[(2opz)" + (Bo — %0q) z]c=0 = O (20.18)

adjoint to the condition (20.15).
[Compare (20.5”) and (20.5)].
The lemma may be proved by a straightforward method. We have

([)Zl)/ — yI' expj —dx + Y1 -—expj = dx

c P

| ) x
Mz, = [(pz;,] — gz} + rz¢ = —[py] + gy, + ryI]CXp[ 2 d4x = ¢

P

ol C
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Thus the function (20.16) does indeed satisfy equation (20.17). We next
verify that condition (20.18) is satisfied:

[(opzy) + (Bo — *0q) z1)x=0

oy s 0
= | %y + 0‘0)’1£ + <—p—0—— Oq))’l:l exPj idv\'
i q p p o= . P
0

1 ,
_[L (¢opy: + ﬁoyl)] eXpJ 4 4x = 0.
]7 x=0 c p

Hence the lemma.
Similarly, if y, is the solution of the equation (20.14), satisfying the
condition

[0‘1PJ’§ + ﬂlyZ]x=l = 0. (20.19)
then

Z, = ——expj 4 ax (20.20)

will be the solution of equation (20.17) satisfying the condition

{(1p2) + (B, — 219) z]= = O, (20.21)

which is adjoint to (20.19).

If y, and y, are linearly independent, then the formulae (20.16) and
(20.20) can be given a rather different form. Using the familiar fact that
the Wronskian, yjy, — y3y;, satisfies the equation

COiys = yivs) = exp [—J L dx} (2022)
c P
we shall have, by a suitable choice of the arbitrary constant factor,
o= e (20.23)
plyiys — yayil plyiya — yayil

Remark. Lemma 1 is evidently the dual of this result, and it may be form-
vlated thus:

If z, and z, are solutions of the equation Mz = 0 satisfying the conditions
(20.18) and (20.21) respectively,

then

X 2 r __

Yy = Z_l epr‘ .p—q_ dx = szl exp<
p c P

Ji

P

y2=z_zexpj 2 =9 40— Cpz, exp <f1 >
P c P c P
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where C is a certain constant, are solutions of the equation Ly = 0 satis-
fying the conditions (20.15) and (20.19) respectively.
It follows from (20.23) that

ie.,
oz _n_»
zZ, Z, Y1 Y2
or
2129 — 2324 _ Y1Y2 — YVaV _ 1 = I
2123 Yi1¥2 PY1z2 PY27y
from which we get:
z z
Y1 = ’ - ’ > Y2 = ' - ’ ) (2023,)
p(z1z, — z3z4) p(z1z, — z324)

It may also be noted that
Y122 = 21)2>
’ 7 ’ 7 1
Y122 = Y22y = Z1 Y2, — V122 = —,
P
these results may be immediately verified.

COROLLARY. If the equation (20.14) has a non-trivial solution, satisfying
the conditions (20.15) and (20.19), then the equation (20.17) has a non-
trivial solution satisfying the conditions (20.18) and (20.21): and conversely. In
this case both equations have the same number of linearly independent solutions.

It is important in our further discussion that we should distinguish the
two cases when:

1. Equationt (20.14) has no non-trivial solution satisfying the conditions
(20.15) and (20.19).

2. Equation (20.14) has such a solution.

We shall prove later that in the first case equation (20.1) always has a de-
finite unique solution satisfying the conditions (20.13). In the second case
this will not be so.

We shall call the problem of finding a solution of (20.14) subject to the
conditions (20.15) and (20.19) the honiogeneous problem.

Let y, be a solution of the homogeneous problem. It is not difficult to
see that such a solution can be determined only to within a constant factor.
For, if y, and y, are two linearly independent solutions of equation (20.14),
then their Wronskian is not zero; consequently, the ratios y;/y, and y;/y,
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are not equal. Hence neither y, nor any linear combination Cyy; + C,y X
with C, # 0 will satisfy the boundary conditions.
By the Corollary to Lemma 1,

Z, =y—1epr 9 4x
p e P

is the unique solution of the adjoint problem.

We now prove for the second case under consideration a theorem which
is formulated under the supposition that ¢y = x; = 1.

THEOREM 1. A necessary condition for the equation (20.1) to have a sol-
ution satisfying the conditions (20.13) is that

[@oz1)x=0 + Jlf(x) z; dx — [a4z4]4=; = 0. (20.24)

Let the function y,(x) be a non-trivial solution of the homogeneous
problem, i.e., it satisfies equation (20.14) and the conditions (20.15) and
(20.19); then the function z,(x) defined by (20.16) will satisfy the adjoint
equation and the adjoint boundary conditions (20.18) and (20.21).

Applying formula (20.7) to the function y(x), which is the solution of
(20.1) and satisfies the conditions (20.13), and to z,(x), we obtain immedi-
ately (20.24).

We leave the reader to formulate and prove the similar theorems for the
cases when «,, or «,, or both «, and «,, are zero.

§ 4. The Influence Function

We now examine in more detail the first of the cases mentioned on p. 274.
Let x, be an arbitrary point of the interval 0 < x < 1, and let the func-
tion z, satisfy

0 if |x — xo| > ¢
Mz =
“ —1— if lx—xo|§8;
2¢
then
1 1 Xot+e
JyMzsdx=— y dx.

0 2’6 Xpo—¢€

Using the integral mean-value theorem, and in the resulting equality passing
to the limit as ¢ — 0, we get

1
limj yMz, dx = y(x,).

=0 0
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If z, and y belong to adjoint familics, i.e., if they satisfy the conditions
(20.15), (20.19), (20.18), and (20.21), then the formula (20.7) gives

1 1 1
y(xo) = limj yMz, dx = limJ~ z, Ly dx = limf z, f(x) dx.

£=0 | &0 J o e=0 J o

For the sake of definiteness we shall in future suppose that the numbers «,
and a; occurring in the conditions (20.13) are both equal to 1 (we shall
leave the reader to analyse the three remaining possible cases:aq = 0,0, = 1;
g =1,a, =0; a5 =, =0).

Then for the same z, and for an arbitrary function y, we get from (20.7):

1

£=0

y(xo) = lim [25(0) (py’ + BoV)x=o + J z, Lydx — z,(1) (py’ + ﬂly)le}.

(20.25)

If it now happens that as ¢ — 0, the function z, converges uniformly to a
limit function
Z,o(x, xg) = lim z,,
e—0
which depends, of course, on the paramecter xq, then it will be possible to
pass to the limit in the formulae for y(x,). The solution of the equation (20.1)
satisfying the conditions (20.13) will be expressible as

~1

¥(x0) = 240(0, xo) ao + Z4o(X5 Xo) f(x) dx — z4o(1, Xo) @;.  (20.26)

J O

We may remark that the equation involving z, with which we began this
section may be considered as the equation for the equilibrium of a string
which satisfics end-conditions (fixing conditions) adjoint to the conditions
(20.13’) and which is acted on by a transverse force of magnitude 1 distrib-
uted over an interval of the string of length 2e with its mid-point at the point
Xo. In this case we can interpret z,(x, x,) as being the deviation of the string
at the point x under the influencc of a unit force acting in the e-neighbour-
hod of the point x,. The function z, 4(x, x,) is thus equal to the deviation
(or influence) produced by unit forcc concentrated at the point x,. It will
become clear later that if x is rcgarded as the parameter and x, as the argu-
ment, the function z_¢(x, xo) can still be regarded as an influence function
for a string with a different density and tension, whose deviation y(x,)
under the action of a force f(x) satisfics equation (20.1). This enables the
formula (20.26) to be interpretcd phys'cally: the integral in it denotes the
total influence at the point x, du. to the distributed force f(x).

Without calculating z,, we shall at oncc make clear what properties the
function z_ o(x, xo) must havc.
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Property 1. Knowing the properties of z,, we shall naturally expect that the
function z,4(x, x,) regarded as a function of x will satisfy the equation
Mz = 0 everywhere except at the point x, and will also satisfy boundary
conditions adjoint to (20.13").

We explain one more property of z,,. By integrating Mz, over the inter-
val (xo — 9, x, + 0), where 0 > ¢, we get

XO+(5
Mz dx = 1.
xo—b

On the other hand,

x0+6 x=xo+é x0+6
Meds = [0 [ ey - e,
x0— & x=x0=9 xo—0

whence

et x0+5
1 = [(ng’] e —J [(gz) — rz.] dx.

x=X0_l§ xo—é

Assuming that z, and z; are uniformly bounded, and passing to the limit as
e — 0, we get:
x=xg+0

[(PZ+ o)’] = 1.

But the function p(x) and its derivative are continuous, and therefore,
regarding z o as continuous, we get:

[(PZ+0)I]x=XO+O = p(xo) [Z-Il-o]x=xo+0

x=x9—0 X=Xo—0

x=x9—0

Hence follows:
Property 2. [ , ]x=xo+0 1

z = .
Paxm0 T p(xg)

The heuristic considerations which we have adopted make the following
a natural supposition:
If it is possible to construct a function G(x, x,) having Properties 1 and 2
which the function z,, must have, then an equation similar to (20.25) must
hold for the function G(x, x,) and any function y(x):

1

¥(xo0) = GO, x0) [py” + Boyli=o +f G(x, xo) Ly dx

o]

— G(1, xo) [py" + Pf1y)i=1 (20.25")

and consequently, if the problem under consideration has a solution, then
this solution may be written in the form

y(xo) = G0, xo)a, + Jq G(x, xo) f(x) dx — G(1, xg)a,. (20.26")

0
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§ 5. Definition and Construction of Green’s Function

We pass on to the strict definition and the construction of Green’s
function G(x, x,) and to the proof of the formulae (20.25’) and (20.26"). In
defining and constructing the function G(x, x,) we shall have in view the
general case for the boundary conditions; the formulae (20.25%) and (20.26%)
themselves are valid only for the particular case when ¢y = a; = 1.

DErFINITION. A function G(x, x,) will be called Green’s function for the
operator Ly and the boundary conditions (20.13) if it satisfies the following
conditions:

1. As a function of the variable x, for any x,, it satisfies the conditions (20.18)
and (20.21) adjoint with the conditions (20.13") for the operator Ly, i.e.,

[(aopG); + (50 — %9q) Gli=0 = 0

(2, pG); + (ﬁl — «%,q9) Gl,=, = 0.

2. The function G(x, x,) and its derivatives up to the second order are con-
tinuous in the intervals 0 £ x < xg, Xo < x £ 1, and G satisfies an
equation adjoint to Ly = 0, i.e.,

_ d’[p(x) z] _ dlg(x) 7]
dx? dx

Mz + r(x)z = 0.

3. At the point x = x, the function G(x, x,) as a function of x is itself con-
tinuous, but its first derivative has a discontinuity, the jump being

G(xo + 0, x9) — Gy(xg — 0, X)) =

. 20.27
P(xo) ( )

The actual construction of Green’s function as we defined it is not dif-
ficult. It must clearly have the form

G(x, x9) = a(xg) z;,(¥), 0= x = x
G(x, xg) = b(xo) z2(x), xg S x = 1.

A function G satisfying these two equations will have the first two propetties
stipulated in the definition, for any values of a and b. And we can now choose
a and b to satisfy the third requirement, i.e., to.satisfy the equations

a(xo) z,(x0) ~ b(xo) z2(xe) = 0,

a(xo) z1(x0) — b(x0) z5(x0) = — !

p(xo) .
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Hence we obtain

a(x,) = —2,(x,)
P(x0) [22(x0) z{(x0) — z3(x0) z:1(x0)]
b(xo) - —Zl(-xo)

P(x0) [22(x0) zi(x0) — z3(x0) z1(X0)]

The Wronskian which appears in the denominator of these fractions is not
zero since z,(x) and z,(x) are linearly independent solutions.
Comparing these expressions with (20.23’), we see that

a(xo) = y2(xo0), b(xo) = yi(xo),

where y(x) and y,(x) are solutions of the equation Ly = 0 which satisfy the
conditions (20.15) and (20.19).

We have thus proved that Green’s function exists and have obtained for
it the explicit from

Xo) z:(x), 0= x £ xo,
Glx, xg) = Y2(xq) z1(x) 0 (20.28)

yilxo) z2(x), x0 £ x = 1.

From (20.28) we have the following:

THEOREM. Green’s function G(x, x,) with x, taken as the argument is the
Green’s function for the operator Mz and the conditions (20.18) and (20.21).
In other words, when the problem is replaced by the adjoint problem, the
arguments of Green’s function merely change places.

Other properties of Green’s function can be derived from (20.28).

Property 1. Green’s function G(x, x,) is a continuous function relative to
the aggregate of variables in the square 0 < x <1, 0 < x, < 1 in the
plane xOx,.
Property 2. The first derivatives of Green’s function are continuous inside,
and on the sides containing the right angle, both triangles into which the
diagonal x = x, divides the square 0 < x < 1, 0 £ x, < 1. Further, the
first derivatives can be continued without discontinuity on to this diagonal
X = Xo. Hence, in particular,

(a) Gxo(xo + 0, xo) and Gxo(xo — 0, xo)
are continuous functions of x;
(b) Gxo(xo - 0, xo) = Gxo(x07 xo + 0),

Gxo(xo + 09 xO) = Gxo(xo’ Xo — 0)

EMP 10



280 GREEN’S FUNCTION L.20

Property 3. The derivative G, on the diagonal x = x, satisfies the condition

1
p(xo) '

The first two properties are obvious. To prove the third, we recall that
the function G(x, x,) as a function of x, is Green’s function for the operator
Myz, and the coefficient of z’/(x,) in the expression for this operator is
p(x,). Hence the equation to be proved holds by definition of Green’s func-
tion [see (20.27)].

We now prove that the equation (20.25") is satisfied by any function
y(x) which has continuous derivatives up to the second order inclusive. We
write down the equation (20.7), substituting for z(x) the function G(x, x,),
separately for the intervals 0 £ x < xo — 0 and x, + 0 < x =< 1. The
formula is valid on each of these intervals, since G(x, x,) has continuous
second-order derivatives within each interval and has continuous first-order
derivatives everywhere including the ends. Taking into account the first two
points of the definition of Green’s function, we have for the two intervals
respectively the formulae:

G;O(an Xo + 0) - G;O(XO: Xo — 0) =

X0

G0, x0) [Py + Boyleo + J G(x, x0) Ly dx + y(xo) p(xo) GLlxo — 0, xo)

+ ¥(x0) p'(x0) G(xo, xo) — ¥(xo) g(x0) G(x0, Xo)

— G(x0, x¢) p(x0) ¥'(x0) = 0
and

—¥(x0) p(x0) Gi(xo + 0, xo) — y(x0) p'(x0) G(xo, Xo)

+ G(xo, x0) p(x0) ¥'(x0) + y(x0) g(x0) G(x0, Xo)

1
+J G(x, xo) Ly dx — G(1, xo) [py" + B1y)i=1 = 0.

0

Adding both equations and taking (20.27) into account we obtain the required
equation (20.25).

Since equation (20.25") holds good, it immediately follows that, if the
solution exists, then it is given by the formula (20.26”) and, consequently, it is
unique. We shall prove that the solution exists. Since the problem can
always be reduced to the problem with homogeneous boundary conditions
(20.13"), it is sufficient to show that the function

»(xo) = j G(x. xo) f(x) dx (20.29)

(o]

satisfies equation (20.1) and the conditions (20.13").
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We differentiate the expression with respect to x,. We have:

1

Y(xo) = f " G(x, x9) f(x) dx + J Glx, x0) /) dx,

*o

V(o) = f "2 ) ax + j

0 xO X0

+ G(Xo, Xo) f(X0) — G(xo, Xo) f(X0),

. X0 6 1
i.e. y’(x0) =J G x) dx J G f(x) dx. (20.30)
o 0x, o 0Xo
Further, using Property 2, (a) and (b), we can write
0 92@G 192G
"(Xo) = x)dx +
o) = | "2 10 La [ax()l -
oG
— f(x0) l: :l
0xg x=xp+0
0°G
f Sx) dx + f(xo) . (20.31)
0 0x4 P(xo)

Using these expressions, we find:

o

p(x6) 3"(xe) + axo) ¥'(x0) + r(xa) ¥(xe) = f(xo) + j LoG(x, xo) f(x) dx.

But G(x, x,) as a function of its second argument x, satisfies the equation
L,G = 0; whence

P(x0) ¥ (x0) + q(x0) y'(x0) + r(x0) ¥(x0) = f(x0).

That the conditions (20.13") are satisfied follows from the first point of
the definition of Green’s function.

We have examined the problem in the first of the cases distinguished on
p. 274. We have established that in this case there is always a definite sol-
ution of equation (20.1) satisfying the conditions (20.13) or (20.13%) and it
may be expressed in the form (20.26"), where G(x, x,) is Green’s function as
we have defined it.

§ 6. The Gencralized Green’s Function for a Linear Second-Order Equation

We shall now analyse in more detail the second case.
Green’s function in this case does not exist, for z(x) is the only function —
apart from its possible multiplication by a constant factor —which satisfies
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the first two requirements in the definition of Green’s function and the
continuity condition, but it does not satisfy the condition (20.27).

LEMMA 2. If yo(x) and zo(x) are solutions of the equations Ly = O and
Mz = O satisfying the homogeneous conditions (20.15), (20.19) and (20.18)
(20.21) respectively,

then f yo(x) zo(x) dx # 0. (20.32)

0

This follows from the fact that

flyo(x) Zo(x) dx = ch ﬁ I:cxp (Jw 1 dx>:| dx,
0 o P c P

and since the integrand is constant in sign, the integral cannot vanish.
LEMMA 3. The equation
MZ = ZO

cannot have a solution satisfying the homogeneous conditions (20.18) and
(20.21), and the equation

Ly =y,

cannot have a solution satisfying the homogeneous conditions (20.15) and
(20.19).

For, otherwise, by applying formula (20.7) and substituting in it for y
the solution y,, we should obtain

1 1
‘[ yoMz dx =f Zoyo dv = 0,

0 0

and this would contradict Lemma 2. The second part is proved in the same
way.

DEFINITION. The generalized Green’s function for the operator Ly and the
boundary conditions (20.13) is a function G(x, x,) satisfying the following
conditions:

1. As a function of the variable x, for any x,, the function G,(x, x,) satis-
fies the conditions adjoint to (20.13%)

[(aop(X¥)G,) + (Bo — 209)G1li=0 = 0,
[(@,p(x)G,) + (B1 — @19)G1)i=0 = 0.

2. In the intervals 0 < x < X4, xo < x = 1 the function G,(x, x,) and its
second-order derivatives are continuous, and G, satisfies the equation

Mz = a(xg) zo(x); (20.34)

(20.33)

we define the function a(x,) later.



§6 GENERALIZED GREEN’S FUNCTION 283

3. At the point x = x, the function G,(x, x,) itself as a function of x is
continuous, but its derivative is discontinuous, with
0G(x, + 0, x¢) 0G(xo — 0, x) 1

20.3
O0x ox p(xo) (20.35)

4. J‘I G(x, x0) yo(x) dx = 0. (20.36)

0

The condition (20.35) enables the multiplier a(x,) to be determined.
We pass on to the construction of the function G, in explicit form. Let
¥y and y® be two particular solutions of the equation

Ly =y, (20.37)
which satisfy the conditions:
[¥M)izo = [¥?]i=0 = 0,
[yP)e=y = [YP]=1 =0
and similarly let z(*> and z® be two particular solutions of the equation

Mz = z, (20.38)
which satisfy the conditions:

[2P)izo = [27)s=0 = O,
[2(2)]x=1 = [2(2)’],::1 = 0.

It is clear that the difference y® — y™ = y, is a particular solution of
equation (20.14) and is linearly independent of y,. For, if it were possible that
¥y — y® = ay,, then both functions y*> and y® would have to satisfy
the conditions (20.15) and (20.19) at the ends, and this is impossible by
Lemma 3.

The specification of y, determines the functions y?, y¥  and y,. We put

Zo = Yo z, = : Y1 : .
P(Yoy1 — ¥Y1¥o)

P(Yoy1 — ¥1¥o)
It may be immediately verified that the functions > and y® can be ex-
pressed in terms of y, and y, in the form

YD (x0) = yolxo) J " 1009 2209 dx — $1(xo) f " o) 2009 dx,

YP(xo) = yolxo) Jon"o(x) zy(x) dx — J’1(xo)f O.VO(x) Zo(x) dx.

For, it is clear firstly that y? (0) = »® (1) = 0.
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Further,
y(0) = [po(0)]? 2,(0) — »1(0) ¥o(0) Zo(0) = 0,

(1) = [po(DI? z(1) — y1(1) yo(1) 20(1) = 0.
Moreover,

= i) |

X0

°y0(x) zy(x) dx — y{(xo)J Yo%) zo(x) dx,

0

X

§O = y(xo) ryo(x) 2,09 dx — ¥ (x0) J " ya(x) 7o(x) dx
4] 0

+ [yo(xo) z:1(x0) — y1(x0) zo(x0)] ¥o(Xo) ,
from which
Ly = yo(x),
as was to be shown.
The formula for y*® is proved in the same way.
If we now form the difference

yi(xo) = yP(xo) — yP(xo)
1

— —ya(o) j Po) 22() dx + y1(xo) [ Jo) zo(x) do
we see that ° )

ryocx) () dx = 0,

1
J Yo(x) 7o(x) dx = 1,
0
ie.,

"

0 0

We shall prove that the function

IIA

G. = [yo(x) 2(1)(-x) + y(z)(xo) Zo(X) — C,VO(-\'O) Zo(-\‘)~ X Xg,
L =

Yo(x) z2P(x) + yPAxo) zo(x) — Cyo(xo) zo(x), x Z X,
satisfies all the four conditions enumerated above.

(1) The conditions (20.33) are obviously satisfied since z,(x) satisfies them
and so do zV at x = 0 and z® at x = 1.

(2) The equation (20.34) is satisfied by virtue of (20.38). It is clear that

MG, = yo(x,) zo(x).
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(3) The continuity of G, is obvious. For the jump of its derivative we have
G;x(xo + 0, xo) - G{x(xo -0, xO)

= yo(xo) [2¥"(x,) — 2@(x0)] + [y P(x0) — ¥y (x0)]zo(xo)
1

= yo(xo) z1(x0) — y1(xp) z5(xq) = .
p(xo)

Finally,

@ f Gy, o) yo() dx
= —Cpo(xo) + YO(XO)JIYO(x) Z(Z)(x) dx
+ yolxo) J 00 — 2P0 yolx) dx

+ [y P(xo) — y ()] Jxozo(x) Vo(x) dx + y(1)(xo)f Yo(x) zo(x) dx

= "CJ’o(xo) + CJ’O(xo) + y(l)(xo) - y(l)(xo) = 0.

It is clear that the generalized Green’s function G,(x, x,) as a function of
the variable x, will serve also as the generalized Green’s function for the
adjoint operator Mz and the boundary conditions (20.18) and (20.21). By
means of it the solution of equation (20.1) which satisfies the conditions
(20.13’) can be expressed in the form

y(xo) = J‘I Gi(x, xo)f(x) dx + Ciyo(xo). (20.39)

o}

provided only that f(x) satisfies the condition
1
J f(x) zo(x) dx = 0. (20.40)
4]

It follows from the proof, incidentally, that the condition (20.40) is not only
necessary but is sufficient for the solubility of equation (20.1) subject to the
conditions (20.13"). We shall not give the proof of all these assertions, since
it is exactly the same as the one we gave for Green’s function itself.

For an equation of the second order under the conditions investigated,
the homogeneous problem can have only one non-trivial solution. For
equations of higher order, cases can occur where the corresponding homo-
geneous problem has several linearly independent solutions, y,(x),i = 1, ..., n.
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The generalized Green’s function must then satisfy the equation

MG = ;lJ’i(xo) zi(x),

and instead of the single condition (20.36) we shall have several similar
conditions. We shall not analyse these cases in detail, but pass on now to
consider a few examples.

§ 7. Examples

ExampPLE 1. We seek a solution of the equation

Ly = y" = f(x) (20.41)
subject to the conditions

D=0 = a0, [Y)i=1 = a;. (20.42)

The only solution of the equation )’ = 0 subject to the conditions

)0 = [¥]xa: = O s zero.
By the general theory, Green’s function exists:

{X(Xo -1, x=xo (20.43)

xolx — 1), x = x,.

The solution of the problem will be:

X 1

Y(xo) = ao(l — xq) + a;xq + (xo — l)f 0f(x)xdx + xoj~ S()(x — 1)dx.

(20.44)

(o] x

ExAMPLE 2, We seek a solution of equation (20.41) satisfying the con-
ditions

V=0 = a0, [y)=1 = a1, (20.45)

In this case the equation »” = 0 has a non-trivial solution satisfying the
conditions

li=0 = k=1 = 0, (20.46)
namely,

y = 1.

Consequently in this case, Green’s function does not exist, and we shall have
to construct a generalized Green’s function. We have:

Yo=1, zg=1 and y, =x~, 2z, =X,
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Further,
2P =2 and z® = (1 - x)?*2.
Then
y = x22, y® = (1 - x)?2, C=1/6.

The function G, will therefore have the form

X232 + (1 — x¢)?2 — 1/6, «x X
G, = 2 / ° (20.47)
xof2 + (1 — x)?2 — 16, X 2 Xxg.

v

ExaMPLE 3. We consider the same equation (20.41) in the interval
0 < x £ 27 and shall regard x as the length of a circular arc of unit radius
measured from some initial point. Points whose coordinates differ by a
multiple of 2z coincide. It is clear, therefore, that the required function y
must be periodic with period 27z. We have for this function the conditions

li=2z = Dli=0s  [V]s=20 = [V]i=0- (20.48)

These conditions express the circumstance that the function y and its first
derivative are continuous on the circle. The fact that the point x = 0 plays
a special part in these conditions is due merely to the choice of the initial
point.

We shall not develop the general theory for problems of this sort, but
limit ourselves to the analysis of this problem which is entirely similar to
our previous work.

It is not difficult to see that the homogeneous equation

y//=0

has, as in the previous problem, the non-trivial solution y = 1 satisfying
the conditions (20.48). Consequently we shall have to construct the general-
ized Green’s function. This construction is most easily accomplished by
using the periodicity of the required function, and also the fact that all
points on the circle are equivalent and therefore the function will depend
only on the difference x — x,. In view of this we shall put from the start
Xo = T.
The equation for Green’s function will have the form

d2G,

dx?

=0,

and its solution will obviously be a quadratic form

Gl(x, 75) = Clxz + Co X + Cs, — T

IA
=

A
d

From the continuity condition we have:

Gir — 0,7) — G,(w + 0, 7)) = Gy, n) — G(~=, 7) =27c,,

EMP 10a
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and therefore
C2 = 0.

Further, from the condition for the jump in the derivative, we see that:

Gixr+0,n) — Gi(=—-0,n) = —4ne, = 1,
so that
¢, = —1/4m.

Moreover, Green’s function must be orthogonal to a constant, whence

1 +n
- x?dx + 2nc; =0 or c¢; = 7/12.
4 } _,

Finally, we have:

-2

X T
Gl(x:n)=——+_7 —ﬂé.\'é + 7.

4n 12

By virtue of the periodicity, G,(x, #) = G,(x, (2k + 1) @), and in the general
case

[ 1 T
Gi(ix —xog+7m,1) = ——(x — xy + 1) + —
1( o] ) 47[ o] 12
for xo — 27 £ x £ xq,

G.(x,xo) = | . (20.49)
G(x —Xg — T, M) = ——— (¥ — Xy — )2 + —
1( 0 ) 4n( 0 )? + 5
{ for x¢ £ Xx £ xo + 27.

This Green’s function which we have constructed is symmetrical with
respect to x and x, and has all the properties which were established earlier
for the generalized Green’s function.

In practical problems we often encounter cases where in the equation
(20.1) p(0) = 0 or p(1) = 0, and sometimes both ends of the interval are
roots of p(x) = 0. Under these conditions we can sometimes still construct
Green’s function, albeit with certain additional limitations. We limit
ourselves here to the analysis of a single example which will be useful to us
n the sequel.

ExampLE. We consider the equation

m2
Ly = xy" +y — —y = f(x) (20.50)
X

where m is an integer, and we shall seek a solution satisfying the condition

[¥)=1 = 0. (20.51)
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It is not difficult to see that
Yy =x", yy=x7"
are integrals of the homogeneous equation
Ly = 0.

One of these is unbounded at the beginning of the interval. Hence, in order
that one of the constants entering into the general solution shall be fully
determinate, it is sufficient to require that

1

xm—l )

Iyl £

The other constant is determined from the condition (20.51).
In this case the adjoint operator coincides with the original one:

L, =M,

It is natural to replace in the definition of Green’s function the con-
dition at x = 0 by a requirement for boundedness. In this case Green’s
function for our problem may be expressed in the form

Xy — 5"

» X é Xo

2m
G(x, xo) = . (20.52)

Xo(x™ — x )’ ¥ x

2m
We assume that f(x) satisfies the inequality
A
S0l < o Osksm

Applying formula (20.26) to the required solution, we shall have:

—m

xm
y(xo) = £

Xo Jq (™ — x=™) f(x) dx.
m J

Jro x™f(x) dx + 5

It is not difficult to find an upper bound for the absolute value of this
solution:

xO—m o m—k xgl ! —-m—k x:;' ! m-—k
ly(x0)l = x" k4 dx + X Adx + Ax™=* dx

2m ), 2m | 5, 2m ),

—k+1 m
Xo Xo

—k+1
4 al + + :
2m(m — k + 1) 2mim + k- 1)  2mim — k + 1)

HA
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or

A
Iy(xo)l é k_11°
Xo

Consequently, since k < m, the solution will satisfy the conditions imposed.
If m = 0, then y; = 1, y, = log, x will be solutions of the homogeneous
equation. And in this case, for bounded functions f(x) a bounded solution
may be looked for.
It is also possible to construct Green’s function for equations of higher
order than the second. We shall again restrict ourselves to one example.
We consider the solution of the equation in Example 1 of § 2 subject to
the conditions (20.9). In this case Green’s function is defined by the formulae:

G(xs xO) = 07 X > xO:

MG =0, x < x,,
and satisfies the conditions

[G]x=x0 = [G),c]x=xo = [G;x x=xo — T [G.(x,.lvj.z..’)c]x=xo =0

1
[G.)(c’;._.%)z]x=xo—0 = - .
Po(Xo)

Using this Green’s function, we get the solution of the problem in the form
1
yxo) = j G, x0)/(3) d.
0

The reader may verify this for himself immediately. The Green’s function
defined by these conditions differs, as before, from the Green’s function for
the adjoint problem only in the interchange of the arguments.



