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_ From the Editor

In this educational aid, intended for high-school students, an
attempt has been made to classify the problems encountered in high-
school mathematics by their solution methods.

It was rather difficult to attain the aim the authors set for them-
selves. On one hand, a detailed classification of problems by methods
of solution would require the consideration of a large number of con-
crete problems and, on the other hand, a schematic classification would
not yield a useful aid for solving different:kinds of problems. There-
fore, alongside a large number of worked problems, the book includes
many problems (about 2500) for the reader to solve.

In addition to the traditional problems from the course of high-
school mathematics, the book includes methods for solving simple
differential and integral calculus problems as well as problems which
require the use of coordinates and vector algebra. These sections only
include problems whose solutions require knowledge that is beyond
the scope of high-school mathematics.

Some problems in the book can only be solved by a combined
application of the knowledge from the traditional and new divisions
of mathematics. These include, for instance, problems connected with
the calculation of limits, derivatives and antiderivatives of functions
which must first be simplified by means of identity transformations.

The authors consider all the most frequent methods of solving
problems from the high-school course of mathematics. The fact that
many problems are not followed by their solutions makes it possible
to use the book for preparing for the entrance examinations to higher
educational establishments.

V. I. Blagodatskikh



From the Authors

Our aim when writing this book was to help students to systema-
tize their knowledge of problem solving. The structure of the book
follows from this aim, hence each section begins with some theory
(definitions, principal theorems and formulas) which must be known
in order to cope with the subsequent problems without resorting to
textbooks. Next the method of solving a specific kind of problem is
indicated, followed by an example showing how to use the method.
The remaining problems are left for the reader to solve.

We feel that this form of presentation is the best way of helping
the student actively master the methods of problem solving. In a num-
ber of cases, the solution presented is not the briefest or most elegant.
This is due, first of all, to our wish to give the most visual application
to the method being suggested, rather than to demonstrate non-
standard approaches.

We arranged the problems not followed by answers or hints in
order of increasing difficulty, fully realizing that every reader may
want to change the sequence of the problems according to his knowl-
edge or inclination. Plane geometry and solid geometry, the tradi-
tional divisions of school mathematics, are, in the main, represented
by problems on calculations.

The material on solid geometry was not structured strictly in the
way we explained above since, as distinct from problems in plane
geometry, for which the solution methods can be neatly classified,
any non-trivial problem in solid geometry may require the use of
several different methods. Thus the problems considered in Chapter 12
are followed by quite detailed solutions, in which the techniques
which reduce the original problem to simpler ones are emphasized.

Chapters 6-9 contain proglems in mathematical analysis. Many of
these should be solved using traditional high-school mathematics.
Chapter 13 includes some very difficult problems in geometry whose
solution can be considerably simplified with the use of vectors and
the method of coordinates.

Since the theory of relativity and the related divisions of mathe-
matics have drawn considerable attention lately, we deemed it neces-
sary to include combinatorics and clements of relativity theory. We
have taken into account that this material is absolutely new to the
majority of readers and so the theory part of the chapter is somewhat
larger than those in the other chapters.

A double numeration system was adopted for both the problems
and examples. The first digit indicates the number of the section and
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the other digit, the number of the problem or example within the sec-
tion. An asterisk indicates a difficult problem and two asterisks mean
that the problem is followed by a complete solution (given in “Answers
and Hints” at the end of the book).

In conclusion, we wish to express our gratitude to all those who
helped us to improve the structure and content of the book by their
advice and remarks, especially to N. V. Reveruk who took part in
writing Chapter 13 and who prepared some of the problems for it.
Our thanks also go to K. K. Andreev who thoroug%ly studied the
chal;])ters on mathematical analysis and made valuable remarks. The
authors are especially grateful to V. I. Blagodatskikh whose cordial
attention was felt at every stage of writing this book.



Chapter 1

Algebraic Equations
and Systems of Equations

An identity is an equation satisfied for all possible values of the
variables involved. (The numerical values of the variables are said to
be permissible if all the operations on the variables appearing in the
equation can be performeg.)

An equation is an equality which can be satisfied only for certain
values of the variables entering into it. By the hypothesis, the varia-
bles in the equation can be nonequivalent: some of them can assume
all their permissible values and are called coefficients (less frequently,
parameters) of the equation; other variables whose values must be found
are called unkrowns (they are usually denoted by the last letters of
the alphabet, z, y, z, or by those variables with indices, z;, z,, .

vey Ty OT Yy, Yoy « - - Yp)*.

In a general form, an equation in » unknowns z,, z,, . .., 7z, can
be written as

F (24, 29y « « .y ) = 0, )

where F (zy, z,, ..., z,) i3 a function of the indicated variables.
According to the number of the unknowns an equation is said to be
that in one unknown, in two unknowns, and so on.

The values of the unknowns which turn an equation into an iden-
tity are called solutions or roots of the equation.

The domain of definition of the function F (z,, z,, . . ., z,) is the
domain (set) of the permissible values of the unknowns entering into
equation (1).

If all the roots of the equation F = 0 are roots of the equation
G = 0, then the equation G = 0 issaid to be a consequence of the
equation F = 0, and the notation is

F=0= G=0.

Two equations F = 0 and G = 0 are said to be equivalent if each of
them is a consequence of the other one, and then the notation is

Thus two equations are equivalent if the sets of their roots coincide.
The equation F = 0 is considered to be equivalent to two (or sev-
eral) equations F; = 0, F, = 0 if the set of the roots of equation

* Unless otherwise specified, the unknowns are considered to as-
sume real values.
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F = 0 coincides with the union of the sets of the roots of the equations
F, =0 and F, = 0.

Some equivalent equations.

(1) The equation ¥ -~ G = G is equivalent to the equation F = 0
considered on the set of permissible values of the initial equation.

(2) The equation F/G = 0 is equivalent to the equation F = 0
considered on the set of permissible values of the initial equation.

(3) The equation F-G = 0 is equivalent to two equations, F = 0
and G = 0, each of which is considered on the set of permissible
values of the initial equation.

(4) The equation F™ = 0 is equivalent to the equation F = 0.

(5) The equation F™ = G" is equivalent to the equation F = G
for odd » and to two equations, F = G and F = —G for even n.

An algebraic equation is an equation which can be reduced to the

form
P, =0,

n

where P, is a polynomial of degree n of one or several variables. The
number n is a degree of the equation.

1. Rational Equations in One Unknown

An equation of the form
ax +b=0 2)
is called a linear equation. A linear equation has a single root x =
—b/a. An equation of the form
az? L bz 4+ c=0 (3)
is called a quadratic equation. The expression b2 — 4ac = D is a

discriminant of the quadratic equation. In the case when D > 0, equa-
tion (3) has two real roots:

—b4+VD —b— VD
n=Tge v AT T
b
If D = 0, equation (3) has one real root of multiplicity 2: z = —32

If D < 0, then equation (3) has no real roots.

A solution of many rational equations consists in reducing them,
by some technique, to equations of form (2) or (3). An introduction of
an auxiliary unknown is one of those techniques.

Example 1.1. Solve the equation
1 1 1

r(zF2) (z4-1)2  12°

Solution. Designating z = z% |- 2z, we write the initial equation
in the form
1 1

1
. zF1 12° )
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Simple transformations reduce equation (*) to the equation

24z—12 (+s)
12z (z+1) ~ '

which is equivalent to the equation z2 4z — 12 = 0. The equivalence
of these equations follows from the fact that the roots z = —4
and z = 3 of the last equation belong to the set of permissible values
of equation (**). Thus the initial equation is equivalent to two quad-
ratic equations, z2> 4 2z — 3 = 0 and z% 4 2z 4 4 = 0. The roots

of the first equation are z, = 1 and z, = —3. The second cquation
has no real roots.
Answer. z =1, z = —3.

Solve the following equations.

21 2 4 5
- =0. ol =2.
14 z2—4z+410 2t +4r=6 1.2 2214 + z2+5
1.3. (22—62)2—2(z—3)2=381.
24 15
1.4. — =2.

z2+42z—8 z2+42z—3
1.5. 17 (x—i—%)—-Z (z“+;12—)=9.

1.6 z24-2z+4+1 z24-2z42 7
0 g2 2z 42 + 24 2z+3 6 °

r—2\2 z+2\2 z2—4
158) (:c: + 2z)? T) %.1:2—{— 1)2 =25)5. 5 =0
Lo o L ;‘)zt’(j —2) (z — 3) = o.
LAl (=2 @+ 1) @+ O @D = 19
— 6z

xz
1.42%, (222 4 3z — 2) (5 2?) = —5 (222 4+ 3z 4 2).
113, o — 1300 436 =0. 1.14. 225 1+ z* — 15 Tort
1.45. (22 — 1)8 4 3 (22 — 1)8 = 10. 1.46*. (1 4 2)® +

(1 + 224 = 224,
1.17. (z — 2)% — 19 (z — 2)° = 216.

One of the ways to solve an equation of a degree exceeding two is
to factor the polynomial appearing on the left-hand side of the equation
and thus reduce the solution of the initial equation to the solution of
several equations of lower degrees. This method is based on the follow-

ing property of the roots of an nth-degree polynomial. If the number ¢
is a root of the polynomial

P (z) = apz™ + @z 4 . ..+ apg7 - ap,
then the polynomial can be written in the form
P (z) = (z —¢) Q (2), (4)

where Q (z) is a polynomial of degree n — 1 (i.e. the polynomial P (z)
can be divided by the polynomial z — c). P (
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Factoring a polynomial is equivalent to finding its roots. Finding
the roots of a polynomial is a difficult 1problem and in a general case
it is impossible to indicate a universal method of seeking the roots
of an nth-degree polynomial with real coefficients. There is a theorem,
however, which makes it possible to find rational roots of an nth-degree
polynomial with integral coefficients.

The rational roots of the polynomial

agz™ 4 a;z™ 1 - L. 4 apgz + ag,

where ag, ay, . .., an_;, a, are integers, can only be numbers m/p
(m is integral and p is natural), the number | m | being the divisor
of the number | a,, | and the number p, the divisor of the number

lagle
Example 1.2, Find the roots of the equation

4 | 823 — 322 — Tz 4 3 =0,

Solution. The numbers 1, 3 are the divisors of the number 3, and
1, 2, 4 are the divisors of the number 4. The set {1, —1, 3, —3} is
the set of values of m, and the set {1, 2, 4} is the set of values of p.
The set {+1, +3, +1/2, +1/4, +3/2 +3/4} is the set of various
distinct rational numbers of the form m/p. Substituting these numbers
into the equation, we find that the numbers z;, = 1/2 and z, = —3/2
are its roots. According to (4), this means that the given (Polynomial
can be divided by the linear polynomials (z — 1/2) and (z 4 3/2)
and, consequently, it can also be divided by their product

(=) (s+3) =+ 1.

Performing a division, we find the polynomial of the quotient: 422}
4z — 4. Solving the quadratic equation

4a? 4 bz — 4 =0,

we get two real roots: z,=_1+‘/5 and z4=_1+]/5 .
We have thus completed the solution of the problem, i.e. have
found the four roots of the initial equation:

—14+v5 _—1—V5
2 ! 4 2

1
31=-2—, z,:-—?, za= .

Answer. {-;—. ——g—, —142-1/51 _1;1/5}.

Solve the following equations.

1.48. 824 - 622 — 1322 — z - 3 = 0.

1.19. 2® } 6z } 422 - 3 = 0.

1.20. 274 — 73 — 922 | 13z — 5 = 0.
R P SRS S
22, 2 — (2a 224 (@a* 4 a)z — (a® — a) = 0.
1.23. z* — 42® t 1922 4 106z — 120 = 0.
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Some equations of a special form. Equations of the fourth degree
whose left-hand side is a Eroduct of quadratic trinomials, which differ
by a constant term, and the right-hand side is a number, can be re-
duced to quadratic equations by introducing an auxiliary unknown
which is equal to the common part of the two factors.

Example 1.3. Solve the equation
z(z+ 1) (z+ 2) (z4 3) = 0.5625 (*)

Solution. Multiplying separately z (z 4+ 3) and (z 4 1) (z 4 2).

we obtain
(z% 4 3z) (2% 4 3z + 2) = 0.5625
Introducing an auxiliary unknown y = z2 4 3z, we get, after simple
transformations, a quadratic equation
y? 4 2y — 0.5625 = 0,

whose roots are y; = 0.25 and y, = —2.25. Returning to the initial
unknown, we infer that (*) is equivalent to two equations

22 4 3z — 0.25 = 0 and 22 4 3z 4 2.25 = 0,

The first equation has two different roots, z= _—3+ V10 and
2

z=;3_2—1/10 , and the second equation has one root of multi-

plicity 2, z=—%.

_ —3+ VY10 _ —=3—VY10

=—7g = =g

Find the roots of the following equations.

1.24. (z 4 a) (z 4 2a) (z — 3a) (z — 4a) = b

}gg gg — 4%)(::(3— 5) (21,) — 6) (iz) — ?5= 1680.
. . Xz = o

1.27. z4 —+2.t’ Zt 13§z=+0.

1.28. (z — 1) (z 4+ 1) (z F 2) z = 24,

1.29. (z — 4) (z 4 2) (z 4+ 8) (= + 14) = 354,

1.30%. (224 24 1) (222 224+ 3) =3 (1 — z — 2?).

The equation of degree n
32" 4 az™t ... ez a, =0 (5)

is said to be symmetric if a), = a5 for allk =0, ..., n. If n =21,
then we can divide both parts of equation (5) by z! and pass to an
equivalent equation

Answer. z = ——g—.

1 1
agzlazl-A 4 ... -apg F—]—an 7=0,
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and equation (5) can be reduced to an equation of degree ! by intro-
ducing a new unknown z = z +—- If n = 21 + 1, then a direct veri-

fication shows that z = —1 is a root of the equation. The division .

by (z + 1) reduces equation (5) to a symmetric equation of degree
n =2l

Equation (5), where a;, = (—1)ka,, _ is called skew-symmetric. The

arguments presented above are applicable to it with due account of

the following changes: for n = 2/, it is necessary to introduce z = !
z —1/z as a new unknown, and for n = 21 4- 1, z = 1 is one of

the roots of the equation.

Example 1.4. Solve the equation
27 4 228 — 525 — 132% — 1323 — 522 4 2z + 1 = 0. *)

Solution. The given equation is symmetric and » = 7 and z = —1
are its roots. Consequently, equation (*) can be represented as

(z + 1) (2® + 25 — 62 — 723 — 622 4 z 4 1) = 0,
and its solution reduces to the solution of an equation of an even degree
28 4 28 — 62 — T2® — 622 f 24 1 = 0.
Dividing both sides of the equation by 23, we get
1 1 1
3 —_— 2 —_—) — —_— ) — =
(.z: —}-zs)—}—(z +x2) G(x-f—x) 7=0.

We introduce the designation z = z 4 1/z and, taking into account
that

12—|—%—:z2——2, x3+-:—s=z3—3z,

we get an equation z% 4 z2 —9z — 9 = 0 which is equivalent to the
equation

(z41) (22 — 9) = 0.
Consequently, the solution of the initial equafion reduces to the solu-
tion of the following three equations:
1 1 1
z+?:—1, z+?=3, x+—x—: —3,
which are respectively equivalent to the quadratic equations
224+ z4+1=022—3z+4+1=0,2243z4+1=0.

The first equation has no real roots, and the roots of the second and
third equations can be calculated by the formula for the roots of a
buadratic equation.

Answer. z=—1, .’C=3+2‘/5’ = 3— Vs r= —3—2*- Vs ’

2 ,
—3— V5
—

r=



1 Rational Equations in One Urnknown 17

Solve the following equations,

1.31. 2z* 4 523 | 222} 52+ 1 =0,

1.32. 21:4++ 328 — 422 — 324 2=0.

1.33. 1525 + 34z* 4 152% — 1522 — 34z — 15 = 0.
1.34. 62 — 22 — 20z + 12 = 0.

1.35. 224 1=2(1 + 2)%

Hint. To solve equations 1.34 and 1.35, it is first necessary to
make a change y = az 4 b. As a result of a requisite choice of the
numbers a and b, the equations become symmetric (or skew-symmetric)
with respect to the unknown y.

A rational algebraic equation of the form

P(z) _
Q (2)
is equivalent to the equation P (z) = 0 which can be solved on the
sct of the permissible values of equation (6).
Example 1.5. Solve the equation
99—z 5

z—4  z—4
Solution. The initial equation is equivalent to the equation
9—2—54+3@2z—4)=0

provided that z — 4 5= 0. Solving the equation obtained, we find
that z = 4. But since z = 4 does not belong to the set of permissible
values of the unknown, the given equation has no solutions.

0 (6)

3.

Find the roots of the following equations.

12041  92—5 108z —3622—9

6z—2 3z+1 —  4(922—1) °
1 1 1

2z+3  z2—16 + 222 11z 12

1.36.

1.37.

_ z—8 .
2234322 — 32z —48

0.

224z41 7 z41
1.38. 2—z+1 9 z—1°

z4+1 9 1
1.39. 2(z—1) ~ 2(z}4) +o=1-

z3 z+1 1 1
0. o t3e— 7= =72z°

i, 4292485 (e 1) (224 15)_(z41) (e+5)
o Ce—N2—-2@E+1)(z—2) (z—1)(z—2)°
1.42.* (a_z)‘-'_(m_b)‘i _ at+ bt
- (e+b—22)2 "~ (a+b)?*

1 + 2 _ 6 .
22 —2z-1-2 22 —2z+3 =~ 22—2z-}4

1043.

2—-0263
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Equations with an unknown under the sign of an absolute value.
If certain expressions containing an unknown are under the sign of an
absolute value, then, to remove the signs of an absolute value, it is
necessary to consider the initial equation separately on each interval
of the constancy of sign of those expressions.

Example 1.6. Solve the equation

|22 —5|=z—1.

Solution. The expression 2z — 5 under the sign of an absolute
value is nonnegative for z > 5/2 and negative for z << 5/2. Let us
consider the initial equation separately on each of the intervals.
Assume 2z — 5 > 0, i.e. x >> 5/2. Then, by the definition of an ab-
solute value, | 2z — 5 | = 2z — 5, and the given equation reduces to

the form
2z — 5=z — 1.

Solving this equation, we find that + = 4. Since the number 4 satis-
fies the assumption we have made (2 X 4 — 5> 0), z = 4 is a solu-

tion of the initial equation.
Let us now assume that 2z — 5 << 0. Then, by the definition of an
ab olute value, |2z — 5| = —(2z — 5), and the given equation

ass mes the form
-2z —5) =z — 1.

Solving this equation, we find that z = 2. Since the number 2 satisfies
the assumption (2 X 2 — 5 < 0), z = 2 is a solution of the initial
equation.

Answer. z = 2, z = 4.

Example 1.7. Solve the equation

lz—1]|—2]z2—2]|+4+3|z—3]|=4.
Solution. The given equation is equivalent to the following equa-

tions:
Ml1—zf2@x—2)—3(@z—3) =4 for z<1;

@z—14+2@—2)—3@x—3)=4for 1<z<2

B)z—1—2@—2)—3@E—3) =4dfor2<z<3;

4 z—1—2@—2)+ 3(z—3)=4forz>3.

The first equation has a solution z = 1; the second equation turns
into an identity for all values of z which satisfy the inequality 1 <<
z < 2, the third equation has no solutions; the fourth cquation
has a solution z = 5.

Answer. z € [1, 2], z = 5.

Solve the following equations.
1.44. |2| =24 2. 1.45. | —z 4 2| = 2z + 1.
1.46. |z —1|+]z—2|=1.147. |z—1 |+ |z} 2] —

lz—3l=4.

1.48. |2—[1—|z|ll=1. 1.49. zfi =1.

1.50. |5z—22—6|=22—5z+6. 1.51. |z2—1|=—|z|+1. |
1 3 1, al_3

152, |5 ot —2at 5 |+ |5 22— 3at ‘_ - |
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2. Irrational Equations

The irrational equation is an equation in which the unknown quan-
tity is under the radical sign. The domain of permissible values of an
irrational equation consists of the values of the unknown for which
all the expressions under the radical signs of an even degree are non-
negative.

One of the ways of solving an irrational equation is to raise both
nides of the equation successively to a power which is the least com-
mon multiple of the exponents of all the radicals entering into the
wiven equation. If the power to which the equation is raised is even,
the resulting consequence of the initial equation can have extraneous
roots, In that case the roots must be verified.

Example 2.1. Solve the equation
V3zti+Vz—bh=2Va. (®
Solution. We square both sides of the equation:
324442 V(@Bz+4) (z—4)+z—4=4z. (*%)

Collecting, terms, we get an equation
2 VBz+4) E—%9=0,

whose roots are r = —4/3 and z = 4. One of the roots obtained, name
ly, == —4/3, does not satisfy the initial equation since it does
not belong to the set of its permissible values. Verification shows that
for z = 4 the initial equation turns into an identity.

Answer. z = 4.

Solve the following equations.

24, VzF1=8—y3z+Ii.

22. Vet VotttV z— Vzrii=4.

23. Viitz—V1T—z=2. 24 V3Fi—Vzfi=2.
25, V2B—z=2—y9+fz. 26. V2+1+V22—2z43=3.
2.7. Vat4z—54 Vz®f8z—4=>5.

28. Vataztil=Vz2—z+141.

29. (22—4) YVz+1=0. 240. Viz—3+ V5z+1= V152 4.
241, Vz+54Vz+3=V22F7. 242. Vi—z+ V5+z=3.
243. Vizrf2+ Viz—2=4.

244, Va—yVz—2+V 2+ yVz—2=2.

245. Vz+7—z+3=0. 246, yzt+3%—) z—3=1.

247. V25— 3z—5=2. 248. yz+yz—16=}z—8.
219. Yz 54+ z+6=y 20111

220, Yrti4+yYZFi=yz—1.

'y
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221, YVzHi+yYz+2+yz+3=0.
222, Vit VetV 1—yz=2.

Some special methods of solving irrational equations. In some cases
we can rationalize an equation by multiplying its beth sides by a
certain expression which does not assume the value zero.

Example 2.2, Solve the equation

V 32245z +8— V' 32245z +1=1. (%)

Solution. Let us multiply both sides of the equation by the expres-
sion V/'3z* + 5z + 8 + V32 + 5z + 1, conjugate with respect to
the left-hand side of equation (). After collecting terms, we get an
equation

7= V 32245248+ 322+ 5241, (»%)
which is equivalent to the initial equation since the equation
V 322452+ 8+ V322452 1=0
has no real roots. Summing up equations () and (+*), we get
V32 +5z4-8=4.
Squaring the last equation, we get a quadratic equation
322} 5z — 8 =0,

whose roots are z = —8/3 and z = 1. Verification shows that these
are the roots of the initial equation.
Answer. z =1, z = —8/3.

Solve the following equations,

2.23. V322 —2z 115+ V322 —2z+8=1.

224, V224 9— Y3 —7=2. 2.25. VY15—z+ Y3—z=6.
2.26. V423 Bz+C+ Y Az* +Bz+C,=p.

gz, Y2Aat VA A

ViAfz—yY2U—2 =

In some cases, an introduction of auxiliary unknowns makes it
possible to pass from an irrational equation to a system of rational
equations which is its consequence.

Example 2.3. Solve the equation
23—4z—6= ) 223 —8z12.
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Solution. Introducing the designation V222 — 8z 4 12 = y, we
get the following system of equations:

y? = 2z% — 8z 4+ 12, ()
y =22 — 4z — 6.
liliminating the unknown z in system (x), we get an equation
y: —2y — 24 =0.

'The roots of this equation are y; = 6 and y, = —4. Since y denotes
an arithmetic root, we choose a positive root from the two roots 'of
the equation we have found. Substituting it into the second equation
of system (=), we get for z an equation | i

2?2 — 4z — 12 =0,

whose roots are z; = —2, zo = 6. Verification shows that these are
the roots of the initial equation.
Answer. z = 6, z = —2,

Solve the following equations.

2.28. ¢/ (1z—3P3+8Y (3—T2)3=1.
229, Vz—2+ Vi—z=22—6z}11.
2.30. Y 4T—2z+y 35+ 2z=4.

2.31. (z44)(z+1)—3 V22521 2==6.

5 / 16z 15/;—1
2.32. ]/z_1+ =25
2.33. V23+32—2) 72F+32=3.
2.34.* V”'l”zr Vz—4 =z+4 V28 —16—6.

7 7

2.35.% l/ i+3 + ]/ ;fz —2.

2.36. VzyVz—Vzyz=56.

237, B=AVS—z—(—3) Va=3_,
Vi—z+Vz—3

2.38. 2y z—4y 2*+4=0.

2.39. 2243z—18+4 V22 F3z—6=0.

2.40. V3E+6y+16+ Vyif+2y=2 Vi 2y +4

2.41.% Vw_]/x 1/1:3+66’—z"‘=5.
z

A(z—2)+4 V222—3z+ 1 1
2(z2—1) T

2,42,
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243. Ve—2+V2%—5+V 24243 V2%—5=7y3.
2.44.* (r—3)2+32z—22= V23 —3z 7.

8+z /1 1./4, 2
2.85. —3— = 1/?+? 1/ -

Example 2.4. Solve the equation
Vz+i=Vz—3.

Solution. We introduce the designation Y’z - 1 = u, 'z — 3 =
v. Eliminating z in the equations u® = z } 1 =
arrive at a system of equations

+ 5

u=nuv,
ut — v =4
Its solution reduces to that of the equation

¥ — vt — 4 =0,

whose only real root is v = 2. Returning to the initial unknown, we
get a linear equation 4 = z — 3, whose root is the only root of the
initial equation.

Answer. z = 1T.

Solve the following equations.

2.46. V 52+ 71—y 5z—12=1.

2.41. VI—Vadil+V 1+ Vzri=4.

2.48. V 2%+ Va1V 5+ Vz=1.

Equations 2.49-2.56 can be solved by the method of isolating the

perfect square in the radicands which makes it possible to simplify
the process of solution.

Example 2.5. Solve the equation

Vi—ty2yi—2—Vz—1—2yz—2=1.

Solution. We designate 'z — 2 = ¢; then the initial equation
assumes the form

Viefat1—yee—2t+1=1. ()

Since the radicands on the left-hand side of equation (+) are perfect
squares, it can be represented in the following equivalent form:

lt4+1]—jt—1]=1.
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The only root of this equation is ¢ = 0.5. Returning to the unitial

unknown, we get an equation

Vz—2=0.5,
whose root is z = 2.25,
Answer. z = 2.25

Solve the following equations,
249. Vzioqr2Veri+Vzr2—2yYzF1=2.
250, Vzi5—4VzritV z+2—2Vzri=1.
251, V2842 yVzri+V zt1—Vzri=4.
252, Va2 yo—1—V s2—2 ya2—1=1.
253. Vet2Ve1—Vz—2yz—1=3.
2.54. V:c+2 V:t_——i-+Vx—2 Vi—i=z—1.
255, V2r—2V2%—1—2V 2+3—4 V2z—1
43V 2248—6 YV 2zr—1—4.
256, Vzt3—4Vz—1+V24+8—6 YVz—1=1.
lio nA:pply_ing;g the methods presented above, solve the following equa-

1 1
2,57, —_ —_1/3.
z—V2i—z z+ViP—z =V3

2.58. 1/12-——— + ]/::3——_

259, 2V 5Yzr1+4—V 2y zt1—1=V 20y 5 +1+5.
2.60. V222 —9z+443 V2z—1= V222 21z —11.
261, Vir?49z+5— Y222 fr—1=yz2—1.
2.62* V4—lbz+z2+y/ 49+ 14z +2* =3+ Y T4—bz—=z2.
2.63*, V222 8zf6+4 Yz:—1=2z12,
264, Vz—2+4V1—z=2.
2.65. 4 z=(VIFa—1) (VT=z+1).
1 i 1 2
Vz+2 Vz—1 Vz—2 Vz—1 2—z’
2.67. V(a2 +4y (a—z)°=5y a*—a2.
2.68. YV z+ 12 +Y @—1)2=4y 22—1.

Va8 7
2.69%, 1=
Vet VR

2.66.
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3. Systems of Algebraic Equations

Several equations

Fy (24, zg3y . . .y z) = 0,
Fq(zgy 29y ooy ) =0, .. .,
Fy (x1, Zgy. . ., 2,) = 0

considered simultaneously constitute a system of equations. A solution
of that system is an ordered collection of the values of the unknowns
which turns all the equations of the system into identities.

A system of equations which has solutions is said to be consistent,
and that which has no solutions is said to be inconsistent.

A linear equation in n unknowns is an equation of the form

o) + az, + ... + az, = 0,

where a,, a,, ..., a,, b are some numbers.

A system of equations is linear if all its equations are linear. A con-
sistent system is said to possess a unique solution if there is a unique
collection of numbers k;, . . ., k, turning all the equations of the
system into identities. A consistent system of equations may possess
several different solutions. Two consistent systems of equations are
equivalent if all their solutions coincide. In what follows (especially
when solving systems of linear equations) we shall often have to
subtract one equation of the system from another, both sides of the
former equation being multiplied by the same number. The resulting
system of equations is equivalent to the initial system.

When seeking solutions of a system of m linear equations in r
unknowns, it is convenient to use the Gaussian algorithm which con-
sists in reducing the given system to a triangular or trapezoidal form.
Here is an example illustrating the idea of the Gauss method.

Example 3.1. Solve the system

z 4 2y 4 3z =8,
3z 4+ y4 z2=6,
2z 4y + 2z = 6.

Solution. Multiplying both sides of the first equation by —3 and
adding it to the second equation, we obtain —5y — 8z = —18 or,
what is the same,

Sy - 8z = 18.
Multiplying both sides of the first equation by —2 and adding it to
the third equation of the system, we get an equation —3y — 4z = —10,
orTwhat is the same,
3y 4 4z = 10.
Consequently, the given system can be written as an equivalent system
in which the second and third equations do not contain the unknown z:
z -4 2y 4 3z = 8,
Sy 4 8z = 18, (»)
3y 4+ 4z = 10.
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Multiplying both sides of the second equation by 3 and those of the
third equation by —5 and adding these equations together, we get an
cquation 4z = 4; system () can be written in the form of an equiva-
lent system

z 4 2y 4 32 =8,
5y + 8z = 18,
z = 1.
We have thus reduced the initial system to a triangular form. Sub-
stituting z = 1 into the second equation of the system, we find y = 2.

Substituting z = 1 and y = 2 into the first equation, we find z = 1.
Answer. z =1, y =2, z = 1.

Use the Gaussian algorithm to solve the following systems of linear
equations.

4. 2z 4+ y42=1, 3.2. 3z — 4y 4 5z = 18,

z4+2y+2=238, 2z 4+ 4y — 3z = 26,
z4+y+22=09. z— 6y 82=0.
3.3. 10z — 9z = 19, 34. z4+ 2y 42z 7=0,
82z — y = 10, 204+ y—2—1=0,
y — 12z = 10. 3r—y+4+22—2=0.

x y z
3.5. -a—s“—?—"}-—a—:i, 3.6. :c—l—a’y+b’z=0,

x ) z
F_Lﬁ+?=1’ z4ay+4bz=0,
x 1/ K4
= ____c“; .{__c =1. z+t+y+z=1.

Solution and investigation of systems of two linear equations in two
unknowns. Let us consider a system of two linear equations in two
unknowns:

anz - a1y = by, (*)
91T - gy = by
under the condition that at least one coefficient in each equation of

the system is nonzero. Assume that A, A, and A, are determinants of
system ():

a3y Q12
A= =01,833 — 192y,

Q31 Q2
b; a

Ay=|,' "1?|=bjas—byay,,
by as
a;; b

Ay= b =a11b2'—'alzbl.
Q12 Oy

For A = 0 the system is consistent and has a unique solution. The

solution of this system is z = %, y = %.
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For A= 0

(1) system (=) is inconsistent (i.e. has no solutions) if at least one
of the determinants, A, or A,, is nonzero;
_ (2) system (#) is consistent and possesses several different solutions

Each equation of system (x) puts the variables z and y into a li-
near correspondence. In a rectangular system of coordinates every
linear correspondence between the variables z and y defines a certain
straight line. In the case when the system has a unique solution, the
straight lines defined by the first and the second equation intersect.
If the system has an infinite number of solutions, the straight lines
coincide; if the system is inconsistent, the straight lines are parallel.

Example 3.2. Solve and investigate the behaviour of the system

az -y = 2,
z 4+ ay = 2a.
Solution. Let us calculate the determinants of the system:
R 1 — 02
A= 1 a’—a —1,
2 1
Ax= % a|=2a—2a—0,
a 2
= e 2_
Ay 1 2% 2a2—2,

(1) Assume A = a2 — 1 % 0, i.e. a 5= +1. In this case the sys-
tem has a unique solution

_ A O Ay 2422

A-@E =0 V=g =a— =%

(2) Assume A = a2 — 1 = 0,i.e. a = +1. In thiscase A = A, =
A, = 0, i.e. the system is consistent and has several different solu-
tions.

For a = 1, the system assumes the form

s4y=2 z4y=2

and any pair of numbers (z; y) related as z 4 y = 2 is its solution-
For a = —1, we have

—z 4 y=2 r—y= —2
il AbaPY sl e
and any pair of numbers (z, y) related as z — y = —2 is its solutions.

Answer. For a = +1 the system possesses a unique solution z =
0, y=2;

fora = 1 any pair of numbers (z, y) related as z + y = 2 is its
solutions; .

for a = —1 any pair of numbers (z, y) related as z — y = —2 is
its solutions.

Solve and investigate the following systems of equations.
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3.7. z4 ay—1=0, 3.8. 3z 4 ay = 5a?,
ar — 3ay — (2a }- 3) = 0. 3z — ay = a?.
3.9. a4 5)ax 2a 4+ 3)y — Ba 4 2) =0,
(3a( ++10))z -_*l—_ ((5a i 6))_1111— ((2a -|_I: 4)) = 0.
340. a(a— 1)z (a4 1)ay=4a®>4 2, 3.41. az —y = b,
@—1)z4 (@ +1)y =at—1. bz + y = a.
3.42. (a® 4 %) z | (a® — b?) y = a?,
(@ bzt (a—b)y=a.
3.13. Find the values of the parameters m and p such that the
system
@Bm —5p bzt B8m —3p —a)y =1,
@m—3p 4 bz (hm —p)y =2
should possess several different solutions.
3.14. Are the equations

T+ ay=>b+ec,
z-4 by=c- a,
rt+cy=a- b,

where a, b and c are real numbers such that a2 + b2 | ¢ = 1, con-
sistent?
3.15. The numbers @ and b are such that the system
a’z — ay =1 — a,
bz B —20)y=3+ a
possesses a unique solution = 1, y = 1. Find the numbers a and b&.
3.16. For what values of a and b does the system
a?z — by = a%? — b,
bz — b2y = 2 4 4b
possess an infinite number of solutions?
3.17. For what values of a does the system

alz 4 2—a)y = 4+ a?,

az 4 (2a — 1)y = a® — 2
possess no solutions?

3.18. The numbers a, b, and ¢ are such that the system
ar — by = 2a — b,
c+1)z4+cy=10 —a -+ 3b

has infinitely many solutions, and z = 1, y = 3 is one of the solu-
tions. Find a, b, and c.

3.19. For what values of the parameter a does the system of equa-
tions

az — 4y = a 4+ 1,
22+ @+ 6y=a+3

possess no solutions?
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3.20. For what values of the parameter a does the system
2z 4+ ay = a | 2,
(a4 1)z 2ay =22} 4
possess infinitely many solutions?
If one of the equations of a system of two equations in two unknowns
is linear and the other equation isTnonlinear, then the system®can be
solved as follows. One of the unknowns of a linear equation is expres-

sed in terms of the other and is substituted into the second equation
which turns into an algebraic equation in one unknown.

Solve the following systems of equations.
3.21. (z — y) (22 — y?) = 45,

z4+y=>5.
3.22. (x4 0234 (y+ 0.3)2 =1,
z+4+y=0.9.
z ,y 13

3.23. 7+?=-€-, 3.24. (z4+y)4+-4 (z+y)2—117=0,

z-+y=">5. z—y=25.
3.25. 22 4 2 = 2 (zy + 2),

z4 y=6.
3.26. 22 4 y2 } 10z — 10y = 2zy — 21,

z4+y=2>.

Equations in two unknowns
gzt a1yt a2z Y24 ... tapzhyk 4 .. tapyn=0

are called homogeneous equations. In a homogeneous equation each
term contains a product of the powers of z and y the sum of whose
exponents is constant. When one of the two equations of a non-linear
system is homogeneous, it is possible to use that equation to express
linearly one uninown of the system in terms of the other.

Example 3.3. Solve the system
2% — 5zy + 6y = 0, *)
z2 | y? = 10.
Solution. Dividing the first equation by y?, we get a quadratic

equation
t2—5t4+6=0,

whose roots are ¢, = 2, ¢, = 3, with respect to the unknown t = z/y.
Returning to the initial unknowns, we get the following linear rela-
tionships between the unknowns appearing in the initial system (*):

=2y, z=3y. (**)

Substituting successively z = 3y and z = 2y to the second equa-
tion of the given system, we obtain quadratic equations y2 = 1 and
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y* = 2, whose roots are y, 4 = =1, + /2, with respect to
the unknown y Equations **) can be used to find the requisite
values z;, ..

Answer. (3, 1) ( -3, —1), CV2, V2), (—2V2, — V2.

Solve the following systems of equations.
3.27. £2° 28y = 12, 3.28. % y® = 65,

223 — By? = 4. z%y 4 zy? = 20.
3.29. zt — yt = 15,
z3y — zy® = 6.

A system of equations in n» unknowns z,, z,, . . ., z, is said to be
symmetric if it does not change upon a permutation of the unknowns.
If there are two unknowns (z and y), then the solution of such systems
can often be found by introducing new unknowns u = z + y and
v = zy. In that case, it is convenient to use the followmg equations:

22y = (z 4+ y)? — 2zy = u? — 2y,
24 PP = (z 4 y)® — 3zy (z + y) = ud — 3uy,
o+t = (@ 4y — 2242 = [(z + §)? — 22y]® — 22%°

= [u? — 2v]2 — 212,
which make it gos&ble to express the combinations of the unknowns
2% 2, 28 4 y?, 24 4 y* in terms of the unknowns u and v.

Example 3.4. Solve the system of equations
oyt =2 (ay + 2),
z+4 y=6.

Solution. We designate v = zy, u = z J y and then, make use
of the equation

2?4 4?2 = (z 4 y)? — 2ay,

u? — 2v = 2v 4 4,
u = 6,
with respect to the new unknowns, whose only solution is u = 6,

v = 8. Returning to the initial unknowns, we find that the solution
of the initial system reduces to that of a simpler system

z+4+y=26, zy=28,

whose roots can be found by the use of the Vieta theorem, for instance.
Answer. (2, 4), (4, 2).

Solve the following systems of equations.
3.30. 22y} y2z=20, 3.31. a22+4y?=a,

1 1 5 1 1
RS wrEs
3.32, %y zy? =6, 3.33. 2* | y* = 82,
zy 4+ x4+ y=>5. z4y=4

to obtain a system
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3.34. 34 PP =9, 3.35. 4 P=2,

zy = 2. zy (z 4 y) = 2.
3.36. (2% 4 y?) zy = 78,
24yt = 97,

3.37. 5 (2 + yY) = 41 (22 4 y?),
22 4 y? | zy = 13.
3.38. zt 4 yt =97,
zy = 6.

Solve the following systems of equations combining the methods
presented above.

3.39%. (23— z+1) (®—y+1)=3, 3.40% ;fi+:+z;%,
(z+1) (y+1)=6. 24 yr=5.
3.41*. 22%% — P22 = 36, 3.42. zy —z+ y=1,
2z%y — y%z = 6. z%y — y%z = 30.
3.43. zy + z — y =3, 3.44. 2 4 zy 4 z = 10,
2%y — zy? = 2. y?: 4 2y 4 y = 20.
3.45. 2?4 zy J- 2y2 = 37, 3.46*. 22— zy 4 y2 =19,
222 - 2zy 4 y? = 26. z 4 22y? | yt = 931.
3.47. (2> 4+ 1) (y2 4 1) = 10, 3.48*. 25 — yb = 3093,
(4 y) (zy — 1) = 3. z—y=3.

Symmetric systems of three equations in three unknowns z, y and
z are usually solved by introducing new unknowns:

v=z+4+y+z2 v=uzy+4 yz+4 2z, w= xYz.
In this case, it is convenient to use the following equations:
PP 2= (4 y+ 2 — 2@y + yz+ 22) = uP— 2,

P+ P+ 2=+ y+ 2P -3 @+ y+ 2) @y + yz+ 22)
+ 3zyz = u® — 3uv 4 3w.

Example 3.5. Solve the system of equations

z4+y+2=1,
zy + yz 4 2z = —4,
B2 P4 B=1

Solution. The system is symmetric. Introducing auxiliary un-
knowns

24+ y+z=u, zy + yz 4 2z = v, xyz = W,
and using the equation
2 4 P+ 2= u — 3uv 4 3w,
we obtain a system
u=1, v=—4, v — 3w} 3w =1,
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or, returning to the old unknowns, we get a system

z+y+z=1,
zy + yz 4 w2 = —4, *
zyz = —4.

The given system can be solved by using the Vieta theorem for a cu-
bic polynomial: the roots t;, ¢,, ¢5 of the cubic polynomial # - at2 |-
bt -}- ¢ are related as
b+t + i3 = —a,
ity -} tig 4 i3 = b,
bty = —c.
Il is easy to notice that for a = —1, b = —4, ¢ = 4 the rools of
the cubic equation
B—12—4t4+4=0
are in the same relationship as the unknowns z, y, z in system (*)
and, consequently, the triple of the values of the unknowns
z=t1, y=t’, z=ta

is a solution of system (*). By virtue of the symmetry of the system,
in addition to this trigle of the values of the unknowns, the following
triples of the values of the unknowns are also solutions of the system:

z=t2’ y=tl’ Z=t3,

=13 Y=1t, z2=1Y4,

=1, y=1iz z=21,,

T=1 y=li; z=1,
z

z=13 y=1t, = 3.

‘Thus the solution of the given system has reduced to finding the roots
of the cubic equation
B—2— 4t} 4=0,
whose roots are
=2, ty=—2, ty=1.
Consequently, the following ordered triples of numbers are solu-

tions of the given system:
(2, _27 1)9 (_21 27 1): (1v 2, _2)v (_21 1’ 2): (11 _21 2)1 (2, 1: —2)-

Solve the following systems of equations.
349. z+4+y+42=0,
2Pt =2 4 P 4P
zyz = 2.
3.50. z4y4z=1,
B4y =1,
B+ P B2=1.

Systems of three equations in three unknowns are sometimes
solved by an introduction of auxiliary unknowns.
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Example 3.6. Solve the system of equations

3zy —5 2z _3 ¥
z+y ' z+sz ' y+sz

=4.

Solution. The given system is equivalent to the system

x-{-y:i z+z 2 y+z 1

zy 5’ zz 3 yz =%

Performing a term-by-term division on the left-hand sides of the
equations, we reduce the system to the form

2 1,1 1
7t5=% Ti=% ytieT

|~ o

. 1 . .
Designating ?=u, =v, -z—=w, we get a linear system with

respect to the unknowns we have introduced:

3 2 1
u—|—v=g, u—i—w:g, w—i—v:z,

. 61 11 19 .
The triple of numbers (m ' 190 m)
quently, the triple of numbers (% ' %) ) %) is a solution of the
initial system.

its solution. Conse-

Solve the following systems.
16

—_ ¥
3.51. 31![—;— 5, 3-52. z—{—y _—1+Iy )
8
xy—}-W——S, rtz=—-"— 1—|—:cz s
3
==t ytz=—1—ro 1+yz .
3.53. 22— (y—z)?=a, 354 —b——a,
w—1) y+sz
2__(g—7)3— Yz _
y?—(z—z)2=0, itz b,
zz—‘ X — ,=C. ryz =cC.
(z—y) =+
3.55. =z 4 y+4 z=13,
Byt = 9,
y? = zz.

3.56. z4+y+4+2=0,
ApPLA=2(—z—1—2
24y} B =3 (22 — y? 4 2?).
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3.57. z4+y+4z2=1,
4o L Y222 — Sz = 2B P 2 - 2,
zyz = 2 4 yz.

3.58. zy + yz 4+ 22z = 14,
22 y? 22 =14,
zyz = 6.
3.59. 2@+ y) = ay,
zy 4+ yz + zz = 108,

zyz = 180.
3.60. z (z 4+ y + 2) = a, 3.61. 2% 4+ y? = azyz,
ye+y+2 =19 y* + 2° = bayz,
z2(z4+y+4 2 =c 22 4 2% = cxyz.

3.62. 22y =z 4+ y — 3,
22z =z —y -+ 3
Vze=y—z+ 3
3.63. 4zy 4 2 4 y2 =1,
82z | 22 4 422 = —2,
8yz 4+ y? 4 422 =1,

3.64. 2 (22 + y?) = ays, 3.65. =zyz2 = —y — 2z,
10 (¥ 4 2%) = 29zyz, 2z%yz = —y — z,
5 (22 + z%) = 13azya. 3zy?z = 2z — z,

3.66. zy +~z 4 y=1,
yz+y+z =_31
zz 4+ z+ 2= —35.

If a system contains irrational equations, we usually rationalize
them when solving the system. In that case we use methods which are
usually used in solving irrational equations.

Example 3.7. Solve the system of equations

V1+52+V5—y=3,
5z—y=11.
Solution. Introducing the designations 1/‘ 14+ 5z =u and
‘V 5 — y = v, we get a system of equations
utv=3, utt r=17, (*)

which is a symmetric system of nonlinear equations whose solutions
are u = 1, v= 2, and u = 2, v = 1. Returning to the initial un-
knowns, we obtain the following systems of linear equations:

14 5z=16, 1} 5z=1,
5 —y=1, 5 —y=16.
Answer. (3, 4), (0, —11).
3—-0263
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Solve the following systems of equations.
3.67. V2zty—1—Vz+y=1,
3z+4-2y=4.
3.68. Vz+2y+y z—y+2=3,
2z+4y="T.
3.69. V@—zy— Vay—y*=3(z—y),
R J YN
3.90. VEA+yi+ V=812,
Vz+Viy=4. o
3. V2254 Vyi—5=5, 3.72. Vz4Vy=2,
224 y2=13. z—2y+1=0.
3.73. Vz+Vy=8,
zhy— Ve Vy—2Vay=2.
3.74. zy+ Vo —ypi=8(Vzty+Vz—y)),
(z+yPr—(z—y)Pr=26.




Chapter 2

Logarithms. Exponential
and Logarithmic Equations

1. Identity Transformations of Exponential
and Logarithmic Expressions

Let a be a positive number different from unity and M any posi-
tive number. The logarithm of the number M to the base a is a number,
designated log, M, such that

alogaMzM.

The principal properties of logarithms.
log, bc = log, b + log, ¢, as=1, a>0, b>0, ¢ >0, (1)
loga-g:Iogab—loga ¢, azx1, a>0, b>0, ¢>0, (2)
log bq=—%-loga b, a1, b>0, a>0, p=£0, (3
log, b=—28eb 4 g c£1, a0, b>0, ¢>0, (4

log. a
1

lngab=ng—a-, a1, b#*<1, a>0, b>0. 5)

Example 1.1. Simplify the expression
logg Va*—1 log%/al Vai—1
log,, (a2 —1) logy ;V‘l’—i ’
Solution. According to (3), we have
(logy/q Va?—1)*=(—logg Va®—1)%=(log, Va*—1)?, (v
logy - Y aT—1=10g s oo (@—1°=loge VAT, (o)

log,, (a®—1)= log(a‘)l j2 (@@ —1)1/2log, Va1, ()

Substituting the right-hand sides of expressions (*) to (***) into the
initial fraction, we obtain

logg Va®—11logg Va2—1
logy Va®—1log, Va®—1
Answer. log, YV a?i—1.
ge

=log, Va,—1.
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Example 1.2, Calculate
81 1/log, 3+2710g. 36+3§/10g' ‘J.
Solution. According to (5) we have
Sii/log. 3 __gqlogs5 .
Using the properties of powers, we obtain
g11/10gs 5 (34)log. 5__ (310gg 5)4.

According to the definition of a logarithm, we have 38085 — 5 Thyg
we have
811/108s 3 54— 625,
Similarly,
g4/log, 9 _ghlogy 7 __ (32)2 loge 7 _ (glog. 7)2 =T72=49,
27log. 36 __ 2710&. 6 __ 33 logs 6 _ (3103; 6)3= 216.
Adding the resulting values together, we get the required number.
Answer. 890.

Simplify the following expressions.

3/10g . = 3
1/logs 9 Ve _
. S (7)™ T _qa5l08s 6)
1.2 2108 at1, o 108, b+ 1blogb a+1 +ab2/loga b41

log a
1.3. (2 V2" glogs @+ 13 _2q): (7410808 _5__1),
1.4*. log; 2log, 31ogs 4 logg 5 log, 6 logg 7.

1 1 1 -3 1
1.5. log, 222 -logy z = 08 (1082 + )_*_% log2 2442 log,/y 10ga x

( % logb a? )
log, b+log, \ b log,s blog, b

1.6.

log, b—1logap b b2 Tog, logab_1
1
1031/5 (f) 4 1
ll7o 5 lO - — lo —
ey iy TR oz va

When calculating the values of one logarithmic or exponential
expression from some other, known, logarithmic or exponential ex-
pressions, we usually factor all the numbers appearing in the given
expressions into primes.

Example 1.3. Find logy, 8 if it is known that log 5 = 2 and
log 3 = b.

Solution. We represent logg, 8 as

log 8
logao 8= m .
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Using prime factorization of the numbers 30 and 8 and the properties
of logarithms, we obtain

_ 3log2
" log5+1log3+log2°

logg, 8
Taking into account that
log 2=log-15—0 =1—log5,

we get
3(1—a
logs°8=—l()_+_—1).
3(1—a)

b+1 °

1.8. Calculate

Answer.

logy 135  logs5
logy5 3 logses 3

without resort to tables.

1.9. Knowing that log 2 = a, log, 7 = b, find log 5b.

1.10. Knowing that log 3 = a, log 2 = b, find log; 6.
| 1.121. It is known that logs 7 = a, log, 5 = b, logs 4 = a. Find
ogg 12.

1.12. Knowing that b = 81/(1-108:a) 3pd ; — g1/(1-108sb)  eyxpress
logg @ in terms of logg c.

1.13. It is known that

log, z = a, logy z = B, log, z = v, logg z = §;
r 5% 1.
Iind logypeq .
To prove the identity of two logarithmic expressions when certain

conditions are fulfilled, it is sometimes convenient to transform the
given conditions and then to take their logarithms.

Example 1.4. Prove that

loga;‘}_bz

—;— (log a+log b), (*)

il a® 4 b2 = Tab, a >0, b > 0.

Solution. Let us transform the conditions by isolating the perfect
square:

a? 4 b2 | 2ab = 9ab,
i.e.
(a 4 b) = 9ab.
Taking logarithms of this equality to the base 10 and collecting terms,
we obtain
2log (a+ b) — 21og 3 = log a 4 log b.
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Dividing both sides of the equation by 2 and using property (2) of
logarithms, we get (*).

1.14. Show that if z > 0, y > 0, then it follows from the equa-
tion 22 - 4y? = 12zy that

log (z+2y)—2 log 2=-%— (log z+1og y).
1.15. Prove that

logg4+pm + log,_pym = 2 log,4pm log,_pm
if it is known that m2? = a2 — b2,

1.16. Prove that if a, b, ¢ are successive (positive) terms of a geo-
metric progression, then

logo N—logy N log, N
logy N—1loge N = log. N °*
1.17. Prove that if

b
(ae)' e =2,
then the numbers log, N, log; N, log, N are three successive terms of
an arithmetic progression for any positive value of N.

When proving identities (i.e. verifying the validity of some equali-
ties on the whole domain of definition of the functions appearing in
them), use should be made of the same techniques as those employed
in simplifying logarithmic and exponential expressions.

Example 1.5. Prove that

P pt
logp logp l/]/ . ’}1/—;= —n
—_———
n

for p>1.

Solution. Transforming the irrational expression under the second
sign of logarithm, we obtain

p p—-_.:
I/l/-~-%=p“p"-

n
Taking logarithms in this equation to the base p, we get

logp P“pn='i'

"

Taking logarithms in this expression to the base p once again, we get
the required identity.

1.18. Prove that the equality

1 1 1 1
logg N + log,. N + log,s N + log,., N 1010y a,

holds for any permissible positive numbers a and XN,
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1.19. Prove that

_ Wars L S
Z(Vﬁanﬁ+h&%QM-y/@&,v/%+4%bV/%)Vh&b
_{ 2, b>a>1,
1 2logg b, 1<b<a.

1.20. Prove that
log, NV logy N +-logy N loge N +log. N log, N= log, J\’lolgf:cl\]’vlogc y .

1.21. Prove the identity

__ log, z logy z
10ga/p 2= Togy z—1logg z°

2. Expeonential Equations

Ezponential equations are the equations in which the unknown
enters only into the exponents, the bases being constant. The ele-
mentary exponential equation is an equation of the form

o* = b, )

For a > 0 and b > 0, a 5= 1, its solution is
z = log, b.
If some function f (z) is in the exponent instead of z, i.e. an equa-
lion has the form
d®) =b,a>0,bb%1, b>0, (2)
then taking logarithms of both sides of the equation, we arrive at an

equivalent equation
f (z) = log, b.

Some exponential equations can be reduced to form (1) or (2) by
means of the equations
a®t¥ = g% .qV,
(ax)” = axy,
a%x

W=
(a-b)® = a*.b%,
a\z a¥
(+)° =%
Example 2.1. Solve the equation
62x+4 — (38::) - (2%+8),

Solution. We rewrite the given equation as
(32+0) (23%44) = (30%) (2+8),
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Using the property of the members of a proportion, we get

32x+4 9x+8
3PBx - Q2x+e

or, after simnlification, 34-x = 2%4-2, We reduce this equation to the
form
2 \i-x
()=t
and get 4 — z = 0, whence z = 4.

Answer. z =4

Solve the following equations.
2.4, V3. Y5E=225. 2.2. (23%).(5%)=1600.
2.3, (93-5%) (75x-3) =1, 2.4. (32x-1) (53x+=)=—g-(5ﬂx) (3%%).

2.5. 3-4"—}——;—-9’”’=6-4x+l——;--9"+1.
2x2-5x-9
26. 7 2 =(y2)°*'% 7 2.7, 4.3v245.3v—7.351 =40,

1 .
28. 5 (zi)smz x+ 4.5%0 2x= 255 sin 2x.
+ x+i7
2.9. 1657 = 512.64 %3 . 2.10, 5/4*~6l —253%~4,

24V x4x
. V3. 31+V'x) ( )2(1+V")

1/' 3x—1
2.12. (83" 7) 02551 =

2.43. 0.6%. (2)* 1
(%) (125)‘

i i 2\1/2
2.44. (2.4)1 -sinx 10 41(6))5i" x+1/2 _ (1?2) / .

2.15. Find the solution of the equation
1
x24+hx T
T =

which satisfies the condition z > —3.

If an exponential equation has the form

g (af(x)) =0, 3
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then its solution by the substitution y = af(*) reduces to the solution
of an equation of the form
af(x) = yi’
where y; are roots of the equation g (y) = 0.
Example 2.2. Solve the equation
4V;\:"—-2+x_5.2 x—14+V x* -2 —6.

Solution. Designating oV E=2+x _y e get a (uadratic equation
y*—% y—6=0,

whose roots are y; = 4 and y, = —3/2. Thus we have reduced the
solution of the given equation to that of the equations

2x+V-§ré =4’ 2x+V:AT—2 — _3/2.

The second equation has no solutions since 2x+V=*-2 > ( for all
permissible values of z. From the first equation we get

z-4 1/:4:2—2=2.

Separating out the radical and squaring both sides of the equation,
we obtain
2?2 — 2 =4 — 4z } 2%

Collecting terms, we get the only root z = 3/2. Verification shows
that this root satisfies the initial equation.
Answer. z = 3/2.

Solve the following equations.

2.16. 2%+1{ 3.20-3—76. 2.17, 33/81—10}/9+43=0.

248, 31-x _31+x 4 x| g~ =6, 2,19, 641/ —2343/x - 12=0).

2.20, 41080 ¥ _g. 21080 x 4 ologs 27,

2.21, 4V3F 2241 9 g o) 5= -2z,

Exponential equations whose power bases are successive terms of a
geometric progression and the exponents are the same can be reduced

to equations of form (3) by means of a division by any of the end
terms.

Example 2.3. Solve the equation
6-4% — 13-6% 4 6.9¢ = 0,
Solution. We divide both sides of the equation by 9% and get
4 \x 6 \x
6 (g )13 () +o=0.
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Designating (—g—)x=y, we get an equation

6y2 — 13y + 6 = 0,

whose roots are y; = 3/2 and y, = 2/3. Thus the solution of the
equation reduces to the solution of two elementary exponential equa-

tions
(i)"_i (i\"_i
2/ — 2 2] =3

Answer. z =1, z = —1.
Solve the following equations.
2,22, 745 — 94454 2.49%°=0. 2.23. 3.16% 36*=2.81%,
2.24. 84 18x=2.27%, 2,25, 63/9—133/6+673/4=0.
2.26, 16x—5.8¢ 4 6.4x=0. 2.27. 23%-3_5.16.28-8x=0,
2.28, 27% 4 12x=2.8%. 2.29. (44 V15)*+(4— V15)*=62.
2.30. (V5+2v8)"+(V5—2v8) =10.
2.31. Solve the equation

Vat va=1)"(Ve—vVa=1)"=2a,

by substituting the value V2, V3, 3, 4, 5, 6, 7 for a.
2.32. 5l+xi_ 5l-x* — 24, 2,33, 5x-1 | 5.0.2%-2 — 26.
2.34. 102(x | 25Y/x = 4.25.501/,

Equations of the form
[a (2)]b®) = [a (z)](®)

with the set of permissible values defined by the condition a (z) > 0,
can be reduced to the equivalent equation

b (z) logg [a (z)] = ¢ (z) logy [a (2)]

by taking logarithms of its both sides. The last equation is equivalent
to two equations

logg [a (2)] = 0, b (z) = ¢ (2).
Example 2.4. Solve the equation
| 2 — 2 [10x8-1 = | z — 2 |3,

Solution. The set of permissible values of the unknown of the giv-
en equation is z 5= 2. Taking logarithms of both sides of the equa-
tion to the base 2 and collecting terms, we get an equation

(1022 — 3z — 1) log, | z — 2| = 0,
which is equivalent to two equations
logs |z —2]=0, 10z2 — 3z —1 =0,
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The roots of the first equation are z; = 1, z, = 3, the roots of the sec-
ond equation are zg = 1/2, z, = —1/5.

Answer. —1/5, 1/2, 1, 3.

Solve the following equations.

2.35. Y lz—3= =y Tz—3 %2 2.36. |z—3|3x"~10x+3_¢,

3 -
2.37. %8 — (;%)!%8a% 3,38, ()/z)108sx~1_5
2.39. 108 *+7 —qoUlog =+1)-4,

Some equations which contain an unknown in the exponent can be
solved by investigating the behaviour of the functions entering into
their left-hand and right-hand sides.

Example 2.5. Solve the equation

% =z 4 2,

Solution. By means of selection we find the root z = 5. The equa-
tion has no other solutions since the function f (z) = 7%-x decreases
monotonically and g (z) = = -tl- 2 increases monotonically and, con-
sequently, the graphs of these functions intersect not more than once.

Answer. z = 5.

Solve the following equations.

2.40%. (V2 V3) +(V 2—v3) =2~

2.41%, 3x-14-5%-1=34,

9.42%, 23xt-2at _ T2+
x

2.43%. 4x | (2 — 1) 2% = 6 — 2z.
2.44%, (z 4 1) 93 | 42.3*3 — 16 = 0.
2.45%, 22 — x4 1 = 2.2%-1 — 4x-1°

3. Logarithmic Equations

The logarithmic equation is an equation which contains an unknown
quantity under the sign of a logarithm. The elementary logarithmic
cquation

log, z =15, >0, a1 %)
with the set of permissible values z > 0 has a solution z = ab.

A logarithmic equation in which a certain function f (z) is under
the sign of the logarithm,

log, f(x) = b, a >0, a1, %)

has a set of permissible values of z defined by the inequality 7 (z) > 0
and is equivalent to the equation

f () = ab.
Example 3.1. Solve the equation
2 — z 4 38logg 2 = logg (8% — 52-=),



44 Ch. 2 Ezxponential and Logarithmic Equations

Solution. Let us transfer the logarithm appearing on the left-hand
side into the right-hand side and, making use of the properties of log-
arithms, write the equation in the form

3x __53-x
=)

By the definition of a logarithm, the given equation is equivalent to
the equation

2—z=1log, (

3% —52-x
8
which can be written in the form
3% = 9.52% or 32 = 52-% or 15%~2% =
The resulting exponential equation is equivalent to the equation
z — 2 = 0 whose solution is z = 2.
The set of permissible values of = of the given equation can be

found as the solution of the inequality

3x — 52-x > 0.

For z = 2 the given equation holds true and, consequently, z = 2 is a
solution of the initial logarithmic equation.
Answer. z = 2.

= 52-%

Solve the following equations.
3.1. logs [2+logs (3+2)] =0.
3.2. log (5—2) —% log (35 —3)=0.
3.3. logg (3* — 8) = 2 — z.
3.4. log - (4% —6)—log, - (2 —2) =2.
3.5. log (322 4+ 12z 4+ 19) — log 3z + 4) = 1.
If the logarithmic equation has the form
f (log, z) = 0,

where f is a certain function, then by the substitution y = log, z it
can be reduced to equations of form (4):

log, z = y;,
where y; are roots of the equation f (y) = 0.
Example 3.2. Solve the equation
(log, z)2 — 5 (log, ) + 6 = 0.
Solution. Designating log, z = y, we get an equation
y?— 5y + 6=10

whose roots are y; = 2, y, = 3. Thus the initial equation is cquiva-
lent to two equations of form (4):

logy z = 2, logy z = 3,
whose solutions are z = 4 and z = 8§,
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Answer. z =14, z= 8.

Solve the following equations.

3.6. log®z — log2z — 6 log z = 0. 3.7*. z2 t 1083 = — 38

3.8% 928" 9127108 x _ g0, 3,9%, 721087 % _ 40,

3.10%, 1(2 log? x—1,5 log x) _ 1/10. 3.41. 4—logz=3 Viogz
3.42. 3 Viegz+2log Y1/z=2. 3.3*. Vieg(—z) =log V22
3.44. logg (3% —1) logg (3%*1—3) =6. 3.15%, 151085 3 glogs 9x+1 __ 4

3.16%. xlogz x+log x3+43 — . 2 1

Viti—1 VzFitt
A logarithmic equation of the form
logy(x) « 1 (2) = logg(z) £ (2)
is equivalent to the equation
fx) =g @)

which is considered on the set of the permissible values of z defined by
a system of inequalities

f@) >0 g(@@)>0,a(@)>0,a()+*1.

If the given equation includes logarithms to different bases. it is first
necessary to reduce all the logarithms to the same base.

Fxample 3.3. Solve the equation
log ]/1:—1—}-—1— log (2z4-15)=1. (%)
Solution. The set of permissible values of the unknown z can be
found as a solution of the system
z—1>0,2z415>0

and is an interval (1, 4-o0). Using the properties of logarithms, we
reduce the given loganthmlc equation to the form

log (V(z—1): V2zF15)=1.

By the definition of a logarithm, from the last equation we get an

irrational equation
V(z—1) 2z + 15)=10,

whose solutions are z; = 5, z, = —23/2. The set of permissible val-
ues of z of the mltlai equatlon includes only the root z; = 5 which
is indeed a solution of the initial equation.

Answer. z = 5.

Solve the following equations.
3.17. 2log, (z—2)-}logy (z—4)2=0.

3.18. log, (2;; ) logs (I_H)
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3.19. —;— log (2 —10z4-25)+log (22 —6z4-3) =
2 log (z—5) —|-%log 25.

3.20. %log%/z’:—lu:—l—l;——; log —log —==0.

Vz

3.21. log (z (z+9))+log x_:g =0.
_ log (35—2%)
3.22. logz (212 —_ 2) = 10g2 (51 —4). 3.23. m = 3.

3.24. logyyy (z — 0.5) = logy,_q.5 (= + 1).
3.25. 1083 942 gy 5 (2% 4322+ 22—1) =logyxz+-logyx 2.
3.26. log,,, (22° + 2% — 3z 4 1) = 3.
3.27. logy4y (z® — 9z 4 8) log,; (z + 1) = 3.
3.28. logy41 (22 4+ 2 — 6)2 = 4.
1

—162%) — -
3.29. log(a_,‘x,) (9—16z4) 2—|~10gz B—az9)"
3.30. logyx —+logjz=1. 3.31. log,. 16+ log,s 64=3.

3.32. 20log,x ]/;+7 logi6x 23 —3 logx/232=0-
3.33. logx2-10g4x+_g_=o_

3.34. 2—log,, (1+2)=3logy Vz—1—log,. (z2—1)2.
3.35. 3log, 4 + 2 logy, 4 4 3 logye, 4 = 0.

Some logarithmic equations can be solved by investigating the
ll;ehzéviqlér of the functions appearing on their left-hand and right-
and sides.

Example 3.4. Solve the equation
log, (z 4+ 2) =6 — z.

Solution. We make sure by selection that z = 5 is a solution of
the equation. It has no other solutions since the function appearing
on the left-hand side increases and that on the right-hand side decreases
and, consequently, the graphs of these functions cannot have more
than one intersection.

Answer. z = 5.

Solve the foll;wlving equatiolns. 0
3.36*. (z + 1) logd z 4 4z loggz — 16 = 0.
3.37%. 322 — 22% = log, (z* + 1) — log, 2.
3.38%. 3 = 10 — log, z.

3.39*. log z + (z — 1) log, z =6 — 2.
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4. Systems of Exponential
and Logarithmic Equations

Systems containing exponential or logarithmic equations are
usually solved by reducing the exponential (or logarithmic) equation
to an algebraic equation and solving the resulting algebraic system.

Example 4.1. Solve the system of equations
8(V2)*V=0.50-3,
logs (= — 2y) 4 logs 3z 4 2y) = 3.

Solution. The set of permissible values of the unknowns z and y
is defined by the system of inequalities

z—2y>0, 3z 4+ 2y > 0. *)
I'rom the exponential equation of the initial system written in the form

(V2" ¥ =(y2)*¥,

z—y+6=26—2y,
from the logarithmic equation written in the form
logs [(z — 2y) Bz + 2y) 1 =3

we get an equation

we get an equation

(z — 2y) Bz 4 2y) = 27.

Thus we have reduced the solution of the initial system to that of the
system of equations

z—y+4 6=06—2y, (**)
(z — 2y) Bz 4 2y) = 27

considered on the set of permissible values of the unknowns which is
defined by system (*). Finding the expression for y from the first
cquation of system (**) and substituting y = —=z into the second
equation, we get an equation

322 = 27,

whose solutions-are r; = 3, z, = —3. From the first equation of the
system we find y; = —3, y, = 3. From the two pairs of numbers
(3, —3) and (—3, 3) we have found for the solutions of system (**),
only the pair (3, —3) satisfies the system of inequalities (*).

Answer. (3, —3).

Solve the following systems of equations.
4.1. logy z + log, y = 2, 4.2. loggz — logyy = 0,

z2 —y =20, 22 —2y2—-8=0,
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z2 2
4.3, 4%V = 2y-x' 4.4. —y—-+ T = 12,

1
41081/—2“ =yt—->5. 9-logsx +510g. v= _1_

3 L]
4.5. z 4y =12, 4.6%, 4% — T.2x-Yp = 23U,
22 logy,:c — logy/ey) =5. y—z=3.
2 \2x-y 2 \(2x~y)2
4.3 ()47 () —6=0,

log (3z—y)+1log (z+y) —4 log 2=0.
4.8, 4%/VY]x =32,

logg (z—y)=1—logs (z+).
LY -
49. oV _21.3Vv—y,
—:}—logx—l—% log y=1log (4—}/ 7).

4.10. 3—=.2¥ =1152, 441, 2*.3V =6,

lOgV‘,F, (z+y)=2. 3%.4V =12,
412 (0487 F2ypxy =1, 443, 2 V-6 g
log (z+y)—1=1og 6 —1log (z12y). z—y=2.

If the power base in the exponential equation of the system is the
function of the unknowns, then the system can be reduced to a system
of rational equations by taking the logarithm of that function to a
certain base as one of the unknowns.

Example 4.2. Solve the system of equations
V' -1=5,

2¥'+2 =125,

Solution. Taking logarithms in both equations of the system to the
base 5, we get a system of equations which is equivalent to the initial
system:

(2y2 — 1) loggz = 1,
(¥* + 2) logy z = 3.
Designating log; z = z, we get a system of rational equations
Ryt —1)z=1,
W+ 2)z=3.
Finding the expression for z from the first equation and substituting
it into the second equation, we get an equation

42 4
2y3—1 " 7
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whose solutions are y; = 1, y; = —1. From' the first equation of the
system we find (both for 'y = 1 and for y = —1) the unknown z = 1.
IFrom the equation

logs z =1
we find z = 5. Thus the solutions of the initial system are two pairs

of numbers (5, 1), (5 —1).
Answer. (5, 1), (5, —1).

Solve the following systems of equations.
414, y =1 4 logyz, 4.15. y — loggz = 1,

zV = 48, ¥ = 312
4.16. (:r—i—y)"‘”‘x—--%- , 447, %3 —36,
3logs (z+y)=z—y. 4 (z—2y)+loggz=9.

4.48. (z 4 y)-2v-2x = 6.25,
(z + y)/Ex-¥) = 5,

Some systems of logarithmic or exponential equations can be re-
duced to systems of rational equations by a direct replacement of the

logarithms appearing in them (or of the ‘powers respectively) by new
unknowns.

Example 4.3. Solve the system of equations
5V .2V 7 — 200,
3= -
52V 122V _gg.

Solution. Introducing, the designations z = 5V * and u = ZW,
we get a system of rational equations

zu = 200,
22 4 u? = 689
which is equivalent to two systems
zu = 200, zu = 200,

z+u=33’ Z+u=—33.

The pairs of numbers (25, 8), (8, 25) or (— 25 —8), (—8, —25) are
solutions of these systems. The two last pairs_are extraneous solutions
of the initial system since z > 0 and u > 0. Returning to the initial
unknowns, we get the following systems of equations:

5‘/"=25, 51/"=8,
oVv_g, Vv_ss,

whose solutions are = 8, y = 9 and z = (logg 8)%, y = (logy 25)2.
§—0263
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Answer. (8, 9), (27 logd 2, 4 log2 5).

Solve the following systems of equations.
449 2V -2 L VEu=1 5 420k, (p24y) V=1,

x —
3Srj—yy) T 5S+yy) =8 9 (a24y)=6""V.
4.21. 1%z — 2.5V = 71,
117 4 2502 = 21,
11 (x-1)z . 52 = 16,

5. Miscellaneous Problems

Solve the following equations.
5.4, 122x+4 —= 3ox 4x48, 5.2, 2x 4 4(*+1)/2 = §.3%/3,

5.3. 2% — 3%/2 = 1. 5.4. (sin 1) 4 (cos 1)* = 1.
5.5. 5V %4 12VF—13V% 5.6, 105 =2.100=.

57. VF=(Y32)% 5.8 5% /e 100,

5.9. 9% 4 12Y% = 16Y/%,
5.10. 1192 | 13%%-2 — {3%x-1 _ {{3x-1,
5.41%. 10(x+1)Ex+8) — 2.40(x+1)(x+3) = {01-x-%2,

2

5.12%, (%)x=—2z?+63—9. 5.43. 3% 4% =57,

3
5.4 ¥ = (V7).
5.15. Find all solutions of the equation
z2.2%x+1 + olx-31+2 —= 22 .2I:c—st+4+ 2x-1,

5.16. 9* — 5.12* |- 6.16* = 0,

Solve the following logarithmic equations.

5.17. loge 5 + 2 loggs 2 = —y? — y + 2.75.

5.18. log22® — 20 log V'z 4+ 1 = 0.

5.19. |1 —logygz |+ 2= 13 — logye z |-

5.20. V 1+ logx V27 logy z-4-1=0.

5.21. log,— (s+ | 2—2 | ) =loge (52 —6+5 | z—2 ).

5.22. log, (222 + z 4 1) — log, 2z — 1) = 1.

5.23. 2 log, log, z 4 logy/, log, 2V 22) = 1.

5.24. ].ng+1 (zz + r — 6’{2 = 4.
14-log, (x—4)

5.25. —= —=1.

logV-E(Vz-*_a_ Vz—3)

5.26. log, [(2+ V5)*—(V5—2)*|=—4—3log, 2.
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5.27%, yzl%8y* = 225,
logy y logy (v — 2:? = 1.
5.28. log, z + fog4 y 4 log, z = 2,
logs y - logy z 4- logy z = 2,
logy z 4- logg z 4 logye y = 2.
1
log 5 (x2+4y2)+1.5 —_
5.20.10 "2 V7T 400 Y10,
Vz2+10y 6
3 2V f10y—9°

51

4/2
5.30%. =¥ x+ﬁ=y2 wz, 5.31*. log, | logy z | =logy | logx y |

4 —
-y‘/;-"v—v:%/'x“. log2 z+log? y=8.

1
5.32. log;p = (m-—f log, y) =log, z,

logs z [logs (z+- )] =3 log, .
5.33. X =z, ¥ =y, y¥ = z.
5.34. log, z log, (xyz) = 48,
log, y log, (zyz) = 12, a >0, a 5= 1.
log, slog, (zyz) = 84.



Chapter 3

Inequalities. Equations
and Inequalities with Parameters

Assume that f (z) is a number function of one or several variables
(arguments). To solve the inequality

) <0 1)

is to find all the values of the argument (arguments) of the function f
for which inequality (1) holds true. The set of all values of the argu-
ment (arguments) of the function f for which inequality (1) holds true
is called the set of solutions of the inequality or simply the solution of
the inequality.

The set of solutions of the nonstrict inequality

f@ <0 (2

is a union of the sets of solutions of inequality (1) and the set of solu-
tions of the equation f (z) = O.

Two inequalities are considered to be equivalent if the sets of their
solutions coincide.

The set of permissible values of the unknowns appearing in the in-
equality is the domain of definition of the function f (z).

Separate inequalities of form (1) or (2) formed for various functions
f; (z) can be reduced to a system of inequalities. To solve a system of
inequalities is to find the set of all values of the arguments of the func-
tions f; (z) for which all the inequalities of the system simulta-
neously hold true.