LECTURE 21

GREEN’S FUNCTION FOR THE LAPLACE
OPERATOR

§ 1. Green’s Function for the Dirichlet Problem

Having analysed the most important cases of construction of Green’s
function for various ordinary differential equations, we now proceed to in-
vestigate Green’s function for various problems connected with Poisson’s
equation.

We consider in a space with the coordinates x, y, z a domain §, bounded
by a sufficiently smooth surface S. We shall seek a function # which in this
domain satisfies the equation

V2u = f(P) (21.1)

and one of the following conditions:

[uls = Fo(S) (21.2)

ou
[a—:L = F,(S). (21.3)

n

or

A problem of this sort is encountered, for example, in seeking the potential
of an electric field due to a given distribution of charges. The problem of the
equilibrium form of a membrane subjected to specified transverse forces also
reduces to the same type; and so on.

The Laplace operator, as we know, is self-adjoint. The homogeneous

conditions
[uls =0 or l:a—u:l =0,
on |s

corresponding to (21.2) or (21.3), are also self-adjoint, as is clear from
Green’s classical formula

jj[ wV?u — uV?v) d§) = Jf (u P _ v _) ds. (21.49)
on on
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The arguments which we shall adduce can be carried over without diffi-
culty to the case of more general conditions, but we shall not deal with this
question.

DEFINITION. A function G(P, Py) of two variable points P and P, which
satisfies the following conditions will be called Green’s function for the equation
(21.1) subject to the conditions (21.2), or Green’s function for the Dirichlet
problem:

1. G(P, P,)is a harmonic function of the point P throughout the domain §,,
including the point P, itself.

2. As a function of the point P G(P, P,) satisfies the condition [G(P, P,)]s=0.
3. In the domain, §,, G(P, P,) can be expressed in the form

1
G(P,PO) =~+g(-P:PO):
4nr

where r is the distance between P and P, and g(P, P,) is a regular har-
monic function.

The function G(P, P,)is entirely similar to the Green’s function which we
constructed earlier for the ordinary linear differential equation.

Instead of the definition just given, we might also have defined this
function as an influence function (as in § 2, Lecture 20), but we shall not go
into this in detail.

We prove that Green’s function for the Dirichlet problem exists.

By property 3

1

Tr

G(P’PO)—4 =g(P’P0)

is a harmonic function of the point P throughout the domain §,:

Vig = 0. (21.5)
Its boundary values on S will be

(e(P, Po)ls — [— ‘ J (21.6)
dar |

In view of (21.5) and (21.6) it follows that g(P, P,) may be constructed by
means of the solution of the corresponding Dirichlet problem.

We shall examine one more important property of Green’s function. We
first prove a lemma.
Lyapunov’s Lemma. Consider a domain §), bounded by a twice-differentiable
surface S. Suppose two surfaces Sy and S, are drawn, one on eadl side of
S, at a distance h from S, and that h < d, where d is the least radius of curva-
ture of any plane normal section of the surface S.



§1 GREEN’S FUNCTION FOR DIRICHLET PROBLEM 293

Suppose that a function F(x, y, z) is continuous and has continuous first-
order derivatives in the region included between S, and S, and that its second-
order derivatives are continuous everywhere within this region except on the
surface S itself. Suppose further that V> F is bounded.

Then a function which is harmonic within §, and coincides with F on the
surface S will have a regular normal derivative on S.

To prove this lemma we apply Green’s formula separately to the two
layers §),; and §,, included between S; and S and between S, and S. For any
point P, lying inside the inner layer §,, we shall have:

: F—a—i ——l—a—}-?- dS——— VdeSl
Ar | Jses, . On \r r on
F(P0)=—l[ FO(Nas+ L F—a—ldS

dn | Js On \r 4r s, On\r

-t —I—EdS—— —VZFdSL
4n s¢s, I On 02 !

The integrals standing on the right-hand side

IJJ LVZFdS?,, : La—FdS )dS
47 o 47 s+s, I On

have regular normal derivatives; this follows from Theorem 2 of Lecture 15.
The left-hand member has continuous first-order derivatives in the neigh-
bourhood of S. Consequently the integral

wllralz)e

also has a continuous, regular normal derivative,
Similarly for a point P, lying outside the surface S we have

- L[] )L L[] Lo

whence by the same arguments we see that the integral

wl]ralz)e

has a regular normal derivative outside S as well.

Hence by Lyapunov’s Theorem, Lecture 15, we see that a function which
is harmonic inside §, and takes on S values equal to those of the function F
has a regular normal derivative, as was to be shown.

F(Po) =
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We can now establish the further important property of Green’s function.

THEOREM 1. If a surface S satisfies the conditions of Lyapunov’s lemma,
then Green’s function regarded as a function of the point P will have a regular
normal derivative when the point P, lies inside §, .

The proof follows immediately from Lyapunov’s lemma. For we have

|

4y

G =

— g.

The function 1/47tr obviously has a regular normal derivative. The function
g takes on the surface S the same values as the function 1/4zr, whichis twice-
differentiable in the region near S. By Lyapunov’s lemma, g has a regular
normal derivative, as was to be shown.

THEOREM 2. A solution of the equation (21.1) subject to the conditions
(21.2), if it exists, can be represented in the form

u(P,y) = f f FO(S)—dS J J [ G(P, P,) f(lP)dP. (21.7)

For the proof, we apply Green’s formula to the domain §,” obtained from
§l by removing a small sphere with surface ¢ of radius § described about
the point P,. We take u to be the unknown solution of equation (21.1) and
v to be Green’s function G. (We may note that Green’s formula can be
applied because G has a regular normal derivative.) Both # and G will be
continuous and have continuous first-order derivatives inside §,’. We get:

j” G(P, Po) V?u dP = U < ——G?—Z)dS,

where S’ is the complete surface of §’.

We denote by »’ the direction of the normal on the surface o, taken in the
direction inwards into §’. Let n be the direction of a normal going into the
centre of the sphere o. Taking into account the fact that on S the function G
vanishes, we get

oG

Jv”‘ G(P, P,) f(P) dP = ‘J FO(S) —dS
u— - i gli do
r on
ou
— — g —\do.
f_[ { on d an}

The minus sign before the last two integrals arises because in the integration

over the surface o the direction of the normal » is opposite to that of the
inward normal #»’.
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The limit of the last integral as 6 — 0 is zero, since « and g and their
derivatives are bounded. Further,

lim — - l @_ do
s~0 47 811 r On

—llm— udo — lim 1 6ﬁda.
s~0 4md? 60 4md? . On

The limit of the first term is the limit of the mean value of « on the sphere o
and is equal to u(P,). Using this fact, we at once obtain the required formula
(21.7).

THEOREM 3. The function G(P, Py) is a symmetrical function of its argu-
ments.
Proof. We apply Green’s formula to the functions G(P, P,) and G(P, P,) in
the domain §,’” obtained from ), by excluding both the points P, and P,
by means of small spheres. Denoting the boundary of §,” by S we shall
obtain

” {G(P, Py) @ — G(P, P,) ?ﬂgﬁ} ds” = 0.
S/I

n n

This integral taken over the surface S is zero, since there both the functions
G(P, P,) and G(P, P,) vanish. The limit of the integral over the sphere round
P, will obviously be equal to G(P,, P,), and the limit of the integral taken
over the sphere round P, will be equal to G(P,, P,): thus we have shown
that G(P,, P,) = G(P,, Py).

THEOREM 4. The function u(P,) defined by formula (21.7) gives the solution
of the problem under consideration.

To prove this, it is sufficient to show that the solution cxists, since by
Theorem 2 it must be given by formula (21.7) if it does exist.

Let y be the Newtonian potential of the domain §, with the density f(P):

w(Po) = —L“f /)
dr o

The function y satisfies Poisson’s equation (see p. 169):

Vip = f.
We put
v =u — yp.

If we can find a harmonic function v satisfying the conditions

[v)s = [uls — [¥ls,
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then u = v + y will be the solution of the problem. But the existence of such
a function v follows from our earlier investigation of the Dirichlet problem.
Hence the theorem.

One more point is worth noting. Green’s function satisfies the inequality

1
G(P, Py) £ —.
4y

This follows from the fact that the function g is negative on the boundary
and so is negative everywhere.

Just as we have constructed Green’s function for the Dirichlet problem
in space, so we could construct the same function in a plane. We should then
have to separate out the term (1/27) log, (1/r) instead of 1/4r. The solution
would be given by the formula (21.7) if we took §, to be a planedomainand
Sits boundary curve.

§ 2. The Concept of Green’s Function for the Neumann Problem

When we try to solve the Neumann problem, either in space or in a
plane, we meet the difficulty that Green’s function, as we should like to
construct it, does not exist, since the corresponding homogeneous problem
has a non-trivial solution, viz., a constant. We should have to find a general-
ized Green’s function, i.e., to require it to satisfy not Laplace’s equation but
the equation

V2G(P, P,) = C. (21.8)

We shall examine this question in more detail. We shall show that a
solution of (21.8) exists, having the form

G =— 4+ g (21.9)

where [0G,/dn]s = 0, and gis a function which is regular within the domain.
To do this, it is sufficient to show that, for a proper choice of the constant C,
a function exists which satisfies equation (21.8) and the condition

Sl = w0

We shall try to find g in the form g = «R? + g,, where R? = x? + y? + z2,
and g; is a harmonic function. For the function g, we get the boundary

condition
a 2
[ g | - [0R) L2 (1Y]. (21.10)
on | on |s 4dx | 0on \r/]s
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We shall show that with a suitable choice of the constant a, the following
equation holds:

(] 2o an

From this it will follow that a harmonic function exists satisfying (21.10),
and moreover we shall have

Vig = 6a = C.

Consequently, it will follow that a function G, exists satisfying (21.8) and
(21.10). We shall call this function G; Green’s function for the Neumann
problem.

We have

fj o OR? ds = ocffj V2(R?) dS = 6a - m§,
s 8)1 fo)

where m$), is the volume of the domain §,. Further,

wlla ()=l e

Hence the condition (21.11) is satisfied if we put« = —(1/6mg,).
Using Green’s function G, a solution of the following problem can be
constructed: to find a function u satisfying the equation

Viu = f(P)

and the condition [0u/dn]s = 0.
The necessary and sufficient condition for this problem to be soluble is

that
fff f(P)dv = 0.
9]

If this condition is satisfied, then
ua%)=ffj G(P, Po) f(P) do.
&

We shall leave the reader to verify this assertion.
We consider one example.
ExampLE. We shall construct Green’s function for the Neumann problem,

formulated for the sphere R < 1, where R = +/x% + y? + z2,
By definition,
1

47y

G =

+ g
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wo - e [5] == [5 (7))
= const. | — = ——|—1(- .
on |g—, 4 | on \ r ) |g=1

For convenience, we suppose that the pole of Green’s function is at the
point (0, 0, z,). Then

where

r=\/x2+y2+(z—zo)2,

and

o (1

on \r/ |g=1

_ [x cos(n, x) + ypcos(n,y) + (z — zo) cos (u, = :l

= — : :

r R=1

But on the surface R =1 we have cos(n,x) = —x, cos(n,y) = —y,
cos (n, z) = —z. Hence

0o [1 1 — zo2
— [ = —~° . 21.12
l:a” <">:|R=1 [ r’ :|R=1 ( )

We now introduce the number z; = 1/z, and the function

r, = N 2+ (z — z0)>

-
on \ r, R=1 ":1‘ R=1

Putting Ry = zo, 0 = r;, R = 1in(10.8), we have [r]z_, = [zor1]r;. Using

this, we find
0 1 -z
ey = | g2 2o (21.13)
on \ry J Jg=1 r R=1

whence

[?l(g} +_Lfﬂ<l_ _[1-2m+ 5] 1
on \r)|p=1w zo | 0n \r R=1 r? R=1 r R=1‘

To finish these preliminary calculations, we consider the function

Clearly,

w = log. (zg — z + ry).
We prove that w is a harmonic function. For,

ow X ow y

Ox iz —z+r)’ O iz -z
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ow =1+ (z—z)ry _ 1

0z zy — z + ry ry

0%w  (zo — 2) (r; — x2) + r} — 2rx2
0x? ri(ze — z + r))? ’

O%w _ (20 —2) (11 —y?) + 11— 2ryy?

b

3
doy? ri(zo — z + ry)?
’w  z — z 02w 0w zZo — 2
= N =
ox? " 0x? oy*? r
Hence V2w = 0.

We next calculate [0w/0n]g_;. We get

[6w] _ |:r cos (1, X) + ycos (n,y) — (z6 — z + ry) cos (n, z)J
R=1 R=1

on

ri(zg — z + ry)

_ [_m — (25— 2% = oy + 25 — z)}

rize — z + ry)

r R=1 ZoF1 _|r=1

— 1+ [l] , (21.14)
' jr=1

Using (21.12), (21.13), (21.14), it is easily verified that Green’s function must
have the form

1 11 : R?
G = + — -2 - + C,
4mr zy 4mr, 4n 8n

where Cis a certain constant which can be determined from the condition

fjf Gdx dydz = 0.
R<1

The calculation, which we shall not give in detail, leads to
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Returning to the notation of Lecture 19, we have

1 1
47 | /R? — 2RR, cosy + R}

G =

+ 1 _ R R
 R> Ry — 2RR, cos y + 1 2 2

— loge (1 — RRocosy 4+ /R R2 — 2RR,cosy + 1 |-



LECTURE 22

CORRECTNESS OF FORMULATION
OF THE BOUNDARY-VALUE PROBLEMS
OF MATHEMATICAL PHYSICS

§ 1. The Equation of Heat Conduction

With most of the problems which we have so far considered, the method
of solution itself answers the question whether the particular problem was
correctly formulated. In some cases, however, it is more convenient to deter-
mine first of all whether the problem is correctly formulated.

Let us consider the equation of heat conduction in a bounded domain §,
of three-dimensional space, variables x, y, z, with the boundary surface S,
when there are internal heat-sources present with density F(x, y, z). Let
u(x, y, z, t) be the temperature at the point (x, y, z) at time ¢. The function
satisfies the equation

V2 = ‘Z—’t‘ — F(x, 7y, 2). (22.1)

If we regard the heat influx as being non-negative everywhere, we have
F(x,y,z) = F(P) 2 0. (22.2)
Suppose, further, that the following boundary andinitial conditions are given:

[uls = AQ, 1), [uli=o = @(P) (22.3)

where the functions fand ¢ are continuous, and the values of ffor t = 0 on
the surface S coincide with the values of ¢, and where Q is a point of the
surface S and P is a point of the domain §,. We prove the following.

THEOREM 1. At any instant of time within any finite internal 0 < t, < T
the following inequality holds within the domain §, :

u(PO: to) g ianCQ;QCS min [ﬂQs t)s (r(P)] (224)

O0<t=<tqg

In other words, the function u attains its lowest values either at t = 0 or on the
boundary of the domain §),.

301
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Proof. Suppose the theorem false. Let the function u take at a point P, and
a time t, a value which is less than all its other values within the domain §),
at ¢ = 0 and less than its values on the surface S during the time-interval
0=t=£t,. Then

u(Po, to) — iancgg,QCS min [AQ, 0, ¢(P)] = — ¢ < 0.
0<t=<rtg
We form the function
EO to - t
te

v(ix,y,z,t) = u(x,y,z,1) —

As before, the function v has the property that in the interval0 £ ¢ < ¢,
it does not take its minimum value either at ¢+ = 0 nor on the boundary
of the domain. This follows at once from the fact that its value at the
point (Py, to) is less, by at least £4/2, than the minimum values of v(x, y, z, f)
on the boundary of § and at + = 0, because

0(Po, to) = u(Po, ty), [vls 2 [uls — €/2, [vkh=0o = [uli=0 — /2.

The function » must take its least value either somewhere within the domain

{8, 0=t = 1o} or at t = t,. It is now easy to see that our hypothesis

leads to a contradiction. If the minimum » were to lie within §, for 1 < 1,

then the first derivatives of v with respect to the space coordinates and

time would vanish at this point, and the second derivatives 6%v/dx?,

d%v/dy?, 0%v/dz? would be non-negative, as would V?». On the other hand,
ov ou £o ov ou £

Vv = Viu, = + ,and V% —-— =V — — — — < 0.
ot ot 2t, ot ot 2t

Thus, a non-negative number would have to equal a negative number; and
this shows our hypothesis untrue.

We have still to consider the case when v attains its minimum at t = ¢,.
The derivative dv/0t clearly cannot be positive at the point where v attains
its minimum, for otherwise at smaller values of the time v would have lesser
values and we should not have found its minimum. On the other hand, as
above, the inequality V?v = 0 holds at this point. Repeating the previous
argument, we are led to the absurd conclusion that the non-negative expres-
sion V?v — 0v/dt must be less than zero. Hence this case also is impossible,
and the theorem is proved.

By changing the signs of the functions u, f, ¢ and F we derive:
COROLLARY 1. If in equation (22.1) the function F satisfies the inequality

F(x,y,2z) £0,

then the function u attains its maximum value either for t = 0 or on the bound-
ary S of the domain §),.
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COROLLARY 2. A4 function u(x, y, z,t) which, in the domain ), and for
0 £t £ T, satisfies the homogeneous equation of heat conduction will take
its maximum value and its minimum value either at t = 0 or on the boundary
S of §L.

From the foregoing arguments follow the uniqueness of solution of the
equation of heat conduction under the conditions (22.3) and the continuous
dependence of order (0, 0) of this solution on the right-hand members of
the boundary and initial conditions, i.e., the correctness of formulation of
our boundary-value problem.

For, if there were two solutions of the problem, then their difference,
satisfying the homogeneous equation, would vanish for + = 0 and on the
surface S. But then, by Theorem 1, both the maximum and the minimum of
this difference would be zero. Consequently the difference itself would be
zero. That is, the problem cannot have two different solutions.

We can prove that the problem is correctly formulated in a similar way.
If the difference of the functions which give the initial and boundary con-
ditions does not exceed in absolute value a certain positive number ¢, then
the difference of the corresponding solutions, considered as the solution of
the homogeneous equation of heat conduction with small boundary values,
will also not exceed ¢ in absolute value.

THEOREM 2. The solution of equation (22.1) depends continuously not only
on the conditions (22.3) but also on the free member of (22.1). More precisely,
if for0 = t < t, the values of the functions f and ¢ are less than €,[2, and the
Sfunction F satisfies the inequality F < €4/2t,, then for 0 < t < 1, the solution
of (22.1) satisfies the inequality u < &,.

Proof. Suppose that at a point (P,, t,) the solution of our problem takes a
value exceeding ¢,. We form the function

VD= Uu + Eo(to - t)/2to.

This function must have a maximum within §, for 0 < ¢ < ¢,. But, by
forming the expression V2?v — dv/dt, we find that it is positive everywhere
within §, for 0 < ¢ < ¢4, and this contradicts the condition that v should have
a maximum.

COROLLARY 1. If the signs in the inequalities for ¢, f, and F are changed,
Le,if o > —&of2, f > —&of2, F > —¢gy/2ty, then u > —e¢,.

Hence, finally, we have:

COROLLARY 2. If

lp] < eo/2, |f] < &2, |F| < €0f2to,

then in the interval 0 < t < t, for all P = §), we have |u| < &,.
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§ 2. The Concept of the Generalized Solution

In many of the problems of mathematical physics which we encounter, the
existence of a solution is established only if we lay considerable restrictions
on the boundary conditions. We now introduce a concept which will enable
us to avoid having to investigate these questions.

Suppose we have three sequences of continuous functions F,, @, fy,
which tend uniformly to the continuous functions F, ¢, f respectively, and
let the equation

Ou,

ot

V2u, = F,

have a solution u, subject to the conditions [u],_o = @,, [u]s = f, (by what
has been proved, such a solution will be unique). By Theorem 2 of this
lecture, the difference

Uy — Uy

will be arbitrarily small in absolute magnitude if m and n are sufficiently
large. That is, the sequence u, tends uniformly to a function # which satisfies
our boundary conditions. But we know nothing about the convergence of
the derivatives of u, and therefore we cannot assert that the limit function
satisfies the equation

We shall call the function u the generalized solution of the equation (22.5)
with the given initial and boundary conditions.

Such a generalized solution is unique, for there cannot be two sequences
u,and u'® for which the functions f, and £V, ¢, and ¢V, F, and F{" con-

verge respcctively to single limits while the sequences themselves converge to
different limits, because in this case the sequence

(1) (0] )
ul, lll ,llz, u2 3 seey u"’l[“ g v

would diverge, and this is impossible.

In practice, instead of posing the problem of finding the true solution,
it is sufficient to solve the problem of finding the generalized solution. For,
in physical problems we do not know precisely the values of f, ¢, and F. The
values which we take for them will not be precise, but will differ from the
exact values by only small amounts. Hence the generalized solution, even
though it is not the true solution, will differ from it but little.

We have just discussed the generalized solution of the equation for heat
conduction. Similar considerations apply to Poisson’s equation, considered
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earlier. We can define a generalized solution of the equation

Viu =p
subject to the conditions

0
[uls = ¢ or [—i] =y
on |s

as the limit of solutions of the equation

Viu = g,
subject to the conditions

[uls = or Ou | _ P
S ©n 6}1 s Vn s

On 05 Pn P Ya Y
uniformly in each case.
We give an example for which such a generalized solution exists.

ExawmpLE 1.

Let
-2 _ 12
vy =2 7 S _ ! (22.6)
log. R (log. R)?

provided that

where

R=.x*+y*+ 2%

We shall show that, for R < 1/2, the function

uy = (x% — »?) log, |log. Rl

will be a generalized solution of cquation (22.6) subject to the boundary
conditions
[u]R=1/2 = [uo]n=1/z-
For, write
u, = (x2 — »?) log. |loge Ry,

Rk:\/.Rz‘l‘(sk, 6k'—’+0 as k — 0.

Calculating Adu, we get:

where

2 4 2
O*us = 2 log. |log. Rkl + Tx_
0x? R; log. R,

e 2 1 2x2 2 ]
X - - - Py
Y\ R loge Re  R'log. Re  Ri(loge R
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2 4 y2
a Uy _— —2 lOgc loge .Rkl —_ __Z—y—
ayz Rk loge -Rk
l 2 2 2
+ (x* =) | — — 4y - — Y
Rj log. R, Ry log. R, Ri (loge Ry)?

a Uy 2 2 Z2 Z2
=& —y)|— - — - — ,
0z Ri log. R, Ry log. R, R; (log. Ry)?

whence

2 42
Viu, = al 2y > - ! .
Rk loge -Rk (IOge -Rk)2

The sequence u, obviously converges uniformly to 1, ask — co. Moreover,
for R £ 1/2, the sequence VZu, also converges uniformly to the right-hand
side of equation (22.6). For,if R < rand if d, is sufficiently small, then both

V24 and the function
xl _ yl 5 _ 1
R? log. R (log. R)?

will be as small as we please if r is sufficiently small, and if r < R < 1/2 the
uniform convergence is obvious.

Consequently, u, is the generalized solution of equation (22.6). However,
at the point (0, 0, 0), the second derivatives of u, have no meaning.

A solution of equation (22.6) with the boundary conditions

[ulr=1/, = [#0)r=1/,
does not exist.

We notice, preliminarily, that u, satisfies equation (22.6) in the usual
sense everywhere in the circle under consideration except at the point
(0, 0, 0).

If u were a solution of the proposed problem, then the difference u — u,
would have to:

(1) be a harmonic function everywhere except perhaps at the origin,
(ii) be continuous everywhere,
(1ii) vanish on the boundary of the domain.

But we have already seen that a continuous function which is harmonic
everywhere except perhaps at one point must be harmonic at that point also.

Hence the difference © — 1, is a harmonic function which is zero on the
surface of the sphere, and is therefore zero everywhere. Hence the only pos-
sible solution of our problem is the function u,. Since u, does not satisfy
equation (22.6) at the origin, our problem has no solution at all.
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If we now take the equation for heat conduction with the same right-
hand member as in (22.6):

du x2—y2 b5 1
dt ~ R2 I0ge R (10geR)2 _

and try to solve it with the conditions

Mr=.. = [vor=." o= v

we shall be unable to find a solution.

The function u0 can again serve as the generalized function in this case.
It can be shown that a continuous function which satisfies the homogeneous
equation of heat conduction everywhere except perhaps at a point (x0, y0, z0)
for all values of time must also satisfy the equation at this point too. Using
this fact and repeating the argument used in investigating Poisson’sequation,
we can prove that the problem has no solution.

§ 3. The Wave Equation
We now investigate the wave equation

vaw 9% _ ¢ (22.7)

- dt2

and consider its solution in a domain SI bounded by a surface S, with the
initial conditions

[((L:O = d@)> = V(P) (228)

and the boundary conditions
= f(S). (22.9)

Our argument will apply without change if, instead of its normal deriv-
ative, the unknown function itself is specified on the boundary.

As regards the function u, we shall assume that within Sl it has continuous
derivatives up to the second order inclusive and that its first-order derivatives

are continuous in the closed domain SI-
Without loss of generality we can always suppose that

P=0, ip=0, / =0.
For if this is not initially true, by taking a new function v defined by

\" u—w.
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where w is any function whatever which satisfies (22.8) and (22.9), we at once
derive the homogeneous conditions for v.
We consider the integral

a 2 a 2 ; 2
K1) = Y+ () 4+ 9u + LN PN dy dz.
o (\0x Oy 0z ot
Calculating dK,(¢)/dt, we use (22.7) to find
2 2 2 2
dKl_ Ou 0%u Gu 6u+6_uau+_6_u6u dx dy dz
dx Ox at ay dyot 0z 0z0t Ot 0r®
J Ou 0%u Ou 0%u ou 0%u ou 0%u
=2 e + — + (— + —
o\ 0x dx ot ot 0x? Oy Oy Ot ot 0y?

2 2
+_6_u6u +_6_u6u —Fau dx dy dz
0z 0z Ot ot 0z2 ot

_> ?ﬁ% 0 6u6u+0 Ou Ou Fau dx dy dz
9x \ 0z 0x Ot Oy 0z \ 0t 0z ot
=2 —a—u—a—udS—2 f F—dxdydz
s 0t On

Since we have assumed [0u/0n]s = 0, we get

dK‘ = —2”J F@dx dy dz. (22.10)

Using the obvious inequality, |ab| £ a?/2 + b?%/2, we can write (22.10) as

dKl <”J dexdydz+”j (ﬂ) dx dy dz

or, making use of the same inequality again,

dK‘g f F?dx dy dz + K,.
dt o

If we put jjj F? dx dy dz = A(¢), then
§2

d(e 'Ky)

or ——— < eTTA(r). (22.11)
ds
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Consequently,
t

e 'K (1) < K,(0) +j e " A(t,) dt,
° (22.12)

4
&@éeWﬂD+J€”Mmdh
0

It follows at once that, provided K,(0) = 0, for any fixed, finite interval
of r the value of K, (z) will be as small as we please if A(z) is also sufficiently
small.

We note also that, putting Ko(f) = [[{ou? dx dy dz, we shall have

dKo() _ f J j w2 dx dy dz £ Ko() + Ki(0),
ie.,
dIZO(t) — K1) £ K, (D). (22.13)
!

From this inequality, in the same way as above, we get

t
Ko(t) < €Ko(0) +j e "MK, (1) dt, . (22.14)
0

If Ko(0) = 0 = K,(0), then K(?), like K,(7), will be as smallas we please
if A(f) is sufficiently small.
A number of conclusions can be drawn from these results (22.12) and
(22.14).
THEOREM 3. Let the sequence of functions u, satisfy the equations

2
Viu, — O%uy _ F,
0r?
and the conditions
0
likmo = [ “"} ~0 (2215)
0t Ji-o
ou
—| =0. 22.16
[ On ]s ( )

Let the functions F, satisfy the condition

T
limf {jﬂ‘ F}dx dy dz} dt = 0.
n—-2@ 0 Q
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Then for all values of t such that 0 < t < T,

lim Ko(f) = 0
lim K,(f) = 0.

Proof. From (22.12) and (22.14) we have a fortiori

T

K < eTf A(ty) di, (22.17)
and °

T T
K,(H) < eTj K (¢,)ds, £ eZTTj A(ty) dey, (22.18)

0 0

and our theorem follows at once from (22.17) and (22.18).

By Theorem 3, the solution is continuously dependent in the mean to
order (0, 1) on the right-hand member of the equation (see p. 29). If we
compare the solutions of two equations

2 2
0%us =F, and VZu, — 0%y
or? 012

with the homogeneous conditions(22.15) and (22.16), the difference (F; — F5)
being sufficiently small in the mean, i.e., theintegral [ (Fy — F,)*dx dy dz
is sufficiently small for all ¢, then although we cannot assert that |u; — u,]
will be everywhere small, nevertheless the difference (u; — u,) and its deriv-
atives of the first order will be arbitrarily small in the mean at any instant,

ie.,
fj (u, — uy)*dxdydz < ¢,
&£

2 2 2
J Ou - Ouz + Ou, — Ou, + <% — Ouy dxdydz < e.
o\ 0x 0x Oy oy 0z 0z

Suppose we wish to compare the solutions of the two equations

0%u du
Vi, — L=F, Vu, - Z = F 22.20)
1 812 1 2 atl 2 (

subject to the conditions

V2u1 - - Fz, (22.19)

[U)i—0 = @1, [U2)i=0 = @2,

Oou, v ou, -

at o 1> a[ o 2>

ou, | _ ou, |
l:a)'l:L fla I:On:L st

I
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where @,, ¢, have continuous derivatives up to the second order, and y,, y,,
f1, f> have continuous first-order derivatives. Suppose that these functions
are near to one another so that the following inequalities hold:

2 2
l(pl _ (pzl < 6, a(pl _ _?iz_ < 6, a P _ a P2 < 6,
' 0x; 0x; Ox; Ox; 0x; Ox;
oy, Oy, of1 of>
- < 4, - < 4, - <6, |=/—— =<4,
lwi — v o5 o |fi = £ ox, " on

|F1 - le <0, (x;=x, X,=y, x3=2).

It is easy to see that, if we reduce these problems to problems with homo-
geneous conditions, we again obtain two equations of the form (22.20)
whose right-hand members are close together, and consequently their solu-
tions will be close together in the mean for any values of ¢ in a finite interval.

In exactly the same way as for the equation of heat conduction, it is
easy to show that the solution of equation (22.7) with arbitrary initial con-
ditions (22.8) is unique. To do this, it is sufficient to show that the homo-
geneous equation with homogeneous conditions has only a trivial, identically
zero, solution. And this follows because, as we have seen, the integral of the
square of such a solution is zero.

Finally, just as in the previous problems, the question of the existence
of a solution presents very considerable difficulties, which even exceed those
arising with Laplace’s equation and the equation of heat conduction. These
difficulties may be avoided by introducing again the concept of a generalized
solution.

§ 4. The Generalized Solution of the Wave Equation

We make a few preliminary remarks. Consider a function u(x, y, z, ¢t) of
four independent variables, x, y, z being the coordinates of an arbitrary
pointin a certain domain §, and ¢ the time; suppose that 2 is integrable with
respect to x, y, z for any value of ¢ in a certain interval. We shall say that
the function u(x, y, z, t) is continuous in the mean with respect to the variable
t at the point ¢, if the magnitude of

[JIJ {fu(,y,z,t0 + h) — u(x,y, z, H}* dx dy dzjll/2
)

can be made arbitrarily small for sufficiently small |4|. We shall say that a
function which is continuous in the mean at every instant of an interval
a <t £ B is continuous in the mean in this interval. It is convenient to
introduce an abbreviated notation. For any function of the variables x, y, z

EMP 11
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which is specified in the domain §), and whose square is integrable, we shall

’1/2
(g:

the norm of the function u and denote it by |ju]|.
By Minkovski’s inequality (see § 6 below)

e + o] = flel] + [l

If ||u]| = O, then, as shown in § 7, Lecture 6, the function u vanishes almost
everywhere in ..

If a is an arbitrary constant, then obviously |au| = |a|. ||u|.

We shall need these properties of the norm later. Using this new notation,
the definition of continuity in the mean can be re-formulated thus: the
function u(x, y, z, t) is continuous in the mean at the point ¢, if, given any
positive number ¢, a positive number #(e) can be found such that

||u(to + h) — u(to)” < e

provided only that |h| < %(¢). (The arguments x, y, z of u have been left
out for brevity.)

We shall say that a sequence of functions u,(x, y,z, 1), (n = 1,2, ...),
converges uniformly in the mean to the function uy(x, y, z, t) if

1
| Uy — uo” = [JJ‘J {u(x, ¥, 2, 1) — g (x,y. 2, 1)} dx dy d{|2 < ¢
&

for all ¢ in the given interval, provided only that n = N(e).
THEOREM 4. If the sequence of functions

u(x,y,z,t), n=1,2,..,

converges uniformly in the mean, and if each function is continuous in the
mean, then the limit function is continuous in the mean.

The theorem is proved in the same way as that for ordinary continuous
functions in elementary mathematical analysis. Let ¢ be a given positive
number. Choose N so large that

() — uo(0)]| < % (22.21)

for all ¢ in the given interval, provided only that n = N. The function

u,(x, y, z, t) is, by the conditions of the theorem, continuous in the mean at
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the point #,. Consequently, for || < ).

From (22.21), (22.22) and Minkovski’s inequality we obtain
ol + 1) = uo(D)]| < [Juolt + 1) = w(t + h|| + JJuolt) — un(d)|

wt + h) = u 0| < % (22.22)

€ € €
+ |t + 1) —u, ()| < —+ —+ — = ¢.
e + 1 = 0] < = + =+ =
Thus for |h] < 7, lue(t + ) — ue(¢)l| < e, and the theorem is proved.
We shall say that the function u, whose square is integrable in the domain
), and which satisfies

limfjj (u, — u)>’dxdydz =0
n—on gz

is the limit in the mean of the sequence u,.

We define the generalized solution of equation (22.7) subject to the con-
ditions (22.15) and (22.16) to be the function u whichis the limit in the mean
of the sequence of functions u, which satisfy the equations

2
Vu, — Ouy = F,
or?

and the conditions (22.15) and (22.16), where the sequence F, converges in
the mean to F.

Animportant result follows fromthe inequalities established in Theorem 3:
if the sequence F,(x, y, z, t) converges in the mean uniformly with respect
to ¢, then the sequence of solutions u,(x, y, z, t) also converges in the mean
uniformly with respect to ¢.

Just as we did earlier (see, for example, Lecture 18), we shall regard two
functions u‘? and u‘® as equivalent if

ff @ — u®)>dxdy dz = 0.
%

This means that the two functions can differ from each other only over a set
of measure zero (see Theorem 21, Lecture 6).

The generalized solution is unique, for the sequence u, cannot have two
limits in the mean; otherwise we should have for the two different limits the
inequality

”f @' — u?)?dxdydz £ f” [ —u) + (0, — u?)]>dx dydz
9 &

< 2jj @V — u)? dvdydz + 2” (u'? — u,)?dy dy dz £ 4e,
&2 §e

so that #‘ and «‘® must coincide.
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The existence of the generalized solution can be established by using a
theorem in the theory of functions of a real variable, known as the Riesz—
Fischer Theorem. This theorem states that:

If the integral of u} exists for all i, and if the sequence of functions u,,
Uy, ..., U, ... has the property that, for all sufficiently large m and n,

jjj (Upm — u,)? dx dy dz < ¢,
9,

then the sequence has a limit in the mean, i.e., there is a function u such that

limjfj‘ (u, — w)? dx dy dz = 0.
n—w p

We shall prove this theorem at the end of this lecture.

We now show how the Riesz-Fischer theorem can be used to prove the
existence of the generalized solution of the wave equation. Let u,(x, y, z, )
be a solution of equation (22.7) satisfying the conditions (22.15) and (22.16).
Consider the expression

[um(®) = (D).
The function v, , = u,(t) — u,(t) is a solution of the equation
azl)"l,ll

vy, —
0r?

= F, — F,.

By virtue of the uniform convergence in the mean of the function F, to F we
shall have || F,(t) — F,(t)]| < # for sufficiently large m and » and for any
17 > 0. As we have seen, it follows that ||v,, .|| < &, where ¢ is an arbitrary
positive number. By the Riesz-Fischer theorem, the sequence u,(x, y, z, t)
converges uniformly in the mean to a limit function, which, by Theorem 4,
will be continuous in the mean, as was to be shown.

In the examples considered in the previous sections it happened that the
generalized solutions of Laplace’s equation, Poisson’s equation, and the
equation for heat conduction, had continuous first-order derivatives. As
we shall soon see this circumstance is not fortuitous.

In contrast to these problems, the generalized solution of the wave
equation and its first-order derivatives may be discontinuous. It would take
too much time to explain the circumstances in which this can happen, and
we shall not deal with the qucstion here.

To conclude this section we give a simple example.

ExampLE 2. We take as the domain §, a sphere of radius 1. Let yp(§) be a
certain function which is specified in the interval —o0 < £ <oo. Consider
the function Wt + 1) — v = 1)

Uy = (22.23)
r
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where r is the distance of the variable point from the origin. If r # 0, the
function u, has the same number of derivatives as the function y. If r % 0,
u, has derivatives of order one less than the order of the highest derivatives
that y has. It is not difficult to establish this by differentiation of the deriv-
atives with respect to the space coordinates x, y, z, and for the derivatives
with respect to time it is immediately obvious. For,

0 u
ot*

|

= —[p*( + ) — »* - .
,

This function is determinate for r = 0 only if

.1
lim — [w(k) (t + l‘) _ W(k)(f _ l‘)] — 2w(k+1) (I)

r=0 r

exists. Consequently the necessary (and sufficient) condition for the existence
of the derivative d0*u/0t* at r = O/is that the continuous derivative p*+1 shall
exist. It is easy to see by differentiation that u, is a solution of the equation

2
V2, — 0% u, _ o,

0r?

if  has continuous third-order derivatives. Suppose now that the functiony
from (22, 23) is differentiable only once or not at all; then it can be shown
that u, is still the generalized solution.

The sequence of solutions

— IPn(r + t) - Wn(r - [)
r

will tend to this function u, if the sequence of thrice-differentiable functions
v, tends to y.

If at some point & = ¢, the function y(£) has no derivative, then u, will
have a discontinuity at the point r = 0, £ = ¢,. In this case there will be no
function u satisfying the conditions

ou Ju,
s = il o = tieos [ 55] <[ 52]

and the equation

2
v = 2% _ .
or?

For, if such a solution existed, then, since a solution depends continuously
on the initial conditions, the sequence u, would have to converge towards
this solution, and this is impossible because the sequence converges to u.
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There is another approach to the generalized solutions by means of
which they can be defined immediately without having recourse to a passage
to the limit.

If u, is some solution of the equation Lu, = F,, and if y is a completely
arbitrary function having continuous derivatives up to the second order and
which is different from zero only in a certain interior part o of the domain £,
then

J\J ("tan — U, M’P) d‘Q»‘ = 0.
&

The terms outside the integral drop out since ¢ and its derivatives vanish
outside o.

We now require to use an important inequality known as Bunyakovski’s
inequality (Schwarz’s inequality). Let ¢, ¢, be two functions of n variables
X1, X5, ..., X, Which are defined in an open set §,. If the integrals

f @7 dv and j @5 dv
& &

f @19, dv

&2
also exists and

2 2]
U ¢ 192 dv} < {[ 1 dv} {J % dv}-
& J 8 &

We shall prove this inequality later.
Minkovski’s and Bunyakovski’s inequalities give, for any generalized
solution of equation (22.7), for any ¢ > 0 and for sufficiently large n,

f‘[j WF — uMvy) dfl‘ =
< \/”mqﬂda -J”@(F— F)? d8
+ \/ PJJ‘ (u — u,)?ds} JJI (My)2d§y £ e.
v & §?

This means that for any generalized solution, the integral equation

f j J uMy A, = j JJ wF dS (22.24)
& 9

exist, then the integral

J f [W(F — F) — (u — uy) My] dszl
&e
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holds for any function y. The differential equation may be replaced by this
integral relation. We can say that the generalized solution of the equation

Lu=F

is any function which satisfies the integral relation (22.24) where v is any
function which has continuous derivatives up to the second order and which
is different from zero only in a certain internal part o of the domain §..

If we recall the proof of the existence of the solution which we obtained
by Kirchhoff’s method, we see that the formula (22.24) was an important
link in the argument. We have proved, in this way, the existence only of the
generalized solution. Now from (22.24), supposing that « has derivatives,
and integrating by parts, we deduce the following formula:

JH w(Lu — F)d§, = 0, (22.25)
9]

and hence conclude that u is a solution of the equation Ly = F. This last
step can be taken only if u is a solution of the problem in the classical sense
of the word.

§ 5. A Property of Generalized Solutions of Homogeneous Equations

The following general theorem holds.

THEOREM 5. For Laplace’s equation, the equation V*u + u = 0, and the
lomogeneous equation for heat conduction, any generalized solution in the sense
of the integral relation (22.24) is necessarily differentiable as often as we
please and is a solution in the ordinary sense.

This property sharply distinguishes equations of elliptic or parabolic type
from equations of hyperbolic type, for which this property does not hold.
We shall prove the theorem first for the equation of heat conduction.

We first construct certain auxiliary functions. We define a function ¥(§)
by the formulae

0 £ <4,
—&+ 1 -1
_ 1+exp[ ]}, P<é<l,
£6) { E_Da-9 :
1 E=1

The function (&) has certain obvious properties:

(a) It is continuous in the interval 0 < £ < 0.

For, the fraction (—¢& + 1/2)/[(¢ — 1/4) (1 — &)] attains its limit + oo



318 CORRECTNESS OF BOUNDARY-VALUE PROBLEMS L.22

when & - (1/4) + 0 and its limit — oo when £ - 1 — 0: consequently,

lim exp[ —f+d :|=oo, limexp|: —f+ 3 }=0
E-1/4 E-HAaA -9 -1 E-HA -9

and the continuity of ¥(§) follows.

(b) The function ¥(£) has continuous derivatives of all orders.

Proof. It is sufficient to show that the limit values of the derivatives of ¥(§)
of any order when & - 1/4 or £ — 1 are zero. We have

£+ 3%
_“p[@—lxl—a] d 4}
e : [( : }

<1+ﬁp[ —£+3 ]yEE -Ha -9
E-HU-9

d|: §—-1 ]
_ dlLE-HUA =95

(l +exp[ —c+3 :|><1 +exp[ f- % ])
¢E-HA-9 E-HA -9

— 1
The expression exp |: S+ 3 :' tends to infinity, when & — 1, faster
E-Ha-9 s
than any rational function of &, and the expression exp [ 2 :|
¢E-HaA -5

also tends to infinity when & — 1 faster than any rational function of &.
Consequently,
Yl +0=0 ¥(A-0)=0. (22.26)

Any derivative ¥™(£) may be expressed in the form

gjm(f) — Z R’", P, (I(E)
v mmis)) (rlera sl
az1{ 1 + exp 1 + exp
E-HaA -8 ¢E-HaA-8
(22.27)
where R, ,..(§) are certain rational functions.
This formula may be proved by induction.
(22.27) shows that
Ymi4+ 0 =0, ¥Y"(1-0=0 (22.28)

as was to be proved.
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We now bring into consideration the function

WX — X0, Y — Yo, Z — Zg, t — &)

0 to <t

— —‘]. _’.2
— x| ——— Yn*r? + to — 0], ¢ lo
8n2(t — 1,)? ( [4(10 — 1) ]) ' ) )

where

r=NG = x) + (0 =y + (2= 2), 0=r< +oo.
We note one or two properties of the function w,.
(a) It is clear that
Wa(X — Xo, YV — Yo, 2 — Zgy Lo — 1)
= mdw[n(x — xo), n(y — yo), n(z — zy), B*(ts — 1)]. (22.29)
(b) We form the expression

ow,
ot

Vzwn+ =d)n(x—xo,.V—yo,Z—Zo:to _t)'

Then it follows from (22.29) that

CD"(X — Xo,Y — Yo Z — Zo» Ly — t)
= n°®,[n(x — xo), (y — yo), n(z — zo), n*(t, — 1] (22.30)

(c) The function @, is different from zero only in the domain D,:

_l‘é"z“}‘to—téL; L < ly,
4n? n?
which shrinks to the point x4, Yo, Zo @5 B — 0.

For, in the domain where P[n?(r* + t, — t)] is equal to unity, i.e.,
where r?2 + t, — t = 1/n%, we have w, = — v, where v is a particular solu-
tion of the equation Vv + dv/dt = 0 (see Lecture 8).

Thatis, V2w, + ow,/0t=0 for r* + t, — t = 1/n>.
That @, vanishes for > + t, — ¢t < 1/4n”is obvious.

(d) The following formula holds:

to + o0
JJ‘J‘J‘ ®,dx dy dz dt = J‘ {fff @, dx dy dz} dr = 1. (22.31)
D, to— 1/n2 )

EMP 1la
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For, by Green’s formula (21.4) we have

To +ax
j U” ®, dx dy dz} ds
l’o—l/nz -
(*To + 5
= {Jj] <V2W,. + w,,) dx dy dz} d:
J tog—1/n2 - at
I + o . oo
= JJ_ [w,.]ro_lln2 dxdydz = Jj‘j_ [0)i=ty—1a2 dx dy dz,

where v is a principal solution of the equation of heat conduction, as defined
in Lecture 8. The last integral, as was shown in Lemma 2 of that lecture,
is equal to unity, and this proves (22.31).

(e) Let f(x, y, z, t) be an arbitrary continuous function in the domain §},
of the variables x, y, z, t.

We select a domain §,, of values of x,, ¥¢, Zo, ?o SO thatfor points x,, y,,
Zo, to Of §), the domain D, lies wholly within §3,. We construct in §),, the
function

fn(xo,yo, ZO7 tO)
B [fjf Po(x = Xos ¥ = ¥Yos 2 = Zos 1 = to) f(¥, ¥, 2, ) dxdy dzdz.
. 2

Then the sequence of functions f,(x,, Yo, Zo, &) converges to the function
S(x0, Yos 20, to), and the convergence is uniform inany domain interior to §}.
We write the function f'in the form

f(x'yyzl t) =f(x05y05 ZOD tO) + 7]‘

It is evident that in the domain D, for sufficiently large n we shall have
|7] < € because f'is continuous. We write

IR

By virtue of formula (22.30)

R R ) AT N
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We have:
™ r~
fn(xOsyOSZO,to) =J\ (p"fdxdy dz dt
o (Q
- f B,/ (%o, Yo 201 1g) dx dy dz dr
v J Y p
~rer
+ f @, dx dy dz dt
JJI I D
= f(x0, Yo» Zos Lo) + j [JJ @,y dx dy dz dt
. Dn
whence

| fa(X0> Yo, Zos to) — f(X0, Yo, Zo, to)| < €M,

as was to be shown.

(f) The function f, which we have constructed will be differentiable with-
out limit. This follows because @, is differentiable without limit.

After these remarks we can now prove our Theorem 5.

Let u be some generalized solution of the equation of heat conduction.
We set up u,(Xo, Yo, Zo» o). Then all the u,(xo, ¥o, 2o, o) for any values of n
are equal and do not depend on n. For,

un(x0: Yos 20> tO) - un+p(x0’ Yo Zo> tO)
= f u(x,y,z, ) (@, — ©,;,)dx dy dz dt
JIJJIR

Mmoo

0
= u(x, Yz, t) livz(wn - wn+p) + a—(w - wn+p)] x dx dy dz dz.
t
9]

e

J J v

But w, — w,,, = y is different from zero only in the domain

1

-4—(——);S"2+to—ts
n+p

]
= = n—27
since if r? + t, — t = 1/n? the function w, coincides with w,, .
The function y satisfies all the conditions for formula (22.24) to be

applicable. In this case we can take

0
fv{=\72+——'
ot

0
L=V>——

ot
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whence, noting that our equation has the form Lu = 0, i.e., F = 0, we have

Uy — Upsp = jfjf wFdx dydzdr = 0.
52

Hence it follows that u = u,; but u, has an unlimited number of derivatives.
Consequently, u also may be differentiated any number of times. Hence the
theorem.

Suppose now a function satisfies the equation V?u + Ju = 0. We put

— At

v=c¢ "u.
Then
Vs = e MV2y = —Je My,
Consequently,
Vv = @
ot

By what we have just proved, the function v will have an unlimited number
of derivatives. Consequently, the function u will also have the same pro-
perty, as was to be shown. ’

It can also be shown that all solutions of the equation V?u + Au = 0 will,
in fact, be analytical throughout the domain §,, in contrast to solutions of
the equation of heat conduction, for which this property does not hold.

§ 6. Bunyakovski’s Inequality and Minkovski’s Inequality

Let o(P) be a non-negative function, which we shall call the weight.

Let ¢(P) and w(P) be two functions, specified in the domain §,, and such
that the product of the weight o(P) and the squares of their moduli are
integrable, i.e.,
f (#(P)e(P) dP < o

5

N

(22.32)
f p(P)2o(P) dP < .
&K

Then the following inequality holds:

-
2

J #(P) ¥(P) o(P) dP gJ (o(P)o(P) dP f W(P)e(P) dP. (22.33)
& & N

1t is clearly sufficient to prove the theorem only for the case when yw(P)
and @(P) are real, non-negative functions, since

f #(P) w(P) o(P) dP
19

< J 9(P)] (P o(P) dP.  (22.34)
Y
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We have, for any two non-negative functions whatsoever,

ey £ 9?2 + y?2.

Consequently the integral {¢ @(P)y(P)e(P) dP is meaningful.
Consider the following (also meaningful) integral:

f (<p—ﬂ1p)zgdP=J qJZQdP—Mf (plpgdP+22J w?o dP
f & & &

= ai* — 2b1 + c. (22.35)

The parabola defined by y = aA? — 2bA + c in the plane of the variables y
and A cannot have a single point below the 2-axis, since the magnitude of
(22.35) is greater than or equal to zero. This implies that the equation

al* — 2 + ¢ =0

cannot have different real roots, and it can have a repeated root only when
there is a A, such that

f(qv — Ap)?2 0 dP =0,

i.e., when the expression (p — Agy)pe is equivalent to zero,
i.e., when it is different from zero only on a set of measure zero.
In the case when the weight-function o(P) vanishes, if at all, only on a set of
measure zero, this means that the expression ¢ — Aoy is equivalent to zero.
Consequently,
b? < ac,

and the equality sign can hold only when ¢ and y are proportional. This
proves Bunyakovski’s inequality (22.33).

From Bunyakovski’s inequality it follows in an obvious manner that,
for any functions ¢ and y such that the products of their squares with the
weight-function are each integrable,

f (@* + 29y + v?)o dP‘
&

< f pl% dP + f Wedhz\/ Iofe - J Iyi0 dP
&

[\/J o edf+ﬂ lezedP] |
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|
JU (@ + wodP| < \/f gl dP + /J [P0 dP. (22.36)
o | 0 Vo

(22.36) is Minkovski’s Inequality. The left-hand side exists if the right-hand
side exists.

or

§ 7. The Riesz-Fischer Theorem

The Riesz—Fischer Theorem. If @, q5, ..., ¢, ... IS a sequence of functions
such that @} is integrable in a bounded domain ), for all k, and if, given any ¢,
a number N(g) can be found such that

J (pr — @s)*dv < ¢ if k > N(e), s> N(e), (22.37)
§

then there is a function @, such that ¢? is integrable in §, and

k-

limj (gr — @o)2 do = 0 (22.38)
§?

It is clear that such a function would be ‘“‘unique with accuracy up to
equivalence”; that is to say, if there were two such functions, they would
necessarily be equivalent. For, if there were two such limit functions, say @q
and ¢,., then we should have by Minkovski’s inequality

\/j‘ (@o — @x)? dv < \/j (po — @n)* dv + \/f (g, — @g)? dv < ¢
§ & 52

for an arbitrary small ¢ > 0, and hence

J (o — @4)* dv = 0.
&
We shall call ¢, the limit in the meau square for the sequence g,.

We now prove the theorem. We first show that the sequence ¢, converges
in the mean, i.e., that there is a summable function ¢, such that

k=

limf lpo — @il dv =0
o)

To do this, we note that by Bunyakovski’s inequality

J\ l(pm - (ppl dst :j l‘pm - q)pl 1.d§
§? §

] ro-wrf{] ]
& J 8

1A
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and consequently

lom — 7o d S0 < 7,

&
provided only that

m > N(n), p> N®).

Applying Theorem 23 of Lecture 6, we see that a summable function g,
exists which is the limit in the mean of the sequence ¢,.

It follows from the above method of proof that there is a sequence ¢,
belonging to the sequence ¢, , which converges to ¢, almost everywhere and
which does so uniformly in the closed set F; on which all the functions are
continuous. The set F; can be chosen so that its measure is as close as we
please to that of §,. We have

f qoédv:limf (PfidU§A<OO
Fg Fg

i—bd)

whence

f podv £ 4
&

and the integral on the left-hand side exists. It is not difficult to see that the
magnitude of

f (po — (Pk,-)z dsd
&

can be made arbitrarily small by taking i sufficiently large. For brevity, we
write y; = @,,. Then for any closed set F; and for any given positive num-
ber &, we have, for a sufficiently large / (which will depend, in general, on Fj):

j (o — v dSL = f (pe — v + (@0 — PII? 482
F& F&
= 2J (p, — w)?dSL + ZJ (po — w)? dSX
F& F‘s

§2f (pi — p)* AL + e.
&
By the hypothesis, for a sufficiently large / and 7, which are independent of Fj

j (W —p)?dy < e.
£
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Hence
f (Po — w)* d&L < 3e
Fs

and consequently

f<%—wmwzgx
'Y

We now show that ¢, is also the limit in the mean square for the original
sequence @,.
For s, k; > N(e) we have:

J(%—¢ydag2f<%—wyda+zf(%—wyda
9 & 9

< 6e + 2¢ = 8e.
Hence the theorem.



LECTURE 23

FOURIER’S METHOD

§ 1. Separation of the Variables

Boundary-value problems in mathematical physics for equations of para-
bolic and hyperbolic type can conveniently be solved by a method put for-
ward by Fourier which we shall refer to as separation of the variables.

We shall illustrate the essence of the method by means of particular ex-
amples. The reader who has mastered the arguments set out in the previous
lectures will have no difficulty in understanding immediately how and in
what circumstances the Fourier method enables the solution of a problem
to be found.

Suppose a solution is required of the equation

v = L% (23.1)
a Ot

in a domain §, of the space x, y, z bounded by a surface S, and for ¢ satis-
fying 0 < ¢+ £ T, the solution being subject to the conditions

[uls =0 (23.2)
and
[u]t=0 = ‘P(x, Y, Z)' (233)

For the time being we shall disregard the condition (23.3) and shall try to
find particular solutions of equation (23.1) which satisfy condition (23.2).
We seek these solutions in the form of a product of two functions

u= Ulx,y, z) T(?) (23.4)
Substituting (23.4) into (23.1) and dividing both parts by u, we get

VAU(x,y,2) _ 1 T

. (23.5)
Ulx, v, z) a T(@)

In equation (23.5) the variables x, y, zand ¢ are separated ; the left-hand side
does not depend on ¢ nor the right-hand side on x, y, z. The equality is

327
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possible only if both the left-hand side and the right-hand side are equal to
one and the same constant, say —4:

vy

-1, ==L = -1, (23.6)
U a T()
or
VU 4+ AU =0 (23.7)
T@t) = Ce™ . (23.8)

In order that our solution shall satisfy the condition (23.2) it is necessary
for the function U(x, y, z) to satisfy this condition. The values of A for which
the equation (23.7) has a solution satisfying the boundary condition (23.2)
are called the eigenvalues (or characteristic values) of the boundary-value
problem for this equation subject to the condition (23.2). By no means
every value of 4 is an eigenvalue. For, transferring the term AU in (23.7) to
the right-hand side and consideringit as a free member, we have, by applying
formula (21.7)

UPy) = ifjj G(P, Py) U(P)dP (23.9)
4 o

where G(P, Py) is Green’s function for the Laplacian in the domain .

Equation (23.9) is a linear, homogeneous, integral equation of the second
Fredholm type with a kernel satisfying the requirements of § 7 of Lecture 18.
By Fredholm’s fourth theorem, it can have a non-zero solution only for
certain discrete values of 4. Let these values of Abe 4,, 4,, ..., 4,, ... and let
U,, U,, ..., Uy, ... be the corresponding solutions of equation (23.9); these
functions are called eigenfunctions (or characteristic functions). Then we have
a whole set of particular solutions of equation (23.1) of the required type:

—A
u[ = U,' (¥ ,at.

We may mention that the kernel of equation (23.9) is a symmetric function
of the coordinates of the points P and P,.

We shall prove shortly (in Lecture 24), in the theory of integral equations
with symmetric kernels, that there are infinitely many such solutions, and
that for any function ¢ whose square is integrable a series

u= Yy aqUe ™ (23.10)

i=1

may be constructed which will satisfy the conditions (23.2) and (23.3) and
which in the mean will form a generalized solution of equation (23.1). It
follows from Theorem 5 of Lecture 22 that any generalized solution of
(23.1) is a solution in the usual sense of the word.
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We point out, for the moment without proof, five important properties
of the system of functions U(x, y, z) and the numbers 4,:

1. Of the infinite number of numbers 4, all are real and positive. (In
certain other problems, this circumstance becomes: only a finite number of

the A; are negative.)
2. The set of functions U; is orthogonal and can be normalized, i.e.,

m Uix ¥, 2) Uf<x’y,z>dxdydz={l’ oy
g 0, i#].

3. The functions U; form a so-called complete system, i.e., any continuous
function @(x, y, z) can be expressed as a series

0

p(x,p,2) = ), aU(x,y,2) (23.11)

i=

which converges in the mean, where the numbers g, are the so-called Fourier
coefficients for the function . If, further, ¢ satisfies the condition

[¢)s =0

and has second-order derivatives which are continuous everywhere, including
the boundary, then the series (23.11) converges uniformly.