Systems of inequalities are said to be equivalent if the sets of their
solutions coincide.

1. Algebraic Inequalities
Linear inequalities (strict and nonstrict) are inequalities of the form

az 4 b >0, az;l—b<0, az+b>0, az 5 <0, a=0,
whose solutions for a > 0 are, respectively, the values

e (i), we (i =),

s€[—i o), ze(—w; —=]
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and for a <O the values
zE(——OO; ——b—), IE("‘Z‘? +°°),

b
-‘EE(—OO; -——], -’CE[—‘a—; +°°).
; Quadratic inequalities (strict and nonstrict) are inequalities of the
orm
az® 4 bz 4 ¢ >0, az® 4 bz 4 ¢ <O,
az? 4 bz 4+ ¢ > 0, az? 4 bz 4 ¢ <0,
where a, b, and ¢ are certain real numbers and a 5= 0.
Depending on the values of its coefficients a, b, and ¢, the quadrat-

ic inequality az? 4 bz 4 ¢ > 0 has the following solutions:
(1) for a > 0 and D = b2 — 4ac > 0,

e(—m ZEER) 0 (PR )

(2) for a>0and D <0, z € R;
(3) for a <0 and D > 0,

xe(‘b+‘/7’ —b—ﬁ);

2a ’ 2a

(4) for a << 0 and D << 0, z = (J (i.e. there are no solutions).

The solution of the inequality az? 4 bz 4 ¢ << 0 reduces to the
solution of the inequality considered above if we multiply both sides
of the inequality by —1.

The set of solutions of the nonstrict inequalities az? 4 bz 4 ¢ > 0
and az? 4+ bz 4 ¢ << 0 are found as the union of the sets of solutions
of th(c)a corresponding strict inequalities and the equation az? + bz 4
¢ = VU,

Fractional linear inequalities are inequalities which can be reduced
to the form

azx+b
czrd >k @
where a, b, ¢, d, k are certain real numbers and ¢ 5= 0 (if ¢ = 0, then
the fractional linear inequality turns into a linear inequality). In-
cqualities of form (3), where the signs <<, >, <C stand instead of the
sign >, are also fractional linear. The solution of a fractional linear
inequality can be reduced to that of a quadratic inequality by multi-
plying both sides of inequality (3) by the expression (cz 4 d)2, which
is positive for all z € R and z %= —d/c.

The method of intervals. Suppose P (z) is an nth-degree polynomial
with real coefficients, and ¢;, c,, . . ., ¢; are all real roots of the poly-
nomial with multiplicities k;, k,, ..., k; respectively, with ¢; >
€3> ... >c¢;.. The polynomial P (z) can be represented in the
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form
P (z) = (zx — cl)k1 (z — cz)k' e (@ — cl)th (z), (4)

where the polynomial Q (z) has no real roots and is either positive or
negative for all z € R. Let us assume for definiteness that Q (z) > 0.
Then all factors in expansion 54) are positive for z > ¢;, and P (z) >
0. If ¢ is aroot of odd multiplicity (k, is odd), then all factors in
expansion (4), except for the first one, are positive for ¢y <z < ¢
and P (z) < 0. In tﬂat case we say that the polynomial P (z) changes
sign when passing through the root ¢;. Now itP ¢, is a root of even mul-
tiplicity (¥, is even), then all factors (the first one inclusive) are posi-
tive for ¢, << £ << ¢; and, consequently, P (z) > 0 for z € (cy; ¢;). In
that case we say that the polynomial P (z) does not change sign when
passing through the root c;.

In a similar way, using expansion (4), we can easily verify that
passing through the root ¢, the polynomial P (z) changes sign if &,
is odd and does not change sign if k, is even. This property of polyno-
mials can be used to solve inequalities by the method of intervals.
To find all solutions of the inequality

P @ >0, ®)

it is sufficient to know all real roots of the lpolynomial P (z), their
multiplicities, and the sign of the polynomial P (z) at an arbitrarily
chosen point which does not coincide with the root of the polynomial.

Example 1.1. Solve the inequality
2 (24 2) @ —1)° @+ 1) >0, *)

Solution. Let us arrange the real roots of the polynomial appearing
on the left-hand side of the inequality on the number axis Oz
(Fig. 3.1). For z > 1 the polynomial is positive since all factors appear
ing on the left-hand side of the inequality are positive. We shall
move along the Oz axis from right to left. When passing through the

Fig. 3.1

point z = 1 the polynomial changes sign and becomes negative
since z = 1 is a root of multiplicity 3; when passing through the
point x = 0 the polynomial does not change sign since z = 0 is a
root of multiplicity 2; when passing through the point z = —2 the
polynomial again changes sign and becomes positive. The intervals
of the constancy of sign of the given polynomial are shown schemati-
cally in Fig. 3.1. Using this figure, it is easy to write the set of solu-
tions of inequality (*): z € (—oo; —2) U (1, + ).

The solution of a rational inequality, i.e. inequality of the form

P (z)
W >0, (6)
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where P (z) and Q (z) are polynomials, can be reduced to that of equiv-
alent inequality (5) as follows: multiplying both sides of inequality
(6) by the polynomial [Q (z)]?, which is positive for all permissible
values of the unknown z (i.e. for those values of z for which Q (z)
0), we obtain a rational inequality

P (z) Q (z) >0,

which is equivalent to inequality (6), it can be solved by the method
of intervals.

Example 1.2. Solve the rational inequality
2 (7 1)8
z? (z—1) ?(’a:+2) <o. %)

x—

Solution. Multiplying both sides of the inequality by (z — 3)2, we
obtain an inequality which is equivalent to inequality (*):

22(z— 13 @+ 2)(z—3)<0.

The set of solutions of the last inequality can be found by the method
of intervals: z € (—oo; —2) U (1; 3).
Answer. z € (—oo; —2) U (1; 3).

Solve the following inequalities.

o oot <t 2 <2

1.3, (z4+1) B—2) (z—2)2 > 0. LL%%E%%%}L
15, ZoEEEl <o e G2 <t
1JHFZ%IT>L 1, T2 Sed
1.9. i:” <z 1.0 H%<O.

. H2E S s

Irrational inequalities. An irrational inequality is an inequality
in which the unknown quantities (or certain functions of the unknowns)
are under the radical sign. To find the set of solutions of an irrational
inequality, it is necessary, as a rule, to raise both sides of the in-
cquality into a natural power. In that case, since it is impossible in
principle to verify by substitution the solutions obtained, it is neces-
sary to make sure that in transforming the inequalities we each time
get an inequality which is equivalent to the initial inequality.

When solving irrational inequalities, one should remember that
when raising both sides of an inequality into an odd power, we always
obtain an inequality which is equivalent to the initial inequality.
Now if we raise both sides of an inequality into an even power, we
get an inequality which is equivalent to the initial inequality and has
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the same sign only in the case when both sides of the initial inequality
are nonnegative.

Example 1.3. Solve the inequality
Vza—5—yY9—z>1. (*)

Solution. The set of permissible values is z € [5, 9]. Inequality (*)
is equivalent to the inequality

Vz=5> V9—z+1, (**)

whose both sides are nonnegative. Squaring both sides of inequality
(*+), we get an equivalent inequality

2r—15>2 Y 9—=. (#x2)

(1) If 2z — 15 < 0, i.e. £ << 15/2, then the left-hand side of the
inequality is negative or equal to zero and the right-hand side is pos-
itive. Therefore, for any value’of z on the interval [5, 15/2] inequality

(#+») is not satisfied*.
(2) If 22 — 15 > 0, i.e. z > 15/2, then both sides of the inequal-

ity are nonnegative, and after the squaring we get an inequality
which is equivalent to inequality (***):

2z — 15)2 > 4 (9 — z).

Thus the set of solutions of inequality (*) is obtained as the set of
solutions of the system of inequalities

L XL
2z — 15> 0,
2z — 152 > 4 (9 — 2),

whence we get z¢ (—M——zﬂ , 9].

Answer. z€ (-M+—2V_7— , 9] .

Solve the following inequalities.
142, V1—32— V5Fz>1. 143.V4—V1—z—V2Z—z>0.
144, V22 +4r—5—2c+3>0. 1.15. z4+4< Vz46.

146. Vo—V3tz< VzFa 147 V——;——1<1.
148, VEE5 g 149, A=VEHl g
1—z 1—Vz+3

* If the initial inequality (*) had an opposite sign, then all the
values of z satisfying the inequality z << 15/2 and belonging to the
set of permissible values of the initial inequality would be solutions

of the given inequality.
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1 1
Vi+t=z = 2—z°
1.22. V22—z—2>2z+3. 1.23. V22 F3z+4> —2.

V22—16 — 5
1.24, —— —3> —,

Vz—3 +Ve Vz=3
1.25. V3P 15z +7— V32152 12>1.

Inequalities containing an unknown under the sign of an absolute
value. The signs of an absolute value in inequalities can be removed
in the same way as in similar equations.

1.20, V8—z*— V25 —22>z. 1.21.

Example 1.4. Solve the inequality
|22 —1]—2z2<0.

Solution. The expression under the sign of an absolute value can
assume a positive as well as a negative value.

-1THZ0 1 1T z
Fig. 3.2

(1) Let us assume that z2 — 1 > 0. Then, according to the defini-
tion of an absolute value | 22 — 1 | = 22 — 1, the initial inequality
assumes the form

22— 2z —1<0.

The solution of this inequality is 1 — V' 2 < z <1 - V 2. The in-
tersection of the sets of solutions of the inequalities 22 — 1 > 0 and

N

1V2 -1 0V T ' T

Fig. 3.3

z? — 2z—1 < 0 yieldsjthe first set of solutions of the given inequality
(Fig. 3.2):z €1, 1+ V' 2).

(2) Suppose now that z2 — 1 << 0. Then, according to the defini-
tion of an absolute value | 22 — 1 | = —(z2 — 1), the given in-
equality assumes the form —z2 4 1 — 2z < 0, or, what is the same,

2242z — 1> 0.

The solution of the last inequality isz < —1 — ) 2andz> V2 — 1.
The intersection of the sets of solutions of the inequalities 22 — 1 << 0
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and z2 4- 2z — 1 > 0 yields the second set of solutions of the given
inequality (Fig. 3.3): z € (V2 —1, 1).
Thus, the solutions of the given inequality are the values = €

(VZ—1, V241). 3
Answer. z € (V2 —1, V2 1 1).
Solve the following inequalities.

1.26. |z — 3| > —1. 1.27. | 4 — 3z | < 1/2.
1.28. 22 4 2|2 4+ 3| —10<0.1.29. | 22 — 1 | — 2z = 0.
1.30. 22 2z —10<2|z—2|.1.31.22— |3z 4+ 2|+ 2 >0.

1.32, 122—3|+2z4+1>0. 1.33. 9

Te—51—3 = =72l

2. Exponential Inequalities

The elementary ezponential inequalities are inequalities of the form
a* > b, a* < b, 1)

where a and b are certain numbers (a > 0, a == 1).

Depending on the values of the parameters a and b, the set of solu=
tions of the inequality a* > b can be in the following forms:
(1) = € (log, b, + o) for a > 1, b > 0;
(2) € (— oo, log, b) for 0 <a<<1, b>0);

3) z€ Rfor a >0, b <O.

Depending on the values of a and b, the set of solutions of the
inequality a* << b can be in the following forms:

(1) = € (— oo, log, d), for a >1, b > 0;

(2) z€ (log, b, + ), for 0<a<1, b>0; )

(3) z = @ for a > 0, b < 0 (i.e. the inequality has no solutions).

The set of solutions of the nonstrict inequalities a* > b and a®* < b
can be found as the union of the sets of solutions of the corresponding
strict inequalities and the equation a* = b.

Inequalities of form (1) can be generalized to the case when the
exponent contains a certain function of z. Thus the set of solutions
of the inequality

2/® > 3 @
can be found as the set of solutions of the inequality
f(z) > 10g2 3,
which is equivalent to inequality (2).
The methods of reducing complicated exponential inequalities to
inequalities of form (1) or (2) are similar to the methods used in solv-

ing exponential equations. Thus, for instance, the solution of an
exponential inequality of the form

P (a*) > 0,

where P (a*) is a polynomial of the indicated argument, can be re-
duced, by thesubstitution «* = y, to successive solutions of the ine-
quality P (y) > 0 and of the elementary exponential inequalities of
form (1) or systems of elementary exponential inequalities.
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Example 2.1. Solve the inequality
9% — 10.3* - 9 < 0.

Solution. We introduce the designation 3* = y. Since 9% = (3%)* =
(3%)2, we have 9% = y2 and for the variable y the given inequality
assumes the form

y2— 10y 49 <0.
The solution of this quadratic inequality is 1 << y << 9. This double
inequality is equivalent to a system of two inequalities

y=1,y<9,

which assumes, for the unknown z, the form

3* > 1, z >0,
= S0z <2

3* <9, z < 2,
Answer. z €10, 2].
Solve the following inequalities.
2.4, 4% - 2x41 — 6 << 0. 2.2, 4242 — 7.2 — 4 < 0.
2.3. 25— 4 5-%41 > 50. 2.4. 4%2 — 3.2 %2 1 1 >0.
1 )V-m>( 1 )V'x2+3x+4

2.5, 2.32%% | 4 < 35+2, 26, ( - 7

2.7. 98 — Tx2+bx-18 > foxabx—Ao. 2.8, 5.4% | 2.25% < 7-10%.
29. V13*-5< V2-(13*+12)— V13 5.

2.40. 9V *<3 1 3 -3V *-3-1 95

241, 52%=10-8V=-2_4 5ep < 5143V =2,

2.12. (_i. )" < s a5t/o8e o,

2.13. 25%x—22108. 6-1 ~40.5x-1,
2.14. 5%+l 6x+1 > 304-5%.30%,

2.15. V8+2V-3__;+1_4|’ 3—x+2V -+l 5

4x?2
246, YETTIT—5>2%. 247, 3%+ <2

Ve

2.8, 4x < 3.2V F+x | 414Vx

2.9, 3+l _3x+3 1 60,
32x+2 __2.3%+2__27 < ().

2.20. |3tannx_3£-tan ﬂxl > 2.
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3. Logarithmic Inequalities

¢ The elementary logarithmic inequalities are inequalities of the
orm
log, z > b, (¢)]

log, z < b, @

where a and b are certain real numbers (2 > 0, a 5= 1). Depending on
the values of a, the sets of solutions of inequality (1) can be

(1) z € (ab, 4 ) for a > 1;

(2) = € (0, ab) for a < 1,
and those of inequality (2) can be

1) =z € (0, ad) for a > 1;

(2) z € (ab, 4 o) for 0 << a < 1.

The set of solutions of the nonstrict inequalities log, z > b and
log, << b can be found as the union of the sets of solutions of the
corresponding strict inequality and the equation

log, z=".
An inequality of the form
log, f (z) > b 3)

is equivalent to the following systems of inequalities*:
(1) f (@) >0, f (z) > ab for a > 1;
(2) f(z) >0, f(z) < ab for a <1,
and an inequality of the form
log, f (z) < b *)

is equivalent to the following systems of inequalities:

() f(@@) >0, f(z) < ab for a > 1;

(2) f(z) >0, f(z) > ab for 0 < a < 1.

More complicated logarithmic inequalities can be reduced to ine-
qualities of forms (1)—(4) by the methods similar to those used in
solving logarithmic equations. Thus, for instance, the set of solutions
of inequalities of the form

P (log, z) > 0, (%)

as well as of the inequalities P << 0, P > 0, P << 0, where P is a
polynomial of the indicated argument, can be found as follows. A new
unknown y = log, z is introduced and inequality (5) is solved as an
algebraic inequality with respect to the unknown y. Then the solution
of the initial inequality reduces to that of the corresponding elemen-
tary inequalities (1), (2) or systems of those inequalities.

Example 3.1. Solve the logarithmic inequality
log? z — log, z — 15 > 0. *)
Solution. The set of permissible values of the unknown is z > 0.
Reducing the logarithms to the same base (say, to the base 2), we get

* 1f inequality (3) is nonstrict, the second inequalities of these
systems are also nonstrict.
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an inequality which is equivalent to inequality (*):
%loggz—logzx—15>0. (*%)

We solve this inequality as a quadratic inequality with respect to
the new unknown y = log, z. As a result we find that logarithmic
inequality (»#) is equivalent to two elementary inequalities
log, z > 10, log, z << —6.
The union of their sets of solutions yields the set of solutions of ine-
quality (*): z€ (0, 2-8) U (2'%, 4 o).
Answer. z € (0, 2-8) |J (20, 4 o0).

A logarithmic inequality of the form

logg(x) f (@) > ¢ (6)
is equivalent to two systems of inequalities:
f (@) >0, f (=) >0,
g (x) >1, I<g(@ <t, (7

f@)>lg @l  f=)<lg @]

Example 3.2. Solve the inequality
logs (2:--2—) >2. (%)

Solution. The given logarithmic inequality is equivalent to two
systems of inequalities:

2z — 3/4 > 0, 2z — 3/4 > 0,
1‘>1, 0<1<11
2z — 3/4 > 22, 2z — 3/4 < z2.

The set of solutions of logarithmic inequality (*) can be obtained as
the union of the sets of solutions of these two systems.

Answer. z ¢ (%' —;-) U (1,—2—).

Solve the following inequalities.

z—3
3.4. logy/a (2z+3)>0. 3.2. log, z 12 <.
3 2z —1 21
2, 9 L an
3.3. logg/s (2; z— ) >1. 34, logyy - <cos g
3.5. logz z+log, z—2 < 0. 3.6. 2 log, (222 + 3) < log, (z2+6).

3.7. log, Vz—2log},, 2+1>0. 3.8. logy/, (2z+3) > log, 27.

3.9. log (z—4)+logz < log21. 3.10. log,z—logy (-7:—' ) >2.

3.41. log, [(z—3) (z+2)]+1ogy/s (z—3) < —log, Meha
3.12, logmo (3’)+108!0 z <2,
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3.13.

3.14.
3.15.

3.16.

3.17.

3.18.

3.19.
3.21.

3.22.
3.23.
3.24.

3.25.
3.26.

3.28.

3.30.

3.32.

3.33.

3.35.
3.37.

3.38.

3.39.

3.40.

3.4d.

9 1
logy (T—2) << <5 1og§ V3 - tlogs-s 9.

logy z—1logi 2 < 2 log, 3%
logy/g (4—z) > log/, 2—logy/z (z—1).

sin Tn
log, (3—z) —log, 5_—' > +1082 (z+7).
2 logy/, (z+5)> l°g1/(3V'3)9+l 8y it

3x—1 3
log, (3*—1) - logy/, (_ﬁ;—) <T'

logy/sz < logy/y z. 3.20. logg (34 —32%+14-3) < 2log, 7.
logy, I21+3|”+210g(2x+3), 10 <3.

log, z4

logx/s 8+logx/y 8 << W .

glogsx_ 9,2~ 22

2log, z-—% log, (22 — 3z +2) < cos %‘-

logy/s cos z > logy/, % for z¢ (—2; 3).
logy/ |z—3| > —1. 3.27. log, (Vz+3—2z—1)<0
log2,, z—81+42 ——
Viost T2 . 329 0B Vatd
logy/s z—1 Togy/; (z+2)
59z Vz
log, V5—2z-log:3<1. 3.31. logy = log:( . )g_

l/’-log4 (ﬂ—?Sﬁ) +1> log, (2'12—2—31—*_3) .

1— Y 1—8logiz log, x log, ¥/ 1+ 2z
Sog s 1 3 U ST g,z

3 3\4
logx (3 — —1-6) >4. 3.36. lOgZx—x2 (z—.._z_.) >0.
108144 (524 20) < 10gxs4 [(z+4)2].

2(z—2)
logy/x EED =5 >1.

1
108(x41/x) (z’ -+ ———4) >1.
logV-x_H Va1 (z2—3z+1)>0
(log,, ;. ¢ 2) logs (z2—z—2) >1
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B2, log, oo (6541 —36%) > —2.
3.43. logg logy/yg (x2 —4z+3) < 0.
3.44. 2198 %> 10-27198 %1 3. 345, log, [log, (45— 6)] < 1.

1 1 108, 108,/ (x2~4/5)
3.46. (7)
3.47. 122+ V 328+ 425—4zt.log, 22 > 3 V3¥bz—4z2

~+ 423 log, z4.

The expressions on the left-hand and right-hand sides of inequali-
ties 3.48-3.52 are positive and these inequalities can be solved by
taking logarithms of both sides of the inequalities.

3.48. glog%x-8 log x+1 4000,

15 log,,, s V'3 log,, -3
3.49. 28> 2 LM w40
3.50. (a2—z—1)**"1 <1,
351, |z|¥F%"2 <1,

3.52. z1/198 *logz < 1.

Inequalities 3.53-3.58 are equivalent to systems of trigonometric
incqualities or systems of algebraic and trigonometric inequalities,

3
3.53. loglsm x| (s —82+4-23) > log, |sinz| °

3.54. (loggin » 2)? <logg, . (4sindz).
3

3.55. 10ggog(x2) (—2-—2::) < loggog(sz) (22 —1).
3.56. Vtanz—1 [logy,n . (2+4cos? z)—2] > 0.
3.57. log, sin z > logs; (3 sin z—2),

1 . (z—z—- 52 +3)\0
3.58. %8in x+V 3cosx \ 2 2 ="
Find all integers satisfying the following inequalities.

5
2 2
3.50%, 32 20T _glopax g3,

3.60. :c——i— <2logs (z+2).

2
V z+5—1 )>0

61, 1 T
3 °g(zcosz—7"—=+8)( V10—=z

4. Equations and Inequalities with Parameters

Equations and inequalities with parameters are traditionally the
most difficult fprohlems from the course of elementary mathematics.
The solution of these problems reduces, in essence, to the investigation
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of the behaviour of the functions entering into the equation, with the
subsequent solution of equations or inequalities with numerical coef-
ficients. When solving equations (inequalities) with parameters, it
is necessary to find out at what values of the parameters the equation
(inequality) possesses a solution and then find all the solutions.

Example 4.1. Solve the inequality
ax > 1lz

for all values of a.
Solution. Writing the inequality in the form

az?—1

>0,

we find that the initial inequality is equivalent to two systems of
inequalities:
ar? —1 >0, ar? — 1 <O,
z > 0; z<<O0.

Let us solve the first inequality of the first system writing it in the
form
az? > 1.

For a > 0 it is equivalgnt to the ineq_uality z2 > 1/a whose set of
solutions is z < —1/)/ a and z > 1/)/a. In that case the solutions of
the first system are z € (1/Y @, -+ o). For a << 0 the left-hand side
of the inequality az? — 1 > 0 is negative for any z and the inequality
has no solutions, and, consequently, the first system on the whole has
no solutions.

Let us consider the second system. Fora >0 the solutions of the
inequality az® — 1 < 0 are z € (—1/V a, 1/} a), and the solutions of
the system are z € (—1/} a, 0). For a << 0 the left-hand side of the
inequality az? — 1 << 0 is negative for any values of z, i.e. the ine-
quality holds for all z € R, and, consequently, z € (—oo, 0) are solu-
tions of the system.

Answer. 1f a < 0, thenz € (—oo, 0); if a > 0, then z € (—1/Vq,
0) U (1/V a, +oo).

Algebraic Equations and Inequalities with Parameters.

4.1. Solve the equation z2 4~ | z | 4 a = 0 for every real number a.

4.2. Find all values of the parameter a for which both roots of the
quadratic equation

z2 — 6az + (2 — 2a 4 94%) = 0
are real and exceed 3.

4.3. Find all values of the parameter a for which both roots of the
quadratic equation

22 —ax4+2=0
are real and belong te the interval (0, 3).
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4.4. For what real values of m is the inequality

22 + mx + m? 4 6m <O
satisfied for all z € (1; 2)?
4.5. Find all values of m such that

mz? — 4z 4+ 3m + 1 >0
for all z > 0.
4.6. For what real m does the inequality

22— @Bm 4+ 1)z 4+ m>0
yield an inequality z > 1?
4.7. Find all values of the parameter a for which the inequality
2—z 41— a<<0 yields an inequality 0 < z << 1.

4.8. Find all values of the parameter a for which the inequality
0 << z <<1 yields an inequality

@4+a—2)z*— (a4 5 z—2<0,
4.9. Find all values of a for which the inequality
22 — 4a’z —a® 41> 0

is valid for all z which do not exceed unity in the absolute value.
4.10. Find all values of the parameter p for which the equation

82)? + @BYPH —15) 2 4 4= 0

axr

has one solution,
4.11. For what values of the parameter o is the ratio of the roots

of the equation
PXtoaztat+2=0

equal to 27
4.12. Find the values of the parameters p and ¢ which are the only
roots of the equation

22+ pz 4+ ¢g=0.
4.13. For every value of ¢ determine the number of solutions of
the following equations:

(a) V2|z|—at=ga; (b) |22—2z—3]|=a.
4.14. Find all values of a for which the inequality

r—2a—1
r—a

is satisfied for all z such that 1 <z << 2.
4.15. Find all values of the parameter a for which the roots of the

cquation
224+ z4a=0

<0

are real and exceed a.
5—0263
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4.16. Solve the inequality
2|z —a| <2azx—22—2

for every value of the parameter a.
4.17. Solve the inequality

Vatz+Va—z>a

for every value of the parameter a.
4.18. Find all a for each of which the inequality

25y2 4 1(1)0 > z—azy+y— 2522

is satisfied for all pairs of numbers (z; y) such that |z | = |y |.
4.19 Find all values of & for each of which there is at least one

common solution of the inequalities
2% 4 dkz & 3K2 > 1 - 2k, 2%  2kz << 3k* — 8k |- 4.
4.20. Find all values of the parameter a for each of which there
is at least one value of z satisfying the conditions
z34- (1—% a) 1_1__“21.__;. <0, z=a”——;—-.
4.21.* Find all values of a for each of which the inequality
3—lz—al|> 22

has at least one negative solution.
4.22. Find all values of a for which the solutions of the system of

inequalities
224+ 6z4+ 74+ a<0,
224+ 4z + 7T <o

form an interval of length unity on the number axis.
4.23. Find all values of a for which the system of inequalities

22} 4z} 3 < a,
22— 2z <3 — 6a
has a unique solution.
4.24. Find all values of a for each of which there are four integers
(z; y; u; v) satisfying the system of equations
2?4 y? = (111 — o) (@ — 89),
50 (u? — v?) = @ (15u + Sv — a).
4.25. Find all real values of the quantity % for which the equation
s@+1) @+ h) @41+ h) ="

has four real roots.
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4.26. Find all real values of the quantity % for which the equation
4 r—1)BF22 4+ R —1)z+1=0
possesses not less than two distinct negative roots.
4.27. For what values of the quantity % is the polynomial
z* — 2tanh.g2 | (cos b - cos 2k) z |- 2tan h-2

the square of the quadratic trinomial with respect to z? -
4.28. For what values of the parameters m and » is the polynomial

528 — ma® 4 2n2? — 2z 4+ 3
divisible by z* — 1?
Exponential and Logarithmic Equations and Inequalities with
Parameters.
4.29. Solve the equation
Ve (@*—2)f1=1—2%

for every value of the parameter a.
4.30. Solve the equation

144'% — 2421 | g =0

for every value of the parameter a.
4.31. For what values of a dees the equation

logs (9% 4 9a3) = =z
possess two solutions?

4.32. Find all real values of the parameter a for which every solu-
tion of the inequality

logy/s 2* > logy/s (z + 2)
is a solution of the inequality
4922 — 4a8 < 0.
4.33. Find the solutions of the inequality
a? — 9%+l — 8.3x.4 > 0.
4.34. Find all values of the parameter & for which the inequality
4% — 2 —a 4 3<0

has at least one solution.
4.35. Find all values of the parameter a for which the inequality

a9 4+ 4ba—1)3+a>1
is valid for all =z. )
4.36. Find all values of the real parameter ¢ for which the inequality

1 + logy (22 4 1) > logg (cz® + 4z - ¢)
is valid for all z.
4.37. Find all values of the parameter ¢ for which the inequality
7
1+ log, (212—1—21—*—?) > log, (c234-¢)
possesses at least one solution.
T
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4.38. Find all values of a for which the inequality

lOga(a+1) (lzl+4)>1
is satisfied for any value of z.
4.39. Find all values of a for which the inequality
loga/(a41) (2% 4 2) > 1
is satisfied for any value of z.
4.40. Find all the values of z, smaller than 3 in the absolute value,
which satisfy the inequality
logy,_,: (. — 2az) > 1
for all a > 5.
4.41. Find all values of z > 1 which are solutions of the inequality
log(x,_'_x)/b 420 —1) <1

for all b satisfying the condition 0 < b < 2.
4.42. Find the set of all pairs of numbers (a; &) for each of which
the equality

a-ex + b = eax+db
is valid for all z.

Trigonometric Equations and Inequalities with Parameters.
4.43. Solve the equation

sin z - cos (2 4 z) -+ cos (@ — z) = 2

for every real number a.
4.44. Solve the equation

(log sin z)2 — 2a log sinz — a2 4 2 =0
for every value of the parameter a.
4.45. Find all values of b for each of which the inequality
cos?z 4 2bsinz — 2b < b2 — 4

is satisfied for any =z.
4.46. Determine all values of a for each of which the equation

costz — (a4 2)cos2z — (a4 3) =0
possesses solutions and find the solutions.
4.47. For what values of the parameter a does the equation
sin? 4z 4 (a® — 3)sin4z 4 a2 — 4 =0
possess four roots on the interval [3n/2; 2n]?
4.48. For what values of b does the equation

bcosz b+-sin z
2cos2z—1 =~ (cos?z—3sin3z)tanz

possess solutions? Find the solutions.
4.49. Solve the equation

log isin xi 2°10ggis , 3 =@
for every value of the parameter a.
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4.50. Solve the inequality
zs8inx-a > 1

for every value of the parameter a > 0 provided that z € (0, m/2).
4.51. Find the set of all pairs of numbers (a; b) for each of which
the equality

a (cos z — 1) 4 b% = cos (ax + b%) — 1
holds true for all z.
4.52. Determine the integral values of k¥ for which the system
(arc tan z)? 4 (arc cos y)* = n2k
arc tan z - arc cos y = /2

possesses solutions and find all the solutions.
4.53. Find all values of a for each of which every root of the equa-
tion
acos 2z 4 | a| cos 4z |- cos b6z = 1

is also a root of the equation

. . 1 .
sin z cos 2z = sin 2z cos 3::—7 sin 5z,

and, conversely, every root of the second equation is also a root of the
first equation.



Chapter 4

Trigonometry

The Basic Formulas of Trigonometry
sin®a+4cos? a=1,

sin et cos a
tan oo = , cot aa =—; ’
cos a sina
sec o= , €0SecC oL =—— ,
cosa sin a
tan o cota— 1
“cota ’ “tana ’

14 tan® a=sec?a, 1-cot?a =_cosec?c,

sin (@ + B) = sin & cos B + cos a sin §,
cos (& =+ PB) = cos @ cos f = sin « sin B,

__ tano 4-tanf _
tan (aiﬁ)—m, cot (a + B)=

sin 20 = 2 sin & cos &, cos 2a = cos? ¢ — sin? a,

cotacotf F1
cotf + cota

2tana
tan 2a = T—tan®a *
« —tan? %
. 2tan—2— 1 tan 3
Slna=~——a—, COSG=——'—“ 9
2 & 2 *
14 tan 3 14 tan 3
1+cosa=2cos’% , 1—cosa=25in’%- ,
tan? & —. 1—cosa tan & — sina _ 1—cosa
2 " 1Fcosa ’ 2~ 1+4cosa  sina
sin e+ sin § =2 sin a—;- cos a;ﬁ )
sin @ —sin =2 sin a;ﬁ cos a—é—ﬂ ’
cos acos f=2 cos a-;ﬁ cos a-;ﬂ )
jat+p . B—a

cos a—cos f=2sin sin =—5—,

o

?

)



1 Identity Transformations "

sin (& + sin(f+a
tanaitanﬁ=ﬁ, cotaicotﬂ:%sinﬁ) ,

sin a sin ﬂ=-% [cos (& —pB)—cos (a+B)],
cosacosﬁ=-;— [cos (& —B)+ cos (@ +P)1,

sina cos ﬁ=—;- [sin (& —B)+sin (a -+ B)].

Recursion formulas

Valu ment
Name alue of the argumen

of

l'tmw' 3% 3
ion X T ) T
-a T-—G -2—+a n-a +a 'i——(l -2—+G

sinag | —sina| cosa cosa sina|—sina| —cosa | —cosa
cosa cosa| sina |—sina|—cosa |—cosa| —sina sina
tana | —tana| cota |—cota|—tana tan cota | —cota
cot o —coto | tana |(—tana|—cota cota tana | —tana

1. Identity Transformations of Trigonometric
Expressions

To prove trigonometric identities, use can be made of the formulas
for abbreviated multiplication as well as the formulas connecting
the principal trigonometric functions.

Example 1.1. Prove the identity
2 (sin® & - cos® @) — 3 (sin* @ 4 cost &) 4 1 = 0. *)
Solution. Let us use a formula for abbreviated multiplication
D4 yP= (x4 (@ —zy+ ),
setting z = sin? &, y = cos? @ in it. Then we get
sin® a 4 cos® @ = (sin? & 4 cos? &) (sin% @ — sin? & cos? @ - cost a).
By virtue of the identity
sin? @ } cos? o = 1, (**)
the left-hand side of equation (*) reduces to the form
2 sint o« — 2 sin? @ cos? a 4 2 cos* @ — 3 sint &
' —3costa 4+ 1=0.
After collecting terms, we obtain
1 — 238in% & cos? & — sin* & — cost o = 0. (***)
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To make sure of the identity of (x**), we square both sides of formu-
la (#»). Then we have

sint @ 4+ 2 sin? & cos? & | cost o0 = 1.

Further proof is obvious.
Prove the validity of the following identities.

1.1. sin® o} cos® oc=1-—% sin? 2a.

1+ sin 2a -} cos 2a

14-sin 2 —cos 2a=00t o

1.2,

1.3. (sin oo }-sin B)24-(cos a -+ cos B)2=14 cos? a;ﬂ .
1.4. tan o - tan 2o — tan 3o = —tan o tan 2o tan 3c.
2sin oo —sin 2a o
‘*=t n’ .
2 sin o 4-sin 2a 2
1.6 sin @42 sin 3o 4-sin 50 _ sin 3a

*" gin 3o +2sin 50t +sin 7o~ sin 5a *
1.7. sin? 3o —sin2 2a.=sin 5a sin a.
1.8 sin o — sin 3a. — sin 5a - sin 7o
™" cos a.— cos 3a.+ cos 5a. —cos Ta

1 1
tan3c—tana  cot 3a—cot a
1.10. sin o sin f 4 sin y—sin (a4 v)
o+p . Bty . oty

5 sin —5—sin——5—.

1.11. sin a | sin 3a 4- sin 5 4 sin 7a = 4 cos a cos 2a sin 4a.
sin 3a cos® ¢+ cos 3o sin® a2 sin 4a

1.12, 3 =—
sin 2ot — sin 3a -+ sin 4a
co8 20, — c o8 3a - cos 4o

1.5.

= —tan 2a.

1.9. =cot 2a.

=4 sin

=tan 3a.

1.14. sin 2o (14 tan 2o tan oc)—{-—i——i——:%:—:—

1.13.

= tan 2a -} tan? (—%‘——{—%) .

e O o sin2a—4
8. 086 e T .
1.15. sin 5 —c0s® 3 A cos o
1.16. cos (37“4,- 4a) + sin (31— 8a) — sin (4n— 120t)
=4 co8 2o cos 4o sin 6ot
cos? o — cos? f
sin2 ¢ sin2 f

sin? z _sinz+-cosz

siD z—cos z tan2 z—1

1.47. cot? a—cot2f=

1.18. —sgin 2z} cos z.
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1.19. Prove that if o+ f-+y==m, then cosa-+cos f+cosy
=1+4sin ’% sin% sin % .
1.20. Prove that if a, B, y are angles of a triangle, then

tan - tan -%-I—tan% tan &+ tan ¥~ tan - =1.
1.21. Prove that if cos (@ 4 f ) = 0, then
sin (@ 4 2f) = sin a.
1.22. Prove that if sin? p = sin « cos &, then
cos 2B = 2 cos? (/4 } ).
1.23. Prove that if tan @ and tan B are roots of the equation 22 |
pz + g = 0, then there holds an identity

sin? (@ + B) + p sin (@ + B) cos (@ + P) + g cos® (@ 4 B) = q.
1.24. Show that if the angles o and f are related as
sin _n
Smeatp o M
then the equality
14-tan f/tancc 1 —tana tan f

m—+n m—n

holds true.

1.25. It is known that a, B, y form an arithmetic progression.
Prove that

sin @ —sin y
€osS y—CoS o

1.26. Prove that if « + f 4 y = =, then

cot o cot B |- cot B cot y 4 cot y cot & = 1.
1.27. Prove the identity

sin (%—a) cos (%—I—a) -} cos (%——a) sin (-g——{—a) =1.

1.28. Prove that if sin? § = sin a.cos @, then

=cot B

cos 2f =2 sin? (%—a) o
1.29. Prove the identity
1+ sin 2

cos (2o — 2m) tan (oc —3i)

4

1 . a n | a _ g
vy sin 2a [cot, -2-+cot. (T-}-—z—)] = —sin?a.
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1.30. Prove the identity

sini
L AT - AT 2
boos (=5 ) sin (F—F ) =—5—
sin 5
1.31. Prove the identity
a
—tan? —
14-sin2a 1—tan —sina
sina+cos a s & ’
1+ tan 5

1.32. Prove that if &« 4 B + y = =, then
sin? @ — cos? B — cos? 9 = 2 cos & cos P cos y.
1.33. Simplify the following expression for a € [0, 2n:]
Vifcosa+ Yi—cosa
Vifcosa— Y I—cosa’
1.34. Simplify the following expression:

2sina+sin2a 1—cosa
2cosaa+sin2c 1—sina

and find possible values of «.

2. Calculating the Values
of Trigonometric Functions

Problems connected with calculations of the values of trigono-
metric expressions without resort to tables are usually solved by means
of identity transformations which reduce the required expression to
a form containing only the tabular values of the trigonometric func-
tions.

Example 2.1. Calculate without using tables

tan 20° tan 40° tan 80°.
Solution.

sin 20° sin 40° sin 80° sin 20°.2 sin 20° cos 20°-2 sin 40° cos 40°

cos 20° cos 40° cos 80° cos 20° cos 40° cos 80°
__ 2sin20°(cos 20°—cos 60°) sin 40°—sin 20°
- cos 80° '" cos 80°
_ 2 cos 30° sin 10° _ 2 cos 30° cos (90° —10°) _ 1/37
cos 80° cos 80°

Answer. V'3,
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Calculate the following expressions without using tables:
sin 24° cos 6° — sin 6° sin 66°
sin 21° cos 39°—cos 51° sin 69° °
2.2. sin? 70° sin® 50° sin? 10°. 2.3. sin 15°

. 3 . o0=n 47 2n n
2.4, sin 7o Sin 10 2.5. 8 cos 5 ©08 5— cos oo
26, L V3 |
. X 3
sinqg g

in4 _E_ 4 i in% -s_n 4 7_“
2.7. sin 3 - cos 3 ~ sin 3 ~+ cos g -
2.8.* sin 18°. 2.9.* sin 42°.

Problems on calculations of a trigonometric function from the
known value of another function.

Example 2.2, Calculate

2 8in 20— 3 cos 2a
4 sin 20} 5 cos 2¢ ?

if tan @ = 3.
Solution. Express sin 2 and cos 2a in terms of tan a to obtain

2sin2¢—3¢082e  4tana—3-4-3tanta
4sin2a+5cos2c = 8tana+5—5tan?a *
Replacing tan « by its value 3 on the right-hand side, we obtain
43—-3439 9
8.3+5—5-9 4 °

Answer. —9/4.
2.10. Calculate sin o if sin %——}—cos %:1.4.

2.11. Calculate 1 4 5 sin 2a — 3 cos-! 2a if tan @ = —2.
2.12. Find the value of tan%a 4 cot!*a if tan o 4 cota =
2.13. Calculate the value of sin® ¢ — cos® a if sin @ — cos a = n.

]

.,
a {1 —2sin? 7
2.14. Knowing that tan - =M find Tfsma
2.15. Calculate cos (0 — ¢) if cos 0 - cos ¢ = a, sin® — sin ¢ =
b, a?4-b% = 0.
2.16. The sum of three positive numbers a, B, y is equal to n/2.
Calculate the product cot a cot y if it is known that cot a, cot f§, cot
form an arithmetic progression.

2.17. Calculate tan%—{—tan% if

sin @ 4 sin f§ = a, cosa - cos B = b.
2.18%. Find tan (a 4 2B) if
sin (@ 4 B) =1, sin (@ — ) = 1/2, where a, f € [0, n/2].
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2.19. Find the ratio cot B/cot « if it is known that

sin (@+B) __ p
sin(@—B) ~ ¢

2.20. Find tan % if it is known that sin e} cos a:%,
2.24. Calculate tan— if Sl.ni=-£.
2 sina 25

2.22, Form an equation to find cos — if cos a=m.

3
2.23. Find tan % if it is known that
cosa _ 1—m

{+4sina 1+4+m*
2.24. Calculate sin 2a if tan a satisfies the relation
tan?oc —atana 4+ 1 =20
and it is known that a > 0 and 0 < o << m/4.

Calculating trigonometric functions from their inverses.

Example 2.3. Calculate the value of tan (% arccot 3).

Solution. If we designate & = arccot 3, we have cot a = 3, 0 <<
a < m/2. Let us calculate the values of sin o and cos . We get

. 1 1 1
s Vifeot?a V1+32 y10°
cot o _ 3
Viteotta Y10
o sin o

Using the formula tan - =m , we obtain

on(£) =l 535) =

Answer.

CosS o =

V1043 "
Calculate the following expressions.

. 1 . 1
2.25. sin (2 arccos —4—-) . 2.26. cos [arcsm (——7)] .

. .3 . 8 .2
2.27. sin (arcsm ?—i— arcsin W) . 2.28. tan (2 arcsin -3—) .

2.29, arcsin (sin 2). 2.30. tan (arcsin %-i—arccos %) .
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2.31. sin (arctan 2-4-arctan 3). 2.32. cos ( arcsin %—arccos %) .

2.33. sin (2 arctan %) +cos (arctan 2 V'3).

Verifying the validity of equalities containing inverse trigonometric
functions. When solving these problems, bear in mind that the sum
of inverse trigonometric functions calculated from positive quantities
is contained in the interval [0, n], and the difference is contained in
the interval [—n/2, m/2].

Example 2.4. Verify the equality
2 2
‘/5 =arccot T

Solution. Let us calculate the cotangent of the left-hand and right-
hand sides of the equation:

.4
arcsin 5 ~arccos

cot (arcsin 4 -}-arccos 2 )
5 V5

. 4 2
cot (arcsm —) cot (arccos ) —1

— i V5

cot (arcsin % ) +cot (arccos

2

2 11 ?
vs)

2 2
cot (arccot F) =11 -

We obtain

cot (arcsin %-—i—arccos 2 ) =cot (arccot i) .

Vs 11

Since arcsin % - arccos 25_ belongs to the interval (0, ), which is

the interval of monotonicity of the cotangent function, the equality
of the values of the cotangent functions yields the equality of the
values of the arguments, and this is what we wished to prove.

Verify the following equalities:

V3 V3 =n
D) -+ arccos 5 =g

2.35. arctan 1 4 arctan 2 = ;m — arctan 3.
Vé+1
2Y3

2.34. arcsin

) n
2.36. arccos V ?—arccos =%
2.37. Prove that if
arctan o 4 arctan p | arctan y = m,

then a + B+ y=a-p-y
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2.38. Prove that

M'_ —arctan

V2—1 2 T4

arctan

2.39. Prove that

arctan 3—arcsin 125 = % .
2.40. Prove that
arcsin %+arcsin % = % .
2.41. Prove that
n . 8 3
T-i—arcsm 8_5= arcsin —+arccos ( ?) .

2.42.%* Verify whether the equality
z 1 — n
— — J— 2 ) —
arccos:c—]—arccos( 3 + 5 V3=3z )_ 3

holds for z € [%, t].
2.43.* Verify whether the following equality holds true:

. (V2 V2=2z . n
arcsin ( 3 z+ 5 ) —arcsin T=—7.
The summation of the finite series of trigonometric functions
Sp=w+ug+ug+ ...+ uy (+)

can often be carried out by selecting the so-called generating function.,
i.e. a function possessing the property

f k4 1) —f (k) = up.

If the function f (k) is found, the sum (=) can be represented in the
form

Sp=Ff(r+1)—7f®1). (#+)
Example 2.5. Sum up
S, = sin & 4- sin (& 4 &) + sin (@ 4 2k) 4 ... 4 sin (@ + rh).
Solution. We use the fact that

cos (a—l— 2k+1 )— cos (a+ 2k —1 )=—2 sin (& kh) sin%,
Then we can take
f )= —— ———cos (a+ 2k —1 )
2 sin —

2
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as a generating function. According to (»*) we get

Sp == ———1—h—[cos(a + 2n;-1 h)—cos (a—%)],

2 sin—2—-

Transforming the expression in brackets into a product, we get

sin (oc —i——%h) sin ( n-;—1 h)
Sp= 7
sin—2—

Find the following sums.
2.44. sin o sin 20 4 sin 2a sin 3o - sin 3o sin 4o 4 . ..
... sin na sin (n + 1) a.
2.45. cos 3a 4 cos 5 -4 cos e - . . . - cos (2n 4 1) c.
' 1 o 1 a 1 a
2.46. tan o —}—TtanT—i—TtanT—l-- . -+2—ntan 2—,",
T 3n 51 n 9 11n
2.47. cos -E-l—cos W—FCOS F—l—cos —E—i—cosi—e. +cos T'
2.48. cos? o -cos? (a + ';:_)

—+ cos? (a —l—i’iu—)—}—...—}—cos2 (a+%).

T 3n on 17n
2.49. COSW‘}'COSW-I-COSW-F...+c.os-19 .
2.50. cos uTm—f-cos 3:::” +cos 5_7:12_'_”_4_(:08 @rn—t)mm

sin e+ sin 2a+- ... sin na

2.51. cosa+cos2a+...4cosna *

3. Trigonometric Equations

Solutions of Elementary Trigonometric Equations.
sin z = a, z = (—1)k arcsin a 4 nk le|l<1), k€ Z,

cos r = a, r = -arccos a -} 2nk (lal<1), k€ Z,
tan z = a, z = arctan ¢ 4- nk, k€ Z,
cotz = a, x = arccot a + nk, k€ Z
Equations of the form
P (sinz) =0, P (cosz) = 0, P (tanz) = 0, P (cot z) = 0,

where P is a polynomial of the indicated arguments, can be solved as
algebraic equations with respect to those arguments with a subse-
quent solution of elementary trigonometric equations.
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_ Solve the following equations, first reducing them to algebraic equa-
tions with respect to one trigonometric function.

3.4. 2sin?z 4 sinz —1 = 0.

3.2, tan® z 4 2 tan? z J- 3 tan z = 0.
3.3. 4sint z | cos 4z = 1 4 12 cos? z.
3.4. 6 cos? z - cos 3z = cos z.

3.5%. 1/11—6 + cost z — % cos? z

/9 3 1

—— +costzs—— cos2 r=—
+V 1wt P e

Equations of the form
a, sin™ z 4 a; sin”-! z cos & - a, sin®-2 z cos?

+ ...+ a,cos® z =0,
where a,, a;, ..., a, are real numbers and the sum of the exponents
in sin z and cos z in each summand is equal to n, are said to be komo-

geneous with respect to sin x and cos z. For cos z 5= 0 equations of this
form are equivalent to the equations

ay tan™ z - gy tan"z - ... 4 a, = 0.
Example 3.1. Solve the equation
3 sin? 2 — 5 sin z cos z 4 8 cos? z = 2.
Solution. To reduce this equation to a homogeneous equation,
we use the fundamental trigonometric identity
sin? z 4 cos? z = 1,
writing the equation in the form
3 sin? z — 5 sin z cos z 4 8 cos? z = 2 (sin® z - cos? z).
Collecting terms, we obtain
sin? z — 5 sin z cos z | 6 cos?2 z = 0.
Dividing both sides of the equation by cos? z, we pass to an equiva-
lent equation
tan2z — 5 tanz 4 6 = 0,
whose solution reduces to that of elementary equations.

Solve the following equations reducing them to homogeneous equa-
tions.
3.6. 2 sin z cos z -} 5 cos? z = 4.
3.7. 8sin 2z — 3 cos? z = 4.
PRI ins & —
3.8. 4cos 5 + 3 sin z+- 3 sin 5 = 3.
3.9. sint z — cost z = 1/2.
3.10. 2 sind z | 2 cos z sin? 2 — sin z cos? z — cos® z = 0.
3.41. 3 — 7 cos? zsinz — 3 sin® z = 0.
3.12. 2 sind z — sin? z cos z - 2 sin z cos? 2 — cos® z = 0.
3.13. sin% z } cost z = sin 2z — 0.5.
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3.14. sin® 2z cos® 2z = % (sint 2z - cos* 2z) -} -;— (sin z+-cos 7).
3.15. cos® z -} sin® z — cos? 2z = 1/16.
3.16. sin® z | cos® z = cos? 2z.
3.17.* Solve the equation
sin® z 4 cos® z = a (sin z 4} cost z)
for all real values of a.
The method of an auxiliary angle. Equations of the form
acosz 4 bsinz = ¢
are equivalent to the elementary trigonometric equation

. c
sin(r =— *
(=+9) Ve ()
where ¢ can be found from the system
. a
sin —_ — c0s = ——,
¢ Vaifo ? ¢ Vb2

Example 3.2. Solve the equation
3sinz 4 4cosz = 5.

Solution. Since /32 4% = 5, the given equation is equivalent to
the equation

sin (z 4 @) = 1,
where @ can be found from the system of equations

sin ¢ = 4/5, cos ¢ = 3/5.

. . .4
Since sin ¢ and cos ¢ are greater than zero, we can take ¢ = arcsin 5

as ¢ and then the solution of the given equation has the form
. 4 T
z= —arcsin + T+ 2nn.
. 4 14
Answer. z= —arcsin s + > +2nn (n€ Z).
Solve the following equations by introducing an auxiliary angle.

3.18. sin 8z—cos 6z = }/3 (sin 6z cos 8z).

3.19. sin 11z 1;3 sin 7z 4 % cos 7Tz =0.

3.20. sin 10z} cos 10z = /2 sin 15z.
3.21. Find all solutions of the equation

V1+sin2z— Y'2cos3z=0
contained between m and 3m/2.

3 1
3.22. 4 cos? z=2+% cos 2z (?0‘:%+ 5 ) .

6—-0263
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3.23. 4sin 3z 4 3 cos 3z = 5.2.

A trigonometric equation of the form
R (sin kz, cos nz, tan mz, cot lz) = 0, *)

where R is a rational function of the indicated arguments and (%,
n, m, and ! are natural numbers) can be reduced to a rational equation
with respect to the arguments sin z, cos z, tan z, and cot z by means
of the formulas for trigonometric functions of the sum of angles (in
particular, the formulas for double and triple angles) and then reduce
equation (*) to a rational equation with respect to the unknown ¢ =

tan % by means of the formulas of universal trigonometric substitution

2tan—;— 1—tan2%
sinz=———x—-, COSJ:——‘—J:’
2 % 2 %
14-tan 5 14 tan 3
2tan-§- 1—tan2%-
tang=—oH, cotz=——"-—.
—tan? — =
1 —tan 5 2 tan 3
Example 3.3. Solve the equation
. 1
(cos z—sin z) (2tanz+ — )-|-2_0.

Solution. We designate ¢ = tan% and, using the formulas of the
universal trigonometric substitution, write the equation in the form
3t4+6t3+8t2—2t-—_3_0

@+1)a—

its roots are ¢, = 1/}'3, t, = —1/V 3. Thus the solution of the equa-
tion reduces to that of two elementary equations

tani— 1 tan-z ——;
2= y5 e Vs
Verification shows that the numbers sir which are roots of the equa-

(*)

tion cos —';— = 0, are not the roots of the given equation, and, conse-

quently, all solutions of the initial equation can be found as solutions
of equation ().

Answer. z= + % + 20k (k€ Z).

Solve the following equations by the method of universal substi-
tution.

3.24. sin z+cot%=2. 3.25. cot (-%—z) =5tan2z+7.
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3.26. 3 sin 4z = (cos 2z — 1) tan z.

3.27. 1¥cos z) ]/tan —;— —24-sinz=2cos z.

Equations of the form
R (sin z -}- cos z, sin z cos z) = 0, (*)

where R is a rational function of the arguments in brackets, can be
reduced to the equation with respect to the unknown ! = sin z -}
cos z, if use is made of the trigonometric identity

(sin z 4 cos z)2 = sin? z 4 cos? z 4 2 sin z cos z
=1 -} 2 sin z cos z,
which yields an equation

. 12—1
sinzcosz=—5—. (%)

Taking this equation into account, we can reduce equation (x) to the
form
12—1
R (t, 5 ) = 0.

In just the same way, by the substitution sin z — cos z = ¢, we can
reduce the equation of the form

R (sin z — cos z, sin z cos z) = 0

12
R:(t, 1 2‘ ):0.

Example 3.4. Solve the equation
sin z 4 cos z — 2y 2sin z cos z = 0.

Solution. Designating sin z 4 cos z = ¢ and using the equation
sin z cos £ = (&2 — 1)/2, we reduce the equation to a new equation

with respect to ¢:
V2iz—i—y 2=0

The numbers ¢, = V2, t, = —1/} 2 are roots of this quadratic equa-
tion.

Thus the solution of the initial equation reduces to the solution
of two trigonometric equations:

sin z4cosz= V2, sinz+cosz= —1/y'2.

Multiplying both sides of these equations by the number 1/} 2, we
reduce them to two simpler equations:

to an equation

1 . 1 . ) . ;
—szsmz—}— l/§ cosz=1<> smzcosT—l—smTcosz_i
<> gin (x—}——z—):i,
1 . 1 1 . b1 1
= — —_ e —_—<> —_—) = ——.
V3 sinz -} V3 cosz 3 sin (z+ 4) )



84  Ch. 4 Prigonometry

The solutions of the equations sin (z + %) =1 and
. T\ 1
sm(z-I—T) = — -5 are

z=%+2nk, kez,

z=(—1)n*1 —’;— ——% +nn, nez.

Solve the following equations.

3.28. 5 (sin z + cos z) 4 sin 3z — cos 3z = 2}/ 2 (2 + sin 2z).
3.29. sin x 4 cos z 4 sin z cos z = 1.
3.30. sinz -}- cosx — 2sinzcosz = 1.
3.31.* Find the solution of the equation
1 1 1
cos z + sinz + sinzcosz

for all real values of a.

Some trigonometric equations can sometimes be simplified by
lowering their degrees. If the exponents of the sines and cosines enter-
ing into an equation are even, the lowering of the degree can be done
by half-argument formulas.

Example 3.5. Solve the equation
sinl® z-} cosl0z= f—g cost 2z.

Solution. Using half-angle formulas we can represent the given
equation in the form

( 1-—c2052z )5_|_( 1+<:2052x )5=f—gcos42z.

Designating cos 2z = ¢, we represent the given equation in the form

1—t\5 14¢\5_ 29 ,
() + () =
Removing the brackets and collecting terms, we arrive at a biqua-
dratic equation

24t* — 1082 — 1 = 0,

whose only real root is 2 = 1/2. Returning to the initial unknown,
we obtain

cos? 2x=-;— >1+4cosb4x=1 <> cosbz=0 =
T nk
z_§+7 ) keZ.

n nk
Answer. 3=T+T (k€ Z).
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Solve the following equations.
3.32. sin? 6z 4 8 sin? 3z = 0.

3.33. sin?z-+4asin? 2z=sin —g— Investigate the solution.
3.34. sin® z+costz= % . 3.35. cos2z-4-4sindz=8cosz.
3.36. cos 4z — 2 cos?z — 22sin?z | 1 = 0.

3.37. cos? 3z 4 cos? 4z |- cos? 5z = ig— .

3.38. sin? 3z -}- sin? 4z = sin? 5z - sin? 6z.

3.39. cos? —;-—|—cos’ % z—sin? 2z —sin? 4z =0.

3.40. sin* z 4 cos? z = cos? 2z 4 0.25.

3.41. 2 | cos 4z = 5 cos 2z 4 8 sin® z.

3.42. sindz +-costz= -% .
3.43. 8sin? z | 6 cos? z = 13 sin 2z.

3.44. sindz (14 cot z)+cosd z (1 tan z)=2 }'sinzcos z.

85

Solve the following equations applying the methods presented

above.

3.45. 2cos2z= /6 (cos z—sin z).

3.46. sindz-t-cosdz=1— 1 sin 2z.

2
3.47. sin 3z -+ sin z 4 2 cos z = sin 2z - 2 cos? z.
3.48. sin 5z sin 4x = —cos 6z cos 3z.

3.49. tanz--sin2z= vl

3.50. 2 tan z - tan 2z = tan 4z.

3.51. cos 3z 4 sin 5z = 0.

3.52. sin z cos 5z = sin 9z cos 3z.

3.53. 1 4 sin z 4 cos z 4 sin 2z 4 cos 2z = 0.

3.54. 1 4 sin z 4 cos 3z = cos z -}- cos 2z -} sin 2z.
3.55. sin? z (tan z 4 1) = 3 sin z (cos z — sin z) 4 3.
3.56. sin 2z sin 6z = cos z cos 3z.

3.57. cos (z 4 1) sin 2 (z 4 1) = cos 3 (z 4 1) sin 4 (z 4- 1).
3.58. sin z sin 7z = sin 3z sin 5z.

3.59. cos z sin 7z = cos 3z sin 5z.

3.60. sin z 4 sin 2z - sin 3z 4 sin 4z = 0.

3.61. cos 2z — cos 8z 4 cos b6z = 1.

3.62. sin z sin 2z sin 3z = %sin 4z,

3.63. sin® z cos 3z - sin 3z cos® z = 0.

3.64. tan z -}- tan 2z = tan 3z.

3.65. (1 — tan z) (1 4 sin 2z) = 1 4 tan z.
3.66. (1 4 sin 2z) (cos z — sin z) = 1 — 2 sin? z.
3.67. tan (z 4 @) 4 tan (z — &) = 2 cot z.
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3.68. sin? 2z |- sin? 3z | sin? 4z - sin? 5z = 2.
3.69. sin z cos z cos 2z cos 8z = %sin 12z.

3.70. sin 2z sin 6z — cos 2z cos 6z = V2 sin 3z cos 8z.
3.71. tan z 4 cot 2z = 2 cot 4z.
3.72. cos 3z — cos 2z = sin 3z.
3.73. 2sin 3z— .1 ==2 cos 3z} ——1—
sin z cosz
3.74. cot? z — tan? z = 32 cos® 2z.
3.75. tan 2z | cot z = 8 cos? z.

3.76. sin? 2z —tan? zr = fcos 2z.
3.77. sin 2z — tan z = 2 sin 4z.
sin 4z 5
3.78. S —nd) = ]/2 (sin z4-cos z).
3.79. cos 3z tan 5z = sin 7z.
cos? 2z T
3.80. c0s 2 cos (/A) (3/4)__003 T—Cos - .
3.81. sin z cot 3z = cos 5z.
3.82, SO8Z _ COSOT g inasin 3z,
cos 3z cosz
3.8, 082 0832 4 i0s2s.
cos 3z cosz
1 1 1
3.84. €0S z oS 2z +cos 2z cos 3.1:+cos 3z cos 4:c=0'
sin 3z cos 3z 2
3.85. cos 2z + sin2z -~ sin3z °

3.86.* cos (z——%) —+cos (:c-{—-;z—) = % cos 2z.
3.87. 4sin 3z-}-sin 5z—2 sin z cos 2:=0.

3.88. sin (z—}—%) sin (:c—%) =sinz.

3.89. 3 cos z 4 2 cos 5z - 4 cos 3z cos 4z = 0.
3.90. 3 sin 5z = cos 2z — cos 8z — sin 15az.

3.91. cos 2z — sin 3z — cos 8z = sin 10z — cos 5z.
3.92. sin 2z — cos 2z = tan x.

3.93. cos 3z — sin 5z — cos 7z = sin 4z — cos 2z.
3.94. sin 2z 4 cos 2z = 2 tan = 4 1.

3.95. 4 sin?z 4 3 tan®zx = 1.

3.96. 4 sin z sin 2z sin 3z = sin 4az.

sin 4z +sin 2z —4sin 3zt 2 cos z—4

3.97. smz—1 =0.
2 tan =
3.98.F — = =y —4y+5.
1+tan? —

2
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3.99. cos 2z = _1‘*‘2£ (cos z+- sin 2).
3.400. cotz—tanz =5T— S 7.

- sin 2z

3.101. sin 7z 4 sin 3z 4- 2 sin? z = 1.

3.102. cos ¢ — cos 17z = 1 -} 2 sin 8z sin 2 — cos 16z.
3.103. sin z — cos z = 4 sin z cos? z.

3.104. 2 cos 2z (cot z — 1) = 1 4 cot z.

3.405. tanz-+}2 cot2z=sinz (1+tanz tan—;-) .

3.106. 2 cot 2z — cot z = sin 2z - 3 sin .

3.107. sin%z—cos? z=cos (_BTn_z) .

2 oot Z
5 =c0s? 5.
3.109. cosz= }/ 3 sinz-+2 cos 3z.

3.110. 1+ttanz
1—tanz
3.1141. sin 3z 4 sin z = 4 sind® z.

3.112. Find all values of r and y which satisfy the equation

12 sin z - 5 cos z = 2y% — 8y 4 21.

3.108. sin 2z sint

==(sin z+cos z)2.

The solution of some trigonometric equations sometimes presup-
ﬂoses a subsequent verification of the conditions which must be satisfied
y the roots obtained. If the conditions are such that the roots of the
equation must belong to the given interval, then the solution of the
problem of isolating those roots reduces to the solution of some in-
equalities in integers.

Example 3.6. Find all solutions of the equation
(tan? z — 1)1 = 1 4 cos 2z, (*)

which satisfy the inequality 2x+! — 8 > 0.

Solution. Let us reduce the initial trigonometric equation to the
form

1
(1+00521) (1+—m) =0.

The following values of z are solutions of this equation
L
3

By the hypothesis, we must choose those values of z which satisfy
the inequalities

z=—-%-—{-—:rm, z=o4—-rnk, n, k€Z,

2%+l — 8 > 0, cosz % 0.
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The values we need are

=+ %-}—nn, n€N.

Answer. rz= :i:-g--l—nn, neN

3.113. Find all solutions of the equation
Vsin 1 —z)= V cos z,

which satisfy the condition z € [0, 2n].
3.114. Find all solutions of the equation

cost z — 3 cos 3z = 3 cos z — cos® z cos 3z,

lying on the interval [—m, 3n/2].
3.115. Find all solutions of the equation

sin T __cos L —1—sinz
2 2 !

which satisfy the condition

z n 3n

2 2|4 -

3.116. Find all solutions of the equation
-;— (cos 5z + cos 7z) — cos? 2z | sin2 3z=0,

which satisfy the condition | z | < 2.

Solve the following equations.
3.117*. tan 22 = cot 5z.

3.118*. sin ; = cos 3z.

3.119*. sin z = cos V' z.
3.120**. Prove that the equation

sin (cos z) = cos (sin z)
does not possess real roots.

3.421%. sin (ZT“ 005.1:) = cos (2—5" sinx) )

3.122*. sin (n cot z) = cos (n tan z).

3.123. Find the roots of the equation sin (z — 2) = sin (3z — 4)
belonging to the interval (—mx; m).

When additional conditions are represented by an inequality con-
taining triﬁonometric functions, the required roots are isolated on the
interval which is equal to the least common multiple of the periods
of the trigonometric functions entering into the equations and in-
equalities.
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Example 3.7. Find all solutions of the equation
1+ (sin z — cos z) sin%=2 cos? %x, (*)
which satisfy the condition
sin 6z << O. (#%)

Solution. Let us simplify the initial equation:
1+ (sin z— cos z) sin -i[:—-
V2
2

=1-4cos 5z <= cos 5::+cos(z+%) =0,

=2 cos? 5—; <> 14 (sin z—cos z)

2 cos ( 3z+—g—) cos (2:—%):0.

Thus initial equation () is equivalent to the equations

cos (Sz—l—%) =0, cos (2::—- %—):0, (k)

whose roots are equal, respectively, to

no, n.n
s=o+-3, n€Z,
Sm nn
z=—16 +—2—-, nEZ.

The least common multiple of the periods of the trigonometric
functions entering into equation (x) and inequality (x*) is equal to 2.
From the obtained solutions of the equation belonging to the interval
[0, 2nt) the numbers 57/16 and 5n/16 4 m satisiy inequality (s+).
All the solutions of the problem can be obtained by adding number,
which are multiples of 2x, to each root obtained.

‘nswer. z= i—g—}—nk (k€Z).
3.124. Find all solutions of the equation

5—8 cos (z——i— n) =2gin ( 2:——;—- n.) s

which satisfy the inequality cos z > 0.
3.125. Find all solutions of the equation

Vtanz+tsinz+4 Y tanz—sinz= }/3tanz

(a) on the interval [0, =], (b) throughout the real axis.
3.126. Solve the equation

V' 2+tanz—cos?z— l/_19§+ tan z= ]/—g-wcos2 z.
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3.127**, Find all solutions of the equation
. b LAY
sin (z—T)—cos (z-l—T)_L

2cos Tz , gcos2x,

cos3+4sin 3
3.128*. Find all solutions of the equation

. b4 1

sin (x —):——,—_——
( T3 2V 2cosz °’

which satisfy the inequality logg ., (1 + cos (2z + 4)) << cos 4u.
3.129*. Find all solutions of the equation

. T Sn\_ /5
sin (4z+T)—|—cos (4x+T)— V2,
cos 2z 9-sinkx,

cos2—sin2
3.130*. Find all solutions of the equation

sin ( Zz—%): V2sin? z,

which satisfy the inequality log,,..; (1 + sin (7z 4 5)) << sin 8z.

which satisfy the inequality

which satisfy the inequality

Some trigonometric equations can be solved by using the estimate
of the left-hand and right-hand sides of the equation.

Example 3.8. Solve the equation
n b
tan(T—}—J:)—}—tan (T—x)_2. (%)

Solution. Using the recursion formula, we obtain

Since
tan i_x)—_—1___
( 4 " cot (n/hk—z)’
the left-hand side of the given equation is the sum of two mutually
inverse quantities. It is known that
a4 1/a>2
for a > 0. Thus equality (*) can be obtained only for

tan(%—f—x):i, (*%)

and, consequently, equation (+#) is equivalent to ().
Answer. z = znin (n € Z).

Solve the following equations.
3.131. sin z 4 sin 5z = 2
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3.132. sinzsiny = 1.
3.133. slogtanx 4 glogcotx — o

3.134**. cos z + cos y — cos (z + y) =

3.135. sin z 4 sin y = 2.

3.136. sin z -+ sin y 4 sinz = —3.
3.137. logeosx sin z -+ logginx cos z = 2.
3.138. cos2 z 4 cos z cos y - cos? y = 0.
3.439. Prove that the equation

(sin z + V3 cos z) sin 4z = 2

3
-

has no solutions.

4. Systems of Trigonometric Equations

Systems of equations in which the unknowns are arguments of
trigonometric functions are called systems of trigonometric equationss
Systems of trigonometric equations, can be solved by both the methods
of solving systems of algebraic equations and those for solving tri-
gonometric equations.

Example 4.1. Solve the system of equations

sin z sin y= V' 3/4,
cos z cos y = V 3/4.

Solution. Adding up the equations of the system, we arrive at an
equation
sin z sin y - cos z cos y=#- <> cos (z—y) :—‘Q— .
Subtracting the first equation of the system from the second, we ar-
rive at an equation
coszcosy — sinzsiny = 0 <>cos (z 4 y) = 0.

Thus the initial system is equivalent to the system

V'3

cos(x—y)T , T—y==+ %—'—ZTUL,
<~ n, k€ Z,
cos (z+y) =0, I-I—y:%—{—nk,

whence

r=g ety @ntk), =gt @nth),

y=F+5 k=2, y=Z+3 (k—2n).
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11 1 T 7
Answer. ?-}—? (2n—k), -6_+7 (k—2n);

S5 @th, T+ (k=20 (*, ne2).

Solve the following systems of equations,

4.1.

4.3.

4.5.
4.6.
4.7.
4.9.

sin z cos y = —1/2, 4.2. sin z cos y = 0.36,
coszsiny = 1/2. cos z sin y = 0.175.
sinz sin y=3/4, 4.4. cos z cos y=i+4£ ,
tan z tan y=3. cot z cot y=3+2 V2.

sin z — sin y = 1/2,

cos z 4 cos y = VY 3/2.

sin 2z 4 sin 2y = 3 (sin z 4 sin y),

cos 2z 4 cos 2y = cos z -} Cos y.

sin z cot y = V'6/2, 4.8. tan z = sin y,

tan z cos y = V 3/2. sin z = 2 cot y.
sin y = 5 sin z,

3cosz 4 cosy = 2.

4.10. 3 tan (y/2) 4+ 6 sin z = 2 sin (y — z),

tan (y/2) — 2 sin z = 6 sin (y + 2).

4.11. sin® z | cos z sin y = cos 2y,

cos 2z | sin 2y = sin®? y | 3 cos y sin z.
4.12. 2 sin? y | sin 2y = cos (z + y),
cos? z - 2 sin 2y - sin? y = cos (z — y).
5 2—1

4.43. sin? (—2z)—(3— }/2) tan 5y= 3—‘/7— ,
5 21

tan? 5y + (83— V/2) sin (—2z) = —3L§‘——-
4.14. sin? 3z+ (4— V/'3) cot (—Ty)=2 V/ 3—3/4,

4.15.

4.16.

4.17.

4.18.

4.19.

cot? (—7y)+ (4— V'3) sin3z=2 V/3—3/4.
4siny—6 V2 cos =544 cos?y,
cos 2z=0.
14-2cos 2z=0,
V6cosy—4sinz=2 V' 3(1+sin?y).
2 V'3 cos 2+ 6 sin y=3-+12 sin% z,
4 }/ﬁcosx+2 sin y=1.
]fiy—}— Vﬁcotz=4,
2 Vﬁy—lfﬁcctx:L

3 tan 3y+2 cos z=2tan 60°,

5
2tan 3y—3 cos r= — 5 ¢0s 30°.
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4.20. sin (y — 3z) = 2 sind «,
cos (y — 3z) = 2 cos?® z.
4.21. sin (r — y) = 3sinzcos y — 1,

sin (z + y) = —2 cos z sin y.
4.22. Find the solutions of the system
| sin z | sin y = —1/4,

cos (z + y) + cos (z — y) = 3/2,

which satisfy the conditions z € (0, 2n), y € (%, 2x).
4.23. tan®z 4 cot?z = 2sin®y, 4.24. =z 4y = a/3,

sin? y 4 cos? z = 1. tan z/tany = 3/4.
4.25. 48Inx 4 3.9005V — 3,
gmsin® 4 5.84008U+1/2 — 44/2,
4.26. z4 y+z=m, 4.27. tanz/tany = 2,
tan z tan y = 2, tan y/tan z = 3,
tan z J- tan y - tan z = 6. z+y+z=m.

If one of the equations of the system is rational with respect to the
arguments of trigonometric functions, then the solution of the system
usually reduces to the solution of a trigonometric equation for one of
the unknowns.

Example 4.2. Solve the system of equations
z4y=2n/3,
sinz
siny
Solution. Let us reduce the second ezr~tion of the system to the

form
sin z = 2 sin y. (*)

Using the first equation of the system, we exclude the unknown y
from equation (*):
2 . -
sin z=2sin (Tn—z) <> sinz=}/3cosz+}sinz.

The resulting equation is equivalent to the elementary trigonometric
equation

cos z = 0. (%)

Substituting the roots of equation (*#) into the first equation of the
system, we obtain the values of the unknown y.

Answer. z = —g—}—nk, yzi—nk (k€ Z).

6
Solve the following systems.
4.28, z—y=nmn/18,

i (e+-55) o (1) =3
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1— tanz
4.29, m—tan Yy,
z—y=m/6.

4.30. tan z - cot y = 3,
|z —y| = nl3.
4.31. sin z -+ siny = sin (z 4 p),
lzl4+lyl=1
4.32. For what values of a do the solutions of the system
8coszcosycos(z—y)4+1=0

z+y=a
exist? Find the solutions.

5. Equations Containing Inverse Trigonometric
Functions

Solutions of elementary equations.

Equation Solution
arcsinzr=a (Ja|<<7/2) z=sina
arccosr=a O<<am) rz=cosa
arctanz=a (Ja|<<n/2) z=tana
arccot r=a (0<a<nm) z=cot a

Equations of the form
P (y () = 0,
where P is a certain rational function and y (z) is one of the arc func-
tions, reduce to the elementary equations
y (@) =y

where y; are the roots of the equation P (¢) = 0.

Example 5.1. Solve the equation

2 arcsin? z — arcsin z — 6 = 0.

Solution. Introducing a new unknown y = arcsin z, we get an
equation

2> —y—6=0,

whose solution is y; = 2, y, = —1.5. Consequently, the initial equa-
tion decomposes into two elementary equations

arcsin z = 2, arcsin z = —1/5.
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Since 2 > m/2, and | —1.5 | << /2, the only solution is z =
—sin 1.5.
Answer. z = —sin 1.5.

Solve the following equations.

5.4, arctan? —::;——4 arctan %-—5:0.

5.2. arctan? (3z | 2) 4 2 arctan (3z 4 2) = 0.
n2/9

arcsinz °

5.4. 3 arctan® z — 4q arctanz 4 n? = 0.

5.3. 2arcsinz= %—{-

2

5.5. Find the solutions of the equation 2 arccos z = a | W::Ios_i

for real values of a.

If an equation includes expressions containing various arc func-
tions, or those arc functions depend on different arguments, then the
equation is usually reduced to its algebraic consequence by calcu-
lating a certain trigonometric function of both sides of the equation.
The resulting extraneous roots can be isolated by verification. If a
tangent or a cotagent is chosen as a direct function, then the solutions
that do not belong to the domain of definition of those functions can
be lost. Therefore, before calculating the tangent or cotangent of both
sides of the equation, we must ascertain that there are no roots of the
initial equation among the points that do not belong to the domain of
definition of those functions.

Example 5.2. Solve the equation
arcsin 6z 4 arcsin 6 Y 3z = —n/2. (%

Solution. Let us transfer arcsin 6z into the right-hand side of the
equation and calculate the sine of both sides of the resulting equation:

sin (arcsin 6z) = sin (—arcsin 6 V 3z — n1/2).

Transforming the right-hand side of this equation by the recursion
formulas, we obtain an algebraic consequence of the initial equation:

6z = — J/1—108z2.

We square both sides of the equation. After collecting terms, we get
an equation

14422 = 1,
whose roots are the numbers 1/12 and —1/12.
Let us perform a verification. Substituting the value z = —1/12

into equation (x), we obtain

arcsin ( ——) - arcsin (——

Thus z= —1/12 is a root of the initial equation.
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Substituting z = 1/12 into (+) we note that the left-hand side of
the resulting relation is positive and the right-hand side is negative,
Thus the value z = 1/12 is an extraneous root of equation (x).

Answer. z = —1/12.

Example 5.3. Solve the equation

2 arctan (2z 4 1) = arccos z. (»)

Solution. Calculating the cosine of both sides of the equation, we
obtain
cos [2 arctan (2z 4 1)] = z.

We can reduce the left-hand side of this equation to the form
1—(2z4+1)2 22242
1+2z+1)2" 14224222 °
Thus the algebraic consequence of equation () is an equation
22242z
11221 229

cos [2arctan (2z+4-1)]=

=r<=> 223—z=0,

whose roots are equal to 0, ¥ 2/2, —V} 2/2. To find out which of these
numbers satisfy the initial equation, we make a verification. Forz = 0

both sides of the equation are equal to n1/2. For z = J/2/2 the right-
hand and left-hand sides of .the equation are equal to s1/4 and 2 arctan

(V 2+ 1), respectively. But /2 4 1 > 1, and, consequently, arctan
(V 24 1) > n/4; hence z = Y 2/2 is not aroot of the initial equation.

For z = —V 2/2 the left-hand side of the equation is negative and
the right-hand side is positive. Consequently, z = — J/2/2 is not a
root of equation () either.

Answer. r =

Solve the following equations.

5.6. arccos % =2arctan (z—1). 5.7. arccos z—m=arcsin —4—;— .
1 1 1
5.8. arctan (z—}—?) ~arctan (x—?) =7

5.9. arctan 2z--arctan 3z= §4£- .

5.10. arcsin z-|arccos (z—1)=m.
1in
6 .

5.12, 2 arccos ( ——%) =arccos (z4 3).

5.13. 2arcsin z=arcsin }/2 z.

5.11. 2 arccos £ arcsin z=

5.14. arctan —g— <+ arctan —;— =arctan z.
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. T
5.15. arccos zr—arcsin z= <

. .oz b4
5.16. arcsin z-}-arcsin _§=T .

5.17. arcsin 2z = 3 arcsin z.

5.18. arccos z — arcsin z = arccos ]/§:c.
5.19. arcsin £ — arccos z = arcsin (3z — 2).

Some equations containing the unknown under the sign of an arc
function are identities on the common domain of definition of the left-
hand and right-hand sides of the equation. The process of solution of
such an equation consists in seeking that domain.

Example 5.4. Solve the equation
2arccos z=arcsin (2z ' 1—z2). (*)

Solution. According to the definition of the function y = arccos z,
we have

z=-cosy, where 0 <y<m, |z|<1.

Substituting = thus expressed into the right-hand side of the equation,
we obtain

arcsin (2 cos y sin y) = arcsin (sin 2y).

According to the definition of the function y = arcsin z, we infer that

arcsin (sin 2y)=2y for —% <y % .

Thus the left-hand side of equation () is equal to the right-hand side
for all y € [0, n/4]. Returning to the initial unknown, we find that

r€[V202, 1.
Answer. z € [V 2/2, 1].

Solve the following equations.

5.20. arcsin z=arccos J' 1—z2.
5.21. arccos z=mn—arcsin ' 1—z2,

Vi=z

5.22, arccos z=arctan —

5.23. arcsin (2z Y 1—z2) =arccos (222 —1).
5.24. 2 arccos z = arccos (2z2 — 1).
. 2z
5.25. 2 arctan z=arcsin (m—) .
1—22
5.26. 2 arctan z=arccos (——) .

1422

5.27. arccos z=arctan —

—z
Vi—=zt'

7-0263



98 Ch. 4 Trigonometry

2__
5.28. 2 arccos r = arccot 21:—1 .
2z Y1T—23
¢ 5.29. Solve the equation arcsin £ = 2 arcsin a for all real values
of a.
5.30. arccos z = arcsin 2a.

6. Trigonometric Inequalities

Solutions of elementary trigonometric inequalities.

Inequality Set of solutions of inequality (n € Z)

sinz>a (Ja|<<1) | z€(arcsina+2nn, x—arcsina-2zn)
sinz<<a(le|<<1) | 2€ (—n—arcsina--2nn, arcsin a+2nn)
cosz>a(|a|<1) | =€ (—arccosa--2nn, arccos a-2nn)
cosz<<a(a]<<1) | z€(arccosa-2nn, 2n—arccos a-2nn)

tanz>a z € (arctan a+-nin, 7/2-4 nn)
tanzr <a z ¢ (—mn/2+ nin, arctan a+ mn)
cotz>a z € (nn, arccot a--nn)

cotr <<a z € (arccot a}-nn, ;- 7n)

Solve the following inequalities.

6.1. sinz > —1/2. 6.2. tan z > 2. -
6.3. cot z > —3. 6.4. sin (z — 1) < —V 32
6.5. sin 22 < 1/2. 6.6. sinz + cos z > —)/ 2.
6.7. cos (sin z) << 0. 6.8. sin (cos z) = 0.

Inequalities of the form R (y) > 0, R (y) < 0, where R is a cer-
tain rational function and y is a trigonometric function (sine, cosine,
tangent, or cotangent), are usually solved in two stages: first the ra-
tional inequality is solved for the unknown y and then follows the
solution of an elementary trigonometric inequality.

Example 6.1. Solve the inequality
2s8in?z — 7sinz 4 3 > 0.
Solution. Designating sin z = y, we get an inequality
212 — Ty 4+ 3> 0,

whose set of solutions is y << 1/2, y > 3. Returning to the initial
unknown, we find that the given inequality is equivalent to two in-
equalities:

sin z < 1/2 and sin z > 3.
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The second inequality has no solutions and the solution of the first is
ze (——76£—|—2:rm, %+ 2;rm) y nREZ.
7 n
Answer, z¢€ (— 6 n-2nn, + +2un) (n€Z).

Solve the following inequalities,
6.9. cot® z + cot?z — cot z — 1 << 0, 6.10. 2 cos 2z - sin 2z >
tan z.
6.11. tan z | cot z << —3. 6.12. sin 2z > cos z.
6.13. sinz+4 Y3cosz<0. 6.4, ¥V 3—4cos*z>2sinz+1.
2sin?z+4sinz—1

6.45. Y 3sinz+1>4sinz+1. 6.16. Sinz—1 <0.
6.17. 54+ 2cos2z <3| 2sinz—1|.

Solution of inequalities by factorization.
Example 6.2, ;Solve the inequality
cos z -4 cos 2z 4 cos 3z > 0,
Solution. Transforming the sum of the end terms into a product,
we get an inequality
cos 2z - 2 cos 2z cos z > 0.
Putting cos 2z before the brackets, we obtain
cos 2z (2cos z + 1) > 0.

This inequality is equivalent to two systems of elementary inequal-
ities:

cos 2z < O, cos 2z > 0,

cos 2z < —1/2, cosz > —1/2.

Uniting the solutions of these systems, we get a solution of the initial
inequality.

Answer. (2—3Jt—i—2nn, —?-}—Z:rm) U (%-{—ZIW, %‘——I— 2nn)

U (—%+2nn, S 2:nn) (n€2).

Solve the following inequalities.

6.18. sin z sin 2z — cos z cos 2z > sin 6z.

6.19. 2 sin z sin 2z sin 3z < sin 4z.

6.20. sin z sin 3z > sin 5z sin 7z.

6.21. cos® z sin 3z -} cos 3z sin® z << 3/8. 6.22. sin z > cos 2z.
6.23. 2 tan 2z << 3 tan z. 6.24. sinz << | cos z |.
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7. Inequalities Containing Inverse
Trigonometric Functions

Solutions of elementary inequalities.

Inequality Solution

arcsinz>a (] a| << m/2) z€ (sine, 1]
arcsinz <a (] a| << 7/2) z€[—1, sina)
arccosz>a O<a<m) z€[—1, cosa)
arccosz<<a O<e<m) z € (cos a, 1]
arctanz>a (| a| < m/2) z€ (tana, -} oo0)
arctanz <a (| a | < m/2) z€(—o0, tana)
arccotz>a (0<a<<nm) z € (—oo, cota)
arccotz<a (0<a<<nm) z€ (cot a, + o)

Solve the following inequalities.
7.1. arcsin z << 5. 7.2. arcsin z > —2.

7.3. arccos z << arccos ';f . 7.4. arccos z > /6.
7.5. arctan z > —m/3. 7.6. arccot z > 2.

Inequalities of the form R (y) > 0, R (y) < 0, where R is a cer-
tain rational function and y is an inverse trigonometric function (arc
sine, arc cosine, arc tangent, arc cotangent), are usually solved in two
stages: first the inequality is solved for the unknown y and then fol-
lows the solution of an clementary inequality containing the inverse
trigonometric function.

Example 7.1. Solve the inequality
arccot? z — 5 arccot z 6 > 0.

Solution. Designating arccot z = y, we write the initial inequality
in the form
y2—5y 4+ 6>0,
whose solutions are y << 2 and y > 3. Returning to the initial un-
known, we find that the initial inequality reduces to two elementary
inequalities:
arccot z << 2 and arccot z > 3

whose solutions are z € (cot 2, o) and z € (—oo, cot 3) respectively.
Uniting these solutions, we get the solution of the initial inequality.

Answer. (cot 2, o) | (—oo, cot 3).
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Solve the following inequalities.
7.7. arctan® z — 4 arctan z 4- 3 > 0, 7.8. log, (arctan z) > 1.

7.9, 2arctanx  o-arctanx —, 9 7,40, 4 (arccos z)2 — 1 > 0.

To solve the inequalities connecting the values of various inverse
trigonometric functions, or the values of one trigonometric function
calculated from different arguments, it is convenient to calculate the
value of a certain trigonometric function of both sides of the inequality.
It should be born in mind that the resulting inequality is equivalent
to the initial one only in the case when the sets of values of the right-
hand and left-hand sides of the initial inequality belong to the same
interval of monotonicity of that trigonometric function.

Example 7.2. Solve the inequality
arcsin z > arccos z. (%)

Solution. The set of permissible values of z entering into the ine-
quality is z € [—1, 1]. For z << 0 we have arcsin 2 < 0, arccos z > 0.
Consequently, the values z << 0 are not solutions of the inequality.
For z > 0 both the right-hand side and the left-hand side of the in-
equality have values belonging to the interval [0, n/2]. Since the sine
function is monotone increasing on the interval [0, n/2], it follows
that for = € [0, 1] inequality () is equivalent to the inequality

sin (arcsin z) > sin (arccos z) <> z > V' 1 — =2
For the values of the unknown we consider, the last inequality is equiv-
alent to the inequality
2z2 > 1. (*%)

Thus the solutions of inequality (%) belonging to the interval [0, 1]
are solutions of the [initial inequality.
Answer. z € (V 212, 1].
Solve the following inequalities.
7.41. arcsin z << arccos z. 7.12. arccos z > arccos z2.
7.13. arctan z > arccot x. 7.14. arcsin z << arcsin (1 — z).
7.15. tan? (arcsin z) > 1.

8. Proving the Validity

of Trigonometric Inequalities

The proof of the validity of inequalities relating the values of
trigonometric functions on the entire number axis or on its interval is
usually based on the investigation of the properties of functions:
monotonicity, boundedness, etc.

Example 8.1. Prove that

cos a—2|-t3 > cosa—;—cosﬁ’
if a, B € (—n/2, n/2).
Solution. To prove the given inequality, it is sufficient to repre-
sent its right-hand side in the form
a;—ﬁ cos =B

cosa4-cosf
5 = co0S 5
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. oa—f n =N 14
and take into account that 3 € (—7 , 7) for &, B € (—7,
-;—l) and, consequently 0 << cos a;ﬂ <A1.

Prove that the following inequalities hold true for z € [0, n/2]

8.1. sinzcos z < 1/2. 8.2. sinz + cosz < V2.
8.3. tan z | cot z > 2. 8.4. tan z > sin z.

8.5. sin2z << 2sinz. 8.6. Vcosz<< V2 o8 =
8.7. Prove that

+8
2

sina+sin f
2 ’

. O
sin =

if a, B €10, nl.
Prove that the following relations hold true for any real z.
8.8*. |acosz+bsinz | < Va2Fb2.
- " - . o_
8.9**. ate a’-é—b’-}-c’ 2ac < asin?z-}-b sin’z cosz-}-c cos?r
a+c+ Var b2 Fc*—2ac
< D) .

To prove the validity of trigonometric inequalities, use is often
made of algebraic inequalities which establish a relationship between
the geometric mean and the arithmetic mean of two or several posi-
tive numbers.

Example 8.2. Prove that

LIS ‘B+ !>, (*)

. O .
sin —- sin - Yy

3 5 sin —2-

fat+p4+y=nande,p, y>0.
Solution. Since sin%, sin%. sin%— are nonnegative, we can

use the inequality relating the arithmetic mean of the three numbers
and their geometric mean and obtain

1 1 1 3
} = R *%)
Sin1+sin£ ' sin-> 3/. a . B . v (
2 D) D) ] sin - sin & sin 5

Transforming now the radicand, we get

sing-sinﬂsin l:—i—sin i"’—[cos B';V —cos ﬁ-;-?].

2 2 22 2
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Since @ 4+ B 4 y = =&, we have

cos —5;2'_1=cos (i—ﬁ-) =sin =

2 2 2
B—v
cos —; <1,
and, consequently,
in-Z sinP sin ¥ <Lgin & (1—sinZ
smzsmzsm2<2sm2 (1 51n2),

The greatest value of the function appearing on the right-hand
side of the inequality f(y):% y(1—y) (y: sin —021-) , on the inter-
val [0, 1] is equal to 1/4. Consequently,

Lo . B .oy 1
sm-?sm—z-smig—s-.

Snce the value of a fraction decreases with an increase in the denomi-
nator, we can substitute the value of the denominator obtained into
the right-hand side of (**), extract a cubic root of 1/8 and make sure
of the validity of the initial inequality.

Prove the following inequalities.
8.10*. Prove that
(1 —cosa) (1 —cosP) (1 —cosy) <1/8

ffaet+p+y=mnanda, B, y>0.
8.11*. Prove that

co:oc + cosﬁ +00:v =6
ifa4 PB4+ y=ax and a, B, y € (0, =/2).
8.12*, Prove that
tan? a 4 tan? § | tan?2y > 9
ifatp+vy=mn and e, B, y € (0, n/2).
8.13. Prove that

B

a
COS == COS 5~ COS

3 _
2 2 <§V3

X P

ifad-p4y=nm
8.14**, Prove that

sin? %-f—sin” B ~+sin? % >

2
ifadp4+yvy=m

] e
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8.15. Prove that
cos a -} cos p + cos y < 3/2

ifoatpty=m

In Example 8.2 we had to find the greatest value of the function
%sin % (1—sin %) . Making a substitution, we have found that
the required value coincides with the greatest value of the function

f(y):%y(i—y) on the interval [0, 1]. A similar technique is

often used when it is required to find the sets of values of some complex

trigonometric expressions.
8.16. Prove that

1
—4<<cos2z+3sinz < 2§.
8.17. Prove that

cos® z | cos® r < 1/4.
8.18. Prove that

. . —p2—4q
sin? z+ p sin z+q>—4——

if |lpl<a.
8.19. Prove that sin? z cos? z < 1/4.

Inequalities relating trigonometric functions and certain poly-
nomials considered on certain intervals of variation of the arguments
can be proved by using combinations of the techniques discussed
above. In that case, the proof is often based on the inequality

sin z < z < tan z, 1)
which is valid for z € [0, m/2].
Example 8.3. Prove that

z—i<sinz

4
on the interval (0, m). . X
Solution. Let us represent the function sin z as

. X
sinz=2tan-% cosz—‘;-=2tan§ (1—sm2—2—) .

Using (1), we obtain

z _ =z .- =
tan?>§-, 1 —sin 2>1 i



8 Proving Trigonometric Inequalities 105

Substituting the estimates obtained into the right-hand side of the
initial inequality, we make sure of its validity.

8.20. Prove that the inequality
z? | z
coszT << 1— T—'—-i—ﬁ-

is valid on the interval (0, m).
8.21. Prove that the inequality

x3
z— -5 <tanz
is valid on the interval (0, n/2).
8.22. Prove that
1:2
1—cosz < T .



Chapter 5

Complex Numbers

The notation for the complex number z in the form a - ti, where

a and b are real numbers, is known as an algebraic form of a com-
lex number. The number « is called a real part of the complex num-

Eer and is designated as Re z, and the number b is called an imaginary
part of a complex number and is designated as Im z. The symbol i
is called an imaginary unit.

Two complex numbers z; = a;j }- b;i and z, = a, | byl are equal
if a; 4 a, and b; = b,.

The complex number —a — bi is said to be opposite to the com-
plex number a 4 bi.

Rules for operating with complex numbers. Assume that z; =
a, }- bjiand z, = a, 4 b,i are two complex numbers. The sum z; |-
z,, the difference z; — z,, the product zj.z,, and the quotient 7,/z,
f(z, ;élO) of the complex numbers z, and z, can be calcuiated by the
ormulas

2+ 23 = (a1 4 a3) + (b1 + ba) ¢,
5 — 23, = (a; — ag) + (bg — by) ¢,
2§29 = (a3 — biby) + (2ibs + a4by) ¢,

21 __ ajby+asby agbi—a;b,
P a3+-b2 + a3 |- b2 i )

Addition and multiplication of complex numbers are commutative
and associative and multiplication is distributive with respect to
addition.

The complex number a — bt is a complex conjugate of z = a + bi.
Tt is designated as z. The property of complex conjugate numbers
is z.z = a% } b2,

Assume that z = e 4- bi is a nonzero complex number (a? 4
b? 5= 0). The modulus (absolute value) of the complex number, de-
signated as | z |, is a quantity r =V a2 -+ b?2; the argument of the
complex number z is an angle ¢ found from the conditions
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The argument of the complex number z is designated as arg z. The
notation for the complex number z = a 4 bi in the form

z = r (cos @ } i sin @)

is known as a trigonometric form of notation of a complex number.

The principal value of the argument of the complex number z (arg z)
is the value of ¢ which belongs to the interval [0, 2x]. In terms of
geometry, the modulus of a complex
number can be represented as a line
segment (radius vector) with the points
0, 0) and (a, b) as its ends, the argu-
ment of a complex number jis an angle
which the radius vector forms with the
positive direction of the z-axis (Fig. 5.1).

Two complex "numbers written in
trigonometric form are equal if and
only if their moduli are equal and the
arguments differ by 2nk (k € Z).

The product and the quotient of two nonzero complex numbers z; =
r (cos @, + isin @) and 2z, = ry (cos @, + i sin @,), written in
trigonometric form, are the numbers

2123 = 1y 73 [C08 (@1 + @a) 4 # 8in (P1 4 )],
r .
=L =L [cos (§1— @)+ i sin (@ — Pa)].
2 2
The nth degree of the complex number z = r (cos ¢ + i sin ¢)
can be calculated by de Moivre's formula
z® = r® (cos ng -} i sin no).
The root of degree n of the complex number z is a complex number w
satisfying the equation
wh = z,
All solutions of this equation are designated as }/"z and for the num-

ber z written in the trigonometric form z = r (cos ¢ 4 i sin @) are
calculated by the formula

1;/;——— ’;'/7- (cos ‘%m—l-isin(p-*_nznk) ’

where k¥ =0,1, 2, ..., n — 1.

1. Operations with Complex Numbers

When calculating a product and a quotient of complex numbers, it
}s often convenient to represent complex numbers in trigonometric
orm.

Example 1.1. Represent the complex number z= —3 + i in
trigonometric form.
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Solution. By the definition of the modulus of a complex number,
we have

lz|=V{=3*+1=y10.

Designating the argument of the complex number as ¢, we get

. 1 3
sl = ——, COSP= ——7nr—
? V10 ¢ vy’
whence it follows that the angle ¢ belongs to the second quarter and
is equal to arccos (—3/} 10). Consequently, the complex number z =
—3 4 i has a trigonometric form:

= 3 3
z= 10 [cos (arccos(———:) isin (arccos———_—))].
4 V10 )+ Y10
Represent the following complex numbers in trigonometric form.
i.4.1. 1.2, —3. 1.3. i.
1.4. 14+ i 1.5, —1 4+ i 1.6. 14+ iyV3.
1.7. 3 t 4i. 1.8. —3+— 4i. +
1 . . Fo1 100
3. 140, sina—icosa. .41, (:I) )
The roots of degree % of complex numbers are usually calculated
by representing the complex numbers in trigonometric form.

3

Example 1.2. Calculate j/i.

Solution. We write the complex number i = 0 - 1-i in trigono-
metric form. Since | i | = 1, arg i = n/2, the number i is in the tri-
gonometric form

1.9. —cos %—l—i sin

, E L -
z_cosf—kzsm—z-.
According to the definition of a root of degree r of the complex number
/ i, these are complex numbers z satisfying the equation
28 = i, (%)

Writing the required number z in the trigonometric form z = r (cos ¢ 4
isin ¢) and using de Moivre’s formula, we write equation (%) in
the form

r3 (cos 3@ i sin 3¢) = cos %—-& i sin—g— .

By the definition of the equality of two complex numbers written in
trigonometric form, we obtain
B=1, 3(p=%+2nk, k€ Z,

whence it follows that

P 27k
r=Vi=t, g+



2 Geometrical Representation of Complex Numbers 109

Among the infinite set of numbers z with modulus 1 and argu-
ment ¢=%+2—gli, those numbers obtained for k=0, k=1, k=2

are distinct: ¥ y
n § 1 Dl S
cos£+isin?:l/——+i-—, 7 >
6 2 2 i \
P = 3\
5m . . 5m 3 . FZa\l 7 T
cos g Hisingm=——"g i3, \Z| /
o P
~
cos—ag——i—isiné;—:—-i.
Fig. 5.2

They are precisely the values of V i. In geometrical interpretation the

complex numbers V i can be represented as points lying on a unit cir-

cle (since r = 1), whose radius vectors form the angles n/6, 57/6, and
3n/2 with the positive direction of the z-axis (Fig. 5.2).

Calculate the following expressions using the trigonometric notation
for complex numbers.

1.42. V' 2i. 1.43. V —8i. 144, V3—4i.
145. ¥ =1. 146, V2—20 /3. 147. V3.
1.48. ¥3F4i. 1.19. y/1.

2. Geometrical Representation
of Complex Numbers

An algebraic notation for complex numbers which satisfy certain

relations is usually used to represent them geometrically in the coor-
dinate system Ozy.

Example 2.1. Find the set of points of the coordinate plane Ozy
which represent the complex numbers z for which | z i — 2 | 2.

Solution. Let us write the complex number z in algebraic form z =
z 4~ iy. Then we have

24+ i—2=(z—2)+iy+1).
By the definition of the modulus of a complex number, we have
lz4i—2 =V &—22+@+12,
and hence the inequality | z + i — 2 | << 2 assumes the form
VE=22+F+12 <2< (z—224+@+1)2 <22

The set of points of the coordinate plane Ory, which satisfy the last
inequality, is the set of all points lying in the interior of the circle and
on the circle with centre at the point (2, —1) and radius 2.
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Example 2.2. Find the set of points, belonging to the coordinate
plane Ozy, for which the real part of the complex number (1 4 i) z2
is positive.

Solution. Let us represent the number z in the algebraic form:
z = z - iy. Then

= z? — y? + i (2ay),
U+ D=+ i) [2* — y? + i @ay)]
= (2* — 22y — ¥®) + i (2 4 22y — 1),
By the hypothesis, the real part of the complex number (1 4 i) 22
is positive: ,
- z?2 — 2zy — y2 > 0. (*)
Assuming that:y 5= 0, and dividing both sides of the inequality by y2,

we get an inequality
2
(5)'=2(3)-1=0
\ Y y
Solving this quadratic inequality, we obtain
y>1+V2, zly<i—y2. (x%)

For y > 0, we can write inequalities (+#) in the form
< ——1—_' z, I< ;_ .
14y2 1—y2
The set of points of the plane Ozy which satisfy these conditions is

hatched in Fig. 5.3.
For y < 0, inequalities (**) can be written in the form

1 1
>—r, y>—-=z
V=15 ve 1—1/2
and the set of ﬁ)oints of the coordinate plane Ozy which satisfy these
inequalities is hatched in Fig. 5.4.
1
-1 Y77
=54
Iz y
1
/ y ,,ﬁZ‘

!
YgT X
] : ¢

Fig. 5.3 Fig. 5.4

For y = 0, we cannot divide both sides of inequality (x) by y2,
but for y = 0 inequality () itself turns into an inequality z2 > 0
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whose solution is any real number z different from zero, i.e. any point

on the z-axis except for zero is a solution of inequality (x).
Uniting these three cases, we definitely establish that the required

set is constituted by the angles, without their boundaries, whose sides

J
0 Zz
Fig. 5.5
are the straight lines y = ——-1—_— zandy = —1—-: z containing
14 V2 1— VY2

the z-axis (Fig. 5.5).

Find the set of points of the coordinate plane Ozy which represent
the complex numbers z = z - iy, for which
24. |z|=1.22.z2=|2z]|. 2.3. arg z = 7/3.

24. 1< |z| <4 2.5. |22—1|>2.2.6. | |z]4i]<10.
27. |z 4|=z—1[. 28 |z44|=|z+2].

2.9. |z+i|_>|zl.2.10.1<|z+i|<4.

241. 1 —i)z=(1 4 i) =

2.12. On the coordinate plane Opgq represent the set of points (p, ¢q)
such that the roots which may be complex of the equation

a2+ pr+qg=0

do not exceed unity in absolute value.

2.13. Indicate all points of a complex plane such that

(1) za, (2) z + a are real numbers (@ = a |- bi is a given complex
number).

2.14. Find the set of points of the coordinate plane Ozy which
satisfy the inequality

lz—1]+4
logy 31o—r7—2 >
2

2.15. On the plane Ozy find the set of all points whose coordinates
satisfy the following conditions: the number 22 -|- z J- 1 is real and
positive.

3. Solution of Equations in the Set
of Complex Numbers

The solution of equations in the set of complex numbers reduces
to the solution of systems of equations in the set of real numbers re-
sulting from the comparison of real and imaginary parts of the left-
hand and right-hand sides of the initial equation.
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Example 3.1. Solve the equation
2z2=|z| 4 2i

in complex numbers.
Solution. We write the complex number z in the algebraic form

z = z -} iy, where z and y are real numbers. Then | z | = V2% | 32
and the given equation assumes the form

224 2iy =V 22+ y2+2i.
From the definition of the equality of two complex numbers we get
a system ol equations for determining z and y:

22— V224 2=0,

2y —2=0.
From the second equation we find y = 1. Substituting y = 1 into
the first equation of the system, we get an equation 2z = V z2 4-1
whose solution is z = 75 Thus the complex number z = ]_/_§ + i

is a solution of the given equation.

1
Answer. z=—=-1i.
Vit
Ex mple .2, For every real number a > 0 find all complex num-
bers z satisfying the equation

z2|lz|+az4i=0.
Solution. We write the complex number z in the algebraic form
2=z -4 iy. Then |z ]| =Vz - y? and the equation assumes the
form

(i) V TP +a (@ iy)+i=0
<@ V2 +yitaz)+ily Vai+yi+ay+1)=040.i.

It follows from the definition of the equality of two complex numbers
that the last cquation is equivalent to a system of two equations:

T ‘/$3+y2+a1=0,
y Vai+tyitay+1=0,

whose solutions are sought in the set of real numbers.

It can be easily seen that the set of solutions of the first equation
of system () can be found as a union of the sets of solutions of two
equations:

(*)

z=0, Vz*+fy2+a=0.

The second equation has no solutions by virtue of the condition a > 0.
Substituting r = 0 into the second equation of system (*), we get
an equation for the real number y:

ylyl4+ay+1=0,
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whose set of solutions is obtained as a union of the sets of solutions
of two systems:

y>0v y<0.
y¥:4ay+1=0 —y24ay4+1=0.

Bearing in mind the condition a > 0, it is easy to verify that the first
system has no solutions and the second system has a unique solution

a _ 2
y = _‘124-4. Thus, the purely imaginary number
— 2
i a___l_/;J

in a solution of the given equation.

Solve the following equations.

34. @+ )2 —(B—i)z4+2—2i=0.3.2.22 4+ z=0.
33. |z| —iz=1—2i. 3.4. 22 = (75

35. 4+ y2:4-6+iz=5@+ y+ i@+ 1) (z, y are real

numbers).
3.6. For what real values of =z and y does the equality

z—24(y—3)i —1—3

14i
hold true?
3.7. Prove that the equation z3 4 iz — 1 = 0 does not have real
solutions.
3.8. Calculate z'*  1/z1* if z is a root of the equation

z 4 1/z =1.

i

3.9. Solve the equation
B —224+2—-1=0

in complex numbers.
3.10. Solve the following systems in complex numbers:

(a) BPw? =1, (b) zBw!® = 1,
22 — wd = 0, Pw? = 1,
22 4 w? = —2.

3.11. What condition should be satisfied by the complex num ber

a - bi for it to be representable in the form
1—iz
a+bi=—1—l-—i$ ’

where z is a real number.
3.12. Among the complex numbers z find all those for which
1

(13F 1 2+ 4i |)a=°'

logy, (13 | 22—4i |)+-logyge

80263
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3.13. For every real number a > 1 find all complex numbers z
which satisfy the condition

z4+alz4+1]4i=0.

3.14*. Find the real values of the parameter a for which at least
one complex number z = z -} iy satisfies both the equality

lz4+ V2| =a® —3a+4 2

and the inequality

|z 4 iV2]<a

3.15. Find the real values of the parameter a for which at least
one complex number z = z - iy satisfies both the equality
lz—ai|=a+ 4,

and the inequality

lz—2| < 1.

3.16. Find the complex number z, the least in the absolute value,
which satisfies the condition

lz—24 2] =1.



Chapter 6

Sequences

1. The Definition and the Properties
of Sequences

A set of quantities enumerated in a definite order is called a se-
quence of numbers. The elements of a number sequence are terms of the
sequence; the first term is designated as z;, the second term as z,, the
nth term as z, and so on. The whole number sequence is designated as
Zyy Tgy « « oy Tpy + .« OF (z,), n € N*. The concept of a sequence can
also be introduced by means of the concept of a function: an infinite
number sequence (z,), n € N, is a numerical function f (n) defined on
the set of all natural numbers. The formula which makes it possible
to calculate any term of a sequence from its number » is known as the
formula for the general term of the sequence.

The sequence (z,), n € N, is said to be bounded if there are two
numbers m and M such that the double** inequality

m<z, <M (1)

holds true for all n € N. The sequence (z,), n € N, is said to be monotone
increasing if the inequality

Tpt1 > T} )
holds true for any natural n, and monotone decreasing if the inequality
Tn41 <z, (3)

holds true for any natural n. The sequence (z,), n € N, is said to be
nondecreasing (nonincreasing) if inequality (2) ((3) respectively) is
nonstrict.

Increasing, decreasing, nonincreasing, and nondecreasing sequences
are known as monotone sequences. The definition of monotonicity
can be generalized to the sequences which possess this property only
beginning with a certain term. In that case, the corresponding in-
equality must_be satisfied for all » > n,, where n, is the number of
the term beginning with which the sequence becomes monotonic.

Example 1.1. Prove that the sequence defined by the formula for
the general term
z _3n—1
" 5n42
is increasing.

* We shall also designate number sequences as (y,), (z,), n € N.
.** We shall omit the word “double” everywhere for brevity.

I3

8*
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Solution. Let us consider the difference

3(rt1)—1 3n—1

5(n-+1)4+2 5n42

and verify the validity of the inequality z,,4, — z, > O forall n € N:
3(n+1)—1 3n—1 1
5FNFe T2 T Grrneety s

Since the last inequality holds for all » € N, it follows, according
to (2), that the sequence is increasing.

Tns1—Tn==

1.1. Prove that the sequence

6—n
In=gr—y+ e
is decreasing.
1.2. Is the sequence
2n—3
yn = n b n E Ny
monotonic?
1.3*. Is the sequence
2n N
Yyn="r " eEN,
monotonic?
1.4. Find the ratios between a, b, ¢, d for which the sequence
__an—+b
In=gya: "N

is increasing.
Example 1.2. Find the greatest term of the sequence

Yp = —n® 4+ 5n — 6, n € N.
Solution. Let us consider the function

y (z) = —z% J- 5z — 6.

It assumes the greatest value at the point z = 2.5, the function y (z)
being increasing on the interval (—oo, 2.5) and decreasing on the
interval (2.5, -}-o0). Consequently, returning to the sequence, we can
write

y1 <y, and y, >y, n=>4
Thus either y, or y, is the greatest value of the function, but y, = y; =

Answer. The second and third terms of the sequence are the
greatest.

Find the greatest and the least terms of the following sequences.
1.5. y,=n*—1, n€N.
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1.6. y, =6n — n* — 5, n€ N.
512
1.7*. 1n=2n—i——'ﬁ-, nEN.
1.8. The sequence (z,), n € N, is defined by the formula for the

general term z,, = 2n : 3 . Findthe natural values of n which satisfy

the following conditions:
@ |z, —2]<<04; (b) |z, — 2| < 0.01.
1.9*. How many terms of the sequence
Yyp=1n*2—5n 46|, n€EN,

satisfy the inequality 2 < y, < 6?
1.10.* Beginning with what number do the terms of the se-
quence

Yyp=n*—5n4+ 6, n€EN,

satisfy the inequality z,4; > z,?
1.11*. Beginning with what number r is the sequence, defined
by the formula for the general term y, = ng®, monotone if 0 << ¢ << 1?

If a sequence is defined by the formula for the general term z, =
f (n), then the boundedness of the sequence from above and from
belo[w can) be derived from the boundedness of the function f (z) for
z € [1, o).

Example 1.3. Is the sequence

3n4-8
zn= nz—'i— ? "ENY
bounded?
Solution. Let us consider the function
3z48
1@ =51,

which defines the terms of the given sequence for z = n, n € N. We
find the interval of variation of the function on the interval [1, o).
Writing the function f (z) in the form

f (z) = 3/2 4 4lz, (*)

we ascertain that the function decreases monotonically for z > 1.
Consequently, the function has the greatest value for z = 1, and it
is equal to 11/2. It can be seen from notation (*) that

f (z) > 3/2

for all z € [1, + ). Consequently, f (n) € (3/2, 11/2].
Answer. The sequence is bounded: all its terms are contained in
the interval (3/2, 11/2].
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Find out whether the following sequences arc bounded.
1.12. z, = 2(-)", » ¢ N.

2
143, zn= 2" e,

2+n? "’
1
icl&‘. zn=m, nEN.
1 1
1.15%, z,,=( T T )(n+2), neN.

2. The Limit of a Sequence

We say that the number a is the limit of the sequence (z,), n € N,
and write lim z, = a, if, for any ¢ > 0, there is a number r, (¢) such
that the inequality | z, — a | << € holds for all n > n, (¢). If the se-
quence (z,), n € N, has a limit, it is said to be convergent.

Here is the necessary condition for the convergence of a number se-
quence: for a sequence to be convergent it is necessary that it should
be bounded.

Example 2.1. Prove that
lim ﬁﬂ

n-»oo N

=1.

n4+1

Solution. To prove that the limit of the sequence z, = ,

n
n € N, is equal to unity, it is sufficient to indicate the way of con-
structing the number r, (&), appearing in the definition of a limit, for
any e > 0. Let us specify & > 0 and set up an inequality

n
n

which is equivalent to the inequality 1/n << e. Consequently, if we
choose the number [1/¢] 4 1* as the number n, (g), then inequality (*)
is satisfied for all n > n, (g). Thus we have proved the assertion that

1—1

<e, (%)

unity is a limit of the sequence z, = n - 1 , n€N.
Prove the following:
2.4, 1511203"2:2=1.5. 22, lim —22 —o.
)
25. lim :=+11 =04 2.6. lim n"+n —1.

It is convenient to use the following geometric interpretation of
the concept of a limit of a sequence in order to solve some problems
which require proving the convergence of sequences.

* The symbol [z] designates the integral part of z.
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The number a is a limit of the sequence (z,), n € N, if, for any posi-
tive number € there is a number n = n, (g) such that all terms of the
sequence, beginning with Zp 410 belong to the e-neighbourhood of the

number a, i.e. to the interval (a — ¢, a 4 ¢).

Using the geometric interpretation indicated above, let us ascer-
tain the validity of the following statements:

2.7*. If a sequence converges to a certain number, it is bounded.
(The necessary criterion of convergence).

2.8*. It is known that lim z,, = a, a < g. Prove that almost all

n—-oo
terms of the sequence (z,), n € N (with the exception, perhaps, of a
finite number of terms), are smaller than gq.
2.9*. It is known that im 2, =p, lim b, =4¢q, p 5~ gq. Is
Nn-»>00 n-+00
there a limit of the sequence a,, b, ay, by, ..., apb,, ...?
2.10. Using the result of the preceding problem, prove that the
sequence

zp =1 4 (—1)7

has no limit.
2.11*, Find whether the sequence

. 7
Zp,=sin n——

2

Las a limit.
2.12*, Find whether the sequence

z—isinnu
L 2

has a limit.
2.13. Find whether the following sequences have limits:

@ zn =1+ 0 2 =1+ 200,

3. Calculating the Limits of Sequences

Limits of sequences are usually calculated with the use of the
following properties of convergent sequences: .
If two sequences (z,), n € N, and (y,,), n € N, converge to lim =z,

n->o00
and lim y,, then

n-»o0o
the sequence (z, + y,), n € N, converges to

lim (zp, + yn)= lim z, + lim y,, 1)

n - oo n -» 0o n —» oo
the sequence (z,yn), n € N, converges to

lim z,y,=(imz,)(lim yx), (2)

n - oo n -+ oo n - 0o
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if, in addition, lim y, =% 0, then the sequence (_%_ ) ,
n - oo n

n € N, converges and

lim z,
lim —p 2> . 3
n-+>o Yn hm Yn

n —+ oo

When calculating limits, the direct application of formulas (1)-(3)
is;E ui%lualfly preceded by some identity transformations. When limits
ol the form

Tn

lim

b
n-o Yn

where z, and y, are infinitely increasing sequences, are calculated,
the division of the numerator and the denominator of the fraction by
the same expression is such a transformation.

Example 3.1. Calculate the limit
i 5n4-1
im ——o—.

n -+ oo

Solution. Since the numerator and the denominator are infinite
sequences, it is impossible to make a direct use of formula (3). Let us
divide the numerator and the denominator by n. We can now apply
formula (3) to the resulting fraction:

lim (5-+1/n)

l.m 5+1/n n - co

i = —3

noo 1/n—9 lim (7/n—9)
n -+ o

Applying now formula (1), we obtain

lim (541/n) lim 54 lim (1/n)
n - oo . n -+ oo n -+ 0o

lim (7/n—9) ~  lim (7/n)— Lim 9 *
n - o n - oo n - oo

Taking into account that the limit of a constant is equal to that con-
stant, and

liIIl i:o,
n-+oo N
we obtain
lim on 1 = — 0
n - o 7—9'! 9 -

A nswer. —5/9.

Calculate the following limits by means of a division of the numer-
ator and the denominator of the fraction by the leading power of n:

. 3n?—Tn+4-1 . %/n3+2n—1
3.0,  lim S _En—6n? ° 32. lim — Py

n -+ oo n -+ oo
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33, lim PED ==t g VeE 2V
noo (A FDIF(n—1)t" neoY it ot VL
In a number of cases, calculation of limits of expressions contain-

ing exponential functions with natural argument can be based on
the following equality:

lim ¢"=0 if |q|<1. (4)

n-co

Example 3.2. Calculate the limit
lim 2n+1 | 3n+l )
n -+ oo 2n+3n

Solution. We divide the numerator and the denominator of the
fraction by 37+, Applying formula (4), we obtain

(_?__)n+i__*_1 lim (E_)n+i+1
lim 8 —_n-o \3 = 0+1 =3.
n - oo 1 2\n 1 1 1i 2\n 1 - 1
3(3) s i (3)4s oty
Answer. 3.

Calculate the following limits.

. 2n. 3n * 1 3.2n+41__7.3n 1
3.5. "llmmw. 3.6 ‘}ILII:O M+l 5.3+l 6

It is sometimes convenient to use the following property of se-
quences, when calculating limits: if the terms of two sequences, («,),
n € N, and (b,), n € N are related as

lan | < |b,| for all n€N,
then the equality of the limit of the sequence (b,) to zero yields the
equality to zero of the limit of the sequence (a,), n € N.
Example 3.3. Calculate the limit

lim (.L_)n
n - oo 2n —l—'l *
Solution. Let us first make sure that the inequality
n 1
2n4-1 <7
is valid for all » € N. Dividing the numerator and the denominator

of the fraction appearing on the left-hand side of the inequality by n,
we get an obvious inequality
1 < 1
24 1 2

n



122 Ch. 6 Sequences

Using the property of powers, we infer that the inequality

1 n 1 \n
( 2+1/n ) < (—2‘)
is valid for all n € N. Since lim (_;_)"=0 according to (4),

n - oo

it follows from the property of sequences cited above that

Iim (—n—-)n:O.
n - o 2n+1
Answer. 0.

Calculate the following limits.

. 3n4-1 \n
7% lim (T
37 n-l»oo ( 4n+5 ) *

n

3.8%, [
n_.oo (Zn+1) (n+2)
3.9*. lim Lﬂnl_
noo ndf1 °
When limits containin irrational expressions are calculated, the

irrational expression is often transferred from the denominator fo
the numerator and vice versa.

Example 3.4. Calculate the limit
lim (V'n?+2n—n).

n -+ oo

Solution. Let us multiply and divide the expression under the
limit sign by the conjugate expression. Then we get

(Vn?+2n—n) (Vn*+2n+n) . n342n—n?
= 1li

lim —_—— m —FF—
n- o VnEfon+n noow Vnifin+tn
_ lim 2n
- N =+ oo V-n‘——2+2n+n . (**)
Dividing the numerator and the denominator by n, we obtain
2n 2

lim —————= i —_— =,

noe VIBE2ntn noew VIE2init
Answer. 1.

Calculate the following limits.

3.40. lim(Vn+2—Vn). 3.41. lim (Vn*—5n+ 6—n).

n - oo n - oo

3.42. lim n (V7®F1—n). 3.43% lim (n+y1—n3).

n - oo n-—> 0
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If the limit of the sequence (z,), n € N, is known to exist, then it
is convenient to use the following formula for its calculation:
lim z,= lim z,,;. (5)
n - 0 n - oo
Example 3.5. Find the limit of the sequence z, = ¢®, n € N, for
| g <1 (i.e. prove formula (4)).

Solution. We designate the required limit as a. Note that the given
sequence can be written in a recurrent form:

Zpt+1 = 4Tn.
Passing to the limit in this equality and using (5), we get
lim z,=¢ lim zp,
n -+ oo n —+ 0o

or a =aq, or a (1 — q) = 0, and since | g | <1, we have a = 0.
Answer. lim z, = 0.
n-+00

3.14*. The sequence (z,), n € N, whose first term is z; = V2
can be determined from the recursion formula

Tns1= V2+1n-
Find the limit of (z,), n € N, if it is known to exist.
3.15*. The sequence (z,), n € N, whose first term is z; = 1, can
be determined from the recursion relation

Tny1 = 7% 4 (1 — 2a) z, + a®.
Find the limit of (z,), n € N, if it is known to exist.
3.16. The sequence is defined by the recursion relation

1 a
=5 (gtem),

where z; > 0, a > 0. Find the limit of (z,), n € N, if it is known to
exist.

4. The Arithmetic Progression

A sequence whose first term a; is specified and each successive
term, beginning with the second, is equal to the sum of the preceding
term and a constant d, is known as an arithmetic progression:

ap41 = ap + 4, ()]
a, is the nth term of the progression and d is the common difference,
or simply difference, of the progression. The formula for the general
term of the arithmetic progression is
a, = a; 4 d (n — 1). (2)
The sum S, of n terms of the progression can be calculated by the
formula

a,+ap 2a,4-d (n—1) n
2

n= 5 R (3)

Sn=
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The property of the terms of an arithmetic progression. Any term
of an arithmetic progression (except for the first) is equal to half
the sum of the terms which are equidistant from it:

an :.~_a“'¢"§a"_+h, k<n, (4)
for k =1 we get
ap = an-l‘{z'aru-l . (5)

An arithmetic progression is completely defined if a; and d are
known.

Example 4.1. When we divide the ninth term of an arithmetic
progression by its second term, we get 5 as a quotient, and when we
divide the thirteenth term of that progression by the sixth”term,
we get 2 as a quotient and’5 as”a’remainder.! Find the first term and
the common difference.

Solution. The hypothesis can be written as the following system
of equations:

ayg = ay+5,

ay3 = 2ag + 5.
Using the formula for the general term of an arithmetic progression,
we obtain a system

2 + 8d = (a; 4 d) -5,
a; + 12d = 2 (a; 4 5d) 4 5,

containing only two unknowns, @, and d. Collecting terms in the
equations of the system, we get a system

4a, = 3d,
ay—2d4+5=0,

whose solution is ¢; = 3, d = 4.
Answer. a;, = 3, d =4

4.1. The sum of the first and the fifth term of an arithmetic pro-
gression is equal to 5/3, and the product of the third term by the
fourth term is equal to 65/72. Find the sum of the first seventeen terms
of the progression.

4.2*. Find the arithmetic progression if it is known that

a; + ag -+ as = —12, ajaza; = 80.

4.3*. The sum of three numbers which are consecutive terms of
an arithmetic progression is 2, and the sum of the squares of those
numbers is 14/9. Find the numbers.

4.4. Given in an_ arithmetic progression: a, = g and aq = p;
find the formula for the general term of the progression a, (p s g).

4.5*. Show that if for the positive numbers a, b, and ¢ the numbers
a2, b2, c? are consecutive terms of an arithmetic progression, then the

numbers 1 , , 1 are also consecutive terms of an
bdc’adc’ a0

arithmetic progression.
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4.6*. If a,, . .., a, are terms of an arithmetic progression, none
of which is equal to zero, then the following identity holds true:
1 1 1 n
,{_ + c oo + = R
ST azag nlnyy a10n4y

When solving problems in which use is made of the concept of the
sum of terms of an arithmetic progression, it is convenient to employ
the following formula relating the nth term and the sum of n terms:

a1 = Spy1— Syp. (6)
Example 4.2. It is known that for any n the sum S, of the terms
of a certain progression is expressed by the formula

S, = 4n® — 3n.

Find the general term of the progression.
Solution. Using (6), we obtain

app1= Spp1— Sp= 4 (n + 1)2 —3 (n + 1) — (4n® — 3n) = 8n -1,
a,=8(Mn—1)+1=8n—17.

Answer. ap, = 8n — 17.

Example 4.3. Find the sum of all even two-digit numbers.

Solution. The first even two-digit number is 10, and the last is 98.
Using the formula for the general term of the progression for d = 2,
a; = 10, a, = 98, we get

=t 210 s,

Substituting the value of » we have obtained into the formula S, =

# n, we find

98410

Sn D)

+45=>54-45= 2430.
A nswer. 2430.

4.7. Solve the equation 2 -5 4+ 8 4 11 4+ ... 4 =z = 155.

4.8. Ten roubles were paid for the manufacture and installation
of the first reinforced concrete ring, and then 2 roubles more were
paid for each successive ring than for the preceding one. In addition,
40 roubles were paid when the job was completed. The average cost
of the manufacture and installation of one ring turned out to be

22é roubles. How many rings were installed?

—1 z—2 1
' PP B
e z + [ 3.

4.10*. The sum of the first m terms of an arithmetic progression
is equal to that of its n first terms (m = n). Prove that in this case
the sum of the first m | n terms is equal to zero.

4.9.Solve the equation
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4.41*, Find the sum of all even three-digit numbers which are
divisible by 3.

4.12. Find the arithmetic progression in which the ratio of the
sum of the first » terms to the sum of n terms succeeding them does
not depend on n.

4.13*. Find the sum 50% — 492 | 482 — 472 ... 4 22 — 1.

4.14*. Find the sum of the first nineteen terms of the arithmetic
progression ay, a4, . .. if it is known that

ay - ag - ay5 -+ @14 = 224,

4.15. Find a; 4 ag 4 ay; 4 a44 if it is known that a;, a,, ...
is an arithmetic progression and

ay + ag + a3+ ... -} a4 = 147.

4.16*. Find the sequence in which the sum of any number of
terms, beginning with the first, is four times as large as the square
of the number of terms.

4.17*, Prove that if S,, S,,, Sg, are the sums of r, 2n, 3n terms
of an arithmetic progression, then

S3p = 3 (San — Sp).

2
4.18*. It is known that the equality % = % holds for a certain
n

arithmetic pro%:'ession and for a certain pair of natural numbers m
and n. Prove that

a 2m—1

a, 2n—1 °

4.19*, For what values of the parameter a are there values of z
such that

5i+x 5i-x, % , 25%4-25%

are three successive terms of an arithmetic progression?

4,20, Find the values of z for which three numbers, log 2,
log (2 — 1) and log (2% - 3) are three successive terms of an arith-
metic progression?

4.2?, Prove that if uy, ug, uy (43 = u4) are terms (not necessarily
successive) of an arithmetic progression, then there is a rational num-
ber A such that

HaUs .
Ug— Uy

4,22%, Prove that the numbers V2, ]/5, VY 5 cannot be terms
(not necessarily adjacent) of an arithmetic progression.
4.23*. Can the numbers 2, ¥'6, 4.5 be terms of an arithmetic

progression? )
4,24*, The lengths of the sides of a quadrilateral form an arith-
metic progression, Can a circle be inscribed into the quadrilateral?
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5. The Geometric Progression

A sequence whose first term b; is specified and each successive
term, beginning with the second, results from the multiplication of
its predecessor by the same number g is called a geometric progression:

bp = bp1q; )
by is the nth term of the progression, and ¢ is its common ratio, or
simply ratio. The formula for the general term of a geometric pro-
gression is

bp = byg™l. ®

The sum of n terms of a geometric progression can be calculated by

the formula
by (1 —qg™

Sﬂ= 1_q .

If | ¢ | < 1, then the progression is infinitely decreasing. The limit
of the sum of its terms, S = lim S,, is called the sum of an infinitely

n->o00
decreasing geometric progression. It is calculated by the formula
b
S=q2t-. (10)

The property of the terms of a geometric progression. The square of
any (except for the initial) term of a geometric progression is equal
to the product of the terms which are equidistant from it:

b3 = bp-nbnn. (11)

A geometric progression is completely defined if b; and ¢ are known.

Example 5.1. Find four successive terms of a geometric progression

of which the second term is smaller than the first by 35, and the third
term is larger than the fourth by 560.

Solution. Assume that by, by, bg, b, are four successive terms of the
geometric progression. Thelhypothesis can be written as the following
system of equations:

by — 35 = by,

bsg — 560 = b,.
Using the formula for the general term, we write the system as

by — byg = 35,

byg? — by® = 560.

Substituting b; (1 — g) into the second equation of the system, we
get for ¢ an equation g2 = 16, whose roots are equal to 4 and —4.

Then, using the values g = 4 and ¢ = —4 we get from the first equation
of the system the respective values b; = —35/3, b, = 7.

35 35-4 35-16 35:64 \.
Answer. (‘—T,-— 3 2T T3 T3 ),

(T, —28, 112, —448).
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5.1. Prove that for any even number of terms of a geometric
progression Soqq (the sum of the odd terms) and Seven (the sum of
the even terms) are related as ¢Sodd = Seven-

5.2. Find the first and the fifth term of a geometric progression
if it is known that the common ratio is equal to 3 and the sum of the
first six terms is equal to 1820.

5.3. Find four successive terms of a geometric progression if it is
known that the sum of the extreme terms is equal to —49 and the sum
of the middle terms is 14.

5.4. In a geometric progression with positive terms S, = 4 and
Ss = 13. Find S,.

5.5. The sum of the first three terms of a geometric progression is
13 and their product is 27. Find the numbers.

5.6. The sum of the first three terms of a geometric progression
is 13 and the sum of the squares of those numbers is 91. Find the
numbers.

5.7. Find three numbers which are three successive terms of a
geometric progression if their sum is 21 and the sum of the inverse
values is 7/12.

5.8. The sum of the first four terms of a geometric progression is
30 and the sum of their squares is 340. Find the given numbers.

5.9. The product of the first three terms of a geometric progression
is 64 and the sum of their cubes is 584. Find the progression.

5.10. The sum of the first three terms of a geometric progression is
31 and the sum of the first and the third term is 26. Find the progression.

5.11. The number of the terms of a geometric progression is even.
The sum of all its terms is thrice as large as the sum of the odd terms.
Find the common ratio of the progression.

5.12. Given a geometric progression with positive terms. Express
the product of its first n terms in terms of their sum S, and in terms
of tge sum S, of the inverse values of those terms.

5.13. The sum of any five successive terms of an increasing geo-
metric progression is 19 times as large as the third of them. Find the
progression if it is known that its mth term is unity.

5.14. Calculate the sum of the squares of n terms of a geometric
progression whose first term is equal to u; and the common ratio
q 7 1.

5.15. Prove that the ratio of the sum of the squares of the odd
number of the terms of a geometric progression to the sum of the first
powers of those terms is a certain polynomial with respect to ¢ (g is the
common ratio of the progression).

5.16. Prove that i?S,,, Sgn, Say, are the sums of the first n, 2n, 3n
terms of a geometric progression, then

Sn (S!in - Sﬂn) = (Sﬁn - Sn)z'
5.17*. Find the sum
1,42 12 1 2
(=+5) +(=242) + -+ +3m ) s = 1.
5.18*. Find the sum

1 2 3 4 ., n
Sn=grtgrtotot: g
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5.19*. Find the sum
Sp=z4 2224323 ... 4 na®, z5%£1,

Example 5.2. Find the nonzero common ratio of an infinitely de-
creasing geometric progression whose every term is 4 times as large
as the sum of all its successive terms. (It is assumed that b, 5= 0.)

Solution. Let us derive an equation which by the hypothesis relates

the nth term of the progression with the sum of the terms beginning
with the (n 4 1)th term. We have
_ 4 bnu

bp=4 T—q
Expressing b,, b,4+; in terms of b, and ¢, we get an equation
byg"
1—¢?
which, upon the division of the right-hand and left-hand sides by
4q
— q *

big™t=4

Its root is ¢ = 1/5.

b,q™-1, assumes the form 1 = i

Answer. ¢ = 1/5.

5.20. The sum of an infinitely decreasing geometric progression
is 16 and the sum of the squares of its terms is 153 5 Find the fourth
term and the common ratio of the progression.

5.21*. Find the common ratio of an infinitely decreasing geometric
progression whose every term is related to the sum of all successive
terms as 2 to 3.

5.22. In an infinitely decreasing geometric progression with
positive terms the sum of the first three terms is 10.5 and the sum of
the progression is 12. Find the progression.

5.23. The sum of an infinitely decreasing geometric progression
is 4 and the sum of the cubes of its terms is 192. Find the first term
and the common ratio of the progression.

5.24. The first term of an infinitely decreasing geometric progres-
sion is unity and its sum is S. Find the sum of the squares of the
terms of the progression.

5.25*. At what value of z is the progression

a+z a—z ( a—z
a—z ? atz’ \ atz

infinitely decreasing? Find the sum of the terms of the progression.

5.26. The side of the square is equal to a. The midpoints of its
sides have been connected by line segments, and a new square resulted.
The sides of the resulting square were also connected by segments so
that a new square was obtained, and so on. Find the limit P of the sum
of the perimeters and the limit S of the sum of the areas of the squares.

5.27. Find the condition under which three numbers a, b, and ¢
are, respectively, the kth, the pth, and the mth term of a geometric
progression.

5.28. Can the numbers 11, 12, and 13 be terms (not necessarily
adjacent) of the same geometric progression?

- 940263

3
) g Tty where a > 0,
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6. Mixed Problems on Progressions

Mized problems on progressions are probiems whose solution requires
the use of the properties of both arithmetic and geometric progressions.

Example 6.1. Three numbers are successive terms of a geometric
progression. _If we subtract 4 from the, third number, these_numbers
will become successive terms of an arithmetic progression. Now if
we subtract unity from the second and from the third term of the
resulting arithmetic progression, the numbers obtained will again
become successive terms of a geometric progression. Find the numb.rs.

Solution. Let us designate the required numbers as a, b, ¢. To
derive the first equation relating a, b, and ¢ we use the property of the
terms of a geometric progression:

b2 = ac,

The second equation can be obtained from the hypothesis and from
the property of the terms of an arithmetic progression:
2b=a+4c— 4.
And, finally, the last condition of the problem can be written as an
equation
(b—1)2=a( —5).
To solve the system
b2 = ac,
2b =a-4c—4,
G—1)2=a(—09),
we subtract the third equation from the first. We obtain a linear
cquation 2b — 1 = 5a relating b and a. Expressing now the unknowns
a and ¢ from the system of linear equations
2b — 1 = Sa,
2b=a4c—4
in terms of b, we get
2p—1 c— 8b+4-21
5 ?* " 5
We exclude the unknowns a and ¢ from the system substituting their
expressions in terms of b into the first equation of the system. Then
we get a quadratic equation for b:
9b% — 34b 4 21 = 0,
whose roots are equal to 3 and 7/9. Substituting these values of b

into the expressions for a and ¢, we get the required numbers.
Answers. (1, 3, 9), (1/9, 7/9, 49/9).

6.1. Find three numbers which are successive terns of a geometric
progression if it is known that an increase of the second number by
2 makes the three numbers terms of an arithmetic progression, and if
then the last number is increased by 9, the resulting numbers become
again terms of a geometric progression.
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6.2. Three numbers the third of which is 12 are three successive
terms ol a geometric progression. If we take 9 instead of 12, then the
three numbers become three successive terms of an arithmetic progres-
sion. Find the numbers.

6.3. Given a three-digit number whose digits are three successive
terms of a geometric progression. If we subtract 792 from it, we get
a number written by the same digits in the reverse order. Now if we
subtract 4 from the hundred’s digit of the initial number and leave
the other digits unchanged, we get a number whose digits are succes-
sive terms of an arithmetic progression. Find the number.

6.4. Given four numbers, the first three of which are three succes-
sive terms of a geometric progression and the last three are successive
terms of an arithmetic progression. The sum of the extreme numbers
is 32 and that of the middle numbers is 24. Find the numbers.

6.5. The first terms of an arithmetic and a geometric progression
are the same and equal to 2, the third terms are also equal, and the
second terms differ by 4. Find the progressions if all their terms are
positive.

6.6. The first term of an arithmetic progression is 1 and the sum
of the first nine terms is equal to 369. The first and the ninth term of
the geometric progression coincide with the first and the ninth term
of the arithmetic progression. Find the seventh term of the geometric
progression.

6.7. Among the 11 terms of an arithmetic progression, the first,
the fifth, and the eleventh term are three successive terms of a certain
geometric progression. Find the formula for the general term of the
arithmetic progression if its first term is equal to 24.

6.8. The second term of a certain arithmetic progression is the
mean proportional of the first and the fourth term. Show that the
fourth, the sixth, and the ninth term of the progression are successive
terms of a geometric progression. Find the common ratio of that
progression.

6.9. Prove that if 4, b, and ¢ are simultaneously the 5th, the 17th,
and the 37th term of an arithmetic and of a geometric progression, then

ab-chc-aca-b = {4,
6.10. Prove that if a, b, and ¢ are_three successive terms of a
geometric progression, then
1 1 1
logg N ? logy N ? log. N

are successive terms of an arithmetic progression. (The numbers a, b,
and ¢ are assumed to be positive and not equal to unity.)

7. Miscellaneous Problems
Verify whether the following sequences: are bounded.
74. z,=1+4(—1)" Ti- 7.2. zp=n(1—(—1".
3n+5

7.3*% =, = Sh—3 "



132 Ch. 6 Sequences

7.4*. The general term of a sequence is represented as

1 1 1
=g T

How many terms of the sequence are smaller than 11—(‘))22/% ?

7.5. Prove that the sequence

24 u?
u;=3, un+1'—“‘—2_'i;n—n—, n€ N.

is decreasing.
7.6. Prove that the sequence

R

is increasing.

7.7*. Let a, be a side of a regular 27*!-gon inscribed into a circle
of radius 1. Prove that the sequence (a,), » € N, is decreasing and
the sequence of the perimeters (P,), n € N, is increasing.

7.8. The leg of an isosceles right-angled triangle is divided into n
equal parts and inscribed rectangles are constructed on the resulting
line segments. Find the limit of the sequence (S,), n € N, of the areas
formed by the stepped figures.

7.9. Find the “area” of the figure, bounded by the parabola y = 22,
the interval [0, 1] of the abscissa axis, and the straight line z = 1,
as the limit of the sequence of the areas of the stepped figures consisting
of rectangles constructed in the same way as in tﬂe preceding problem.

7.0. Find lim y/ (n®1—n).

n -+ oo

7.11*. Find a three-digit number which is divisible by 45 and
whose digits are terms of an arithmetic progression.

7.12**, Prove that if S, = n%p, S, = k*p, k = n, in an arith-
metic progression, then S, = p3.

7.13*. Prove that if a4, . . ., a, are terms of an arithmetic progres-
sion with the common difierence d, then

1 1 1
Vaiva  Vatva T T Vatven
Vann—ﬁ

d

7.14. Four numbers a, b, ¢, d are terms of a geometric progression.
Prove that

@—c24 bd—c)2F (b—d)?= (a—d3
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7.15*, Solve the following system of equations:

zty+ztuts+t=15 —Z-.

7.16*. Prove the equality

(66...6)24-88...8—=44. . .4.
N, N N ot

n digits n digits 2n digits

7.17*. Assume that z; and z, are roots of the equation 22— 3z
A=0, and z; and z, are roots of the equation z>—12z4 B=0.
The sequence x,, z,, 3, z, is known to be an increasing geometric
progression. Find 4 and B.

When calculating limits of sequences whose terms are the results
of summation, use is often made of the following formulas:

1+2+...+n=i"2+—1). (1)
12424, 4n? n(n+12;(2n+1) . @)
1a+23+_'_+na=_"'a("4;1)2. 3)

Using (1) and (2) and the formulas for the sums of n terms of an
arithmetic and a geometric progression, calculate the following limits:
. 1424 ...427
7.48. lim
nooo 19+ ...45"

719. lim (—,f—2+%+ gt )

2
-00 n

7200 lim (V§+V_1§+§/L3+ +$)

7.21. 1im( 1+3+5,;;f(2"+” ~2"2—1).

12 22 __1)2
7.22. lim (—5+-5+ ,,,+M+Ln).

3
n- o0 n

(
7.23. lim (1L0+12%+ +5"+2n).

e 107
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. 1 1 1
72 Im (ot by ) -

n -+ oo

. 1 1 1
25%, llm( ______)
2 n-> o\ @18 + aqa3 T + @nanyr /7

where (a¢;), n € N, is an arithmetic progression with the common
difference d whose terms are nonzero.

18 s
726 lim (Zoq ot ... 420,

n -+ oo



Chapter 7

Limit of a Function.
Continuity of a Function

1. Limit of a Function

Let (a, b) be an interval of the number axis and z, € (a, b). We
assume that the function y = f (z) is defined at all the points of the
interval (a, b), except, maybe, the point z,. We say that the number 4
is a limit of the functiony = f (z) at the point z, and writelim f (z) = 4

x-+x,
if for any & > 0 there is a number § (¢) > 0 such that the ionequality
| f(z) — A | < e holds for all z € (a, b) satisfying the inequality
0<|z—2zy] <8 (e).

We say that the number A is a limit of the function y = f (z) for
z tending to infinity and write lim f (z) = A if for any & > 0 there is

®-+00
a number rn, (g) such that the inequality | f (r) — 4 | < e is satisfied
for all z > n, (e).

The function f (z) is said to be bounded on the interval [a, b] if
there are numbers m and M such that the inequality m < f (z) < M
is satisfied for all z€ [a, b].

The function f (z) is said to be infinitely small as z — z, if lim
f (-7—') =0, X-+Xo

The function f (z) is said to be infinitely great as z — z, if for
any number E >0 there is a number 6 () such that the inequality
| f(z) | > E is valid for all z € (a, b) satisfying the inequality 0 <
|z — z,| < 6 (E). In that case we write lim f (z) = oo.

xX-+X0
To prove that the number A is a limit of the function f (z) as
z — z,, it is sufficient to find, for any e, a number § (e) entering into
the definition of a limit.

Example 1.1. Prove that

Solution. To find the required number § (e) for the given e, we
derive an inequality

z2—4

0< z—2

—4|<e. (*)

For z # 2 it is equivalent to the inequality
I<|lz—2|<ce, (**)
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;mplies that 8 () = & can be taken as § (g), and by virtue of the
equivalence of inequalities (+) and (##) for all values of z, satisfying
inequality (s+), inequality (») is satisfied.

Example 1.2, Prove that
lim 2y*%= oo,
x>0
Solution. To find the required § (E) for the given E, we derive an

inequality
ol/x? > E. *
Taking logarithms of both its sides to the base 2, we get an equivalent

inequality

1
-z—’ > logg Ey (*#)
solving which with respect to z, we obtain
1 1/2
el < ( log, E )
Thus we can take
N 1 1/2
8 ®=(17) -
as 0 (E).
Prove that
4. lim (z45)=8. 1.2. lim (22—4)=0.
x> 3 x—+2
1.3. lim Yz=Va,¢>0. 14 lim (6—2z)=4%.
x—+a x> 1
_x
1.,5. lim i—_—o, 1.6. lim 21*¥-¢ _— o,
x>0 I x—+a

7. lim L — &,
x—-+0 232

When solving certain problems, it is convenient to use the following
definition of a limit of a function. Suppose the function f (z) is defined
at all the points of the interval (a, b), except, maybe, for the point
zy € (a, b). We say that the number A4 is a limit of the function f (z)
as r tends to z, if for any sequence of the values of the argument (z,)
tending to z, (z, # z,),

lim f(In)=A

n -+ oo

for the corresponding sequence of the values of the function.

Example 1.3. Prove that the function f (z) = -l:f—l has no limit

as z — 0.
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Solution. Let us take two sequences of the values of the arguments

which converge to zero: z{’ = 1/n, 2% = —1/n. Then
i Dy — i i/n i —
lim f(z) = lim = lim 1=1,
n - oo n -+ oo n n = 0o
lim f(e@) = lim — /% __ lim (—1)= —1.
n -+ oo n - oo —1/n n - oo

lim f(@z®) % lim f @)
n -+ oo n = oo

We have thus constructed two sequences of the values of the argument,
different from zero, whose limit is zero, and which are such that the
respective sequences of the values of the function converge to different
numbers (one to 1 and the other to —1). But since it is stated in the
definition of a limit that the limit of the sequence of the values of the
function should be the same number for each of the sequences of the
values of the argument, we have thus proved that the given function
has no limit as z — 0.

Prove that the following functions have no limits.
1.8*. f (z)=sin (1/x) as =z — 0.
1.9. f (z) = e1'* as z — 0.

2. Methods of Calculating Limits of Functions

If there exist lim £, (z) and lim f, (z), then there are limits
x=a x—=+a

lim cf; (z)=c¢ lim f, (), 1

X —=a x—-+a
xli_’ma [f1(2) = f2 (@)= iim f1(@=x xlima f2(2), (2
xli_ina [f1 (@) f2 (@)= ii_lfla f1 (2) xliH; f2 (%), ©)

Jim (11 @ @)= lim f, @)/ lim @) (lim fo2) £ 0. @)

When seeking the limit of the ratio of two polynomials dependent
on z, as r — oo, it is first necessary to divide both terms of the ratio
by z™, where n is the highest degree of the polynomials.

o (z—3) (z—2)

Example 2.1. Find lim 229 —5zF3 °

X 00
Solution. Let us divide the numerator and the denominator of the
fraction by z2. Then we have

z—3 r—2
o eaen () ()
M et —bz 3 M T3 5/zt 34

X - 00 X—+00
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Using now formulas (4), (3) and also (2) and (1) (for ¢ = —1), we
obtain

lim (1 —3/z) lim (1—2/z)

X-»00 X-»00

. (#)
lim2— lim — + lim —
X—>00 X-+00 X—>00 z
Using t ¢ equation lim —:—=0. we get
X—+00
.3 .2
(-tm~) (i-im =)
2
2— lim —5—+ lim —3.;
X—>00 xX—>00 xr
Answer. 1/2.
Calculate the following limits.
. (z-+1)2 . —224-52—6
21 lm ety X I eone—oe—9 -
z 2z
2.3. lim Vz . 24 lim ++;_'
o0 —= +o0 T z
= VerVot Vs =

If P (z) and Q (z) are polynomials and Q (a) 5~ 0, then the limit
of the ratio
lim P (z)
e 0()

x->a

can be found directly by means of formulas (1)-(4). Now if P (a) = 0
and Q (a) = 0, then, writing the polynomials P (z) and Q (z) as

Pl@=(z—akP1(), Q@@= (—a"0 (@

(k and n are the multiplicities of the root z = a of the polynomials
P (z) and Q (z)), it is necessary to cancel the numerator and the deno-
minz}ultorlof the fraction P (z)/Q (z) by the common factor before passing
to the limit.

Example 2.2. Calculate
2 — 6
lim z2—5z+4

xs3 =9 °
Solution. We write the expression under the limit sign as
z2—5246  (z—3)(z—2) z—2
#—9 = (=3 @+3) T a+3 -
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The limit of the obtained fraction can be calculated by means of
formulas (1)-(4):

1 z—2 1

xl_l,l}i z+3 6 °

Answer. 1/6.

Calculate the following limits.

. 2’1 . (1)
2.,5. lim T_H'. 2.6. xl:f_% BF1°

x> -1
82 —1  (@thpP—a3
. lim o, 2.8, lim = —Z
2. e 6 —5e 1 8. lim ==,

. 1 3

29. lim (—2_$ —— )
—_ 2__q2 3 _— -1 9

2.10. lim [ (s —2022 — a2 20%) (z—20) ' 4 20 (= +-0) ]

z3—alz r—a

xX—a
241, (a) lim f(z), (b) lim f (),
x-+1/2 x-+3/2
where

lz—1] 2
D) +zlz—1]42 -

== Vi—2 F1/z
242. (@) lim { (@), () lim f(a),
x- x> —

z|z—3|
@—s—6) 1z
t—23—z+1

A3 I s s a3

where f(z)=

Calculation of the limits of irrational expressions can sometimes
be simplified by an introduction of new variables.

Example 2.3. Calculate

Y22y z41
,lcl_l.ni (z—1)2 *

Solution. We introduce the designation %/7 = t. Then, for the
Erariable t, the expression under the limit sign can be written in the
orm

12—2t4-1
RGN
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The number to which the new variable t tends, as z — 1, can be found
as the limit of the function ¢ (z) = }/ z as z — 1, i.e.

lim ¢(z)=limy z=1.
x—-+1 x—+1
Thus we have

12—2t41 (t—1)2 1

. 7 —1: 1 —
e G VL e B e VI GERER Ve N XN R (i

Answer. 1/9.

Calculate the following limits.

3 -
z— Vidz—1
2.44. lim 7——. 2.45. lim 54—
Vit Va—i—1
2.16. li — .
16 :linil Vzr—1

The limit of a fraction containing an irrational expression can
sometimes be calculated by transferring the irrational expression
from the numerator to the denominator and vice versa.

Example 2.4. Calculate
VzEf1—1
—_—

lim

x-0

Solution. Multi[ilying the numerator and the denominator of the

fraction under the limit sign by the expression which is a conjugate
of the numerator, we obtain

VYV l—1 . z24+1-1 i z? -0
!;l_l.l(l) z _};l.l.l(l) z(l/za—i—i—}-i)_xl_l.l(l) z(Vz2F1i+1)
A nswer. 0.

Calculate the following limits.

- Vz2f4—2
2. . l. 2 1_ . 2. . i e
17 xgl:o(lfz Fi—2z) 18 Ll_l}}) Ve To_3
z—3 3—Vz
2-1 . I' ey 2.20- l Y T—————aenlN
S Ve ri—2 a9 Vz—5—2

2.22. lim Vet2—2

Vz—2
2.21. lim —.
! x->2 VI+7——3

x4 Vz-[—_5—3 ’
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. . z—3
2.23,x_1..u_nm z(Vaar+7+2z). 2.24 iLu; Va—ia

225 lim 2= V2 —4 296 |im V+T—4
x

x-—00 x-+3 32"53‘*‘6 ¢

When calculating the limits of expressions containing trigonometric
functions, use is often made of the limit

. sinzx
lim

x-+0

=1.

Example 2.5. Find the following limit:

1—cos 2z
lim —_
x-+0 z

Solution. We transform the numerator of the fraction by the formula

1 — cos 2z = 2 sin? z.

Then we obtain

_ A in2 . sinzx_, A
lim 1=C082z_ j;py 28i0?2z o 1o 20T 1im sinz=0.
x-+0 z x-+0 x x-+0 x—+0
A nswer. 0.

Example 2.6. Find the following limit:

. arcsin r
lim ——.

x>0 z

Solution. We designate y = arcsin z; then z = sin y. Since
arcsin z tends to zero as z — 0, we have

li arcsin z 1 y
im =1lim —— =1.
%20 z y~0 SiIDY

Answer. 1.

Calculate the following limits.

. sin nz . sinz—sina
2.27. ll_l;!(l) e 2,28*%, a}iﬂ; ——a °
11 tan nz
. 1 L . tan nx
2,29 .nl_:l: ( nsin — ) . 2.30%, xiufz 252



142 Ch. 7 Limit of a Function. Continuity of a Function

sinz—cosz tan®z—3tanz
SBi. lim ———————. 2,32+, i — T
2.3 x_.l,r:;,‘ {—tan z 3 xL‘g}a cos (z -+ n/6)
. sin(z—m/3) . 1 —sin (z/2)
2.33*. xl-:g}a T—Scosz = 234 ’}LI:'I‘ TTh—z °*
2,35+, 1im Y 1+sinz—V1—sinz
x—+0 z

3. Continuity of a Function at a Point

The function f (z), defined on the interval (a, b), is said to be con-
tinuous at the point z, € (a, b) if
(1) there is a limit lim f (z);

X=X
~(2) this limit is equal to the value of the function at the point z,,
i.e.

lim f (z) = f (o).
XX,

The proof of the continuity of the function f (z) at the point z,
consists in verifying the validity of the equality

lim f (z) = f (z). 0

X-+Xo
Example 3.1. Prove that the function
f(@)=32245

is continuous at the point z = 2.
Solution. Applying the thcorems on limits, we have

lim (322 + 5) = 3 lim 22 4 5 = 17.
x—+2 x—+2

On the other hand, the value of the function at the point 2 is also
equal to 17. Consequently, equality (1) is satisfied and the given
function is continuous at the point z = 2.