4. In addition to the conditions for orthogonality, written above, the
following equations hold:

. . . A il =7

oU; aU; + oU; 0U; + oU; oU; dy dy dz = 4° i=j

Ox Ox dy Oy 0z 0z 0, i#j
5. If a function ¢ which is continuously twice-differentiable satisfies the
COHdlthIl (23.2), then the series (23.11) not only converges uniformly to g,

but the series obtained from it by termwise differentiation also converges in
the mean to the corresponding derivative of ¢. In other words, if we put

then the integral

(.22 - (2e502) - (52w

tends to zero.
Consider now the problem of finding the Fourier coefficients for a func-
tion @(x, y, z). If we multiply both sides of (23.11) by U; and integrate over
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the domain §3, integrating the series term by term, we get

JJJ Uix,y,2) ¢(x,y, z)dx dy dz
&
= i [aiffj Ux,y,2z) U(x,y, z)dx dy dz] = a;.
i=1 o

(23.12)

Formula (23.12) gives us, in fact, the value of the Fourier coefficient q;.

In order that the function expressed in the form of the series (23.10)
shall satisfy the condition (23.3), we naturally require equation (23.11) to
be satisfied. If the sum of the series (23.10) is continuous for ¢ = 0, then the
conditions (23.2) and (23.3) will be satisfied for the values of a; which are
the Fourier coefficients for the function ¢.

It is not difficult to establish that the series (23.10) converges uniformly
and gives the generalized solution of equation (23.11). For, let

N

Py = E a,U,-(x,y,z).

i=1
It is clear that
N

uy = 3y, aUfx,y, z) g At

i=1

gives the solution of equation (23.1) subject to the conditions (23.2) and

[unlizo = @x.

But we proved in the last lecture that under these conditions it follows from
the convergence of the sequence @ that the sequence Uy converges uni-
formly in any finite interval of the time variable to the generalized solu-
tion u; and this is what we had to show.

In exactly the same way the problem of integrating the wave equation
may be solved by the method of separation of variables. Suppose we require
a solution of the equation

0%u
Viu — =0 (23.13)
or?

with the initial conditions

0
(im0 = ¢ox, 7, 2): [6_“} — D (2314
=0

n

and the boundary conditions, say, of the forin

Oul _o (23.15)
on |s
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where S is the surface bounding the domain £, in the space of the variables

X, ¥, Z.
The particular solutions of this equation which satisfy the conditions
(23.15) may, as before, be sought in the form

u=U,y,z) T). (23.16)
Substituting (23.16) into (23.13), we find:

T(O)WV*U(x, y, z) = Ulx, y, z) T'(1),

or
T//(t) _ VZU(x,y, z) — _ )2
T() Ulx, y, z)
whence
T + 22T =0 (23.17)
VU + 22U = 0. (23.18)

A solution of (23.18) subject to the conditions (23.15) can be found by the
use of Green’s function again. In this case the function G,(P, P,) satisfies
not Laplace’s equation but the equation

4

V2G1 = -

where D is the volume of the domain £,. The constant — 4r/D servesin this
case as the solution of the adjoint homogeneous problem, i.e.,

V2 _ Az _0_63__47: _0
D " Bn D ’

and is chosen so as to ensure the existence of Green’s function. This follows
from the earlier investigation of the Neumann problem (see § 2, Lecture 21).
G, will thus be the generalized Green’s function.

We shall seek that solution U of the equation V2U = — 42U which is
orthogonal to a constant in our domain: [{{nA* Udx dydz = 0. We shall
solve equation (23.18), regarding A2U as the free term. In this case, by the
results of the previous lectures, the solution of (23.18) which is itself ortho-
gonal to a constant must have the form

U(Py) = A2 jjf Gi(P, Po) UP) dP. (23.19)
0 4r

We have again obtained an integral equation with symmetric kernel for the
eigenfunctions of the problem. For this integral equation all our previous
assertions are valid except No. 3, which is now modified thus:
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3(a). Any function p(P)which has continuous second-order derivatives in
and on the boundary of §},, and which is orthogonal to a constant:

4n
J1]. 5 rerar=e

and which satisfies the boundary conditions, may be expressed as a uniformly
convergent series of eigenfunctions of equation (23.19).
Equation (23.17) has two linearly independent solutions:

T, =cos it, T, = sin A¢.

If Uy(x, y,z) = U(P) is an eigenfunction of equation (23.19) and 4; is its
eigenvalue, then the required particular solutions of equation (23.13) will be:

Ui(x,y,z)cos A;t, Ulx,y,z)sin 4;.

We shall seek a solution of the problem in which we are interested in
the form of series

[ea]

u= Y aUfx,y,z)cos it + Y bU(x,y,z)sin At + ¢ + cyf.
i=1 i=1
(23.20)

If the series (23.20) and its derivative with respect to time both converge
uniformly in the mean, then « and du/dr will be functions of time which are
continuous in the mean. This was proved in Lecture 22, Theorem 4. We
shall soon see that the conditions for uniform convergence in the mean are
satisfied.

We require the series (23.20) to satisfy the initial conditions:

[uli=o = Z a,Uf(x,y, z) + co, [—:l = Z /7-1biUi(-\'a Y, z) + ¢,
i=1 ot =0 i=1
(23.21)

If we choose the coefficients a; and b; so that

[*2]

Y aUfx,y,z) = golx,y,2) — co
1

i=
Z ;'ibtUi(xays Z) = <P1(xs}’,2) — C1,
i=1

then the initial conditions (23.14) will be satisfied in the mean. Again assum-
ing the system of functions U, to be orthogonal and normalized

1, i=j
U(P) U(P) dP = ,
] v emer =40
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we can again determine all the coefficients of the series (23.21), having first
chosen the constants ¢, and ¢, so that ¢, — ¢, and ¢; — ¢, are orthogonal
to a constant. Repeating the former arguments, we get

a; = jjj (POUi dP, Z.ib[ = J‘J‘J\ (PIU[ dP.
8§ §2

We pass on now to the proof of the convergence in the mean of the
series (23.20). Exactly as before, we first verify that

N N
uN = z aiUi COS Z‘t + iz biUi Sin ﬂ.it
=1

Jj=1

is a solution of the problem with approximate initial conditions.
We consider two finite sequences of terms of the series (23.20), u, and
u,,, and suppose that n > m. The difference of these two sequences

N N
Upm = Uy — Uy = . qUscos it + > bU, sin At
i=m+1 i=m+1
satisfies the equation
0% v
Avy, — =0,
or?

the boundary conditions (23.15) and the initial conditions

" OV .
[Wamli=o = Z atUi’[ :, = z 4:b;U;.
t=0

J=m+1 ot i=m+1
It is clear that

{J”Q[v:m]mo dsz}% <e, {”L [[6gt]]dﬂ}l ..

provided only that n and m are sufficiently large.
If we nowmake use of Property 5 of the system of eigenfunctions, we have,
in the notation of the previous lecture,

K,(0) < €2, K;(0) < &2, A(r) =0.

It follows from the inequalities (23.12) and (23.14) that, under these condi-
tions Ky(¢) and K,(¢) will also be arbitrarily small in any finite interval of ¢.
Thus the sequences v,, and 0v,,/0¢ satisfy the conditions of the Riesz-
Fischer theorem and consequently converge in the mean uniformly with
respect to ¢ in any finite interval @ < ¢ £ b. Hence the series (23.29) con-
verges in the mean to a certain generalized solution. We shall not investigate
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in more detail the circumstances under which this solution will be a solution
in the ordinary sense of the word.

We see that each term of the series (23.20) represents a so-called harmonic
oscillation; the frequencies 4, of the oscillations form a discrete sequence.

§ 2. The Analogy between the Problems of Vibrations
of a Continuous Medium and Vibrations of Mechanical Systems
with a Finite Number of Degrces of Freedom

An analogy may easily be pursued between the problem considered for
equation (23.13) and the problem of free, small vibrations of mechanical
systems having a finite number of degrees of freedom. The latter problem
may be formulated as a problem of integrating a system of equations

2 m
Y Y g G=12, ., m) (23.22)
dr? k=1

subject to the conditions

[2i]:=0 = (@))o> [dqj] = (97)o
dr Ji=o

and it is also assumed that q;; = a;;.

In such a system, instead of a function w(P, t) depending on ¢ and on a
variable point of space, we have a quantity depending on ¢ and a discrete
number j. If we construct a grid of a finite number of points P, P,, ..., P,
in the domain §,, and consider instead of the function u(P, ¢) the finite num-
ber of quantities g; = u(P;, t), and replace the derivatives in equation (23.13)
by finite differences, then we shall obtain a system similar to (23.22).

We know from the theory of ordinary differential equations that the
solution of the system (23.22) has the form

m

q; = z Cj COS z,f + djr sin 2rt):

r=1

where the A, are the frequencies of vibration determined from the so-called
characteristic equation (or frequency equation or secular equation)

2
ayy — A ag, Aim
2
asy ay, — 4 asm
=0.
2
Amy s Amwm — A

The difference between our earlier problem and the problem of finding
solutions for the system (23.22) consists only in the fact that the system
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(23.22) has a finite number of characteristic frequencies of vibration (eigen-
values) while our problem of integrating the wave equation has infinitely
many. The analogy goes even deeper.

If we interpret the set of numbers ¢q,, ¢,, ..., ¢, as a point in m-dimen-
sional space, or, more precisely, as a vector ¢ joining the origin to a certain
point in this space, then the system of equations (23.22) may be written in
the form

d3q

T =4 (23.23)

where A is the matrix of a linear substitution on the vector ¢. It is known
from the theory of ordinary differential equations that the integration of
(23.23) reduces, in fact, to an orthogonal change of variables (a transformation
of coordinates in the space ¢q) such that the matrix 4 of the linear substitution
is reduced to diagonal form. If these new coordinates are denoted by
ri, ¥, ..., I'm, then after the change of variables

m

q; = Zl Bjsts (23.24)

or

n
¥y = Z ﬁsj djs
i=1

we shall have the system

d2 rj m _ ,
= a 5
dr? h=1 Ik
where
_ —i j=k
ajk =
0 Jj#k.

The consideration in the case of the wave equation of the eigenfunctions
Ula UZ, s Um
is exactly similar to the choice of new coordinates just described. Instead of

the values of some function u(P, r) taken over all possible points P we shall
regard this function as specified by its coefficients f;(¢) in a series expansion

fmo=§ﬂ0wm. (23.25)

The formula (23.25) and the formula

£ = j j J (P, 1) U(P) dP (23.26)
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are similar to (23.24) except that the suffix i in (23.25) and (23.26), which
corresponds to the suffix s in (23.24) goes not from 1 to m but from 1 to in-
finity, and the role of the suffix j varying from 1 to m in (23.24) is now
played by the point P varying over the domain §),.

This point of view gives a new insight into the Fourier method itself of
solving the problem of integration of the wave equation (23.13) with given
initial and boundary conditions. The analogy which we have noted does
not, of course, arise fortuitously; both problems are really particular cases
of a more general problem which may be formulated in terms of the abstract
theory of equations in functional spaces.

§ 3. The Inhomogeneous Equation

Without going more deeply into the question, we shall use the existing
analogy which has been pointed out in § 2 and shall extend it further. We
illustrate this analogy by the problem of integrating the wave equation with
a free member and subject to zero initial conditions. As we have seen, the
general case can be reduced to this one.

We consider the equation

2
vou - 24 _
or?

and try to find a solution satisfying the conditions

ou
U,y = | — =0,
-2
wy g
on |s

Seeking u in the form of a series

[ea]

u="3 a(t) U + co(t) (23.27)

i=1

and

(any twice-differentiable function u which satisfies the condition [6u/dn]s = 0
can be expanded in such a series), and expressing F in the form of a similar
seriest, we obtain:

co() + 4 <§ a1 Ui> - ;2 (i ayr) Ui> = i Fi(t) U; + Fo(0).

i=1 012 \i=1 i=1

T The function F will not, generally speaking, satisfy the boundary conditions. How-
cver, it can obviously be replaced by a function F” which docs satisfy these conditions and
also ”LQ (F'— F)*dx dy dz < e. Then, by the argument of the previous lecture, a sub-
stitution of this sort will introduce into the solution only an crror which may be made as
small as we plcasc.
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We carry out the differentiation under the summation signs. This is permis-
sible, if we suppose the series of derivatives converge uniformly. Then we
have:

i) — Fold) + Y. Ul~7F a) — ai(t) — F)) = 0.

We multiply both sides of this equation by U; and integrate, noting that
all terms except those having the suffix j then drop out; hence we have the
differential equation

ay(t) + 2 ait) + F() =0 (23.28)

for the determination of ay(¢). We also have

co(t) — Fo(t) = 0.

Using known formulae for the solution of ordinary differential equations
we get

mm=;{GMMw4mmmmh

co(t) = J' (t — ;) Fo(ty) dty.

4]

For such values of a,(¢) the formula (23.27) gives us the required solution,
provided only that the series (23.27) and the one obtained from it by differ-
entiating twice converge uniformly. To avoid having to investigate the con-
vergence, we can again replace the free member F by a function Fy which is
a finite sequence of the Fourier series. Then, passing to thelimit,and usingthe
Riesz-Fischer theorem, we obtain a solution which, if it is not a solution in
the usual sense of the word, is a generalized solution.

Our substitution (23.27) is the analogue of the change of variables in the
system (23.23) which brought the latter to canonical form. Just as for (23.23),
it quickly solves the problem.

It is also easy to indicate the way to solve the problem of integrating the
equation of heat conduction when it has a free member and when the con-
ditions on the boundary are inhomogeneous:

v — 2 %% _mpy,
a Ot
[u]S = f(S’ l)‘

[u]i=0 = ¢(P).

It is sufficient to remark that this problem can be reduced to that of integrat-
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ing the same equation under the conditions

We expand the free member as a series of the form
F(P, 1) = Y U(P) F(1). (23.29)
i=1

Such an expansion is possible, since for a fixed value of ¢ the function F(P, )
is developable in a series of the form (23.29). The coefficients of this series
depend, in general, on ¢:

F() = ﬁ” U(P) F(P, t) dP. (23.30)

The Fi(r) are continuous, differentiable functions if the partial derivative of
the function F(P, 1) with respect to ¢ is continuous, as is seen from the for-
mula (23.30).

Seeking a solution of the equation

N
viu, — L 2 _ 5 B UP) (23.31)
a Ot =1
in the form
N

uy = 3, a(t) U(P).

i=

we get

i U(P) {F.-(t) + L a/ () + Zia,(t)} =0,
i=1 a

whence, multiplying by U, and integrating, we see that the coefficient a,(r)
must satisfy the equation

L ai(t) + La(t) + F(H = 0. (23.32)
a
Taking as a,(¢) that solution of (23.32) which vanishes at r = 0, i.e.,

t
a; :f e O Fp) de,

0

we see that u y(¢) will satisfy equation (23.31) and also the required initial and
boundary conditions.

Passing then to the limit as N — oo and noting that the right-hand mem-
ber of (23.31) tends to the function F, we obtain, by the previous argument,
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the generalized solution, which for a sufficiently smooth F will be the solution
in the usual sense of the word (see § 2, Lecture 22).

In practical problems our greatest interest in solving the wave equation
is to determine all the frequencies 4, or, as we say, the spectrum of natural
frequencies of vibration. A knowledge of this spectrum enables undesirable
resonances to be avoided. Resonance generally arises when an external force
varies according to a sinusoidal law and its frequency coincides with a
natural frequency of vibration of the system.

Suppose, for example, that in formula (23.28)

Fi(H) = sin A,
then

t
ai(t) = LJ' Sil’l Zi(t nad t]) Sin Zitl dtl
Zi o]
1 t
= ——| [cos 4,(2t; — {) — cos ;2] d¢;
24, Jo

|
= L cos At + — sin 4z,
24, 27

We see from this that a,(f), and with it the amplitude of the vibration, in-
creases without limit as ¢ increases.

§ 4. Longitudinal Vibrations of a Bar

Many other cases of the use of the Fourier method could be given besides
those which we have examined. It would be natural to study in this way, for
example, the equation

92 ) 0
p(¥) — + g(x) == + r(x) u = o(x) — + F(x, 1),
0x? Jx ot
or
02u ou 0%u
+ g(x) — + rX) u = + F(x, 1),
p(x) 9 q(x) e Hx) u = o(x) Y (x, £)

subject to conditions on u at the instant ¢ = O and at the ends of the interval
0 < x £ 1; and a host of similar problems.

Without going into details, we shall examine one more simple application
of the general theory. We examine the equation

0%u 0%u

O0x? o0r?
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with the conditions

[]smo = 7o), [d—] ~ pu(v), (23.33)
Ot =0

Sul  _o 2«1 o, (23.34)
Ox x=0 Ox x=1

This problem arises, for example, in studying the longitudinal vibrations of
a bar, free at both ends.

In accordance with the method already explained, we seek a solution in
the form of a series

[e o}
U= (ajcos it + b;sin 2jt) U(x) + ¢, + cyl.
=1

where the U;(x) are solutions of the differential equation
d?U;
dx?

In this case we do not need to bring in an integral equation in order to find
solutions of (23.35) satisfying the boundary conditions

du; =0 and du; =0.
dx |e=o dy |-

The general solution of (23.35) will be

+ 22U; = 0. (23.35)

U; = c¢;cos A;x + d;sin 4;x if 17 > 0,

or
U; = c¢;cosh id;x + d;sinh il;y if 22 < 0.
Correspondingly,
dU; .
= A,(—c¢;sin A;x + d; cos Ax),
dx
or
dde = A(c; sinh il;x + d; cosh iZ;x).
X

The first of the boundary conditions then shows that we must take d;, = 0
in both cases, and the second condition leads to the conclusion thatimaginary
values of 4; (i.e., negative values of A7) are impossible. Hence

du,

dx

U; = ¢ cos 4;x, = —Ac;sin Ay,

Using the second boundary condition, we conclude that sin4; = 0, whence

Ay = jx and U; = ¢, sin jux.
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It is well known that

‘ yoif j=k,
J cos jax cos kax dx =
0 0 if j#k.

If we now choose ¢; = \/5, then we obtain the required system of orthogonal.
normalized functions Uj; in the form

U, = \/2_cosjrcx.

The coefficients a; and b; are obtained in the form

_ 1
a; = /2 f @o(x) cos jax dx,

0

-~ 1
b, = v 2 f @,(x) cos jmx dx,
g Jo

and we derive the final answer in the form of the series

— [+ ]
u= /2 Zl (a; cos jax + b; sin jax) + ¢ + ¢y,
J::

where

1 1
%=f%ﬁﬂm q=j¢@ﬂx

0 0

We see that the natural frequencies of vibration of such a bar will have the

form
nj, j=12,...,m,..

To conclude this exposition of the Fourier method we make one or two
further remarks of a general nature. An essential feature of the argument
has been that the numbers 4, are nowhere dense. Consequently, in the for-
mulae (23.25) and (23.26), which we considered as the analogue of linear
transformations of # numbers, one of the variables —with the suffix i —could
take only a denumerable set of values. A more detailed investigation would
show that this circumstance is intimately connected with the fact that the
domain § is bounded. Those properties of integralequations with symmetric
kernels upon which we have relied may be lost if the domain is unbounded.
In such a case it can happen, for example, that the required orthogonal,
normalized eigenfunctions do not exist. They would be replaced by a whole
set of functions U(P, &) depending on a continuously varying parameter &.
If the problem is not self-adjoint, then the eigenvalues 4 are not necessarily
real but may be complex.



LECTURE 24

INTEGRAL EQUATIONS WITH REAL,
SYMMETRIC KERNELS

§ 1. Elementary Properties. Completely Continuous Operators

We have already seen that the problem of finding the eigenvalues and
eigenfunctions for many of the problems of mathematical physicsis reducible,
with the aid of Green’s function, to the problem of finding the eigenvalues
and eigenfunctions for some integral equation of the second Fredholm type
with a real, symmetric kernel, /.e., with a kernel such that

K(P, Po) = K(P, P).

We shall examine a rather more general integral equation, viz.,

#Po) = f(PY) + 1 f K(Po. P) (P o(P) 4P (24.1)
& .
and the corresponding homogeneous equation
#(Po) = zj K(Po, P) ¢(P) o(P) dP, 24)
%%

where K(P,, P)is a symmetrical function of the coordinates of the points P,
and P, and g(P) is a non-negative, measurable function, called the weight. If
o = 1 we get integral equations with a symmetric kernel.

For integral equations of the type (24.1) and (24.2), and, in particular,
for equations with a symmetric kernel, a whole series of important pro-
positions hold good, and to the investigation of these we now turn.

We shall say that equation (24.1) has a weighted symmetric kernel or a
symmetric kernel with weight o(P). In order not to complicate the argument,
we shall consider only the case when o(P) is bounded. We shall further
suppose that o(P) vanishes only on a set of measure zero.

LemMA 1. Let ¢(P,) and y(P) be two arbitrary functions, real or complext,
such that their moduli are quadratically integrable with weight o(P) in the

+ By acomplex function of a rcal argument (or real arguments) we mean a function
which can be expressed as ¢ (P) = ¢, (P) - ip,(P) where ¢p,(P) and ¢,(P) are real func-
tions.

342
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bounded domain §), i.e.,
f |p(P)Pa(P) dP < oo, f |[w(Po)Pa(Po) dPy < o0.
8§ &

Further, let the real kernelt K(P, P,) satisfy the inequality

|K(P, Po)| < %,

where r is the distance between the points P and P,, and a < n. Then the
integral

J f IK(P, Po) ¢(P) p(Po)| o(P) o(Po) dP dP, (24.3)
QJ R

converges.
By Bunyakovski’s inequality,

J f |K(P, Po) ¢(P) w(Po)| o(P) a(P,) dP dP,
V8

< \/J ‘?’(P)P o(P)dP - \/f {f |K(P, Py) ‘P(Po)| o(Po) dpo}z o(P) dP
& & 194

If we establish the existence of the integral

j |K(P > Po) w(Po)I o(P,) dP, *)
&

for almost all P, and also the convergence of the integral
2
J H K2, 2o) 2| oP) APl oP P, (44
& &

then our lemma will follow.
We have:

J IK(P, Po) p(Po)| a(Po) 4Py < f
9 &

1 1
=AJ ey
:

r2r
< A o(Po) dp, X
o

;ia |'¥J(Po)| o(Po) APy

W(P0)| 0(Po) dPy

'

t The kernel K(P, P,) is not assumed to be sy mmetric.

1 .
. /J T'W(PO)P o(Py) dPy ;
(Qr

EMP 12
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but

1A

AZJ oPo) 4P _ (*%)
&

ra

where M is a certain constant.
Consequently the integral (¥) exists for all those points P for which the
integral

f ri |[9(Po)Pe(Po) dP, (24.5)
8

exists. Thus

J‘ l:[ |K(P’ Po) V’(PO)IQ(PO) dP0:|2 o(Pydp
S L &

<M j U ialw(Po)Ize(Po) dPo] o(P) dP.
abdal

We shall establish simultaneously both the existence almost everywhere of
the integral (24.5) and the convergence of the integral on the right-hand side
of the last inequality, by using the Lebesgue-Fubini theorem.

We shall show that the 2n-dimensional integral

j J é‘l’P(Po)lz(‘(Po) e(P) dPo dP (24.6)
QJ &

converges. Hence it will follow that the multiple integral

j [ f ri |w(Po)Pa(Po) dPo] o(P) dP
1) 9

is meaningful and convergent, as well as the integral (24.4).
In order to establish the convergence of the integral (24.6) we shall carry
out the integration in the other order:

J [Iw(Po)lza(Po) J iag(P) dP:l dP,. (24.7)
o) ol

By virtue of the inequality (**) the function under the integral sign is less than

B,V’(Po) |2@(P0)

where B is a constant; consequently the integral (24.7) is less than
5 f [v(Poe(Po) dPo.
&0

which converges by the conditions of the lemma. This implies that the
integral (24.6) also converges; hence the lemma.
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COROLLARY. The following equation holds:

f o(P) U K(P. Po) y(Po) o(P) dPo} o(P) dP
L &Q

- j w(Po) { j K(P, Po) 9(P) o(P) dP} o(Po) dP.
f &

The proof follows from the remark made after the Lebesgue-Fubini
theorem (see p. 125).
We now introduce the notation:

j K(P,, P) p(P) o(P)dP = Agp (24.8)
&

J K(Po, PYp(P) o(Po) dPo = A*y. (24.9)
fol
From what we have just proved it follows that the integrals
J lAtplzg(P) dP and f IA*y)lztp(P) dP  exist.
& O

We notice that if the function K(P,, P) is symmetrical, then the operator A
coincides with the operator A*.
Let also

@ v) = f #(P) 7(P) o(P) dP., (24.10)
&
where v denotes the complex function conjugate to y. Then clearly
@) = f #(P) p(P) o(P) dP.
o

We shall call the expression (g, y) the scalar product of the functions ¢ and .
We note some properties of thesc symbols:

1. Ala 1@, + a,p,) = a,Ap;, + a,Ap,.

2. (@191 + @92, ¥) = ay(@1, v) + axg2, ¥).
3. (g, arpy + axyy) = a,(g, ¥1) + ax(@, v,).
4. (9, v) = (. @)

5. For any quadratically integrable function ¢, (¢, ¢) = 0, where the
equality sign holds if and only if the function ¢ is equivalent to zero.
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In the equalities 1, 2, 3, a, and a, are constants. All these equalities can
be verified directly.
Our corollary may be written in the form

(9, 4¥p) = (49. 9. 24.11)

If the function K(P, P,) is real and symmetrical and if ¢ and yp are real, we
have (¢, Ay) = (4, p).
We now pass on to the investigation of the integral equations, and we
shall deal first with the homogeneous equation.
Let us agree to consider in future only those eigenfunctions such that
their moduli are quadratically integrable with weight o.
THEOREM 1. If A, and A, are two different characteristic numbers of the
equations
¢ = L Ap
and
v =4, A*‘p7

then the eigenfunctions ¢ and y of these equations satisfy the relation

(@, p) = 0. (24.12)
For,

\ 1 1 _
(%A*w) = (% N w) =5 (9. v),
-2 -2

— 1 — 1 —
(Ao, v) = <— s w> = — (@ v):
2 2
hence, from (24.11)
12(({0, w) = 21(¢3 a)a

and this is possible only if (@, ) = 0. as was to be shown.

We shall call functions ¢ and y which satisfy (24.12) orthogonal with
weight o, or simply orthogonal, if this will not lead to ambiguity.

COROLLARY. The fundamental functions of an integral equation with a
weighted symmetric kernel which correspond to different characteristic num-
bers are orthogonal.
Proof. For a weighted symmetric kernel, all the fundamental functions of
the equation p = A4*y simply become thc fundamental functions of the
equation ¢ = A4¢, since A = A*.

THEOREM 2. A real, weighted, symmetric kernel cannot have complex
characteristic numbers.
Proof. Let 2, be a characteristic number and ¢, a fundamental function of
our equation, i.e.,

QYo = ZOAQPO-
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Taking the complex quantities conjugate to both sides of this equation. and
taking into account that for a symmetric kernel K(P, P,)

we get

Eo = loAgo-

Hence it follows that 2, is also a characteristic number, and @0 a fundamental
solution of our equation.

If 2g # io, then, by the corollary to Theorem 1, we see that ¢, and @,
must be orthogonal with weight o, 7.e.,

(®o> ®o) =‘f Po(P) @o(P) o(P) dP :j lgo(P)J? o(P) dP = 0;
& &Y

this implies that ¢, = 0, which contradicts the hypothesis that ¢, is a non-
trivial solution of the equation ¢ = A4p.

THEOREM 3. All fundamental functions of a real symmetric kernel are them-
selves real (or, more precisely, can be chosen to be real).

Let @o(P) = a(P) + if(P) be a fundamental function. Substituting it in
the equation, we get

Qo = o + if = 24 oo = AAa + i1AB;
and separating real and imaginary parts,
o = Ada, f = 14P.

Consequently, « and g are themselves fundamental functions, and in place
of ¢, we may consider either of these functions, or a linear combination of
them.

LEMMA 2. All fundamental functions of a weighted kernel may be con-
sidered orthogonal with weight o.

We remark that for an equation with symmetric kernel of the type
described, all the Fredholm theory obviously holds, since the integrals

f |K(P, Po)| o(Po) AP, J |K(P, Po)| o(Po) dP
9] &2

are bounded. In particular, to each eigenvalue 4 corresponds only a finite
number of linearly independent functions.

Turning now to the proof of the lemma, any non-orthogonal functions
could only be those which correspond to one and the same characteristic
number 4. Suppose these functions are, for example, ¢, ¢4, ..., ®,. In place
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of them we consider the linear combinations of them:

Y1 = @1,
Yo = @, — (I/Jlafz) Y.

(1/)1, 1/’1)
Wy = Q3 — _(w_ 1> (P3) (1/’2, (pB) v,

(w" 1/)1) (’Pz: 1/12)

4 ( > —) —1, o

pem g PL) w_zg% s W@
(u“, wl) (wz’ 1/)2) (Wk—l p) I/Jk—l)

It is easily proved by induction that each function y; is orthogonal to all the
preceding functions, since

- - b ( i b _S -
Vs> wt) = (‘ps, 1/’:) (wl (1/)1 ’ Wt) - - _u_(p—) (Ws—la 1/)t)
(1.01, 1/)1) (y’s—19 %—1)
By the hypothesis of the induction all the terms on the right-hand side are
(wn s)

zero except (¢, ¥,) and —
cancel each other out. Ve ¥

The v, are obviously solutions of the homogeneous equation, as was to be
proved.