Prove the continuity of the following functions at the indicated
points.
3.4. f () = 22 — 2z 4 1 at the point 1.

3.2. f(z)=1%:—23 at the point z=-%,

2
33. f(2)= ':" :ii at the point z=1.
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sin z
34. (= :.{ z ' 7% at the point z=o.
1, z=0

e~ 1/.‘:2’ z =+ 0,

3.5. f(x)=[ at the point z=0.

’ =

3.6. f(z):{ “jij’ ':fo()’ at the point z=0.
, =

Vifz—y 15z , 20

3.7. f(r)= z " at the point z=0.
1/6, z=0

When proving the continuity of the function f (z), defined on the
interval (a, b) at the point z, € (a, b), it is sometimes more convenient
to verify the validity not of equality (1) but of the equality

lim [f (294 Az)—1 (z4)] =0, (2)
Ax-+0

whose validity cnsures the continuity of the function at the point z,.
Example 3.2. Prove that the function
f(z) =sinz
is continuous for any value of the argument z.

Solution. Let us form a difference f (z Az) — f () for the given
function:

sin (z-}+ Az)—sin r=2 sin %‘—tcos (%EAJ ) .

Taking advantage of the fact that

sin (Az/2)

lim vy

cos (x—}—ﬁ)
Ax—+0 2

=1, <11

we obtain, by means of formulas (2) and (5) from Sec. 2,
lim [sin (24 Az)—sinz]=0.
Ax—+0

Prove the continuity of the following functions on the whole domain
of their definition.

3.8. f(z) = 22 3.9*%. [ (z) = cos z.

340*. f () =Inz. 3.41%. [ (z) = €.

N 1(
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The following theorems are often used to prove the continuity.

If the functions f (z) and g (z) are continuous at the point z,,
then their sum, difference, product, and quotient (provided that
g (zy) = 0) are continuous at the point z,.

Example 3.3. Prove the continuity of the function

2 __
f@=222

throughout the number axis.

Solution. Since f (z) is a ratio of two polynomials, the denominator
being positive everywhere, the continuity of f (z) at any point x € R
follows from the continuity of the numerator and the denominator at
that point.

3.12. Prove that the fractional rational function w :%d&

(ad — be = 0) is continuous in its domain of definition.

3.13. Is the function y = tan z continuous throughout the number
axis?

If lim f (z) exists, but the function is not defined at the point z,,

x =+ X

then we say that z is the point of removable discontinuity. In that case
we can extend the definition of the function f (z) “by continuity”,
setting

fz)= lim f (2). @)

x—+xg

Example 3.4. Define the function

24
f@=2=5

at the point z = 2 by continuity.
Solution. The point z = 2 does not belong to the domain of defini-
tion of the given function, but

lim —
1m z_2

x—+2

4
=lim (z+2)=4.
x-+2

Let us complete the definition of the function f (z) at the point z = 2
by the value equal to 4. Then we get a function

z2—
~ z—2

f(2)=
4 for z=2,

for x £ 2,

which coincides with the initial function throughout the domain of
definition of the initial function and is continuous on the entire num-
ber axis.
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A nswer. fv (2) = 4.

Define the following functions by continuity at the indicated points.
344, f(z)="2T

at the point z=0.

exX — =%

3.45. f(z)=

at the point z=0.

3.46. f (z) = ‘/H‘“’: VI=2 44 the point z=0.

-
3.17. f(z)=3-‘/z at the point z=81.

9—Vz

Choose the garameters such that f (z) become continuous at an indicated
point (if the point is not specified, then on the entire number line):

z2—5z+6
——3 ' *F3

3.18. f(z)=
A, z=3.
2=/, 0
3.19. f(2)= [ 27O
, z=0.
sin 3z :
_ ) sin2z’ z+0, . _
3.20, f(2)= at the point z=0.
A, z=0
1—cosz
sintz ' " #* 0, .
3.24. f(z)= at the point z=0,
A, z=0
z2
T TF 0,
3.22, f(z)= 1—cosms at the point z=0,
4, z=0
(1—=z) tanl;- y z£1,
3.23*.  f(2)= at the point z=1.
A, z=1

Suppose the function f (z) is defined on the interval (a, z,). We
call the number A a left-hand limit (or limit on the left) of the function
f (z) at the point z, and write

lim f(z)=4

. ®-+x,~0
“10-0263



146 Ch. 7 Limit of a Function. Continuity of a Function

if for any e > 0 there is § (e) > 0 such that the inequality
[f@—A4l<e

holds for any =z € (a, z,) satisfying the inequality z, — § (&) << z.
The function f (z) is said to be continuous at the point z, from the
left if the point z, belongs to the domain of definition of the function
and
lim 0 f @) =1 (xo)e

WXy

The right-hand limit of a function and the continuity of a function
on the right are similarly defined.

For the function f (z) to be continuous at the point z,, it is necessary
and sufficient that it be continuous on the left and on the right of the
point z,. :

Example 3.5. What conditions should be satisfied by the parameters
a and b for the function

_f =1 for = <1,
f (=)= az34-bz for z>1
to be continuous?

Solution. Let us calculate the left-hand and right-hand limits
of the given function at the point z = 1:

lim (z—1)=0, lim (ez?2+bz)=a-+tb.
x+1-0 x-+140

Since at the point 2 = 1 the given function is continuous on the left

and f (1) = 0, it follows that for this function to be continuous it is

necessary and sufficient that the equality a |- b = 0 be satisfied.
Answer. a4 b = 0.

Choose parameters, entering into the definition of the function,
such that tge function f (z) become continuous:

az+1, £ n/2;

sinz+4b, z> n/2.

z3, <1

3.24, § (:c)={

3.25. ;(z)-{

azx, > 1.
|22 —5z4+6 ], 2> 2;
26, ={
3 1) az—0b, <2,
| z2—=52z+6|, 3<<3;
3.27,
1 (=)= az—b, z>=3.
21/(x-1), 2 <<i;

3.28. f (x)={ ax?+bz 41, z>1.
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4 Miscellaneous Problems

3.29, f(2)=
z2+4- b, z<<0.
z24z+4-1, z>—1;
sin (% (z4-a)), z<1.
z+43, z<3;
a.2%, z> 3.

3.30. f(z)={
3.31. f(z)={

Miscellaneous Problems

Calculate the following limits.

cos z sinx—tan z 1—cotdz

4.1. iiﬂa Z2sin = 4.2. x_l,l;;l,‘ 2—cotz—cotd3 z

Verify the validity of the following inequalities.
: 222 —5z—3 sint -
3. li e y— lim e T e Y li
& x-l-lg z+%/z>x_.l_1/2 422 —182z—10 +xl_13]o z3
. 1¥z+z2—1 . VY2—2cosz
4.4, lim V_____ lim X == """~>]og0.005.
x>0 z +x_,n/4 sin (z — n/4) g

Calculate the following limits.

lim ==t 6. lim —Sn@z—n)
4.5. IEI: z2+4-5z—6 ° 4.6. xﬂ cos 3 (z+4m/2) *
sin 2z V2zr+1—1
A lim = lim /.
47 lim e ¢ I T
li 1—cosz ki tan z—tana
4.8. xin; S’z ° 4.9. xgl(ll —Z—a
. sinz—sina . sinz—sina
4.10. }CE‘; cosr—cosa ’ 41 iim; tanz—tana °
. Sinz—cosz . sinz—cosz
412 xll,r:;,. tanz—cotz * 413 x!}fg,‘ tanz—1 °
. tanz—sinz . cos(n/4+x)
444, }:E:) P . 4.15. xquIs‘ T—tenz *
cos 2z ‘ sin 2z
416, lim —————— . 447, lim —/——.
x-n/k €08 z— V' 2/2 x>3n/a 1+sinz
. cos z . tan z
4.18, xll,’f}zn—-?-x' 4.19. }:l-r»no T—coss

147
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. sin(w/3—z) . zsinz
4.20. x{-l:ltea Scosz—1 ° 4.21. i_l&)l T—cosz "
. sec 2z+1 . 1—cos2z
4.22, xililtr/lZ o5z ° 4.23. }cﬂ tan®z
. 1-4cos2x . sin2 z—sin? 4
4.24. xLlrItl;z cot®z 4.25, lxl-rg: “smE—a °
. . 1—sinz . sin(m/4—=x)
4.26. x1->1$2 costz * 4.27. xl}ﬁ;a Costz—12  °
tanz—sinz tan2z—tan2a
9 H — N ————————
4.28. LI—I.I}] sn¥z - 4.29. !xl_lilz tan z—a)
22— cos? t —tan3
450, lim —=2 2% 2 = ,31. lim —a@%—ﬁ‘—’
xoa in Z=9 X0 an r
2
432, lim tan"jz-*— tan z—2
xoai/k sin z—cos z
n
4.33. lim [(sinx —cos z) tan (—4——{—:::)] .
x—+7/k
. . . nz
4.34. lim [(1—sin z)tan? z]. 4.35. lim [(a——z) sec —2—} .
x—+7/2 x->a a

4.36. li ( ———“_’tn——m)

.36, lim { sin a .

x—ra 2 2a
tan? z—2tanz—3

437. lim .
x—arctan 3 tan? s— 4 tan z+4-3

2 x-+00

1
4.38. lim (—tan.i ) 4.39. lim (2x sinz—‘i) .
x-+0 *

440, 1 1—cosd3z
40, lim ————.
x=0 ZSINZ COS X

Extend the definition of thg following functions by continuity.

44l 223 .t the point z=3
M T@O=75= P :

—— a
2—VaFa Ty e point z=0.

442 fl@)= sin 2z

cos? z—sinz2z—1

443, f(z)== 1/::’_+—1—-1 at the point z=0.
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Find the parameters for which the function f (z) is continuous.

Vaati—4 .

Yyraoi—s : tt t z==3.

5216 z #+ 3, at the point z:=3
A z=3.

2%43_16
F—u o *FD

4.44. | (z)=

445, f(2)=
A, r=2.



Chapter 8
The Derivative

and Its Applications

1. Calculating the Derivatives

If the function f (z) is defined on the interval (a, ), then the
derivative of the function f (z) at the point z, € (a, b) is the limit of the
ratio of the increment of the function

Af (o) = f (zo + AZ) — | (zo) ()

to the increment of the independent variable Az (Az = z — z,) as
Az tends to zero:
Af (o)

lim =0 @)

Ax-0

If the limit exists, then we say that the function f (z) pessesses a

derivative at the point z, or that f (z) is differentiable at z,. The derivative

of the function f (z) at z, is designated as f'f(z,). If the limit does not
exist, then we say that the function f (z) is not differentiable at z,.

The problem connected with calculations of the derivative, pro-

ceeding from its definition, consists in direct calculations of limit (2).

Example 1.1. Calculate the derivative of the function
f (z) = sin 2.
Solution. Let us derive the increment of the function Af (z,):

Af (z¢) = sin (zy 4+ Az) — sin z,.
To find the limit o ’ ’
lim sin (zy+ Ar)—sin z,

Ax—0 Az

9
we use the formula

8in (zy+ Az) —sin =2 sin A—; cos (a:o —}—A—;) .

Taking into account the continuity of the function cos z, we get

lim 2
Ax~+0 Az

2 sin A"'icos (zo +AT:C)

. Az
sin ——

. . Az
== lim lim cos ( _)= cos .
ax-0 Az/2 Ax-0 Zot—3 0
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Since the point r, is arbitrary, we can infer that
(sin z)’ = cos z,

Answer, (sin z)’ = cos z.

Proceeding from the definition of a derivative, calculate the deriva-
tives of the following functions.

14, f(@ =1/r. 1.2, f(z) = cose.

1.3*%. f(z) = e*. 1.4*. f(z) = Iln=.

1.5%*. f(s) =2zn. 1.6, f(z) =e,

The one-sided limits

A
Jhm, 52 @
lim Af (&) (%)
Ax->+4+0 Az

are called, respectively, the left and the right derivative of the function
f (z) at the point z, and are designated as f_ (z,) and f (z,). For the
derivative f' (z,) to exist, it is necessary and sufficient that both
derivatives (left and right) exist at z, and be equal:

1+ (@) = f2 (zo)s %)
Example 1.2. Prove that the function
£, z>1,
f(x)-{ 3” <1,

is not differentiable at the point z = 1.
Solution. The increment of the function at z = 1 is

Az, Az >0,
or, after transformations,
Az, Az >0,
2Az4-(Az)?}, Az <O.

Consequently, by definition (3), (4), we have

. 2Az+(Az)?
W= 1 —_—— =2,
= tim

Af ()=

Az
(= lim ——=1.
fi (1) A Bz
Since fi (1) 5= f~ (1), the derivative /' (z) does not exist at z = 1.
Prove that the following functions are not differentiable at the

indicated points.
1.7. f@ =1]z| for z=0,
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1.8. f(z) = |2 — 5z 6] for z=2 and z=3.

z for z<<1,

19. f@=1 2_2 tor z> 1.

1.10*. Show that the function

z sin A y 250,
f@)= ?
0, z=0,
does not have either a right or a left derivative at the point z = 0.
1.11. Prove that the function f (zr) = z | = | is differentiable at
the point z = 0.

Table of derivatives of the principal elementary functions.

(xa)' = aJ:a'l, (6)
(@) = a*lna, a>0; (%) = e*, )
(ogae) =g+ a>0, a4 (no)=—, ®)
(Sin z)' = CO0S z, (9)
(cos .1:)' = —sin z, (10)
(tan =)= Gorz » (11)
.1
(cot2)'= — g (12)
(aresin 2)' ==yt ﬁ ) (13)

(arctan z)’ = (14)

1
1422 °

Rules of differentiation. Assume that ¢ is a constanrt and f (r) and
g (z) are differentiable functions. Then

¢ =0, (15)
f@)+e@)=F @+ g (), (16)
[f@e @) =F (x)g )+ g (2)f (). 7
f@7_f @)g=)—g (2)f@)
I:g(x)] B g (z) : (18

Theorem on the differentiation of a composite function. Assume that
y = f (z) possesses a derivative at the point z,, and g (y) possesses a
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derivative at the point y, = f (z,); then the composite function
F (z) = g [f (z)] also possesses a derivative at z,, which is

F' (zo) = &' (yo) f' (zo)- (19)
Example 1.3. Calculate the derivative of the function
F @)= @+ =+ 1)
Solution. Setting y = f(z) = 224 s 1+ 1, g (y) = ¥y, we get
g’ (y) = 100y%®, f' (z) = 2z } 1.
Then, in accordance with (19), we get

F' (z) = 100 (2% + z + 1)z + 1).

Calculate the derivatives of the following composite functions.

2+ 1/; /T=x2
1.12. y—z—_ﬁ. 1.13. y_]/ T
144, y=Vsin V7. 1,15, y= ¢V T (@ +bx+c),

_ 1+ (a+ bzm)m

1.16. y=arctan u——-. 1.147. V=G -

1

3 2

1.18. =5 08 z (3 cos? z—5).

(tan2 z—1) (tan® z-}-10 tan2 z 1)

1.19. y=

dtand z

1.20. y=1ncos r—

Beginning with simplification of the expressions, calculate the
derivatives of the following functions

__ (Vo) = v3)
1.21. f(z)= e Vatet Ve
l/z+ V2—2a2 l/i—:c ]/2—:@2
1.22, f(z)= Vi
1 -2
[a=ed 4 1t o |
2—22—-2 YV 1—22 ’

(z2/m —9zm) () zi-m —3 )/ 21-7)
(1M 3z1/M)2 — 1 22(m+n)[ (M)

(=

1.23. f(2)=

1.24, f(z)=

1.25. f(z)=(1—=zt41):

ut
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e (VO

Vit VT
. g Y (55=1)-(vi-2 (= +1)
—ViFy) —+1—i)

x

1.26. f

128, f(z)m V2242 V-1
(V:—i_l_yf;-ﬁ_,_z)i/a'
Vz+1 Vz—1
]/1/:%}+ Y/ 2 2 (et vET)
Vet b= V=1

Vit Vi—a (VIF—VI—o9)
24 Y 1—22

1.29. f(z)=

1.30. f(z)=
1.31.

t@=( V%:*{/? +H%'/g“—’”)_2 ]/1+2 A,

If the function f (z) is defined on an interval [a, b], then the value
of its left derivative on the right end and that of the right derivative
on the left end are taken, respectively, as the values of its derivatives
at the end-points of that interval.

Example 1.4. Calculate the derivative of the function

f@)=Vz2—2z+1
on the interval [0, 2].
Solution. Since the expression under the radical sign is a perfect
square, we can, accordmg to the definition of the modulus, represent
the given function in the following form:

—1, 1, 2],
f@)=1z—1 l={ ::—z, ZE([O, 1]). )

Differentiating f (z) separately on the intervals [0, 1) and (1, 2], we
obtain

' — —1’ 16 [0’ 1-)a
r@={ 7 Jea 2

Since the left and right derivatives of f (z) at the point z = 1 do not
coincide, the derivative does not exist at z = 1; we take the values
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of the left derivative of function () at the point 2 and of its right
derivative at the point 0 as the values of /' (z) at the end-points of
the interval [0, 2].

—1, zc[0, 1),

Answer. ' (:c)={ L aed o
Calculate the derivatives of the following functions.

. . Vz—2Vz—1
1.32%, f(z)== ——1/72_:1—_—1—1
1 -
1.33. f(z)= 2:1/%(-‘—/-;—}—11/3:)’—1_1— -
2V 1 (yetvi)—i—z (V +-V3)
VT

(@ +1) o

1.34. f(z)=

1.35%. f(5)=V 242 V%m—4+V z2—2 YV 2x—a.

2. Intervals of Monotonicity and Extrema
of a Function

We say that the function y = f (z) increases on the interval (a, b)
if for any z, and z,, belonging to (a, b), the inequality z, << z, yields
an inequality f (z;) < f (z;). We say that the function y = f ()
decreases on the interval (a, b) if for any z, and z,, belonging to (a, b),
the inequality z, << z, yields an inequallity f(z) > 1 (o).

Sufficient conditions for a function to be monotonic. Assume that
the function y = f (z) is defined and differentiable on the interval
(a, b). For the function to be increasing on the interval (a, b), it is
sufficient that the following condition be satisfied:

' () > 0 for any =z € (a, b).

For the function to be decreasing on the interval (a, b), it is sufficient
that the following condition be satisfied:

f' () <0 for any =z € (a, b).

The points, belonging to the interval (a, ), at which the derivative
is zero or does not exist are called critical or stationary points of the
function y = f (z). It follows from the definition of a critical point
that if the derivative of a function changes sign, it can occur only
when it passes through a critical point. Thus the intervals of decrease
and increase (the intervals of monotonicity) of the function f (z) are
bounded by critical points. Therefore, to determine the intervals of
mtonotonicity of a function, it is necessary
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(1) to find the critical points of f (z);
(2) to determine the sign of the derivative f’ (z) inside the intervals

bounded by critical points.
Example 2.1. Find whether the function

f (@) = zed%,

increases or decreases.
Solution. We find the derivative

f' (z) = e3% — 3ze3% = 3% ({ — 3z).

The derivative ' (z) exists everywhere and vanishes at the point 1/3.
The point z = 1/3 divides the number axis into two intervals,
(—oo, 1/3) and (1/3, + o0). Since the function e-3* is always positive,
the sign of the derivative is defined by the second factor. Consequently,
f' (z) > 0 on the interval (—oo; 1/3) and f’ (z) << 0 on the interval
(1/3; +o0).

Answer. The function f (z) increases on the interval (—oo, 1/3)
and decreases on the interval (1/3, 4 o).

Find the intervals of increase and decrease of the following func-
tions.

2
2.1. 22 z

f(x)=m. 22. [@)=1;7

23. f()= 3 z—sin? z. 2.4. f(z)=21n(z—2)—a2+4 4z 1.

2
201 —a
25 (@=—ipr. 26 1@="7

2.7*. Find the set of all values of the parameter a for each of which
the function

f(z) =sin2z — 8 (a + 1) sin z 4 (4a2 + 8a — 14) z

increases for all z € R and has no critical points.
2.8*. Find all values of the parameter a for each of which the
function
y (z) = 8azx — a sin 6z — 7x — sin S5z

increases and has no critical points for all z € R.

We say that the function y = f (z) possesses a mazimum (or minimum)
at the point z, if there is a 6-neighbourhood of the point z,, belonging
to the domain of definition of the function, such that the inequality

f@ <f(zg) (f(x)>Ff(x,) respectively)

holds for all z == z, belonging to the interval (z, — 8, z, 4- 8). The
points of maximum and minimum are known as points of extremum and
the values of the function at those points are called extremal values.

The necessary condition for the existence of an extremum of a function.
Assume that the function f (z) is differentiable on the interval (a, b).
If the function f (z) attains its extremum at a certain point z, € (a, b),
then ' (z,) = 0.



2 Intervals of Monotonicity and Eztrema 157

The sufficient condition for the existence of an extremum of a function.
Assume that the function is defined and continuous on the interval
(a, b) and is differentiable throughout the interval (except, maybe,
for a finite number of points). If the derivative changes sign when it
passes through a critical point, then the critical point is a point of
extremum of the function. It is a point of maximum if the sign changes
from plus to minus and a point of minimum if the sign changes from

iinus to plus.

Example 2.2, Find the extremum of the function

f(x)= V222 = z-2.
Solution. We find the derivative:

oy A 4z —1
F = a—ars

Then we equate the derivative f’ (z) to zero:
1 4z —1

—_—  =0.

2 Vo —z12

From this we find a critical point: z, = 1/4. It can be seen from
expression (+) that f' (z) > 0 for z > 1/4 and ' (z) << O for z < 1/4,
i.e. when the derivative passes through the point z, = 1/4 it changes
sign from minus to plus. Consequently, z, = 1/4 is a point of minimum,
with f (z,) = V 15/8. The denominator of expression (+) is positive
for all z € R. Consequently, the function has no other critical points
except for z = 1/4.

Answer. zmin = 1/4, ymin = V 15/8.

(*)

Find the extrema of the following functions.

2.9, f(x)zw. 2.10. f (z) =2+ sin 2.
2.41. f(z)=zes"*, 2.142. f(z)=%,
2.3, f ()=207+322—120+5. 244 [ (D)=

2.5, f(2)=25—622—1824+7.  2.16. f(z)=%,

The methods of finding an extremum of a function make it pos-
sible to ascertain the validity of certain transcendental inequalities.
Example 2.3. Prove the validity of the inequality

e* —z>1 for z£0. (*)
Solution. Let us consider the function
f@=¢€e —1—2z

and find its extremum. Solving the equation f’ (z) = 0, i.e. the equa-
tion ¢* — 1 = 0, we get z = 0.
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For z = 0 the function f (z) attains its only minimum since when
fassing through the goint z = 0 the derivative f’ (z) changes sign
rom minus to plus. Since f (0) = 0, the inequality f (z) > 0 holds
true for all 240, i.e. & —1 — 2> 0, or e — z> 1. And this
is what we wished to prove.

Prove the following inequalities.

2.147. z — 2%/6 <sinz < z for z > 0.
2.48. cosz > 1 — z2/2 for z 5= 0.
2.49. In (1 4 z) < z for z > 0.

3. The Greatest and the Least Value
of a Function

Assume that the function f (z) is defined and continuous on a finite
interval [a, b]. To find the greatest (the least) value of the function
it is necessary to find all maxima (minima) of the function on the
interval (a, b), choose the greatest (the least) of them, and compare
it with the values of the function at the points ¢ and b. The greatest
(the least) of these numbers is precisely the greatest (the least) value
of the function f (z) on the interval [a, b]; it is designated as

max f(z) ( min f (z)). When we seek the greatest or the least

x € [a,b] x € [a,b] o . .
value of a function, it may turn out that inside the interval [a, b]

the derivative exists at all points of the interval and does not vanish
at any point of the interval (i.e. the critical points of the function are
absent). This means that in the interval being considered the function
increases or decreases and, consequently, it attains its greatest and
least values at the end-points of the interval.

Example 3.1. Find the least and the greatest value of the function
fl@ = -g—-[-—z- on the interval [1, 6].

Solution., Since
2

z2 ?

(@) =g

the only critical point getting into the given interval is the point
z = 4, Comparing the values of the function at the point z = 4, with
its values at the end-points of the interval

1 1
f@=1 =24, 1O=115,

we infer that the function f (z) attains its least value at the point
z = 4 and its greatest value at the left end-point of the interval for

= 1.

Answer. milxel f@)=f (1)=2-% H xél[lii,ne]f (z)=f (4)=1.

x€[1,
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Find the greatest and the least value of the following functions
on the indicated intervals.

34. f(z) = :c"—zs;s[-:c 2, z€[—1, 1]

3.2, f(z) = 3z* + 423 + 1, z € [—2, 1]

% sin z, z € [0, =].

3.4 j(:c)=-—;— cos 2z4-sinz, z¢ [0, —‘2‘-]

3.3. f (z) = cos?

4

Take into account the following remark when seeking the greatest
(the least) values of certain functions.

If the continuous function F (z) on the interval [a, b] can be re-
¥resented as F (z) = f [g ()], where g (z) and f (y) are continuous
unctions on the intervals z € [a, b] and y € [¢, d] respectively, ¢ =

min g (z), d = max g (z), then

3.5. f(z)=-;——Lsin2z+% cosdr—cosz, TE€ [_%, %]

% € [a,b] x € [c,d]
max F (z) = max f(y) and min F (z) = min f (y).
2 € {a,bl Yy € [c,d] x € [a,b] Y € [e,d]

Example 3.2. Find the greatest and the least value of the function
sin 2z
sin (z+4- n/4)
Solution. Using the formulas
sin (-z——{-z) = %— (sin z+{-cos z),

F(z)= on the interval [0, %] .

sin 2z =(sin £} cos z)2—1,
we represent the given function as a composite function

F (z) = flg (@)

where
y?

y_i ]/5, g () =sin z} cos z.

Let us find the greatest and the least value of g (z). The critical points
of g (z) are the roots of the equation

f)=

cos z — sinz = 0,

from which only z = n/4 gets into the interval [0, n/2]. Comparing

g (0), g (n/4), and g (7/2), we infer that the interval [1, V 2] is the
domain of variability of g (z). It is easy to see that

f’(y)=]/'2(1+31,—)>0

on the whole domain of definition of f (y), for y € [1, ¥ 2] inclusive.
ansequently, the function f (y) increases on the interval [1, V 2]



160 Ch. 8 The Derivative and Its Applications

and attains its greatest and least values at the right and left end-points
of the interval, respectively:

max f (@) =/(/2) =4,
vE[1,1/2]
min f(y)=f @) =0.
€€1,V2]
The same values are the greatest and least values of the initial function
F (z) as well.

Answer. max F (z) =1, min F (z) = 0.
x € [0,7/2] x € [0,7/2]

I'ind the greatest and the least value of the following functions.

. __ sin2e . 3n
3.6. f (.‘L’) = m’ TE I:ﬂ, T
3.7, f (2) = ! ! z€R.

sinz+4  cosz—4&
3.8. f (x) = tan z 4 cot z, z € [n/6, m/3].
3.9*. Find the least value of the function

__ [ 2+cosz \2
fe)= ( sin z )
on the interval [0, =].

Seeking the greatest and the least value of functions containing the
sign of an absolute value.

Example 3.3. Find the greatest and the least value of the function
f@)=]2*— 5z 4 6| (*)
on the interval [0, 2.4].

Solution. To express the modulus in expressio (*), we find the
roots of the equation f (z) = 0. Solving the equation 22 — 5z 4 6 = 0.
we get z = 2, £ = 3. Thus,

(z)_{ 22—5z4+6  for z€(—oo, 2)U(3, oo);
T@=\ _(s2—52+6) for z€ [2, 3].
It can be seen from (x*) that on the interval in question [0, 2.4] the

function f (z) admits of two representations depending on the values
of the argument:

(%%)

_ [ —(z2—5z4-6), z€(2, 2.4],
“I)_{ 22—5246, z€[0, 2].

We calculate the derivative of the function f (z):
’ — _(2‘7:_5)v z€ (21 24]1
r@={ "% e o,

For z € (2, 2.4] we have f’ (z) > 0 and, consequently, f () increases,
and for z € [0, 2) we have /' (z) << 0 and, consequently, f (z) decreases;
the point z = 2 is a critical point since the derivative f' (z) does not
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exist at that point. Comparing the values of the function at the end-
points of the interval [0, 2.4] with its value at the critical point, we
infer that
max f(z)=f(0)=6, min f(z)=7/7@)=0.
x€[0,2.4] x€[0,2.4]

Answer. max f(z)=f(0) =6, min f(z) =7f(2)=0.
x€[0,2.4] x€[0,2.4]

Find the greatest and the least value of the following functions
on the indicated intervals.

3.10. j(z)=| 1tz | ze[—2, 0.

1—z
3.1, f ()= V1—2zF a3+ V1{ 22143,

(a) z€[0, 2], (b) z€[—2, O]
342, f(2)= Y 1—2c 23— YV 142z} 2%, 2€(—o0, -+ o0).
343, f (9)=|st+2—3| + 5 Inz, 2€[5, 4].
3.14. Find the points of minimum of the function

f@=42—2zlz—21], z€][0, 3],

and its greatest value on that interval.
3.15. Find the greatest and the least value of the function

f @)=V z (10—2).
3.16*. Find the greatest and the least value of the function

fl@)=(z—1)3 Y22—2243, z¢€[0, 3].

4. Some Problems Which Reduce to Those
on Seeking the Greatest
and the Least Value and the Extrema

The hypotheses of some problems do not state explicitly that it
is required to find the greatest and the least valuee and the extrema.
?‘hese are, for instance, problems on seeking the set of values of a
unction.

Example 4.1. Find the image of the interval [—1, 3] under the
mapping specified by the function

f () = 4a® — 12z.

Solution. To find the image of the given interval, we must find
the set of values of the function f (z) for z € [—1, 3], which, by virtue
of the continuity of the initial function, is an interval [ min f (z);

x€[-1, 3
n;a:i f](z)]. Thus the initial problem reduces to that on seeking the
x€[-1, 3
g;eates€ and the least value of the function f (z) on the interval [—1, 3].

{1-0263
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The critical points of f (z) can be found from the equation
1222 — 12 = 0,

whose roots are z; = 1 and z, = —1. Comparing the values of f (z)
at the critical points and at the end-points of the interval, we obtain

max f(z)=f(@)=72, min f(z)=f@1)=—8.
x€[-1, 3] x€[-1, 3]
Consequently, the image of the interval [—1, 3] under the mapping
specified by the initial function is the interval [—8, 72].
Answer. [—8, 72

4.1. Find the set onto which the derivative of the function f (z) =
z (In z — 1) maps the ray [1, o).

4.2. Find the image of the interval [0, 0.5] under the mapping
given by the derivative of the function f (z) = tan 3z.

4.3. Find the intersection of the sets onto which the derivatives

of the functions y = :: i g, y= ‘/ 6z | 5 map the interval [0, 1].

4.4*. Into what interval does the function y =

z—1
2 — 3z 1 3
transform the entire real line?

4.5. Find the ranges of the following functions:

z? z
(a) y='E}__1“9 (b) y—?—}——i'
4.6*. Prove that the following inequality holds true:
z 1
az®+b < 2Vab "
4.7*. Prove that the inequality

min  f(z) >=7/9
x€[-x, «)

holds true for the function f (z) = cos z sin 2z.
4.8*. Prove that the inequality

max f(z)<<0.77
xE[-m, 7]

is satisfied for the function f (z) = sin z sin 2z.
4.9*. Prove that the inequality

cosz J/ sin z << 21/2.3-3/4

holds true for z € [0, =/2].
4.10. Prove that the inequality

3 3 3 _[;
1<l/2:—1 <1/?

holds true for z € [3/4, 2].
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4.11*. Prove that the function

_ x4z
x4
cannot have values greater than 3/2 and values smaller than 1/2 for
any real values of z.
4.12*. Find all a for each of which there is at least one pair of
numbers (z, y) satisfying the conditions
22+ (y+3)2< 4 y= 24z
4.13*. The sum of the third and the ninth term of an arithmetic
progression is equal to the least value of the quadratic trinomial
2z%* — 4z 4 10. Find the sum of the first eleven terms of the progres-
sion.
4.14*. For what value of the parameter ¢ do the values of the
function
y=2—6224 9z 4 a
at the point z = 2 and at the points of extremum, taken in a certain
order, form a geometric progression?
4.15. The sum of the terms of an infinitely decreasing geometric
progression is equal to the greatest value of the function

f@=2*+3z2—9

on the interval [—2, 3]; the difference between the first and the second
term of the progression is equal to f (0). Find the common ratio of
the progression.

4.16. The sum of an infinitely decreasing geometric progression is
equal to the least value of the function

f@)=30—at 2,

and the first term of the progression is equal to the square of its com-
mon ratio. Find the common ratio of the progression.
4.17*. Find the least value of a for which the equation
4 1
sin z + 1—sinz —

has at least one solution on the interval (0, m/2).
4.18*. Prove that the function

2= (z 4 1/2)® 4+ (y 4 1/y)?

is not smaller than 12.5 if 2 >0, y >0, z 4 y = 1.
4.19*%. Show that the function

z= 222 4 2zy + y* — 2z + 2y - 2
is not smaller than —3.
4.20*. For what value of a does the sum of the squares of the
roots of the equation

22— (@a—2)z—a—1=0
assume the least value?
1%
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4.21*. Prove that the inequality
1 1

x

T+z2 =32

holds true for all values of = € R. _
4.22. Prove that the inequality 0 << 2z | 3 f/:c’ <1 is valid
on the interval

3 Tog, 5 logs 7
[—7; 10-81/°g V254 % ,/49].
4.23. Prove that the inequality
1 1 4V3
sin (n/34-a) + sin (n/3—a) = 3

is valid for a € [0, n/3).
" 4.24. Prove that the inequality

2
z%y3

zt -yt + >4

is valid for all = and y.
4.25*. Prove the validity of the inequalities

9—V'85 —2z+43 94785
2 z3+4 62+ 10 < 2 :

4.26*. Prove that 1/4 << sin® z | cos® z << 1.
4.27. Prove that the inequality

5el/3 < (323 —Tz+T7) &5 < ;—1%‘2

is valid for z € [0, 2/3].

5. Textual Problems on Finding the Greatest
and the Least Value and the Extrema

To solve a problem on an extremum and on the greatest (least)
value, it is first necessary, using the hypothesis, to form a function
f (z) and determine the interval of the variability of its argument,
and then find the extremum or the greatest (least) value of the function
on the interval obtained.

Example 5.1. Represent the number 26 as the sum of three positive
terms the sum of wﬂose squares is the least, if it is known that the
second term is thrice as large as the first.

Solution. We designate the unknown terms as z, y, 3. By the
hypothesis, the terms we have introduced satisfy the following system
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of equations:

24y + 2= 26, (*)
y = 3z.
Using (*), we express the unknowns y and z in terms of z:
y= 3z, z= 26— 4z. (#%)

Let us now form a function whose minimum we have to find:
S (z) = 2? 4+ 922 + (26 — 4x)2.

In this case, the interval of the variability of the argument is deter-
mined from the condition that all the terms be positive. Solving the
system of inequalities
z>0,
26 — 4z > 0,

R %3) . We have thus reduced
the problem to seeking the minimum of the function S (z) on the

we find that the required interval is (0

interval (0, %3) . The only critical point of the function S (z) on the

interval (O, 4;) is the point z = 4. When passing through that point,

the derivative of the function S (z) changes sign from minus to plus,
and consequently, S (z) decreases on the interval (0, 4) and increases

on the interval (4, 1——23) . Thus, for 2 = 4 the function S (z) attains
its minimum. Substituting z = 4 into equation (**), we get the
values of the other unknowns.

Answer. 26 = 4 - 12 -+ 10.

5.1. Represent the number 18 as a sum of two positive terms so
that the sum of their squares be the least.

5.2. Represent the number 36 as a product of two factors so that
the sum of their squares be the least. :

5.3. Represent the number 180 as a sum of three positive terms
so that the ratio of two of them be 1 : 2 and the product of the three
terms be the greatest.

5.4. Represent the given positive number a as a sum of two positive
terms so that their product be the greatest.

5.5%. The parabola y = z? + pz | ¢ cuts the straight line y =
2z — 3 at a point with abscissa1. For what p and g is the distance
getween the vertex of the parabola and the Oz axis the least? Find that

istance.

5.6. Find the least distance from the point M with coordinates
(0, —2) to points (z, y) such that

16
= — -—-2, x> 0.
y V 323
5.7. Inscribe a rectangle of the greatest area into the segment
of the parabola y? = 2pz cut off by the straight line = = 2a.
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Geometric Problems.

Example 5.2. Find the height of a cone of the greatest volume if
its generatrix is equal to I.

Solution. The volume of the cone the area of whose base is S and
the height is H, can be calculated by the formula

1
V=§-SH,

where S = nR?, and R is the radius of the circle lying at the base of
the cone. By the Pythagorean theorem, R and H are related as

R2 | H?* = I3,
Using this equality, we express V as a function of only one variable H:

V= %n(zz—m) H.

Solving the equation

V' (H) = _’3‘_ (12—3H?)=0,

we find two critical points of the function V (H): H, = +1/V 3 and

s = —1l/V'3, from which only the point H, belongs to the interval
(0, 7). When passing through the point H,, the function V' (H) =

1
§(l2 — 3H?) changes sign from plus to minus and, consequently,

on the interval (0, /V3) the function V (H) increases and on the

interval (I/}'3, I) it decreases. Thus H = 1/} 3 is the height of the
cone of the maximum volume for the given length of the generatrix I.

Example 5.3. Inscribe a rectangle of the greatest area into the

trapezoid ABCD, one of whose nonparallel sides AB (8 cm long) is

perpendicular to the base, so that

Vi ) one of its sides lies on the larger

base of the trapezoid. The bases of

N the trapezoid are 6 and 10 cm in

\ length, respectively. Calculate the
X P area of the rectangle.

N Solution. Let us consider two

N cases separately. The first case: the

vertex P of the rectangle lies on one

J of the nonparallel sides CD of the

trapezoid (see Fig. 8.1). The second

Fig. 8.4 case: the vertex P lies on the base BC

of the trapezoid. In the first case we

designate the sides of the rectangle

|]AQ| ==z and |AK|=y. We set up an equation relating

the unknowns z and y. For that purpose we draw an auxiliary line

segment BL parallel to the side CD and consider tworight triangles

ABL and QPD. The legs of those triangles are equal, respectively. to

|AB| =8, |AL| =4, |QD | =10 — z, | PO | = y. We obtain

AN
~
SH
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the required equation from the condition of the similarity of the
triangles ABL and QPD:

y

n—=z =
The area of the rectangle AKPQ is
S (z) = z (20 — 2z).

In the first case the interval of the variability of z can be found from
the condition that the point Q is the projection of the point P lying
on the side CD and, consequently, z > 6. Thus the problem has
reduced to seeking the least value of the function S (z) on the interval
[6, 10]. The only critical point of the function S (z), z = 5, does not
belong to the interval obtained. Consequently, the derivative of the
function S (z) does not change sign on this interval. Calculating the
derivative of S (z) at an arbitrary point of the interval [6, 10], we
ascertain that it is negative. Thus the greatest value of S (z) is attained,
at the left end of the interval, i.e.

max S (z) = S (6) = 48 cm?.
x€[6,10]
In the second case, the area of the rectangles does not exceed 48 cm?
since with the same nonparallel side equal to 8 cm, the lengths of their

bases cannot be greater than 6 cm.
Answer. 48 cm?2,

or y= 20— 2z.

5.8. From all the cones inscribed into a ball of radius R find that
the area of whose lateral surface is the greatest.

5.9. Find the dimensions of the cylinder having the greatest volume
if the area of its total surface is 2.

5.10*. Among all the right triangles of area S find that for which
the area of the circumscribed circle is the least.

5.11*. A trapezoid A BCD is inscribed into a semi-circle of radius !
so that the base AD of the trapezoid is a diameter and the vertices B
and C lie on the circumference. Find the base angle ¢ of the trapezoid
ABCD which has the greatest perimeter.

5.12*, From all the triangles with the same base and the same
vertex angle o choose the triangle with the greatest perimeter.

5.13. Given an isosceles triangle ABC and a rectangle whose
two vertices lie on the base A C and the other two, on the sides AB and
BC, inscribed into it. Find the greatest value of the area of the rectangle
if | AC| =12, | BD | = 10, BD is the height of the triangle ABC.

5.14. Given various trapezoids whose two nonparallel sides and
the smaller base are equal to a. Find the value of the greater base of
the trapezoid which has the greatest area.

5.15. The length of the side of a square ABCD is 10 cm. The
segments AA,, BB,, CCy, DD,, each of length z, are laid off on its
sides, with A, € AB, B, ¢ BC, C, € CD, D, € DA. Prove that the
quadrilateral A,B;C,D, is a square and find the value of z for which
the area of the square is the least.

5.16. An isosceles triangle is inscribed into a circle of radius R.
For what magnitude of the vertex angle o of the triangle is the height
A drawn to the lateral side, of the greatest length? Find that length,
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5.17*. Find the magnitude of the vertex angle o of an isosceles
triangle of the given area S such that the radius r of the circle inscribed
into the triangle is the greatest.

With the velocity with two components the path of the body (or
the projection of the path onto a certain direction) is a function of
two or more variables whose relationship can be established from
physical considerations.

5.18. A traveller has to cross a river. At what angle a should he
sail to attain the least drift if the speed of the boat is V}, and that of
the river is V.?

5.19*. A stone is thrown at an angle a to the horizontal with a
velocity V,. At what angle a will the stone travel the furthest?

5.20*. Find the lowest height » = | OB | of the entrance ABCD
to a vertical tower that will admit a rigid bar of length I. The end
of the bar will slide along a horizontal line which passes across the
base AB of the tower. The width of the tower is | AB| = d < L.

5.21. A section of the text must occupy 384 cm? on the page. The
upper and the lower margin of the page must each be 3 cm wide and
the right and the left margins must each be 2 cm wide. If the only
consideration is the economy of paper, what the optimal size of the
page is?

5.22. A beam of rectangular cross section must be sawn from a
round log of diameter d. What should the width z and the height y
of the cross section be for the beam to offer the greatest resistance:
(a) to compression, (b) to bending?

Remark. The compressive strength of a beam is proportional to the
area of the cross section and the bending strength is proportional to
the product of the width of the section by the square of its height.

5.23. A lamp is hung above the centre of a round table of radius r.
At what height k of the lamp above the table is an object lying on the
edge of the table illuminated best? (The illumination of an object is
directly proportional to the cosine of the angle of incidence of the
light ar)ld inversely proportional to the square of the distance from its
source.

5.24. A rectangular area must be designed so that it is surrounded
by a guard net on three sides and a long brick wall on the fourth side.
What are the most advantageous dimensions of the area that will
maximize the surface area, if ! running metres of net are available?

5.25. A straight line segment AB of length a connects two light
sources A (with intensity p) and B (with intensity g). Find the point M
which is illuminated the worst. (The illumination of a point is inversely
proportional to the square of the distance from the light source.)

5.26*. A boat is 3 km away from the nearest point A of the river
bank. A passenger on the boat wants to reach a point B which is on
the bank and 5 km away from A. The boat can travel at 4 km/h,
while the passenger, having left the boat, can walk at 5 km/h. At
what point along the bank should the passenger alight from the boat
in order to reach B in the shortest time?

5.27*. A rain drop with an initial mass m, falls under gravity,
evaporating uniformly as it does, the decrease in the mass being pro-
portional to time (the proportionality factor is k). How many seconds
after the drop starts falling is the kinetic energy of the drop the greatest
and what is it equal to? (The air resistance is neglected.f
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5.28*. The cost of fuelling a ship is proportional to the cube of
its speed. It is known that at 10 km/h the cost of the fuel is 30 roubles
Zer our; the other expenses, which are independent of the speed, are

80 roubles per hour. At what speed is the total cost per kilometer
travelled the least? What then is the total cost per hour?

5.29. To transport a factory's produce from point N to a town 4
a highway NP is being built to connect the factory with a railway A B
which passes through town 4. Carriage by road is twice as exl{)ensive
as that by rail. To what point P should the highway lead for the total
transportation cost of the produce from point N to town A by road
and by rail to be the least? The distance between N and the railway:
is 100 km, while 4 is a km away from the railway station, located on
the circle that passes through both 4 and N, which are the end-points
of a diameter of that circle.

When solving problems concerning the time of attaining the least
distance between two objects moving at an angle to each other, use
the fact that the distance between the objects after a time moment ¢
is one side of a triangle the other two sides of which are functions of the
distances covered by the objects up until that moment.

5.30. Two cars are moving towards each other at constant speeds
of 40 and 50 km/h respectively along two intersecting streets. Assuming
that the streets intersect at right angles and knowing that at a certain
moment in time the cars are respectively 2 and 3 km away from the
intersection, when will the two cars be closest? .

5.31*. Three points, 4, B, and C, are located so that ~ ABC = 60°.
A car starts from point A the moment a train leaves point B. The
car travels towards B at 80 km/h and the train travels towards point C
at 50 km/h. How long after they started will the car and the train be
closest if | AB| = 200 km?

5.32*. Two airplanes are flying horizontally at the same altitude
along paths that are 120° apart and at the same speed of v km/h. At a
certain moment one of the airplanes reaches the point where the two
Eaths intersect. At that moment the other airplane is ¢ km away (not

aving reached the intersection). How soon after will the planes be
closest?

5.33. Determine the diameter of a round hole in a dam for which
the flow rate Q of water per second will be greatest given that Q =

cy V'h — y, where h is the depth of the lowest point of the hole,
and assuming that » and the coefficient ¢ are constant.

5.34. The cost of a diamond is proportional to the square of its
mass. In the process of grinding the diamond was broken in two.
How big were the parts if it is known that the accident entailed the
maximum loss in value?

5.35. An electric circuit contains two resistances in parallel. For
what ratio of resistances is the resistance of the circuit the least if
the total resistance of the two resistances connected in series is R?

5.36*. A courier has to reach a point B on one bank of a river from
a point 4 on the other bank. Knowing that the courier can walk along
the bank k times faster than he can row along the river, find the angle
at which the courier must cross the river in order to reach point B in
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the shortest time. The width of the river is & and the distance between
A and B (along the bank) is d.

5.37*. Points A and B are in different optical media divided by
a straight line. The speed of light in the first medium is v, and in the
second v,. Using Fermat's principle, which states that a light ray
propagates along the path AMB which will be traversed in the least
time, derive the law for the refraction of a light ray.

5.38*, Using Fermat's principle, derive the law for the reflection
of a light ray from a plane surface in a homogeneous medium.

5.39. If a current I flows in an electric circuit with a resistance R,
then the heat liberated per unit time is proportional to I2R. Determine
how the current I must be divided into two branches I, and I, with
the aid of two wires, whose resistances are R, and Rz,respectivezly, for
the liberation of heat to be the least. .

5.40. A rectangular area of 9000 m? must be surrounded by a fence,
with two opposite sides being made of brick and the other two of wood.
One metre of wooden fencing costs 10 roubles while one metre of
brick walling costs 25 roubles. What is the least amount of money that
must be allotted to the construction of such a fence?

5.41*. A number of identical buildings must be constructed to
yield a total living area of 40 000 m2. The cost of a single building
depends on the cost of the foundation, which is proportional to the
square root of the living area in the building, anc{) on the cost of the
surface area of the structure, which is proportional to the cube of the
square root of the value of the living area. The construction of a
building that has 1600 m? of living area costs 184.8 thousand roubles,
the cost of the surface area being 32% of the cost of the foundation.
How many buildings must be constructed for the cost to be the least?
Find how much the whole project will cost.

When solving certain problems on finding the greatest (or least)
value of the quantity in the hypothesis, it is more convenient to seek
the greatest (or least) value of another quantity which is a monotonic
function of the first quantity.

5.42%, A statue 4 metres high sits on a column 5.6 metres high.
How far from the column must a man, whose eye level is 1.6 metres
from the ground, stand in order to see the statue at the greatest angle?

5.43*. A tourist bus is travelling along a straight highway. An
ancient palace is located to one side of the highway and a road has
been built from the main entrance at right angles to the highway.
How far from the point where the roads intersect should the bus stop
for the tourists to have the best view of the facade of the palace if the
length of the palace is 24, the facade is at 60° to the highway, and the
distance from the main entrance, which is the centre of symmetry of the
palace, to the highway is »?

5.44*. A certain force must be applied to move a body of weight P
at rest on a horizontal plane. The friction force is proportional to the
force pressing the body onto the plane and opposes the force acting to
move the body; the proportionality factor (the coefficient of frictiong
isk. At what sngle a to the horizontal must the moving force be applie
for it to be the least? Find the least value of the force.
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5.45%. A body of weight P is lying on an inclined plane. A thread
runs from the body over a pulley at the top of the inclined plane to
a weight p (p << P). At what angle o will the body be kept on the
inclined plane by the least weight if the coefficient of friction is k¥ and
o € [arctan k, n/2)?

5.46. A lever of the second order has its fulcrum at A and a load P
is suspended from point B (4B = a). The weight per unit length of
the lever is p. What should the length of the lever be for the load P
to be counterbalanced by the least force? (The moment of the balancin,
force must be equal to the sum of the moments of the load P an
the lever.)

Sometimes problems having the greatest or the least value for-
mulations can be more simply stated by using geometrical considera-
tions.

Example 5.4. The beds of two rivers (within a certain region) are
a parabola y = z? and a straight line z — y — 2 = 0. The rivers
must be connected by a straight canal. Through what points must it
pass for the canal to be the shortest?

Solution. The loci of all the points which are at a distance d from
the straight line are two straight lines, parallel to the given line and
one on either side of it. The points in the interior of the resulting
strip are obviously closer than d from the line while those outside the
strip are farther than d from the line. If the given straight line does
not cut the parabola, then we can increase the width of the strip until
we touch the parabola. The resulting point of tangency is the point
at which the parabola is closest to the initial line. Consequently, to
find this point, it is sufficient to find the coordinates of the point of
tangency which is parallel to the given line. From the condition of
parallelism (see Sec. 6), we have

2z=1=z=1/2 and y= 1/4.
To find the point on the straight line (the other end of the canal),

we write the equation of the straight line which is perpendicular to the
line z — y — 2 = 0 and which passes through the point (1/2, 1/4).

y—1/d= —(z—1/2), or y= —z + 3/4.
Solving the system of equations
= —z } 3/4,
y=z—2,
we get r = 11/8, y = —5/8.

~ Answer. The coordinates of the ends of the canal are (1/2, 1/4) and
(11/8, —5/8).

5.47. A straight line ! passes through the points (3, 0) and (0, 4).
The point A lies on the parabola y = 2z — z2. Find the distance p
from point A to the straight line when A coincides with the origin,
and indicate the coordinates of the point 4 (z,, y,) on the parabola for
which the distance from the parabolia to the straight line is the least.

5.48*. Four points 4, B, C, D lie in that order on the parabola
y = az? + bx 4 c. The coordinates of A, B, and D are known:
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A (—2, 3), B (—1,1), D (2, 7). Find the coordinates of C for which
the area of the quadrilateral ABCD is the greatest.

5.49*. Given two points 4 (—2, 0) and B (0, 4) and a straight
line I on a coordinate pqane: y = z. Find the perimeter of the triangle
AMB, where M is afpoint with an abscissa of 3 which lies on the line I.
At which position of the point M on the line I is the perimeter of the
triangle AMB the least?

5.50*. Given an angle Z/AOB and a point M in its interior. How
should a straight line be drawn through the point M for that line to
cut off a triangle of the least area from the angle?

5.51. Given an angle £ AO0B and a point M in its interior. How
should a triangle of the least perimeter be constructed such that one
of its vertices is at point M, the second is on the side 40 and the third
is on the side BO of the given angle?

5.52. Consider various trapezoids inscribed in a circle of radius R
such that the centre of the circle is in the interior of the trapezoid and

one of the bases is R ¥/ 3 long. Find the length of the nonparallel side
of the trapezoid that has the greatest area.

5.53. (Exiven a regular triangular pyramid DABC (D is the vertex
and ABC is the base with | AB | = a, | AD | = b). A plane a, which
is parallel to the edges AD and BC, cuts the pyramid. How far from
the edge AD should the plane be drawn for the area of the cross section
to be the greatest?

5.54. Consider various right parallelepipeds whose bases are
squares and whose each lateral face has a perimeter of 6 cm. Find the
parallelepiped with the greatest volume and calculate the volume.

5.55. A rectangle is inscribed in a sector of a circle of radius R,
the central angle of the sector being a right angle. One of the vertices
of the rectangle coincides with the centre of the circle and the opposite
vertex lies on the circumference. Find the lengths of the sides of the
rectangle that has the greatest area.

5.56. The chord AB is as long as the radius of a circle. The chord
CD, which is parallel to A B, is drawn so that the area of the quadri-
lateral ABCD is at a maximum. Find the smaller of the central angles,
that which rests on the chord CD.

5.57*. A rectangle with the greatest area is inscribed in a sector
o}fl a circle of radius R (the central angle of the sector being a). Calculate
the area.

6. Geometrical Applications of a Derivative

Assume that the function y = f (z) is differentiable at a point z,
and y, = f (z,). The straight line defined by the equation

Y= yo+ ' (zo) (z — ) (1)
is said to be tangent to the graph of the function y = f (z) at the point
M (z,, yo).- Writing equation (1) in the form

y— yo =1 (z) (z — ), 2)

we can infer that of all the straight lines passing through the point
M (zq, yo), that straight line is tangent to the graph of the function
f (z) whose angular coefficient is equal to f* (z,) (an angular coefficient
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is a tangent of the angle of inclination of a straight line to the positive
direction of the Oz axis).

The straight line which is perpendicular to the tangent line at
the point of tangency is called a normal to the graph of the function
y = f (z) at that point. The equation of the normal has the form

(¥ — ¥o) I (o) + (& — z¢) = 0. ®3)
The angle between the graphs of the functions
y="fi (@ and y=f, ()

at their common point M (z,, y,) is an angle a between the tangents

to those graphs at the point M (z,, y,). The tangent of an angle is
calculated by the formula

12 (@o) — 11 (%o)
1+ 11 (o) f3 (%0)

If the expression 1 | f; (z,) fa (z) in the denominator vanishes, then
the curves intersect at right angles.

To derive an equation of a tangent (normal) to the graph of the
function y = f (z) at the point whose abscissa is known and is equal to
zy, it is sufficient to find the values of f' (z,) and y, = f (z,) and
substitute them into equation (1) (equation (3) respectively). The
coordinates of a point on the graph of a function at which a tangent
must be drawn are determined from the conditions of the problem.

Conditions of parallelism and perpendicularity of two straight lines.
Assume that the straight lines are defined by the equations y = k;z +
b, and y = kyz |+ b,. For those straight lines to be parallel, it is
necessary and sufficient that %, = k,. For those lines to be perpendic-

. (4)

tan o =

ular, it is necessary and sufficient that &k, = —1.
Example 6.1. On the curve y = 22 — 7z + 3 find a point at which
the tangent is parallel to the straight line y = —5z 4 3

Solution. From the condition of parallelism of two straight lines
it follows that the angular coefficient of the tangent at the required
point must be equal to —5. Then we can find the abscissa of the point
of tangency using the equation y’' (z) = 2z — T7:

2t —T=—05=z=1,

and the ordinate can be found by the substitution of z = 1 into the
equation of the curve:

y (1) = —3.
Answer. The required point has the coordinates (1, —3).

6.1. Find the points on the curve y = 23 — 3z | 2 at which
the tangent line is parallel to the straight line y = 3z.

6.2. Write the equation of a horizontal tangent to the graph of
the function y = e* |- e-%,

6.3. Write the equation of the tangent line to the graph of the
function y = cos (2z — n/3) -A— 2 at the point with abscissa z, = 7/2.

6.4. What angle is formed by the a%scissa axis and the tangent
to the parabola y = 22 | 4z — 17 drawn at the point M (5/2, —3/4)?
Write the equation of the tangent.
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6.5*. The straight line y = — % z— % is known to be a tangent

to the graph of the function f (z) = %z‘ — z. Find the coordinates

of the point of tangency.

6.6. Show that the coordinates of the point of intersection of the
tangents to the curve y = 1 — z2/a? drawn through the points with
the ordinates y = 0 do not depend on the parameter a. Find the coor-
dinates of the intersection point.

6.7. Calculate the area of the triangle bounded by the coordinate
axes and the tangent to the graph of the function y = z/(2z — 1) at
the point with abscissa zy = 1.

6.8. Find the equation of the common tangent to the curves

y=22+4 42z} 8 and y= 24 8z} 4.

6.9. At what value of z, € [0, /2] are the tangents to the graph
of the function

f (z) = sin z 4 sin 2z
at the points with abscissas z, and z, 4 7t/2 parallel?

6.10. Find all values of z, for each of which the tangents to the
graphs of the functions

Y (x) = 3 cos 5z, y (z) = 5cos 3z + 2

at the points with abscissa z, are parallel.
6.11. Find the coordinates of the points of intersection of the Oz
axis and the tangents to the graph of the function

z4+1
z—3

which form an angle 3n/4 with the Oz axis.

6.12*, On the graph of the function y (z) = 2® — 322 — 7z 4 6 find
all points at each of which the tangents to that graph cut off on the
positive semi-axis Oz a line segment half that on the negative semi-
axis Oy. Find the lengths of the cut-off segments.

6.13*. The cord of the parabola y = —a2%z® 4 5az — 4 touches
the curve y = 1/(1 — z) at the point z = 2 and is bisected by that
point. Find a.

6.14. Write the equation of the tangent to the graph of the func-
tion f (2) = | 2?2 — | z || at the point with abscissa z = — 2.

6.15. Two tangents to the graph of the function y = Y17 (z2 + 1)
intersect at right angles to a certain point of the Oy axis. Write the
equations of the tangents.

Example 6.2. Determine the angle at which the sine line

y(z)=

1 .
y=—-=3s8in 3z
V3
cuts the abscissa axis at the origin.
Solution. By definition, the required angle is equal to the angle
of inclination to the abscissa axis of a tangent drawn to the sine line
through the origin. Thus the tangent of the required angle coincides
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with the angular coefficient of that tangent and is equal to the value

of the derivative of the function y = ]/1?7 sin 3z calculated for z =

0. Since ’
,_ 3
V=3
it follows that tan & = 3/ 3, and, consequently, & = /3.
Answer. o = /3.
6.16. Show that the tangents drawn to the graph of the function

_ z—4
y=73

cos 3z,

at the points of its intersection with the coordinate axes are parallel.
6.17. At what points does the tangent to the graph of the function

2
P
form an angle of 45° with the Oz axis?

6.18. At what angle is the tangent inclined to the Oz axis if it
is drawn to the curve y = 2z% — z at the point of intersection of that
curve with the Oy axis?

6.19*. Show that the curves defined by the equations

zy = a?, 23 — y? = b?
intersect at right angles.
6.20*. Show that the families of curves defined by the equations
y=az, y' + 2=
are perpendicular for any a and c.
When it is required to find the equation of a tangent to the graph
of the function y = f (z) passing through the given point M (z,, y,;)
which does not belong to the graph of the function, the abscissa z,

and the ordinate y, of the point of tangency can be found from the
system of equations

fe=2 —

Y1 — Yo = f' (o) (z1 — %o), (5)
f 'Zo) = Yo.
Example 6.3. At what point of the curve
y=22—5z 4 6 (*)

should a tangent to that curve be drawn for the tangent to pass
through the point M, (1, 1)?

Solution. We form system (5):

1 — yo= @2zo — 5) (1 — =),
2
Yo = zo — 5z - 6.
Substituting y, from the second equation into the first, we get a
quadratic equation
zg —_— 2:0 = 0.
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Hence the required points have the coordinates (2, 0) and (0, 6).
Answer. (2, 0), (0, 6).
6.21. At what point of the curve

y=uaz?4 bz 4 ¢
should a tangent line to that curve be drawn for the tangent to pass
through the origin? Find the values of a, b, and ¢ for which the
problem has a solution.
6.22. At what point of the curve
y=2*—5z+4 6

should a tangent line be drawn for it to pass through the point M (a, b)?
Find the values of a and b for which the problem has a solution.
6.23. Write the equation of a tangent line to the curve

y = (& + 1)z,
if it is known that the tangent passes through the point M (a, b).
How many solutions does the problem have depending on the choice
of the point? Find the solutions.
6.24*. Write the equation of the straight line passing through the
point with the coordinates (1/2, 2), and touching the graph

2
y (@)= ——+2
and cutting at two points the graph of the function
y@=Vi—=z.
6.25. At what point M, of the curve y = }/ 2z%2 is the tangent
perpendicular to the straigglt line 4z + 3y + 2 = 0?
It is known that the equality of the discriminant of a quadratic
equation to zero signifies that the corresponding parabola touches the

straight line y = 0, i.e. the abscissa axis. Similar considerations can
sometimes be used to find the equations of tangent lines.

Example 6.4. Find the tangents to the circle
z2 4 y2 = 25
which are parallel to the straight line
22—y 4+ 1=0.
Solution. All straight lines which are parallel to the straight line
2z —y+1=0
are described by equations of the form

y= 2z + c.
For the circle and this straight line to intersect, the following system
must be consistent:
2z 4 ¢ =y,
z? | y? = 25.
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Substituting y from the second equation into the first, we get
2% 4 (2z 4 ¢)* = 25.

For a unique solution to exist, the discriminant of the last equation
must be equal to zero. From this condition we get for ¢ the following
possible values: ¢ = 5¥'5 and ¢ = —5V'5.

Answer. y = 2z 51/3, y= 2z — 5}/5—.

6.26*, At what angle can_ the circle

22 4 y? = 16

be seen from the point (4-8, 0)?
6.27. Point M moved along the circle

E—49"+ (y— 8= 20,

then it broke away from it and, moving along a tangent to the circle,
cut the Oz axis at the point (—2, 0). Find the point of the circle at
which the moving point broke away.

6.28. Find thecondition under which the straight line y = kz 4 b
touches the parabola y? = 2paz.

6.29*. Find the locus of points from which the parahola y = 22
can be seen at right angles.

6.30. Find the angle between the tangents to the graph of the
function y = 22 passing through the point with the coordinates (0, —1).

2
6.31*. A right angle moves so that its sides touch the curve %
2
g—,= 1 all the time. Find the locus of the vertices of the angle.

7. Mechanical Applications of a Derivative

If the path traversed by a body by the time moment ¢ is defined
by the function

y=1@ @)

then the speed of the movement v at the time moment ¢ is equal to the
derivative of the function f (¢):

v=f" (t), (2)
and the acceleration is equal to the derivative of the speed:
a=[f" ®F. @)

Example 7.4. With the speed of » m/s a man approaches the foot
of a tower 2 m high. What is the speed of his approach to the vertex of
the tower when he is at a distance of ! m from the foot?

Solution. We designate the distance from the man to the foot of
the tower at the time moment ¢ as = (). Then the distance y () from
the man to the vertex of the tower at time ¢ has the form

. y@=V a0
120263
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Differentiating y (¢) with respect to ¢, we obtain

z () 7' (1)
Vrita2(

and, takinﬁ into account that z' (¢) = b and the distance between the
man and the foot of the tower is I, we get

y' (@)=

=0
viye'
bl
Viege '

Having found the law of motion, calculate the speed in the follow-
ing problems.

7.1*. The lower end of the ladder which is 5 m high is slipping
along the floor_ in the direction from the wall against which it is put.
What is the speed of the upper end of the ladder at the moment when
the lower end is at adistance of 3 m from the wall if the speed of the
lower end is constant and equal to 2m/s?

7.2. A man approaching a vertical wall is illuminated by a lantern
from behind, the lantern being at a distance of I m from the wall. The
sseed of the man is v m/s. With what speed does his shadow change
if the man is # m tall?

7.3. A point moves along the hyperbola y = 10/z so that its
abscissa grows uniformly at a speed of a unity per second. At what speed
does its ordinate change when the point passes the position (5, 2)?

7.4*. Two points having the laws of motion

Answer. v=

Il=100+5t, $2=—é ta, t>0

move along the Oz axis. What is the relative velocity of those points at
the moment of their meeting (z is in cm and ¢ is in seconds)?

7.5**, A wheel of radius R is rolling without slipping along a straight
line. The centre of the circle moves with the velocity v. A nail
is in the rim of the wheel. Find the velocity of the nail at the time
moment ¢,

7.6*. A point moves with the angular velocity w along a circle of
radius R with centre at the origin. What is the rate of the variation
of the abscissa of the point when it passes the Oz axis?

7.7*. A body is tﬁrown at the angle o to the horizontal with the
velocity ». What is the maximum height that the body can reach?

7.8. The angle a (in radians) through which a wheel rotates in ¢
s is equal to a@ = 3t> — 12¢ | 36. Find the angular velocity of the
wheel at the moment ¢ = 4 s and at the moment when the wheel stops.

7.9*. Two bodies move at an angle of 60° towards each other; the
equation of motion of the first body is

Sy (1) = 2 — 2¢,
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and the equation of motion of the other body is
Sy (8) = 2t

At the time moment ¢ = O the bodies were at the same point. With
what speed does the distance between them increase?

7.10. A horse runs along a circle with a speed of 20 km/h. A lan-
tern is at the centre of the circle. A fence is along the tangent to the
circle at the point at which the horse starts. With what speed does the
shadow of the horse move along the fence at the moment when it
covers 1/8 of the circle?

7.41*. A rocket moves rectilinearly according to the law S (¢) =
vot 4+ at?/2. In the time ¢, after the beginning of the movement,
a certain object separates from it and continues moving by inertia.
At what time moment ¢ and what new velocity v must be imparted to
the object that, continuing a uniform motion, it would overtake the
rocket at the moment ¢, having the same velocity as the rocket? What
is the law of motion 0? the object?

7.12*. A rocket is launched along a straight line from a certain
point. The law of motion of the rocket is S = #2/2, t > 0. At what time
moment t,, reckoning from the beginning of motion, must the engines
be switched off for the rocket, which continues moving by inertia
with the velocity obtained, to be at the distance S, from the initial
point at the time moment ¢,?

12



Chapter 9

The Antiderivative
and the Integral

1. Integration

The differentiable function F (z) is said to be an antiderivative
(or primittve) of the function f (z) on a given interval if the equality

F' (z) = f () ()

is valid for all values of z belonging to that interval. If F (z) is an
antiderivative of f (z) on a certain interval, then the expression

[ 1@ dz=F@+c, )

where C is an arbitrary constant (the constant of integration), is called
an indefintte integral of the function f (z).

Principal Rules of Integration.
| af @ dz=a | 1 @) am, @

where a is a constant guantity;
{th@=nei={r@ae | @ )
if Sj(z)dz=F(z)—|—C, then

| 1@+t dz= 2 F@at)+C 5)

(a0 and b are constants).
Table of Indefinite Integrals.

S n Zn+l

z d1=m+0, n %= —1. (6)

S—ii=ln |z] +C. ™

a% dz = - ¢, a>0. (8)
Ina +6

S eXdr=e*-+|C.
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S sin zdz= —cos z+C. ©)

S cos ¢ dz=sin z+C. (10)

S c::,x —tanz4C. (1)

S L —cotatC. (12)

S si‘i’z =In tan%l-{—c. (13)

S c(‘f:z —In|tan (—;--|-%)|+c. (14)
S;%:%arctan—:——}—c, a 0. (15)
S #: aresin = ¢, a 0. (16)

An infinite integral (an antiderivative) of a given function is
calculated by using the integration rules to reduce the indefinite
integral of the given function to the tabular one.

Example 1.1. Find all antiderivatives of the function

f @) =220

where m and n are integers.
Solution. Let us reduce f (z) to the form
f (z) = 2?m=1)3 _ 2zm+n=1/3 | gan-1/3,

Using now integration rules (3), (4) and formula (6), we obtain

S (z2m=1/2 — Qgmin=1/3 | z21-1/2) 4z

- 1 ! 2 1
= 12 z2m+llﬂ_mzm~m+l/!—|— Py ZIRH1/2 4 C
2z2m Y z _ 4gmen Va 204n /7 c
4dm+-1 2m—+2n-+1 4n+1 +C.
2 Yz damnya | 2y

TR A TS TN N TEE B

Using the rules of integration and the table of indefinite integrals,
find the antilerivatives of the following functions.

v @ =Y 2ER V2=, 22V
Vs

Answer.
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=z
vVi=z2~
_e=l e f@)= = Y1tz
@—tp O TE=g Vit

Having simplified the integrand, find the following indefinite
integrals.

. | W E—V3) ,
! zyrdz Ve _
21/1+%(1/%—w)2
1.8. Y = — dt.

‘ '|/1+%’(1/i—V?)—%(1/%—W)

1/ i/4+8/:+4/=2
(+2) ”/ Ttz vz =

1.3* f(z)=z V1—z. 1.4% f(z)=

1.5*%. f(x) =

{—z-2 3__
1.10. 5 11/2—1'1/2 z3/2 + zllzg—:cj/z )d"
' 1 Vz—1 Vz1
1.11. — .

S 21/1) ( Vitl Vi1 ) o=

1/1——:1:2—1 1—=z Vifz

1.12. - — ) dz.

S ]/1—:1:2—}—3:—1 + Vifz— 1/1——.7:) ’

_ 1 -2
o (2—:1:3 21/1—22) '
z2 4z? (22 +1)
1.44 S 4+2x-1+x-2 G—4/z+1/z2 = 1—2z )d :
1.45. Y (z%/m — 9z2/m) (z(1-m)/m — 3z(1-n)/m)
00| T (g/m [ 3g1/m)E — 1 2g(m¥ ) (mn)
_z+412+5_z#+3)
1.16 S I T dz.
VIi=z241

1.17.

S ]/1—z+1/1/1—}—:t 4

- 2
1/1—{—2 1)—'(1/:::—2) (—7'+1)

1.18. S .

(2—Vz=3) ‘/—H— )
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z4¢4-5234-152—9 9

z8 3z ra
1.19. S F—lr T 38— 12 dz.

Vet Vi Vi—zVo—z
N Vo

1.21%*, s. 4 cos -%— cos z sin %— rdz.

dz.

2 2

1.22. S —4sin z sin z sin —E- zdz.
1.23. g

2 V2 cos @ sin (-—Z——l— 2.a)[da.

1.24. | 2sin? (3n—2z) cos? (5n+ 27) dz.

4
Lo (32-4-5) s (32 5)J

1.27. S [cos? (45°— ) cos? (60° - z) — cos T5° sin (75° — 22)]dz.

1.25. S cot (-i n—2z) cos 4z dz.
1.26. S

\' sin 2z }-sin 52 —sin 3z
J cosz+1—2sin? 2z
cot? 2z—1
2 cot 2z

1.30. S _cosdetl
cot r—tanz

1.31. [sina sin (z—a) -+ sin? (% — a)] dz.
1.32. S [ 14sin 20

cos (2o — 2m) cot (a _3 n)
1.33. S tan2zdz. 1.34. S cot? z dz.

— cos 8z cot 4::] dz.

-+ cos? a] dot.
4

2. Problems on the Properties
of Antiderivatives

The function
G () =F (2) 4 C, 1)
where F (z) is an arbitrary antiderivative of f (z) and the constant C
satisfies the equation
F (zg) + C = yy, ()
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is an antiderivative of the function f (z), the graph of the antideriva-
tive passing through the point M (z,, y,)-

Example 2.1. For the function f (z) = cos? z find the antiderivative
whose graph passes through the point M (n/2, n/4).
Solution. Let us calculate the indefinite integral of the function
f (z) = cos? z:
S cos? zdzr = \‘ ﬁ-(:—z‘)&d:z:-%-z-}— 8“142: +C.

<

To choose the required antiderivative from all the antiderivatives we
have found, we derive, in accordance with (2), an equation

1 = sin n T
T 2Tz =7

whose root is C = 0.

Answer. F (z)= —1—:1:—}— sin 22 .

2 4

2.1. Find the equation of a curve, passing through the point A

(1, 2), the slope of whose tangent line at each point is thrice as large
as the square of the abscissa of that point.

2.2. Find the equation of a curve, passing through the point 4 (1, 1)

whose slope at each point is equal to double the abscissa of that point.

2.3. Find the equation of a curve passing through the point 4 (0,

—1) if all its tangent lines are parallel to the straight line y = 5z—3.

If the graphs of the differentiable functions y = f; (z) and y =
fa (z) touch each other at the point M (z,, y,), then the following
relations are satisfied:

f1 (zo) = fa (%), 3)
f1 (@) = f3 (zo). %)

Example 2.2. Find all the antiderivatives of the function y =
z 4 2 which touch the curve y = z2.

Solution. Since the function y = z 4 2 is a derivative of any of its
antiderivatives, it follows, according to (4), that the equation for
finding the abscissa of the point of tangency has the form

2z =2z 4 2.

The root of this equation is z = 2. The value of the function y = z2?
at’the point z = 2 is equal to 4. Consequently, among all the anti-
derivatives of the functions y = z } 2, i.e. the functions f (z) =
—%— 224+ 4 C, we must find that whose graph passes through the
point M (2, 4). The constant C can be found from the condition f (2) =

4: -5-4+2-2+C=4=>C=——2.
Answer. F(z)=-;—z’—|-2:c—2.
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2.4. Find the antiderivative of the function f (z) = z whose graph
touches the straight line y = z — 1.

2.5. Find all the antiderivatives of the function f; (z) = z? whose
graphs touch the parabola f, (z) =[z? .

2.6. Find all the antiderivatives of the function f (z) = 3/z whose
graphs touch the curve y = 3.

If a body moves with a speed changing according to the law
v=f(), ®)

then the relationship between the path covered by the body and the
time ¢ can be represented as

S@)=F(@+C, (6)

where F (t) is a certain antiderivative of the function f (¢), and the
constant C can be found from auxiliary conditions.

Example 2.3. A body moves rectilinearly with a speed changing
according to the law

v = 2t m/s.

Find the law of motion of the body if it is known that it covered 15 m
in the first two seconds.

Solution. The set of all antiderivatives of the function v (t) = 2t
is S (¢) = t? 4 C. According to an auxiliary condition we have

S (2)= 24 C =15,
whence we obtain C = 11. Thus the law of motion of the body is
S (1) = 2 + 11.

2.7. A particle moves rectilinearly with a speed of v (f) = sin ¢
cos ¢t m/s. Find the equation of motion of the particle if for ¢t = n/3 s
the distance covered is 17/8 m.

2.8. A first traveller left point A with the speed varying according
to the law v (¢) = 2t, and at the same time asecond traveller started
from point B, which is 4 km away from A4, in pursuit of the first travel-
ler with a constant speed of 2p km/h. For what values of p will the
second traveller overtake the first one? Find the value of p for which
the travellers will meet only once.

3. The Definite Integral

The definite integral on the interval [a, b] of the continuous function
f(z) is an increment F (b)) — F &a) of any antiderivative F of that
function on the interval [a, b] and is designated as

b
S f(x)dz=F (b)—F (a) (the Newton-Leibniz formula). 1)
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Here a and b are the lower and the upper limit of integration,
respectively; f (z) is an integrand. The difference F (b) — F (a)
appearing on the right-hand side of formula (1) is sometimes desig-
nated as F (z) |2.

To calculate the definite integral of the function f on the interval
[a, b], it is necessary to find any antiderivative of the function and
ealculate the difference of its values at the right-hand and left-hand
cnds of the interval [a, b]. The calculation of the definite integral of
the function f (z)%n [a, b] is known as the integration of that function.

Simple Rules of Integration.

b b b
fr@+em a= froas (ewa @
a a a
b b
S kf (z) dz=k S f (2) dz. 3)
b " Rb+p
[ 1tatpas=1 | rwan k2o (%)
a kaﬁ'HJ
b < b
\r@ae={ @ art | 1@ az, ceta 0. (5)

Example 3.1. Calculate the definite integral
/2
cos? z dz.
0
Solution. Let us represent the integrand as

1+4cos 2z

2
5 ) :%(14-2 cos 2z} cos? 2z)

cost r = (

1 1+4cos 4z
_T(i-{—ZcosZz-}-——z )

The function

3 1 1
:T+700821+-8- cos 4z.

F(z):%z-{——%—sinh—{—%sinlm

is an antiderivative of the function cos*z. Let us now use the Newton-
Leibniz formula to calculate the definite integral:
/2
/ /2

3 1 1 B 3
1 = —si —— si -
cos' z dr= 3 z A sin 2z 4 3 sin 4z o e
0
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A nswer. 3n/16.

Calculate the following integrals.
& b2V
3.4. S =% ds.

2

3.2. cos z sin z dz.

3.3. cos z 8in 3z dz.

Sy o8

Example 3.2. Calculate the integral
-18 -
3 x
S I/-Z—sz.
3

Solution. We rewrite the integral in the form

-18 13
z
| (2=5)"a
3
Using formula (4) for # = —1/3, p = 2, we find the lower and upper
limits of integration of the right-hand side of formula (4). We have
1

and
(—18) (—5)+2=8,

respectively. Thus we obtain

- !8 \/3 8 3143 8
-z - sy — S8

\ (2 3) dz 3Stldt— o~ (—3)

3 1 1

= — 364 = — 33.7.

Answer. —33.75.

Calculate the following integrals.

8 2
dz z dz
3.4. S T 3.5%. S h———— N
% V5+z/2 2 V2=z/2
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5/8 2
= \ dz
3.6%, j z—2 3z—1 dz. 3.7*. — —,
=2V .S Vzi—i+yV1+=
1/3 1
9 7/3 ]
3.8. S Y z—1 da. 3.9. S it S
V 3z -1
2 0
n/4 i d
. _ 2 I ar
3.10. 31 (sin 2t —cos 2t)2 dt.  3.11. S =F07
0 0
n/2 /4
3.42. sin z cos 3z dz. 3.13. S (tan z+cot z)~1dz.
0 /6
n
x
3.14 S cos? (—n—T)-—cosz (-8—n—{-—l;-) dz
0
n/3 .
3.15. ) [1— TR :Idz.
n/6

If the integrand contains a variable under the sign of absolute
value, then the calculation of the definite integral with the given limits
of integration can be reduced to the calculation of the sum of the
definite integrals with integrands which no longer contain a variable
under the sign of the absolute value.

Example 3.3. Calculate
5
) Uz=31+ 11—z]) dz.
i

Solution. We can represent the integrand as

4—2z, z <1,
f(2)={ 2, 1<z<s,
2z —4, r > 3.

Using property (5) of the definite integral, we get
3 5

S (lz=81 +11—z1) de-t  (la—3]+ 11—=z) do
1 3

3 5
= 3 2da:+S (22 —4) dz = 22|34 (2% — 4z)|§ = 4+ 8=12.
1 3
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A nswer. 12.

Calculate the following integrals.
1

3.16. S V@ —2zFldz. 3.7
-1
/2

3.18. V1i—cos® zdz. 3.19.

V2—2z+1dz.

VY 1—sin 2z dz.

oy O

5
3.20. S (Vzt2vVoz—a+V z—2V22—4) dz.
3
; 1
T o vy vy’
3.21. §(Vm+ Vz 4:c—|—4)d:c.
e +1 \2 12 1/2
x r—
sz, | [(SE5) +(53) 2] e
-1/2
3m/2 3n/2
3.23. V1—cos 2z dz. 3.24. S V14 cos 2z dz.
n/2 n/k

4. Integrals with a Variable Upper Limit
An integral with a variable upper limit

x

Fa={1oa )

is the antiderivative of the function f (z) (F' (z) = f (z)) whose value
at the point a is zero.

Example 4.1. Find the greatest and the least value of the function

x

F (z)= S (t+1) dt
0

on the interval [2, 3].
Solution. Let us find the critical points of the function F (z).
Since F (z) is an antiderivative of the function z | 1, wehave F’ (z) =
1; the function F’ (z) does not vanish on the interval [2, 3]
and is positive. Consequently, the function attains its greatest value
on the right-hand end of the interval and the least value on the left-
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hand end:

max F (z)=F (3)=

x€[2, 3] (¢41) at = (—t22—+t),:=7’5’

min F @)=F (2)=
x€[2, 3]

S N Oyt

(t+1) dt=(%+t)l§=4.

Find the greatest and the least value of the following functions
on the indicated intervals.

x
4. F(z)= g sin ¢ dt, z¢ [0, %J
0
42. F (@)= S (2t—5) dt, z € [—1, 3],
0
43. F(@@)= S (2 —5t+6) dt, z€ [0, 4].
0

4.4. Find the greatest and the least value of the function
X
F (2)= S [t] de
1
. 1 1 1
on the interva [—7 s ——2—] .
4.5. Write the equations of the tangent lines to the graph of the
function
x
F(z)= S (2t—5) dt
2

at the points where the graph cuts the abscissa axis.
4.6. Find the abscissasof the points of intersection of the graph
of the functions

Fy (@)= S (21—5) d, Fy ()= | @i—9) ar
2 3

4.7. Find the points of intersection of the graphs of the functions
x x

Fq (2)= S (2t—>5) dt, F, ()= S 2t dt.
2 0



4 Integrals with Variable Upper Limit 191

4.8. Find the antiderivative of the function
x

F ()= S (2t—5) dt,
3

whose graph passes through the origin.
4.9, For the graph of the function

x
F(z)= S 2|t| dt
0

find the tangent lines which are parallel to the bisector of the first
coordinate angle.

Assume that a particle moves rectilinearly with the speed v (¢);
A is a certain point on the trajectory of movement of the particle.
If at the time moment ¢ = ¢, the distance between the moving parti-
cle and the point 4 is equal to S,, then at any time moment ¢ > ¢,
the distance between the moving particle and the point A can be
calculated by the formula

t
s (t)=5 v (2) dz+S,. @)

to

Example 4.2. The speed of the particle moving rectilinearly varies
according to thelawv (¢) = Vi + 2¢ (km/h). At the moment of time
t = 1 h the particle was 5 km away from the point 4 lying on its
trajectory. How far from A will the particle be at the moment ¢ = 3 h?

Solution. In accordance with (1) and (2), we represent the coordi-
nate of the particle as the function of time in the form

t

S(t)= S (V' z+ 22) dz+5.
1

Let us calculate the value of S (¢) for t = 3:
3

S (@)= S (Vit2t) dt4+5= (E‘;i+,z) j+5=2‘/3
1
+9——§-—1+5=12% L2 V3.

Answer. At the moment ¢ = 3 h the particle will be at a distance
of 12%—-}- 2Y'3 (km) from the point A.

4.10. The speed of the body is proportional to the square of time.
Find the relationship between the distance covered and time elapsed
if it is known that during the first three seconds the body covered 18 cm
and the movement began at the time moment ¢t = 0.
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4.11. The force acting on a particle varies uniformly relative to
the distance covered. At the Eeginning of motion it was equal to
100 N, and when the particle covered 10 m, the force increased to 600 N.
Find the function degning the relationship between work and time.

4.12. The body moves with uniform acceleration, and it is known
that by the moment of time ¢ = 2 s its speed was 4 m/s and the dis-
tance covered was 3 m. Find the law of motion of the body.

4.13. With constant acceleration the body covered the distance
of 4 m from the point A during the first second, and during the first
three seconds the distance between the body and the point 4 increased
to 16 m. Find the relationship between the distance covered by the
body and the time elapsed if it is known that at ¢ = 0 the body was
at A.

5. Problems Requiring the Use of the Properties
of Antiderivatives and Integrals

5.1. Solve the inequality

sin? —;- dz

1 ’
[ln (3—::)3] — PE) > 0.
5.2. Solve the inequality

or— 3

L
n

x T
}/5:::——6—::2—!-—:;— S dz>z S sin? z dz,
0 0

5.3. Solve the inequality
x /2
]/m-S dz<z S cos 2z dz.
0 0
5.4. Find the numbers A and B such that the function of the form
f(x) = Asinnz |+ B
satisfies the conditions

2
=2 §1@e—d
v
5.5. Find all the numbers a (¢ > 0) for each of which

a
S (2—4z+322) dz < a.
0
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5.6. Find all solutions of the equation
a
S(cos z+a?)dz=sin a
0

belonging to the interval [2.3].

5.7. Two points begin moving along a straight line at the same
time moment from the same point and in the same direction. The
speeds of the points are v, (t) = 3¢2 + 2¢t m/s and v, (t) = 2t m/s
respectively. In how many seconds will the distance i)etween them
equal 216 m? .

5.8. Ascertain that any antiderivative of an odd continuous func-
tion, defined on the interval [—a, a], is an even function.

5.9. Ascertain that an even continuous function, defined on the
interval [—a, a], has at least one odd antiderivative on that interval.

5.10. Verify whether the following assertion is true: for any
antiderivative of the continuous function f (z) to be even on the
interval [—a, a], it is necessary and sufficient that the function f (z)
be odd on that interval.

5.11. Find the values of A, B, and C for which the function of
the form )

f(x)=A2z2 - Bz 4 C

satisfies the conditions

1
# ()=8, @+ @)=33, S f (@) drm .
0

5.12. Find all the values of @ (a € [0, 2xn]) which satisfy the equa-
tion

o
S sin z dz=sin 2a.
nf2

5.13. Find the positive values of a which satisfy the equation

S (3224 4z—5) dz—ad— 2.
0

5.14. Find all the values of a from the interval [—=n, 0] which
satisfy the equation

2a
sin a4 S cos 2z dz=0.
a



194  Ch. 9 The Antiderivative and the Integral

6. Calculating Areas

The figure bounded bY the graph of the continuous function f (z)
(f (=)= 0), the straight lines z = ¢ and z = b, and the O» axis is
a curvilinear trapezoid. Its area can be calculated by the formula

b

S= S f (@) dz. )

a
If the condition f, (z) = f; (z) (fa (z) — fy (z) = 0) is fulfilled for
all z from the interval [a, b], then the area of ’ale figure bounded by the

graphs of the continuous functions y = f, (z) and y = f, (z) and the
straight lines z = a and z = b, can be calculated by the formula

b
S= S lfa @) — 1 ()] da. @

If the condition Y, (¥) = ;1 (¥) (Y5 (¥) — Py (y) = 0) is fulfilled
for all y from the interﬁral [: d‘Y,l then %he area o} the/ﬁgure contained

between the straight lines y = ¢ and y = d and the graphs of the
continuous functions z = ; (y) and z = {, (y) can be calculated by
the formula

d
S= S [%s (1) — 1 ()] dy. ®)

Example 6.1. Find the area of the figure bounded by the lines
z=0, z = an/2, f, (z) = sin z, f, (z) = cos z.

Solution. Since the sign of the difference fy (z) — f; (z) does not
remain constant on the interval [0, /2], we divide the interval into
domains where the difference retains sign. For that purpose we set up
an equation

fa (@ — fL (@) =0,
whose only root, belonging to the interval [0, m/2], is a point z =
nt/4. Since
sin z>>cos z for z € [n/4, n/2],
sin z < cosz for =z € [0, n/4],
we obtain, in accordance with (2),

n/4 /2
S= S (cos z—sin z) dz j (sin z—cos z) dz=
0 LA
. /4, . 2
=(sin z-}-cos z) ~+ (—cos z—sin z)
0 n/k

=(V2—-1)+(—1+V2)=2(V2-1).

Answer. S=2(V2—1).
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Note that using the symmetry of a figure about the axis z = n/4,
we could have calculated the figure by the formula

Jt[é
S=2 ﬁ (cos z—sin ) dz.
0
Calculate the areas of the ﬁgures bounded by the indicated lines.
6.1. y = 22 + zI' y3— .1:6 N
6.2. y = —22% | 3z y—x+
6.3. y=0, y = 20— _gx 2 — bz.
6.4. y =122, y=14/z, y=0, 2= 2.
6.5. y = (1/2)*, z —2y +2=0, z= 2.
6.6. y=4zx—22 y—z=0
6.7. y=5/z, y=6 —=z
6.8. y = zz, y=1/z, z = 5
6.9. y=2241, y= — 2% 4
6.10. y—1/coszz, y=0, 2=0, z = nl4.
6.41. y=2% y=2, z = —1.
6.12. zy =7, y= 0,2 = 4, 2 = 12.

6.13. y = (:c:——l)2 y=1z 4+ 1.

6.14 y——x2+—z+1 y=27%, z=:2 (z < 2).

6.45. z=1,z= 2,y =0, log,z-}-log,y—o

6.16. y—212+1, y—x+2, y=1

6.17. y = 2%, y = 4%, z = 1.

6.18. y=z2, y=2V 2z.

6.19. 2yz = 16 + 2%, y = 5.

6.20. y= —1 82— 2% y=15z=1 (2= 1).

6.21. y = 1/(1 4+ 2?), y = z?/2.

6.22. 3y= — 2248z — 7, y4+1=4/(z—3).

6.23%. y=7V 'z, y= V4—3z, y=0.

6.24*. Find the area of the figure whose set of points satisfies the
system of inequalities

z? 4+ y:<<r?, r>0,
z_y<01 1y>0‘

6.25. Calculate the area of a plane figure bounded by parts of the
lines max (z, y) = 1 and 2% 4 y2 = 1 lying in the first quadrant:

z, ifz >y,

max (z, y)z{y, if z <y.

6.26. Find the area of the figure bounded by the graphs of the
functions y = 72, y = 2z — 22

If the function y = f (z) is strictly monotonic on the interval
[a, b], then it is sometimes convenient to reduce the calculation of
the area bounded by the graph of the function on that interval and

13*
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the Oz axis to the calculation of the area bounded by the graph ot
the inverse function z = g (y) on thle] interval [e¢, d] and the Oy axis,
where

¢ = min {f (a); f (b)},
d = max {f (a); f (b)}.

Example 6.2. Calculate the area
of the figure bounded by the graph
of the function y = In =z, the
straight line z = 2, and Oz axis.

Solution. The inverse function
of y=Inz is z = e¥. It can be
seen from Fig. 9.1. that the area of
the hatched figure S4 is equal to
the difference of the areas S, of the
rectangle with sides 2 and In 2 and
S, of the -curvilinear trapezoid

Fig. 9.1 OABC. According to (3) we have
In2 n2
S,=5e” dy=eV on =eln2_¢e0=2_4=1,

0
S1=21n2.

Thus the required area is
Sa=Sl—S’=2ln2—1.
Find the areas of the figures bounded by the following lines.

6.27. y = arcsin z, z =1, y=0.
6.28. y = arccos z, =0, y=0.

The areas of certain figures can be easily calculated using the
known values of the areas of the parts of a circle of radius R.
Example 6.3. Calculate the area of the figure bounded by the lines
y=V1—z% y=0.
Solution. Squaring both sides of the equation y = V' 1 — z2, we
obtain an equation of a circle of unit radius; y2 4 z? = 1. Thus the

graphjof the function y = Y1 — z%is an upﬁer semi-circle of radius 1.
Consequently, the required area is equal to half the area of a circle of
unit radius.

Find the areas of the figures bounded by the following lines.
22 2
6.29*, 7-{—1,—2:1.

6.30*. y? + 22 4- 2z = 0.
%y, 6.31**, In the Cartesiansystem of coordinates Ozy the figure F is
boundedgby;the Oz axis, the curve y = 2z2, and the tangent to that
curve; the abscissa of the point of tangency is equal to 2. Find the
area of the figure F.
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6.32. Calculate the area of the figure bounded by the parabola
y = x* — 2z 4 2, the tangent to it at the point M (3, 5), and the
axis of ordmates Make a drawing.

6.33. Calculate the area of the figure bounded by the lines y =
1/z +1, =1 and the tangent drawn at the point (2, 3/2) to
the curve y = 1/ + 1

6.34%. Find the area of the figure bounded by the line y == 23 —
4z } 5 and the straight lines touching it at the points with abscis-
sas z; = 1 and z, = 4.

6.35. A tangent line drawn from the point (3/2, 0) to the parabola
y = 2z2 — 6z + 9 makes an acute angle with the positive direction
of the Oz axis. Determine the area of the figure contained between the
parabola, the Oz axis, the Oy axis, and the tangent line.

6.36**. What part of the area of a square is cut off by the parabola
passing through two adjacent vertices of the square and touching the
midpoint of one of its sides?

6.37*. What part of the area of a semi-circle is cut off by the
parabola passing through the end points of the diameter of the semi-
circle and touching the circumference at a point which is equidistant
from the ends of the diameter?

6.38*. Find the area of the figure bounded by the straight line

= —8z — 46 and the parabola y = 4z? 1+ az | 2, if it is known
that the tangent to the parabola at the point z = —5 makes an angle
n—arctan 20 with the Oz axis.

6.39*. For what value of a is the area of the figure bounded by the

lines y = 1/z, y = 1/2z — 1), 2 = 2, z = a, equal to In 7 ?

6.40. For what value of a does the straight line y = a bisect the
area of the figure bounded by the linesy = 0, y = 2 4 z — z??

6.41*. For what value of the parameter a > 0 is the area of the
figure bounded by the curves y = a Vz,y= V2 —z and the Oy
axis equal to the number 5? For what values of b does the problem have
a solution?

6.42*. Find the value of a for which the area of the figure bounded
by the curve y = sin 2z, the straight lines z = /6, z = 4, and the
abscissa axis is equal to 1/2.

6.43*. Find all the values of the parameter & (b > 0) for each of
which the area of the figure bounded by the curves y = 1 — z2 and
y = bz? is equal to a. For what values of a does the problem have
a solution?

6.44*. Through the point (z,, y,) of the graph of the function y =
V1 -+ cos 2z draw a normal to the graph, if it is known that the
straight line z = z, divides the area bounded by the given curve,

the Oz axis, and the straight linesz = 0 and z = =z " into equal parts.

7. Problems on Finding the Greatest
(the Least) Areas

If it is required to find the position of curves depending on one
or several parameters, for which the area of the figure bounded by
those curves is maximum (minimum), then it is first necessary to
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form a function which expresses the dependence of the area of the
parameters and then to solve the problem on finding the greatest
(least) value of the function in the range of the parameters.

Example 7.1. Find all the values of the parameter a (a > 1) for
each of which the area of the figure bounded by the straight lines y = 1

and y = 2 and the curves y = ar?, y = 5 az? is the greatest.

Solution. Let us calculate the value of the area for a fixed value of a.
In the given case it is convenient to calculate the area assuming y to
be an independent variable. Due to the symmetry of the parabolas

y = ar? and y=-5 ar? about the Oy axis, the area of the figure

lying in the half-plane z > 0 is equal to that of the figure lying in
the half-plane z << 0, and, therefore, the required area is equal to

double the area of the figure bounded by the lines z = V y/a, z =
Vayla, y=1, y=2:

2 _ —_ 2
— 2y l/-i _ 2 g 9. -
s@=2 [ (V' Z=V F)a=—= [ Va-VDa
1
2 ( 272,92 _ly’/”) ’2
- Va 3 3 711
=—2Ti(1/§—1) (2Y2—1), ac[1, o)
Va 3
The function S (a) evidently decreases monotonically on the inter-
val [1, o) and assumes the greatest value at the left end of the inter-

val [1, o), i.e. for a = 1.
Answer. a =1

-

7.1. For what value of a is the area bounded by the curve y =
a?2? | az + 1 and the straight lines y =0, z = 0, and z =1
the least?

7.2. Find all the values of the parameter a (a > 0) for egch of
which the area of the figure bounded by the straight line y = (: _:‘Z::)
(2 4- 2az - 3a?)

14 at .

7.3. For what positive a does the area S of a curvilinear trapezoid

bounded by the lines

and the parabola y = is the greatest.

z 1
y:—-ﬁ——‘_;{’ y=0, z=a, z=2a

assume the least value?

7.4*. Let us designate as S (k) the area contained between the
parabola y; = 22 + 2z — 3 and the straight line y, = kz 4 1. Find
S (—1) and calculate the least value of S (k).
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Example 7.2. The tangent to the parabola y = 22 has been drawn
so that the abscissa z, of the point of tangency belongs to the interval
[1, 2]. Find z, for which the triangle bounded by the tangent, the
axis of ordinates, and the straight line y = 23 has the greatest area.

Solution. The equation of the tangent at the point z, for the func-
tion y = 22 has the form y — z§ = 2z, (r — z,). The ordinate of
the intersection point of the tangent and the Oy axis is

n=a— 2= —a,

and the area of the required right triangle can be calculated by the
formula
2
S (z0)= 3"0 (z;—}—zﬁ) —z

3
= Tj.

It is required to find the greatest value of S (z,), on the interval [1, 2].
The function S (z,) evidently increases on that interval and conse-
quently,

max S (z,)=S (2)=8.
x0 € [1, 2] (w0)=5(2)

Answer, z, = 2.

7.5. The tangent to the graph of the function y =V z2 is such
that the abscissa z, of the point of tangency belongs to the interval
[1/2, 1]. For what value of z, is the area S (z,) of the triangle bound-
ed by the tangent, the Oz axis, and the straight line z = 2 the least
and what is it equal to?

7.6*. The curvilinear trapezoid is bounded by the curve y = z?

1 and the straight lines z = 1 and z = 2. At what point of the
given curve with abscissa z € [1, 2] should a tangent be drawn for it
to cut off from the curvilinear trapezoid an ordinary trapezoid of the
greatest area?

7.7*. Find the value of the parameter a for which the area of the
figure bounded by the abscissa axis, the graph of the function y = 23 4
322 + z + a, and the straight lines, which are parallel to the
axis of ordinates and cut the abscissa axis at the points of extremum
of the function, is the least.

7.8*. For what values of a (a € [0, 1]) does the area of the figure
bounded by the graph of the function y = f (z) and the straight lines
z =0,z =1, y = f (a), have the greatest value and for which values
goes iit?have the least value if f (z) = z* 1 3zP, &, B € R witha > 1,

>

7.9*. For what values of a does the area of the figure bounded by
the graph of the function % — z2 } a, the straight linesz = 0, z = 2,
and the Oz axis, attain its minimum?

7.10*. For what values of a (a € [0, 1]) does the area”of the figure,
bounded by the graph of the function f (z) and the straight lines z = 0,
z =1,y = f (a), is at a minimum, and for what values is it at a maxi-
mum, if f(z) = V1 — z%?
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7.414*. For what values of a does the area of the figure, bounded by
the straight lines z = z;,, =z = z,, the graph of the function y =
|sinz 4 cosz — a|, and the abscissa axis, where_:cl and z, are
two successive extrema of the function f (z) = V2 sin (z 4 n/4),
have the least value?

8. Calculating Volumes

The volume V of a body resulting from the rotation of a curvilinear
trapezoid, bounded by the lines y = f (z) (f () > 0), z =a, 2= b
(d > a), about the Oz axis, can be calculated by the formula

b
V=mn S 12 (z) dz. (1)

The volume V of a body resulting from the rotation of a curvili-
near trapezoid, bounded by the graph of the functionz = ¢ (¥) (¢ (y) >
0), the straight lines y = ¢, y = d (d > ¢), and the Oy axis, about
the Oy axis, can be calculated by the formula

d
V=n Y 92 (y) dy.

Example 8.1. Calculate the volume of the body resulting from the
rotation of an arc of a sine curve (the graph of the function y = sin =
on the interval [0, m]) about the Oz axis.

Solution. By formula (1) we find

T 1—cos2
—CO08 &

n
V=n S sin2z dz=
0 0

4 sim2sy\|n__ 4 _ 4
—-ﬂ(—2—'3+ Z )IO—R.T"_T“.

Answer. n2/2,

8.1. Calculate the volume of the body resulting from the rotation
about the abscissa axis of a curvilinear trapezoid bounded by the
hyperbola zy = 2, the straight lines z = 1 and == 2, and the abscissa
axis.

8.2*. Calculate!the volume of the body resulting from the rotation
of the figure bounded by the parabolas y? = z, y = z? about the
abscissa axis.

8.3. A category line y = (e* 4 e~*)/2 rotates about the abscissa
axis. The surface that results is a catenoid. Calculate the volume of
the body formed by the catenoid and two planes which are perpendic-
ular”to the abscissa axis and are at the distances ¢ and b from the
origin,
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8.4*. Calculate the volume of the body resulting from the rota-
tion of the figure, bounded by the parabola y = 2z — 2z? and the
abscissa axis, about the axis of ordinates.

8.5*. Find the volume of the body resulting from the rotation of
the curvilinear trapezoid, bounded by the lines y = arcsin z, y =
n/2 and z = 0, about the Oy axis.

8.6*. Find the volume of the body resulting from the rotation
of the figure, bounded by the lines y =1n2, y=1Inz, y = 0 and
z = 0, about the Oy axis.

9. Applications of the Definite Integral
in the Fields of Mechanics and Physics

Calculating the path. The path S of a body, moving with the speed
v (), covered during the time from the moment ¢, to the moment ¢,,
can be calculated by the formula

t2
S= S V (2) dt. (&)
f
Example 9.4. A body moves rectilinearly with the speed
v(t) =2t — ¢t + 1 (m/s).

Find the distance traversed in the first five seconds.
Solutton. According to (1), we have

5
B |5
—_ 2__ = ————
S(t)—g(Zt b+ 1) dr= - —p o]
250 25 5
== +5=T5.

Answer. 75 %- m.

9.1. A body moves rectilinearly with the speed v () = 2t 4+
a (m/s). Find the value of « if it is known that during the time
from ¢, = O to ¢, = 2 s the body covered the distance equal to 40 m.

9.2*. A body moves rectilinearly with the speed v = 12t—¢2 (m/s).
Find the length of the path traversed by the body from the beginning
of motion to its stop.

9.3. Two bodies began moving along a straight line at the same
time moment from one point and in the same direction. One body
moved with the speed v, () = 3t2 + 2¢ (m/s) and the other with the
speed v, (t) = 2t (m/s). What distance will separate the bodies in
six seconds?

9.4. A particle moves rectilinearly under the action of a constant
force with the acceleration of 2 m/s2 and with the zero initial velocity.
Three seconds after the beginning of motion, the action of the force
ceases and the Earticle begins moving uniformly with the velocity
attained. Find the law of motion S (¢) of the particle.
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If a particle moves along the Oz axis under the action of the force
F (z), which depends on the coordinate z, then the work done by the
force in transferring the' particle from a to b (b > a) can be calcula-
ted by the formula

b
A= S F (z) d=z. (2)

Example 9.2. A force which acts on a particle depends linearly
on the path traversed. At the beginning of motion it is 100 N, and after
the particle has covered 10 m, the force increased to 600 N. Find the
work done by the force on the path traversed.

Solution. It follows from the hypothesis that the force F (z) acting
on the particle varies according to the law F (z) = az 4 b, where
the parameters a and b can be found from the conditions

F (0) = 100, b= 100, b= 100,
or or
F (10) = 600, 100a + 100 = 600,  a = 50.

Thus, F (z) = 50z ++ 100 and the work done by the force on the
path traversed is equal, according to (2), to

i0

0
A= g (50z 4 100) dx = 25224~ 100z = 25-100+4-100-10=35 0.

i
0

A nswer. 3500 J.

9.5*. A particle is acted upon by a force which varies in inverse
proportion to the square of the gistance to a certain object. It is known
to equal 1 N when the distance to the object was 2 m. Calculate the
work done by the force in transferring the particle from the point which
is at the distance of 10 m from the object to the point which is at the
distance of 3 m.

9.6*. Calculate the work done in compressing a spring by 15 cm,
if it is known that the acting force is proportional to the compres-
sion of the spring and that a force of 30 N is needed to compress the
spring by 1 cm.



Chapter 10

Problems
on Deriving Equations

1. Motion Problems

A system of equations which must be derived proceeding from the
hypotheses of motion problems usually contains the following quanti-
ties: a distance designated as S, velocities of moving bodies designat-
ed as u, v, w, . . ., or asletters with indices vy, v,, . . .; time designated
as ¢, 7. In cases when the motion is uniformly accelerated (or uniform-
ly retarded), the acceleration is designated as a.

Uniform motion along a straight line. Accepted assumptions:

1. The motion on separate sections is assumed to be uniform; in
this case the distance traversed is defined by the formula S = uvt.

2. Rotations of moving bodies are assumed to be instantaneous,
i.e. they do not take time; the velocity also changes instantaneously.

3. If a body moves down a river then its speed w (relative to the
bank) consists of the speed of the body in dead water u (the inherent
speed of the body) and the speed of the river flow a: w = a 4 u, and
if the body flows up the river, then its speed (relative to the bank) is
w = u — a. If the problem deals with the flow of a raft, then it is
assumed that the raft moves with the speed of the river flow.

The hypothesis of problems on uniform motion sometimes includes
a condition that either two bodies move towards each other or one
body overtakes the other. In this case, if the initial distance between
the bodies is S and the speeds of the bodies are v; and v,, then

(1) if the bodies move towards each other, then the time at which

they meet is " S H
2
(2) if the bociies move in the same direction (v; > v,), then the

time at which the first body overtakes the other is

Uy — U,

Example 1.1. A cyclist leaves town 4 for town B, and three hours
later a motor-cyclist starts from town B in the direction towards the
cyclist, the speed of the motor-cyclist being three times that of the
cyclist. The cyclist and motor-cyclist meet half-way between 4 and B.
If the motor-cyclist had left B two and not three hours after the cyclist
left A, then they would have met 15 km closer to 4. Find the distance
between A and B.

Solution. We designate the required distance between A and B
as S (km), the speeds of the cyclist and the motor-cyclist as v; (km/h)
and v,, (km/h) respectively. Then we tabulate the conditions of the
problem and equations corresponding to those conditions:
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Conditions of the problem Equation
The speed of the motor-cyclist is three vm = 3v,
times that of the cyclist
The cyclist and motor-cyclist meet half- S S 3
way between 4 and B, the motor-cyclist 2 T+
having left B 3 hours later than the cyc- —_——=—
list left A Ve Vm

ter than the cyclist left 4, then they would p)

If the motor-cyclist had left B 2 hours la- i—is %+15
have met 15 km closer to A =

+2

Ve Um

Using the first equation, we can write the second and the third
equation in the forms

S S

2ve ~ 6ug +3
S—30 _ S+30
zl)c - 6Uc +2.

From the first equation of the system we get v, = S/9. Substituting
ve = S/9 into the second equation of the system, we get an equation
enabling us to find S:

35 —180
S
Answer. The distance between A and B is 180 km.

Example 1.2. A raft starts from a pier and travels down the river.
Five hours and twenty minutes later a motor-boat starts from the
same pier and travels in the same direction. Having covered 20 km, it
overtakes the raft. What is the speed of the raft if the inherent speed
of the motor-boat is known to be 9 km/h higher than that of the raft?

Solution. Let us designate the inherent speed of the boat (i.e. its
speed in dead water) as v, (km/h) and the speed of the river flow as
vy (km/h). By the hypothesis, the inherent speed of the boat is 9 km/h
higher than that of the raft:

vp— v = 9.

=2= §=180.

Travelling down the river, the motor-boat covered 20 km in the time
20/(vyp + v;); the raft covered the same 20 km in the time 20/v,. Since
the raft covered 20 km during the time exceeding by 5 h 20 min =
l116/3 h the time needed by the boat to cover the same distance, we
ave
20 20 16

TRl 2
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Thus the solution of the problem reduces to the solution of the system
vp— v, =9,

20 20 16

ST

From the first equation we get vy, = v, 4 9. Substituting vy, = v, + 9
into the second equation, we obtain an equation for v,:

20 20 16 coaoq. _ 4am_
T =3 = S U —135=0.

Solving the last equation, we find that v, = 3. (The second root of
the equation v, = — 45/8 does not make sense in the context of this
problem.)

Answer. The speed of the river flow (as well as the speed of the
raft) is equal to 3 km/h.

1.1. A ship sails 4 km up the river and then another 33 km down
the river having spent an hour on the whole trip. Find the speed of the
ship in dead water if the speed of the river is 6.5 km/h.

1.2. A cutter sets out down the river at the same time as a raft

in the same direction and travels down theriver for 13% km, and then,

without stopping, it travels9 % km in the reverse direction and meets

the raft. How many times is the inherent speed of the cutter higher
than the speed of the river flow?

1.3. Two cars leave the same point simultaneously and start in
the same direction. The speed of the first car is 40 km/h, the speed of
the other car is 125% that of the first. Thirty minutes later, a third
car starts from the same point in the same direction. It overtakes
the first car and 1.5 h later it overtakes the second car. What is the
speed of the third car?

1.4. Three runners participate in a race for 120 m. The speed of
the first runner exceeds that og the second by 1 m/s, and the speed of
the second runner is equal to half the sum of the speeds of the first and
the third runner. Find the speed of the third runner if the first runner
is known to reach the finish 3 s sooner than the third.

1.5. An artificial reservoir is a rectangle with a 1 km difference
between the sides. Two fishermen simultaneously leave one vertex of
the rectangle for a point located at the opposite vertex. One fisherman
crosses the river in a boat, the other walks along the bank. Find the size
of the reservoir if each of them has the speed of 4 km/h and one of
them arrives 30 min earlier than the other.

1.6. Two cyclists start simultaneously from two points 270 km
apart and travel towards each other. The second cyclist covers 1.5 km
less per hour than the first cyclist and meets him in as many hours as
the first cyclist covers in an hour. Find the speed of each cyclist.

1.7. A tourist sailed 90 km down the river in a boat and then walked
10 km. He walked 4 h less than he sailed. If the tourist walked as
long as he sailed and sailed as long as he walked, the distances would
be equal. How much time did he walk and how much ti e did he sail?
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1.8. The distance between two towns is S km. Two cars set out
from these towns moving towards each other and will meet half-way if
the first car starts ¢ h earlier than the other. Now if they start simul-
taneously, they will meet in 2¢ h. Find the speed of each car assuming
that the speeds are constant over the whole distance.

1.9. A messenger sets out on a moped from town A to town B
located 120 km from A. An hour later, a second messenger sets out on
a motor-cycle from 4. He overtakes the first messenger, passes a com-
mission to him and immediately starts back at the same speed. He
arrives at A at the moment the first messenger arrives at B. What is the
speed of the first messenger if the speed of the second is 50 km/h?

1.10. A ship starting from port A and going to port C must pass
a lighthouse B on the way, the distance between A and B being 140 km
and from B to C 100 km. Three hours later a high-speed cutter left
port 4 in the direction of the ship and, having overtaken the ship,
gave a command to increase the speed by 5 km/h. The command was
immediately obeyed and, as a result, the ship passed the lighthouse B
half an hour earlier and arrived at port C an Eour and a half earlier.
Find the initial speed of the ship and the speed of the cutter.

1.11. A first tourist, having cycled for 1.5 h at 16 km/h, makes
a stop for 1.5 h and then continues travelling at the same speed.
A second tourist starts after him 4 h later, driving a motocycle at
a speed of 56 km/h. What distance will they cover before the second
tourist overtakes the first one?

1.12. Two boats start simultaneously from pier 4 down the river
to pier B. The first boat arrives at B two hours earlier than the second.
If the boats started from the piers simultaneously travelling towards
each other (the first from A and the second from B), they would meet
3 h later. The distance between the piers is 24 km. The speed of the
second boat in dead water is thrice the speed of the river flow. Find
the speed of the river flow.

1.13. First a motor boat went S km down the river and then twice
that distance across the lake into which the river flows. The trip lasted
an hour. Find the inherent speed of the motor boat if the speeg of the
river flow is v km/h. .

1.14. At 9 a.m. self-propelled barge starts from point 4 up the
river and some time later arrives at point B; two hours after it ar-
rived at B, the barge starts back and arrives at 4Aat 7.20 p.m. on the
same day. Assuming that the speed of the river flow is 3 km/h and the
inherent speed of the barge is constant, find the time the barge arrived
at B if the distance A B is 60 km.

1.15. A car left town 4 for town B and two hours later stopped for
45 min. Then it continued travelling to town B, having increased the
initial speed by 20 km/h, and later arrived at B. If the car had travel-
led at its initial speed without stopging, it would have spent the
same time to travel from A to B. Find the initial speed of the car if
the distance between 4 and B is 300 km.

1.16. A motor-cyclist left point Afor point B, the distance between
the points being 120 km. He started back at the same speed, but an
hour later he had to stop for 10 min. Then he continued travelling
to A, having increased the speed by 6 km/h. What was the initial
speed of the motor-cyclist if it is known that it took him as much time
to get back as to travel from 4 to B?
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1.17*. A motor-cyclist covers 1 km 4 min faster than a cyclist.
How many kilometres does each of them cover in 5 hours if it is known
thalt dl;ring that time the motor-cyclist covers 100 km more than the
cyclist

1.18. According to the schedule, the train always covers a certain
120 km span at the same speed. Yesterday the train covered half the
span with that speed and had to stop for 5 min. To reach the point of
destination on time, the engine-driver had to increase the speed by
10 km/h on the second half of the sgan. Today, the train stopped at
the middle of the same span, but the delay lasted for 9 min. What
was the speed of the train on the second half of the span today if again
the train reached the point of destination on time?

1.19. Two motor-cyclists began the race simultaneously from the
same start and in the same direction, one at 80 km/h and the other
at 60 km/h. A third motor-cyclist started half an hour later from the
same point and in the same direction. Find the speed of the third
moter-cyclist if it is known that he overtook the first motor-cyclist
1 h 15 min later than the second.

1.20. Two cyclists left point A at the same time and went in the
same direction. The first cyclist travelled at a speed of 7 km/h and the
second at a speed of 10 km/h. Thirty minutes later a third cyclist left
point A and went in the same direction. He overtook the first cyclist,
and 1.5 h later he overtook the second cyclist. Find the speed of the
third cyelist.

1.21. A ship and a raft start simultaneously from pier 4 and
travel down the river. Having reached pier B, located 324 km from 4,
the ship stopped there for 18 h and then started back to 4. At the
moment when it was 180 km from A, a second ship, which left 4
40 h later than the first, overtook the raft which by that time had
covered 144 km. Assuming the speed of the river flow to be constant,
the speed of the raft to be equal to that of the river flow, and the speeds
of the ships in dead water to be constant and equal, find the speeds of
the ships and of the river flow.

1.22. Point 4 is located up the river relative to point B. A raft
and a motor-boat left point A at the same time and went down the
river, and a second motor-boat started from point B and travelled up
the river. Some time later the boats met at point C and during that
time the raft covered a third of the distance from A to C. If the first
boat reached point B without stoppin§ on the way, then during that
time the raft would reach point C. If the second boat started from
point A to point B and the first boat started from B to 4, they would
meet 40 km from A. What are the speeds of the boats in dead water and
what is the distance between points A and B if the speed of the river
flow is 3 km/h.

1.23. A car and a motor-cycle left town 4 for town B at the same
time, and when the motor-cycle covered a sixth of the distance, a cy-
clist started from A in the same direction. By the moment the car
arrived at town B, the cyclist covered a fourth of the distance. The
speed of the motor-cyclist is 21 km/h lower than that of the car and as
much higher than that of the cyclist. Find the speed of the car.

1.24. A cyclist and a pedestrian left simultaneously point 4 for
point B which is 100 km from A. At the same time a car-driver started
towards them from point B. An hour after the start, the car met the
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bicycle and then, having covered another 240/17 km, it met the pedes-
trian. The car-driver reversed the car, took the pedestrian with him
and they drove on together after the cyclist and overtook him. Calcu-
late the speeds of the cycle and the car if the speed of the pedestrian is
known to be 5 km/h.

1.25. At noon sharp a pedestrian and a cyclist left point A for
point B and a horseman left point B for point A. Two hours later the
cyclist and the horseman met 3 km from the half-way point between 4
and B, and another 48 min later the pedestrian and the horseman met.
Find the speed of each of them and the distance 4 B if the speed of the
pedestrian is known to be half that of the cyclist.

1.26. Two cyclists started simultaneously towards each other
from points A and B and met 12 km from point B. After the meeting,
they arrived at points B and A4 respectively, started back immediately
and met again 6 km from point 4. Find the speeds of the cyclists and
the distance A B if the second cyclist is known to arrive at point B an
hour after the first cyclist arrived at 4.

1.27. A passenger train covers the distance between towns 4 and B
4 hours quicker than a goods train. If it took each train the same time
it had taken the other train to cover the distance from 4 to B, then the
passenger train would cover 280 km more than the goods train. Now
if each train increased its speed by 10 km/h, then the passenger train
would cover the distance from 4 to B 2 h and 24 min quicker than
the goods train. Find the distance between towns 4 and B.

1.28. At a ski race of 10 000 m the second skier took the start
some time later than the first skier, the speed of the second skier being
1 m/s higher than that of the first. At the moment when the second
skier overtook the first, the first skier increased his speed by 2 m/s and
the speed of the second skier remained the same. As a result, the
second skier finished 7 min and 8 s later than the first. If the race course
were 500 m longer, the second skier would finish 7 min and 33 s
later than the first. Find the time which passed between the starts of
the first and the second skiers.

1.29. Two cyclists left point A for point B at the same time. The
first of them stopped 42 minutes later, when he was within 1 km of B,
and the second cyclist stopped in 52 minutes, when 2 km remained to B.
If the first cyclist covered as many kilometres as the second and the
second as many as the first, then the first of them would need 17 min
less than the second. How many kilometres are there between points
A and B?

1.30. The distance between a station and a settlement is 4 km.
A boy and a car left the station for the settlement at the same time.
Ten min later the boy met the car on its way back from the settle-
ment; having walked another 1/14 km, he met the car once again,
which arrived at the station and again set out for the settlement.
Find the speeds of the boy and the car if it is known that they travelled
uniformly and without stops.

1.31. The distance between a railway station and a beach is 4.5 km.
A boy and a bus started simultaneously from the station to the beach.
Fifteen minutes later the boy met the bus returning from the beach
and walked another 9/28 km from the place of their first meeting before
the bus overtook him again, having reached the station and set out
again for the beach. Find the speeds of the boy and the bus assuming
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that the speeds are constant and neither the boy nor the bus
stopped on the way but the bus stopped for 4 min at the station and at
the beach.

1.32. A cyclist covers half the distance between points 4 and B
two hours quicker than a pedestrian covers a third of that distance.
During the time needed by the cyclist to cover the whole way from A
to B, the pedestrian walks 24 km. If the cyclist increased his speed by
7 km/h, then during the time the pedestrian walks 18 km, the cyclist
would cover the whole distance from 4 to B and 3 km more. Find the
speed of the pedestrian.

1.33. A tug-boat has a minimum time to tow two pontoons down
the river a distance of 1 km. It was decided that one pontoon would be
sent down the river by itself and the boat would tow the other pontoon
for some time, then would leave it and return to the first one and tow
it to the point of destination. For how many kilometres must the second
pontoon be transported by the boat for both pontoons to arrive at the
point of destination at the same time, and how much time would the
whole operation take if the inherent speed of the tug-boat is v km/h and
the speed of the river flow is u km/h?

1.34*. A passenger knows that at the given part of the way the
speed of the train is 40 km/h. As soon as a train going in the opposite
direction began passing by the window, the passenger started his stop-
watch and noteg that the train passed the window during 3 s. Find
the speed of the train going in the opposite direction if its length is
known to be 75 m.

1.35. Two trains travel uniformly in opposite directions along
straight parallel tracks which are 60 m apart. Each train is 100 m
long. A switchman is at a distance of 40 m from the track which is
closer to him. The first train obstructs from his view a part of the
second train for 5 s. The speed of the first train is 16 m/s. Find the
speed of the second train. (Neglect the width of the trains.)

1.36. Two identical ships start simultaneously from two piers:
the first ship starts from pier A down the river and the other from
pier B up the river. By the time they meet, the first ship covers thrice
the distance covered by the second ship. Each ship arrives at the point
of destination, stops there for some time, and then starts back. If,
the first ship stops at B for 40 min more than the second ship stops at 4
then on their return trip they will meet 12 km from A. Now if the
first ship stops at B for 40 min less than the second ship stops at 4,
then on their return trip they will meet 26 km from B. Find the dis-
tance between A and B and the speeds of the ships in dead water.

1.37. The piers A and B are on opposite banks of the lake. A ship
sails from A to B, stops at B for 10 min, and returns to 4, its speed in
both directions being constant and equal to 18 km/h. At the moment
the ship starts from A4, a boat, sailing with a constant speed, starts
from B to A towards the ship. The boat and the ship meet at 11 h
10 min. At 11 h 25 min the boat is 3 km from A. Starting from B to 4
after the stop, the ship overtakes the boat at 11 h 40 min. Find the
time of arrival of the boat at 4.

1.38. A column of motor-cycles travels with the speed of 15 km/h,
the distance between every two motor-cycles being 50 m. A cyclist
pedals in the opposite direction along the column (reckoning from the
first motor-cycle). Having come up to the 45th motor-cycle, he in-

14-0263
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creases his speed by 10 km/h and comes up to the last motor-cycle. Then
he goes back and overtakes the first motor-cycle with the same (increa-
sed) speed. If the cKclist travelled with that (increased) speed from
the very beginning, he would have returned to the head of the column
15/8 min earlier. Find the initial speed of the cyclist (neglect the
lengths of the bicycle and the motor-cycle and the time it takes the
cyclist to turn back).

When solving textual problems, it is first necessary to choose the
unknowns which would enter a system of equations. The following
principle may be at the basis of such a choice: the unknowns must be
introduced so that the equations derived would make it easier to write
the conditions of the problem. It is not obligatory for the required
quantity to be among the chosen unknowns. As a rule, with such
a choice of the unknowns the required quantity is a certain combina-
tion of the unknowns introduced, to find which it is not necessary to
find all the unknowns entering into it separately.

In motion problems, it is usually convenient to choose as unknowns
the distance (provided that it is not given) and the speeds of the
moving objects appearing in the hypothesis.

Example 1.3. The towns A and B are on the river bank, the town B
being located down the river. A raft starts from town 4 to town B
at 9 a.m. At the same time, a boat starts from town B to town 4 and
meets the raft 5 h later. Having reached town A4, the boat goes back
and arrives at town B at the same time as the raft. Will the boat and
:;ihe i1;zift have enough time to arrive at town B at 9 p.m. of the same

ay
Solution. We isolate from the hypothesis the statements whose
mathematical notation forms a system of equations of problem. There
are two of them:

(1) the boat and the raft start simultaneously and meet 5 h later;

‘(IZV) the boat returns to town B at the same time as the raft.

e choose the following quantities as the unknowns: the distance
between the towns, in km, which we designate as S; the velocity of
the river flow and the speed of the boat in dead water, which we desig-
nate as v, (km/h) and v, (km/h) respectively. These unknowns enable
us to write in a simple form the conditions of the problem as a system
of equations.

The condition of the problem The equation
The boat and the raft start simultane- S —5
ously and meet 5 h later or+@Wp—ur)
The boat returns to B at the same time S s _ S
as the raft vb+r + w—vr  Ur

The ratio S/v; in the last equation is the time of travel of the raft,
S/(vy — v;) is the time of travel of the boat up the river, S/(vy 4 v;)
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is the time of travel of the boat down the river. The conditions of the
problem form a system of two equations in three unknowns:

£ _—5,
Uh
s s__S
Vp+Ur Vh—Vr vp °

We cannot find all three unknowns from the given system. It is,
however, only required to find whether the boat and the raft have
enough time to arrive at town B at 9 p.m., i.e. we have to find the
time of travel of the boat or the raft. Since the time of travel of the
raft is S/v;, we have to find, from the system of equations, not the
unknowns S, vy, and v, themselves, but only the ratio S/v.. We divide
both sides of the second equation by S/vy, and the system assumes
the form s

= =5,

Vb
11 1
ve/vp ~ A—vpfop " A+tur/vp

i.e. the system contains only two unknown quantities, S/vy, and v,/ Up.

From the second equation of the system we find that v./vy, = —1 + V2.
By the sense of the problem, only one value of the ratio v;/v), is suita-

ble, namely, v./vy, = ]/2—— 1. It is now easy to find the ratio S/v.:

S __ S8 .o -
e =5(V2+1).

5
Ur " vp 1/2—-1
It is easy to (Frove that the value of the ratio S/v. we have found
exceeds 12 and, consequently, the boat and the raft will not manage

to arrive at B at 9 p.m.
Answer. They will not have enough time.

1.39. A passenger train set out from town A for town B and at
the same time a goods train started from B to A. The speed of each
train is constant throughout the way. Two hours after they met, the
distance between them was 280 km. The passenger train arrived at the
point of destination 9 h and the goods train 16 h after their meeting.
How much time did it take each train to cover the whole distance?

1.40. Two trains start towards each other at constant speeds,
one from Moscow and the other from Leningrad. They can meet half-
way if the train from Moscow starts 1.5 h earlier. If both trains started
simultaneously, then 6 h later the distance between them would equal
a tenth of the initial distance. How much time does it take each train
to cover the distance between Moscow and Leningrad?

1.41. Two cyclists start simultaneously from points A and B

towards each other and, travelling at constant speeds, meet 2 % h later.

If the first cyclist increased his speed by 50 per cent and the second by
20 per cent, then it would take the first cyclist 2/3 h more to cover

14*
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the distance between 4 and B than the second. What time does it
take each cyclist to cover the distance between A and B if they both
travelled at their initial speeds?

1.42. Two cars started simultaneously from point A and drove
along the highway and an hour later a third car started after them.
An hour later the distance between the third and the first car decreased
by afactor of 1.5 and thatbetween the third and the second car de-
creased two times. The speed of which car, the first or the second, is gre-
ater and by how many times? (The third car is known not to overtake
the first two.)

1.43. A local passenger train left point A for point B. Three hours
later an express train started from A after them and overtook the local
train half-way between points A and B. By the time the express train
arrived at B, the local train covered 13/16 of the distance between A4
and B. How much time did it take the local train to cover the distance
from A to B if the speeds of both trains are constant?

1.44. A cyclist left point A for point B. At the time he covered 1/4
of the distance from A to B a motor-cyclist left B for A and having
reached point A, started back without delay and arrived at B at the
same time as the cyclist. The time it took the motor-cyclist till his
first meeting with the cyclist is equal to the time it took him to cover
the distance from A to B. Assuming the speeds of the motor-cyclist
to be different on his way from A-to B and from B to A4, find by how
many times the speed of the motor-cyclist on his way from 4 to B is
greater than the speed of the cyclist.

1.45. A bus starts from point 4 to point B. Having reached B, it
travels in the same direction. At the moment the bus reaches point B
a car starts from point A and runs in the same direction as the bus.
It takes the car 3 h 20 min less to cover the distance from 4 to B than
the bus. Find those times if their sum is half as large as the time it
takes the car to overtake the bus.

1.46. Two cyclists and a pedestrian started from point A to point B
at the same time. More than an hour after his start, the first cyclist
had an accident with his bicycle and continued on foot, travelling
4.5 times slower than he travelled on the bicycle. The second cyclist
overtook him 5/8 h after the accident and the pedestrian 10.8 h after
the accident. By the time of the accident the second cyclist covered
twice the distance the pedestrian covered by the moment 5/36 h later
than the moment of the accident. How many hours after the start did
the accident occur?

1.47. Two pedestrians started simultaneously, the first from A4
to B and the second from B to A. When the distance between them
became one-sixth of the initial distance, a cyclist started from B to 4.
The first pedestrian met him the moment the second pedestrian covered
4/9 of the distance from B to A. The cyclist arrived at A at the same
time as the first pedestrian arrived at B. Find the ratio of the speeds
of the pedestrians to that of the cyclist.

1.48*. A motor-cyclist covered the distance of 200 km between
towns A and B in 6 h. At first he travelled at the speed v,, exceeding
15 km/h, and then at the speed v,, the lengths of time of movement
at each speed being proportional to the speeds. Four hours after he
started, tge motor-cyclist was 120 km from town A. Find the speeds
vy and v,.
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1.49. A tractor moves from point A to point B. The radius of the
front wheel of the tractor is smaller than that of the rear wheel. On
the way from A to B the front wheel made 200 rotations more than
the rear wheel. If the circumference of the front wheel was 5/4 times
longer, then on the way from 4 to B it would make 80 rotations more
than the rear wheel. Find the lengths of the circumferences of the
front and the rear wheel of the tractor if the circumference of the
rear wheel exceeds by 1 m that of the front wheel.

1.50. Three sports cars of different makes started simultaneously
in a motor-rally. The crew of the first car lost three hours on repairs
during the rally and, as a result, they finished an hour later than the
second crew. Find the speeds of the cars if it is known that the ratio
of the speed of the second car to that of the third car is 5 : 4, the speed
of the third car is 30 km/h lower than that of the first car and that
3 hours elapsed between the finishes of the second and the third car.

1.51. A ship sails between two towns, its speed in good weather
differs from that in bad weather. On Monday, during its voyage, good
weather lasted an hour lonfirer than bad weather. On Tuesday the
ship ran in good weather as long as it ran in bad weather the previous
day, and in bad weather it ran 41 h 4 min longer. On Wednesday,
the ship ran in good weather 2 h 30 min longer than on the previous
day, and it was 9 km from the point of destination when the weather
became bad. On Thursday good weather lasted 0.5 h longer than on
Tuesday, and then an accident occurred and the ship had to decrease
its speed by 5 km/h. Find the distance which the ship covered a day
and the speeds of the ship in good and in bad weather if it is known
thatdafter the accident the ship ran half an hour longer than before the
accident.

1.52. Three pedestrians started simultaneously, each of them
having his own'route, ¢ hours later it remained for the second pedestri-
an to walk half as much again as the first pedestrian had covered, and
it remained for the first pedestrian to walk thrice as far as the third
pedestrian had covered, 2t hours after he started, the first pedestrian
had to walk half the distance the second had covered, and the third
pedestrian had covered the distance that remained for the first and
second pedestrians taken together. How long were the first and the
second pedestrian en route?

Some problems contain conditions whose mathematical notation
is an inequality.

Example 1.4. A fast (long-distance) train starts from point 4 to
oint B at 8 a.m. At the same time alocal train and an express start
rom B to A, the speed of the local train being half that of the express.

The fast train arrives at B at 1.50 p.m. and meets the express not
earlier than 10.30 a.m. on the same day. Find the time of arrival of
the local train at point A4 if it is known that the last train met the
local train not less than on hour later it met the express.

Solution. We introduce the following unknowns to write the
conditions of the problem: we desi nate the distance between the
towns as S (km), the speed of the fast train as vy (km/h), the speed of
the local train as v; (km/h).Then the speed of the express is 2v; (km/h).
We write the conditions of the problem as a system of equations and
inequalities, )
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Condition of the problem Equation, inequality
The fast train arrived at B at 1.50 p.m., S 35
i.e. in 5 h 50 min. 6
The fast train meets the express not S 5
earlier than 10.30 a.m., i.e. not earlier ot 201 =3
than in 2 h 30 min.
The fast train met the local train not S S
less than an hour later it had met the For " uFow =1
express vl f 1

The last inequality means the following: the ratio S/(vy 4+ 2v))
is the time which elapsed from the start to the meeting of the fast
train and the express and the ratio S/(vy 4+ v)) is the time which
clapsed to the meeting of the fast and the local train. The difference
between these ratios is the time which passed from the meeting of the
fast train and the express to the meeting of the fast train and the
local train. By the hypothesis this difference is greater than or equal
to 1.

The inequalities which express the conditions of the problem can
also be written as follows:

S/ve 5
14 2vy/v¢ >_2- !
S/ve S/ve

14y 1420/ =

Substituting the value of the ratio S/v¢ into these inequalities and
performing obvious transformations, we obtain the following system
of inequalities:

vlvy < 2/3, v/vy <2/3,
or
12 (n/vg)2 — 17 (v/vr) + 6< 0, 2/3 < v/vs < 3/4.

The last system has a unique solution: vj/vy = 2/3.
It isrequired to find the time of arrival of the local train at point 4,
i.e. the quantity S/v

S _ S w_3 3 35 _ o3
4‘

v v w62 &
Thus it takes the local train 8 h 45 min to accomplish the trip and it
arrives at point 4 at 4.45 p.m.

1.53. A boat sails 10 km down the river and then 6 km up the
river. The speed of the river flow is 4 km/h. What must be the range of
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the inherent speed of the boat for the whole trip to take from 3 to
4 hours?

1.54. A boat sails up the river, the speed of the river flow being
v km/h. Having sailed ! km, it “gets into a lake with dead water”.
What should the inherent speed of the boat be for the total distance
of S km to be covered in not more than ¢ h?

1.55. Two cyclists start simultaneously towards each other from
points A and B which are 120 km apart and meet more than 5 hours
later. The next day they start simultaneously in the same direction
from points C and D which are 36 km apart. The cyclist, who isleading,
pedals at a speed which is 6 km/h higher than it was on the previous
day and the cyclist who is behind him travels at the same speed as
the previous day. Will 2 h be enough for the second cyclist to overtake
the first one?

1.56. A motor-boat, whose speed in dead water is 6 km/h, starts
from pier 4 to pier B which is 12 km down the river. At the same time
a motor-launch whose speed in dead water is 10 km/h starts from B
to A. After their meeting, they turn back and return to their piers.
Find all possible values of the speed of the river flow v for which the
boat arrives at A not sooner than an hour after the motor-launch
returns to B.

1.57. A raft starts from pier 4 down the river which flows at speed
v km/h. An hour later a motor-launch whose speed in dead water is
10 km/h follows the raft. Having overtaken the raft, the motor-launch
comes back. Find all the values of v for which the raft covers more
than 15 km by the moment the motor-launch returns to 4.

1.58. A village is located on a river bank and a school on a high-
way which crosses the river at right angles. In winter the schoolboy
skies from the village to the school taking a straight road across the
river and it takes him 40 min to get to the school. In spring, when the
roads are bad, he walks along the river bank to the highway and then
along the highway to the school and it takes him 1 h 10 min to accom-
plish the trip. In autumn he walks along the river bank half the dis-
tance between the village and the highway and then crosses the river,
and in that case it takes him less than 57 min to get to the school.
Find what is farther away: the village from the highway or the school
from the river if it is known that the boy always walks at the same
speed and skies at the speed 25% higher (assume that the river and the
highway are straight lines).

Movement in a circle. If two bodies move along a circle of radius R
with constant speeds v; and v, in opposite directions, then the time
between their meetings can be calculated by the formula 2aR/(v, 4 v,).

If two bodies move along a circle of radius R with constant speeds v,
and v, (v; > v,) in the same direction, then the time between their
meetings can be calculated by the formula 2nR/(v; — v,).

Example 1.5. Two bodies move in different directions along a circle
1 m in circumference with constant velocities and meet every 6 s.
When they move in the same direction, the first body overtakes the
second every 48 s. Find the linear velocities of the bodies.

Solution. We designate the velocities of the bodies as v; m/s and
v, m/s respectively. Then, according to the hypothesis, we obtain the
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following systems of equations:

1/(vy - vy) = 6, v v, = 1/6,
1/51;1 i e A + vy = 1/48.

Solving the last system, we get v; = 3/32 and v, = 7/96.
Answer. The velocity of the first body is 3/32 m/s and that of the
second body is 7/96 m/s.

Example 1.6. Three racers start simultaneously from the same
point on the highway, which has the shape of a circle, and race in
the same direction at constant speeds. TEe first racer overtook the
second for the first time when he made his fifth circle and at the point
which is diametrically opposite to the start, and half an hour later
he overtook the third racer for the second time since he started. The
second racer overtook the third one for the first time 3 h after the
start. How many circles does the first racer make in an hour if the
second racer makes a circle in not less than 20 min?

Solution. We designate the length of the“circular track as S (km)
and the speeds of the racers as v; (km/h), v, (km/h), and v, (km/h)
respectivefy. By the hypothesis, v; > v, > vs.

The first racer overtakes the second with the speed v; — v, and the
third one with the speed v; — vg, and the secong racer overtakes the
third with the speed v, — v;. At the moment one racer overtakes
another for the first time, he covers a distance which exceeds by S
the distance covered by the other racer, when he overtakes him for
the second time, he covers the distance 2§ greater than that covered
by the other racer, and so on.

We can write the hypothesis as the following equations.

The hypothesis The equation

The first racer overtakes the second for

the first time while making his fifth s
round, at a point which is diametri- S 2
cally opposite to the start (i.e. having vi—ve vy

made 4.5 of a circle).

Half an hour after his meeting with the
second racer, the first racer overtakes 9 s

the third racer for the second time (i.e. 2 1 28
the first racer makes two rounds more 1 'I‘?:vl—
than the third one).

The second racer overtakes the third s
one for the first time 3 hours after the 2 -3
start. Vg — Vg

The second racer makes a round in not S 1
less than 20 minutes. Vs~ 3
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To obtain a single-valued solution, it is necessary to take into
consideration the inequality appearing among the conditions of the
problem. By the hypothesis, it is required to find the ratio v,/ rather
than the unknowns S, v;, v,, and vs. It is, therefore, convenient to
introduce new unknowns z, y, z:

z=10/8, y=v,/S, z= 1,8,

defining the number of rounds made by each racer in an hour. For
these unknowns the system of equations assumes the following form:

T—y=57

g—g= 2
2= 94z °

y—Z='3—.

Adding the first and the last equation together and subtracting the
second equation from the sum obtained, we get a quadratic equation
for z:

2z2 — 15z } 27 = 0.

From this we find two values of z: z, = 9/2, z, = 3. Now, directing
our attention to the first equa%ion of the system, we find two values
ofy:y,= —;—zl = % and y, = g% = %; taking the third equation of
the system, we find the respective values of z, and z,.

The value y; = 7/2 does not satisfy the inequality y<< 3, and,
consequently, the triple of numbers z, = 9/2, y, = 7/2, and z; =
19/6 is not a solution of the system. The value y, = 7/3 satisfies
the last inequality of the system and, consequently, z, = 3 is the
only solution of the problem.

A nswer. The first racer makes three rounds in an hour.

1.59. Two bodies move in a circle uniformly in the same direction.
The first body makes a circle 2 s quicker than the second and overtakes
the second body every 12 s. How much time does it take each body
to make a circle?

1.60. Two sportsmen run along the same closed track in a stadi-
um. The speed of each runner is constant but the first sportsman
makes a round 10 s quicker than the second. If they begin at the same
start and run in the same direction, then they will meet again in 720 s.
How much of the track does each runner cover per second?

1.61. Two points rotate uniformly along two concentric circles.
One of them makes a full circle 5 s quicker than the other and, there-
fore, makes two rotations more per minute. How many rotations
a minute does each point make?

1.62. Two points move along a circle of radius R uniformly in
the same direction. One of them makes a full rotation ¢ s quicker than
the other, and the periods between successive meetings are equal to T,
Find the speeds ofp the points,
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1.63. Two skaters have to run a ring S km long. When the winner
finished, the other skater had to run one more complete circle. Find
the length of the race-course if the winner, who completed every full
circle a s quicker than the other skater, ran the distance in ¢ min.

1.64*. The hour and the minute hands of a clock coincide at
midnight. At what time of the new day will the hour and the minute
hands coincide again if the hands are assumed to move without jumps?

1.65. At a certain moment a watch is 2 min behind although it
isrunning fast. If it was 3 min behind but was 1/2 min faster in 24 hours
than it is now, it would show the correct time a day earlier than it
would do now. By how many minutes a day is the watch fast?

1.66. By a signal of the trainer two ponies started simultaneously
and ran uniformly along the outer circumference of the circus ring in
opposite directions. The first pony ran faster than the second and by
the moment of their meeting it covered 5 m more than the second. Conti-
nuing the run, the first pony ran to the trainer 9 s after meeting
the second pony and the second pony ran to the trainer 16 s after
the meeting. What is the diameter of the circus ring?

1.67. Points A and B are diametrically opposite points on a cir-
cular road 36 km long. A cyclist started from point A and made two
circles. He made the first circle with a certain constant speed and then
decreased his speed by 3 km/h. The time between his two passages
through point B is known to be 5h. Find the speed with which the
cyclist made the first circle.

1.68. Three racers, first 4, then B and then C, start with an inter-
val of 1 min from the same point on a circular highway and race in the
same direction at constant speeds. It takes each racer more than 2 min
to make a circle. Having made three circles, racer A overtakes racer
B for the first time at the start, and 3 min later he overtakes racer C
for the second time. Racer B overtakes racer C for the first time also
at the start having completed 4 circles. How many minutes does it
take racer A to make a circle?

1.69. Threeracers, 4, B, and C, start simultaneously but from differ-
ent points and race at constant speeds in the same direction along a
circular highway. At the moment of the start racer B was ahead of ra-
cer A by 1/3 of the length of the highway, and racer C was ahead of ra-
cer B by the same distance. Racer A overtakes B for the first time when
B completes his first circle and 10 min later he overtakes racer C
for the first time. It takes racer B 2.5 min less to complete a circle
thai\ ;acer C. How many minutes does it take racer 4 to make a full
circle

1.70. A car and a motor-cycle start simultaneously from point 4
a circular highway and drive in the same direction at constant speeds.
The car makes two circles in the same direction without a stop and
at the moment when it overtakes the motor-cycle the latter reverses
its direction, increases its speed by 16 km/h and 22.5 min after the
reversal arrives at point A at the same time as the car. Find thelength
of the distance covered by the motor-cylce if that distance is 5.25 km
shorter than the length of the highway.

Problems on uniformly accelerated motion. When solving problems
of this kind, use is usually made of the following two formulas relat-
ing time ¢, the path traversed S, the initial velocity v,, acceleration
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a, and speed v:
S = vyt + at?/2,

a= (v — vy)lt,

where ¢ > 0 if the motion is uniformly accelerated and a << 0 if the
motion is uniformly decelerated.

Example 1.7. A car drives from point 4 to point B at a constant
speed of 42 km/h. At point B it changes to a uniformly decelerated
movement, decreasing its speed by a km/h until it comes to a comple-
te stop. Then it immediately begins driving with a uniform accelera-
tion of a« km/h2. What must be the value of a for the car to be as close
to B as possible 3 h after the resumption of movement?

Solution. We designate the distance from point B to the place
where the car stops as S, (km), the time it takes to travel that distance
as t; (h), and the distance the car covered in 3 h travelling with uni-
form acceleration as S, (km). We tabulate the conditions of the prob-
lem with the aid of the unknowns introduced.

The hypothesis Equation
At point B the car, which drives at 42
42 km/h, changes to a uniformly dece- i =a
lerated movement, its speed decreasing .
by a km/h, to a complete stop. Sy =42t — aty

2

The car drives with a uniform accele- _ a3
ration of a km/h? for 3 h. Sy= )

We have thus obtained a system of three equations

a = 42/t1,
S, = 42t — atj/2,
S, = 9a/2

to find four unknowns q, ¢,, Sy, and S,. This system does not yield a
unique value for the required acceleration a. The hypothesis, however,
contains one more condition making it possible to find the quantity
a, namely, it is necessary to find the value of a such that the distance
Sy + S, be minimal. Wewrite the distance S, 4+ S, as a function of
the acceleration a. The first equation of the system yields ¢, = 42/a,
Substituting the 42/a for ¢, into the second equation of the system and
adding the equation obtained to the third equation of the system, we
get

, 422 9
SitSi=gg +5-
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On the interval (0, 1 oo) the function f (a¢) = S; 4 S, attains its
minimum value for a = 14.
Answer. a = 14 km/h2,

1.71. A free-falling body is known to cover 4.9 m in the first second
and 9.8 m more than during the preceding second for every subsequent
second. Suppose two bodies begin falling from the same height, one
after the other, with an interval of 5 s. In what time will they be at a
distance of 220.5 m from each other?

1.72. Two bodies begin moving simultaneously in the same direc-
tion from two points wﬁich are 20 m apart. One of the bodies, which
is behind, moves with a uniform acceleration and covers 25 m in the
first second and 1/3 m more than during the preceding second for every
subsequent second; the other body, which moves with uniform decele-
ration, covers 30 m in the first second and 1/2 m less than during the
preceding second for every subsequent second. In how many seconds
will they meet?

1.73. Two particles, which are at a distance of 295 m from each
other, simultaneously begin moving towards each other. The first par-
ticle"moves uniformly at 15 m/s, and the second particle covers 1 m
during the first second and 3 m more than during the preceding second
for every subsequent second. Through what angle will the second hand
of a clock move during the time which passes from the moment the par-
ticles begin moving until they meet?

1.74. Two bodies move towards each other from two points which
are 390 m apart. The first body covers 6 m in the first second and 6 m
more than during the preceding second for every subsequent second.
The second body moves uniformly at 12 m/s, having started”57s after
the first body. How many seconds after the first start will they meet?

1.75. Two ships sail towards each other in"a fog"at the same speed
v,- At the distance of 4 km between them the captains reverse motion
for a certain time period with an acceleration of 0.1 m/s2. What is the
greatest speed of the ships at which they will not collide?

1.76. A ball rolls along a foot-ball field at right angles to its side
line. Assume that moving with uniform deceleration the ball rolls 4 m
in the first second and 0.75 m less than during the preceding second
for every subsequent second. A"player who is at a distance of 10 m from
the ball runs in the same direction as the ball in order to overtake it.
Running with uniform acceleration, the player covers 3.5 m in the first
second and 0.3 m more than during the preceding second for every sub-
sequent second. How long does it take the player to overtake the ball
and will he have time enough to do that before the ball crosses the side
line if the player has to cover 23 m to the side line?

1.77. A car drives up ahill. It reaches point A and then passes
30 m in the first second and 2 m less than during the preceding second
for every subsequent second. Nine seconds after the car reached point
A, a busstarts from point B,"which is" 258 m from 4, and'drives towards
the car. In the first second the bus covers 2 m and then it makes 1 m
more than during the preceding second for every subsequentYsecond.
What distance did the bus®cover before it met the car?

1.78. A motor-cyclist starts from point A and travels with a uniform
acceleration of 12 km/h? (the initial speed being zero). Having attain-
ed the speed v km/h, he travels with that speed for 25 km and then
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slows down uniformly, the speed decreasing by 24 km/h, to a com-
plete stop. Then he immediately reverses the motor-cycle and travels to
point A at the constant speed v km/h. At what speed v will the motor-
cyclist cover the way hacﬂ in the shortest time possible, from the stop
to point A?

1.79. Two cars drive along a highway one after the other at a dis-
tance of 20 m from each other at 24 m/s. The drivers notice an obstacle,
apply the brakes, and change to a uniformly decelerated motion
with the accelerations a; and a, (a; << 0 and a, << 0) until they come
to a complete stop. The driver of the front car began slowing down 2 s
earlier than the driver of the rear car. The acceleration of the front car
is a;, = — 4 m/s?. The smallest distance the cars apgroached each
other is 4 m. Which of the cars was the first to stop? Find the accelera-
tion a, of the rear car.

1.80. A service lift goes down a tower 320 m high. First its speed
is 20 m/s then it switches over instantaneously to 50 m/s. Some time
after the lift begins to move, a stone is thrown from the top of the
tower which performs a free fall and reaches the ground at the same time
as the lift. When falling, the stone was always above the lift, their max-
imum distance being 60 m. At the moment the speed of the lift was
switched over, the speed of the stone was higher than 25 m/s but lower
than 45 m/s. How long after the lift began moving was the stone thrown
down? Assume the acceleration of the free fall of the stone to be
equal to 10 m/s2.

1.81.* Two trains started simultaneously from points 4 and B
towards each other. At first each of them travelled with uniform accel-
eration (the initial speeds of the trains are zero, the accelerations are
different), and then, having attained a certain speed, they travelled
uniformly. The ratio of the constant speeds of the trains is 4/3. At
the moment of their meeting, the trains ran with equal speeds and ar-
rived at points B and A at the same time. Find the ratio of their ac-
celerations.

1.82*, Two trains started simultaneously towards each other from
points A and B. At first each of them travelled with uniform accelera-
tion and then, having attached a certain speed, they travelled uniform-
ly. The ratio of the constant speeds of the trains is 5/4. At a certain
moment their speeds became equal; by that moment one of them cov-

ered a distance 17*- times larger than the other. The trains arrived at

points B and A at the same time. What part of the distance had each
train covered by the time their speeds became equal?

2. Problems on Work and Productivity

In problems involving work, the system of equations which must
be formed on the basis of the hypotheses usually contains the following
quantities; time ¢ during which a job is performed, productivity N,
i.e. work done in unit time, and work W done during time ¢.

N The equation relating these three quantities has the form W =
-t.

With obvious changes, problems involving pumping of liquids,

which are often encountered in textbooks, can be referred to as prob-
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lems on work. In such cases, it is convenient to consider the volume of
the water pumped as the work done.

Example 2.1. Two pi{)es lead to a reservoir—an inlet pipe through
which the reservoir is filled and an outlet pipe. Two hours more are
needed to fill up the reservoir through the inlet pipe than to drain the
water through the outlet pipe. Both valves were opened when the re-
servoir was a third full and it became empty 8 hours later. How many
hours does it take the inlet pipe to, fill up the reservoir if it operates
alone and how many hours does it take the outlet pipe to empty the

full reservoir if it operates alone?
Solution. Assume that V m3 is the volume of the reservoir, z m3/h

is the productivity of the inlet pipe and y m%Mh is thedproductivity of
the outlet pipe, V/z (h) is the time the inlet pipe needs to fill ulp the
reservoir and V/y (h) is the time the outlet pipe needs to drain all the
water from the reservoir. By the hypothesis

Viz — Viy = 2.