DEFINITION. We shall say that the sequence {@,} of functions whose moduli
are quadratically integrable converges in the mean with weight ¢ to the func-
tion ¢ with a quadratically integrable modulus if the relation

(w:, P,) because t < s, and these two

lim
holds. nred

We note that if the sequence {,} of functions whose squares are integrable
converges uniformly to ¢, then this sequence converges in the mean to ¢.
But the converse proposition does not hold. If we reject the requirement for
uniform convergence, then examples can be constructed of sequences which
converge everywhere but which do not converge in the mean.

We encountered the concept of convergence in the mean earlier in Lec-
ture 22, § 7, where we proved that a sequence cannot converge in the mean
to two different functions. Here we should remind ourselves again that, if we
are supposing integrability in the Lebesgue sense, then in the proposition
mentioned we should regard functions as different only if their values differ
on a set of positive measure.

DEFINITION. We shall say that a set of functions is compact if, from any
infinite subset of these functions, a convergent sequence can be selected.

With different conditions imposed on the convergence, which may, for
example, be convergence in the mean, or uniform convergence, efc., we get
different conditions for compactness.

n—(plzgdP:O
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Compact sets of functions are, by definition, strongly reminiscent of
bounded sets of points. It is clear that any infinite sub-set of a bounded
set of points is itself a bounded, infinite set and therefore has at least one
limit point and consequently also contains a sequence converging to this
point.

In mathematical analysis, the concept is introduced of the equicontinuity
of a set of functions. We recall the definition.

DEFINITION. A4 set of functions {@} is said to be equicontinuous if, given
any positive &, a number 1(¢) can be found such that

|<P(P) - <P(P1)| <eé,

provided only that the distance between the points P and P, is less than 7(¢),
the number 7(€) being the same for all functions belonging to the set {¢}.

One of the most important applications of the idea of equicontinuity is
the so-called Arzela’s theoremf, viz.

From any set {@} of functions which are uniformly bounded and equi-
continuous, a uniformly convergent sequence of functions can be chosen.

(A set of functions is uniformly bounded if every function satisfies the
inequality |¢ | < A, where A is independent of ¢.)

Using the concept of compactness, we can formulate this result thus: A
set consisting of uniformly bounded, equicontinuous functions will be com-
pact if uniform convergence, or, a fortiori, if convergence in the mean is con-
sidered.

For, by Arzela’s theorem, such an infinite set has at least one limit func-
tion, 7.e., it contains a uniformly convergent sequence. It is clear that in such
case there will also be convergence in the mean if the domain in which the
functions are specified is bounded, as we shall suppose. A set of functions
which is compact for uniform convergence will evidently be compact for
convergence in the mean.

We shall say that a set of functions {¢} is bounded in the mean with
weight o(P) if it satisfies the condition.

folele dP < 4.

DEerFINITION. We shall say that the operator A is completely continuous if,
when it is applied to all functions of some set {¢} which is bounded in the
mean, it transforms it into a compact set in the sense of convergence in the
mean. If the set {Ap} is compact in the sense of uniform convergence, we shall
say that A is a strong, completely continuous operator.

THEOREM 4. The integral operator A defined by

Agp = f K(Po, P) ¢(P) o(F) dP,
8§

1 See V.V.Stepanov, Course of Differential Equations, 4th edition, Chapter II, § 2
page 64, or I.G.Petrovskii, Lectures on the Theory of Ordinary Differential Equations, § 11,
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where the function K(P,, P) is continuous, and p(P) is an integrable function,
is a strong, completely continuous operator.
Let {p} be a set of functions bounded in the mean: |, |p|?%0 dP < A.
Using Bunyakovski’s inequality we can easily see that the family of func-
tions {Ag} is uniformly bounded. Writing @ = A¢, we have

|

2§jIwﬁdPl[LHPmPWdﬂdPéfMF&
& &

if

|M&JH§M,B=[QQNR

We shall prove that the family {w} is equicontinuous. We take the
difference

o(Py) — w(Py) =f [K(P, P,) — K(P, P»)] ¢(P) o(P) dP:
we have :

IME)—w@ﬁFéflﬂﬂ%ﬂﬂﬂ”JLHRPJ—KH%&VMHdR
9; 9]

We choose the point P, to be sufficiently close to P, so that
|K(P, P,) — K(P, P,)| < e.
This is possible because the kernel K(P, P,) is continuous in the closed

domain of variation of the variables P, P, and, by a known theorem, will be
uniformly continuous therein. Then

|o(P)) — o(Py)

<4 J e2o(P)dP = ¢2AB

&

where

>

B=| oP)dP.

Y
oo

We see, then, that the difference |w(P,) — w(P,)| can be made less than
any previously assigned number for P, sufficiently close to P,, simultaneous-
ly for all @ = A, since we did not use any individual property of ¢ in
obtaining the last inequality. Consequently the family { A¢} isequicontinuous.
Hence follows the compactness of this family in the sense of uniform con-
vergence and, a fortiori, in the sense of convergence in the mean.

Suppose now that the kernel K(P,, P) is real and continuous everywhere
in the domain § x §} in both variables with the exception of theset {P = Po}
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and that it satisfies everywhere in §, x §} the inequality

|K(Ps, P)| < "A , a>0 (24.13)

2—0

¥

We shall say that such a kernel is almost regular.
TBEOREM 5. The integral operator A defined by

Ag = J K(Po, P) 9(P) o(P) dP,
e}

where the kernel K(P,, P) is almost regular, and the function o(P) is bounded ,
is a strong, completely continuous operator.
The proof of this theorem is very similar to that of the preceding one.
Let {¢} be a family of functions uniformly bounded in the mean. We
shall show that the family {4¢} is uniformly bounded and equicontinuous.
As before, the uniform boundedness follows from Bunyakovski’s in-

equality. For, if
: f |p(P)
8

[ f K(Po, P) 9(P) ¢(P) dP]Z
9]

s[ [ I, e dP] [ | leerpecr dP].
8 &

By the condition (24.13) we have

o(PYd(P) = M,

then

2
f [K(Po. P)} o(P) 4P < f L _aparsc
gz (Q rn—Za
where C'is a certain constant. Using this result, we get
2
[J K(Py, P) ¢(P) o(P) dP] < MC.
19,

Hence the family {A4p} is bounded.
We now write @ = Ap and set up the difference

(P — w(Py) = f [K(P,, P) — K(P5, PY] 9(P) o(P) dP.
£

EMP 12a
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We have
[w(P,) — w(P,)] *

< f |#(P)Pe(P) dP - J |K(P1, P) = K(P,, P)J?o(P) dP
& &

fIA

M J |K(Py, P) — K(P,, P)Po(P) dP = MI,
&
where

I =f |K(Py, P) — K(P,, P)[a(P) dP. (24.14)
&

We shall estimate the magnitude of this last integral.

The function |K(Py, P) — K(P,, P)|? is a function of the 3n coordinates
of the points P, P,, P, which is continuous everywhere in the domain
$L X S x § except on the set of points {P = P, and P = P,}. Let r, be
the distance from the point P to the point P,, and r, be the distance from
the point P to the point P,. In the space of the 3x variables we exclude from
the domain , x §i x § the open sets of points which satisfy the conditions
r; < nand r, < n, where 7 is any previously specified positive number. In
the remaining closed set, the function |K(P,, P) — K(P,, P)|?> will be uni-
formly continuous, by Weierstrass’s theorem. For P, = P, it will vanish.
Consequently, given any ¢ > 0, we can find a posilive number d(e, 7)) such that

|K(Py, P) — K(P,, P)]? < e,

provided that the distance r* between P, and P, is less than §.

Suppose then that ¢ is a given positive number. In the domain of vari-
ation of P we surround both the singular points P, and P, by small spheres
of radius 7, and we divide the integral (24.14) into two parts

] = 11 + 12
where

I, - j [K(P,, P) = K(Ps, P)fo(P) dP
ra<n
and

I, = J 20 |K(P,. P) — K(P;. P)o(P) dP.

rzn

It is not difficult to see that 7(¢) can always be chosen so small that

I

lIA

&
> .
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For,
[K(Py, P) — K(P2, P)]* £ [K(Py, P) — K(P,, P)J?
+ [K(P,, P) + K(P,, P)]> = 2[K(P,, P)]* + 2[K(P,, P)]?
and consequently
I, £ anq [K(P,, P)]* o(P)dP + ZJHQ [K(P,, P)])* o(P) dP.
ra<n r2<n

Hence, using the inequality (24.13) for K(P,, P), K(P,, P), we get I, < ¢/2.
Having chosen the value of #(¢), we can further find d(¢) so that every-
where in the domain under the integral sign I, we have

£

K(P,, P) — K(P,, P)]* <
[K( ) ( )] 2 sup o(P) mB

where m§), is the volume of the domain §,, provided only that r* < d. We
shall then have

1, <=5 °oP) 4p < .
2m8} J o sup o 2
Hence
I < e,

We see that the value of d(¢) depends only on the distance between the
points P, and P, and does not depend on the function ¢. Consequently, the
set of functions {A¢} is equicontinuous. And we proved earlier that it was
uniformly bounded. Hence, by Arzela’s theorem, the set of functions {A¢p}
is compact in the sense of uniform convergence. Thus, the operator 4 is a
strong, completely continuous operator, as was to be shown.

As we shall explain later, this property of an operator of being com-
pletely continuous is of the greatest importance, for from it follow the
main theorems for equations with weighted symmetric kernels.

It can be shown that the whole qualitative aspect of the Fredholm theory
for asymmetrical kernels, i.e., the Fredholm alternative, the conditions for
the solubility of equations, efc., is carried over completely for the equation

g =ddg +f

with a completely continuous operator 4. We shall not, however, go into
this question.

In future, if we wish to establish the complete continuity of an operator
A, we shall show that it is a strong, completely continuous operator.
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§ 2. Proof of the Existence of an Eigenvalue

THEOREM 6. If A is a completely continuous operator, the integral equa-
tion

¢ = i (24.15)

with a real, symmetric kernel has at least one eigenvalue.

Proof. We notice first of all that, for our purpose, it suffices to show that the
equation

¢ = pud’e

has at least one characteristic number and fundamental function. For, let
us write the last equation in the form

¢ — pd*p =0

and let 4, be its eigenvalue and ¢, the corresponding eigenfunction. Then,
putting u2 = A,, we have, in the notation of Lecture 18,

(E — Aod) [(E + 4o4) o] = 0.
The left-hand member of the last equation can vanish only if the function
Yo = (E + 4o4) 9o
is a solution of the equation
(E—-240)p =0 for 4= A,.
Consequently, either y, = 0, or the equation
(E— Ad)yo =0
has a nontrivial solution. In the first case we have
(E +44) po = 0,

and this implies that @, is an eigenfunction of equation (24.15) corres-
ponding to the eigenvalue A = 4, of (24.15). In the second case we also arrive
at the existence of an eigenvalue 1 = A, for equation (24.15).

Consider the expression

(A, Ap) _ (g, A9)
(@, ) (9, 9)

for all possible functions ¢ which are real, quadratically integrable, and not
equivalent to zero. This ratio cannot be zero for all ¢, for otherwise Agp
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would be identically zero. It is obviously not negative. Moreover, it cannot
take unboundedly large values. For, this ratio does not change when the
function is multiplied by any constant. Hence it is sufficient to establish
the boundedness of this ratio for functions which are uniformly bounded
in the mean, and this follows in an obvious way from what has been proved
above. Consequently, the expression (Ap, Ap)/(p, @) has a least upper bound,
which we denote by x,.

It is then clear that

2 2 2 2
(¢, @) (4o, 4p) (9, )
Let ¢, be a sequence of functions such that
(@n> @n) = 1 (24.17)
lim(Ap,, Ap,) = »;. (24.18)

n—

Such a sequence can always be constructed. By the property of the upper
bound there is a sequence ¢, such that

* *
lim (A%*,Atfn) _
n= o (% > @n )

Hy.

Hence putting

®n

v (@F, o)
we obtain the required sequence.
Consider the sequence

Yo = %10y — Az(pn*

Pn

We show that
lim (y,, v, = 0. (24.19)

n-ao

For,
(wrn lpn) = ”i(‘l’na (pn) - 2x1(‘pn’ Az(pn) + (Az(pln Az(pn)'

By (24.16) we have

(wrn wn) é 2”% - 2”1(99119 Az‘pn) = 2%1(%1 - (A(pna ‘pn))‘

Hence, using (24.18), we obtain (24.19).

Thus the sequence of functions x,¢, — 4%p, tends to zero in the mean.
Since the operator 42 is completely continuous, we can choose from the se-
quence 4%, a sequence A%p, which converges in the mean to a certain con-
tinuous function.
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But
lim A2, = w, lim @, (24.20)

where the limit on the right is to be understood as in the mean. This implies
that the sequence ¢,, also has as its limit in the mean a certain function,
which we denote by ¢,. Passing to the limit in the relation (24.20), we get

1P — Az(po = 0.
Or, putting », = 1/u,, we have
po = p14’po = 0.

Consequently equation (24.15) has the eigenvalue x,, as was to be shown.

Comparing Theorems 4, 5 and 6, we see that the existence has been
proved of at least one eigenfunction and one eigenvalue for integral equa-
tions with weighted, real, symmetric kernels in two cases —for continuous
kernels, and for almost regular kernels.

It is important to note that the eigenfunction, whose existence we have
proved, is always continuous. This follows from the strong, complete con-
tinuity of the operator A.



LECTURE 25

THE BILINEAR FORMULA
AND THE HILBERT-SCHMIDT THEOREM

§ 1. The Bilinear Formula

In the last lecture we proved that an integral equation with a weighted
symmetric kernel
¢ = 1Ag (25.1)

always has a fundamental function ¢, and a characteristic number 4,. By
multiplying this function by a constant, we can arrange to make

f [p:(P)F o(P) 4P = 1.
8
We now introduce a new integral operator B, defined by the conditions

W(Po) = Bip = —- u(P) f #:(P) ¢(P) o(P) dP.
9}

1

Obviously
L(P, PO) — (Pl(PO;) (pl(P)
1
is the kernel of the operation B,.
The equation
p = ABp (25.2)

obviously has an eigenvalue 4, and a fundamental solution ¢,. For, the
function B,¢, differs from ¢, only by a (constant) factor. Consequently, for
any A, the solution of equation (25.2) can be only the function ¢,. Substituting
@ = @, in (25.2), we get

@ (P) = _li_ @.(P),

1
whence 4 = 4,.

LemMMA. All fundamental functions of the integral equation
g=MU4~B)g (25.3)

357
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with the kernel
‘Pl(P ) @1(Po)

K — L = K(P, Po) — ;
‘1

(25.4)

are fundamental functions of equation (25.1) for the same values of 1. Con-
versely, all fundamental functions of equation (25.1) which are orthogonal to
@, Serve as fundamental functions of equation (25.3) for the same values
of A.

Proof. Let @, (k # 1) be some solution of equation (25.1), corresponding
to the eigenvalue 4,. Then B,p, = 0, since all fundamental functions of
equation (25.1) are orthogonal. This implies

1

(A — B) ¢ = Apy, = — @
Ay

ie.,

@x = 2(Ad — By) ¢y
Further,

MA — By) o, = 0.

Consequently, all solutions of equation (25.1) except ¢, satisfy equation
(25.3), and, moreover, with the same eigenvalues.

We now prove that any eigenfunction of equation (25.3) satisfies the
equation (25.1). We first show that all solutions of (25.3) for any 4 are
orthogonal to ¢,. For, from (25.3) we have

(9, 91) = A4 — By) ¢, 9] = X, (4 — B)) ¢1) = 0.

Now let @f be any solution whatever of (25.3) corresponding to 4 = A*,
Since @ is orthogonal to ¢,, we have B¢y = 0. Thus (4 — B,) ¢if = Agpy,
and consequently i = 2%(4 — B,) ¢i = A*Agy, as was to be shown.

For brevity we now write

A_B1:A1.

The operator 4, is again a symmetrical integral operator. Two possibilities
now present themselves: either its kernel is identically zero, or it has at least
one more fundamental function @,(P) corresponding to an eigenvalue
A, (A, may sometimes be equal to 4,). But in the latter case we can set up an
operation B, with the kernel

@2(P) ¢2(Po)
Aa

and, repeating the foregoing argument, arrive at an operator

A, = A — B, — B,,
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for which the integral equation ¢ = A4, will have the same fundamental
functions as (25.1) has, except ¢, and ¢,, and only those fundamental func-
tions. We continue this process.
Then if the kernel of the operator A has only m eigenfunctions, the
operator
A,=A—-B, — B, — --- — B, (25.5)

will have no eigenfunction, i.e., it will be identically zero. Hence we have:
THEOREM 1. 4 symmetric weighted kernel which has a finite number of
fundamental functions can be expressed in the form

@i P) pi(Po)

25.6
2, (25.6)

K(P, Py) =
=1
and consequently is degenerate.
If the kernel K(P, P,) has an infinite set of eigenfunctions, then, by
arranging all the 4,, in order of increasing absolute value, we can obtain
operators

Apn=A—-B, —By,—+-—=B,, m=1,2,3, ...,

whose eigenvalues are arbitrarily large in absolute value for sufficiently large
values of m; for, by Fredholm’s 4th theorem, the sequence {4,,} must, if it is
infinite, be unbounded. Let

1
E .

Ay =

Then for all ¢ such that (¢, ) = 1,
max (Anp, Anp) = #p-

For, if (4.9, A .@) could take values greater than x ,, the equationp = A4 ,¢
would have an eigenvalue 4,,,, with |4, ;| < [4,], and this is impossible.

We thus see that
lim (4,9, A.¢) = 0, (25.7)

m-— o

and that this holds uniformly for all ¢ which are uniformly bounded in the
mean.
In a certain sense the equation (25.7) means that A, tends to zero;

m
consequently the kernel of the operator 4 — )’ B; tends to zero. Hence the
M i=1
series

Z @ P) pi(Po)
igl V¥

in a certain sense represents the kernel K(P, P,).
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If it happens that the series
Z @i(P) p:(Po
A

converges uniformly, then the kernel of the operator 4 — ) B; will have

no eigenvalues, i.e., it will vanish. Hence we have: i=1
"THEOREM 2. (The Bilinear Formula) If the series

@i(P) ¢:i(Po) (25.8)

l'gl ;"i

converges uniformly in both variables, then its sum is equal to the kernel

K(P, Py):
i(P) @i(Po) )

KP,P) =Y 2 ;
i=1 i

In general, however, the series (25.8) may not converge uniformly:

in which case there is a further question of interest to us.
We shall say that a function f(P,) which has the form

770 = | K(P, P ) e(P) 0P,
9
where h is a quadratically integrable function, is a sourcewise-representable

function by h with the aid of the kernel K.
If we substituted in place of K(P, P,) its proposed representation by (25.8)

we should obtain for f the formula

fro) = 3. q).-(Po)f P IR AR _ 5 2. (259)
i= o “i =1 4

where
= f H(P) ¢(P) o(P) dP.
&

We now prove a thcorem.
THEOREM 3. If f(Py) Is a function whicli is sourcewise representable by h, and

if the integral
| e oy ar
&

converges, then the series
(25.10)

i:l

® hi
Z 1_‘ @(Po)
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converges in the mean and its sum is equal to f(Py). In other words,

N-om i=1 ‘pi

lim f [f(Po) - % ji %(Po)]z o(Po) dPy = 0. (25.11)
g} 13

This theorem is an obvious consequence of formula (25.7). For,

f(Po) - Z %‘Pi(})o) =f (K“ Z Bi>h(P)Q(P) dP = Ayh,
o i=1

i=1 i

whence, applying formula (25.7), we at once obtain our theorem.

The theorems already proved will enable us to make clear later the
significance of the argument by which we prove the existence of eigenvalues.
But first we prove a lemma.

LEMMA 2. (Bessel’s Inequality )
Let ¢;, 02, ..., Qn, ... be a finite or infinite sequence of real, orthogonal
functions which have been normalized with weight o:

1, i=j
L?sv( ) @;(P) o(P) {0, P

and let f be a certain function whose square is integrable with weight o:

J fPodP = A.
1Q

We shall call the numbers

Ji =J Soio dP
&

the Fourier coefficients for the function f.

0
Then the series ) f? converges and its sum does not exceed A:
i=1

i fE<A. (25.12)

If for a certain function f'the inequality (25.12) becomes an equality then
the system of functions is said to be closed relative to f. A system of func-
tions which is closed relative to all functions whose squares are integrable
1s called simply a closed system.

Equation (25.12) is known as Bessel’s Inequality .
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To prove the lemma, we first show that
N
> R4,
i=1

from which, when N — o0, we at once obtain the proof of the lemma. We

have
"

o
A

N 2
(f— iZl <Pifi> odpP

J §

l

"~ N N
fPodP —2 Zf,»f foo dP + fof gio dP
o) i=1 O i=1 o

"

= fzgdp—_;f,?:A— Y

v o i=1

Hence the lemma.

The fact that the system {g,} is closed relative to f has the following
significance. If

N N
lim Y f? = 4, then lim [A — iZ f,z] =0
=1

Now i=1 N-ow

and this implies
N 2
limf <f— ) (p,f,-> odP = 0,
N->w Q i=1

i.e., the function f(P) is represented by the series ) fi¢":(P) which converges
in the mean. =1

Thus, Theorem 3 shows that the system of fundamental functions is
closed relative to any sourcewise representable function.

LemMa 3. Let u,(P), uy(P), ..., ux(P) be any system of orthogonal,
normalized functions, and f(P) be an arbitrary, quadratically integrable
Sfunction. We consider the minimum value of the integral

i=

1~=J[ﬂm—-faqu%P
fo) 1

for all possible values of a;.

This minimum is attained when a, = f,, where f; = [ f(P) u;(P)dP, and
is equal to

jLWWM—Zﬁ
bol i=1
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For, let

f(P) = tz fiui(P) + Ry(P): (25.13)
=1
multiplying both sides of (25.13) by u,(P) and integrating, we get

j Ry(P)u(P)dP =0, (i=12,..,N).
Then 3
Iy = f [z (fs — a) uP) + RN<P)]2 ap
oli=1

= f RYP) AP + Y. (i — a)?.
Q =1

It is clear that this expression will have a minimum for a; = f;. Then

f Ri(P) dP = j [f(P) . f.-uiuo)]z ap = f 7P aP = Y 2.
Q 0 =1 0 i=1

as was to be proved.
We make two more small observations.
THEOREM 4. For any quadratically integrable function vy,

[ o) 2
(w, A4y) = Y ¥ (25.14)
i=1 4,

where v, are the Fourier coefficients of the function v, i.e.,

¥ =J w(P) @(P) o(P) dP.
9]
We note that

Anp = Ay — y _———w‘(p;(P) ,
i=1 .

and consequently

m 2

(, Aup) = @, Ay) — (M %L;(P)_> Ay = ¥ i

l=1 i l—-—l li

é \/J T/JZQ dP J (Amw)z v dP
9] &
= Jl’fmq y2 dP.
£

But

|, Ap)| = U vAnye dP
&
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Since %, = 0as m — 0, so also the quantity (y, 4 ) tends to zero. We have

m

wZ
lim (W>‘4W)'_ E: jf_ =:O:

m-— o i=1 i
as was to be proved.

CoROLLARY. If all the eigenvalues A, are positive, then (y, Ap) = 0 for
any v, and conversely, if (p, Ap) nowhere takes negative values, then all the
A; are positive.

Kernels which have only positive eigenvalues are said to be positive
definite.

THEOREM 5. The least eigenvalue of a positive definite kernel is determined
by the equation

1 = sup (v, Ay). (25.15)
20 wWy=1
For,

1
(y, Ay) = N for v = g,.
*0
On the other hand,

[=¢]

@© 2 2
Py Yo
2 zi=zl Ao

i=1 i=

where A, is the least positive of the 4,
and since (y, ¢) = 1, we have from (25,12),

as was to be shown.

We recall that it was, in fact, by determining the upper bound of the
expression (y, Ay) subject to the condition (y, ) = 1 that we established the
existence of an eigenvalue for the kernel K, of the operator 42.

§ 2. The Hilbert-Schmidt Theorem

To conclude our investigation, we prove further that, under certain
conditions, the convergence of the scries (25.8) will be uniform.

THEOREM 6. (Hilbert—Schmidt)
If a real symmetric kernel K(P,, P) is quadratically integrable with respect
to each variable, and if each of these integrals of its square is uniformly
bounded with respect to the other variable, i.e., if

f |K(Po)Pe(P) dP = A(Po) < 4, (25.16)
&2

then the series (25.10) converges uuiformly to the function f(Pg).
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For, by Bessel’s inequality, the series

i 9922(})0)
i=1 /1;2
converges and the incquality
<o) 2
Y ¢i (Po) < A (25.17)
i=1 27 o

holds. This follows from the fact that ¢,(P,)/A, serve as the Fourier coef-
ficients for the function f = K(P,, P):

@i(Po) _
1.

1

J K(Py, P) ¢,(P) o(P) dP. (25.18)
kY
Moreover, the series with constant terms
> kbt (25.19)
i=1
also converges, again by virtue of Bessel’s inequality. From the convergence
of the series (25.19) it follows that
m+p
Y. hi < e, where e,>0 as m-o .
By Bunyakovski’s inequality,
m-+p 2 m+p ) m+p %2
(£ = (50) () =
i=m =m t=n i

consequently, the sum

h;
1

]

m+p

Z hipi(Po) (25.20)

l=m Zi
is as small as we please, and this implies that the series (25.10) converges
uniformly.

Writing
S hp(P
}/(Po) =l_zl lq)l]( 0) ,

and passing to the limit in formula (25.11), we get

J (f = 1)? 0 dPy = 0.
&
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Consequently,

v JupdPo) (25.21)

fPo) = (o) = 3 2

Hence the Hilbert~Schmidt theorem.

CoOROLLARY. (Bilinear Series for an Iterated Kernel)
If the kernel K(P,, P) satisfies the condition of the theorem, then for an
iterated kernel the bilinear series converges and moreover does so uniformly
relative to P for a fixed P,.

We can take ¢,(Po)/A? as the Fourier coefficients for the iterated kernel.
For,

f Kx(Po, P) ¢i(P) o(P) dP
&K
- J K(Po, Py) [ f K(Py, P) ¢u(P) o(P) dp] o(P) dP,
& o

1 |
=—;— K(Py, P,) ‘Pi(Pl) o(P,) dP, = ‘;—ZQ’i(Po)-
.y v,
Hence

< @i(Po) ¢:i(P) ' (25.22)

Ky(Po, P) = 3.

‘i

The convergence of the series for kernels K,,, where m = 2, will be even more
rapid; for these kernels we shall obviously have

m(Po, P) Z (p'(PO) (pl(P)

It can be shown, though we shall not bother to do so here, that the converg-
ence of the bilinear series (25.22) is uniform relative to both variables.

The Hilbert-Schmidt theorem is obviously valid for continuous kernels
with any bounded measurable weight. It is not difficult to see that it also
holds for almost regular kernels, since for such kernels

4 (PP < M,

J {K(Po, P)}? o(P) dP gj
&

<

as 1s required for the hypothesis of the Hilbert-Schmidt theorem.

The Hilbert-Schmidt theorem can be extended immediately for all
kernels of the type of Green’s function with two or three independent vari-
ables. For, such kernels, which have a singularity log, (1/r) or (1/r), areclearly
almost regular.
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Consider the integral

dN:J J [K(P,Pl)_iL(P)ZLi(erQ(P)Q(Pl)depl-
QJ& =t i

Simple transformations give

dy = J f [K(P, P o(P) o(P,) dP dP,
IORVNY:

2y f J K(P,Poﬁ(”—)ji(ﬂg(m o(Py) dP dP,

i

+[J Z(pi(P)(fl(Pl) o(P) o(P,) dP dP,
Joldai= A

f U [K(P, P))? o(P,) dP, — 2. Z ""(P) +._§ fﬂ(zi)] o(P)dP

=J'[munp)—z ﬁgv]dmdﬂ
. £

‘i

Obviously, dy > 0. By what we have proved above, the series Z pi(P)[A;
converges to the function K,(P, P).
By Lemma 7 of Lecture 6 we can assert that the non-decreasing sequence
N

of functions ) @f(P)/A7, which has a bounded integral, converges almost
i=1

everywhere to a limit function, and we can pass to the limit under the in-
tegral sign. This limit function can be none other than K,(P, P); whence it
follows that lim dy = 0. The result just obtained gives the important.

THEOREM 7. The bilinear series for a continuous kernel converges in the
mean to this kernel with respect to both variables.

There is also a theorem (which we shall not prove) due to Mercer: The
bilinear series for any continuous, positive definite kernel, i.e., a kernel whicl
has only positive eigenvalues, converges uniformly.

The uniform convergence with respect to both variables of the series
(25.22) follows from Mercer’s theorem.

§ 3. Proof of the Fourier Method for the Solution
of the Boundary-value Problems of Mathematical Physics

We can now return to the assertions which we left unproved in Lecture 23
in our exposition of the Fourier method. We shall prove the five basic prop-
erties of the system of eigenfunctions which were enunciated in Lecture 23

(p. 329).
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We saw that eigenfunctions for boundary-value problems of equation
(23.7) were solutions of the integral equation (23.9) with a real, symmetric
kernel and with an almost regular kernel. Hence it follows that the eigen-
values A; will be real. We shall prove shortly that there are infinitely many
eigenvalues and that none of them is negative.