Since the productivity of the outlet pipe exceeds that of the inlet pipe
(z < y), it follows that when both pipes are opened simultaneously,
the water is drained and one-third of the water is drained during the

time . which is equal to 8 hours by the hypothesis.

Thus according to the hypothesis we obtain the following system of
two equations in three unknowns:
Viz — Viy = 2,
Vi(y — z) = 24,
We have to find V/z and V/y. Let us isolate a combination of the un-
knowns V/z in the problem, writing the system in the form

14 Viz
—_— :2,
z ylz
Viz
V=1

Introducing new unknowns V/z = ¢ and y/z = k, we get the following
systems:
t—tlk =2, kt —t — 2k =0,

t/(k — 1) = 24, = t=24 (k—1).
Substituting ¢ = 24 (k— 1) into the first equation of the last system,
we get an equation for k:

12k2 — 25k 4 12 = 0 = ky = 4/3; ky = 3/4.
The root k, = 4/3 satisfies the condition of the problem (y > z).
From the second equation of the last system we find ¢ = 8, i.e. the

first pipe can fill up the reservoir in 8 h. Let us now find the time
during which the second pipe can drain the water:

|4 V =z V .y ‘4—6.
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Answer. 8 h and 6 h.

Example 2.2. Two excavators of different desiﬁns have to dig a
trench. One excavator alone can do the job 3 h quicker than the other.
The sum of the times needed by the two excavators working separately

is, 43% times larger than the time it_takes the excavators to do the job

if they work together. Find the time it takes each excavator to do
the job if it works alone.

Solution. We introduce the followingjquantities as unknowns:
V (m3), the volume of the earth removed, N, (m%h) and N, (m%h),
the productivity of the first and the second excavator respectively.
V/N, is the time it takes the first excavator to dig the trench when it
works alone, and V/N, is the time it takes the second excavator to do
thle joé) if it works alone. By the hypothesis, these two quantities are
related as

VIN, + 3 = VIN,,

and their sum V/N; 4 V/N, is 4% times larger than the time it takes

the two excavators when they work together, i.e. than the time
A/(Ny + N,):
Ao v __v v
3% N,+N; N, ' Ng°

The hypothesis can be written as the following system of two equa-
tions:

4

Vg VN
Ny T NN,
Vo, VN, _ 14  V/N,
N, No/Ny 35 14Np/N,°
?‘or the unknowns ¢t = V/N, and k = N,/N, the system assumes the
orm

t43=L,

t 144 ¢
= TFE

Expressing k from the first equation in terms of ¢ and substituting
k = t/(t 4 3) into the second equation, we obtain

412 4 12t — 315 = 0.

The positive root of this quadratic equation, ¢ = 15/2 (h), is the time
it takes the first excavator to dig the trench when it works alone. From
the first equation of the last system we can find the value k = 15/21
corresponding to ¢t = 15/2. Noting' that the second required quantity
is VIN, = t/k, we find that the time it takes the second excavator
to do the job alone is 24/2 h.

Answer. 7.5 h and 10.5 h.



224 Ch. 10 Problems on Deriving Equations

2.1. According to schedule, a team of lumbermen had to stock
216 m3® firewood in several days. For the first three days the team
worked according to the schedule, and then each day they chopped
8 m3of firewood more than was planned. Therefore, a day before the as-
signed date, they had a stock of 232 m3 of wood. How many cubic me-
tres of wood a day should the team have chopped according to plan?

2.2. A team of metal workerscan do a certain job of machining parts
15 h quicker than a team of apprentices. If a team of apprentices works
for 18 h on the job and then a team of metal workers continues with
the task for 6 h, only 0.6 of the total job will be done. How much time
will it take a team of apprentices to complete the job?

2.3. Two valves A and B fill up a tank. If valve 4 is switched on
alone, then it takes 22 min more to fill up the tank than if valve B
is switched on alone. When the two valves are opened, the tank is filled
in an hour. How much time does it take each valve separately to fill
up the tank?

2.4. There are two different exits from the cinema. Using them both,

the spectators can leave the cinema hall in 32 min. If thespectators

use only the larger exit, it will take them 4 min less to leave the hall
than if they use only thesmaller exit. How much time will it take the
spectators to leave the cinema hall if they use each exit separately?

2.5. A certain job is being done by three computers of different
makes. It takes the second computer, working alone, 2 min more to do
the job than the first computer working alone. It takes the third com-
puter, working alone, twice as much time as the first computer. The
parts of the work being equivalent, the job can be divided between the
three computers. In that case, working together, they can finish the
job in 2 min 40 s. How long would it take each computer to do the
whole job if they worked se(i)arately?

2.6. A can finish a job ¢ days later than B and 7 days later than
C; A and B, working together, can do the job in as many days as C
working alone. How long does it take each of them to complete the
job if they work separately. For what ratio of ¢ and T does the prob-
lem have a solution?

2.7. It takes each of the three workers a certain time to do the as-
signed job, the third worker doing the job an hour quicker than the first
worker. Working together they can finish the job in an hour. If the
first worker works for an hour and then the second worker works for 4
hours, they will complete the job together. How long would it take
each worker to complete the job himself?

2.8. Two workers received the same assignment: to make a certain
amount of machine parts during a certain time period. The first of
them did the job in time, and the second worker accomplished only
90 per cent of the task in that time, having left unfinished as many
parts as the first worker could make in 40 min. If the second worker
made three parts more per hour, he would accomplish 95 per cent of
the assignment. How many parts was each worker supposed to manu-
facture?

2.9. Two workers did a job in ten days, the last two of which the
first worker did not work. How many days would it take the first work-
er to complete the job alone if it is known that for the first seven days
they accomplished 80% of the job working together?
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2.10. Two teams of plasterers, working together, plastered an apart-
ment house in 6 days. Some other time, they worked on a club and did
three times as much work as they did when plastering the house.
In the club they took turns working: first the first team worked and
then the second team completed the job. The first team accomplished
twice as much work as the second team. The job was completed in 35
days. How many days would it take the first team to plaster the apart-
ment house if it is known that it would take the second team 14 days
to do the job?

2.11. A team of three tractors (two tractors of make 4 and one of
make B) plough a field of 400 hectares in 10 days when the three trac-

tors work together. The tractor of make B can plough the field 8,1? days

quicker than one tractor of make A can do the job. How many hectares
a day can a tractor of make A and a tractor of make B plough if they
work separately?

2.12*, Each of two workers has to machine the same number of
Earts. The first of them began working at once and finished the job 8

ours later. The second worker first spent more than 2 h adjusting the

attachment and then, using it, finished the job 3 h earlier than the first
worker. The second worker is known to machine as many parts an hour
after he began working as the first worker machined Ey that time.
How many times does the attachment increase the productivity of the
machine-tool (i.e. the amount of the parts machined per hour)?

2.13. Two tractors plough a field divided into two equal parts.
The tractors begin working at the same time, each on its part. Five
hours after they ploughed half the field working together, it was found
that it remained for the first tractor to plough 1/10 of its part, and the
second tractor had to plough 4/10 more of its part. How long would it
take the second tractor to plough the whole field?

2.14. A team of workers had to Yroduce 360 parts. Manufacturing
4 parts more every day than was planned, the team finished the job
ahday ﬁhead of schedule. How many days did it take the team to do
the job? _

2.15. Two typists had to do acertain job. The second typist began
working an hour later than the first. Three hours after the first typist

began working, they had to do 29—0 of the whole assignment. When

they finished, it was found that each of them did half the job. How
many hours would it take each of them to do the whole job?

2.16. Three teams work with constant productivity laying rail-
way track. The first and the third teams, working together, lay 15 km
of track a month. When they all work together, the three teams can do
twice as much in a month as the first and the second teams working to-
gether. Find how many km of track the third team lays in a month if
it is known that the second and third teams, working together, laid
a certain part of the track four times as fast as the second team could
do the same job.

2.17. Two teams of dock workers are given a job of unloading a ship.
The sum of the times it takes the first team and the second team to un-
load the ship, if they work separately, is equal to 12 h. Find those times
if the difference constitutes 45 per cent of the time it would take the
teams to unload the ship if they work together.

15-0263
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2.18. Two pipes are connected to a reservoir with a volume of
24 m3. The outlet pipe only drains the water at the rate of 2 m3/h, and
the inlet pipe only fills the reservoir. When the two valves were
opened, the reservoir was empty. When the reservoir was half full, the
first pipe was closed and the second pipe kept filling the reservoir. As
aresult, the reservoir was filled in 28 h 48 min. What quantity of
water does the second pipe supply per hour?

2.19. Two pumps transferred 64 m3 of water. They began working at
the same time and with the same capacity. After the first pump trans-
ferred 9 m? of water, it was stopped for 1 h 20 min. After that time,
the capacity of the first pipe was increased by 1 m?h. Find the initial
capacity of the pumps if the first pump transferred 33 m3 of water and
both pumps completed the job at the same time.

2.20. Two sections of a coal mine were operating for some time,
then a third section went into operation. As a result, the productivity
of the mine increased by one and a half times. What is the percentage
of the productivity of the second section as compared to that of the
first if it is known that the first and the third section produce as much
coal in four months as the second section does in a whole year?

2.21. Two workers, one of whom began working a day and a half
later than the other, worked independently and papered several rooms
in 7 days, reckoning from the moment the first of them began work-
ing. If the job was entrusted to each worker separately, then it would
take the first of them 3 days more to do it than the second. How many
days would it take each of the workers to complete the job if he
worked alone?

2.22. If we open two pipes simultaneously, the reservoir will be
full in 2 h 24 min. Actually, first only the first pipe was opened for a
quarter of the time it would take the second pipe to fill the reservoir.
Then the first pipe was closed and the second pipe was opened for a
quarter of the time it would take the first pipe to fill up the reservoir.
After that, 11/24 of the volume of the reservoir remained to be filled.
How much time does it take each pipe to fill the reservoir?

2.23. Two students began preparing for an examination at the same
time and had to pass iton the same day. The first student had to read
240 pages and the second 420 pages. Each of them read the same num-
ber of complete pages every day, the first of them reading 12 pages
less than the second per day. After they both read their material once,
they had some time left for repetition, the first of them had 7 more days
and the second, 5 days. What whole number of pages a day should each
student read in order that each of them had 3 more days to repeat the
material?

2.24. One of the ship compartments developed a leak and it be-
came totally filled witg water. Two pumps of equal capacity were
switched on to evacuate the water. The leak was stopped 18 h later, the
second pump was switched off, and another 12 h later the compartment
was dry again. If it were impossible to stop the leak, then the two
pumps, working together, would pump out half the water from the com-
partment in 10 hours of simultaneous operation. How long would it
take the second pump to pump out half the water if it were impossible
to stop the leak?

2.25. Three excavators participated in digging a pit with the vol-
ume of 340 m3. The first excavator removes 40 m3 of earth per hour,



2 Problems on Work and Productivity 227

the second excavator takes out ¢ m3 less than the first, and the third
one removes 2¢ m3 more than the first. First the first and the second ex-
cavators worked simultaneously and removed 140 m3 of earth. Then,
the remaining part of the pit was dug by the first and the third excava-
tors working together. Find the value of ¢ (0 << ¢ << 15) for which the
pit was dug in 4 h if the excavators worked without breaks.

2.26. Three excavators had to dig a pit each: the, first and the
second excavator a pit of 800 m® and the third one, a pit of 400 m3. The
first and the second excavator, working together, removed three times
as much earth per hour as the third one; the first and the third ex-
cavator began working simultaneously and the second one began at
the moment when the first excavator had removed 300 m3 of earth.
When the third excavator had completed 2/3 of its job, the second ex-
cavator had removed 100 m3 of earth. The third excavator was the first
to complete the job. How much earth did the first excavator remove by
the time the third excavator completed its job?

2.27*. There are three pumps. The second pump transfers twice as
much water per hour as the first one, and the third pump transfers 8 m3
of water more per hour than the second pump. They simultaneously
began filling two reservoirs, one with a volume of 600 m3 and the other
with a volume of 1680 m3. The first pump filled up the smaller reser-
voir. First 240 m3 of water were supplied into the larger reservoir by
the second pump, and then, without losing time, the second pump was
replaced by the third which filled up the reservoir. The larger reservoir
was filled 6 h later than the smaller one. If from the very beginning the
third pump alone pumped water into the larger reservoir, then it
would be filled 5 h later than the smaller reservoir. How many cubic
metres of water does the first pump transfer in an hour?

2.28*. Several identical harvester combines were allotted to gather
in the harvest, which they coulddo in 24 h if they began working at
the same time. But it so happened that they began working one after
another at equal time intervals and then all of them worked till the
job was completed. How long did it take to gather in the harvest if the
first combine worked 5 times as long as the last one?

2.29*, Several pumps of the same capacity are switched on one after
another at equal time intervals to fill aresorvoir. The last pump sup-
plied V litres of water. How much water was supplied by the first pum
if it is known that with a decrease in the supply of each pump by 10%p
(with the same intervals between switching) the time it takes to fill the
reservoir will increase by 10%?

2.30. Three pumps simultaneously began pumping out the water
each from its own reservoir. When the third pump emptied an cth of
the volume of its reservoir (@ << 1/2), the second pump had to pump
out as much water as the first pump had drained; when the third pump
had to pump out (1 —- a)th of the volume, it remained for the first
pump to pump out as much water as did the second pump. The first
pump empties the second reservoir during the time it takes the second
pump to empty the first reservoir. Which pump worked longer than the
others and by how many times? (Thedelivery of each pump is constant.)
Investigate the dependence of the solution on the value of a.

2.31*. The reservoir was filled up by several pumps which were
switched on one after another at certain time intervals. For a large part
of the time the pumps worked together and they filled the second half

15%
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of the reservoir ¢ h quicker than the first half. How much quicker will
the reservoir be filled if the intervals between the switchings are
decreased r times with the same sequence of switchings? (The delivery
of the pumps is constant.)

3. Problems on Per Cent Increment
and Calculations of “Compound Interests”

The solution of problems on the per cent increase and the calcula-
tion of “compound interests” are based on the use of the following no-
tions and formulas. Assume that a certain variable 4, dependent on
time ¢, has the value 4, at the initial moment ¢ = 0 and the value 4,
at a certain moment #;. The absolute increment of the quantity A at
the time ¢, is the difference 4, — A, the relative increment of the quan-
tity A at the time ¢ is the ratio AIA_ 4o , and the per cent increment

0
of the quantity A at the time £, is the quantity

AI—AO
S 100%.

Designating the per cent increment of the quantity 4 as p%, we get
the following formula relating 4,, 4,, and p:

AI—AO

4 100% = p%-

The notation of the last formula
1 o ('1 100 ) 0 0 100

makes it possible to calculate the value of A,, i.e. the value of 4 at
the moment ¢,, from the known value of 4, and the assigned value of

p.

Assume that for ¢ > ¢, the quantity A has a per cent increment p%.
Then at the time moment ¢, = 2¢; the value of the quantity A; =
A (tg) is

Ag=4, (1+%) =4, (1+1_(I)%)2.

At the time moment 3 = 3¢, the value of the quantity A; = A (¢,) is
3= 45 (1455 ) =40 (1+%)3,

and at the time moment nt, it is

Ap=A, (1+—1§0—)".
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If at the time ¢, (at the “first stage”) the quantity A changed by p, %,
at the “second stage” (i.e. during the time ¢, — ¢; = t;) by p,%, at
the “third stage” (i.e. during the time t; — t, = t,) by p3% and so on,
then at the time moment ¢, = nt, the value of the quantity A can
be calculated by the formula

tn=ao (1+-f55) (1+85) - (1486

Example 3.1. A factory operated for three years. The output of the
factory for the second year of operation increased by p% and the next
yearitincreased by 10% more than it increased in the second year. By
how many per cent did the output increase in the second year if it is
known that for two years it increased by 48.59% ?

Solution. Let us designate the output of the factory for the first,
second. and third year, respectively, as Ay, 4,, and 4 4. By the hypo-
thesis, in the second year the increase in per cent was p% and in the
third year, (p 4 10)%. In accordance with the definition of the per
cent increment, these conditions yield two equations:

A,—A Ag—A
’T]‘- -100% = p%., ’T’JOO% =(p+10) %.
By the hypothesis, it is also known that in two years the production in-
creased by 48.59%, i.e. in the third year the output of the factory was
48.59% higher than in the first year. This condition can be written as

follows:
Aa—Al'
A

Let us write the equations obtained in the form of the following
system:

«1009% = 48.59%.

A= (14455 )

10
A3=A4, (1+ p;l(—)o ) ’
48.59
Ag= 4 (1 + 100 /°
Multiplying the first equation by the second, we get

A=, (1455 ) (1+2855).

From this equation and from the third equation of the system we
get an equation to find the unknown quantity p:

P p+10\ _, , 4859 . _
(H‘W) (”“W’)“H' oo = P'+210p—3859=0.
The roots of thelast quadratic equation are p; = 17, p, = —227. The

first root suits the sense of the problem, and so p; = 17.
_Answer. 17%.
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3.1. A savings bank adds annually 3% from the sum of the account.
In how many years will the deposited sum double?

3.2. The population of the town increases annually by 1/50 of the
actual number of citizens. In how many years will the population triple?

3.3. A customer paid 2 roubles for a kilogram OF one product and
ten kilograms of another product. If after the seasonal change in
Brices the first product goesup in price by 15% and the other product

ecomes cheaper by25%, then the customer will pay 1 rouble and 82
kopecks for the same amount of products. What is the cost of a kilo-
gram of each product?

3.4. A customer deposited in a savings bank 1640 roubles at the
beginning of a year ang withdrew 882 roubles at the end of the year.
A year later he had 882 roubles on his account. How many per cent a
year does the savings bank add?

3.5. In a second-hand book-shop, the price of an antique collec-
tion costing 350 roubles was reduced twice by the same number of per
cent. Find that number if it is known that after the price was reduced
twice the collection cost 283 roubles and 50 kopecks.

3.6. During a year a factory twice increased the output by the
same number of per cent. Find that number if it is known that at the
beginning of the year the factory produced 600 articles per month and
at the end of the year it produceg 726 articles per month.

3.7. A savings bank added 6 roubles to the account of a customer
over a year. Having added another 44 roubles, the customer left his
deposit for one more year. At the end of that year, the savings bank add-
ed a new number of per cent to the customer’s account which consti-
tuted now, with the extra per cent, 257 roubles and 50 kopecks. What
sum of money did the customer deposit initially and how many per
cent, 2 or 3, did the savings bank add every year?

3.8. On the first working day of a month a shop of radio goods sold
105 TV sets. Every subsequent working day the shop sold 10 more TV
sets a day, and the monthly plan, 4000 TV sets, was fulfilled ahead of
schedule, in a whole number of working days. After that, the shop sold
13 TV sets less per day than on the last day of fulfilling the fplan.
By how many per cent did the shop overfulfill the monthly plan of sell-
ing TV sets if there are 26 working days in a month?

3.9. A sum of money deposited at the heginning of a year is known
to increase by a certain per cent (differing from bank to bank) by the
end of the year. At the Eeginning of a year 5/6 of a certain amount of
money was deposited in one bank and the remaining part of the money,
in another bank. By the end of the year the sum of thesedeposits
equalled 670 monetary units, and by the end of the next year, 749 mone-
tary units. It was calculated that if from the very beginning, 5/6 of
the initial sum of money had been deposited in the second bank and
the remaining sum in the first bank, then by the end of the first year
the deposits in the banks would have been equal to 710 monetary units.
Assuming that from the very beginning the initial sum of money was
deposited in the first bank, find the vafue of the deposit by the end of
the second year,

3.10. The output of factory 4 constitutes 40.96% of that of factory
B. The annual increase of production at factory A in per cent is 30%
larger than the annual increase of production at factory B. What is the
annual increase of production at factory 4 in per cent if on the fourth
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year of operation the output of factory A will be the same as of factory

3.11. A deposit o {N roubles was made in a savings bank with a p%
annual interest. At the end of each year the customer withdraws M
roubles. How many years after a withdrawal of a corresponding sum
will the remainder be thrice as large as the initial deposit?

3.12. At the initial moment there are N bacteria in a retort. By
the end of each hour the number of bacteria increases by p% as com-
pared to their amount at the beginning of that hour; in addition, at
the beginning of each hour a portion containing n (»n << N) bacteria
is taken from the retort. In how many hours will the amount of bacte-
ria in the retort (after the withdrawal of the corresponding portion)
become twice their inital amount?

4. Problems with Integral Unknowns

An integral value of the required unknown is usually an additional
condition making it possible to choose it uniquely from a certain set
of values satisfying the other conditions of the problem.

Example 4.1. A boy puts all his stamps into a new album. If he
puts 20 stamps on each page, there will not be enough pages in the al-
bum and if he puts 23 stamps on each page, then at least one page will
remain empty. If the boy is presented with one more album of that
kind, in which there are 21 stamps on each page, he will have 500
stamps in all. How many pages are there in the album?

Solution. Assume that there are m pages in the album and the boy
has N stamps. We can form a system of equations and inequalities of
the problem:

The hypothesis Equality, inequality

If the boy puts 20 stamps on each page, there
will not be enough pages in the album 20m<N

If the boy puts 23 stamps on each page, then
at least one page will remain empty 22(m—1)>N

If the boy is presented with one more album
of that kind, in which there are 21 stamps
on each page, he will have 500 stamps in all 21 m+4 N =500

Thus the hypothesis can be written as a system of one equation and
two inequalities. Let us substitute the expression for N from the equ-
ation into each of the two inequalities. As a result we get a system of
two inequalities:

20m < 500 — 21m, 23 (m — 1)> 500 — 21m.

Taking into account that m is an integer, we find from the first in-
equality” that m << 12 and from the second inequality that m > 12.
Comparing these results, we obtain m = 12,
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A nswer. There are 12 pages in the album.

Example 4.2. The teams taking part in a motor-rally have the same
number of Volga cars and Moskvich cars, the total number of cars on
each team being less than 7. If the number of Volga’s remains the same
on each team and that of Moskvich’sincreasesby three times, then the
total number of Moskvich’s participating in the rally will exceed by
50 the total number of Volga’'s andpthe total number of cars on each
team will exceed 12. Find the number of teams participating in the
rally and the number of Volga cars and Moskvich cars on each team.

Solution. Let us designate the number of teams participating in
the rally as N and the number of Volga’s and Moskvich’s on each team
as m and n respectively. The following system of equations and in-
equalities corresponds to the conditions of the problem.

Equations,
The hypothesis ine?;uallties

On each team the total number of cars is
less than 7 m+n<<T

If the number of Volga’s remains the same on
each team and that of Moskvich’s increases
by three times, then the total number of Mos-
kvich cars will exceed by 50 the total num-

ber of Volga cars 3nN —mN =50
In that case the total number of cars on each
team will exceed 12 m+3n>12

Let us investigate the inequalities m 4+ n << 7 and m + 3n > 12.
Subtracting the first inequality from the second, we obtain 2rn > 5 =
n > 5/2. Consequently, n can be equal to 3, 4, 5, .... It follows from
the first inequality that »n can be equal to 3, 4, 5.

Assume that » = 3. Then it follows from the first inequality that
m can assume the values 1, 2, 3; from the second inequality it follows
that m can assume values exceeding 3. Consequently, n =% 3.

Assume that n = 4. It follows from the first inequality that m
can assume the values 1, 2 and from the second inequa({ity it follows
that m can assume the values 1, 2, 3, ....

Assume that n = 5. It follows from the first inequality that m
can assume the only value equal to 1.

Thus the following three pairs of numbers satisfy the inequalities:

{n=4,m=1}, (n=4,m=2}, {n=5 m=1}
Substituting these pairs of numbers into the remaining equation of
the system, we get equations enabling us to find N:

11N = 50, 10N = 50, 14N = 50.
Since by the hypothesis N must be an integer, it follows that N = 5
and the pair n = 4, m = 2 is the only solution of the problem.

A nswer. The number of teams is 5; the number of Volga cars on each
team is 2; the number of Moskvich cars on each team is 4.
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4.1. The students in a group of 30 passed an examination with the
grades 1, 2, 3, 4. The sum of the grades they received is equal to 93,
2.0 grades being more than 4.0 grades and less than 3.0 grades. In ad-
dition, the number of 3.0 grades is divisible by 10 and the number of
4.0 grades is even. Find the number of grades of each kind the students
received.

4.2. A test was given to a group of students. Among the grades the
students received there are only 1, 2, 3 and 4. The same number of stu-
dents received grades 1.0, 2.0, and 4.0, and there were more 3.0
grades than the other grades taken together. Less than 10 students re-
ceived grades higher than 2.0. How many 2.0 grades and 4.0 grades
did the students receive if not less than 12 students took the test?

4.3. There are five-storey and nine-storey houses on one block, the
nine-storey houses being less in number than the five-storey ones. If
we double the number of nine-storey houses, then the total number of
houses will exceed 24, and if we double the number of five-storey
houses, then the total number of houses will be less than 27. How many
five-storey houses and nine-storey houses are there on the block?

4.4. There are Volga and Moskvich cars in the parking lot. Their
total number is less than 30. If we double the number of Volga’s and
increase the number of Moskvich’s by 27, then there will be more Vol-
ga's, and if we double the number of Moskvich cars without changing
the number of Volga’s, then there will be more Moskvich cars. How ma-
ny Volga’s and how many Moskvich’s are there in the parking lot?

4.5. It is stated in the school paper that the percentage of students
of a certain class who made progress in their studies during the second
term, ranges between 2.9 and 3.1%. Determine the minimum poss-
ible number of students in such a class.

4.6*. The factory has to deliver 1100 articles to the customer. The
articles must be packed in boxes of three kinds. A box of the first
kind accommodates 70 articles, a box of the second kind accommodates
40 articles, and that of the third kind 25 articles. It costs 20 roubles to
transport a box of the first kind, 10 roubles to transport a box of the
second kind, and 7 roubles to transport a box of the third kind. What
kind of boxes should the factory use for the cost of transportation to
be the lowest? (An underloading of the boxes is not permitted.)

4.7*. A collective farm rented two excavators. The rent of the first
excavator costs 60 roubles a day and its productivity in soft ground is
250 m?® a day and in hard ground 150 m3 a day. The rent of the second
excavator costs 50 roubles a day and its productivity in soft ground is
180 m3 a day and in hard ground 100 m® a day. The first excavator
worked several full days and turned over 720 m® of earth. The second ex-
cavator also worked several full days and turned over 330 m3 of earth.
How many days did each excavator work if the collective farm paid
300 roubles for the rent?

4.8*, There are candies of two kinds in a bowl. The candies of the
first kind exceeding by more than 20 those of the second kind. One can-
dy of the first kind weighs 2 g and that of the second kind 3 g. Fifteen
candies of the same kind were taken from the bowl, their weight con-
stituting a fifth of the weight of all the candies in the bowl. Then an-
other 20 candies of the other kind were taken from the bowl and the
weight proved to be equal to that of the candies remaining in the bowl.
How many candies of each kind were there in the bowl initially?
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4.9. Several lorries are loaded in turn at point A (the time of
loading is the same for all the lorries) and then transport the goods to
point B where they are quickly unloaded and return to point A. The
sgeeds of the lorries are equal, the speed of a loaded lorry being 6/7
of the speed of an empty one. Driver Petrov was the first to leave

oint A. On his return trip he met driver Ivanov, who was the last to
eave point A, and arrived at A 6 min after their meeting. Here Pet-
rov began loading at once and left for B and met Ivanov once again 40
minutes after the first meeting. Not less than 16 min and not more than
19 min passed from the time of the second meeting to Ivanov’s arrival
at A. Find the time it took the lorries to unload.

4.10. Rafts are sent from point A to point B at equal time inter-
vals. The speeds of all the rafts relative to the river bank are constant
and equal to each other. A pedestrian walking from 4 to B along the
river bank covered a third of the distance from A to B by the moment
the first raft was sent. Having arrived at B, the pedestrian at once left
for A and met the first raft! having covered more than 3/13 of the way
from B to A and met the last raft having covered more than 9/10
of the way from B to A. The pedestrian arrived at point A when the
seventh raft reached point B. From point A the pedestrian at once start-
ed for point B and arrived there at the same time as the last raft, The
speed of the pedestrian is constant, the part of the river from 4 to B
is rectilinear. How many rafts were sent from 4 to B?

Problems on writing numbers in decimal positional notation is one
more type of problem on deriving equations with integral unknowns.

Examp e 4.3. The required three-place number ends with the
digit 1. If we transfer that digit from the last place to the first one,
without changing the order of the other two digits, then the resulting
number will be less than the required number by 90. Find the number.

Solution. Let us designate the hundreds digit of the required three-
place number as m and the tens digit as n. The required three-place
number mn1 (the multiplication sign between m, n, and 1 is ommitted:
m, n are digits of the decimal notation and m =% 0) is an abbreviated
notation of the number m-102 4 n.10 4+ 1. The three-place number
resulting from the transfer of 1 from the last place to the first place is
1.102 + m+10 + n. By the hypothesis, the last number is smaller
than the required number by 90:

m0% 4 n+40 4- 1 = 1.10* - m-10 4 n - 90.

We have thus obtained an equation in two unknowns m and » and we
know that m and n are digits of a decimal positional system of nota-
tion and that m = 0. The number of units appearing on the left-hand
side must coincide with the number of units in the number appearing
on the right-hand side” and,’ therefore, n = 1. The equation now as-
sumes the form

m-102 4+ 10 = 1.102 + m.10 4 90.
Thus we find that m = 2.
A nswer. The required number is 211.

Example 4.4. If we divide the two-digit number by the sum of
its'digits, we get 4 as a quotient and 3 as a remainder, Now if we divide
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that number by the product of its digits, we get 3 as a quotient and 5
as a remainder. Find the number.

Solution. Before proceeding with the solution of the problem, recall
that if the number N is divisible by the number p and the number &
is the quotient and the number r (r << p) is the remainder, then the
number N can be represented as

N=kFk +}+r

The solution of the problem is based on the use of this equation. Let
us write the two-place number in the form 10.m -+ n. The hypothesis
leads us to a system of two equations:

10m 4+ n=4(m+ n) 4 3, 6m = 3n 4 3, n=2m—1,
= =
10m 4+ n=3mn + 5 10m + n=3mn + 5 10m 4 n = 3mn 45,

Substituting n = 2m — 1 into the second equation of the system, we
obtain an equation

2m? — 5m + 2 = 0,

whose solution is m," = 2, m, = 1/2. The condition of the problem
(m and n are digits) is satisfied only by the first root m = 2. The first
equation of the system yields n = 3.

A nswer. The required number is 23.

4.11. What two-place number is smaller than the sum of the
squares of its digits by 11 and larger than their doubled product by 5?

4.12. The sum of the digits of a two-place number is 12. If we add
36 to the required number, we get a number written by the same digits
in the reverse order. Find the number.

4.13. The sum of the squares of the digits in a two-place number is
13. If we subtract 9 from that number, we get a number written by the
same digits in the reverse order. Find the number.

4.14*. Having thought of an integral positive number smaller
than 10, we add 5 to its notation from the right and subtract from the
resulting number the square of the thought-of number. Then we divide
the difference by the thought-of number and subtract the thought-of
number. We have a unity as a remainder. Find the number.

4.15. A student was to multiply 72 by a two-place number in which
there are thrice as many tens as ones; by mistake he reversed the digits
in the second factor and obtained a product which is smaller than the
actual one by 2592. What is the actual product equal to?

4.16*. The notation of a six-place number begins with 2. If we
transfer that digit from the first place to the last one, without changing
the order of the other five digits, the resulting number will be three
times larger than the initial number. Find the initial number.

4.17. Find an integral positive number from the following data:
if we add the digit 4 to its digital notation from the right, we obtain
a number which is exactly divisible by a number exceeding the re-
quired oumber by 4, the quotient being a number smaller than the
divisor by 27.

4.18*. Thesum of all even two-place numbers was divided by one of
them without a remainder, The quotient obtained differs from the divi-

¢
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sor only by the order of the digits and the sum of its digits is 9. What
two-place number is the divisor?

4.19. A positive digit was added to the right of the digital nota-
tion of a thought-of positive number. The square of the thought-of num-
ber was subtracted from the resulting number. The difference was fo-
und to be larger than the thought-of number as many times as the com-
plement of the thought-of number to 11. Prove that this is possible if
and only if the complement is equal to the thought-of number.

4.20. Find two two-place numbers possessing the following proper-
ties: if we add to the larger required number, from the right, first 0
and then the smaller number and add to the smaller number from the
right first the larger number and then 0, then the first of the resulting
five-place numbers, being divided by the second resulting number,
gives 2 as a quotient and 590 as a remainder. It is known in addition
that the sum of the doubled larger required number and the trebled
smaller number is equal to 72.

4.21. An error occurred when two numbers were multiplied, one of
which is larger than the other by 10: the tens digit in the product was
decreased by 4. When the answer was verified by dividing the result-
ing product by the smaller factor, the quotient obtained was equal
to 39 and the remainder to 22. Find the factors.

4.22*, Find two two-place numbers 4 and B from the following con-
dition: if the digital notation of the number A is written in front of B
and the resulting number is divided by B, the quotient will be equal to
121. Now if the digital notation of the number B is written in front of
the number 4 and the resulting number is divided by 4, then the quo-
tient will be 84 and the remainder 14. Find 4 and B.

4.23*, The square of an integral positive prime number ¥ is di-
vided (with a remainder) by 3, theresulting incomplete quotient is di-
vided (without a remainder) by 3, the quotient is again divided (with a
remainder) by 3, and, finally, the resulting incomplete quotient is
again divided by 3 with a remainder and gives 16 as a result. Find N.

4.24*, The denominator of afractionis larger than the square of its
numerator by unity. If we add 2 to both numerator and the denomina-
tor, the fraction will be larger than 1/4, and if we subtract 3 from the
numerator and the denominator, the fraction will be smaller than 1/10.
Find the fraction.

5. Problems on Concentration and Percentage

The solution of problems on concentration and percentage is
based on the use of the following concepts and formulas.

Assume that we are given three different substances 4, B,and C
with the masses M4, M g, and M. The mass of the mixture consisting
of these substances is equal to M4 + Mg + Mg.

The mass concentration of the substance A4 in the mixture is the
quantity ¢, which can be calculated by the formula

Cp= Ma
AT TMA+Mpt+Mg
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Correspondingly, the mass concentrations of the substances B and C
in that mixture can be calculated by the formulas

cp== MB o= MC
BE"Ma+Mpgt+Mg ° °T Mat+MptMc

The mass concentrations c4, ¢ g, and ¢ are related as ¢, +cp+co=1.

The percentages of the substances 4, B, C in the given mixture are
the quantities p, %, pp%, and p%, respectively, which can be cal-
culated by the formulas

Pa% = ¢4 -100%, pp% = cp-100%, pc% = cc-100%.

Similar formulas can be used to calculate the concentrations of sub-
stances in a mixture in cases when the number of various mixed sub-
stances (components) is equal to two, four, five, etc.

The volume concentrations of substances in a mixture can be found
by the same formulas as mass concentrations with the only difference
that the volumes of the components V,, Vg, and V appear in the for-
mulas instead of the masses of the components M ,, Mp, and M.
When we speak of volume concentrations, we usually assume that when
substances are mixed, the volume of the mixture is equal to the sum of
the volumes of the components. This assumption is not a physical law
but an agreement accepted when problems on volume concentration are
being solved.

Example 5.1. A vessel of 6 litres capacity contains 4 litres of 70%
solution of sulphuric acid. Another vessel of the same capacity contains
3 litres of 90% solution of sulphuric acid. How many litres of the so-
lution must be transferred from the second vessel into the first to ob-
tain in it an r% solution of sulphuric acid? Find all values of r for
which the problem has a solution.

Solution. Let us designate as z (1) the volume of the 90% solution
of sulphuric acid which is transferred from the second vessel to the

first. This volumecontains 1%3' (1) of pure (100% ) sulphuric acid. The ini-

tial volume of pure acid‘in the first vessel was equal to %-4 (1). When

z (1) of 90% solution of sulphuric acid were added to the first vessel,
it contained
7 9
4T E
litres of pure acid. Using the definition of the percentage by volume, we
find, in accordance with the hypothesis, that

EORa
100% =r%.

z+4
Solving this equation, we find the value of the volume transferred to be
- 4 (r—170)

0—r °
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It remains to find the values of r for which the problem has a solu-
tion. It is evidentfrom the hypothesis that the quantity of the solution
being added cannot exceed 2 litres since the volume of the first vessel
is equal to 61, i.e. 0 << z<C 2. Using the value obtained for z, we get
restrictions imposed on r:

4 (r—10)
0S —go— <2

Solving this inequality (with due regard for the fact that 70 << r << 90),
we obtain 70 << r < 76-§.

Answer. %%(l), the problem is solvable for 70<<r<<
2
76?.

5.1. There is a piece of copper and tin alloy with the total mass
of 12 kg containing 45% copper. How much pure tin must be added
to the alloy for the resulting new alloy to contain 40% copper?

5.2. There are two bars of copper and tin alloys. The first weighs
3 kg and contains 40% copper and the second weighs 7 kg and contains
30% copper. What must %e the weights of the pieces of those bars in
order to obtain 8 kg of an alloy containing r% copper after the bars
are smelted together?

5.3. Fresh fruit contains 72% water and dry fruit contains 20%
water. How much dry fruit can be obtained from 20 kg of fresh fruit?

5.4. Sea water contains 5% salt by weight. How many kilograms of
fresh water must be added to 40 kg of sea water for the content of the
salt in the solution to be 2%?

5.5. Two vessels contain a solution of different concentrations, the
first vessel containing m litres less than the second. The same quantity
of n litres is taken simultaneously from each vessel and the solu-
tion taken from the first vessel is poured into the second and that
taken from the second vessel is poured into the first. After that, the
concentrations of solutions in both vessels became the same. How
many litres of solution are there in each vessel?

5.6*. Identical pieces were cut off from two bars with different per-
centages of copper weighing m kg and n kg. Each cut-off piece was al-
loyed with the remainder of the other bar, and then the percentage of
ccf) per in both alloys became the same. Find the weight of each cut-
off piece.

5127. Two kinds] of cast iron with different percentages of chromium
were alloyed. If we take five times as much of one kind of cast iron as
the other, then the percentage of chromium in the alloy will be twice
that in the smaller of the alloyed parts. Now if we take thesame amount
of both kinds, then the alloy will contain 8% chromium. Find the per-
centage of chromium in each kind of cast iron.

5.8. Given three different iron compounds. Each cubic centimetre
of the first compound contains 3/20 g less iron than each cubic centi-
metre of the second compound, and each cubic centimetre of the third
compound contains 10/9 times more iron than each cubic centimetre of
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the first compound. The volume of a piece of the third compound, con-
taining 1 g ol iron, is largerby4/3 cm3 than that of a piece of the second
compound also containing 1 g of iron. What volume of the third com-
nound contains 1 g of iron?

Hint. Use the formula m = pV, relating the mass, the density,
and the volume of a substance.

5.9. The percentages of alcohol in three solutions form a geometric
progression. If we mix the first, the second, and the third solution in
the ratio 2 : 3 : 4 by weight, we obtain a solution containing 32%
alcohol. Now if we mix them in the ratio 3 : 2 : 1, we get a solution
containing 22% alcohol. Find the percentage of alcohol in each solu-
tion.

5.10*, There is a solution of sodium chloride of four different con-
centrations in the laboratory. If we mix the first, the second, and the
third solution in the weight ratio 3 : 2 : 1, we get a 15% solution.
The second, the third, and the fourth solution, taken in equal propor-
tions, give a 24% solution when mixed, and, finally, a solution made
of equal parts by weight of the first and the third solution, has a con-
centration of 10%. What concentration will result from mixing the
second and the fourth solutions in the proportion of 2 : 1?

5.11. Three identical test tubes are half filled with alcohol solu-
tions. When the content of the third tube was divided in half and
each half was poured into each of the first two tubes, the volume concen-
tration of alcohol in the first tube became smaller by 20% of its value
and that in the second tube increased by 10% of its value. By how many
times did the initial quantity of alcohol in the first test tube exceed
the initial quantity of alcohol in the second test tube? (The change in
the volume upon mixing the solutions may be ignored.)

5.12. There are two aqueous salt solutions. [0 obtain a mixture
containing 10 g of salt and 90 g of water, we must take twice as much
by mass of the first solution as the second. A week later, 200 g of water
evaporated from each kg of the first and the second solution and, to ob-
tain the same mixture as before, we must take four times as much,
by mass, of the first solution as the second. How many grams of salt
were there initially in 100 g of each solution?

5.13. There are two aqueous solutions of substances 4 and B differ-
ing in their weight ratios of substances 4 and B and water. There is
as much of the substance 4 in the first solution as water and one and a
half as much of substance B assubstance 4. In the second solution
there is half as much of substance B as substance 4 and twice as much of
substance B as water. What quantity of each solution must we take
and how much water mustwe add to obtain 37 kg of a new solution in
which there is the same quantity of substance 4 as substance B and
twice as much water as substance 4?

5.14. Pure water and an acid solution of constant concentration are
simultaneously fed into an empty reservoir through two pipes. When
the reservoir is filled up, it contains a 5% acid solution. If the feeding
of water is stopped the moment when the reservoir is half full, then
the filled up reservoir would contain a 10% acid solution. Which pipe
feeds the liquid quicker and by how many times?

5.15. Two pipes, operating simultaneously, feed 100 1 of a liquid
per minute into a tank. There are two acid solutions, one strong and
the other weak. If we mix 10 1 of each solution and 20 1 of water, we

‘
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get 40 1 of a 20% solution. It is also known that if we feed the weak
solution into an empty tank through the first pipe and the strong solu-
tion through the second pipe for an hour, we can obtain 30% acid
solution. Find the concentration (in per cent) of the resulting acid so-
lution if we feed, into the initially empty tank, the strong solution
through the first pipe and the weak solution through the second pipe
for an hour. (The volume is assumed to remain constant when the acid
and the water are mixed.)

5.16. There are three bars of various alloys of gold and silver. It is
known that the amount of gold in 2 g of the alloy in the third bar is
the same as in 1 g of the first bar and 1 g of the second bar taken to-
gether. The weight of the third bar is equal to the total weight of a part
of the first bar which contains 10 iOf gold and a part of the second bar
which contains 80 g of gold. The third bar is four times as heavy as the
first bar and contains 75 g of gold. How many grams of gold are there
in the first bar?

5.17. There are two alloys of zinc, copper, and tin. The first alloy
is known to contain 40% tin and the second 20% copper. The percen-
tage of zinc in the first and the second alloy is the same. If we alloy
150 kg of the first alloy and 250 kg of the second, we get a new alloy
which contains 30% zinc. How many kilograms of tin are there in the
new alloy?

5.18. There are three alloys. The first alloy contains 30% nickel
and 70% copper, the second contains 10% copper and 90% manganese
and the third alloy contains 15% nickel, 25% copper, and 60% manga-
nese. They must be used to obtain a new alloy which contains 40%
manganese. Find the highest and the lowest percentage of copper the
new alloy can contain.

Example 5.2. A vessel contains M kg of a p% salt solution. We
pour off a kg of the solution from the vessel and add a kg of water and
stir the solution. We repeat the procedure » times. Find the law accor-
ding to which the concentration of the salt in the vessel changes, i.e.
the concentration of the salt after n procedures.

Solution. The initial quantity of salt in the solution is %O-M (kg).
After a kg of the mixture were poured off, the mixture contains

_P_ _p __ P e
100 M —100 ¢= 100M(1 M)

of salt, and after a kg of water were added, the concentration of the
mixture becomes

iy (1= ).

After another a kg of the mixture were poured off (which had the con-
centration c¢;), the mixture contained

P 8\ _,a—_P_ _.a\?
WM(i_M) ‘1"—1001”(1 M)
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of salt, and after another a kg of water were added, the concentration
of the mixture becomes

—_P (18 )
2= 100 (1 M ) .
After n pourings, the concentration of salt in the solution can be found
from the formula

P (1_2\"
“n =100 (1 M ) ’
which is the formula for a general term of an infinitely decreasing geo-
metric progression. The factor 1 — a/M, which is the common ratio
of the progression, shows how many times the concentration decreases
after each successive pouring.

Answer. After n pourings, the concentration of salt is 100 X

(—4)"

5.19. One litre of a 12% (by mass) salt solution was poured off from
the bottle and one litre of water was added. Then one more litre was
poured off and again water was added. As a result the bottle contained
3% (by mass) salt solution. Find the capacity of the bottle.

5.20. There are two tanks, the first filled with pure glycerine and
the second with water. We take two three-litre buckets, ladle glycerine
out of the first tank by the first bucket and water out of the second
tank by the second bucket and then pour glycerine from the first bucket
into the second tank and water from the second bucket into the first
tank. After stirring the mixtures, we ladle the mixture out of the first
tank by the first bucket and the mixture out of the second tank by the
second bucket and then pour the mixture from the first bucket into the
second tank and that from the second bucket into the first tank, As a
result, half the volume of the first tank was occupied by pure glyce-
rine. Find the volumes of the tanks if it is known that their total vo-
lume is ten times as large as that of the first tank.

5.21. Two and a half litres of 96% acid solution were poured off
from the vessel and 2.5 1 of 80% solution of the same acid were added,
then again 2.5 1 were poured off and 2.51 of 80% acid solution were
added. As a result, the vessel contained 89% acid solution. Find the
capacity of the vessel.

5.22. Each of the two vessels contains V 1 of pure acid. We pour off
al of acid from the first vessel and add a 1 of water and repeat the pro-
cedure once again. Then we pour off 2a 1 of acid from the second vessel
and add 2a 1 of water and repeat the procedure once again. As a result,
the concentration of acid in the first vessel proves to be 25/16 times as
high as that in the second vessel. Find the fraction of @ litres in the
volume of the vessel.

5.23. Gold dust which is not panned contains k% of pure gold. Af-
ter each panning, p% of the impurities are washed off and ¢% of gold
are lost. How many pannings must be carried out for the percentage of
pure gold in the golti] dust to be not less than r?

18—0263



Chapter 11

Plane Geometry

1. Triangles

Criteria of the equality of triangles. Two triangles are equal if
one of the following conditions is fulfilled:

(1) two sides and the angle between them of one triangle are respec-
tivelylequal to two sides and the angle between them of the other
triangle;

(2) two angles and the adjacent side of one triangle are equal to
two angles and the adjacent side of the other triangle;

(3) three sides of one triangle are equal to three sides of the other
triangle.

Each of the conditions (1)-(3) defines a triangle, i.e. by means of
the sine and cosine theorems all other parameters of a triangle can be
calculated from any of the conditions (1)-(3).

Formulas for calculating the area of a triangle.

S=-—é—aha=—;—bhb=%chc,

S=Vp(p—a)(p—b)(p—c) (Hero’s formula)

1 .
S=—2- ab sin vy,

abe
S=7Zr -
S=pr.
The sides and the angles of a triangle are related by the formulas
2 — .b =—2 _—2R (the sine theorem)
sina sin f sin y
a?=>b%+c?—2bccosa
b2=a2 -+ c2—2accos f } (the cosine theorem)
c2=0b2+a2—2ab cos y
where a, b, and ¢ are the sides of the triangle, kg, 1}, and &, are the
altitudes of the triangle dropped to the sides a, b and ¢, respectively,
a, B, and y are the interior angles of the triangle lying opposite the
sides a, b, and ¢, respectively, p = % (a 4 b4 c¢) is a semi-perimeter, R

is the radius of the circle circumscribed about the triangle, and r
is the radius of the circle inscribed into the triangle.
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Lines in a triangle. The median of a triangle is a line segment
connecting the vertex of the triangle and the midpoint of the opposite
side.

The main properties of the medians.

(1) A median of a triangle is alocus of points which are the mid-
points of the line segments which are contained within the triangle
and are parallel to the side to which the median is drawn.

(2) The medians of a triangle meet at one point and are divided by
that point in the ratio 2 : 1, reckoning from the vertex of the triangle.

(3) A median divides a triangle into two triangles of equal areas.

(4) Assume that AM, BN, CL arc medians of the triangle ABC
(Fig. 11.1), and O is the point of intersection of the medians. The areas

)i

Fig. 11.1 Fig. 11.2

of the triangles ABO, BCO, and ACO are equal to one another and to
one-third og the area of the triangle ABC.

An altitude of a triangle is a segment of the perpendicular dropped
from the vertex of the triangle to the opposite side or to its extension.

A bisector of a triangle is a segment of the bisector of the interior
angle of the triangle between the vertex of the triangle and the point
at which the bisector of the interior angle cuts the opposite side.

The main properties of a bisector.

(1) Three bisectors of a triangle meet at one point which lies inside
the triangle and is the centre of a circle inscribed into the triangle.

(2) A bisector of an angle of a triangle is the locus of points which
are equidistant from the sides of the angle.

(3) A bisector of the angle of a triangle divides the side of the trian-
gle into parts which are proportional to the adjacent sides.

Some properties of medians, bisectors, and altitudes of triangles
of a special kind.

(1) An altitude drawn from the vertex of an isosceles triangle is a
bisector and a median at the same time.

(2) In an equilateral triangle an altitude, a bisector, and a median
drawn from the same vertex of the triangle coincide; the centre of a
circle inscribed in an equilateral triangle coincides with the centre of
a circle circumscribed about the triangle and that point is known as
the centre of the triangle.
| (.;%) In a right triangle the legs a, b and the hypotenuse ¢ are re-
ated as

a® -} b2 = ¢* (the Pythagorean theorem).
16+
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(4) A leg of a right triangle is the mean proportional between a hy-
potenuse and the projection of the leg onto the hypotenuse (Fig. 11.2):

betb=0b:c,a:a=a:c

55) An altitude of aright triangle drawn from the vertex of the right
angle is the mean proportional between the projections of the legs on-
to the hypotenuse:

be:h="h:a,

6) The centre of a circle circumscribed about a right triangle lies
at the midpoint of the hypotenuse; the radius of the circumsribed
circle is equal to half the hypotenuse (and also to the median drawn
from the vertex of the right angle).

Problems 1.1-1.18 can be solved with the use of the sine and co-
sine theorems. The conditions of the problems are such that the de-
sired result can be obtained by direct

Vi calculations.

Example 1.1. Medians 4D and CE are
drawn in the triangle ABC. It is known
that | AD | = 5,/DAC = n/8, /ACE =
n/4. Find the area of AABC.

Solution. Assume that O is the point
of intersection of the[medians of the
triangle ABC (Fig. 11.3). To solve the
problem, we use the following properties
of medians:

(1) the point of intersection divides
medians in the ratio 2:1 (reckoning
from the vertex);

(2) the area of the triangle whose sides are a side of the given trian-
gle and segments of the medians (i.e. AAOC) is equal to 1/3 of the area
of the given triangle (i.e. AABC).

Thus, to find the area of AABC, it is sufficient to find the area of
AAOC. By the hypothesis, two angles are known in AAOC, and by
virtue of (1) the length of the side A0 is also known: | 40 | = 10/3.
By the sine theorem we have for AA0C

|ICOl __  |AO] 1CO| 10/3

sin DAC _ sinACE ~~ sin(n/8) _ sin (w/d)
10 sin (/8)

10l =—5~- sin (/&) °

Since the sum of the angles in a triangle is equal to z, we have
LAOC = 5n/8. Using the formula for calculating the area of a trian-

% Fig. 11.3

gle § = %ab sin y, we obtain

1 .
S, aoc = 1401 |€O| sin 40C

_ 1 10 10 sin(n/8) . bSn _ 50 sin(w/8) . n,on
=933 sin(m/b) P8 T 9 sin(w/A) Sm(2+8)
__ 50 sin(n/8)cos (w/8) 25 2sin(n/8) cos(n/8) 25
-9 sin (m/4) -9 sin (1/4) -9
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Ac ...y w property (2) of medians, we have

25
Sp aBc=35, AoC= "3 -

A nswer. 25/3.

1.1. The base of a triangle is 12 c¢m, one of the base angles is 120°,
the side opposite that angle is 28 cm. Find the third side.

1.2. Find the bisector of the angle BAC of the triangle ABC if
|AB| =¢, |AC|=1b, LBAC = «a.

1.3. In the isosceles triangle ABC (| AB | = | BC | ) the alti-
tude | AE | =12, the base | AC | = 15. Find the area of the triangle.

1.4. Given is the acute triangle ABC: | AB | = c; the median from
the vertex B is | BD | = m. The angle BDA is acute and equal to
B. Find the area of the triangle ABC.

1.5. Find whether in a triangle with sides equal to 4, 5, 6 cm there
is an angle smaller than 22.5°.

1.6. Given in the right triangle ABC: £ A = a, | AB |=a.
An altitude BE is dropped from the vertex B of the right angle. A me-
dian ED is drawn in the triangle BEA. Find the area of AAED.

1.7. In the right triangle ABC, with right angle at B, £ A = a,
| AB | = c. A point D is taken on the extension of the hypotenuse 4C
(in the direction of the point C) such that | AD | = r. Find the
area of ABCD.

1.8. In the right triangle A BC an altitude BE is dropped from the
vertex of the right angle B. A perpendicular is erected at the point C
to AC along which a segment CD, equal to r, is laid off. Find the area
of ACEDif 4y A=a, | AB| =rc.

1.9. The base angle o of an isosceles triangle is such that o > 45°
and the area is equal to S. Find the area of the triangle whose ver-
tices are the feet of the altitudes of the given triangle.

1.10. The base of a triangle is 20 cm, the medians of the lateral
sides are 24 cm and 18 cm. Find the area of the triangle.

1.11. Given two equilateral triangles with sides 75 the second

triangle resulting from the first upon a rotation through an angle of
30° about its centre. Calculate the area of the common part of the
triangles.

1.12. In the triangle ABC, £ A=/ B =oa,| AB| = a, AHI
is an altitude, BE is a bisector (the point H lies on the side BC, the
point E on the side AC). Find the area of ACHE.

1.13. The bisector AD of £ BAC and the bisector CF of £ ACB
are drawn in A A BC (the point D lies on the side BC and the point F
on the side AB). Find the ratio of the areas of the triangles ABC and
AFD if it is known that | AB| = 21, | AC | = 28 and | CB | = 20.

1.14. The base of an isosceles triangle is equal to b, the base angle
is equal to . A straight line cuts the extension of the base at a point
M at the angle B and bisects the lateral side of the triangle which is
the nearest to M. Find the area of the quadrilateral which the straight
line cuts off from the given triangle.

1.15. An altitude BD and a bisector BE are drawn in the triangle
ABC from the vertex B. It is known that the length of the side
| AC | = 1, and the magnitudes of the angles BEC, ABD, ABE, BAC
form an arithmetic progression. Find the length of the side BC.
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1.16. The vertex angle of an isosceles triangle is equal to 2a. A
straight line cutting an altitude at the distance ¢ from the vertex
makes an angle B with the extension of the base. Find the area of the
triangle which the straight line cuts off from the given triangle.

1.17*. Find the area of the triangle if the lengths of its two sides.

are equal to 1 and /15 cm respectively and the length of the median
of the third side is 2 cm.

1.18. In the triangle ABC the bisector of £ A cuts the side BC
at a point M, and the bisector of £ B cuts the side AC at a point P,
with | AM | = | BP | . The bisectors meet at a point O. It is known
that ABOM is similar to AAOP, |BO|= (14 V3)|0P],
| BC| = 1. Find the area of the triangle ABC.

The hypotheses of problems 1.19-1.21 do not include quantities
which have lengths. It is convenient to introduce an auxiliary quanti-
ty a which has length (say, a side of a triangle) and then solve the prob-
lem, with the extended condition. In the expression for the required
quantities @ will be cancelled out and the resulting expression will
depend only on the quantities given in the hypothesis.

1.19. The base angle of an isosceles triangle is equal to .. In what
ratio is the area of that triangle divided by a straight line which di-
vides its base in the ratio 2 : 1 and makes an acute angle f with the
smaller part of the base?

1.20. Given in A ABC: £ ACB = 60°, /£ ABC = 45°. A point

K is taken on the extension of AC beyond the vertex C such that
| AC| = | CK | . A point M is taken on the extension of BC beyond
the vertex C such that the triangle with vertices ¢, M, and K is
similar to the initial one. Find | BC | : | MK | if it is known that
|CM: | MK | < 1.

1.21. In AABC the angle B is equal to n/4 and the angle C is
cqual to n/3. Circles meeting at points P and Q are constructed on the
medians BM and CN as diameters. The chord PQ cuts the midline MN
at point F. Find the ratio of the length of the segment NF to that of
the segment FM.

Some problems can be solved by introducing an auxiliary unknown
for which, by the hypothesis, it is necessary to derive and solve an equa-
tion. A linear dimension of an
A angle can be taken as an auxiliary
unknown. It must be so chosen
that the quantities given in the
/ hypothesis and the auxiliary
unknown define the triangle
uniquely).

3 Example 1.2. Find the area of
g n ¢ the triangle ABC if |[AC| = 3,
| BC | = 4 and the medians A K

Fig. 11.4 and BL are mutually perpendicular.

Solution. Let us introduce an

angle « = £ BCA as an unknown

quantity (Fig. 11.4). The triple ol the given data (the lengths of the
sides AC and BC and the angle a) defines the triangle A BC, and all
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the other parameters of the triangle can be expressed in terms of them.
In addition, if the magnitude of the angle o was known, the area of
AABC could be found from the formula

s=% |BC| |AC| sin c.

We derive a trigonometric equation for finding the angle o using
the condition of mutual perpendicularity of the medians A K and BL.
By the cosine theorem, we find | BA | for AABC:

| BA |2 |BC|24|CA12—2|BC||CA|cosa,
| BA |2 =4%1 32 — 2.4.3 cos a,
| BA |2 = 25— 24 cos a.

By the cosine theorem, we find the length of the median BL in the

I

I

tl}iangle BCL (BL being a median, it follows that |CL| = | LA | =
3/2):
IBL|*=|BC|*+ |CL|?—2 |BC| |CL| cos a,
3\2 3
|BL]3=42+(T) —2.4.5 cosa,

lBLI’:%—m cos a.
Similarly, using the cosine theorem, we find
| KA|2=13 —12cos a

for the triangle KCA.
According to the properties of medians we have

2 /13 16
]BO[_—3— |BL|=]/ 5 — 3 c0sa,
2 52 16
|0A|=?|KA]= T—TCOSG

(O is the point of intersection of medians). By the hypothesis BOA is
a right triangle and, consequently,

|BA|?=|BO |2+ |0A|* =

or _ 13 16 52 16 _5
25— 24 cosa = 9 3~ cosa —+———9— 30080 = cosa=—.

Knowing now the cosine of the angle &, we can find the area of the
triangle ABC:

1 ) 1 _
S5 apc =5 |BC| |AC| sin a=—|BC| |AC| VT—cos*a

1 l/ 25 e
=—54-3 1—%_]/11.
A nswer. V“.
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It is convenient to take a linear dimension as an auxiliary unknown
in problems 1.22-1.27, an angle in problems 1.28-1.32, and introduce
two auxiliary unknowns in problems 1.33-1.35.

1.22. In triangle A BC the altitudes | CD | = 7 and | AE | = 6.
Point E divides the side BC so that | BE | : | EC | = 3 : 4. Find the
length of the side AB.

1.23. Find the area of an isosceles triangle if the altitude drawn
to the base is equal to 10 and that drawn to a lateral side is equal to 12.

1.24. In an isosceles right triangle the medians drawn to the legs
are equal to I. Find the area of the triangle.

1.25. In a regular triangle 4 BC with side a points E and D are
the midpoints of the sides BC and AC respectively. Point F lies on the
segment DC, the segments BF and DE meet at a point M. Find the
length of the segment MF if it is known that the area of the quadri-
lateral ABMD constitutes 5/8 of the area of the triangle ABC.

1.26. In a triangle with an angle of 120° the lengths of the sides form
an arithmetic progression. Find the lengths of all sides of the triangle
if the greatest of them is 7 cm.

1.27. The lengths of two sides of an isosceles triangle and the length
of the altitude drawn to the base form a geometric progression. Find
the tangent of the base angle of the triangle if it is known to exceed 2.

1.28. In a right triangle the ratio of the product of the lengths of
the bisectors of the interior acute angles to the square of the length of
the hypotenuse is 1/2. Find the acute angles of the triangle.

1.29. In the triangle A BC the length of the side AC is equal to
b, the length of the side BA is equal to ¢, and the bisector of the interi-
or angle A meets the side BC at a point D such that | DA | = | DB |.
Find the length of the side BC.

1.30. The chord AB subtends the arc of a circle equal to 120°.
Point C lies on that arc and voint D lies on the chord AB; | AD | = 2,
|BD| =1, | DC|= V2. Find the area of the triangle ABC.

1.31. Given a triangle ABC. A median A M is drawn from the ver-
tex A and a median BP from the vertex B. It is known that / APB
is equal to £ BMA, the cosine of Z ACB is equal to 0.8, and

| BP | = 1 cm. Find the area of A ABC.

1.32. Two identical regular triangles ABC and CDE with side
1 lie on the plane so that they have only one point C in common and
the angle BCD < 7/3. Point K is the midpoint of the side AC, point
L is the midpoint of the segment CE, point M is the midpoint of the

segment BD. The area of the triangle KL M is equal to ¥ 3/5. Find the
length of the segment BD.

1.33. A right triangle MNC is inscribed in a right isosceles trian-
gle’ ABC with £ B = 90° 30 that £ MNC = 90°, point N lies on
the hypotenuse AC and point M on the side 4 B. In what ratio must
the point N divide the hypotenuse AC for the area of A MNC to
constitute 3/8 of the area of A ABC?

1.34. A rectangle MN KB is inscribed in an isosceles right triangle
ABC with the right' vertex angle B so that two sides MB and KB of
the rectangle lie on the legs and the vertex N lies on the hypotenuse
AC. In what ratio must the point N divide the hypotenuse for the
area of the rectangle to constitute 18% of the area of the triangle?}



1 Triangles 249

1.35. In the isosceles triangle ABC (| AB | = | BC | ) the median
AD and the bisector CE are perpendicular. Find the angle ADB.

Problems 1.36-1.41 can be solved with the use of the common prop-
erties of triangles and various formulas -
for calculating their areas.

Example 1.3. A point D is taken on
the side AB of the triangle A BC between
points A and B so that| AD|:|4A B|= 7,
a (@ < 1); a point E is taken on the F
side BC between points B and C so that
|BE|:|BC|= 8 (B <1). A straight
line which is parallel to the side AC and 4 5
cuts the side AB at a point F is drawn
through the point E. Find the ratio of Fig. 11.5
the areas of the triangles BDE and BEF. )

Solution. Assume that the area of A ABC is equal to S. The trian-
gle BEF is similar to A ABC since FE ||AC (Fig. 11.5). Since the areas
of s}lmilar triangles are related as the squares of the respective sides,
we have

SA Ber __ |BE|?

S  |BC|®

The areas of the triangles BDE and ABC can be expressed in terms of
the sides and the angles of those triangles by the formulas

=PB2= S, per=5B*

1 . 1 .
S pog=- |BD| |BE|sin B, S=—|4B| |BC| sin B,

from which it follows that

Sappe _ 1BD|  |BE| _ |BD| ,
S IAB| ~ |BC| — |4B| '’
By the hypothesis, | AD | = | AB | o and since
|BD|=|AB| —|AD|=|AB| —|4ABla=|4B| (1 — a),

it follows that
|BD|/|AB| =1 — a.
Thus we have
SA BDE
S

We have to find the ratio S, pppt S5 ppp. Substituting S ABEF =
Sp* and  S,ppp = S (1 — @) P into this ratio, we get

=(1—a)p= S, ppp=5 (1—a) B.

SABDE _ 1—a

SA BEF B

Answer. (1 — o) : B.



250 Ch. 11 Plane Geometry

1.36. In triangle ABC a straight line is drawn from the vertex 4
cutting the side BC at a point D which lies between the points B
and C, with | CD | : | BC | =a (& < 1/2). A point E is taken on the
side BC between the points B and D and a straight line which is paral-
lel to the side AC and cuts the side AB at a point F is drawn through
it. Find the ratio of the areas of the trapezoid ACEF and the triangle
ADC if it is known that |CD | = | DE|.

1.37. Points E, F, M lie on the sides AB, BC, and AC of the trian-
gle ABC, respectively. The segment AE constitutes 1/3 of the side
AB, the segment BF constitutes 1/6 of the side BC, and the segment
A M constitutes 2/5 of the side AC. Find the ratio of the area of
AEFM to that of A ABC.

1.38. Points P, Q, and R are taken on the extensions of the medians

AK, BL, and CM of the triangle ABC such that | KP | = % |AK |,

ILQI=-1§]|BL|and|MR|=%|CMI. Find the area ol the
triangle PQR if the area of the triangle A BC is equal to unity.
1.39. Given triangle A BC whose area is unity. Points P, Q, and
R are taken on the medians A K, BL, and CN of the triangle ABC,
respectively, so that
|AP| =1 1Bl 1 ICR| 5
I[PK| — 7’ |QL| ~ 2 |RN|  4°

Find the area of the triangle PQR.
1.40. The triangle ABC does not have obtuse angles. A point D

is taken on the side’A C of the triangle such that | AD | = % |AC | .

Find the angle BAC if it is known that the straight line BD divides
the triangle ABC into two similar triangles.

1.41. Points P and Q divide the sides BC and CA of the triangle
ABC in the ratio

\BP| . 1Ol _
Pe — % oA — P

Assume that O is the intersection point of the straight lines AP and
BQ. Find the ratio of the area of the quadrilateral OPCQ to that
of the given triangle.

2. Quadrilaterals

The parallelogram. A quadrilateral whose opposite sides are pair-
wise parallel is known as a parallelogram. A parallelogram possesses
the following main properties:

(1) the opposite sides of a parallelogram are equal;

(2) the opposite angles of a parallelogram are equal;

(3) the diagonals of a parallelogram are bisected by the intersec-
tion point;

(4) the sum of the squares of the diagonals of a parallelogram is
equal to the sum of the squares of all its sides.
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The area of a parallelogram can be calculated by the formula
S = ah,, S = absina,

where a, b are the sides of the parallelogram, k,, is the altitude of the
parallelogram drawn to the side a, « is an angle of the parallelogram.
The rhombus. A parallelogram whose all sides are equal is known

as a rhombus. Being a parallelogram of a special kind, a rhombus has
all the properties of a parallelogram. In addition, a rhombus possesses
the following special properties:

(1) the diagonals of a rhombus are mutually perpendicular;

(2) the diagonals of a rhombus are the bisectors of its interior angles.

The area of a thombus can be calculated by the same formulas as
the area of a parallelogram. In addition, the area of a rhombus can be
calculated by the formula

S = —;—dldz,

where d, and d, are diagonals of the rhombus.

The rectangle and the square. A parallelogram whose all angles
are right angles is known as a rectangle. The area of a rectangle can be
calculated by the formula

S = ab,

where e and b are adjacent sides of the rectangle.

A rectangle whose all sides are equal is known as a square. A square
has all the properties of a parallelogram, a rhombus, and a rectangle.
The area of; a square can be calculated by the formula

S = a?,

where a is a side of the square.

The trapezoid. A quadrilateral whose two sides are parallel and
the other two sides arc nonparallel is known as a trapezoid. The area of
a trapezoid with bases a and b and the altitude % can be calculated by
the formula

a-|b

S=2

B!

The line segment which connects the midpoints of the nonparallel
sides of a trapezoid is called a median of the trapezoid. The median of
a trapezoid possesses the following properties: *q “Ivw

(1) the median of a trapezoid is parallel to the bases and is equal
to half their sum;

(2) the median divides the altitude of a trapezoid into two equal
segments.

In problems 2.1-2.17 the required quantity can be found by direct
calculations.

Example 2.1. Given a trapezoid PQRN with bases PN and (R,
in which |PN | =8, |QR|=4,| PQ| = 1/28, Z RNP = 60°.



252 Ch. 11 Plane Geometry

A straight line passes through the point R and divides the trapezoid in-
to two figures of equal areas. Find the length of the segment of that
line which is in the interior of the
trapezoid.

Solution. Assume that the line
dividing the trapezoid into two fizures
of ecqual areas cuts the base PN of
the trapezoid at a point M (Fig. 11.6).
We shall verify the validity of this
statement somewhat later.

Let us drop altitudes from the

/! E Vi Vs #  points Q and R to the base PN of the
trapezoid. Since | LK|=|QR | =
Fig. 11.6! 4 and | PN | =8, the lengths

of the segments | PL| and'| KN |
satisfy the equality | PL| 4| KN |=
4. We introduce the designation | PL| = z, and then we have
| KN | = 4— z. Since the length of the nonparallel side PQ is known,
we obtain from the triangle PQL by the Pythagorean theorem

QL1 = V28—2*.
We express | KR | from the triangle KRN as follows:
| KR| = (4 — z) tan 60° = V'3 (4 — z);
QL and KR are altitudes of the trapezoid, and we find from the equa-
tion | QL | = | KR | that
VB —2=V3¢—2)=28—22=3 (4 — )?
=22 —6r+-5=0=z=5z=1-

By the geometrical meaning of the problem, from the two values of the
unknown z the value z = 1 is suitable and, consequently,

|PL|=1, | KN|=3, | KR | = 3V 3.
We can now calculate the area of the trapezoid PQRN:

A8 -
Sparn=—1°33=18 V3.

Since by the hypothesis the straight line RM divides the trapezoid in-
to two parts of equal areas and by the assumption the line RM cuts
the base of the! trapezoid, we have

S smry = 9V3.

Knowing the altitude of the triangle MRN (the length of the line seg-
ment RK), we can calculate the base of the triangle MRN:

9 Vé:% |KR| I[MN| = |[MN|=6.

Since | PN| =8, | MN | = 6, our assumption that the line
passing through the point R cuts the base PN of the trapezoid proved
to be correct. If the calculations carried out led to the inequality
| MN | > | PN |, that would mean that the line passing through
the point R cuts one of the nonparallel sides, PQ, of the trapezoid.
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Let us now calculate the required length of the segment MR. We
have found that | KN| =3, | MK|=|MN| —| KN | = 3. By
the Pythagorean theorem we find from the right triangle MRK that
|MR| =V MK E+ |RKP=V 9+ 27 = 6.

Note that if the straight line cut one of the nonparallel sides, PQ,
of the trapezoid at a point M’, (Fig. 11.6), we could find the length of
the segment M’R from the triangle M’QR. To calculate that segment,
it would be necessary first to find the angle PQR of the trapezoid
(which angle is also an angle of the triangle M’QR being considered),
and then, from the known angle PQR, the area of the triangle S 5 peor=

%SPQRN and the base QR to find successively the length | M’Q |

and, by the cosine theorem, the length | M'R |.
Answer. The length of the segment is equal to 6.

2.1. Find the diagonal and the area of an isosceles trapezoid if its
bases are 3 cm and 5 cm and one of the nonparallel sides is 7 cm.

2.2, Find the area of an isosceles trapezoid whose bases are equal
to 12 cm and 20 cm and the diagonals are mutually perpendicular.

2.3. In the trapezoid ABCD the length of the base AD is 2 m and
that of the base BC is 1 m. The lengths of the nonparallel sides AB
and CD are equal to 1 m. Find the length of the diagonal of the tra-
pezoid. :

2.4. One of the angles of a trapezoid is 30° and the nonparallel
sides, when extended, meet at right angles. Find the smaller of the
nonparallel sides of the trapezoid if its median is 10 cm and the smaller
base is 8 cm,

2.5. In the trapezoid ABCD the length of the smaller base BC is
3 m, the lengths of the nonparallel sides AB and CD are equal to 3 m.
The diagonals of the trapezoid make an angle of 60°. Find the length
of the base 4D.

2.6. The larger base of the trapezoid is 5 cm, one of the nonparal-
lel sides is 3 cm. One of the diagonals is known to be perpendicular to
the given nonparallel side and the other bisects the angle between the
given nonparallel side and the base. Find the area of the trapezoid.

2.7. Givenin the isosceles trapezoid ABCD: | AC | = a, LCAD =
o. Find the area of the trapezoid.

2.8. Given a square in which another square is inscribed whose
vertices lie on the sides of the first square, and the angles between
the sides of the squares are equal to 60°. What part of the given
square does the area of the inscribed square constitute?

2.9. Given an isosceles trapezoid ABCD. It is known that | AD | =
10, |BC| =2, |AB|=|CD | =15. The bisector of the angle
BAD cuts the extension of the base BC at a point K. Find the length
of the bisector of the angle B in the triangle ABK.

2.10. The bases of an isosceles trapezoid are equal to a and b and
the angle the diagonal makes with the base is equal to a. Find the
length of the segment connecting the point of intersection of the dia-
go;:ials with the midpoint of one of the nonparallel sides of the trape-
zoid.

2.11. In the trapezoid ABCD, where AD is the base, diagonals AC
and BD are drawn which meet at a point 0. It is known that the
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length of the diagonal A C is equal to ! and the angles AOB, ACB, ACD,
BDC, ADB form an arithmetic progression (in the order they are writ-
ten). Find the length of the base AD.

2,42, Given an isosceles trapezoid ABCD in which | AB | =
|CD| =3,|AD | = 7, £ BAD = 60°. A point M is located on the
diagonal BD so that | BM | :| MD | = 3 :5. Which of the sides
.?lf tlge trapezoid, BC or CD, is cut by the extension of the segment

M

2.13. Calculate the area of the common part of two rhombi, the
diagonals of the first rhombus being equal to 2 and 3, and the second
rhombus being obtained by a rotation of the first through 90° about its
centre.

2.14, In the square ABCD with the area 1 the side AD is extended
beyond the point D and a point O is taken on the extension at the dis-
tance of 3 from the point D. Two rays are drawn from the point O.
The first ray cuts the segment CD at a point M and the segment 4B
at a point N, the length of the segment ON being equal to a. The
second ray cuts the segment CD at a point L and the segment BC
at a point K, with £ BKL = a. Find the area of a polygon
BKLMN.

2.15. The bisectors of four angles are drawn in a parallelogram
with sides @ and b and an angle a. Find the area of the quadrilateral
bounded by the bisectors.

2.16. The length of the lateral side A B of the parallelogram ABCD
is equal to a; the length of the perpendicular dropped from the point
of intersection of the diagonals to the base is equal to %; the angle be-
tween the larger diagonal BD and the base AD is equal to . Find the
area of the parallelogram.

2.47. The bases in the trapezoid ABCD are: | AD | = 16,
| BC| = 9. A point M is chosen on the extension of BC such that
| CM | = 3.2. In what ratio does the straight line AM divide the
area of the trapezoid ABCD?

Problems 2.18-2.29 can be solved by introducing an auxiliary
unknown (or several unknowns) for which an cquation (a system of
,equations, respectively) is set up from
B C the hypothesis. An angle or an unknown
linear dimension can be taken as an auxi-

liary unknown.

Example 2.2, In the convex quadrilat-

eral ABCD the vertex angles A and B are

o right angles, the vertex angle D is equal

to m/4, | BC | = 1, and the length of the

diagonal BD is 5. Find the area of the
quadrilateral.

A ] Solution. We designate the angle BDC

as a (Fig. 11.7). Since the sum of the

Fig. 11.7 interior angles of any quadrilateral is

equal to 2m, and three angles of the

quadrilateral ABCD are known from the

hypothesis, it follows that ZC = 3n/4. Let us consider the triangle

BDC. By means of the sine theorem, we find the angle o of the
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triangle BDC:

IBC| _ |BD| 1 5
sina ~ sinC sina /272
. Y2 . V2
=>smoc—-1—0 == o, = arcsin 10
( is an acute angle).
. n . V2
In the triangle BDC: £ DBC=—[—*-—arcsm—13— .
In the triangle ABD: /£ ADB= —i:-—arcsin %
From the right triangle ADB we obtain
n . V2
|AD| =35 cos (T—arcsm 10 )
_ n V2 Lo Y2
=95 [cos % °0s (arcsm T) +sin % sin (arcsm 0 ):l

|AB| = V' IBD|*— [AD|*= V5 —4t=3.

Since by the hypothesis the angles A and B are right angles, it follows
that AD || BC and the quadrilateral ABCD is a trapezoid (AD and
BC are the bases, AB is an altitude), whence we have

__|BC|+1AD| 15
N

Str IABIZT.

Answer. 15/2.

2.18. Given a square with vertices 4,
outside the square. It is known that | 04 |
VY 13. Find the area of the square.

2.19. In the convex quadrilateral ABCD the bisector of the angle
ABC cuts the side AD at a point M, and a perpendicular dropped from
the vertex A to the side BC cuts BC at a point N so that | BN | =
INC|and | AM | = 2| MD |. Find the sides and the area of the

quadrilateral ABCD if its perimeter is equal to 5 + V'3, LBAD =
90° and £ABC =60°

2.20. In the trapezoid ABCD the angles A and D at the base AD
are equal to 60° and 90° respectively. Point N lies on the base BC
and | BN |:| NC| = 3:2. Point M lies on the base AD, and the
straight line | M N | is parallel to one of the nonparallel sides, 4 B, and
divides the area of the trapezoid in half. Find the ratio | AB | : | BC |.

2.21. The length of the median of the trapezoid is 5 ¢cm, and the
length of the segment connecting the midpoints of the bases is 3 cm.

B, C, D and a point O lying
= |OB| = 5%and| DO | =
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The angles at the larger base of the trapezoid are 30° and 60°. Find
the area of the trapezoid.

2.22. The sum of the acute angles of a trapezoid is 90°, the altitude
is 2 cm, and the bases are 12 cm and 16 cm. Find the nonparallel sides
of the trapezoid.

2.23. In the rhombus ABCD with side a the vertex angle 4 is
equal to /3. Points £ and F are the midpoints of the sides AB and
CD respectively. Point K lies on the side BC, the segments 4 K and
EF meet at a point M. Find the length of the segment MK if it is
known that the area of the quadrilateral M KCF constitutes 3/8 of the
area of the rhombus ABCD.

2.24, In theright-angled trapezoid ABCD the angles 4 and D are
right angles, the side AB is parallel to the side CD; | AB | =1,
|CD| =4, | AD | = 5. A point M is taken on the side 4D such
that the angle CMD is twice the angle BMA. In what ratio does the
point M divide the side AD?

2.25. The length of the diagonal BD of the trapezoid ABCD is
equal to m, and the length of one of the nonparallel sides, 4D, is
equal to n. Find the Iength of the base CD if it is known that the
lengths of the base, the diagonal, and one of the nonparallel sides of
the trapezoid drawn from the vertex C are equal to one another.

2.26. In the trapezoid ABCD the diagonals AC and DB are mu-
tually perpendicular, L/ BAC = £CDB. The extensions of the nonpar-
allel sides AB and DC meet at a point K forming an angle AKD equal
to 30°. Find the area of the triangle AKD if the area of the trapezoid
is equal to S.

2.27, In an isosceles trapezoid with bases ¢ and b (a > b) the
diagonals are the bisectors of the angles at the larger base. Find the
area of the trapezoid.

2.28. In the trapezoid ABCD the diagonal AC is perpendicular
to one of the nonparallel sides, CD, and the diagonal DB is perpendic-
ular to the other nonparallel side, AB. Line segments BM and CN
are laid off on the extensions of the nonparallel sides AB and CD be-
yond the smaller base BC so that a new trapezoid BM NC results which
is similar to the trapezoid ABCD. Find the area of the trapezoid A BCD
if the area of the trapezoid AMND is S and the sum of the angles
CAD and BDA is 60°.

2.29. Given a parallelogram ABCD with sides | AB| = 2 and
| BC | = 3. Find the area of the parallelogram if it is known that
the diagonal AC is perpendicular to the segment BE which connects
the vertex B and the midpoint E of the side AD.

When solving problems 2.30-2.36, use is made of the special prop-
erties of polygons and triangles following from the hypotheses.

Example 2.3. In a trapezoid with bases a and b a straight line,
which is parallel to the base, is drawn through the point of intersection
of the diagonals. Find the length of the segment of that line between
the nonparallel sides of the trapezoid.

Solution. Assume that the base BC of the trapezoid ABCD is equal
to a, and the base AD is equal to b (Fig. 11.8), AC and BD are dia-
gonals, O is the point of their intersection, BN is an altitude of the
trapezoid, M is the point of intersection of the altitude BN and the
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required segment K L. By the hypothesis, KL || BC, and, consequently,
the triangle A BD is similar to the triangle KBO, and the triangle ABC

B

Fig. 11.8

is similar to the triangle AKO. Since the altitudes of similar triangles
are proportional to the sides to which they are drawn, we have

|KO| __ |BM| IKO| _ IMN|
|AD| — |BN| ' |BC| ~ |BN}| °
As a consequence of these equations and the hypothesis, we obtain
IKO| |, |KO| _ |BM| IMN| _ |BC|+14D| )
ot +TeeT = 1EaT +TERT = K0! (<TanT e
_ IBM|+|MN| at+bd _, __¢eb
__W@IKOI T ﬁ"KOl—a_Fb.

Similarly, from the similarity of two pairs of triangles ADOL~ ADBC

and AOCL ~ AACD,wefind that | OL | = a“—_ﬁb and, therefore,
_ 2ab
|KL|—|K02|+]0L|—a+b.
ab
A nswer. it b

2.30. Given a parallelogram A BCD with area 1. A straight line is
drawn through the midpoint M of the side BC and the vertex A which
cuts the diagonal BD at a point O. Find the area of the quadrilateral
oMCD.

2.31. The following points are taken on the sides of a convex
quadrilateral ABCD whose area is equal to 1: K on AB; L on BC; M
on CD; N on AD. We also have

|BL| _ 1 IcM) _,

|AK| 1
ILCI ~ 3 MD|

|KB|

IDN| 1

2, INA] — 5 °

Find the area of the hexagonal A KLCMN.
2.32. A, B, C, D are successive vertices of a parallelogram. Points
E, F, P, H lie on the sides AB, BC, CD, AD, respectively.

17-0263
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The segment A E is equal to 1/3 of the side AB, the segment BF is equal
to 1/3 of the side BC, and the points P and H bisect the sides on which
they lie. Find the ratio of the area of the quadrilateral EFPH to that
of the parallelogram ABCD.

2.33. In the convex quadrilateral ABCD the length of the segment
connecting the midpoints of the sides AB and CD is equal to 1. The
straight lines BC and AD are perpendicular. Find the length of the
segment connecting the midpoints of the diagonals AC and BD.

2.34. The lengths of the diagonals of a rhombus and the length
of its side form a geometric progression. Find the sine of the angle
between the side of the rhombus and its larger diagonal if it is known
to be larger than 1/2.

2.35. In the convex quadrilateral KLM N points E, F, G, H are,
respectively, the midpoints of the sides KL, LM, MN, NK. The area
of the quadrilateral EFGH is equal to Q, LHEF = n/6, t EFH =
/2. Find the lengths ef the diagonals of the quadrilateral KLMN.

3. The Circumference and the Circle
A circumference is a set of all points of a plane which are at a given
positive distance from a certain given point of the plane, which is

called the centre of the circumference. A circle * consists of a circumfe-
rence and its interior points.

A B
N\, \

Y

Fig. 11.9 Fig. 11.10

M

A line segment connecting two points of a circle is called a chord.
Chords possess the following properties:

(1) The diameter bisecting the chord is perpendicular to it.

(2) Equal chords of a circle are equidistant from its centre; chords,
which are equidistant from the centre of a circle are equal.

(3) If two chords AB and CD are drawn through the point M which
lies in the interior of a circle (Fig. 11.9), then the products of the seg-
ments of the chords are equal: | AM || MB| = |CM || MD |.

Theorem on a tangent and a secant. If a tangent MC and a secant MA
are drawn from a point M (Fig. 11.10) lying outside the circle, then
the product of the secant by its exterior part is equal to the square of
the tangent: | MC |12 = | MA | | MB |.

* When no ambiguity arises, it is used as a synonym of a circum-
ference.
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Lengths and areas,

The length of a circle of radius R: L = 2nR.

The area of a circle of radius R: S = nR2.

The length of an arc of a circle of radius R with the central angle a
(in radians): ! = Ra.

The area of a sector of a circle of radius R with the central angle o

(in radians): s =—;-R2a.

The properties of lines in tangent and intersecting circles.

(1) The line of centres of two tangent circles passes through the
point of tangency.

(2) The common interior tangent of two externally tangent circles
is perpendicular to their line of centres.

(3) The common tangent of two internally tangent circles is per-
pendicular to their line of centres.

(ﬁ) The common chord of two intersecting circles is perpendicular
to their line of centres and is bisected by their point of intersection.

Problems 3.1-3.9 can be solved by direct calculations based on the
properties of lines in circles.

Example 3.1. The common chord of two intersecting circles can
be seen from their centres at the angles of 90° and 60°. Find the radii
of the circles if the distance between their centres is equal to V'3 + 1.

Solution. Assume that O; and O, are the centres of the circles,
AB is the common chord, K is the point of intersection of the line of

A
N2

Fig. 11.11

centres 0,0, and the common chord 4 B (Fig. 11.11); the angle A0,B
is 60°% and the angle 40,B is 90°. Let us consider the triangle 40,5.
1 he triangle is isosceles (| 40, | = | BO, |) and 0, K1 AB, i.e. 0,K
is the altitude, the median and the bisector of the triangle 40,B. By
the hypothesis, the angle A0,B is 60° and, consequently, the angle
A0, K 1s 30°. Similarly, we find for the triangle 40,B that the angle
AO,K is 45°. Let us consider the triangle 0,40,. In this triangle we
know two angles (40,K and A0,K), which are equal to 30° and 45°
respectively, and the segment 0,0, which is equal to ¥'3 + 1. The
sides 0;4 and A0, of the triangle are the requ(ilred radli{. +

17¢
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Since the sum of the angles of a triangle is equal to 180°, the angle
0,40, is 105° and by the sine theorem we have for the triangle 0,40,

10,41 __V3+1  10,4] _ V341 ()
sin 45° sin105° ’ sin 30° sin 105° *
But sin 105° = sin (90° 4+ 15°) = cos 15°. By the formula 1 -+
cos oo =2 cos’%, we can set o = 30° and calculate cos 15°:

2c0s215°=1-+}co0s 30° = 2¢ns215° = 2+—21/3-

= cos 15° = M_ ;

from equations (*) we find that
10,4 = Ve (V3412 V2(V3+1) _ V2 (V3+1)

2 Varvs Varvs Vistowz
(V3+h2 V341 V31 5
2Vt V3 Vervi V(V3+1)ie2

Answer. 2 and V2.

3.1. Three circles lie on a plane so that cach of them externally
touches the other two. Two of them have radius 3, the third, radius 1.
Find the area of the triangle ABC, where A, B, and C are points of
tangency of the circles.

3.2, Given two externally tangent circles of radii R and r.
Find the length of the segment of the external tangent between the
points of tangency.

3.3. Two circles whose radii are equal to 4 and 8 meet at right
angles. Find the length of their common tangent.

3.4. The centres of four circles lie at the vertices of a square with
side a. The radii of all the circles are also equal to a. Find the area
of the part of the plane which is common for all the circles.

3.5. A point O is taken outside the right angle with vertex C on

the extension of its bisector such that | OC | = ¥ 2. A circle of radius
2 with centre at the point O is constructed. Find the area of the figure
bounded by the sides of the angle and the arc of the circle contained
between them.

3.6. Points A and B are taken on the straight line, which passes
through the centre O of the circle of the radius of 12 cm, such that
]O0A | =15 cm and | AB | = 5 cm. Tangents to the circle are drawn
from the points A and B whose points of tangency lie on the same side
of the straight line OA B. Find the area of the triangle ABC, if C is
the point of intersection of those tangents.

3.7. Given two nonintersecting circles of radii R and 2R. Common
tangents are drawn to them and meet at a point 4 of the segment con-
necting the centres of the circles. The distance between the centres of

the circles is equal to 2RV 3. Find the area of the figure bounded by

10:4| =
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the segments of the tangents contained between the points of tangency
and the larger arcs of the circles connecting the points of tangency.

3.8. A tangent AB is drawn to a circle from a point A which lies
on the extension of the diameter KL of the circle in the direction of
the point L (B is the point of tangency). The tangent AB mak's an
angle a with the diameter KL. Find the area of the figure formed by
the sides of the angle and the arc LB if the radius of the circle is R.

3.9. Two circles of radii 5 cm and 3 cm are internally tangent.
A chord of the larger circle touches the smaller circle and is divided
bﬁf tgle point of tangency in the ratio 3 : 1. Find the length of the
chord.

Problems 3.10-3.24 can be solved by introducing an auxiliary unknown
for which an equation is set up from the hypothesis.

Example 3.2. Two circles of radii R and r are externally tangent.
Find the radius of the third circle which is between them and touches
those circles and their external tangent.

Solution. Assume that 04, 0,, and O, are, respectively, the centres
of the circles of radii R, r and the required circle; M, M, is the com-
mon external tangent of the given circles (Fig. 11.12). We designate

Fig. 11.12

as I the point of tangency of the required circle and the straight line
M;M,. Through the centre O; of the sought-for circle we draw a
straight line which is parallel to the line M;M, (P anl K
are the points of intersection of that line and the segments O4M,
and O,M,). The straight line PK is perpendicular to the lines
My, O,M, and OzL. We ' designate the radius of the required
circle as z. In the right triangle 0,P0, the length of the hypotenuse
| 0103 | = R + z, the length of the leg O,P = R — z. By the Pytha-
ygorean theorem, | PO, | = 2y Rz. Similarly, from the right triangle
03K0, we find that | 0,K | = 2 rz.

Through the centre of the smaller of the circles of radii R and r
we draw a straight line which is parallel to the common external tan-
gent (in Fig. 11.12 the circle with centre 0, has a smaller radius than
the circle with centre 0y, and 0,8 is the drawn straight line). From
the right triangle 0,50, in which’| 0,0, | = R+ r,10,S|1 =R —r,
we find that | 0,5 | = 2}/ Rr. The line segments SO,, PK, M;M, are
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parallel to one another since each of them is perpendicular to the pa-
allel straight lines O, M, and O,M,and | SO, | = | PK | = | MM, |.

The equality | SOy | = |[PK | = | POg| + | 03K | yield an equ-
ation making it possible to find the unknown z:

2VRz+2 Vrz=2VRr=> Rz+2z V Rr+rz=Rr

o Rr Rr
P R 2 R =R = — —3 — — °
SRV R =R = o= e S RV

Rr
VE+ VP

Example 3.3. AOB is a sector of a circle of radius r. The angle
AOB is equal to a (@ < m). Find the radius of the circle which lies
inside the sector and touches the chord
/4 AB, the arc AB, and the bisector of

LAOB.
Solution. Assume that OM is the
(-4 bisector of the angle AOB, 0, is the
centre of the required circle, S is the
point of tangency of the required circle
.and the bisector OM, K is the point of
tangency of the required circle and the
chord 4B (Fig. 11.13)." The segment OM

Answer.

o Mx is the bisector of the aligle AOB land,
>~ since AAOB is an 'isosceles triangle, it

A s W follows that OM is at the same time an
[ altitude of the triangle ‘"AOB. The qua-

drilateral SMKO, is a square since

Fig. 11.13 | SO, | =| KO, |, and the angles 0,SM,

SMK, and MKO, are right angles. By

the theorem on a straight line passing

through the centres of two tangent circles, the centres O and O, of

the circles and the point of tangency L of those circles lie on the
same straight line OL.

We designate the radius of the sought-for circle as | 0,K | = «=.

The diagonal MO, of the square M SO;K is equal to ¥ 2 z. From the
triangle OMB we find, in accordance with the hyp-thesis, that

|OM | = rces %. In the triangle OMO,; we have: | MO, | = V2z,
|OM | = rcos%—, | 00y | = r — z,/,0MO; = 135°. The cosine theo-

rem gives for the triangle OMO,; an equation for the unknown z:

(r—z)2=2x34r2 cos’%— —2z V2rcos —OZL cos 135°,

o

(r —z)2==2224-r2 cos? -3— -+2rzx cos 5

=3 x%4-2r (cos %-+1) z+4r? (cosz%—i) =0
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o

=> 2y, 9= ==2r COs? 7+ 2r cos =

i

a o
Zi, 2 =2rcos-4— (—cos—4- + 1) .
Since the quantity z must be positive, and only the first of the roots
obtained is positive
z,=2r cos% (1—005 %) = 4r cos% sin? % ,
it is the first root which gives the value of the radius of the circle in
question,

a ., o
Answer. 4r cos T sin? 5

3.10. When two circles of radius 32 with centres O, and O, inter-
sect, they divide the line segment 0,0, into three equal parts. Find
the radius of the circle which internally touches the two given circles
and the segment 0,0,.

3.11. Given two intersecting circles of the same radius R. The

distance between the centres of the circles | 0,0, | = I. Find the area
of the circle which internally touches the two circles and the straight
line 0,0,.

3.12. Two circles whose radii are R, and R, intersect. The distance
between their centres is equal to d. Find the radius of the circle which
touches the given circles and their common tangent.

3.13. A circle of the radius of 6 cm lies in the interior of a semi-
circle of the radius of 24 cm and touches the midpoint of the diameter
of the semicircle. Find the radius of the smaller circle which touches
the given circles, the semicircle and the diameter of the semicircle.

3.44. Given a circle of radius r with centre at a point O. From a
point A of the segment OA4, which meets the circle at a point M, a se-
cant is drawn to the circle which cuts the circle at points K and P; the
point K lies between the points A and P. The angle MAK is equal to
n/3. The length of the segment OA is a. Find the radius of the circle
touching the segments AM, AK and the arc MK.

3.15. A secant OM and a tangent MC arc drawn from the point M
to a circle of radius of 3 c¢m with centre at a point O, the tangent
touching the circle at a point €. Find the radius of the circle which
touches the given circle and the straight lines MC and OM and lies in
the interior of the triangle OMC if | OM | = 5 cm.

3.46. Given a segment with an arc of 120° and an altitude . A
rectangle is inscribed into it whose base is 4 times the altitude. Find
the sides of the rectangle.

v« 3.17. A rectangle]KMPT lies in a“circular sector OAB whose cen-
tral angle is equal to m/4. The side KM of the rectangle lies on the
radius OA, the’vertex P lies on the arc AB, and the vertex T lies on
the radius OB. The side KT is 3 cm longer than the side KM. The
area of the rectangle KMPT is 18 cm?. Find the length of the radius.

3.18. Two secants A KC and ALB are drawn from a“point A4,
which is at the distance of 5 cm from the centre of a circle of the ra-
dius of 3 cm, the angle between the secants being equal to 30° (X, C,
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L, and B are the points of intersection of the secants and the circle).
Find the area of A4 KL if the area of AABC is 10 cm?2.

3.19. Given two identical intersecting circles. The ratio of the
distance between their centres to the radius is 2m. A third circle is
externally tangent to both circles and their common tangent. Find
the ratio of the area of the common part of the first two circles to that
of the third circle.

3.20. A square is inscribed into a circular sector, bounded by the
radii OA and OB, with central angle o (@ < 7/2), so that its two adja-
cent vertices lie on the radius 04, the third vertex lies on the radius
OB and the fourth vertex lies on the arc AB. Find the ratio of the
areas of the square and the sector.

3.21. Two mutually perpendicular intersecting chords AB and
CD are drawn in a circle. It is known that

|AB|=|BC|=|CD|.

Find what is larger, the area of the circle or that of the square with
side AB.

3.22. Two circles with the radii of ¥'5 cm and ¥ 2 cm intersect.
The distance between the centres of the circles is 3 cm. A straight line
which is drawn through a point 4 (one of the intersection points) and
cuts the circle at points B and C (B # C) is such that | AB | =
| AC |. Find the length of the segment 4B.

4. Triangles and Circles

A triangle whose all vertices lie on a circle is said to be inscribed
in the circle and the circle is said to be circumscribed about the triangle.
The centre of the circle circumscribed about the triangle lies on the
intersection of the perpendiculars drawn to the midpoints of the sides

of the triangle.
The radius of a circle circumscribed about a triangle can be cal-

culated by the formula
1 a 1 b 1 ¢

R=% sma~7 sinp 2 siny

or by the formula

R = abc/4S,

where a, b, c are the sides of the triangle, a, B, y are the angles of the
triangle which lie opposite the sides a, b, and ¢ respectively, S is the
area of the triangle.

A circle which touches all the sides of a triangle is said to be in-
scribed in the triangle. The centre of the circle inscribed into the triangle
lies on the intersection of the bisectors of the interior angles of the

triangle.
The radius of a circle inscribed in'a triangle can be calculated by

the formula
r= S/p,

where p = ;—(a 4+ b 4+ ¢) is a semi-perimeter of the triangle.
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Problems 4.1-4.36 can be solved by direct calculations using the
properties of triangles inscribed in a circle and of circles inscribed in
triangles.

Example 4.1. A point D is taken on the side AC of an acute trian-
gle ABC suchthat | AD | =1, | DC | = 2and | BD | is an altitude
of the triangle ABC. A circle of radius 2, which passes through the
points A and D, touches at the point D a circle circumscribed about the
triangle BDC. Find the area of the triangle ABC.

Solution. Assume that O, is the centre of the circle of radius 2
which passes through the points 4 and D, 0, is the centre of the circle
which is circumscribed about the triangle BDC (Fig. 11.14). Since BD

8
A
{CN
L)
A A A B
N
Fig. 11.14 Fig. 11.15

is an altitude of the triangle A BC, the triangle BDC is a right-angled
triangle and, consequently, the centre of the circle ¢ rcumscribed
about the triangle BDC lies at the midpoint of the hypotenuse BC.

Let us consider the triangle AO,D. The triangle is isosceles, and
by the hypothesis | AD | =1, | A0, | = | 0,D | = 2. We use the
cosine theorem to find the angle ADO, of that triangle:

L ADO, = arccos —[i‘-

Since by the hypothesis, the circles with centres 0, and 0, touch each
other at the point D, the line of centres 0,0, passes through the point
of tangency and | 0,0, | = | O,D | 4- | DO, |. The angles ADO, and

CDO, are vertical and, consequently, equal, i.e. CDO, = arccos e
The triangle DO,C is isosceles since DO, and 0,C are radii of the circle

and, consequently, £0,CD = arccos 14
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We know that in the right triangle BCD the leg | DC | = 2 and
£0,CD = arccosi. From these data we find the hypotenuse BC:

4
(DC| ( 1) 1oy _ 1 =
TBCI =cos | arccos A ;\‘I—BCT—T: |BC|=38.
We have thus found three l‘;arameters in the triangle ABC which
make it possible to calculate the area of the triangle:

1 .
Sa aBC= 5 |AC| |BC| sin DCB

:%--3-8 sin (arccos _Z.) —12. VY 3y

A nswer. 3]/1-5.

Example 4.2, In the right triangle ABC with an acute angle of
30° an altitude CD is drawn from the vertex of the right angle C.
Find the distance between the centres of the circles inscribed into the
triangles ACD and BCD if the smaller leg of the triangle ABC is 1.

Solution. Assume that O, and O, are the centres of the circles in-
scribed into the right triancles ACD and BCD respectively; the angle
gAdB ]ils 30° | BC | = 1 (Fig. 11.15). From the right triangle ABC we

nd that

|BC|
14C|

From the knowndata | AC | = ¥ 3 and £A4 = 30° we find from the
right triangle ACD that

ICcD | = V3/2; |AD | = 3/2.

From the known data | BC | = 1 and £ZB = 60° we find [rom the
right triangle CDB that

| BD | = 1/2, | DC | = V 3/2.

Let us calculate the areas and semi-perimeters of the triangles
ACD and CDB:

=tan 30° = |AC|= V'3, ZLABC=60°.

1 3V3 314+ V3
Sp acp=7 1ADI |DCl=—g— PpacD="4 — >

1 . V3 3+ V3
Sxpep=- |CDIIBDl=—5=,  pp pcp=—7 —-

Next, from the formula S = pr we calculate the radii of the cir-
cles inscribed into the triangles ACD and CDB:

. Saacp _ V3
" Pasacp  2(+V3) '
SacpB _ 1

o= = r— .
" PacoB  2(+V3)
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We draw the radii O;M and O,N to the points of tangency of the cir-
cles with the sides AC and BC respectively and consider the right
triangles O, MC and O,NC. In the triangle O, MC we know the length
of the side | MO, | = r, = ¥ 3/2 (1 + ¥V 3) and the angle MCD, =
30°. (The centre of the circle which is inscribed in the triangle lies on
the bisector of the interior angle of the triangle: ~ MCO, = £ DCO, =

%— LMCD = 30°.)
From the right triangle MCO, we find that
| MO, |/} 0,C | = sin 30° =
10,C | =2 MO | =2r,=V3/(1 4+ V3.
Similarly, from the triangle NCO, we find that
| NO, || 0,C | = sin 15°.

Calculating sin 15° by the formula 1 — cos 30° = 2 sin? 15° we find,
that

10,C| = INO,| _ |INO,| _ 2ry

ST V=V Ve—v3

1
A+v3)Ve_y3 '

Let us consider the triangle 0,C0,. In this triangle we know two
sides | 0,C | and | 0,C | and the angle between them which is equal
to 45°. By the cosine theorem we can find the third side of the trian-
gle, | 0,0, |, which is the sought-for distance between the centres of
the circles:

[0,0212=10,C|2+4|0,C|2—2 |0,C| |05C]| cos 45°
3 1
AV (T VR e—v3)
s V3 1 V2
4+V3 (rv3Ve—y3 2
3, 2V3 _V3V2V 24 V3
A+ V3? ' (1+ V37 1+ V37
_5+V3—V3Vi+2 V3 _ 5+ vV3— V3V (14 V3P
U+ V3R U+ V32
AN
B P e e
10102|=V2“ ‘/:-—}

Answer. VZ-—— V3.
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4.1. Find the length of the circle inscribed in an isosceles right
triangle with the hypotenuse equal to c.

4.2. Given an isosceles triangle with the length of the lateral side
b and the base angle . Find the distance from the centre of the cir-
cumscribed circle to that of the inscribed circle.

4.3. Given a circular sector of radius R with the central angle c.
Find the radius of the circle inscribed in the sector.

4.4. Two chords of lengths a and b are drawn from the same point
of the circle. Find the radius of the circle if the distance between the
midpoints of the given chords is ¢/2.

4.5. A semicircle is constructed on the base of an equilateral tri-
angle as a diameter which bisects the triangle. The side of the triangle
is a long. Find the area of the part of the triangle which lies outside
the semicircle.

4.6. Two points are given on one of the sides of the angle o, the
distances between the points and the other side being equal to » and
c. Find the radius of the circle which passes through those two points
and touches the other side of the angle.

4.7. The regular triangle 4 BC with side equal to 3 is inscribed in
a circle. A point D lies on the circle, the length of the chord AD being

equal to V3. Find the lengths of the chords BD and CD.

4.8. The vertex C of the right angle of the right-angled triangle
ABC with legs equal to 3 and 4 is connected with the midpoint D of
the hypotenuse AB. Find the distance between the centres of the cir-
cles inscribed in the triangles ACD and BCD.

4.9. A circle of radius R passes through the vertices 4 and B of
AABC and touches the straight line AC and a point 4. Find the area
of AABC knowing that LABC = @, LACB = a.

4.10. In a right triangle ABC the angle A is a right angle, the
angle B is 30°, and the radius of the inscribed circle is ¥ 3. Find the
distance from the vertex C to the point of tangency of the inscribed
circle and the leg AB.

4.11. A circle touches the side BC and the extensions of the other
two sides of the triangle A BC. Find the radius of the circleif | AB | =
¢, LBAC =a, LABC = f.

4.12. A circle of radius R is inscribed in the triangle ABC and
touches the side AC at a point D, the side AB at a point E and the
side BC at a point F. The length of the segment AD is equal to R,
and that of the segment DC is equal to a. Find the area of ABEF.

4.13. A circle is inscribed in a regular triangle with side
equal to a. Another circle is drawn from the vertex by a radius
which is equal to half its side. Find the area of the common part
of the circles.

4.14. A circle is inscribed in an isosceles triangle with base a and
the base angle .. In addition, a second circle is constructed which
touches the base, one of the lateral sides of the triangle and the first
circle inscribed in it. Find the radius cf the second circle.

4.15.A circleis inscribed in AABC withsides | BC | = a,| AC | =
2a and the angle C = 120°. Another circle is drawn through the
points of tangency of that circle with the sides AC and BC and thro-
ugh the vertex B. Find the radius of the second circle.

4.16. In the triangle ABC the length of the side AB is equal to
4, LCAB is equal ton/6, and the radius of the circumscribed circle is
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3. Prove that the length of the altitude dropped from the vertex C
to the side A B is less than 3.

4.17. In the triangle ABC the lateral sides AB and BC arc equal
to a, and £LABC = 120°. A circle is inscribed in the triangle ABC
which touches the side AB at a point D. A second circle has the point
B as its centre and passes through the point D. Find the area of the
part of the inscribe(f’circle which lies inside the second circle.

4.18. A semicircle is inscribed in the acute triangle ABC so that
its diameter lies on the side A B and the arc touches the sides 4C and
BC. Find the radius of the circle which touches the arc of the semicir-
cle and the sides AC and BC of the triangle if | AC | = b, | BC | = a,
LACB = o.

4.19. A circle of radius 1 -+ /2 is circumscribed about an isosceles
right triangle. Find the radius of the circle which touches the legs of
tlll)e triangle and is internally tangent to the circle circumscribed
about it.

4.20. In the right triangle ABC with legs | AB| = 3,|BC | = 4
a circle is drawn through the midpoints of tﬁe sides AB and AC which
touches the side BC. Find the length of the segment of the hypotenuse
AC which lies in the interior of the circle.

4.21. The lengths of the sides | AB| = 21 and | BC | = 15 in
AABC are given and a bisector BD of £ ABC is drawn. Find the radius
(5»;7the circle inscribed in the triangle A BD knowing that cos BAC =

4.22. An equilateral triangle A BC is inscribed in a circle of radius
R. The side BC is divided into three equal parts and a straight line is
drawn through the point of division which is closest to C. The straight
line passes througﬁ the vertex A and cuts the circle at a point D.
Find the perimeter of the triangle ABD.

4.23. In the triangle ABC | AB| = YV 14, | BC | = 2. A circle
passes through the point B, through the midpoint D of the segment
BC, through a point E on the segment AB, and touches the side AC.
Find the ratio in which the circle divides the segment AB if DE is the
diameter of the circle.

4.24. A circle is circumscribed about the triangle A BC with sides

| AB| = 10Y'2, | AC | = 20 and £ B = 45°. A tangent is drawn to
the circle through the point C which cuts the extension of the side
AB at a point D. Find the area of the triangle BCD.

4.25. Given a triangle ABC and the lengths of the sides | AB | =
6, | BC| =4, |AC| = 8. The bisector of the angle C cuts
the side AB at a point D. A circle drawn through the points
A, D, C cuts the side BC at a point E. Find the area of the
triangle ADE.

4.26. In the'triangle ABC LBAC = o, LBCA = B. | AC | = b.
A point D is taken on the side BC such that | BD | = 3 | DC |. A cir-
cle is drawn through the points B and D which touches the side AC or
its extension beyond the point A. Find the radius of the circle.

4.27. In the triangle ABC £ A = 120°, | AC| =1, | BC | =
V7. A point M is taken on the extension of the side CA such that
BM is an altitude of the triangle A BC. Find the radius of the circle
which passes through the points A and M and touches at the point M
the circle passing through the points M, B, and C.
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4.28. A circle is circumscribed about the triangle A BC with sides
|AB| =51+ V'3), | BC| = 5V 6, | AC | = 10. A tangent to the
circle is drawn through the point C and a straight line parallel to the
side AC is drawn through the point B. The tangent and the
straight line meet at a point D. Find the area of the quadri-
lateral ABDC.

4.29. A circle is inscribed in the triangle A BC with sides | AB | =
10, | BC | = 20 and the angle C equal to 30°. A tangent to the
circle is drawn through the point M of the side AC which is at the
distance of 10 from the vertex A. Assume that K is a point of inter-
section of the tangent and the straight line which passes through the
vertex B parallel to the side AC. Find the area of the quadrilateral
ABKM.

4.30. Given in the triangle BCD: |BC|=4, |CD| =38,
cos BCD = 3/4. A point A is chosen on the side €D such that
| CA | = 2. Find the ratio of the area of the circle circumscribed about
the triangle BCD to that of the circle inscribed into the triangle
ABD.

4.31. In the triangle one of whose angles is equal to the difference
between the other two, the length of the smaller side is 1, and the
sum of the areas of the squares constructed on the other two sides is
twice that of the circle circumscribed about the triangle. Find the
length of the larger side of the triangle.

4.32. In the triangle A BC the length of the side BC is 2 cm, the

length of the altitude drawn from the vertex C to the side AB is J/ 2 cm,
and the radius of the circle circumscribed about the triangle ABC is

V'5 cm. Find the lengths of the sides AB and AC of the triangle if
LABC is known to be acute.

4.33. The triangle ABC, whose angle B is equal to 2a << ni/3, is
inscribed in a circle of radius R. The diameter of the circle bisects the
angle B; the tangent to the circle at the point 4 cuts the extension of
the side BC at a point M. Find the area of the triangle ABM.

4.34. Given a regular triangle ABC with side a. A circle passes
through the centre of the triangle and touches the side AB at its
midpoint M. The straight line drawn from the vertex A touches the
circle at a point E. Find the area of the triangle A £ M.

4.35. A circle with centre at O is circumscribed about the triangle
ABC (A > n/2). The point F is the midpoint of the larger of the
arcs subtended by the CII])Ol‘d BC. Let us designate the point of inter-
seclion of the side BC with the extension of the radius AO as £ and
with the chord AF as P. Assume that AH is altitude of AABC. Find
the ratio of the area of the quadrilateral OEPF to that of the triangle
APIT il it is known that the radius of the circumscribed circle R =
2’3, |AE | = V'3 and | EH | = 3/2.

4.36. Given an isosceles triangle MNP in which | MN | =
| NP | =1, LMNP = f. Acircle with centre on the side MP
touches the sides MN and NP. The tangent to that circle cuts the
side MN at a point Q and the side NP at a point R. It is known that
| MQ | = n. Find the area of the triangle QNR.

The hypotheses of problems 4.37-4.44 do not include quantities
which have lengths. To solve these problems, it is necessary to intro-
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duce an auxiliary quantity a which has length (say, a side of a triangle)
and solve the problem with the extended condition.
The expressions for the required quantities do not contain a.

Example 4.3. In the right triangle ABC the legs AC and BC are
cqual. Find the ratio of the areas of the inscribed and the circumscribed
circle.

Solution. Let us designate the leg AC of the triangle ABC as a.
Since by the hypothesis the legs are equal, wehave | BC | = | AC | =
aand £A = /B = 45°. By the Pythagorean theorem, we find the

hypotenuse: _
|AB| =V a*Fat=a V2.
The radius of the circle circumscribed about the right triangle is equal
to half the hypotenuse:
R=a V'2/2.
The radius of the circle inscribed in the triangle can be calculated by
the formula

atatayV2  a(24V2)
2 - 2 ’

S —_ 1 2 R
T_T’ where § == 5 a% p=
a
and, consequently, r=————,
q Y 2‘|‘ ]/2
Let us calculate the ratio of the areas of the inscribed and the cir-
cumscribed circle:

nr? _(2+11/§)2_ 1
nRT (#)2 T +vr

Answer. 1/(1+ V 2)%

4.37. Acircleiscircumscribed about aright triangle. Another circle
of the same radius touches the legs of that triangle so that one of the
points of tangency is the vertex of the triangle. Find the ratio of the
ureal of the triangle to the area of the common part of the two given
circles.

4.38. Angles B and C are given in AABC. A circle is drawn through
the midpoint O of the side AB and the vertex A which touches the
side BC. Find the ratio of the radius of the circle to the length of the
side BC.

4.39. Find the ratio of the radii of the inscribed and the circum-
scribed circle for an isosceles triangle with the base angle c.

4.40. Given aright triangle with the acute angle c. Find the ratio
of the radii of the circumscribed and the inscribed circle and deter-
mine the value of @ for which this ratio is the least.

4.41. In the isosceles triangle A BC, inscribed in a circle, | AB | =
| BC | and £BAC = . The straight line drawn from the vertex C
and making an angle /4 with AC lies in the interior of the triangle
and cuts the circle at a point E. That straight line meets the bisector
ol the angle BAC at a point F. The vertex 4 of the triangle is con-



272 Ch. 11 Plane Geometry

nected with the point £ by aline segment. Find the ratio of the areas of
the triangles AFC and AEC.

4.42. Given a right triangle ABC with the right vertex angle C.
The angle CAB is equal to «. The bisector of £ ABC cuts the leg AC
at a point K. A circle which cuts the hypotenuse AB at a point M is
constructed on the side BC as a diameter. Find £ A MK.

4.43. Angles B and C are given in AABC. The bisector of £ BAC
cuts the side BC at a point D and the circle circumscribed about
AABC at a point E. Find the ratio | AE | : | DE |.

4.44. The circle inscribed in AABC touches its sides AC and BC
at(i)oints M and N respectively and cuts the bisector BD at points P
and Q. Find the ratio of the areas of the triangles PQM and PQN if
2A = n/4 and £ZB = n/3.

Problems 4.45-4.66 can be solved by introducing an auxiliary un-
known (or several auxiliary unknowns) for which, by the hypothesis,
an equation (or a system of equations) is set up.

A It is often convenient to choose as an auxilia-
ry unknown the quantities which, together
with the quantities of the hypothesis, give a

N collection of elements which define the trian-
gles uniquely (see Example 4.5).

’L /i Example. 4.4. In the isosceles triangle ABC
><—_ 7N\ the angle B is aright angle, | AB | = | BC | =
b M £ 2. The circle touches both legs at their
midpoints and intercepts a chord DE on the

. hypotenuse. Find the area of ABDE.

Fig. 11.16 Solution. Let us designate the lengths of the
segments CD, DE and EA as z, y and z respec-
tively (Fig. 11.16). We designate the points of

tangency ol the legs and the circle as M and N. Then, by the theorem
on a tangent and a secant, we have

ICM|*=|CE||CD|, (*)
|AN |2= | DA || EA |.
By the hypothesis, the circle touches the legs at their midpoints, and

this means that | CM | = | AN | = 1. With the aid of the unknowns
we have introduced we can write equation () as a system of equations
z(z4 1) =1,
z(z4y) =1.

Subtracting the second equation from the first, we get
2—22 L y@z—2)=0=@—2)@+y+2)=0=z=2z

i.e. | CD | = | EA |. Adding an equation (2z 4 y)? = 8, which is the
notation of the Pythagorean theorem for AABC, to the equation
z (z + y) = 1, we obtain a system of two equations in two unknowns;
z(z+y) =1, z=V2-—1,
(z4-y)2=8 — y=2.
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We can find the required area of ABDE as follows: The altitude BK
of AABC drawn to the hypolenuse AC is at the same time an altitude
of ABDE and, therefore,

1
- |DE| |BK] |DE|

SA BDE _ —
IcAl”

Saass L ica)iBK|

On the other hand. .
Sx apc = 1BCl |BA|=2;
IDE|=y=2, |CA|=VIBCI*+ |BA|*=2 V2,

and, consequently,

S 2 -
A BDE
p— — @S = 2.
3 2v3 aBDE=V

A nswer. Vﬁ-

Example 4.5. The radius of the circle inscribed into an isosceles
triangle is four times as small as that of a circle circumscribed about
that triangle. Find the angles of the
triangle.

Solution. Assume that a isthe length
of the base AC of the triangle ABC, a is
an acute base angle (Fig. 11.17). Using
the parameters we have introduced, we
calculate the radii of the inscribed and
the circumscribed circle. Since the tri-
angle ABC 1is isosceles, the bisector of
the angle ABC (| AB| = | BC |) is at
the same time a median and an altitude
of the triangle ABC and the angle ODA
is a right angle,| AD | = a/2, LOAD =
a/2 (O is the centre of the inscribed
circle and OD is the radius of the ins-

8

cribed circle). From AAO0D we find that Fig. 11.17
a a
r= |0D|=TtanT,
We find the radius of the circumscribed circle by the sine theorem.
14C| -
sin (£ ABC) =2R,

where L ABC = 180° — 2a, | AC | = a, and, consequently,

a

R=—sinaa

18-0863
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By the hypothesis, the radius of the circumscribed circle is four
times as large as the radius of the inscribed circle:

a
R 2sin2a 4
ro 2 tan 2z o
2 2
The last equation is a trigonometric equation for finding the angle a:
1 a o . 1
—s—m—za—:lgtan-é—-:wtan TSIHZG—T
sin % 2sina cosa 1 4 sin? % cos % cosa 1
- cos = N cos = 7
2 2
=> cosa 2 sin? 2= i:} cosa (1—cos @) = 1
2 8 8

=3>8cos2a—8cosat+1=0.

Introducing the designation cos @ = y, we get a quadratic equation
for the unknown y:

8y2—8y+1=0,

1 V2
.'11.2—7 "‘4—,

1 V2
cosa_—z— + %

;I.‘hus, the trigonometric equation we have set up possesses two solu-
ions:
o) =arccos (% +VT§) s Oy —=arccos (%— —‘/4—2) .
Each value of a is associated with an angle at the vertex of the isosceles
triangle: ) )
n—2 arccos (% + —12—2-) , fL—2arccos (-;— -——12—2)

Answer. 71— 2 arccos (—;--{-#) , m—2arccos (—;—-—#) .

4.45. The perimeter of a right triangle is 24 cm and the area is
24 cm?. Find the area of the circumscribed circle.

4.46. One of the legs of a right triangle is 15 cm and the projection
of the other leg onto the hypotenuse is 16 cm. Find the radius of the
circle inscribed in that triangle.
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4.47. Find the angles of a right triangle knowing that the ratio
of the radius of the circle circumscribed about the triangle to the radius
of the inscribed circle is 5 : 2.

4.48. The length of the base of an isosceles triangle is 4 cm. The
length of the lateral side is divided by the point of tangency of the
circle inscribed in the triangle in the ratio 3 : 2, reckoning from the
vertex. Find the perimeter of the triangle.

4.49. The area of the right triangle is 6 cm?2, and the radius of an
inscribed circle, which touches one of the legs, is 3 cm. Find the sides
of the triangle.

4.50. Each of the two circles with centres on the medians of an
isosceles triangle drawn to the lateral sides touches lateral side and
the base. Calculate the distance between the centres of the circles if
the length of the base of the triangle is 2 dm and the lengths of the

medians are equal to 6 dm.

4.51. The area of the triangle ABC is 15} 3 cm?. The angle BAC
is equal to 120°, LABC is larger than £ ACB. The distance from
the vertex A to the centre of the circle inscribed in AABC is 2 cm.
Iind the length of the median of AABC drawn from the ver-
tex B. '

4.52*. A circle is constructed on the leg BC of the right triangle
ABC as a diameter, the circle cutting the hypotenuse at a(foint D so
that | AD | : | DB | = 1 : 4. Find the length of the altitude dropped
from the vertex C of the right angle to the hypotenuse if the length of
the leg BC is known to be equal to 10.

4.53. A circle is inscribed in a right triangle. The point of tangency
with the circle divides one of the legs of the triangle into segments 6 cm
and 10 cm long, reckoning from the vertex of the right angle. Find
the area of the triangle.

4.54. In the triangle A BC the bisector 4 P of the angle A is divided
by the centre O of the inscribed circle in the ratio | AO | : | OP | =

V'3 2sin f—g Find the angles B and C if the angle 4 is known to
be equal to 5m/9.
4.55. In the triangle A BC the ratio of the bisector A E to the radius

of the inscribed circleis Y2 : ()2 — 1). Find the angles B and C if
LA is known to be equal to m/3.

4.56. An altitude BD is drawn from the vertex B of the isosceles
triangle ABC to its base AC. The length of each of the lateral sides
AB and BC of AABCis8 cm. A median DE is drawn in ABCD. A cir-
cle is inscribed in ABDE which touches the side BE at a point K and
the side DE at a point M. The length of the segment KM is 2 cm.
Iind £BAC.

4.57. The point of intersection of the medians of a right triangle
lies onl the circge inscribed in the triangle. Find the acute angles of the
triangle.

4.58. Find the cosine of the base angle of an isosceles triangle if
the point of intersection of its altitudes is known to lie on the circle
inscribed in the triangle.

4.59. In the triangle A BC the bisector 4 K is perpendicular to the
median BM and £ ABC = 120°. Find the ratio of the area of AABC
Lo the area of the circle circumscribed about the triangle.
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4.60. A circle is circumscribed about an isosceles triangle A BC
Alchord of length m, cutting the base BC at a point D is drawn
through the vertex A. Givenaralio| BD | : | DC | = k and an angle
A (A < n/2). Find the radius of the circle.

4.61. A circle is inscribed intojan isosceles triangle ABC with
base AC, the circle touchinggthe lateral side AB at a point M. A per-
pendicular ML is drawn through the point M to the side AC of the
triangle ABC (the point L is the foot of the perpendicular). Find the
angle BCA if the area of the triangle ABC is known to be equal to 1
and the area of the quadrilateral LMBC to S.

4.62. Given an acute angle @ and a point M in its interior which is
at the distances of a and 2a from the sides of the angle. Find the radi-
us of the circle which passes through the point M and touches the
sides of the angle.

4.63. A right angle is given on a plane. A circle with centre lying
in the interior of the angle touches one of its sides, cuts the other side
at points A and B and cuts the bisector of the angle at points C and

D. The length of the chord €D is Y7 and that of the chord AB is V6.
Find the radius of the circle.

4.64*. A point D is taken on the side AC in the triangle A BC such
that the circles inscribed in the triangles ABD and BCD touch each
other. It is known that | AD | =2, |CD | = 4, | BD | = 5. Find
the radii of the circles.

4.65. The point D lies on the side 4 C of the triangle ABC. A circle

of radius 2/]/5 inscribed in the triangle ABD, touches the side AB

at a point M, and the circle of radius '3 inscribed into the triangle
BCD touches the side BC at a point N. It is known that | BM | = 6,
| BN | = 5. Find the lengths of the sides of the triangle ABC.

4.66. The point D lies on the side AC of the triangle ABC. A cir-
cle !, inscribedin A4 BD touches the segment BD at a point M; a circle
1, inscribed in ABCD touches it at a point N. The ratio of the radii
of the circles I, and I, is 7/4. It is known that | BM | = 3, | MN | =
| ND | = 1. Find the lengths of the sides of AABC.

5. Polygons and Circles

A polygon whose all vertices lie on a circle is said to be inscribed
in the circle and the circle is said to be circumscribed about the polygon.
A circle which touches all sides of the polygon is said to be inscribed
in the polygon.

The area of a regular polygon with n angles (n-gons) S,, the side
a, of the n-gon, the perimeter P,, and the radii of the circumscribed
and the inscribed circle R and r are related as

Sn=% P,r,

. 180°
ap=2R sin )
S,,=—1— R?n sin 3(10 .

2
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Theorems on quadrilaterals and circles.

1. To inscribe a circle in a convex quadrilateral, it is necessary and
sufﬁclient that the sums of the opposite sides of the quadrilateral be
equal.

2. To circumscribe a circle about a convex quadrilateral, it is
necessary and sufficient that the sum of the opposite interior angles of
the quadrilateral be equal to 180°.

The required quantities in problems 5.1-5.13 can be found by di-
rect calculations with the use of the properties of polygons and circles
inscribed in them or circumscribed about them.

Example 5.1. Given a trapezoid ABCD, one of whose legs, AB,
is perpendicular to the bases. A circle with centre at a point O is
inscribed in the trapezoid. A circle
with centre at a point O, is drawn Vi1 A
through the points 4, B, and C. Find
the diagonal AC if | 00, | = 1 cm,
and the smaller base BC of the tra- Y
pezoid is 10 cm. M 7,

ZSolution. Assume that MN is the
median of the trapezoid (Fig. 11.18).
The circle which passes through the
points A, B, C is the circle circum- A J
scribed about the right triangle ABC
(the anlge B is a right angle), and its Fig. 11.18
centre O, lies at the midpoint of the g 11.
hypotenuse AC. On the other hand,
the median MN of the trapezoid cuts the diagonal AC of the trape-
zoid at its middle. Consequently, the point O, is the point of inter-
section of the diagonal AC of the trapezoid and its median MN.

Let us determine where the point O, the centre of the circle in-
scribed in the'trapezoid A BCD, lies. Since the circle in question touches
two garallel straight lines BC and 4D, its centre is a point which is
cquidistant from those straight lines. The set of points equidistant
from the two bases of the trapezoid, its median, and, consequently,
the"centre of the circle inscribed in the trapezoid also lies on the me-
dian MN. In the triangle ABC, the side A B exceeds the side BC since
AB is equal to the diameter of the inscribed circle and the side BC
is smaller than the diameter. Since the larger angle of a triangle lies
opposite the largerside (£ BCA > /CAB), and the sum of the angles
BCA and CAB is 90°, it follows that the angle CAB is smaller than
45°. The circle with centre at O touches the sides of the right angle
BAD, the point O lies on the bisector of that angle and, conscquently,
£ BCO = 45°,

Thus, two¥ang'es (£,BAC and £BAO) have a side in common and
2BAC < £BAO. Hencewe can infer that the ray A0, lies between
the sides of the angle' BAO, i.e. the point O, lies between the points
M andf0.

We can now find the radius of the circle inscribed in the trapezoid
ABCD. The segment MO, is a median of the triangle A BC and, conse-
quently,

MO, | =-%—|BC|=5 cm
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The length of the segment MO (the radius of the circle inscribed in the
trapezoid) is

| MO | = |MO;| 4+ 10,0 | = 6 cm.
Since the length of a leg, A B, of the trapezoid is equal to the diame-
ter of the circle (| AB| = 2 |MO | = 12),we obtain from the right
triangle ABC, applying the Pythagorean theorem,

|AC| =V 1ABI* ¥ |BC*=V 122+ 102 = }/ %4 =2 V B1.
Answer. 2/ 61 cm.

5.1. Calculate the area of an isosceles trapezoid if its altitude is h
and one of the legs can be seen from the centre of the circumscribed
circle at an angle of 60°.

5.2. The side AB of the rectangle ABCD inscribed in a circle is
equal to a. From the endpoint K of the diameter KP, which is paral-
lel to the side A B, the side BC can be seen at an angle of f. Find the
radius of the circle.

5.3. An isosceles trapezoid ABCD is circumscribed about a circle
of radius r; E, and K are the points of tangency of the circle and non-

arallel sides of the trapezoif. The angle between the base AB and a
eg, AD, of the trapezoid is 60°. Prove that EK is parallel to AB and
find the area of the trapezoid ABEK.

5.4. In the parallelogram A BCD with an angle 4 equal to 60° the
bisector of the angle B is drawn which cuts the side CD at a point E.
A circle of radius r is inscribed in the triangle ECB. Another circle is
inscribed in the trapezoid ABED. Find the distance between the cen-
tres of the circles.

5.5. There are two circles in a parallelogram. One of them, of radi-
us 3, is inscribed in the parallelogram, and the other touches two
sides of the parallelogram and the first circle. The distance betwecen the
points of tangency, which lie on the same side of the parallelogram,
is equal to 3. Find the area of the parallelogram.

5.6. A rthombus ABCD with side 1 + }'5 and an acute angle of
60° contains a circle which is inscribed in a triangle ABD. A tangent,
drawn from the point C to the circle, cuts the side AB at a point E.
Find the length of the segment AE.

5.7. Each of the two circles with centres lying on the diagonals of
an isosceles trapezoid touches one of its nonparallel sides and the
largergbase. Calculate the distance between the centres of the circles if
the length of the non-parallel sides of the trapezoid is 4 cm and the
lengths of the bases are 6 cm and 3 cm.

5.8. The bases of the trapezoid ABCD are | AD | = 39 cm and
| BC | = 26 cm, and the nonparallel sides are | AB| = 5 ¢cm and
| CD | = 12 cm. Find the radius of the circle which passes through
the points A and B and touches the side CD or its extension.

5.9. In the trapezoid A BCD with bases AD and BC the length of a
leg, AB, is 2 cm. The bisector of the angle BAD cuts the straight line
BC at a point E. A circle is inscribed into the triangle A BE which
touches tEe side AB at a point M and the side BE at a point N. The
length of the segment MN is{1 cm. Find the angle BAD.

5.10. The side BC of the quadrilateral ABCD is a diameler offa
circle circumscribed about the quadrilateral. Calculate the length of

the side AB if | BC| =8, | BD | = 4V 2, LDCA: LACB = 2 : 1.
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5.11. In the convex quadrilateral 4 BCD the length of the side A B

is 101—30, the length of the side AD is 14, the length of the side CD
is 10. The angle DAB is known to be acute, the sine of the angle DAB
being equal to 3/5 and the cosine of the angle ADC to —3/5. A circle
with centre at a point O touches the sides AD, AB and BC. Find the
length of the segment BO.

5.12. A pentagon ABCDE (the vertices are designated in a suc-
cessive order) is inscribed in a circle of unit radius. It is known that
|AB| = V2, LABE = 45°, /EBD = 30° and |BC|=|CD|.
What is the area of the pentagon equal to?

5.13. A circle of radius r is inscribed in a rhombus CDEF in which
£DCF = v. A tangent to the circle cuts the side CD at a point A and
the side CF at a point B. It is known that | AD | = m. Find the area
of the triangle ABC.

In problems 5.14-5.16 it is necessary to introduce an auxiliary
quantity, having length, and solve the problem with the extended
condition. In the required quantities the auxiliary parameter will be
cancelled out and the required quantities will depend only on the
quantities given in the hypothesis.

5.14. An isosceles trapezoid is inscribed in a circle so that a dia-
meter of the circle serves as a base of the trapezoid. Find the ratio of
the areas of the circle and the trapezoid if the obtuse angle of the tra-
pezoid is equal to a.

5.15. Given an isosceles trapezoid in which a circle is inscribed
and about which a circle is circumscribed. The ratio of the altitude of

the trapezoid to the radius of the circumscribed circle is ]// % Find the

angles of the trapezoid.

5.16. A trapezoid with the base angles equal to o and f is circum-
scribed about a circle. Find the ratio of the area of the trapezoid to
that of the circle.

Problems 5.17-5.32 can be solved by introducing an auxiliary un-
known (or several auxiliary unknowns) for which’an equation’(a sys-
tem of equations respectively)is set up
which corresponds to the hypothesis. 8 L

Example 5.2. The side AB of the
square ABCD isequal to 1and isa chord
of a certain circle, all the other sides of g
the square lying outside of the circle.

The length of the tangent CK drawn /i
from the vertex C to the circle is equal (8
to 2. Find the radius of the circle.

Solution. Assume that O is the centre

of the circle whose radius we have to

find (Fig. 11.19). We designate the Fig. 11.19
sought-for radius as R. Let us consider

the triangle AOB which is isosceles (| AO| = | OB | =R) and
|AB | = 1. By the cosine theorem we find the angle ABO:

LABO = arccos 3R



280 Ch. 11 Plane Geometry

Let us consider the triangle CBO in which | CB | =1, | BO| =R
and /CBO = 5 + arccos By the cosine theorem we find the length
of the side CO
|CO|2=|CB|%*+ |BO|*—2 |CB| |BO| cos (£ CBO)

= |C0|2=1+4R%?—2R cos ( ~+arccos 5= 2R )

1
2R

= |C0|2=1+4 R2+2R sin (arccos—z%)

= |CO|3=1+R*+ V4R —1. (%)

Next we consider the triangle COK (OK is a radius drawn to the
point of tangency and, consequently, £ C KO = n/2). By the Pytha-
gorean theorem we have the following equation for this triangle:

{COP=]|CKI|*4 | OK|2.
Since | CK | = 2 by the hypothesis and | OK | = R, it follows tha
| CO |2 = 4 4 R (%)

From (x) and (#s) we obtain an equation for R:

14+ R+ VIRB—1=4+R = ViRP—1=3= R= -‘/_.,‘ﬂ.

Answer. YV 10/2.

Example 5.3. The circle touches the sides AB and AD of the

rectangle'ABCD and cuts the side DC at a single point F and the side
BC at a single point E. Find the
area of the trapezoid AFCB if

BE c | AB| = 32, | AD | =40 and
0 | BE | = 1.
i 4 Solution. Assume that O is the

centre of the circle; M and N are
the points of tangency of the
circle and the sides AB and 4D
(Fig. 11.20); OL is an altitude of
the isosceles triangle MEO. We in-

F troduce the radius R of the circle

A N Y/ and o = £ BME as the unknowns.
In the right triangle MBE we

Fig.!11.20 have| BE | = 1 by the hypothe-

sis. We express the sndes of the
triangle MBE _in terms of the angle o« and | BE | =
01
|

IMB' =cota, |ME| = m.

T e quadrilateral A MON formed by the radii NO and MO, drawn
o the poiats of tangency, and the parts of the sides A M and AN of
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the rectangle is a square since

|NO|=|MO|=R, LNAM = n/2, LAMO = n/2,
LANO = 7u/2,
and, consequently, | AM | = | AN | = R. The equality | AM |}
| MB | = |AB | yields the first equation relating R and a:

R 4 cot a = 32,
Let us consider the triangle OME. In that triangle

1

k14

In the right triangle MLO (OL is the altitude of A MOE)

IML| _ |ML| _ (i_ )_.
-—R—-—cos(LOME)=> R 0S| —a)=sina.
1 1
But we have found that |ML| =5 |ME| = Soma? and, conse-
sina
. |IML| . .
quently, the equation 7 —sina can be written as
—_ = in o
2Rsina o0 %

The last equation is the second equation for R and «. Thus, the f inal
system of equations for R and o has the form

1

R+cota=32, R= Ssna

Excluding R from the system, we get a trigonometric equation for

the angle a:

Tsimro T OO E=

which, with the aid of the equation 1 4 cot2 a = Ei;_zoc' can be re-
duced to the form
cot?a | 2cotax +-1 =64 = cota =7

(2 is an acute angle). From the first equation of the system we obtain
i = 25.

Next we drop a perpendicular from the point O to the side DC
and consider a right triangle OPF. In that triangle | OF | = R = 25

|OP| = |MP|— | MO|=|AD| — R = 40 — 25 == 15,
By the Pythagorean theorem we find that
|FP| =V [OF} —|OP|*=V 25? — 152 =20.
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Since cot o = 7, it follows that in the triangle MBE theside| MB | =
7. Since |PC|=|MB|=7 and |FC|=|FP |+ | PC|, it
follows that | FC | = 20 4 7 = 27.

- We have found the base | FC | = 27 in the required trapezoid
AFBC, and the second base | AB | and the altitude | AD | are known
fromcthe hypothesis and, consequently, the area of the trapezoid
AFBC is

g, _ 14BI+|Fc]
AFBC—‘_Z_“_

|AD| =32+27-40=1180.
A nswer. 1180.

5.17. Given a circle of radius r and a right trapezoid circumscribed
about it whose smaller base is equal to —r. Find the area of the trape-

2
zoid .

5.18. A rectangle ABCD lies in a semicircle so that its side AB
lies on the diameter which bound the semicircle, and the vertices C
and D lie on the arc which bounds the semicircle. The radius of the
semicircle is 5 cm long. Find the lengths of the sides of the rectangle
ABCD if its area is 24 cm? and the length of the diagonal exceeds
8 cm.

5.19. A parallelogram is circumscribed about a circle of radius R.
The area of the quadrilateral with vertices at the points of tangency of
the circle and the parallelogram is S. Find the lengths of the sides of
the parallelogram.

5.20. The length of the median of an isosceles trapezoid is 10. It is
known that a circle can be inscribed in the trapezoid. The median of
the trapezoid divides it into two parts the ratio of whose areas is
7/13. Find the length of the altitude of the trapezoid.

5.21. A quadrilateral ABCD is inscribed into a circle with the ra-
dius of 6 cm and centre at a point O. Its diagonals AC and BD are
mutually perpendicular and meet at a point K. Points E and F are
the midpoints of AC and BD respectively. The segment OK is 5 cm
long, and the area of the quadrilateral OF KF is 12 cm2. Find the area
of the quadrilateral ABCD.

5.22. A circle with centre at O is inscribed in a trapezoid ABCD
with bases BC and AD and with the nonparallel sides AB and CD.
Find the area4of the trapezoid if £ DAB is a right angle and | OC | =
2, |OD | = 4.

5.23. The bisector A E of the angle 4 cuts the quadrilateral ABCD
into an isosceles triangle ABE (|AB | = | BE |) and arhombus AECD.
The radius of the circle circumscribed about the triangle ECD is 1.5
times as large as the radius of the circle inscribed in the triangle A BE.
Find the ratio of the perimeters of the triangles.

5.24. A circle is inscribed in a trapezoid ABCD with the base
| AD | = 40, the vertex angles A and D equal to 60° and the non-
parallel sides | AB | = | CD | = 10 so that it touches both bases AD
and BC and the side AB. A tangent is drawn to the circle through the
point M of the base AD which is at the distance of 10 from the vertex
D. The tangent cuts the base BC at a point K. Find the ratio of the
area of the trapezoid ABKM to that of the trapezoid MDCK.

5.25. A circle constructed on the base AD of a trapezoid ABCD as
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a diameter passes through the midpoints of the nonparallel sides A B
and CD of the trapezoid and touches the base BC. Find the angles of
the trapezoid.

5.26. A, B, C, D are successive vertices of a rectangle. A circle
passes through A and B and touches the side CD at its midpoint. A
straight line drawn through D touches the same circle at a point E
and then cuts the extension of the side AB at a point K. Find the area
of the trapezoid BCDK if it is known tﬁat | AB|'= 10 and
| KE|:| KA|=3:2.

5.27. In the quadrilateral ABCD the side AB is equal to the side
BC, the diagonal AC is equal to the side CD, and the angle ABC is
cqual to the angle ACD. The radii of the circles inscribed in the tri-
angles ABC and ACD are related as 3 : 4. Find the ratio of the areas
of the triangles.

5.28. A circle is inscribed in a rhombus ABCD in which | AB | =
l and £BAD = a. A tangent to the circle cuts the side AB at a
point M and the side AD at a point N. It is known that | MN | = 2a.
Find the lengths of the line segments MB and ND.

5.29. In the rectangle ABCD the side BC is half the side CD in
length. A point E lies in the interior of the rectangle, and | AE | =
V2, |CE| =3, | DE| = 1. Calculate the cosine of £CDE and
the area of the rectangle ABCD.

5.30. Given a parallelogram ABCD and the lengths of its side
| AB|= ¥ 2 and the diagonals | BD | = 2. A circle of radius V2
with centre at the point B, which lies in the plane of the parallelogram,
mneets a second circleof{radius 1 passing through the points A and C.
The tangents passing throughYone of the points of intersection of the
circles are known to be mutually perpendicular. Find the length of
the diagonal AC.

5.31. A circle is inscribed in an isosceles trapezoid. The distance
hetween the centre of the circle and the point of intersection of the
diagonals of the trapezoid is related to the radius as 3 : 5. Find the
rntif of the perimeter of the trapezoid to the length of the inscribed
circle.



Chapter 12
Solid Geometry

Common properties of straight lines and planes. The plane o and
the straight line a which does not belong to o« are said to be parallel
if they have no points in common.

The criterion of parallelism of'a straight line and a plane. If a straight
line is parallel to another straightline, which liesin a plane, then
either the given straight line and the plane are parallel or the straight
line belongs to the plane.

Theorems on a plane and a straight line which is parallel to a plane.

(1) If a plane contains a straight line, which is parallel to another
plane, and cuts that plane, then the line of intersection of the planes is
parallel to the given straight line.

(2) If an arbitrary plane is drawn through each of two parallel
straight lines and the planes intersect, then the line of their intersection
is parallel to each of the given straight lines.

(13) If two intersecting planes are parallel to a given straight line,
the line of their intersection is also parallel to the given straight line.

Two planes o and f are parallel if they have no points in common.

The criterion of parallelism of two planes. If two intersecting straight
lines of one plane are respectively parallel to two straight lines of an-
other plane, then the planes are parallel.

Theorem on parallel planes.

(1) If two parallel planes are cut by a third plane, then the lines
of their intersection are parallel.

A straight line and a plane are said to be mutually perpendicular
if the straight line is perpendicular to every straight line belonging to
the plane. The straight line which is perpendicular to a plane is said
to be a perpendicular to that plane.

The criterion of perpendicularity of a straight line and a plane. If a
straight line is perpendicular to each of two intersecting straight lines
which lie in a plane, then the straight lines and the plane are mutually
perpendicular.

Theorem on the perpendicularity of a straight line and a plane.

(1) Two different perpendiculars to a plane are parallel.

(2) If one of two parallel straight lines is perpendicular to a plane,
then the other one is also perpendicular to the plane.

(3) A straight line which is perpendicular to one of two parallel
planes is also perpendicular to the other plane.

(4) Two planes perpendicular to the same straight line are parallel.

The criterionof perpendicularity of planes. If a {)lane contains a
perpendicular to another plane, thenlit is perpendicular to that plane.

Theorems on mutually perpendicular planes.

(1) If two planes are mutually perpendicular, then the straight
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line which belongs to one plane and perpendicular to the line of inter-
section of the planes is also perpendicular to the other plane.

(2) If two plancs are mutually perpendicular and a perpendicular,
passing through the line of intersection of the planes, is drawn to one
of the planes, then the perpendicular entirely lies in the other plane.

A straight line which cuts a plane but is not perpendicular to it is
said to be oblique to that plane.

Theorem on three perpendiculars. For a straight line belonging
to a plane to be perpendicular to an oblique line, it is necessary and
sufficient that the straight line be perpendicular to the projection of
the oblique line onto the plane.

An angle between an oblique line and a plane is the angle between
the oblique line and its orthogonal projection onto the plane. Two
noncoinciding half-planes, which have a straight line as a common
boundary and which bound the half-plane, are called a dikedral angle.
The straight line which is a common boundary of the two half-planes
is called an edge of the dihedral angle. The half-plane whose boundary
coincides with the edge of the dihedral angle and which divides the
dihedral angle into two equal dihedral angles is called a bisecting
plane. The angle resulting from the intersection of a dihedral angle
andla plane which is perpendicular to its edge is called a plane dihedral
angle.

1. Polyhedrons

A prism. A polyhedron whose two faces are egual n-gons which
lie in parallel [ilanes, and the other n faces which do not lie in these
planes are parallel is called an n-gonal prism. A pair of equal n-gons
are said to be the bases of the prism. The other faces of the prism are
said to be its lateral faces, and their union is called the lateral surface
of the prism. The sides of the faces of a prism are called edges and the
ends ofp the edges are called the vertices of the prism. The edges which
do not lie at the base of a prism are said to be lateral edges. )

A prism whose lateral edges are perpendicular to the planes of the
bases is called a right prism. A segment of the perpendicular to the
planes of the bases of the prism, whose ends belong to those planes, is
called an altitude of the prism. A right prism whose base is a regular
polygon is said to be a regular prism.

The lateral area of a prism can be calculated by the formula

S1at = n | AlAa Iy

where P, is the Eerimeter of the perpendicular section of the prism
and | 4,4, | is the length of a lateral edge.
The vofume of an oblique prism can be calculated by the formula

V= SnlAlAZI’

where S, is the area of the perpendicular section of the prism and
| A4A, | is the length of a lateral edge, or by the formula

V = SpaseH,

where Sbase is the area of the base of the prism and H is the altitude.
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A parallelepiped is a prism whose bases are parallelograms. All
six faces of a parallelepiped are parallelograms.

The properties of a parallelepiped.

(1) The midpoint of a diagonal of a parallelepiped is its centre of
symmetry.

(2) The opposite faces of a parallelepiped are pairwise equal and
parallel.

(3) All four diagonals of a parallelepiped meet at one point and
are bisected by it.

A %arallelepiped whose lateral edges are perpendicular to the plane
of its base is said to be a right parallelepiped. A right parallelepiped
whose bases are rectangles is said to be a rectangular parallelepiped.
All the faces of a rectangular parallelepiped are rectangles.

The volume of a rectangular paraﬁe?epiped is

V = abe,

where a, b, ¢ are the lengths of three edges of the rectangular paralle-
lepiped drawn from the same vertex.

A rectangular parallelepiped with equal edges is called a cube. All
the faces of a cube are equal squares. The volume of a cube is

V = a2.

Example 1.1. Find the lateral area of a regular triangular prism
whose altitude is k, if the straight line joining the centre of the
upper base and the middle of the side of the lower
4 base is at an angle o to the plane of the base.
| Solution. Assume that ABCA,B,C, is a reg-
H 4 ular triangular prism whose bases are regular
| triangles ABC and A,B,C,, 00, is an alti-
| tude (| 00, | = h), M is the miépoint of the
/G segment B,C;, O and O, are the centres of the
triangles serving as the upper and lower bases
(Fig. 12.1). Let us consider the triangle
by A;  0,0M. By the hypothesis LOMO, = a, LO0OM
L is a right angle, | 004 | = h.
Fig.'12.1 From the right triangle 0,0M we find
that |O;M | =h cot a. Since O, is the
centre of the triangle A,B,C;, it follows that| A;M | =
3 | O;M | = 3h cot a. By the hypothesis the triangle 4,B,C, is
equilateral and A, M is an altitude, a median, and a bisector. From
the altitude | A;M | of the triangle we find the side | 4,B; | =
% =2V 3 h cot @. The lateral area of the regular triangular
rism ABCA,B,C, is equal to the product of the perimeter of the
Ease by the altitude of the prism:

S=3|A4,B;| h=6 V3 h2cot a.
Answer. 6Y'3 h? cot a.

1.1. Given a cube ABCDA,B,C,D, with edge a. Find the angle
between the diagonal A,C and the edge A4,D;,.

1.2. The distance between the nonintersecting diagonals of two
ad acent lateral faces of a cube is d. Find its volume.
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1.3. Find the volume of the parallelepiped il all its faces are rhom-
bi,whose sides are a long and the acute angles are equal to a.

1.4. Find the volume of a regular quadrangular prism if its dia-
gonal makes an angle a with a lateral face and the side of the base is b.

1.5. The nonintersecting diagonals of two adjacent lateral faces of
a rectangular parallelepiped are at the angles a and p to the plane of
its base. Find the angle between the diagonals.

1.6. In an oblique triangular prism the lateral edges are 8 cm long;
the sides of the perpendicular section are related as 9:10:17, and its
area is 144 cm?. Find the lateral area of the prism.

1.7. In arectangular parallelepiped the angle between the diagonal
of the base and its side is a. The diagonal of the parallelepiped is d
and makes an angle ¢ with the plane of the base. Find the lateral area
of the parallelepiped.

1.8. A rhombus with side a and an acute angle « serves as the base
of a quadrangular prism, and the lateral edges of the prism are equal
to b and make an angle § with the plane of the base of the prism. Find
the volume of the prism.

1.9. The angles formed by the diagonal of a rectangular parallele-
piped and its faces which meet at one of its vertices are equal to c, B, y.
Prove that sin? « | sin? f 4- sin2y = 1.

A pyramid. A polyhedron, one of whose faces is an arbitrary poly-
gon an«i’ the other faces are triangles which have a vertex in common, is
called a pyramid. The polygon is the base of the pyramid and the other
faces (triangles) are tll:e lateral faces of the pyramid.

The sides of the faces of a pyramid are the edges of the pyramid. The
cdges belonging to the base of the pyramid are called the base edges
and all the other edges are the lateral edges. The common vertex of
all the triangles (lateral faces) is the vertez of the pyramid.

The altitude of a pyramid is a segment of the perpendicular drawn
from the vertex of the pyramid to the plane of the base (the vertex of
the pyramid and the foot of the perpengicular are the endpoints of the
segment).

A regular pyramid. A pyramid is said to be regular if its base is
a regular polygon and the orthogonal projection of the vertex of the
pyramid coincides with the centre of the polygon which serves as the
base of the pyramid. All the lateral edges of a regular pyramid are
cqual; all the lateral faces are equal isosceles triangles. The altitude of
a lateral face of a regular pyramid, drawn from its vertex, is called
an apothem of the pyramid.

A triangular pyramid whose base is a triangle is called a tetrahed-
ron. A tetrahedron is said to be regular if all its edges are equal.

The lateral area of a regular pyramid is

= -;— Ph,
w here P is the perimeter of the base and 4 is the apothem.

The volume of a pyramid can be calculated by the formula

1
V—-TSH,

where S is the arca of the base of the pyramid and H is the altitude.
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A truncated pyramid. A polyhedron whose vertices are the ver-
tices of the base of a pyramid;and the vertices of itssection by a plane
which is parallel to the basc of the pyra-
mid }is called a truncated pyramid. The
bases of a truncated pyramid are homothetic
polygons. The centre of the homothety is
the vertex of the pyramid. The perpendic-
ular drawn to the planes of the bases, with
its endpoints lying on the planes of the
bases of the pyramid, is the altitude of the
truncated pyramid. The lateral faces of a
truncated pyramid are trapezoids.