By what we have already proved, the eigenfunctions can be regarded as
orthogonal and normalized, i.e., Property 2 (p. 329) holds.

Certain properties of the eigenfunctions are best examined separately
for the different boundary-value problems. We shall consider first the
boundary-value problem of the first kind.

We have proved that the functions U; which are the solutions of the
equation

V2U, + AU, =0 (25.23)
satisfying the conditions
[Uls =0 (25.24)

are solutions of the integral equation
Ui(PO) = 2., J‘J‘J\ GUi dP. (25.25)
&

We shall now prove the converse proposition:
Any solution of the integral equation (25.25) has continuous derivatives up
to the second order inclusive, is continuous right up to the boundary, and
satisfies the differential equation (25.23) and the boundary condition (23.24).

As a preliminary, we show that the U, have continuous first-order deriv-
atives. Because of the strong, complete continuity of the integral operator
with almost regular kernel (25.25), the function U, is bounded (it is uni-
formly continuous in a bounded domain). Green’s function G may be written
in the form

1
G(P:P0)=—_+g(P:PO):
4nr

where g is regular in the domain §), relative to either argument of the function
when the other argument has a fixed value lying within the domain §2,. Hence

U(P,) = —— f J f L vpyap + ” f gU(P) dP.
4n . fo) r o

Both terms on the right-hand side of this equation have continuous first-order
derivatives at any internal point P, of the domain §,, since differentiation
with respect to the parameter under the integral sign gives integrals which
are uniformly convergent at the point P,. Hence the continuous differenti-
ability of U, is proved.
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We now pass on to the proof of the proposition already enunciated.
Consider Poisson’s equation
Viu = =AU, (25.26)

where a solution of the integral equation (25.25) stands on the right-hand
side. We shall seek a solution of this equation satisfying the condition

[uls = 0. (25.27)

Such a solution can be constructed in two stages. Consider first of all a
Newtonian potential with the continuously differentiable density 4, U,/47:

O(P,) = ij” Ui gp. (25.28)
4r o r

We can show, without essential alteration of the proof given in Lecture 11,
that the potential Q(P,) is a solution of equation (25.26). A function # which
satisfies equation (25.26) and the condition (25.27) can be put into the form

u(Po) = Q(Po) + w(Po),

where w(P,) is a function which is harmonic in the domain §, and takes the
values Q(S) on the boundary S. Such a function exists. By Lyapunov’s
lemma (see Lecture 21, p.292), it has a regular normal derivative.
Consequently a solution « exists of equation (25.26) satisfying the condition
(25.27) and having a regular normal derivative.

But such a solution, as was shown in Lecture 21, can be expressed in the
form

u(P,) = 2, J” G(P,, P) U(P) dP. (25.29)
§?

By (25.25) the right-hand side of the last equation is U;(P,). This implies
that the function U,(P,) coincides with the function U(P,), from which
follows immediately the proposition that was to be proved.

We now go on to investigate the eigenfunctions for the second kind of
boundary-value problem. We proved that any function ¥; which is bounded
and which satisfies the equation

VzVi + ZiV,' = 0 (25.30)
and the boundary condition
Vil g (25.31)
on |s

where the derivative is to be understood as the regular normal derivative,
will be a solution of the integral equation

V(P = A, f f f G*(P,, P) V{(P) dP, (25.32)
&
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where G*( Py, P)is the generalized Green’s function for the Neumann problem.
We now prove the converse proposition.
We shall seek a solution of the equation

VZU == —)”I'Vl (25.33)

Ov
[5;]5 = 0. (25.34)

Such a solution exists, since the function V; is orthogonal to a constant, i.e.,
to the solution of the homogeneous Neumann problem. In order to find the
required solution, we first set up the Newtonian potential

R(P,) = i ”f ﬁ dse. (25.35)
4, ot

Since V; is bounded, this potential will have everywhere continuous first-
order derivatives satisfying the conditions of Theorem 4 of Lecture 15 (the
Lyapunov conditions).

Moreover, the function v will be expressible in the form

subject to the condition

v(Py) = R(Po) + s(Py), (25.36)

where s(P,) is a harmonic function satisfying the condition

o] _ [or
on | on |5

But [0R/0n]s 1s a continuous function on the surface S and satisfies the
Lyapunov conditions. Hence, as in Lecture 16, § 2, the function s will take
the form of a potential of a single layer, whose density (by virtue of (16.4)
and Theorem 6 of Lecture 15) will in its turn satisfy the Lyapunov con-
ditions. It follows from Theorem 4 of Lecture 16 that the function s will have
a regular normal derivative.

It has been proved (see Theorem 2, Lecture 21) that the solution of
equation (25.33) with the conditions (25.34) can be presented in the form

o(Py) = 2, J f f G*(Po, P) V(P) dP. (25.37)
o

Consequently the function v(P,) coincides with the function V;. Hence V;
has a regular normal derivative, which vanishes on the boundary, and it
satisfies the equation (25.30).

We shall now prove Property 1. We have still to show that there are no
negative eigenvalues among those, Z;, for a kernel representable by a Green’s
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function. Using equation (23.7) we have

J U; V2U;dx dy dz = —ﬂiJ‘ U?dxdydz = —1,. (25.38)
& &

On the other hand, by Green’s formula, we have, using the boundedness of
U, and the regularity of the normal derivatives,

[[] avosos
TN NE e

(25.39)

But if [U;]s = 0 or [dU;/dn]s = 0, then the last term, the surface integral,

vanishes, and we get
2 oOU. \2 0 2
A oY + AN dy dz = 0, (25.40)
X Oy 0z

1A

as we had to prove.

We now prove the third property of a system of eigenfunctions—its
completeness. Let ¢ be an arbitrary function which satisfies on the boundary
of the domain the condition either [¢]s = O or [0p/dn]s = 0 and which has
continuous second-order derivatives everywhere. Then, if we put

Vip = 4ny,

the function v is continuous in the closed domain §),. By the property of

Green’s function
- —”f G(Py, P) w(P) dP.
&K

Thus the function ¢ is sourcewise represented by y with the aid of the kernel
G and consequently may be expanded in a uniformly convergent series of
eigenfunctions. Thus the system of eigenfunctions is complete relative to any
function ¢ which is continuously twice-differentiable and which satisfies the
boundary conditions. But with the aid of such functions it is obviously
possible to represent approximately in the mean any function which is quad-
ratically integrable in the domain.

As we have already proved (see Lemma 3, p. 362), the best approx-
imation in the mean to a given function is a finite Fourier series. Hence a
finite Fourier series also gives an approximation in the mean to any function
which is quadratically integrable over the domain §,. This implies that any
function f which is quadratically integrable over the domain §, can be ex-
panded as a Fourier series of eigenfunctions converging in the mean. Hence
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Property 3 has been proved. It follows, incidentally, that there are in-
finitely many eigenfunctions {U,}, for otherwise they could not form a com-
plete system.,

We now prove Property 4. Let U; and U; be two eigenfunctions. Inte-
grating by parts and using the boundary conditions, we have:

oU, 0U; + oU; oU; 4 oU, 0U; dx dy dz
o\ Ox Ox dy Oy 0z Oz

0
= —J‘J‘J‘ Ui VZUj dx dy dZ + JJ Ul Uj dS = /l:.j JJJ\ Uin dx dy dZ,
o s on ;

(25.41)

from which Property 4 follows.
It remains to prove Property 5. To do this, we consider the integral

L -l e [l

x dx dy dz, (25.42)

N
where py = > a,U,, and the quantmes a; are the Fourier coefficients of
i=1 the function ¢ in the system {U,}.

Removing the brackets and integrating, in exactly the same way as in the
derivation of Bessel’s inequality, and making use of Property 4, then:

I () (2o

—22 J‘J‘J‘ {(’)q) oU, th o, + O 0U}dAdde+>:)a,.

ox Ox f)y dy Jz 0z
(25.43)

It is easily proved that

jj % oU, N op 0U; N dep 0U; dx dy dz = Aa.
olox Ox oy Oy 0z 0z

For, integrating by parts,

JJJ _69_q96_(/}+ﬂ6U,-+6¢77 U, dx dy dz
ao\0x Ox dy 0Oy 0z 0z

= —J\J‘J @ VZUi dx dy dz = liJv‘vJ‘ (pUl dx dy dz = }'ial'
& JJa
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Thus, from (25.43) we have

[ f .[ {[— v (pN)] [% @ - %’)]2 r‘(f?z‘ (¢ — %)]2} dxdydz
I+ (5 + () Jorores - ot

The left-hand side of this last equation is non-negative, and we obtain an
inequality similar to Bessel’s inequality:

L s [[[ |G+ () (G Jororee

This inequality shows that the series )_ 4,a? converges. And from this follows
the convergence in the mean for the series

Lo

an ou, = aU,

hed
Y ap—, Z a, —=
=1

ay i=

i

For, consider the integral

f J f [("i"al an> (ga aa(yf> (i“ )2] dx dy dz.

If we establish that this integral is as small as we please for a sufficiently large
n and arbitrary p, then the convergence in which we are interested will follow.
Using Property 4, we can evaluate this integral directly; we find

T (5o o (5o 2 (F 2 Jceve
IR ()« (G2 oo

nr oy, 0 6 0 ou, 0
+ 2 ) aaq; g oY, Yi 0, + Ui 005 gx dy dz
1,5=n Ox 0x ay Oy 0z 0z

i#j

= Z Aal.
i=n

=]
Since the series ) A,a? converges, it follows by Cauchy’s criterion that the
i=1

last sum is arbitrarily small for sufficiently large n. We have proved that
the series obtained by termwise differentiation with respect to x, y and z of
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the series

Y. aiUi(x.y, 2)
i=
converges in the mean.
To complete the proof of Property 5 we have to prove one more theorem.

[oe]

THEOREM 8. If the series ¢ = Y v; of terms continuously differentiable in
=1

the domain §, converges uniformly, if the sum of the series has a partial deriv-

ative with respect to x, and if the series Z 0v;/0x obtained by terimwise dif-
i=1

ferentiation converges in the mean, then the series Z v; can be differentiated
termwise, i.e., i=1

Op = Ov;
4 =) —, 25.44
ox i;: ox ( )

where, of course, by convergence is to be understood convergence in the

mean.

Proof. Let p be an arbitrary, continuously differentiable function of the
variables x, y, z, which is different from zero only in a certain domain §,,
lying wholly within the domain. Then the following formula for integration

by parts holds:
[‘jj‘ <l,v — + ¥ 8_) dxdydz =0, (25.45)
Ox

where y is an arbitrary function having a continuous derivative dy/0x. In

particular,
Jy
fjf <w—+<p—>d\dyd (25.46)
ox
AI

We now substitute in place of y in (25.45) the function ¢y = ) v,. Then

i1,

In this formula we can pass to the limit as N —co. Let ¢’ denote the sum

0
A qu—l’I))dxdydz = 0.
> Ox

of the series Z Ov;/0x. By the hypothesis, this sum exists. We then have

JINCRE R

Subtracting this equality from (25.46) we get

(] o(22 = w)averen-
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This equality holds for any function, subject only to the requirements stated
above; hence

0 ® 0v

i = (p, = Z .__i,

ox i=1 Ox
as was to be proved.

§ 4. An Application of the Theory of Integral Equations
with Symmetric Kernel

One of the most important applications of the theory of integral equa-
tions with symmetric kernel is to the theory of the so-called Sturm-Liouville
equations, i.e., of ordinary differential equations

(pyY +ry + Zo(x)y =0 (25.47)

depending on a parameter 4, with certain boundary conditions.
We shall seek a solution of such an equation satisfying the homogeneous
conditions:

[0y + aplico =0, [py + Byli=y = 0. (25.48)

Assuming that, for 4 = 0, the homogeneous problem has at least a trivial
solution, and applying Green’s formula, we have

1

y(xo) = —J AG(x, xo) y(x) o(x) dx. (25.49)
[¢]

The kernel G(x, x,) will be symmetrical, because the operator Ly and the

boundary conditions are self-adjoint.

Consequently the eigenfunctions of the Sturm-Liouville problem, i.e.,
functions satisfying (25.47) and (25.48), will serve as eigenfunctions of the
integral equation (25.49) with weighted symmetric kernel and will have all
the properties of eigenfunctions of such equations. The converse is easily
established: any solution of equation (25.49) will satisfy the differential
equation (25.47) and the boundary conditions (25.48). We leave the reader
to verify this assertion.

As an example of a more general equation with a singularity we may
consider an equation of the form

m?
(xyyY — —y+ ixy =0,
X
or

mZ
xy”+y’+x<2——>y=0.
x

Green’s function for this equation was constructed earlier [see (20.52)]. All
our theory applies to this equation, which is known as Bessel’s Equation.

EMP 13



LECTURE 26

THE INHOMOGENEOUS INTEGRAL
EQUATION WITH A SYMMETRIC KERNEL

§ 1. Expansion of the Resolvent

In previous lectures we have examined in some detail the homogeneous
integral equation of Fredholm type with a symmetric kernel. In this lecture
we shall study the inhomogeneous equation, from the point of view of the
theory already developed. We have explained already how the kernel of a
symmetrical integral equation can be expressed when its eigenvalues and
eigenfunctions are known. The solution of an inhomogeneous equation can
be expressed in a similar way, using the same eigenvalues and eigenfunctions.

To prove this, we shall apply the Hilbert-Schmidt theorem to an inhomo-
geneous equation with a symmetric kernel. We have

uw>=fw>+2J K(P, P) u(Py) dP,
K

(for simplicity we take o = 1).

Suppose that 2 is not an eigenvalue. Then a solution of the equation
exists. We shall find an expression for this solution by means of eigen-
functions.

It is clear that the function u(P) — f(P) is sourcewise representable by
means of the kernel. Consequently

w(p) = fp) = 23 140D (26.1)

where

i =f u(P) @i(P) dP.
&

On the other hand, multiplying both sides of (26.1) by ¢,(P) and integrating,
we get
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whence

S _ A
1 — 4, 24, — 12

My =
Consequently the function g, if it exists, can be represented in the form

up) = £y + 1 5, L T ). (26.2)

If we now introduce the expression for f; in terms of eigenfunctions and
interchange the order in the limit of its partial sum, we obtain

u(P) = F(P) + 2lim f f(Pl)z 2R AP gp,,

N—w0 ]»

We shall show that the formula just obtained really does give the solution
of the problem. To do this, it is convenient to introduce a new function

I’(P’PJ.’Z)

called the resolvent of the integral equation under consideration and given by

I, Py, %) = i; ‘p‘(f):p ;Pl) (26.3)

It is easy to show that the series on the right-hand side of (26.3) converges
in the mean for all values of 2 which do not coincide with any one of the 4,.
To do this, we notice that the series for the resolvent can be written in a
different form. We have:

[r2]

I P = o (P)q)(Pl)L ( 1 —i>]

A, — 1 A
i @« P) 971(P1) Z @(P) (P:(Pl)

A (4, — 2)
or I'(P, P',7) = K(P, P") + 2 Z - PdP) p(P’)
=1 (A = )
< ¢ P) %(P) @(P) pi(P)
=L 7, 121 STk (26.4)

where the series in the second term converges uniformly.

The necessary and sufficient condition for the uniform convergence of
the series (26.3) is clearly the uniform convergence of the bilinear series
for the kernel.
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Note. We see that the resolvent of an integral equation with a symmetric
kernel is a meromorphic function over the whole complex plane of the para-
meter 4. All the poles of this function are simple and are the eigenvalues of
the kernel.

Using the demonstrated convergence of the series for (P, P,, A) wecan
interchange the order of summation and integration in the formula so that

W(P) = f(P) + j I'(P, P, Hf(P) 4P,
&

this result being meaningful, by what has been proved. By applying to both

sides the integral operation with kernel K(P,, P) we can verify that u(P)

does really satisfy the integral equation

W) = J(P) + 7 J K(P, P) u(Py) dP,.
0

§ 2. Representation of the Solution by means of Analytical Functions

Expansion as a Fourier series, which we have investigated in previous
lectures (see § 2, Lecture 23), was interpreted in a purely geometric way as
a representation of a certain function in function space, in which the char-
acteristic directions of the linear operator were taken as coordinates axes.

By using the resolvent, we can approach the question in another way.
Consider the integral

i (P)

¥ (P, 4) = —J‘ e, Py, Af(P)dpP, = “i
o e

This integral is a meromorphic function of the parameter 4 with simple poles
at the points A;. The residues at these poles are equal to fj¢,(P) and form the
successive terms of a Fourier series. The Fourier series for the function
fis the sum of these residues, and a part of this series is the sum of the
residues at a certain number of the poles. Hence such a part may be repre-
sented in the form

fu(P) = L_j X(P, 7) d2
27 ) en

where Cy is a contour in the plane of the complex variable A enclosing the
first N singular points of the resolvent.

It is again convenient to use a symbolic notation.

From formula (26.2), the function y (P, 1) can be expressed in the form

_ WP — 1(P)

P, ) =
x(P, 4) -
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where u(P) is a solution of the equation

WPy = 1 f f J K(P, Py) u(Py) dP, = f(P),
i.e., of the equation ;

(E— ) p =]

As we have seen earlier, for small values of A this solution can be written in
series form

p=(E+ 24+ 224> + - + A"4A™ + ) f;

on the other hand
H = (E - ;‘A)_lfa

whence, in symbolic notation,

y= & }‘f = —(E - 24) 1 4f.
Hence
fulP) = — - 4 ra (26.5)
Y i J oy E— 247 '

We have previously seen the analogy between certain symbolic formulae
containing polynomials or power series in the operator 4 and corresponding
formulae of algebra or analysis. Our formula (26.5) is also the analogue
of a corresponding formula in the theory of functions. For, let @ and f be
any numbers. Consider the integral

”’=_1f a fdj:-lj fldz. (26.6)

27i J o1 — Za 27i | ¢ 1/a —

It is clear that ¢ = fif the contour C encloses the point A, = 1/a, and that
otherwise y = 0. The formula (26.5) is a generalization of (26.6).
The number 4, satisfies the relation

loa(p,‘ = (Pk (26.7)

where @, is any non-zero number.

The equation (26.7) goes over into (25.1) defining 2,, if we replace q in it by

the operator A. And the formula (26.5) can be used to obtain solutions of

problems of mathematical physics expressed in the form of definite integrals.
Without going into the general theory of this question in detail, we shali

analyse an example of heat conduction, viz., the problem of integrating

the equation

Vi — — =0 26.8
Y (26.8)

EMP 13a
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with the conditions
[u]S = 0’ [u]t=0 = uo(.P).

We recite briefly the usual argument in the Fourier method.
Applying Green’s formula to the equation, we have

u=_J‘ G(P,Pl) dPl
8

or in symbolic notation

au(Pl s t)
ot

u+A—a—u—=O.

ot
Particular solutions of this equation will be given by

u = e *'y(P)
where
u; — )uni = 0.

The sum of the particular solutions corresponding to different eigenvalues
A, i.e., the solution in the form of a Fourier series will take the form

18

u="5 e tuy(P). (26.9)

i

1l
—

It follows from the condition
[uli=0 = uo

that the u,(P) are the members of the Fourier series for the function u,, and
this implies that the functions u, are the residues at the poles of the resolvent

of the function
—Jjj I'(P, Py, 2) ug(Py) dP, .
£

u(P) are the residues at the same poles of the function

—e”j (P, Py, 1) uo(Py) 4Py,
&

and a finite number of terms of the series (26.9) can be expressed in terms
of the integral

Uy = __I_J e M (J” I'(P, P, 1) ug(P)) dP1> d1,  (26.10)
20 [ on 0

thus giving the complete solution of the problem.

Further, e *¢
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The solution may be written symbolically in the form

1 _
Uy = — —— e ”—L—uo da. (26.11)
27 [ ey E - 14

We compare our solution with the solution of the ordinary equation
Ou
 a— 4+ u=20,
ot

where a is a constant number. It is clear that here

u = e "uy,. (26.12)
By the theorem on residues
U= — ! emit Mo 4y,
270 ) ¢ I — Za

This integral is equal to its residue at the point 4, — 1/aif 4, lies within the
contour C, and is zero if 4, is outside this contour.
On this basis it 1s convenient to denote

__l_ e~ _A__fo ds
27Ei c E — Za
symbolically by e~/4f,. The solution of equation (26.8) can then be written

in the form
u=e "y,. (26.13)

The general theory of functions of operators (which we cannot develop
here) enables a whole series of generalizations of this formula to be obtained
for a considerably wider class of problems of mathematical physics. It enables
similar methods to be applied to the solution of problems where the sin-
gularities of the resolvent are not merely isolated points in the plane of the
variable 4.

In particular, these ideas enable the solution of problems of mathemat-
ical physics to be investigated in unbounded domains or in cases where the
equations in question have singularities within the domain investigated.
Often the occurrence of such singularities is bound up with a change in the
analytical character of the resolvent, producing singularities of the resolvent
which are not simple poles.

In the following chapters we shall not go more deeply into this question,
but we shall study concrete applications of the Fourier method to particular
problems of mathematical physics. The examples which we shall consider
will be extremely instructive, since it was, in fact, from the investigation of
these questions that the theory developed.



LECTURE 27

VIBRATIONS OF A RECTANGULAR
PARALLELEPIPED

As AN EXAMPLE of the use of the Fourier method we take first the problem
of the vibrations of a rectangular parallelepiped, which we shall formulate
in the following way. We shall seek a solution of the equation

0%u

0t?

VZu =0 (27.1)

in the domain

with the boundary conditions

[u]x=0 = [u]x=a = [u]y=0 = [u])'=b = [u]z=0 = [u]z=c =0 (272)

and the initial conditions
Oou
[u]t=0 = uo(x’ }’, 2)5 8_1 ul(xa y: Z)' (273)
=0

By the general theory (see Lecture 23, § 1), the solution will have the
form

u=>y Ufx,y,z)(a;cos L + b; sin 4;1), (27.4)
where the U, are solutions of the equation
Vau, + U, =0, (27.5)

satisfying the conditions (27.2). In the present case these solutions can be
expressed in finite form by means of elementary functions by using the
device known as complete separation of the variables. With this object we
shall write the solution of equation (27.5) in the form

Ui(x’y’ Z) = Xi(x) V.'(}’, Z),

where X; depends only on x, and ¥ is independent of x. To determine the

382



VIBRATIONS OF RECTANGULAR PARALLELEPIPED 383

functions X, and ¥, we have

2 2
ViXi + X, ald + 07V, + ﬂ.;zX,-V,- =0,
dy? dz2
X7 6y2 + 0z2
or -+ + 12 = 0.
X; v,
It is clear that
0%V, + 0%V,
v 2 2
X e O 02 _
Xi V,'

where x; and 7, are constants related by »¥? + 77 = A2. The equation
X! +#%X, =0 (27.6)

under the conditions (27.2) has as eigenvalues the numbers »; = k;7/a
where the k; are integers. The function

- 2]

satisfies the equation (27.6) with the boundary conditions at x = 0 and at
x = a. The system of solutions {X;} is an orthogonal, normalized system of
functions.

Considering the equation

0%V, = 0%V,
ay? 0z}

+Ti2Vi=Oa

again we seek a solution in the form

Vi = Yl(y) Zi(z)a
where Y, depends only on y, and Z, only on z. We obtain

.Y_;I_{_ﬁ_L 2

' T, = 0’
Yi Zi
whence it follows that
Y,” ) Zi” ,
v %, = i
Y, ! #

where o, and p, are constants satisfying

2 2
o +u; =715,
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The equation
Y{ +0iY, =0
has the eigenvalues
lin

b

O'i=

where the /; are integers, and the eigenfunctions

S

The equation

has the eigenvalues

where the m, are integers, and the eigenfunctions

Z, = \/ 2\ sin T2 |
c c

Finally we obtain a set of eigenfunctions for the vibration of the parallel-
epiped in the form

U =\/ 8 sin kix sin 7y sin 222 |, (27.7)
abc a b c

These eigenfunctions correspond to the following eigenvalues of equation
(27.5) under the boundary conditions (27.2):

2 2 2
2= <k_i PR L) (27.8)

where k;, /;, m,; run through all possible trios of integers.
We notice that the numbers 4; may be repeated, i.e., it may happen that

b= Aipg == D

The number of eigenvalues which are equal to one another is equal to the
number of solutions in integers of equation (27.8) as regards k, /;, m,.

It can be shown that equation (27.5) under the conditions (27.2) has
no other eigenvalues or eigenfunctions. To do this, we prove the following
lemma.
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LeEMMA 1. Any function ¢(x, y, z) which satisfies the conditions (27.2) and
has continuous second-order derivativest, is expressible as a convergent series

o(x,,2) =\/ 8 Yy sinizE Y sinﬂ Y @r.im Sin oz
abc ) k=1 a | i=1 b \m=1 c

where the series (27.9)

amz

@x,(2) = Z @r,1,m SIN
m=1 Cc

i ) )
Py, 2) = T pui?) sin -”b—y
=1

3 . whkx
Q’(xay, Z) = Z lpk(y, Z) smT
m=1

converge uniformly with respect to the arguments which appear under the
sine. Here

a prb e
Prtom = / i p(x,y, z) sin mkx sin mly sin Tz dx dy dz.
abc oJoJo a b c

(27.10)

We shall at first regard ¢(x, y, z) as a function of the variable x with
y and z as parameters. In view of the fact that for the equation (27.6) and
the given boundary conditions Green’s function has been constructed (see
Lecture 20, § 3), we can, using the Hilbert-Schmidt theorem, express the
function ¢(x, y, z) as a series, uniformly convergent with respect to x, in
the eigenfunctions of equation (27.6), i.e.,

tp(x, J> Z) = \/(%)ki (pk(ya Z) sin kmx s

a

P(y> 2) = \/<3> J Plesry Dsin A dx, @1
allo a

From formula (27.11) it is seen that ¢(y, z) is a continuous, twice-differ-
entiable function of y and z, which satisfies in these variables the conditions
(27.2). Consequently @,(y, z) is expressible as a series uniformly convergent

relative to y:
2\ & . aly
‘pk(y: Z) = - Z (pk,l(z) Sin .__b_ s

where

b/i1=1

+ We require the second-order derivatives here only because we invoke the theorem on
expansion in eigenfunctions.
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2\ * . Al
‘Pk.z(z) = \/ - @r(¥1, 2) sin L dy,
b o b

Finally, ¢, ,(z) can be expanded in a series uniformly convergent with respect

to z:
2\ & . mwmz
Pra(z) = \/<—> Z @r,1,m S
C /m=1 C

2\ [ . mmz
Pram = \/(-)j @r.i(21) sin L dz,.
c 0 c

Combining the formulae for ¢y, 2z), ¢.1(2), ¥x.1.m and the series for
p(x, y, 2), pu(y, 2) and @, ;, », We obtain at once the assertion in the lemma.

Suppose now, if possible, that U, is some eigenfunction of equation
(27.5) with the conditions (27.12) which is different from all the functions
(27.7). As was proved in Lecture 24, it can be regarded as orthogonal to
all the functions (27.7). By the lemma, it can be expanded in a series (27.9).
It follows from formula (27.10) that all the coefficients of such an expansion
would be zero. Hence formula (27.9) gives

where

where

UO=O.

Consequently our problem can have no eigenfunction different from (27.7).
Instead of the conditions (27.2) we could also consider conditions of a
different type, for example

[oc LI ﬁu:l =0 (27.12)

on

where @ and f take constant values on each of the boundaries. On the basis
of the general theory, we conclude that this problem too is completely solved
by the Fourier method, since we can satisfy all the initial and boundary con-
ditions by proper choice of the coefficients in the expansion of the solution
as a scries of eigenfunctions (27.7).

The vibrations of a rectangular membrane can be studied in the same
way as the vibrations of a rectangular parallelepiped.

Attention may usefully be directed to the following circumstance. Sup-
pose that the coefficients « and § in formula (27.12) are not constant. Then
the decomposition of the eigenfunctions U, into the product X;Y,;Z; will
not, in general, take place. The question arises: Would it be possible to carry
out some transformation of the independent variables, introducing new
coordinates ¢,, t,, t; in place of x, y, z, so as to achieve such a representation?
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The coordinates for which it is possible in some problem of mathematical
physics to carry out a separation of the variables are sometimes called
normal coordinates. So we may formulate the question: Are there normal co-
ordinates for a given problem, and, if so, how are they to be found?

In the next lecture we shall indicate the normal coordinates for certain
particular problems of mathematical physics. But, as V.V.Stepanov has
proved, normal coordinates exist only in a very restricted class of problems,



LECTURE 28

LAPLACE’S EQUATION IN CURVILINEAR
COORDINATES. EXAMPLES OF THE USE
OF FOURIER’S METHOD

§ 1. Laplace’s Equation in Curvilinear Coordinates

Curvilinear coordinates of one sort or another, polar, cylindrical, ezc.,
are often used in mathematical physics. We shall investigate the form taken
by Laplace’s equation in such coordinates.

Let ¢,, t,, t; be the curvilinear coordinates, related to x, y, z by the
formulae:

t, = t,(x,»,2), 1, = (X, , 2), t3 = t3(x, ¥, 2),
x=x(ty, 1, 8), y =y, 1,13), z=2z(1,1,13).
Consider any two curves passing through one and the same point:
x1051),  yi(s),  z1(s1);

X2(82),  y2(s2), z2(s2).

where s is the arc-length.
By a well-known formula of differential geometry, the cosine of the angle
between these two curves is given by

dx, dx, + dy, dy, + dz, dz,

cos ¢ = .
ds, ds, ds, ds, ds, ds,

In the new coordinates this formula will take the form

3 ((9)6 Ox + oy Oy 4 0z 0z \ dn? df¥
ot; 0t at; Ot or; 0t;) ds; ds,
drgV  drf®

=ii“u >

=1 j=1 ds; ds,

388
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or
3

3
cos p dsy ds, = ) Y oy digP de?, (28.1)

I=1 j=1

where ds{" and d¢{® are differentials taken respectively along each of the
two curves considered. We note that

0x 6x+6y 6y+6z 0z
ot, 0t; 01, Oy Ot O

OCU = OC_” =
If the two curves coincide, then (28.1) takes the form

3 3
dS2 = Z Z aU dtl dtj. (28.2)
i=1 j=1

In deriving Laplace’s equation, as in many other questions involving
curvilinear coordinates, it is convenient to express all formulae in terms of
the coefficients «;;.

If the system of coordinates ¢,, f,, t3 is orthogonal, i.e., if the coordinate
curves intersect at right angles, then all «;; = 0 when i # j. For, let us fix
arbitrarily chosen values i = iy, j = jo, ig # jo. Then on the one coordinate
curve, only d#;) 0, and on the other curve, only d#{? # 0. For these co-
ordinate curves the left-hand side of (28.1) vanishes since the angle ¢ = 7/2,
and the right-hand side will be 2a,,;,, d{,’, d£;2, whence a,,;, = 0.

Restricting ourselves then to orthogonal systems, we put

2

i, =], -
Xij =
0, i=#].
Then
ds? = hi def + hZ de + k3 da.
EXAMPLES.

1. For polar coordinates in 3 dimensions,

x=rsinflcosep, y=rsinfsing, z=rcos,
whence

ds?> = dx? 4+ dy? + dz? = dr? + r2d0? + r? sin? 0 dg?.
2. For cylindrical coordinates, we have
X=rcosp, y=rsing, z=z,
ds? = dx? + dy? + dz? = dr? + r? dp? + dz2.

It is useful to evaluate the determinant of the transformation D(x, y, z)/
D(ty, t5, t3) in terms of the same quantities 4;, 4, and h;. To do this we
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introduce an intermediate, rectangular coordinate system x,, y,,z,, dif-
fering from x, y, z only in the direction of the axes. We choose the directions
of x, ¥1, z; so that at the given point x, y, z they coincide with the directions
of t,, t,, t5. In this case we have at the point considered:

a(x,y, Z) — a(x’ya Z) 6(x13y1)zl) — +6(xlaylazl)
a(tl’ t2’ t3) a(xliyla zl) a(tl: t2’ t3) B a(tls t2, t3)

for at this point d(x, y, 2)/d(x,, ¥», z;) = 1, the sign being determined by
the orientation of the coordinate system x,, y;, z;. Hence

0x, 0x, 0Ox,

dt, 0t, Ot,
0x,y,2) _ 19 Oy Oys
Oy, tr, t5) | 0ty 01, 0ty
0z, 0z, 0z,
0t, 0t, Oty

But in the determinant d(x,, y;, z;)/0(¢,, t,, t3) all termsexcept those on the
principal diagonal are zero and so

O(xy, y1, zy) _ Ox; 0y, 0z,
oty, tz, t3) dt, 0t 6t3.

Further, on the x,-axis and on any curve tangent to x, at our point we have
’ 1 p
dx? = ds? = h? de?;
similarly on the y;-axis and on any curve touching it
dy} = ds? = k3 de3;
and finally on the z;-axis and on any curve touching it

dz{ = ds? = b2 de;

whence
ﬂt1_= il, ot, ~ o0, 0t o,
a'xl }11 6xl axl
ot ot I ot
—— =0, L=t—, =0, (28.3)
ayl ayl ]lz ayl
_62_20, 6t2=0, 6r3=+_1_
621 aZl azl N h3 J
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J

and ’
0x, — 4, 8x2.'___ 0, 0x; ~0, l
ot, 0t, 0ts
'@}L =0 ayz,, = 4+ h, ay3 =0 L
e, ’ a, O o ’
0z, _o0, 0z, -0, 0z, — dhy:
o1, o1, ots J
finally we get
o(x z
(\l’yl’ 1) — ihlhzha,

oty, 15, t3)

the sign being determined by the orientation of the coordinate systems
(x1, Y1, 21) and (¢4, 13, 83).

As we have seen earlier, if L and M are mutually adjoint operators, then
the following integral relation holds:

f j f (uLo — vMu) A5y — J f [WP() — v0@)] dS,
19 s

where §), is a certain volume bounded by a smooth surface S, and P(v), Q(u)
are linear conbinations of derivatives of the coefficients u, v with coefficients
independent of v and u.

If one of the functions, for example v, vanishes outside a certain domain
§L, Which with its boundary lies wholly within the domain §,, then the surface
integral in the above identity vanishes, and we have

fff (uLv — vMu) d§}, = 0.
§2

We can take this last relation as the definition of the operator M, if we specify
that it shall hold for an arbitrary function u and for any function v which is
different from zero only in a certain interior domain §3,,.

Before we evaluate the Laplace operator in curvilinear coordinates we
prove a lemma.

LeMMA 1. If a second-order operator is self-adjoint, then it must be repre-
sentable in the form

=Y Y — (AU —”—> + cu, (28.4)
=1 j=1

Ox;
where AU = AJ‘.

We note that an operator which has the form (28.4) must be self-adjoint:
this follows at once from the definition of self-adjointness of an operator
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(see § 2, Lecture 5). We now have to prove the converse proposition, ex-
pressed by the lemma.

We show first that there could be only one operator adjoint to the glven
one. For, if M; and M, were two operators adjoint to the operator L,
and if v is a function which is zero everywhere except ina domain §,, interior
to §1, then

rrer

(uLv — oMu) d§y = 0

JIIR
and

A

(uLv — vMou) dL, =0

JJIR

for any function w. Subtracting, we get

“J oM, — Mudf = 0.
&

Butwvisanarbitrary function withinthedomain §,,. Hence (M; — M,)u = 0,
and consequently the operators M, and M, are identical.
If L has the form

A Ju Ju
Y Y — (4, + Y B2+
5 Z < ! af}) Z o, “

then the adjoint operator will have the form
S0 ou . Ou
Y — Ay —) — B, — + cu,
ZL‘ .<’at,.> i;‘a,.

and the two operators can be equal only if B, = 0 and 4;; = A;,. Hence the
lemma.

The Laplace operator V? will not be self-adjoint in the variables ¢,,¢,,¢,,
but it can be readily expressed in terms of such an operator. For, choosing
any pair of functions u, v as in the proof of Lemma 1, we have

JJ (uV?*v — vV2u) dx dy dz = 0,
&
or, going over to the new variables,

jfj (uV?v — vV2u) hihyhy de; de, dt; =0,
&

since, as we have already proved, the Jacobian d(x, y, z)/0(¢,, t,, t3) can
differ from h,h,h; only in sign.
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This implies that the operator L defined by Lu = h h,h3V?u is already self-
adjoint.

If
2 8 Ou
Lu = — | Ay —
- IZI 121 ot, < N 0t1>

(the term cu obviously cannot appear either in V2 or in L), then

Vfu - ; 9 (Z A,,a_”>. (28.5)

h1h2h3 1 6[, j=1 atj

The coefficients g;; of the second-order derivatives in the expression (28.5)
will clearly be 4;;/h,h,h,.

On the other hand, these coefficients 8;; can be determined directly. We
first change the variables to x,, y,, z,: this does not change the form of the
operator V2u, since, as may be immediately verified, the Laplace operator
is invariant for a linear, orthogonal transformation of the variables. Now,
using the formulae (28.3), we find

1 .
.—, l = )
ﬁu _ 6[‘ at_, + 0[, atj + at‘ atj — hi2 J
Ox, 0x, oy, Oy, 0z, 0z,
0, i#]J.
Hence we have
hihyhs ) .
2 ’ l =J3
AU = hi
O; l 5£j>
ie.,
Vg — 1 [0 <112113 0u>+ 0 [hyh, Ou N 0 [ hh, Ou .
h1h2h3 atl hl atl atz h2 6[2 6[3 113 at3
(28.6)

In polar coordinates, /iy = 1, h, = r, hy = rsin0, and

0 .0
V2y = ___}__- l:— (rz sin 0 2% 4+ i sin 0 Oou + 0 1 ou
r? sin 0 | Or or 00 00 Op \ sin 0 Op

0 1 2
=__—a i‘z—u>+—_§i sinOau + L au.
r2 Or or r?2sin 0 00 00 r? sin? 0 O¢?

(28.7)
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In cylindrical coordinates, A, = 1, hy = r, hy = 1,

1[0 Ou 0 /1 Ou 0 ou
Vzu =—1—1\r + - + r
r | or or Op \ r Op 0z 0z

2 2
=ii<r3“—>+ia“+a” (28.8)
r

r* 0¢? 0z2

§ 2. Bessel Functions

Consider the ordinary differential equation

1 v?

which is known as Bessel’s equation. In books on the analytical theory of
differential equations and the theory of special functions, a number of im-
portant properties of the solutions of this equation are derived. Here we
shall merely give the results without proof; readers wishing to learn the
proofs of these properties may consult:
V.I.Smirnov: “Course of Higher Mathematics”, Vol. 3, Chapter 2, or
R.O.Kuz’min: “Bessel Functions™.
For a detailed exposition of the theory of Bessel functions, see
G.N.Watson: “A Treatise on the Theory of Bessel Functions”.

We shall examine equation (28.9) with integral values of » and with non-
integral values separately.

The following propositions hold:
1. For non-integral values of ¥, equation (28.9) has two linearly independent
integrals,

J() and T (),

which may be expanded in series uniformly convergent over the whole plane
of the complex variable x:

] (—l)s <£>v+2s
) = >

SZO Is+1)-T»+s+1)

s _i —v+2s
oy
Jox) = )

sSo s+ 1) -I(=v+s+ 1)

In other words, x™*J,(x) and x*J_,(x) are integral functions of x. The func-
tions Jy(x) and J_,(x) are called respectively Bessel functions of order v and
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—w; the linear combination of them,

J(x) cos (vm) — J_(x)
sin (v7r)

Ny(x) =

is called Neumann’s function.

2. For integral values of v = m, Bessel functions of order m and —m as de-
fined above are no longer independent:

Jom(®) = (=1)" Jn(x).

In this case we may take as the linearly independent solutions of equation
(28.7) the two functions:
( ) x m+2s
1)y (=
. ()

Jm(x)=s;0 I's+ D) -I'm+s+1) ’

and

__2_ . i _lm_l (m—s__l)l _)i—m+25
Nolo) = 2 3ol <log° 2 C> r & Te1D <2>

S lxy i/t 1 +...+1)
T \2 m! \m m—1
o) s 2s+m
_1ly (=D <£> «
A= | I+ 1)-I(m+ s+ 1) \2

1 1 1 1
X + oo+ 1+ — + + o+ 1
m+ s m+s—1 s s —1

(28.10)

where C' = 0-577215 ... is Euler’s constant.

As may be seen from (28.10), Bessel’s function J,(x) is an integral func-
tion of its argument and so is x~"J,,(x). Neumann’s function N ,(x), which
is the limit of the function N, (x) as v —» m, has a singularity at the origin in
the form of a branch-point coincident with the pole.

3. For pure imaginary values of the argument (x = if) the function
™" J(x) = i~™ J, (i) = 1(0),

which is the solution of Bessel’s equation in the variable x, will be real.
The other solution of equation (28.9) which is real for imaginary values
of x has the form

j=n [Nm<x) — J,,.<x)] — i |:Nm<fr> -z Jm(iz)].
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4. The linear combinations
HP(x) = J(x) + iN(x), HP(x) = J(x) — iN,(x)

are known as Hankel functions of the first and second order respectively. These
functions, which are clearly solutions of Bessel’s equation (although they
are complex for real values of x), have the following asymptotic expressions
for large, real values of x (valid both for integral and fractional values
of v):

Hsl)(X) — \/ i) ei(.\'.—vn/Z—n/-’l-) [1 + O(x_l)]
T

X
(28.11)%

Hoe = |

X

TN

_2_> e—i(.t—wr/2—1r/4)[1 + 0(.\'_1)]-

For H{P(x) this representation is valid for large x satisfying the condition
n
< —,
2
and for H®(x) for large x satisfying the condition |arg x + 7/2| < 37/2.
The following asymptotic expressions for the Bessel and Neumann func-
tions are obtained from (28.11):

J(x) = \/<—ﬂ2—x> cos <x - 1275 - %) + o(x73),
N(x) = \/<Jrix> sin (x - 1;— - %) + O(x—%).

The formulae (28.12) show how the Bessel and Neumann functions behave
as the argument increases. They are oscillatory functions, passing through
zero infinitely many times. The amplitude of their oscillation gradually dies
away. The roots of the Bessel and Neumann functions of the same suffix
alternate, i.e., the functions interlace.

For large, real values of z, the function 7,(z) has the representation

z 1
1(2) ~ —— {1 +0 <—>}
¢ \/2712 Z

The equation satisfied by 7,(z) can be obtained by elementary means:
2 2
@, 1dWD (P oo
dz? z dz z?

This function is often encountered in applications.

ar T
gx — —
2

(28.12)

T f(x) = O(p(x)) means that the ratio f(x)/|¢(x)| remains bounded as x — oo.
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Usually in the tables only the values of the functions J,(z) and J,(z) are
given. There is a relation between the functions J,(z) for different #, which
enables J,(z) and its derivative to be expressed, for integral n, in terms of these
two basic functions:

Joe1(2) + Jpp1(2) = 2—an(Z), Jn=1(2) — Jps1(2) = 2J,(2).
z

§ 3. Complete Separation of the Variables in the Equation vV?u = 0
in Polar Coordinates

Consider the wave equation in a plane:

0%u 0%u 0%u
+ — = 0.
0x? oy? or?
Suppose we wish to investigate the vibration of a circular membrane r < 1
with the boundary condition

[u),=, =0 (28.13)
and the initial conditions

ou
Uy, — = U ) —_— = ;.
(im0 = 1t [azlzo 1

Going over to the variables r and ¢ by means of the formulae x = r cos ¢,
y = rsing, we transform the wave equation into the form [see (28.8)]

2 2
L0 ((0u), 0u 0u_, (28.14)
r Oor or Og? or?

We shall seek a solution of (28.14) in the form

a

u =Y vlr, ) (a cos 4t + b;sin A1),

i=1

where v; is a solution of the equation

1 0 R 1 2p;
1.0 [, 0n), L 0% 220, = 0. (28.15)
v ar 8r r2 6902

We shall show that r and ¢ are normal coordinates for this problem.
We seek a solution v; in the form of a product

v; = D) R(r). (28.16)

We shall prove later that such a solution exists. Substituting (28.16) into
(28.15) we get

@, d dR; 29
L —|r R; + —1 R, ke + 2‘2 R, =0,
r dr dr 2 de?
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or, dividing by R;®; and multiplying by r2,

d [/ dR 420,

"\ d de?
r r

L v

+ 222 =0,
R b, i
ie.,
420, d / dR,
dr dr \ dr
L + r222.

Equating both sides to a constant m?, we obtain the two equations
D + mF b, =0, (28.17)
r(rR) — (mj — r*2}) R, = 0. (28.18)

The solution of equation (28.17) must have the period 2 if it is to have a
definite physical meaning; so that m; must be real and integral. Then

D = cos myp, PP = sin myp.

Equation (28.18) can be transformed to the self-adjoint form

2
(rR}) — (ﬂ - .,%) R, = 0. (28.19)

r

In this form the equation for R;is a self-adjoint equation of the second
order. We shall scek a solution of it which vanishes for » = 1and which re-
mains bounded for r = 0. By the general theory (Lecturc 20 and Lecture 24,
§ 4) such a solution exists for a certain set of values 2.

LemMa 1.7 The fundamental functions of equation (28.19) which satisfy
the specified boundary conditions are orthogonal with weight r:

1 . .
f R Ry r dr = {0’ '
) 1, 1 =J.
For, let
12
LR, = ¢RY — L R, = — %Ry
r
then

1 1
[¢]

0

t This lemma follows from the general theory, but we repeat the proof. The lemma is
valid for a more general condition at r = 1, viz., [«xR; + fR/);.1 = 0.
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But the integral on the left-hand side is identically zero: hence the integral
on the right is zero, as was to be proved.
We make the substitution A,» = p, so that

4 _,
dr i de
and equation (28.19) becomes

d .dR m3]
de do e

2
4 (Q _dR') - (ﬂ — )Ri = 0. (28.20)
do do 0

Denoting R, by y, we have

1 2
A
Y @

so that the problem reduces to Bessel’s equation, which we have discussed
earlier.
It is matural to take for R the regular solution of equation (28.20), i.e.,

Ri(r) = Jmi(zlr)-
The value of 4; is obtained from the boundary condition (28.13). We have
R(1) = J,.,(4) = 0. (28.21)

or

As was to be expected, this equation has an infinite set of solutions; this is
obvious from the asymptotic representation of Bessel’s function (28.12).
We thus obtain a system of solutions of our boundary-value problem in
the form
¢; cos (myp) I (Air), d; sin (mp) J,, (A:r) (28.22)

with eigenvalue A7, where ¢, and d; are certain constants which can be found
from the normalization condition. All these solutions are mutually ortho-
gonal. Itis easily proved, as in the case of vibrations of a rectangular parallel-
epiped, that the functions (28.22) in which the pairs of numbers n, and 4,
are all possible pairs of numbers satisfying equation (28.21) include all the
eigenfunctions of the problem. To prove this we first establish a lemma.

LEMMA 2. An arbitrary function o(r, ¢) having continuous derivatives up to
the second order inclusive and satisfying the boundary condition (28.13) can be
represented in the form of a convergent series

w(r, p) = z 2 (%mx COS 1@ + By Sin me) J,,,(l,‘c"') r), (28.23)

m=0 k=1

EMP 14
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] e 2z Ml
vner Cpye = if .[ w(r, @) cos mp J, (A7 r) r dr do,
TJo Jo

2z pl
Bk = if J wr, @) sin me J,(A8 P r dr de.
TJo Jo

First, since w(r, ¢) is a periodic function it can be expressed in the form

o, @) = i [@.(r)-cos mp + b,(r) sin mg], (28.249)

where

2n

2n
an(r) = ij w(r, ) cos mp dp, b,(r) = ij o(r, @) sin me de.
7z Jo T

0

The coefficients a,,(r) have continuous second-order derivatives, satisfy the
boundary condition (28.13), and must remain bounded for r = 0; hence they
can be expanded in uniformly convergent series in the eigenfunctions of
equation (28.20), i.e., in the functions J,(A7"r):

an(r) = f L (3D, (28.25)
where =
jl a(r) J(A™r) r dr
e = T2 (28.26)
{ j [Jm(ﬂ,ﬁm)r)]zrdr}%
Similarly ’
ba) = 3 BusduD), (28.27)
where !

1
j b (r) Tu(ATr) r dr

B = 01 1° (28.28)
{ J UGN » dr}*

Combining (28.25), (28.26), (28.27) and (28.28), we obtain the assertion
of the lemma, and the series (28.24) converges uniformly relative to ¢, and
the series (28.25) and (28.27) converge uniformly relative to r.

It follows at once from Lemma 2 that our problem cannot have any
other eigenfunctions than those already found, for any such eigenfunction
would be expressible as a series (28.23) with zero coefficients, and con-
sequently would be zero.

The problem of the vibrating membrane is thus completely solved.




LECTURE 29

HARMONIC POLYNOMIALS AND SPHERICAL
FUNCTIONS

§ 1. Definition of Spherical Functions

Before proceeding to further applications of the Fourier method, we
examine another important topic. Consider Laplace’s equation in three
variables:

0%u 0%u 0%u
+ +
Ox? 0y? 0z2

=0,

and suppose we wish to find solutions of this equation having the form of
homogeneous polynomials of degree » in x, y and z.

In the plane case, as may easily be verified, such homogeneous solutions
of Laplace’s equation will have the form (x + iy)", (x — iy)".

We shall seek solutions of the problem in the formf

Hn—m

2
v=(x+ " Y apzm"
Jj=o

= (x + )" fle?,z), (m=0,1,2,...,n (29.1)
where
0= Jx? o+ y2.

Calculating the Laplacian of », we obtain:

O~ m — 1) (x + BI"(Q D) + dmlx + D) x N, 2)
0 o(e?)
iy 222, 2) w0202, 2)
2Ux + ip)" L= 4 Ax(x + i)™
+ 2(x + iy) ) x¥(x + iy ——6(92)2

+ The summation is from j= 0 to j = E(n — m)/2 where E(n — m)/2 is the integral
part of the number (n — m)/2.

401
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0% . . . \m—1 Of(0%, 2)
= —m(m — 1) (x + iy)""2fl0?, z) + dmiy(x + y)" ! =27
oy ( ) (x + )72 fle y(x + iy) @)
2 2 2 \
+ 2(x + iy)” _____af(g ;Z) + 4y%(x + iy)" 8___](9 ’2},
d(e?) 9(0*)?
0%v \m 0°f0?, 2)
= + _—.
0z2 (o + 1) 0z
whence
2 2 a 2 62 2
V2o = (x + iy)" 9°f(e?, 2) + 4 + 1) ﬂ@,2)+492 fe?, 2)
0z* 9(e0?) 9(e?)?

AV aZf 4 0 2(m+1) af :I}
= + =
Gt ‘{azz @ 9@ [“’ 5

Substituting the value of f(o?, z) gives
(n—m)/2

V2o = (x + iy)"'l: Y (m—m=2)@n—m—2 —1)ap¥z-"-2"2

Jj=0
(n—m)/2 .
+ z ](J + m) anZJ—Zzn—m—ZJ:|.
Jj=1

Replacing j by j+ 1 in the second summation, we get

(n—m)/2

Vzv=(x+iy)"'{ Y m=m=2)(n—m—2 —1a

J=0
+G+DG+m+ 1) ag] g”z"‘”"”‘z}.
Equating the coefficients of p2/z"~"™~2/-2 to zero, we obtain a system of

equations from which all the a; can be expressed one after the other in terms
of any one of them. Thus we have:

a, = (1) m—=my@m@m—m-1 .
1. (m + 1)

[VR}

m=—m@—-—m—-—1Dm—-—m—-2)(n—m—13) .

2 = —1)?
“ (=D 1.2.(m + 1) (m + 2)

0>

Gy =yt =M@ —m =D =m =G+ D)
G+FD)m+Dm+2)...m+j+1
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If a, is real and positive, then all the a,; will be positive, and all the a,,,
negative. For definiteness, let

(n + m)!
2" m(n — m)!

ao=

We have thus established the existence of one and, with accuracy up to a
constant factor, only one harmonic polynomial of the form

v=(x+ D) fomle®, 2),

foranyrnandm = 0, 1, ..., n. Associating with these a further # polynomials
of the form

x — )" fomle?,2) m=1,..,n (29.2)

we obtain a system of 2n + 1 harmonic polynomials.

It is not difficult to see that these polynomials are linearly independent.
Taking {; = x + iy and {, = x — iy as new independent variables, we
obtain in each of these polynomials such highest terms in {; or £, as cannot
be encountered in any linear combination of polynomials having a lower
value of the index m.

We shall prove that there are no other homogeneous, harmonic poly-
nomials of degree n which are independent of those given.

Any homogeneous polynomial R,(x, y, z) will, if we introduce in it new
independent variables z, {1 = x + iy, { = x — iy, be a polynomial in z,
£, and {,, and therefore can be uniquely expressed in the form

Rn = <Pn,o(51C2s Z) + Zl [CT(pn,m(CICZ’ Z) + C,;(pn,m(clgz: Z)] (293)

To do this we must group together the terms in the full expression for the
polynomial which have the form £} ¢%z' where j — k = + m. Hence it fol-
lows that any homogeneous polynomial of degree n is expressed uniquely in the
form of a sum of polynomials by the formula (29.3).

If we apply the Laplace operator to the polynomial R,, we obtain a
homogeneous polynomial of degree (n — 2) which is also uniquely expressible
as a sum of polynomials by the formula (29.3) with a change of z into (n — 2).
If R, is a harmonic polynomial, then all termsin such an expansion of V2R,
must consequently vanish (it follows from the uniqueness that there is no
other expansion besides that in which all the terms vanish). On the other
hand, applying Laplace’s operator to formula (29.3) and noting that when
this operator is applied to polynomials of the form (29.1) and (29.2) poly-
nomials of the same form but with n replaced by (n — 2) are obtained, we
sec that the result from each term of the sum (29.3) in turn is zero. This
implies that ¢, ,, = ¢f,, =, as was to be shown.

Continuing to operate by analogy with the plane case, we change to polar
coordinates putting x = rsin 6 cos@, y = rsin 0 sin ¢, z = r cos 0, where
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r = \/? + y? + z% . Then any harmonic polynomial of the type considered
will take the form

reimtf  (sin? 0, cos 0) sin™ 0. (29.4)
Let

S um(sin? 0, cos 0) = y, .(cos 0);

then it is not difficult to see that y, ,, (cos 0) is a polynomial in cos ¢ of
degree precisely (n — m). For, each term of the form a;z"™=2Jp?/ is replaced
by a polynomial of the form

a,(cos 0)"~"2/ sin*’ 6 = a;(1 — cos* 0)’ (cos 0)"~"~%/,

in which the sign in front of terms containing (cos 0)"™~2/ is (— 1)*. In the
sum of such polynomials not a single term can cancel out. Moreover, it is
clear that

(n + m)!
nml) = ag = .
Yrnk1) ° m! 2™ (n — m)!
Putting
sin™ 0 , .(cos 0) = P{™(cos 0), (29.5)

and using (29.4), we can write the complete system of homogeneous harmonic
polynomials of x, y, z of degree »n in the form

r"P®(cos 0), r"sin ¢ P{P(cos 0), r"sin 2¢ P{P(cos 0), ...,
" sin np P{(cos 0); (29.6)
r" cos @ P{P(cos 0), 1" cos 2 PP(cos 0), ..., 1" cos up P(cos 0).
The functions (29.6) serve as three-dimensional analogues of the functions
o" cos ngp, " sin ng,

which appear with the solutions of the harmonic polynomial problem, and
the functions
sin mg P{™(cos 0), cos g P{™(cos 0) (29.7)

are the analogues of the trigonometrical functions with multiple arguments,
cos np and sin ne. These functions, or linear combinations of them, are
usually known as spherical harmonics of order n.

§ 2. Approximation by means of Spherical Harmonics

THEOREM 1. An arbitrary continuous function can be represented (in the
sense of uniform convergence) on a sphere of unit radius by a linear combination
of the functions (29.7) of orders 0, 1, ..., N with any desired accuracy pro-
vided N is sufficiently large.



§2 APPROXIMATION BY SPHERICAL HARMONICS 405

To prove this theorem we first establish one or two auxiliary propositions.

LEMMA 1. An arbitrary function F(0, @) which is continuous on the sphere
of unit radius can be represented thereon with any desired accuracy in the form
of a polynomial

N N N
Q(x, Vs Z) = Z Z Z aklmxkylzm’
k=11=1 m=1

Proof. We form the expression
1 2n rrm 1 N )
Oy = N —w‘ F(0,, ¢,) sin 0, d0, do,
47 o Jo 2

where cosy denotes the cosine of the angle between the vector

x=sinfcosp, y=sinblsingp, 2z =cosb
and the vector
x, = sin 0, cos ¢, y, = sin 0, sin ¢,, 2z; = cos 0,.

We have cosy = xx; + yy; + zz;.

It is easily established that Q p is a polynomial of degree N in x, y, z. We
shall prove, on the other hand, that Q5 — F = &(N) tends to zero uniformly
as N tends to infinity. Consider the integral

N“fj(ii_;isl) F(0, ¢) sin 0, d6, dg,

A 2n ;n N
N+l L+ 0S¥\ Gin 6, do, do, .
47 o Jo 2

Let S be the surface of the sphere of unit radius. The magnitude of

N
N +1 I + cos y\V 1'10d0dqol—N+l 1 + cosy ds
2 4 ) Js 2

does not depend on the point (0, ¢). Consequently, in calculating it, we can
put ¢ = 0. In this case, cosy = cos 0,, and the integral becomes

1
N+ J j(ﬁ?i) sin 0, d0, d¢,
n N
=—N+I4n 1 + cos 6, q 1 + cos 0,
4 o 2 2
|/ 1+ cos b, ”“”_I
2 o
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This implies
N +1
+ f f <1_+2__y> F(8, ¢) sin 6, d6, dg, = F(6, 7).
Moreover,
x — F(O, ¢)

_ Nl f f (I—W) [F(6;, ¢.) — F(6, ¢)] sin 6, 4, dp,.

We shall divide the last integral into two terms, by separating off around the
point (6, ) a domain y < J on the sphere so that

|F(8, ¢) — F(6y, 9| < 3

for points (6,, ,) belonging to the domain y < d.
Since the function F(6, ¢)is continuous, itis bounded, i.e., | F(6, p)| = M
We now choose N so large that the inequality

N
(N + l)<1 +2cos<5> o ¢
holds. Then obviously

N
(N+1)<1+2(:osy> <L for y = 0.

For such N,
|Ox — F|

<N+ 1” (@) |F(0, ¢) — F(8,, p,)| sin 6, d6, dp,

N +1 1 + cos )
N f f (——7’> RO, @) — K6y, @) sin 6, d6, dg,

N+12Mff <1+005y> is
2
1
f_ ff (M ds < ———2M + i:,g,
2 4 4M 2

Hence the lemma.

LemMma 2. Let Qu(x, y, z) be a completely arbitrary polynomial in the
pariables X, ¥, Z of degree k. Then there is a harmonic polynomial P(x, y, z)

fIA
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of degree not higher than k which takes the same values as Q\(x, y, z) on the
sphere x* + y* 4+ 22 = 1.
Proof. From what has already been proved, the polynomial Q,(x, y, z) can
be represented in the form

Or = go(@* 2) + Y. [(x + D)™ q1,m(0% 2) + (x — )™ q2,m(0%, 2)]

m=1

[see (29.3)].
Hence on the sphere x2 + y? + z? = 1 we shall have

k

Qi = To(cos 0) + ) sin™ 0 [cos mp T, n,(cos 0) + sin me 15, (cos 0)].
m=1

(29.8)

where t4(cos 0) is a polynomial of degree not higher than & in cos 0, and
T..m and 7,, , are polynomials of degree not higher than X —m in cos 0.
But 74(cos 0) can obviously be represented in the form

k

To(cos 0) = Y ¢,P5¥(cos 0) (29.9)

J=0

and each of the quantities sin™ § 7, , and sin™ 6 7,,, can be represented in
the form

e 2 Pi™(cos 0)

n

sin™ 0 7, ,(cos 0) =

i =

m

(29.10)

k
sin™ 0 7, .(cos 0) = Y 2P {™(cos 0).

n=m

The coefficients of these expansions can be found one after the other, be-
ginning with the highest, for the degree of each P/™(£) increases by unity as m
does.

Substituting (29.9) and (29.10) in (29.8) we have the proof of Lemma 2.
Theorem 1 immediately follows from Lemmas 1 and 2. For, by Lemma 1,
an arbitrary continuous function may be replaced on the sphere with any
desired accuracy by a polynomial. And by Lemma 2 this polynomial can be
replaced directly by a harmonic polynomial.

§ 3. The Dirichlet Problem for a Sphere

The theorem just proved gives us a new method of solving the Dirichlet
problem for a sphere. We know from the earlier lectures that this problem
always has a continuous solution and that if we change the boundary values
of the function

s =¢
EMP 14a
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to approximate values ¢’ such that

<e,

o — ¢
then the solution of the equation VZu = 0 subject to the condition
[u]s = ¢’

will differ by no more than ¢ from the solution of the same equation subject
to the condition
[uls = @.

By taking as ¢’ a linear combination of spherical functions, we at once
find a solution of the problem in the form of a sum of the corresponding
polynomials. This will be the approximate solution of the Dirichlet problem.
At the end of this lecture we shall give an explicit expression for the exact
solution by means of spherical functions.

§ 4. The Differential Equations for Spherical Functions

Let Y,(0, @) be any spherical harmonic of order n. The product r"Y,(0, ¢)
is a harmonic polynomial. Consequently

VirY (0, ¢) = 0.

Using the expression for the Laplace operator in polar coordinates [see
(28.7)], we obtain

1 0 0 1 0 0
-_— l‘2—— I‘"Yn 0, + - Sin 0_ r"Yn(O’ )
r2 ar[ or 1 (P))] F sin 0 ao[ 50 " 7)
1 0?
o rY,(0, )] = 0,
r?sin 0 0O¢? [ 7
whence

1 0 2
, — | sin 6 97, + L oY, + n(n + DY, = 0. (29.11)
sin 0 00 00 sin? 0 0¢?

Equation (29.11) is obtained from the equation

2
'; 9 sin 0 oY + Lo + 1Y =0 (29.12)
sin 0 90 sin? 0 O¢?

with
A=n(n+1). (29.13)

We let D denote the operator

| 0 ) 0 1 0?2
——|(sin 0 +
sin 0 00 00 sin? § Og¢?
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operating on a function (0, ¢) defined on the surface of the unit sphere.
Then equation (29.12) may be written in the form

DY + 1Y = 0. (29.14)

At first sight the operator D seems to depend on the choice of pole on
the sphere. However, it does in fact remain unchanged for any possible
choice of the coordinates 6 and ¢ on this sphere. For, suppose the function
x(0, ) is specified in some manner on the sphere. We shall regard it as
specified throughout the whole space r, 0, ¢ but independent of r. Then

D(x(0, ¢)) = r*v?y.

The Laplace operator appearing on the right-hand side does not depend on
the choice of the coordinate axes, and hence the operator D will not depend
on this choice, as was to be shown.

The arc-length ds of a curve on the sphere is given by

ds? = d0? + sin?0 d¢?,
or

ds? = hf d0? + h3 do?
where

h, =1, h, =sin0.

The operator D is expressed in terms of A, and A, by the formula

b 2 (fefr) L0l
hh, 06 \ h, 00 hh, O0p \ h, Ogp
which is analogous to formula (28.6) expressing the Laplace operator in
terms of curvilinear coordinates. This formula may therefore be called the
Laplace operator on the surface of the sphere.

The equation (29.12) can have a non-trivial solution which is continuous
over the whole surface of the sphere, but not for every value of 4, only for
particular values. The problem of finding such values of 4 and the solutions
themselves is similar to that of finding solutions of the equations y”’ + 1y =0
which are continuous in a plane. We dealt with the latter problem in Lec-
ture 20. The present problem can be reduced to the theory of integral equa-
ticns by using Green’s function. Let us examine this in more detail.

We shall seek a solution of the equation

Dv = y(0, ¢) (29.15)
on a sphere. We notice that the corresponding homogeneous equation
Du=0 (29.16)

has a non-trivial solution # = 1. Hence the problem of finding solutions of
(29.15) is not always soluble.
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We shall take as the Green’s function for equation (29.15) the function
of two variable points on the sphere

= 1 log. sinyf2,
27

where ¥ denotes the angular distance between the two points considered. We
know from spherical trigonometry that

cos y = cos 0, cos 6, — sin 0, sin 0, cos (p, — p,),

where (0,, ¢,), (0,, p,) are the coordinates of the two points.
We shall prove that if the function y satisfies the equation

T 2R
fj tpdS=f J wsin 6 dp d6 = 0, (29.17)
S 0J0

then the solution of equation (29.15) which satisfies the same condit ion

X M2n
f f vsin 6dp db =0 (29.17)
0J 0

is given by the formula

n 2n
v(eo,¢o>=” G(e,qo,eo,qoo)w(e,gv)sinedgvde=” Gy ds,
0 0

N

(29.18)

where dS denotes an element of the surface of the sphere. This will justify
our calling G the Green’s function for the equation.

Suppose a solution of equation (29.15) exists. We choose the pole of the
sphere as the point (0,, o). We then have

n 2n n 2n
J‘J‘ Gq)dS=§v j‘ GDvsinOdqodO—f (J‘ GDvdgv)sinOdB
S J 0 0
n 2rn 92
J‘ logesmﬂ{—m -a—|: J ]-I— .1 L avdgv}d()
o 2 00 sin 0 27 |, Op?
— _| sin 0_ L i cos 6/2
27 2 sin 0/2
+ | sin 0 0 -—1—
00 \2n J,

) log, sin —]

2n n

J‘ sin 6 [L :‘ |:cos — -l—j v d(;u] .
27 21 |, o

Nl»—-
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By virtue of the condition (29.17),
ﬁ[ Gy dS = [v]g=0- (29.19)
S

It follows from (29.19) by symmetry considerations that formula (29.18) holds
for any point on the sphere. We can also prove that if y is an arbitrary func-
tion satisfying the condition (29.17), then the function v(f,, ¢,) dcfinable by
equation (29.18) gives the solution of the equation

Dv = yp.

The proof of this assertion is similar to that which we have given more than
once, and we shall omit it.

Since the Green’s function which we have constructed is symmetrical,
all the theory of integral equations with symmetric kernels is applicable

to the equation
u = Z’H‘ Gu dS
S

which is equivalent to (29.14).

If we set ourselves the task of finding all regular solutions of cquation
(29.12) on a sphere, then from what has been said it follows that the values
(29.13) will be the eigenvalues. Each eigenvalue has (2n + 1) eigenfunctions.
We have already obtained, in (29.7), the set of solutions of equation (29.12).
It follows from the general theory of integral equations that those of the
functions (29.7) which correspond to different values of »n are orthogonal.
The functions (29.7) which correspond to the same value of n are also ortho-
gonal, since sines and cosines of multiples of anglesin theinterval0 < ¢ <27
are orthogonal. Hence all the functions (29.7) are orthogonal.

THEOREM 2. The functions (29.7) exhaust the whole set of eigenfunctions
of equation (29.12).

Proof. Let Y*(0, ¢) be an eigenfunction of equation (29.12) which is distinct
from the functions (29.7), which we suppose to have been ordered in some
way to give the set (0, ¢).

By Theorem 1, the function Y*(0, ¢) can be represented in the form

N
Y0, ¢) = X "0, 9) + v,

where 7 1s arbitrarily small. This implies

f f {Yf((), ®) _,Z cMuy 0, (p)}z ds = j f n% dS < &N).
Let ’ ’

Y= ff Y*(6, @) u (0, @) ds.
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Then

[[{rron - you.p ass [[ Ire.p - Savuo.nlss

Taking into account the fact that, from the general theory of integral equa-
tions, Y*(0, ¢) is orthogonal to all #,(0, ) and hence that y; = 0, we get

H [Y*(8, 9)]? S < ¢

for any positive ¢. This implies

Y*(0,9) =0,
as was to be shown.
It follows at once from Theorem 2 that any function ¢(S) which is
quadratically integrable on the sphere, i.e., any function satisfying the

condition
jj P*(S)dS < o,
S

can be represented in the form of a series convergent in the mean:

ad
Z @iy
i=1

P =JJ pu; dS.
s

The convergence of the series will be uniform, by the Hilbert-Schmidt
theorem, if @ has continuous second-order derivatives.
If we substitute one of the functions (29.7) in the equation (29.12) and use
the fact that
2

where

[sin mp P{™(cos 0)] = —m? sin mp P{™(cos 6),

a 2

. OP(cos 0 2
___l___a_ [sm 0 —(COS—)] + l:n(n + 1) — mz O:I P{™(cos 6) = 0.

06 sin

(29.20)

Equation (29.20) is a differential equation for the function P™ (cos 6).
If we put cos 8 = p, then

o o 0
66— Sin a_lu’—,
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and equation (29.20) can be written

d Fsinz 0 M] + [n(n +1) — m? ]P,(,'")(,u) =0,

E; | du sin? 0
or
(m) 2
I -y BE ] o+ 1) - | P = 0.
du | du 1 — u?

(29.21)

The differential equation just obtained is a linear, second-order equation. It
is obtained from the equation

A
i(l_MZ)d_y+1l__2y=0
du du 1 — u?

by putting A, = n(n + 1) and 4, = m?.

If we seek values of A; and A, for which the last equation has a bounded
solution, then it can be asserted that, if 1, = m?, the equation will have no
other eigenvalues than A; = n(n + 1). This follows from the fact that,
otherwise, we should have an eigenfunction y* of equation (29.21) and a
corresponding eigenfunction for equation (29.12) in the form P*(cos 6) sinme
which would be different from all the functions (29.7), and this has been
proved impossible.

The relations which we have obtained enable us to study the problem of
solving Laplace’s equation for the sphere by the method of separation of the
variables. Indeed, we have already practically carried out this method, though
starting from other premises.

If we separate the variables in Laplace’s equation

o 2
Vzuzi_rza_u + 1 is[neﬁi +_1—_au=0’
r?\or or r?sin 6 00 06 r? sin? 6 dg?

we obtain after some simplification, which we leave to the reader,

u =Y r"P{™(cos 0) [a cos mp + by" sin mg],
msn
where cos me and sin mg are solutions of the equation
d:o
de?
P is a solution of equation (29.20) or (29.21),
and r" is a solution of the equation

L d <r2 d—R) —n(n + DR = 0.

+ m*® =0,

FE dr



LECTURE 30

SOME ELEMENTARY PROPERTIES
OF SPHERICAL FUNCTIONS

§ 1. Legendre Polynomials

We shall examine one or two properties of spherical functions.
THEOREM 1. A solution of the equation

[(l —yz)—:l+[n(n+ 1) — m’ :|y=0
du du I — p?

is given by the function

(m) ( 1)" 2\ 2
P (u) = > (1 p?z

dll+m(1 — M)

(30.1)
d#"-l-m

Proof. Let (1 — u?)" = @. Then the relation

dz2¢ 0
(1 — u? 2(11—1),ud—+2n(1>—0
du? dp

can be verified immediately. Differentiating it (/1 + n) times with respect to u
and using Leibniz’s formula, we get

dm+n+2(l) m+n+1g)
(I = pu?)——— — 2(m + Du
d‘um+n+2 ‘u,m+n+1
n+m(
+m—-my@m+m+ 1) d +f =0,
or, putting W
dr+nd
dmin P (I =u) " =2m+ Duy' + (n—m)(n+m + )y =0.
Further, let P,"(u) = C(1 — u2)Zy, then by direct substitution we get
dzP,(,"') dP(m) 2
(1 — u? —2u—" 4 |luin +1) - " P
du? du 1 — u?

= C( = @2 [(1 = g2y — 20m + Uy’ + (1 — m) (n +m + Lyy] =0,
as was to be shown.

414
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Formula (30.1) obviously gives us a new explicit expression for P¢™(cos 0),
since r" sin me P,™ is a harmonic polynomial, and there cannot be two such
polynomials. A number of useful recurrence formulae can be obtained from
this formula which facilitate the calculation of P{™ (cos 0).

The polynomials

PO = Py = S LA )

2" - n! du”

are known as Legendre polynomials, and play a special role among the
spherical functions.

Strictly speaking, we have not yet the right to denote the function (30.1)
by P (u), as previously defined, since the two might differ by a constant
multiplier. It is, however, easily established that such a multiplier could only
be unity. For, firstly, it follows from (30.1) that

P,(1) =1. (30.2)
This may be seen by puttingu — 1 = z; then
(l _ ‘u2)n —_ (_l)n Zn(2 + Z)n — (_l)n (2"2" + )’

from which (30.2) follows immediately.
Also, if
P{(cos O)
sin™ 0 -
then similarly
(n + m)!

2" - nl(n — m)! ’

Yu,m(l) =

which proves our assertion.

§ 2. The Generating Function
1

1
THEOREM 2. The expansion of the function — =

as a power series in r has the form ' V1 = 2rcos 0 + r?
1 w
— = ) r*P,(cos 0). (30.3)
rl n=0

The function 1/ry is therefore called the generating function of the Legendre

polynomials.
This theorem could be proved directly by calculating the coefficients of

the power-series, but it can also be proved by a different method, as follows.
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Considering the function 1/r; in a certain sphere r < ¢ < 1, we may
expand it as a power series in r, the coefficients of which will evidently be
polynomials in cos 0, i.e.,

1 Y. r"Q.(cos 6).
"1 n=0
For,
1 —2rcos 0 +r2 = (1 — re' (1 = re', (30.4)

and hence the expansion will have a radius of convergence equal to unity.
This implies, that, for r=p,

—1— = i 0"Q,(cos 0). (30.5)
ry n=90

As we proved in the last lecture, a harmonic function which takes the
specified values (30.5) on the surface r = g can be expanded in a uniformly
convergent series

1

rl n

a,r"P,(cos 0).

fogs

Since the expansion of an arbitrary function as a power series in r must be
unique, it follows that
Qn(cos 0) = a,P,(cos 6).

To determine the value of a,, we note that, for cos 8§ = 1, we have

(1 = 2rcos @ + r¥)g_o =1 —r)?
and
1 1

[e o]
= r.
ry Il —r a=o0

Comparing this with the expression

L= Y rap,
n=0

ry

we have a, = 1. Hence Theorem 2.
COROLLARY 1.

[>2]

rn
ngo F P"(COS 0), r <R

! = (30.6)
2 _ 2 o0 n '
\/R 2Rrcos 6 + r Z R P (cos 6), r> R.

n+1

n=0
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For,
1 1 1
JR* — 2Rrcos 6 + r» R r r\?
1 —2—cos O +(—
R R
1 1
r 2
\/1 - 250050 + <-Ii>
r r
from which (30.6) follows.
COROLLARY 2.
0 1 « "
=-) (n+1) P, (cos 0), r < o.
d¢ \/92 — 2prcos 0 + r? n=0 o"t?

(30.7)

We may further remark that the convergence of the two series (30.6) and
of (30.7) will be uniform relative to the variable 6 provided that, respectively,

R —r>¢,

r— R > ¢, for a fixed value of R.
or e —r > ¢,
To prove this assertion, consider the series with positive terms

3
S R R (30.8)
2.4

\/l—r 2

All the terms of this series are equal in absolute value to the corresponding
terms of the series
1 it 1 >
= ar, ————— = a,r'. (30.9)
=0

V11— re "20 V1 —re™®  n

Consequently, the terms of the series

1 1 1
= =1l+r+r+-,

1 —r Ji—r J1-¢

which can be obtained by the termwise multiplication of the series (39.8)
by itself, will be not less in absolute value than the corresponding terms of
the series

1 a
1 ! = > r"Pcos 0),

‘\/I—ZI‘COSO-"I'Z \/l—rew \/l—re-w n=0
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which is obtained by the termwise multiplication of the series (30.9) one by
the other. Hence we obtain the inequality P,(cos 0) < 1, in which the equal-
ity sign can hold only for 6§ = 0, i.e., if cos 0 = 1, as may easily be seen
from the proof. From this follows our assertion that the convergence is
uniform.

§ 3. Laplace’s Formula

Now let rY,(0, ) be a certain harmonic polynomial. Applying Green’s
formula to it, we obtain

Y. (0, ¢)

an ry r, on

where

ry =\/r2—2rgcosy+92

dS, is an element of the surface of the sphere with coordinates 0,,¢,,
ry < pis the distance between the points M(r,, 0, ¢) and M(o,0,,9,),

and v is the angle between the vectors from the origin to the points
.M_l 9 .M2 .
Clearly,

rp cos y
= rp sin 0 cos @ sin 6, cos ¢, + rosin 0sin ¢ sin 6, sin ¢, + ro cos 0 cos 0,
= rp [cos 0 cos 0, + sin 0 sin 0, cos (p — @,)].
Substituting in formula (30.10) the expressions (30.6) and (30.7) for 1/r, and
0 1 0 1
w(w) @)
we have

rY,(0, ¢)

Y.(0,, ¢1) {o"(n + 1) Z P.(cos y)
et K=o gk+2

4

®
+ np"t Y
k=0 o

P,(cos y)} sin 6, d0, de,

1 2n 4 og )
= —f J Y.(0,, ) 2n + 1) {L r*P(cos y)} sin 0, d0, do; .
T Jo Jo k=0
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It is clear that the function Pj(cos ) for j # n is orthogonal to the function
Y,(0, ), since they are harmonics of different orders. The series under the
integral sign is convergent in the mean and may therefore be integrated
termwise. But then all terms save one disappear, because of the orthogonality.
Hence

2n n
”W&@=%+lffﬂn@wvﬂ@whmmwﬁ%
47 o Jo
i.e.,
2n 4+ 1 (2 "
ro, g = 2t f J Y,(0,, @1) Po(cos y) d0; dpy. (30.11)
v 0 0

Formula (30.11) enables the coefficients of the expansion of a given func-
tion F(0, ¢) in spherical harmonics to be obtained immediately. For, suppose

RO, ¢) = i ¥,0, 9) (30.12)

Multiplying both sides of (30.12) by P,(cos ¥) and integrating over a sphere
we get

2n + 1
4

2% T
f f 04, p1) Pu(cos 7) sin 0, d0, dgy = (0, @).  (30.13)
0 0

Formula (30.13) is known as Laplace’s Formula.

Laplace’s formula enables the solution of the Dirichlet problem in a
sphere to be written explicitly in the form of a series of harmonic polynomials.
For, by multiplying each harmonic of order k by r* and adding, we can
obtain a harmonic function which takes the given values F(0, ¢) on the
boundary of the sphere. We obtain the solution in the following form:

w 2n pn
u(r, 0, @) = 1 Y 2k + l)r“j f F(0,, ¢,) P,(cos ») sin 6, d0, dg,.
4-71: k=0 0 0

To conclude this exposition of the theory of spherical functions, we
shall give without proof a few formulae which are often useful:

r+1 ) w
[P,()]? dp = :
J-1 2n + 1
rt+1 1
[P’('m)(/‘)]z dy — 2 (71 + ’n).
J-1 2n + 1 (n — m)! (30.14)
r+1 +1
P,(p) Pop) dpt = 0, f P () P& () dp = 0,
v -1 =1

n#n.
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The formulae (30.14) enable us to calculate directly the coefficients of the
expansion of a function in a series of spherical functions of the form (29.7).

Finally, we may mention the asymptotic representation of Legendre
polynomials for large values of n:

Pn(COSO)‘—‘\/—Z— cos n+lt9—i + &%,
7n sin 6 2 4

where ¢, - 0 as n - oo uniformly relative to 0, for e < 0 < 7 — &.

At this point we bring to an end this elementary course dealing with the
principal characteristic properties of the equations of mathematical physics
and their classical methods of solution. In this we have, of course, far from
exhausted the content of contemporary mathematical physics. Thus, beyond
the scope of our course there remain the following highly important topics,
which would furnish material for another book of at least the same size:

1. Problems of mathematical physics for an unbounded medium and the
applications of the Fourier integral transformation.

2. Special problems for a semi-bounded medium, diffraction of waves, efc.
3. Variational methods in mathematical physics.

4. Approximate solution of problems of mathematical physics by the method
of finite differences.

And among these most important topics we ought also to include the theory
of non-linear equations.

The scope of this course has not allowed us to go into any of the topics
mentioned. We hope, however, that an attentive reader who has familiarized
himself in these lectures with the basic ideas in the theory of the equations
of mathematical physics will be able, on his own, to explore profitably the
contemporary literature dealing with these questions.
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256-257
of adjoint equations 272
of continuous function
on bounded closed sct
over domain 77
over open set 81
of discontinuous function 73, 92, 95,
99
of function
of variable sign over set
over measurable set 105
over open set 81
Integration of a function of variable sign
97-99
Interior sets 107

113,

85-92

97-99

INDEX

Internal problem
Dirichlet 222
for circle 233
for sphere 171-177
reduction to integral equation 225
uniqueness of solution 260
Neumann 222
conditions for existence of solution
224, 262-263
reduction to integral equation 226
Intersection of sets 75
closed 75
open 75
Inverse points 163

Jacobian 390-392

Kernel 237
almost regular 351, 366
degenerate 243-248, 359
iterated 366
positive definite 364
representable by a Green’s function 370
special type 248
symmetrical
real 342
weighted 342
Kirchhoff
formula 193-201
solution for wave equation
317

189-201,

Laplace
cquation 12, 38, 146-150, 317, 401
complex-variable solution .235-236
in curvilinear coordinates ._388-400. :
in plane 228-236
principal solution 148-152
principal solution in the plane 228
formula 418-419
operator 8, 12, 174, 291-300, 401, 403,
408
in coordinates
curvilinear 393
cylindrical 394

polar 393
on surface of sphere 408
Lebesgue »
-Fubini theorem 121-125, 344, 345
integral 72-125

absolute continuity 96
properties 98



INDEX

Lebesgue

integration 72-123

measure of a set 91
Legendre polynomials 414

generating function 415
Limit of sequence 116

generalized 117

greatest and least 116

in Lebesgue sense, condition for existence

120

in the mean of sequence of functions 312
Linearly independent functions 243
Liouville’s theorem 166
Logarithmic potential

of distributed mass

of layer

double 234
single 234
Longitudinal vibrations of bar with free
ends 339-341

Lorentz transformation 38
Lower limit of a sequence 116
Lyapunov

lemma 292-294, 370

stability 32

surface 202, 259, 260

theorem 218

230-232

Maximum value of harmonic function
146
Mean value of harmonic function 155
-value theorem 92
Measurability of a set, conditions for 104
Measurable function 92, 100, 102
Measure
of set 91, 99, 102
of sum of two measurable sets 111
Membrane 6
equilibrium under transverse load 7
vibrating 6-8, 24, 25
vibrations of circular
Mercer’s theorem 367
Method of successive approximations
238-242
Minkovski’s inequality 312, 322-324
Multiple integrals 71-125

397-399

Negative part of function 97
Net 80
Neumann
function 395
problem 25, 202, 220, 222, 331, 370

425

Neumann problem
external 222
for half-plane 231
for half-space 180-187
internal 222
uniqueness of solution 223
Newtonian potential 151, 167-170, 174
Norm of function 312
Normal
coordinates 387
derivative of potential due to double
layer 218-220
Null set 74

Open set
Operator(s) (see also Laplace operator) 73
completely continuous 342-353
strong 353
differential
adjoint 62, 265, 268
one independent variable 265
self-adjoint 62, 269, 291, 392
Ordinary differential equation, second or-
der 265-290, 334, 375
Orthogonal functions 247
with weight o(P) 340
Orthogonality of eigenfunctions 329
Oscillation of function 79
Ostrogradski’s formula 1

Parabolic equation, canonical form 40
Parallel surface 217
Particular solution of integral equation
238
Passage to limit under integral sign 121
Piecewise smooth surface 2
Point sets 73
Poisson
equation 146, 291-300, 369
generalized solution 305
in unbounded medium 166-170
in plane 228-236
formula 175, 194-195
applied to internal Dirichlet problem
233
for solution of wave equation
194-195
Pole of a Green’s function 298
Positive part of function 97
Potential
due to double layer
203-209, 220, 261

151-154, 202,
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Potential
due to double layer
behaviour at infinity 220

geometrical interpretation 152-154
properties 203-209
due to single layer 151-152, 202, 210 to
217, 220, 258

behaviour at infinity 220
physical interpretation 152
properties 210-217

logarithmic
for distributed mass 230
for double layer 234
for single layer 234

of a volume 150-152

retarded 193

Robin’s 262

Principal

function 261

solution of
equation of heat conduction
Laplace’s equation 148-150

in the plane 228
term of the second-order operator 38
Properties of

eigenfunctions 329

eigenvalues 329

scalar product of two functions 345

133, 144

34-35
integrable function 314,

Quadratic forms
Quadratically
328, 342

Rank of eigenvalue 246
Real symmetrical kernel 342
Rectangular parallelepiped, vibration of
382-387
Regular normal derivative
of potential due to double layer
218-220
Representation by analytic functions
378-381
Resolvent 376-378
Retarded potential 193
Reverse wave 48
Riemann
formula 67-68, 71
function 67-71
for adjoint equation 68-71
symmetry 70
method for solution of hyperbolic equa-
tion 65-71
Riesz-Fischer theorem 314, 324-326, 337

INDEX

Robin
potential 262
problem 262
Rule of inertia of quadratic forms 35

Scalar product of two functions 345
Schwarz’s inequality (see Buniakowski)
Secular equation 334
Self-adjoint
differential operator 62, 269, 291, 392
family of functions 268

Separation
between two systems of boundary func-
tions 27-29

of variables 327-334
complete, in Laplace’s equation 397
Sequence
convergent 116
in itself 117
of functions, uniform convergence in the
mean 312
Series
convergent in the Lebesgue sense 119
in itself 120
Set
closed 74-75
internal net 80
measurable 103
nowhere dense 77
of functions bounded in the mean 349
of zero measure 106
Solid angle 153, 261
Solution of equation
inhomogeneous for vibrating string 51
integral 238-242
Laplace’s 148-152
by complex variable method 235-236
by separation of variable 409
of heat conduction 304, 321
of hyperbolic type, Riemann 65, 67, 71
of wave 311, 335
Poisson’s 305
Sound waves 17-21
Sourcewise representable function 360,
376
Spectrum of natural frequencies of vibra-
tion 339
Spherical
functions 401-413
differential equations for 408-413
elementary properties 414-420
harmonics of order n 404
waves 191, 195-196



INDEX

Steady motion of fluid 13
String 3
equilibrium under transverse load 5
vibrating 3-6, 23
Sturm-Liouville equations 375
Sum of sets 74
Summable function 73, 92-99
in the Lebesgue sense, over domain 92,
98-99, 100
on measurable set 105
Surface(s)
apparent velocity of 10-11
Lyapunov 202
of characteristics 188
piecewise smooth 2

Symmetric
function 342
kernel

real 342

weighted 342, 359
Symmetry of Green’s function for Dirichlet
problem 295
System
of eigenfunctions, completeness
37
of harmonic polynomials 403
of interior sets 107

329,

Theory of stability 32
Transformation, Lorentz 38
Transmission
of heat 13
of sound 17-21, 24
Types of partial differential equations 37

Uniform convergence
in the mean of sequence of functions
312, 333

427

Uniform convergence
ofintegral for given parameter 126-129
Uniformly continuous function on set 78
Union of sets 74
Uniqueness of solution
of equation
heat conduction, generalized 304
integral 241
of problem
Cauchy, for wave equation 194
Dirichlet 223
for half-space 180
internal 260
Neumann
external 260
for half-space 180
Upper limit of sequence 116

Vibration
of continuous medium 334
of mechanical system 334
of membrane 6-8, 24, 25, 37
circular 397-399
of rectangular parallelepiped 382-387
of string 3-6, 23, 37
Volterra equations 242

Wave equation 17-21, 188-201, 307-317,
330, 397
formulation
of boundary conditions 307
of the Cauchy problem 196
generalized solution 311
in the plane 397
Kirchhoff’s solution of Cauchy problem
189-201
solution by separation of variables 330


