A truncated pyramid is said to be regular
if it is a part of aregular pyramid. The
lateral faces of a regular truncated pyra-
Fig. 12.2 mid are equal equilateral trapezoids. The

altitude of each of these trapezoids is an
apothem of the regular truncated pyramid.
The lateral area of a regular truncated pyramid is

S=%(P+p)h,

where P and p are the perimeters of the bases and 4 is the apothem.
The volume of a truncated pyramid is

V=g (S+VES+S),

where /1 is its altitude and S, and S, are the base areas.

Example 1.2. The base of the pyramid is an isosceles triangle
whose equal sides are b and the angle between them is . Find the
volume of the pyramid if each lateral edge of the pyramid makes an
angle ¢ with the altitude of the pyramid.

Solution. Assume that SABC is a given pyramid, SO is the altitude
of the pyramid, |AB|=|AC|, LA =a, LASO = £BSO =
L CSO = ¢ (Fig. 12.2). Let us consider the triangles ASO, BSO,
and CSO. All of them are right triangles (SO is the altitude of the pyr-
amid which is perpendicular to the plane of AABC and, consequently,
SO is perpendicular to the straight lines A0, BO, CO belonging to
the plane AABC), SO is a common side of the triangles, and the vertex
angles S are equal to ¢ by the hypothesis. Consequently, all these
triangles are equal and equal sides lie opposite equal angles of these
triangles: | AO | = |BO | = | CO |. Thus we find that O which is a
point equidistant from all the vertices of AABC, is the centre of the
circle circumscribed about AABC.

In the isosceles A ABC we know the lateral side | AB|=1b
and the angle o at the vertex A. The radius of the circle circumscribed
about A ABC is b/2 cos (a/2). We know the leg | A0 | = b/2 cos (a/2)
of the right A ASO and the acute vertex angle S equal to ¢. We
find the other leg SO which is the altitude of the pyramid:
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b
I SO | =| A0 | COt(P=2(JOS_(T/2) cot ¢,
Let us now find the volume of the pyramid SABC:

1
Vsape="3Sa asc| SO
I T b =21 pogin &
=3 5 b2 sin ach(alz)COt(p— 6 b3 sin Tcot(p

1 .. a
A nswer. ?b sin Tcot P

1.10. Find the volume of a regular triangular pyramid whose
lateral edge is ! and makes an angle o with the plane of the base.

1.41. Find the total surface area of a regular triangular pyramid
whose plane angle at the base of a lateral face is @ and the radius
ol the circle inscribed in the base is r.

1.42. The lateral faces of a triangular pyramid are right triangles,
and the lateral edges are equal to a. Find the angle between a lateral
edge and an altitude. Calculate the volume of the pyramid.

1.13. The base of the pyramid is an isosceles triangle with base a
and lateral side 6. The lateral faces make dihedral angles equal to a
with the base. Find the altitude of the pyramid.

1.14. The altitude of a regular triangular pyramid is H, and the
dihedral angle at the lateral edge is a. Find the volume of the pyramid.

1.15. Find the volume of a regular triangular pyramid knowing
the edge angle @ and the distance a from a lateral face to the opposite
vertex.

1.16. A lateral edge of a regular triangular pyramid is equal to a,
l,:w angle between the lateral faces is 2¢. Find the length of a side of
the base.

1.17. The base of a pyramid is a right triangle with the hypotenuse
¢ and the acute angle a. Each lateral face of the pyramid makes an
angle p with the base. Find the lateral area of the pyramid.

1.18. The sides of the base of a triangular pyramid are equal to
a, b, and c. All the edge angles are right angles. Calculate its volume.

1.19. The lateral edges of a triangular pyramid have the same
length 1. Of the three plane angles these edges form at the vertex of the
pyramid, two angles are equal to o and the third is equal to f. Find
the volume of the pyramid.

1.20. The dihedral angle at the base of a regular triangular pyra-
mid is e.. Find the dihedral angle between the lateral faces.

Hint. In this and in the subsequent problem introduce an auxili-
ary parameter, the length a of an edge of the pyramid.

1.21. In a regular triangular pyramid the dihedral angle at the
lateral edge is a. Find the edge angle of the pyramid.

1.22. The edges of the bases of aregular truncated triangular pyr-
amid are equal to a and b respectively. Find the altitude of the pyr-
;unid if all the lateral faces make an angle o with the plane of the
rase.

1.23. In the triangular pyramid S4 BC the edge SA4 is perpendicu-
lar to the plane of the face ABC, the dihedral angle with the edge SC

19—-0263
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is n/4, | SA| = | BC | = a and LABC is a right angle. Find the
length of the edge AB.

1.24. All the faces of the triangular pyramid are equal isosceles
triangles and the altitude ol the pyramid coincides with the altitude
of one of its lateral faces. Find the volume of the pyramid if the dis-
tance between the larger opposite edges is unity.

1.25. Find the volume of the tetrahedron each face of which is a
triangle with sides a, b, ¢, where a, b, ¢ are diflerent numbers.

Example 1.3. The base of the pyramid is a rectangle whose area
is Q. Two lateral faces of the pyramid are perpendicular to the plane
ol the base and the other two make the angles a and f with the plane
of the base. Find the volume of the pyramid.

Solution. Assume that SABCD is a given pyramid whose base is a
rectangle A BCD of area Q (Fig. 12.3). Since all the lateral faces of
the pyramid have a point S in common (the vertex of the pyramid),
only the adjacent lateral faces can be perpendicular to the base of the
pyramid (the faces BSC and DSC in Fig. 12.3). Next, since the faces

BSC and DSC are perpendicular to the

plane of the base and have a point S in

§ common, they intersect along a straight

line which passes through that point and

is perpendicular to the plane of the base,

it follows that the altitude of the pyramid
coincides with the lateral edge SC.

Since the base of the pyramid is a
rectangle, the straight line AD is per-
pendicular to the straight line DC and
the straight line AB is perpendicular to
the straight line BC, and they both (4D
and BC) are perpendicular to the altitude
of the pyramid SC. The segments DC
and BC are orthogonal projections of the
segments DS and BS onto the plane of
Fig. 12.3 the base of the pyramid and, according

g 1a to the theorem on three perpendiculars,
we have AB1BS and AD | DS. Thus it turns out that £/ SBC is a
plane dihedral angle formed by the planes ABCD and ASB, and
£S8SDC is a plane dihedral angle formed by the planes ABCD and
ASD. By the hypothesis one of these angles (say, £SBC) is equal
to o and the other (£SDC) to B.

Assume that | BC | = z, and | DC | = y. From the right triangle
BSC we have | SC | = z tan a, and from the right triangle DSC we
have | SC | = y tan B. It follows that z tan & = y tan B, and by
virtue to the hypothesis zy = Q.

From the resulting equations we find that y = }/Q tan « cot p and,
consequently, | SC | = y tan f = Y Otan & tan f. It is easy to verify
that if we set £ SBC = B, £SDC = a, then, as before, the altitude
of the pyramid | SC | is defined by the same expression.

Let us find the volume of the pyramid Vg, gop:

1 1 -
Vsapcp= 5 Sapcp I1SCl =3 Q Y Qtana tanp,
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Answer. % QV Qtanatanf.

1.26. Find the volume of a regular quadrangular pyramid the side
ol whose base is a and the dihedral angle between the lateral faces is a.

1.27. Find the volume of a regular quadrangular pyramid whose
lateral edge is I and the dihedral angle between two adjacent lateral
faces is B.

1.28.13Thc base of a quadrangular pyramid is a rhombus whose lar-
ger diagonal is equal to d and the acute angle is . All the lateral faces
make an angle § with the plane of the base. Find the lateral area of
the pyramid.

1.29. The cdge angle of a regular quadrangular pyramid is o and
the altitude is k. Find the volume of the pyramid.

1.30. The altitude of a regular quadrangular pyramid is # and
the volume is V. Find the lateral area Q.

1.31. In a regular quadrangular pyramid the plane vertex angle
is a. Find the angle between the opposite lateral edges.

1.32. In a regular quadrangular pyramid the dihedral angle at a
lateral edge is 2a. Find the base dihedral angle.

1.33. The base of a pyramid is a rectangle, its two lateral faces
make angles o and f with the base respectively. Find the volume of
the pyramid if the length of the larger lateral edge is i.

1.34. In the quadrangular pyramid SABCD the planes of the
lateral faces SAB, SBC, SCD, and SAD make the angles of 60°, 90°,
45°, and 90° with the plane of the base, respectively. The base ABCD
is an equilateral trapezoid, | AB | == 2, the base area is 2. Find the
surface area of the pyramid.

1.35. Find the volume and the lateral area of a regular hexagonal
pyramid if a lateral edge ¢ and the diameter d of the circle inscribed in
the base of the pyramid are given.

1.36. The edge angle of a regular hexagonal pyramid is equal to
the angle between the lateral edge and the plane of the base. Find it.

1.37. The dihedral angle at a lateral edge of a regular hexagonal
pyramid is ¢. Find the edge angle of the pyramid.

1.38. Find the volume of a regular pyramid whose base is a regu-
lar pentagon and the lateral faces are regular triangles with side a.

1.39. In a regular n-gon pyramid the lateral faces make an angle
« with the plane of the base. At what angle are the lateral edges of
the pyramid inclined to the plane of the base?

1.40. The plane angle at the vertex of a regular n-gon pyramid is
«. Find the dihedral angle 0 between two adjacent lateral faces.

1.41. Find the volume of a regular truncated quadrangular pyra-
mid the side of whose smaller base is b, that of the larger base is
a, and the lateral face is at an angle of 60° to the plane of the larger base.

2. Sections of Polyhedrons

To construct a section of a polyhedron by a plane means to indi-
cate the points of intersection of a secant plane and the edges of the
polyhedron and connect the points by line segments belonging to the
laces of the polyhedron. The points of intersection of the plane of the
section with the edges of the polyhedron will be the vertices and the
line segments belonging to the faces, the sides of the polyhedron re-
sulting from the section of the polyhedron by the plane.

19+
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To construct a section of a polyhedron by a plane we must indi-
cate, in the plane of each intersected face of the polyhedron, two
points belonging to the section, connect them by astraight line, and find
the points of intersection of the straight line and the edges of the pol-
yhedron. The plane of the section of a polyhedron can be defined by
different conditions. Let us consider several simple typical methods of
defining the section of a cube.

Example 2.1. Construct the section of the cube ABCD A,B,C.D,,
with an edge a, by a plane passing through the midpoints of the edges
AB, BC, and CC,.

Solution. Two points M and N (the midpoints of the edges AB
and BC respectively) (Fig. 12.4), belonging to the section, lie on the

A
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’4/ // ! HI h 4
/ |
/
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A—M
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Fig. 12.4 Fig. 12.5

same face. Draw a straight line through M and N until it meets the
extensions of AD and DC respectively at points P and L. It is easy to
find from the triangles MBN and NLC that |LC|=|NC|=a/2. The
points L and K (the midpoint of the edge CC,) lie in the plane
of the face DD,C,C. We draw a straight line through the points L
and K. Taking into account that | CK | = a/2, we find irom the
triangles LCK and KC,S that [SC,| = a/2, i.c. the point S lies in the
middle of the edge D,C,. The straight line LK cuts the extension of
the edge DD, at a point R. By analogy with the aforesaid we can show
that | DR | = a/2. Since the points P and R lie in the plane of the
face A,ADD,, the straight line PR will cut the sides of the square
A;ADD, at points 7 and Q, the point 7 being the midpoint of the
edge AA,; and the point Q, the migpoint of the edge 4,D,.

We have thus obtained six points (M, N, K, S, @, and T) belong-
ing to the plane of the section and lying on the faces of the cube. Con-
necting the pairs of points M and T, N and K, S and Q, we obtain
the required hexagon of the section.

Example 2.2. Construct the section of the cube ABCDA,B,C,D,
by a plane passing through the midpoints of the edges AB and BC and
the centre of the square 4,B,C,D,.

Solution. In this problem, two points, M and N (Fig. 12.5) belong
to the upper face and the third point, O, belongs to the face of the lo-
wer base which is parallel to it. It is easy to verify that in the given
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problem the method of constructing the section described in the pre-
ceding problem cannot serve the purpose. The same is true of the prob-
Iems in which the straight line connecting two given points of the
section proves to be parallel to the edge of the polyhedron. In those
cases, tﬁe following theorems are used in constructing the sections.

(1) If two planes are parallel and are cut by a third plane, then
the llilmles of intersection of the parallel planes by the third plane are
parallel.

(2) If two intersecting planes are parallel to the same straight
line, then the line of their intersection is parallel to the straihgt line.

(3) If a plane and a straight line are parallel and a plane drawn
through the straight line cuts the given plane, then the line of inter-
section of the planes is parallel to the given straight line.

The required plane of section passes through the point O and the
straight line MN which is parallel to the plane 4,B,C,D,. By theo-
rem (3), the plane of section cuts the plane of the face 4,B,C,D, along
a straight line which is parallel to the straight line MN. Since MN is
parallel to the straight line AC (as a median of the triangle ABC),
and AC || A,Cy, it follows that the diagonal 4,C, of the square is the
line of intersection of the plane of the section and that of the face
AB,C,D,. The points A; and M belong to the face A,4BB; and the
points N and C, belong to the face BCC,B, and, consequently, a quad-
rilateral A;MNC, results from the scction of the cube by a plane.

In the two examples considered above the points defining the sec-
tion belonged to the surface of the cube. There are problems, howev-
er, in which the points defining the section belong to different faces or
one of the points lies in the interior of the polyhedron. In those cases,
in order to solve the problem, it is necessary to carry out auxiliary
constructions which would make it possible to reduce the solution of
the problem to the scheme of construction of a section described above.
An auxiliary plane is often constructed for the purpose, which con-
lains a straight line belonging to the plane of the section and a
straight line belonging to the plane of a

face. In that auxiliary plane the point 0 #y C
of intersection of the straight lines is 1
sought and thus one more point is M, 7, >
found which lies in the plane of a I \ e
lateral face. A /l ! \i by
|

Example 2.3. Given a cube K / pk 7 A A 5
ABCDAB,C,D, with lateral edges N (?\__
AA,, BB,, CC,, DD,. Find the area of [kL LA
the section of the cube by a plane P =

which passes through the centre of the A—M B

cube and the midpoints of the edges g

AB and BC if the edge of the cube is

equal to 1. Fig. 12.6
Solution. Assume that M and N

are the midpoints of the edges AB

and BC respectively (Fig. 12.6). The plane P passes through the points

Al and N and, consequently, cuts the face ABCD along the straight

line MN. To construct the section of the cube by the plane P, we

construct an auxiliary section of the cube by a diagonal plane Q
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which passes through the vertices B, D, D,, B, of the cube. The diago-
nal section of the cube is a rectangle with sides | BB, | = 1 and
| BD | = V2. The planes P.and Q intersect along a straight line pas-
sing through the point L and the point O (the centre of the cube) which

also belongs to the plane Q, with | BL | = %I BD |. Using the equality
of the triangles LRO and L,R,0, it is easy to prove that | L,D, | =
—4—| B.D,|. We have thus proved that the plane P passes through
the point L, belonging to the upper base of the cube and | L,D, | =
%—| B.D, |.

Since the planes ABCD and A,B,C,D, are parallel and the plane P
cuts them both, the lines of intersection of these planes by the plane P
are parallel to each other. Drawing a straight line M,N, through the
Eoint L,, parallel to the diagonal 4,C,, we get two points (M, and N,)

elonging to the plane of the section P and the edges of the cube, with

M,N, being the median of the triangle 4,C,D,, | M;N, | = -é— | A,Cy |

and | DyN, | = | N,Cy |.

Let us extend the edge DC beyond the point C. Since the straight
lines MN and DC belong to the plane of the lower base of the cube and
are not parallel, they meet at a certain point S. It follows from the
equality of the triangles MBN and NSC that | SC | = |MB |. On the
other hand, the point S, belonging to the plane P, also belongs to the
face DCCD, of the cube. We have thus obtained two points (S and
N,) which belong both to the plane P and to the plane of the face
DCCD,. The straight line passing through the points S and N, cuts
the edge CC, of the cube at a point K. It follows from the equality of
the isosceles triangles CSK and KN,C, that | SC| = |CK| =
| K€y | = | N,C; |. Connecting the points N and K belonging to the
plane P and the plane of the face BCC,B, we get one more side of the
polygonal section.

By analogy, extending the edge AD of the cube beyond the point
A, we obtain a point S, which is the point of intersection of the straight
lines MN and AD. Next, connecting the points S, and M,, we get
a point K, which is the point of intersection of the plane P and the edge
AA,, with | AK, | = | A, M, | = | AK, |.

We have thus obtained a hexagon MN KN, M, K, in the section of
the cube by the plane P. It follows from the equality of the triangles
MBN, NCK, KC,N,, N\D,M,, M,A K, and K,AM that the sides of
the hexagon are equal and the length of its side is J 2/2. Since the
triangles NCS, SCK and NCK are equal (they are all right-angled
and | NC|=|CS|:=|CN]), the triangle NSK is equilateral,
£ZSNK = 60° and, consequently, ~ MN K = 120°. We can prove by
analogy that all the other angles of the hexagon MNKN,M,K, are
equal to 120° and, consequently, the hexagon is regular. The area of a

regular hexagon with side }/2/2 is equal to 3}/3/4.

Answer. 3V 3/4.
To find the area of the section of a polyhedron, it is also convenient
to use, in a number of cases, the property of an orthogonal projection
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of a plane polygon:
s = § cos a,

where S is the area of the polygon, s is the area of its orthogonal pro-
jection onto a plane P, a is the angle between the plane of the poly-
gon and the plane P.

2.1. A plane is drawn through the midpoint of the diagonal of a
cube perpendicular to it. Find the area of the figure resulting from the
section of the cube by the plane if the edge of the cube is equal to a.

2.2. In the cube ABCDA,B,C,D, (AA, || BB, || CC, || DD,) a plane
is drawn through the midpoints of the edges DD, and D,C, anél the ver-
lex A. Find the angle between that plane and the face ABCD.

2.3. In the cube ABCDA,B,C,D, (AA, || BB, || CC, || DD,) the
plane P passes through the diagonal A,C, and the midpoint of the edge
DD,. Find the distance from the midpoint of the edge CD to the plane
P if the edge of the cube is equal to 4.

2.4. Given a cube ABCDA,;B,CD, (AA,| BB, | CC, || DD,).
I'ind the distance from the vertex 4 to the plane passing through the
vertices 4, B, D if the edge of the cube is equalpto a.

2.5. Given a cube ABCDA,B,C,D, (AA, || BB, || CC, || DD,).
Points M and N are taken on the extensions of the edges AB and
BB, respectively, the points being such that| AM | = |B,N | =

%—lAB I, (IBM|=|BN| =%| AB ]). Where, on the edge CC,,

mnust the point P lie for a pentagon to result in the section of the cube
by a plane drawn througﬁ the points M, N and P?

2.6. Assume that M and N are the midpoints of the edges A4,
and CC, of the cube ABCDA,B,C,D,, and a point P is taken on the
extension of the edge DD beyond the point D such that | DP | =
1/2 m. A plane is drawn through the points M, N and P. Find the
arca of the section if the edge of the cube is equal to 1 m.

2.7. The length of the edge of the cube KLMNK,L,M,N, (KK, ||
LLy|| MM, || NN,)isequal to1. A pointA is taken on the edge M M,
such that the length of the segment A M is equal to 3/5. A point B is
taken on the edge K;N; such that the length of the segment KB is
cqual to 1/3. A plane a is drawn through the centre of the cube and
the points A and B. The point P is the projection of the vertex N
onto the plane a. Find the length of the segment BP.

2.8. A point F is taken on the edge BB, of the cube

ABCDA,B,C,D,suchthat | B,F | = %I BB, |, a point E is taken on

the edge C,D, such that | D\E | = %l C,D,|. What is the largest
| AP |

value that the ratio PO can assume, where the point P lies on the
ray DE and the point Q on the straight line 4,F?

Example 2.4. The altitude of a right prism is equal to 1. The base
is a thombus with side equal to 2 and an acute angle equal to 30°.
A sccant plane with the angle of inclination to the plane of the base
equal to 60° is drawn through the side of the base. Find the area
of the section.
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Solution. Assume that ABCDA,B,C,D, is the given prism (see
Fig. 12.7) and that the secant plane passes through the edge 4,B,; of
the base, | A,B, | = 2, £B,A,D, = 30°, | AA; | = 1. Depending on
the linear dimensions of the prism, the plane of the section passing
through the edge A,B; cuts either the lateral face DCC,D, of the
prism or the face ABCD of the upper base. Let us assume (and then
prove) that the plane of the section cuts the face ABCD of the base
along the straight line MN. The line MN is garallel to the edge A,B,
(the planes ABCD and A,B,C,D, are parallel and, consequently, the
lines of intersection of these two planes by a third plane, a secant
plane, are parallel to each other) and | MN | = | AB | = | 4,B, |.
We draw a perpendicular B, K from
the point B, to the straight line
A.B, belonging to the plane
AIMNB, and a perpendicular B,L
to the straight line 4,B, belonging
to the plane 4,B,C,D,. By construc-
tion, the angle KB,L is a plane
dihedral angle formed by the secant
plane and the plane of the base.
By the hypothesis, £ KB,L = 60°.

Let us drop a perpendicular KP
from the point K to the plane
A,B,C,D,. By the theorem on three perpendiculars, the point P be-
longs to the straight line B, L. Let us consider the triangle B, KP. This
is a right triangle (the angfe P is a right angle), and | KP | = 1 (KP
is the altitude of a right prism) and £ KB,P = 60°. From the triangle
B,KP we find that

|B,K|=2/V3, |B,PI=1/V3.

Let us consider the quadrilateral A;MNB;. As we have shown
above, 4B, || MN and | 4,B; | =| MN | = 2. A quadrilateral whose
opposite sides are equal and parallel is a parallelogram. The seg-
ment B, K is an altitude of the parallelogram 4;MNB, since by con-
struction) B;K | A;B,. The area of the parallelogram is

S g, mnp, = |41B11- 1B K| =4/V3.

Fig. 12.7

Now we have only to show that the plane of the section indeed cuts
the upper base of the prism and not its lateral face. By the hypothesis
the base of the prism is a rhombus with side equal to 2 and an acute
angle of 30°. From the right triangle B,C,L in which | B,C, | = 2 and
£ B,C,L = 30° we find the altitude of the rhombus | B,L | = 1.

Assume that the secant plane cuts the lateral face DCC,D, along
the straight line MN. Having constructed a plane dihedral ang]le with
edge A,B,, we get a triangle B, KL, the point K lying on a lateral
face and the segment K being a part of the altitude of the prism,
i.e. | KL | <1. From the triangle B,KL we find, however, that
| KL | = V'3 > 1. Thecontradiction we have established proves that
the secant plane cannot cut the lateral face DCC,D,.

It should be pointed out in conclusion that the size of the acute
angle of the rhombus was necessary only to prove that the plane of
the section cuts the upper base of the prism and not itslateral f‘z)ice and
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was of no use when we sought the area of the section. We can consid-
er a more general problem assuming the acute angle of the rhombus

to be equal to a. In that case the area of the section is equal to 41V'3
for all angles o satisfying the inequality sin a> 1/2V'3).
Answer. 4/V'3.

2.9. A plane is drawn through the vertices 4, C, and D, o a rec-
tangular parallelepiped ABCDA,B,C,D,; which makes an angle of
60° with the plane of the base. The sides of the base of the parallelepi-
ped are equal to 4 and 3. Find the volume of the parallelepiped.

2.10. The altitude of a right triangular prism is H. The plane
drawn through the median of the lower base and through the side of
the upper base which is parallel to it makes an angle o with the plane
of the base. Find the area of the section.

2.11. The base of a right prism is an equilateral trapezoid with
bases @ and b (¢ > b) and an acute angle a. The plane passing through
the larger base of the upper trapezoid and the smaller base of the
lower trapezoid makes an angle § with the plane of the lower base.
Find the volume of the prism.

2.12. In a regular quadrangular prism a section is drawn through
a side of the base at an angle o to the plane of the base. Find the
angle between the diagonal of the section and the side of the base.

2.13. In a regular triangular prism a plane is drawn through a side
of the lower base and the opposite vertex of the upper base which
makes a dihedral angle of 45° with the plane of the base. The area of
the section is S. Find the volume of the prism.

2.14. A plane is drawn through a vertex of a regular quadrangular
prism so that a rhombus with an acute angle « results in the section.
Find the angle of inclination of that plane to the plane of the basec of
the prism.

2.15. A side of the base of a regular quadrangular prism is a.
A plane is drawn through the diagonal of the lower base and a vertex
of the upper base which cuts two adjacent lateral faces of the prism
along straight lines which make an angle . Find the volume of the
prism.

2.16. The base of aright prism is a right triangle with hypotenuse ¢
and an acute angle of 30°. A plane is drawn through the hypotenuse of
the lower base and the vertex of the right angle of the upper base
which makes an angle of 45° with the plane of the base. Find the vol-
ume of the triangular pyramid which the plane cuts off from the prism.

2.17. The altitude of a right prism is 1 m, its base is a rhombus
with side equal to 2 m and an acute angle of 30°. A secant plane is
drawn through a side of the base which is at an angle of 60° to the
plane of the base. Find the area of the section.

2.18. The base of a right triangular prism is an isosceles triangle
with the lateral side a and the base angle a. A plane is drawn through
the base of the triangle in the interior of the prism at an angle ¢. Find
the area of the section knowing that the section is a triangle.

2.19. The base of a right prism is an equilateral triangle. A plane
is drawn through one of the sides of the base and the opposite vertex
at an angle @ to the plane of the base. The area of the section is S.
Find the volume of the prism.
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2.20. The lateral edge of the triangular prism ABCA,B,C, isl.
The base of the prism is a regular triangle with side 6, and the straight
line which passes through the vertex B, and the centre of the base
ABC is perpendicular to the bases. Find the area of the section which
passes through the edge BC and the midpoint of the edge 44,.

2.21. Each edge of a regular hexagonal prism is equal to 1. Find
the area of the section which passes through a side of the base and the
larger diagonal of the prism.

2.22. The lateral edge of a right prism is equal to a. Its base is a
right triangle whose smaller angle is equal to a. A section is drawn
through the smaller leg of the base and the midpoint of the opposite
lateral edge which makes an angle § with the plane of the base. Find
the area of the section.

2.23. A section which is drawn through the side a of the base of a
regular triangular prism at an angle a to it divides a lateral edge
into parts in the ratio m : n, reckoning from the upper base. Find the
volume of the resulting parts and the area of the section.

2.24. The base of the right prism 4 BCA,B,C, is an isosceles right
triangle ABC with legs | AB |=|BC |=1. A piane is drawn through
the midpoints of the edges AB and BC and a point P lying on the
extension of the edge BB, beyond the point B. Find the area of the
resulting section if | BP | = 1/2 and | BB, | = 1.

2.25. Given a rectangular parallelepiped ABCDA,B,C,D, with the
area of the base S and thealtitude k. A secant plane is drawn through
the vertex A4; of the upper base A;B,C,D, which cuts the lateral
edge BB, at a point B,, thelateral edge CC, ata pointC, and the
lateral edge DD, at a point D,. Find the volume of the part of the
parallelepiped which lies under the secant plane, if it is known that
1CC, | = c.

2.26. Given a right triangular prism ABCA,B,C, (AA,, BB,, CC,
are lateral edges) in which | AC | = 6, | AA; | = 8. A plane is drawn
through the vertex 4 which cuts the edges BB, and CC, at points M
and N respectively. Find the ratio in which the plane divides the
volume of the prism if it is known that | BM | = | MB, |, and AN
is the bisector of the angle CAC;.

2.27. In the rectangular parallelepiped ABCDA,B,C,D, (ABCD
and 4,B,C,D, are the bases, A4, || BB, || CC, || DD,) the lengths of
the edges are: | AB| = a, | AD | = b, | A4, | = c. Assume that O
is the centre of the base ABCD, 0O, is the centre of the base 4,B,C,D,
and S is a point which divides the segment 0,0 in the ratio 1 : 3, i.e.
| 0;S|:]180| =1:3. Find the area of the section of the given par-
allelepiped by a plane passing through the point S parallel to the
diagonal AC, of the parallelepiped and the diagonal BD of its base.

2.28. The lower base of the rectangular parallelepiped
ABCDA,B,C,D, is a square ABCD. Find the largest possible mag-
nitude of the angle between the straightline BD, and the plane BDC,.

Example 2.5. In a regular quadrangular pyramid a secant plane
is drawn through a side ol the base a which divides in half the dihed-
ral angle a at the base of the pyramid. Find the area of the section.

Solution. Assume that SABCD is a regular quadrangular pyramid
with vertex S (Fig. 12.8), and the plane of thescction passes through
the edge A B of the base. By the hypothesis the given pyramid is regu-
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lar and its base is a square (AB || DC); consequently, the side AB of
the base is parallel to the plane /2.SC. The plane of the section ABMN
passing through the straight line AB
cuts the plane of the lateral face DSC S
along a straight line which is parallel to
the line AB (MN || AB). Consequently,
the quadrilateral ANMB is a trape-
zoid.

We construct an auxiliary secant
plane passing through the midpoint of y M
the edge AB (point K), the midpoint of
the edge DC (point L) and the vertex S A
ol the pyramid. The plane KSL cuts the
lateral faces of the pyramid along the

apothems, with SK1AB, KL|AB, =

and, consequently, the angle SKL isa 4 K 8
plane dihedral angle with edge 4B equal

lo o. By the hypothesis/SKR = /RKL Fig. 12.8

and these angles are equal to a/2.

Let us consider the triangle KSL in which/ SKL = /SLK = a,
| KL | = a, KR is the bisector of the angle S KL. By the sine theo-
rem we find the lateral side of the isosceles triangle KSL:

IKS|  |KL| ) _a
sina ~  sin (180° —2a) = &S] = 2cosa

Let us find the segments into which the point R divides the side SL.

We designate| SR | = z. Then |RL | == 2coas z By the property
of a bisector we have
S S—
ISR| _ |RL| z _ 2cosa _
Ks| = KL e a = ISRI=2
2cosa

a
" 2cosa(2cosa+-1) °

By the sine theorem, we find the length of the bisector KR from the
triangle KSR:

asina
sin Ea_ )
2
Since KR | AB, it follows that KR is an altitude of the trapezoid
ABN M whose base A B is known to be equal to a from the hypothesis.
To find the second base (MN), let us consider the triangle DSC and
a triangle MSN which is similar to it (MN || DC). The pyramid
SABCD being regular, the apothem SZL of the lateral face is the alti-
tude of the triangle DSC, and the segment SR of the apothem is the
altitude of the triangle MSN. The sides of similar triangles are pro-

|KR| =
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portional to the altitudes drawn to them:

IMN| _ 1pci - |MN| . a
ISR| |SL| a - a
2cosa (2cosa+1) 2cosa
M = =%
= |MN| (2cosa+1)=a=>|MN| Toosa 1 *
The area of the trapezoid ABNM is
PRS I S—
__ |AB|4-|MN| _ 2cosa-t1 asina
SABNM— P ]KRI - 2 R 3o
sin —
2
o
2 cosd —
__ 2a%(cosa-+1)sina 4a? cos 2
- = v .
2(2cosa-1) sin—32i (1+2cosa)
4q2 cos“%
Answer.

(14+2cosa)? *

2.29. Thelateral edge of a regular triangular pyramid is equal to a
and is at an angle & to the plane of the base. Find the plane of the
section of the pyramid by a plane passing through a vertex of the
base and through the median of the opposite lateral face.

2.30. Given aregulartriangular pyramid S4BC in which |AB | =
a and a dihedral angle formed by adjacent lateral faces is equal to
a. Find the area of the section of the pyramid by a plane passing
through the vertex A and the bisector of the angle SBA.

2.31. Given a regular triangular pyramid with a lateral edge a
long and an edge angle . Find the area of the section which passes
through the side AB of the base and is perpendicular to the lateral
edge SC.

2.32. The side of the base of a regular triangular pyramid is a;
a lateral edge is b. Find the area of the section of the pyramid by a
plane which passes through the centre of the base and is parallel to
two nonintersecting edges of the pyramid.

2.33. Given a regular triangular pyramid with a lateral edge . A
plane is drawn through a side of the base and the midpoint of the op-
posite lateral edge which makes an angle a with the plane of the base.
Find the area of the section.

2.34. In a regular triangular pyramid with the side of the base
equal to a and the lateral edge to 2a a plane is drawn through the mid-
point of the lateral edge at right angles to it. Find the area of the
section.

2.35. A lateral edge of a regular truncated quadrangular pyramid
is equal to the side of the smaller base and to a. The angle getween
the lateral edge and the side of the larger basz is a. Find the area of
the diagonal section of the truncated pyramid.
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2.36. The area of the section of a regular tetrahedron is shaped
as a square and is equal to m2. Find the surface area of the tetrahedron.

2.37. A regular triangular pyramid is cut by a plane which is
perpendicular to the base and divides the two sides of the base in
half. Find the volume of the cut-off pyramid if the side of the base of
the initial pyramid is a« and the base dihedral angle is 45°.

2.38. In the regular triangular pyramid SABC the plane passing
through the side AC at right angles to the edge SB cuts off a pyramid
S;A BC whose volume is one and a half times as small as the volume
of the pyramid SABC. Find the lateral area of the pyramid SABC
if | AC | = a.

2.39. A right prism has an equilateral triangle as its base. The
plane drawn through one of its sides at an angle @ to the base cuts off
a triangular pyramid of volume v from the prism. Find the area of the
section.

2.40. In the triangular pyramid SABC a point D is taken on
the side AC such that | AC | = 3 | DC |; a point E is taken on the
side BC such that | BC | = 3 | CE |. Find the area of the section of
the pyramid by the plane which passes through the points D and E
parallel to the edge SC, if it is known that | SA | = | SB[, | SC | =
a, |AC|=|BC|=b, £ ACB = a.

2.41. A plane is drawn in a triangular truncated pyramid through
a side of the upper base parallel to the opﬁosite lateral edge. In what
ratio does the plane divide the volume of the pyramid if the respective
sides of the bases are related as 1 : 2?

2.42. All the edges of the triangular pyramid SABC are equal.
A point M is taken on the edge SA4 such that | SM | = | MA |; a

point N is taken on the edge SB such that | SN | = %l SB|. A

plane is drawn through the points M and N which is parallel to the
median AD of the base ABC. Find the ratio of the volume of the pyr-
amid which is cut off from the initial pyramid by the drawn plane
to that of the pyramid SABC.

2.43. A regular triangular prism is inscribed into a regular trian-
gular pyramid with the plane angle a so that the lower base of the
prism lies on the base of the pyramid and the upper base coincides
with the section of the pyramid by a plane passing through the upper
base of the prism. The length of a lateral edge of the prism is equalpto
the length of a side of the base of the prism. Find the ratio of the vol-
umes of the prism and the pyramid.

2.44. The angle between a lateral edge and the plane of the base
of a regular triangular pyramid SABC is 60°. A plane is drawn through
the point A which is perpendicular to the bisector of the angle S of
the triangle BSC. In what ratio does the line of intersection of that
plane and the plane BSC divide the area of the face BSC?

2.45. Given a regular triangular pyramid SABC. A point M is
taken on the extension of the edge 4 B such that

|AM|=|AB| (| MB|=2|AB)).

A point N is taken on the edge SB such that | SN | = | NB |. Where
should a point P be on the apothem SD of the face SBC for a triangle

to result in the section of the pyramid by a plane drawn through the
points M, N and P?
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2.46. A plane cuts the lateral edges SA, SB and SC of the trian-
gular pyramid SABC at points K, L and M respectively. In what ratio
does the plane divide the volume of the pyramid if it is known that

| SK|:| KA|-=|SL|:|LB|=2,

and the median SN of the triangle SBC is bisected by that plane?

2.47. In the regular quadrangular pyramid SABCD a plane is
drawn through the midpoints of the sides AB and AD of the bases,
parallel to the lateral edge SA. Find the area of the section knowing
the side of the base a and the lateral edge b.

2.48. Given a regular quadrangular pyramid with a lateral edge 1.
The plane of the section passes through the diagonal of the base and
the midpoint of the lateral edge and makes an angle  with the plane
of the base. Find the area of the section.

2.49. In the regular quadrangular pyramid SABCD a side of the
base is equal to 4. A section is drawn tﬁrough the side CD of the base
of the pyramid which cuts the face SA B along the median of the trian-
gle SAB. The area of the sectionisequal to 18. Find the volume of the
pyramid SABCD.

2.50. In the regular quadrangular pyramid SABCD the plane
drawn through the side AD at right angles to the face SBC divides
that face into two parts of equal areas. Find the area of the total surf-
ace of the yrami(Pif | AD | = a.

2.51. The altitude of a regular quadrangular pyramid makes an
angle of 30° with a lateral face. A plane is drawn through a side of the
base of the pyramid, at right angles to the opposite face. Find the
ratio of the volumes of the polyhedrons resulting from the section of
the pyramid by that plane.

2.52. Given a regular quadrangular pyramid SABCD with vertex
S. A plane is drawn through the midpoints of the edges AB, AD and
CS. In what ratio does the plane divide the volume of the pyramid?

2.53. The area of a lateral face of a regular hexagonal pyramid is
S. Calculate the arca of the section passing through the midpoint of
the altitude of the pyramid parallel to the lateral face.

3. Solids of Revolution

A cylinder. A right circular cylinder (or simply a cylinder) is a
solid resulting from a rotation of a quadrilateral about the axis pass-
ing through one of its sides. When a polygonal line consisting of the
sides of a rectangle, not lying on the axis of revolution, is rotated
about the same axis a solid results which is known as the surface of
the cylinder. The circles obtained as a result of a rotation of the sides
adjacent to the side belonging to the axis of revolution are known as
the bases of the cylinder.

A solid obtained as a result of a rotation of a side of a rectangle
which is not adjacent to the side belonging to the axis of revolution
is known as the lateral surface of the cylinder. A perpendicular drawn
to the planes of the bases of a cylinder whose ends coincide with the
cegtres of the bases of the cylinder is known as the altitude of the cyl-
inder.

The volume of a cylinder can be calculated by the formula

V = nR%*H.
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The area of the total and the lateral surface of a cylinder can be
calculated by the formulas

Siat = 2nRIH,
Stot = 2nRH 4+ 2nR?,

where R is the radius of the base and H is the altitude of the cylinder.

A cone. A right circular cone (or simply a cone) is a solid resulting
from a rotation of a right triangle about the axis containing its leg.
A solid resulting from a rotation, about the same axis, of a polygonal
line consisting of the hypotenuse and a leg, not belonging to the axis
of revolution, is known as the surface of the cone. A solid resulting from
a rotation of the hypotenuse is the lateral surface of the cone and a
circle resulting from a rotation of a leg is the base of the cone. The
radius of the circle is known as the radius of the base of the cone.

The leg of the triangle belonging to the axis of revolution is the
altitude of the cone, and the hypotenuse of the right triangle is the
generatriz of the cone.

The volume of a cone can be calculated by the formula

Veone = % nRH,
The area of the lateral surface of a cone can be calculated by the

formula
S1at = nRL,

where R is the radius of the base, H is the altitude, and L is the gene-
ratrix of the cone.

A frustum of a cone. A part of a cone bounded by its base and
the section which is parallel to the plane of the base is known as a
[rustum of a cone or a truncated cone. The bases of a truncated cone are
homothetic circles with the centre of homothety at the vertex of the
cone.

A frustum of a cone can be obtained by rotating an isosceles trape-
zoid about its axis of symmetry.

Nonparallel sides of a trapezoid are known as generatrices of trun-
cated cones; the circles resulting from a;rotation of the bases of a
trapezoid are the bases of a truncated cone.

The volume of a truncated cone can be calculated by the formula

V= aH (R}+ReRy+ R,
where H is the altitude, R, and R, are the radii of the upper and lower

bases of the truncated cone.
The area of the lateral surface of a truncated cone can be calculated

by the formula
Siat = n (Ry + Ry) L,

where L is the generatrix of the truncated cohe.

A sphere. The set of all points of space which are at a given posi-
tivedistance R from a given point of space O is a sphere. The given point
() is the centre of the sphere.

A sphere can also be defined as a solid resulting from a rotation of
a semicircle about an axis containing the diameter of the semicircle.
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The segment OM (M is an arbitrary point of the sphere) is the radius
of the sphere. The line segment connecting any two points of the sphere
and passing through its centre is a diameter of the sphere. A diameter
of a sphere is equal to double its radius.

The set of all points of space which are at a distance from a given
point O which does not exceed the given distance R is called a ball*.
A ball can also be defined as a solid resulting from a rotation of a
semicircle about an axis containing a diameter of the semicircle.

The volume of a sphere of radius R can be calculated by the formula

4
= — nR3.
1% 3 nR

The area of a sphere of radius R can be calculated by the formula
S = 4nR2.

A section of a sphere by a plane passing through the centre of the
sphere is called a larger circle. A tangent plane to a sphere (a ball) is
aplane which has asingle point incommon with the sphere. That point
is called a point of tangency of the sphere and the plane. For a plane
to be tangent to a sphere, it is necessary and sufficient that the plane
be perpendicular to the radius of the sphere and pass through its end-

oint.
P A straight line belonging to the tangent plane to a sphere and pass-
ing through the point of tangency is known as a straight line which is
tangent to the sphere.

Example 3.1. A point M lying on the circle of the lower base of

a cylinder and a point N lying on the circle of the upper base are con-
nected by aline segment passing through the

N midpoint of the altitude of the cylinder. Find

the volume of the cylinder if the length of the
0 segment MN is a and the angle of inclination

of the line MN to the plane of the base of the
l cylinder is a.

l / | Solution. Assume that OO, is the altitude of
/(/{ | the cylinder (Fig. 12.9), K is the point of
/ | intersection of the altitude of the cylinder and
/ l || the segment MN, and, by the hypothesis,
/=1~—>| | 0K |=| KO, |. Let us consider the triangles
e & KON and KO,M. These are right triangles
\W (KO 1ON and KO, ] O;M), and the angles
M OKN and O,KM are vertical and | OK | =
| KO, |; consequently, these triangles are
Fig. 12.9 equaf (by a side and two angles). It follows
T from the equaliti' of the triangles that

| KO,1 = 10K |; | KM|=|KN|=5|MN|= 3.

The radius MO, of the base of the cylinder is the projection of the
segment MN, and the angle KMO, which is the angle between the
straight line MN and the plane of the base of the cylinder is equal to

* Sometimes, when there is no ambiguity, a ball will be used as
a synonym of a sphere.
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a by the hypothesis. From the right triangle M KO; we find that
a _a . — |001|
?cosa, | KO4| —Tsm o=

Let us calculate the volume of the cylinder:

I1MO,| =

3
Veyl=Spasell =7 |M04|2-100,| = “T“ cos?a sina.

nad
Answer. —— sin a cos2 a.

4

Example 3.2. The angle at the vertex of the axial section of a
right circular cylinder is @. A plane is drawn through its vertex at an
angle B (B << @/2) to the axis of the cone. Find the angle between two
generatrices of the cone along which the plane cuts its surface.

Solution. Assume that SO is the altitude of the cone, MSN is
a secant plane making an angle & with the altitude SO, MN is a chord
of the circle of the base (Fig. 12.10).
Since by the hypothesis the angle
at the vertex of the axial section of
the cone isca, the angle between any
generatrix of the cone (generatrices
SM and SN, in particular) and the
altitude of the cone is equal to a/2.
Let us consider the right triangle
MSO (MOS is a right angle). Desig-
nating the radius of the base of the
cone as r, we obtain

ISM|=—"—/, 1SOl=r cot 5.
sin 3

Let us construct an angle between
the plane SMN and the altitude .
S0. For that purpose, we drop a per- Fig. 12.10
pendicular OK in the plane of the
base of the cone from the point O to the chord MN. By the property
of a chord, | MK | = | NK |. The straight line MN is perpendicular
lo the altitude SO of the cone and to the straight line OK and, conse-
quently, it is perpendicular to the plane of the triangle KSO. The
plane MSN passes through the perpendicular MN to the plane KSO.
Consequently, the planes of the triangles KSN and KSO are mutually
perpendicular and the ray SK is an orthogonal projection of the ray
NO onto the plane MSN. Since by definition tge angle between an
inclined line (SO) and a plane (MSN) is the angle between the inclined
line and its orthogonal projection onto the plane, the angle KSO
is p;:ec&setlﬁ' :he angle whose size is B. From the right triangle KSO
we fin a

a
_ 10| _ rcot-g-

ISK1 cosfp ~  cosp °

20-9263
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As was indicated above, KO 1 MN and SO 1 MN and, consequent-
ly, according to the theorem on three perpendiculars, SK | MN. The
triangle MSN is isosceles (| MS | = | NS |) and SK is an altitude,
a median and a bisector of that triangle. From the right triangle MSK
we find the angle MSK:

rcot-g cosi

___ISK} 2 _ 2

cos (£ MSK)= SHT = vt - = CosP
Sin—z—

(cos—)
= £ MSK=arccos Wﬁ— 0

cos %
L MSN=2 /4 MSK=2 arccos .

cos f
o
cos —2-
Answer. 2 arccos (—) .

cos f

3.1. Being developed, the lateral surface of a cylinder is a rectangle
whose diagonal is equal to d and makes an angle o with the base.
Find the volume of the cylinder.

3.2, The area of the section of a cylinder by a plane which is per-
pendicular to the generatrix is equal to s;, and the area of the axial
set(:ition is equal to s,. Find the lateral area and the volume of the cyl-
inder.

3.3. The radius of the base of a cone is r and the vertex angle in
the development of its lateral surface is 90°. Find the volume of the
cone,

3.4. The lateral surface of a cone is a folded quarter of a circle.
Find the total surface of the cone if the area of its axial section is S.

3.5. The area of the lateral surface of a right circular cone is S;
the distance from the centre of the base to the generatrix is r. Find
the volume of the cone.

3.6. The area of the lateral surface of a cone is related to that of
the base as 2 : 1. The area of its axial section is S. Find the volume of
the cone.

3.7. The radius of the base of a cone is r, and the area of its lateral
surface is equal to the sum of the areas of the base and the axial sec-
tion. Find the volume of the cone.

3.8. The altitude of a cone is equal to the diameter of its base.
Find the ratio of the area of its base to that of the lateral surface.

3.9. A plane, drawn through the vertex of a cone, cuts the base
along a chord whose length is equal to the radius of the base. Find
the ratio of the volumes of the resulting parts of the cone.

3.10. Two perpendicular generatrices of a right circular cone divide
the circle of the base in the ratio 1 : 2. Find the volume of the cone if
its altitude is k.
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3.11. A plane is drawn through two generatrices of a cone which
make an angle a. Find the ratio of the area of the section to the total
surface of the cone if the angle between the generatrices of the cone
and the plane of the base is f.

3.12. The generatrix of a cone is ! and makes an angle § with the
altitude of the cone. Find the area of the section of the cone by a plane
which passes through its vertex and makes an angle a with its altitude.

3.13. Two planes are drawn through the vertex of a cone. One
of them makes an angle & with the plane of the base of the cone and
cuts the base along a chord a long, and the other makes an angle p
with the plane of the base and cuts the base along a chord & long. Find
the volume of the cone.

3.14. The areas of parallel sections of a sphere lying on the same
side of the centre are equal to S, and S,, and the distance between the
sections is d. Find the area of the section of the ball which is parallel
to the sections S; and S, and bisects the distance between them.

3.15. A sphere of radius R is inscribed in a dihedral angle of 60°.
Find the radius of the sphere inscribed in that angle and touching the
given sphere if it is known that the straight line connecting the centres
of t{)e two spheres makes an angle of 45° with an edge of the dihedral
angle.

3.16. Two equal spheres of radius r touch each other and the faces
of the dihedral angle which is equal to a.. Find the radius of the sphere
which touches the faces of the dihedral angle and the two given spheres.

3.17. Four equal spheres of radius r are externally tangent to each
other so that each of them touches the other three. Find the radius
of the circle which touches all the four spheres and contains them in
its interior.

3.18. Two spheres touch a plane P at points 4 and B and lie on
different sides of the plane. The distance between the centres of the
sphere is equal to 10. A third sphere touches the two given spheres
and its centre O lies in the plane P. It is known that

|A0| = |0OB| =2 Y10, |AB|=38.

I'ind the radius of the third sphere.

3.19. Three spheres touch the plane of the triangle ABC at its
vertices and each sphere touches the other two. Find the radii of the
spheres if the side AB is ¢ long and the angles adjacent to it are o and

/

3.20. Two spheres of radii r and R lie on a plane without meeting
cach other. The distance between the centres of the spheres is p. Find
the minimal possible radius of the sphere which would lie on that plane
and touch the given spheres.

4. Combinations of Polyhedrons
and Solids of Revolution

A prism and a sphere. A sphere which touches all the faces of a
prism is said to be inscribed into the prism. A prism is said to be inscrib-
ed into a sphere if all its vertices lie on the surface of the sphere.

In problems dealing with combinations of a prism (a parallel-
cpiped and a cube, in particular) and a sphere solution, as a rule,

20¢
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begins with a geometric construction showing where the centre of the
sphere is. When seeking the centre of the sphere inscribed into the
prism, use is made of the theorem stating that the centre of a sphere
inscribed into a prism is the point of intersection of the bisecting planes
of all dihedral angles of the prism, and the centre of the sphere circum-
scribed about the prism is the point of intersection of all planes which
pass through the midpoints of the edges of the prism and are perpen-
dicular to them.

Example 4.1. Three spheres of radius r touch the lower base of
a regular triangular prism, each sphere touching the other two spheres
and two lateral faces of the prism. The fourth sphere touches each of

these three spheres, all the lateral
B faces and the upper base of the prism.

Find the altitude of the prism.

Solution. Assume that O,, O, and
O, are the centres of the spheres of

p radius r, ABC and A,B,C, are equi-
lateral triangles which are the upper
and the lower base of the prism res-
pectively (Fig. 12.11). Since the prism

fy ABCA,B.C, is regular, its lateral
edges AA,, BB,, and CC, are perpen-

By dicular to the planes ol the bases,
and the planes of the lateral faces are
also perpendicular to the planes of the
bases.

We draw a plane through the
centre O, of the sphere, parallel to
the plane of the base of the prism.
An equilateral triangle M,N,P; re-

Fiz. 12.11 sults in the section of the prism by

18. 14. the plane, the side of the triangle

being equal to the side of the base

of the prism. The plane we have constructed is perpendicular to
the planes of the lateral faces of the prism and the points O, and

O; belong to that plane.

Let us prove that the points of tangency of the spheres and the
planes of the lateral faces also belong to the plane of the triangle
M{N,P,. We drop a perpendicular from the point O, to the plane
A,ACC,. Since the sphere touches that plane, the perpendicular gets
into the point of tangency and its length is r. On the other hand, since
the planes MNP, and 4,ACC, are mutually perpendicular and the
point O, belongs to the plane M;N,P,, the perpendicular drawn from
the point O, to the plane 4,4CC, entirely beFongs to the plane M,N,P,
and, consequently, the foot of the perpendicular (point K in Fig. 12.12)
belongs to the line of intersection of these mutually perpendicular
planes (see the theorem on mutually perpendicular planes).

We can prove by analogy that the point of tangency of the sphere
with the centre O; and the plane 4,4 BB, also belongs to the plane
M,N,P,, and the points of tangency of the spheres with centres O,
and Oy and the planes of the lateral faces belong to the plane M;N,P;.
Since the plane M, N, P, passes through the centres of the three pairwise
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tangent spheres, the lines of centres of these spheres (the segments
0,0,, 0,04, 0,0,) belong to the plane M,N,P,. We have thus obtained,
in the section of the prism by the plane M,N,P,, an equilateral triangle
M,N,P, which contains in its interior three circles of radius r, each
of which touches the other two circles and two sides of the triangle
(Fig. 12.12).

Let us consider the triangle M,N,P,. Wedraw radii O,K and O;L
to the points of tangency of the circles and the side M,P,. Since
0,K 1 MPy, O4L 1 M,P; and | O,K | = | O4L | = r, it follows that

Fig. 12.12 Fig. 12.13

the quadrilateral 0,0;KL is a rectangle and | KL | = | 0,0, | = 2r.
Since the circle with centre O; touches the sides of the triangle M;N,
and M,P,, the point O, lies on the bisector of the angle N,M,P, and
£0;M,K = 30°. In the right triangle M,0,K we lgmow the angle
O0,MK = 30° and the leg | 0O;K | = r. We find the other leg:

| M\yK|=rV3.

Similarly, from ALO,P; wefind | LP; | = r 3. Thus the side of the
triangle M,N,P, is equal to 2r (1 + V 3).

We draw a l;])lane through the centre O of the fourth sphere which
is parallel to the plane of the base of the prism. The section of the
prism by that plane is an equilateral triangle MNP (Fig. 12.13) and
the section of the sphere with centre O is a circle of a large diameter
inscribed into the triangle MNP (the points of tangency of the sphere
with centre O and the planes of the lateral faces belong to the plane
MNP, which fact can be proved in the same way as in the case of the
construction of the section M,N,P,). Since the planes of the triangle
MNP, and MNP are parallel, the triangles MNP, and MNP are
cqual and, consequently, the side of the triangle MNP is equal to
2r (1 -+ V'3). The radius of the circle inscribed in the triangle MNP
and, consequently, the radius of the sphere with centre O are equal to

lool=r(1+‘.§i).

The required altitude of the prism is constituted by the distance
from the upper base to the plane MNP, the distance between the planes
MNP and MNP, and the distance from the plane M;N,P, to
the lower base of the prism. By the hypothesis, the sphere with centre



310 Ch. 12 Solid Geometry

O touches the upper base of the prism, and the distance I; between the
upper base and the plane MNP, containing the point O, is equal to the
radius of the sphere with centre at point O:

ll=r(i+—]g—§).

It also follows from the hypothesis that three spheres (with centres
0,4, 0,, O,) lie on the lower base of the prism ang the distance I, be-
tween the lower base and the plane M;N,P;, containing the points
04, 0,, 04, is equal to the radii of the spheres:

l,=r.

Now we have only to find the distance between the planes MNP
and M,;N,P,. Let us consider a polyhedron with vertices O, 0,, O,, Os.
It is a pyramid whose base is an equilateral triangle 0,0,0, with side
2r. The lateral edges 00,, 00,, 00, are equal to one another (since all

the spheres are pairwise tangent) and are equal to r (2 +K3§) .

We draw an altitude OK of the regular triangular pyramid 00,0,0,
(Fig. 12.11). The segment OK is perpendicular to the plane M,N,P,
and to the plane MNP which is parallel to it, and, consequently, the
length of the segment is the distance between the planes. Since in
aregular triangular pyramid the foot of the altitude coincides with the
centre of the base, it follows'that | 0,K | = 2r/ V3. By the Pythagor-
ean theorem we find from the right triangle 0,0K that

— T
|0K|=V 100,]°— 0K =5 » ) 21 +12 V3.

The altitude of the pyramid

1 - _—
H=l+1,+10K| == r (64 V34V 21112 V3).

Answer. % r (64 V34V 21412 V3).

4.1. The base of a regular prism is a square with side a and its alti-
tude is H. Find the radius of the circumscribed sphere.

4.2. A regular triangular prism is circumscribed about a sphere
and a sphere is circumscribed about the prism. Find the ratio of the
surfaces of the spheres.

4.3. A regular hexagonal prism is circumscribed about a sphere of
radius R. Find its surface area.

4.4. A sphere touches the lateral edges of a regular right hexagonal
prism whose base lies outside of the sphere. Find the ratio of the la-
teral area of the prism included in the sphere to the surface area of the
sphere which lies outside of the prism.

4.5. A sphere is inscribed into a cube with edge a. Find the radius
ofhanother sphere which touches three faces of the cube and the first
sphere.
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4.6. A cube is inscribed into a hemisphere of radius R so that its
four vertices lie on the base of the hemisphere and the other four be-
l(l;ng t(i] the spherical surface of the half-ball. Calculate the volume of
the cube.

4.7. Given a cube with bases ABCD and A,B,C,D,, where AA, ||
BB, || CC, || DD,. A ball of radius R = 1/2 is inscribed into the
anglle A. Find the radius of the sphere inscribed into the angle C and
tougl/:éng the given sphere, provided that the edge of the cube is equal
to .

4.8. Given a cube with bases ABCD and A4,B,C;D,. A point E
is the midpoint of the edge C,D,, a point F is the midpoint of the edge
B,C,. Find the radius of the sphere drawn through the points E, F, 4,
C if the edge of the cube is equal to a.

A pyramid and a sphere. A sphere is said to be inscribed in a py-
ramid if it touches all the faces of the pyramid. The centre of the sphere
inscribed in the pyramid is the point of intersection of the bisecting
planes of all dihedral angles of the pyramid.

A sphere is said to be circumscribed about a pyramid if all the ver-
tices of the pyramid lie on its surface. If a ball is circumscribed about
a pyramid, then its centre is the point of intersection of all the planes
which are drawn through the midpoints of the edges of the pyramid at
right angles to the edges.

In problems dealing with combinations of a pyramid and a sphere,
it is necessary, asarule, to begin a solution with a geometric construc-
tion as a result of which a point is found which is the centre of the sphere.
In addition, itis often convenient to construct an auxiliary section
of the pyramid and the sphere dividing the combination of the pyram-
id and the sphere into two symmetric parts as a result of which the
solution of the space geometry problem can sometimes be reduced to
tlllat4o§)a plane geometry problem (such a technique is used in Exam-
ple 4.3).

Example 4.2. The base of a pyramid is an equilateral triangle
with side a. The altitude of the pyramid passes through the midpoint
of one of the] edges of the base and is equal to 3z/2. Find the radi-
us of the ball circumscribed about the pyramid.

Solution. Assume that S is the vertex of the pyramid, ABC is an
equilateral triangle lying at the base of the ;{yramid (Fig. 12.14),
SK is the altitude of the pyramid (and also the altitude of the triangle
ASB), and by the hypothesis | AKX | = | KB |. The triangles ASK
and BSK are equal (they are both right triangles, S K is the common
side and | AK| = | KB |), and, consequently, the triangle ASB
is isosceles. By definition, a pyramid is inscribed into a ball if all
the vertices of the pyramid belong to the surface of the ball and the
centre of the ball is a point which is equidistant from all the vertices
of the pyramid. Let us find the locus of points which are equidistant
from all the vertices of the pyramid.

The locus of points which are equidistant from the three vertices
A, B and C is the perpendicular O; M to the plane of the equilateral
triangle A BC drawn from the centre O, (Fig. 12.14). The locus of points
which are equidistant from the vertices 4, S, B is the perpendicular
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O,N to the plane of the isosceles triangle ASB drawn from the point
0, which is the centre of the circle circumscribed about the triangle
ASB.

Let us prove that two perpendiculars, O;M and O,N intersect. By
the hypothesis, the segment SK is perpendicular to the plane of the
triangle ABC, SK | AB, K is the midpoint of the segment 4B and,
consequently, KCjyis an altitude, a median and a bisector of the equi-
lateral triangle ABC (KC 1 AB). Thus the segment 4B is perpendi-
cular to two different straight lines SK and KC and, consequently, it
is perpendicular to the plane passing
through the points S, K and C (see theo-
rem on mutually perpendicular straight
lines and planes). The planes ASB and
ABC are perpendicular to the plane SKC,
since each of them includes the straight
line AB which is perpendicular to the
plane SKC.

The point O; belongs to the line of
intersection of the planes ABC and SKC,
and the point O, to the line of intersec-
tion of the planes ASB and SKC. The
perpendicular O,M to the plane ABC
entirely belongs to the plane SKC and
the perpendicular O,N to the plane ASB
also hefongs to the pﬁane SKC (according
to the theorem on two mutually per-

Fig. 12.14 pendicular planes and a perpendicular te
g. 14 one of the planes passing through tho
lines of their intersection).

We have thus proved that the straight lines O, M and O,N belong
to the same plane, meet at a point O and the quadrilateral K0,00,,
whose all vertices belong to the plane S KC, is a rectangle. The point
O is a point which is equidistant from the points A, B, C, S is the
centre of the ball circumscribed about the pyramid. The radius of the
circle circumscribed about the triangle ASB is equal to 5a/6, and

|0,K|=|SK|—180,| = %—5%=—2§a. In the equilateral
triangle A BC the distance from the centre O, to the vertex C is equal
to | 0,C| = %| KC| = “‘3/3. Since | 0,K | = | 0,0 | (K0,00,

is a rectangle), from the right triangle 00,C we obtain, by the Pyth-
agorean theorem, the length of the segment OC which is equal to the
required radius of the ball:

R=10C|=V [0:,01*F+10,C|*

Answer. 3
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4.9. A regular tetrahedron is inscribed in a sphere of radius R.
find the volume of the tetrahedron.

4.10. The base of the pyramid is a regular triangle with side equal
to 6 cm. One of the lateral edges is perpendicular to the plane of the
base and is equal to 4 cm. Find the radius of the sphere circumscribed
about the pyramid.

4.11. Tﬁe side of the base of a regular triangular pyramid is a
and the edge angle of the pyramid is . Find the radius of the sphere
inscribed into the pyramif{).

4.12. The lateral edges and two sides of the base of a triangular
pyramid are equal to a and the angle between the equal sides of the
})jlse is a. Find the radius of the sphere circumscribed about the pyram-
1d.

4.13. The edge of a regular tetrahedron is a. Find the radius of the
sphere which touches the lateral edges of the tetrahedron at the vertices
of the base.

4.14. The edge of a regular tetrahedron is a. Find the radius of the
sphere which touches the lateral faces of the tetrahedron at the points
lying on the sides of the base.

4.15. Find the radius of the sphere which touches the base and the
lateral edges of a regular triangular pyramid the side of whose base
is a and the base dihedral angle is c.

4.16. The faces of a regular truncated triangular pyramid touch
a sphere. Find the ratio of tﬁ surface of the sphere to the total surface
of the pyramid if the lateral faces of the pyramid make an angle o with
the plane of the base.

4.17. A given regular truncated triangular pyramid can contain
a sphere which touches all the faces and a sphere which touches all the
edges. Find the sides of the base of the pyramid if the lateral edges are
equal to b.

4.18. The edge of a regular tetrahedron is a. Find the radius of the
sphere which touches all the edges of the tetrahedron.

4.19. The side of the base of a regular triangular pyramid is a,
the lateral edge is b. Find the radius of the sphere which touches all
the edges of the pyramid.

4.20. A sphere is inscribed in a regular triangular pyramid with
the plane vertex angle . Find the ratio of the volumes of the sphere and
the pyramid.

4.21. The edge of a regular tetrahedron SABC is a. Find the rad-
ius of the sphere inscribed in a trihedral angle formed by the faces of
the tetrahedron with the vertex at the point S which touches the plane
drawn through the midpoints of the edges SA, SC and AB.

4.22. A sphere is inscribed in a regular triangular pyramid. Find
the angle of inclination of the lateral sides of the pyramid to the plane
of the base, knowing that the ratio of the volume of the pyramid to
that of the sphere is 27 V'3/ (4x).

4.23. In aregular triangular pyramid the angle between the lateral
edges and the altitude drawn to the base is a. Find the ratio of the
volume of the pyramid to that of the circumscribed ball.

4.24. In a regular triangular pyramid the dihedral angle between
the plane of the base and a lateral face/is «. Find the ratio of the volume
of "the sphere inscribed into the pyramid to the volume of the
pyramid.
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4.25. Given a sphere of radius R into which a regular triangular
pyramid SABC is inscribed whose base dihedral angle is . Find the
side of the base of the pyramid.

4.26. Four equal spheres lie inside a regular tetrahedron with
edge a so that each sphere touches the other three spheres and three
faces of the tetrahedron. Find the radius of the spheres.

4.27. In the tetrahedron SABC the dihedral angles at the edges
AB, AC, and SB are right angles and the dihedral angles at the edges
SA, and BC are equal to 15°. Find the radius of the ball inscribed into
the tetrahedron if | BC | = 2.

4.28. A plane is drawn through the side of the base of a regular trian-
gular pyramid and the centre of the ball inscribed into it. In what ratio
does the plane divide the volume of the pyramid if its lateral edge is
3.5 times as large as the side of the base?

4.29. In the regular triangular pyramid SABC the side of the

base ABC is b and the altitude of the pyramid is & ¥ 2. The sphere
inscribed into the pyramid touches SBC at a point K. Find the area
of the section of the pyramid by the plane which passes through the
point K and the edge SA.

4.30. The base of a pyramid is an equilateral triangle with side a.
One of the lateral edges of the pyramid is also equal to a and the other
two are equal to b. Find the radius of the sphere circumscribed about the
pyramid.

4.31. The base of the pyramid is an isosceles triangle whose equal
sides are b long; the lateral faces corresponding to them are perpendi-
cular to the plane of the base and the angle between them is a. The
angle between the third lateral face and the plane of the base is also
equal to a. Find the radius of the ball inscribed into the pyramid.

4.32. A sphere lies on the base of a regular triangular pyramid with
the altitude A and the radius of the ball inscribed in tﬁe base equal
to r. The ball touches the base at its centre. Find the radius of the
sphere if the plane drawn through the vertex of the pyramid and the
midpoints of two sides of the base touches the sphere.

4.33. In the triangular pyramid SABC the face SAC is perpendi-
cular to the face ABC, | SA | = | SC | = 1, and the vertex angle B
of the triangle ABC is a right angle. The ball touches the plane of the
base of the pyramid at the point B and the face SAC at the point S.
Find the radius of the ball.

4.34. Threc identical spheres are in the interior of a regular trian-
gular pyramid with the length of the edge of the base equal to ¢ and
the base dihedral angle equal to 60°. Each sphere touches the other
two spheres, the plane of the base and two lateral faces. Find the radii
of the spheres.

4.35. A sphere of radius 1 is in the interior of a regular triangular
pyramid. At the point which bisects the altitude of the pyramid it
is externally tangent to a hemisphere. The hemisphere rests on a circle
inscribed in the base of the pyramid; the sphere touches the lateral
faces of the pyramid. Find t?le lateral area of the pyramid and the
dihedral angle between the lateral faces of the pyramid.

4.36. A regular triangle with side a lies in the plane P. Its medians
divide it into four triangles and three regular pyramids with the alti-
tude a are constructed on three of them, adjacent to the vertices as the
bases (the three pyramids lie on the same side of P). Find the radius
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of the sphere which lies between the pyramids and touches both the
plane P and the three pyramids.

Example 4.3. A sphere is inscribed in a regular quadrangular py-
ramid. The distance from the centre of the sphere to the vertex of the
pyramid is a and the angle of inclination of the lateral face to the plane
of the base is «. Find the volume of the pyramid. B

Solution. Assume that SABCD (Fig. 12.15) is a regular quadrqn-
gular pyramid (ABCD is a square, SK is the altitude of the pyramid,
K is the centre of the square, the lateral faces ara equal isosceles
triangles). Let us find a point O which
is the centre of the sphere inscribed into
the pyramid.

We draw an altitude from the vertex
A of the triangle ASB to the base SB.
Next we draw an altitude from the ver-
tex C of the triangle BSC to the base SB.
Since the triangles ASB and BSC are
equal, one and the same point M serves
as the feet of the altitudes and | AM | =
| MC |. By construction, the angle
AMC is a plane dihedral angle formed
by the planes of the lateral faces ASB
and BSC. In the triangle A MC the bis-
ector of the angle A MC is a median and
an altitude and cuts the base AC at a Fig. 12.15
point K.

In our case, the point S belongs to an edge of the dihedral angle
and the point X is the bisector of the dihedral angle and, consequently,
the altitude S K of the pyramid belongs to the bisecting plane of the
dihedral angle with edge SB. Constructing the disecting plane of the
dihedral angle with edge SC, we can prove by analogy tﬁat the alti-
tude S K belongs to that bisecting plane as well. Since two different
planes intersect along the same straight line and the line S K belongs
to both planes, the line of intersection of two different bisecting planes
contains the altitude SK of the pyramid. The centre of the ball in-
scribed into the pyramid lies at the intersection of the bisecting planes
of all the dihedral angles of the pyramid and, consequently, in our case
(when the pyramid is regular) on the altitude of the pyramid.

Let us draw a plane through the altitude S K of the pyramid and
the midpoints L and P of the opposite sides of the square (Fig. 12.16).
Since ADSC is isosceles, it follows that SP is a median and an alti-
tude of ADSC and SP | DC. The segment LP is also perpendicular to
DC and, consequently, the angle LPS is a plane dihedral angle form-
ed by the lateral face DSC and the plane of the base A BCD which, by
the hypothesis, is equal to cc. We can prove by analogy that ZSLP= a.
The centre of the sphere inscribed in the pyramid lies in the bisecting
plane of the dihedral angle with edge DC. The point of intersection
of this plane and the altitude S K is the centre of the ball inscribed in
the pyramid (the point O in Fig. 12.16).

The planes DSC and ABCD are perpendicular to the plane LSP
since they contain the straight line DC which is perpendicular to the
plane LSP. We drop a perpendicular from the point O belonging to
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the plane LSP to the l;;lzme DSC. The foot of this perpendicular
(point N) coincides with the point of tangency of the ball and the
p%ane DSC. On the other hand, according to the theorem on two mut-
ually perpendicular planes (DSC and LSP) and a perpendicular to one
of the planes, thestraight line ON entire-
S ly belongs to the plane LSP. We have
thus proved that the point of tangency of
the sphere and the plane of the lateral

face DSC belongs to the plane LSP.

We can prove by analogy that the
points of tangency of the ball with the
planes ABCD and A SB also belong to the
plane LSP.

A Let us consider the triangles OSN
A-«/2 and PSK. These triangles are similar
P (they are right-angled and have an angle
/7 in common). It follows from the simila-
A /) rity of the triangles that LSON = a
and, by the hypothesis, | SO | = a.
Fig. 12.16 From the triangle OSN we find that
o | ON | = acos a. The altitude of the
triangle is | SK | =180 4+ |OK | =
a (1 4 cosa). From the triangle SKP we find that

| KP| =|SK|cota = a (1 + cos @) cot a.

In the triangle LSP wehave | LP|=2 [[KP | = 2a (1 + cos a)X
cot« = | AB |. We have thus found the quantities which we need
to calculate the volume of the pyramid:

1
VSABCD=? ISK| Sapcp= % a(1-+cos a) 4a? (14-cos o) cot? o
=% a3 (14 cos )3 cot2 .

Answer. % a3 (14 cos a)? cot2a

4.37. Find the surface of the sphere circumscribed about a regular
quadrangular pyramid if the side of the base of the pyramid is « and
{,)he lateral edge of the pyramid makes an angle o with the plane of the

ase.

4.38. A regular quadrangular pyramid is inscribed in a sphere.
The radius of the sphere is R, the edge angle is a. Find the lateral sur-
face of the pyramid.

4.39. A pyramid whose base is a square is inscribed in a sphere
of radius R. Two lateral faces are perpendicular to the base. The larger
lateral edge makes an angle o with the side of the base intersecting
it. Find the lateral surface of the pyramid.

4.40. The basc of the pyramid is a square with side a. The altitude
of the pyramid passes through the midpoint of one of the edges of the

base and is equal to a ¥"3/2. Find the radius of the sphere circumscrib-
ed about the pyramid.
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4.41. A regular quadrangular is inscribed in a sphere of radius
R. Find the volume of the pyramid il the radius of the circle circum-
scribed about its base is r.

4.42. A sphere of radius R is inscribed into a pyramid whose base
is a rhombus with an acute angle a. The lateral faces of the pyramid
make g(ril angle ¢ with the plane of the base. Find the volume of the
pyramid.

4.43. A pyramid whose base is a square is inscribed in a sphere of
radius R. One of the lateral edges of the pyramid is perpendicular to
the plane of the base and the larger lateral edge makes an angle & with
the base. Find the lateral surface of the pyramid.

4.44. The base area of a regular quadrangular pyramid is Q and the
base dihedral angle is &. The pyramid is cut by a lplane which passes
through the centre of the inscribed sphere parallel to the base. Find
the area of the section of the pyramid.

4.45. Given a pyramid SABCD whose base is a thombus ABCD.
The side of the base is a, | SA| =|SC|=4a, | SB| = |SD |,
/BCD = 2a. Find the radius of the inscribed sphere.

4.46. The centre of the sphere circumscribed about a regular
quadrangular pyramid is at the distance a from a lateral face and at
the distance b from a lateral edge. Find the radius of the sphere.

4.47. A sphere whose radius is a/(2 V'3) is inscribed in a regular
quadrangular pyramid SA BCD with vertex S and the side of the base
a. A plane P which makes an angle of 30° with the plane of the base
touches the sphere and meets the plane of the base, without meeting
the base itself, along a line which is parallel to a side of the base. Find
the area of the section of the pyramid by the plane P.

4.48. A pyramid whose lateral edges are equal to ¢ is inscribed
into a sphere. Its base is a rectangle whose sides subtend arcs of o and
f radians in the sections of the ball by the planes of the lateral faces.
Find the radius of the circumscribed sphere.

4.49. The lateral edges of a regular quadrangular pyramid SABCD
(S is the vertex) are equal to a and the sides of its base are equal to

a/ V2. Find the distance from the centre of the ball inscribed into
the pyramid SABCD to the planc which passes through the diagonal
BD of the base ABCD and the midpoint £ of the edge S4.

4.50. A regular quadrangular pyramid contains a sphere of radius
2. The ball touches the lateral faces of the pyramid and is externally
tangent to a hemisphere resting on the sphere inscribed in the base
of the pyramid. The point of tangency of the ball and the hemisphere
is at the distance from the base of the pyramid which is equal to one-
third of the altitude of the pyramid. Find the volume of the pyramid
and the dihedral angle at the lateral edge of the pyramid.

4.51. Given a regular quadrangular pyramid SABCD with the
side of the base a and the lateral edge b (b > a). A sphere with centre
at a point O lies above the plane of the base ABCD, touches that
plane at the point 4 and, in addition, touches the lateral edge SB.
Find the volume of the pyramid OABCD.

4.52. Given a sphere of radius R into which a regular hexagonal
truncated pyramid is inscribed the plane of whose lower base passes
through the centre of the sphere and a lateral edge makes an angle of
60° with the plane of the base. Find the volume of the pyramid.
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4.53. Given a sphere of radius R about which a regular hexagonal
pyramid is circumscribed whose lateral face makes an angle a with
the plane of the base. Find the lateral surface and the volume of the
pyramid.

4.54. Given a sphere in which a rectangular prism is inscribed,
whose base is a regular triangle, and the altitude of the prism is equal
to the side of the base. Find the ratio of the volume of the prism to that
of a regular hexagonal pyramid inscribed in the sphere, the lateral
edge of the pyramid being equal to double the side of the base.

4.55. Find the ratio of the volume of a regular n-gonal pyramid
to that of the sphere inscribed into it knowing that the circles circum-
scribed about the base and the lateral faces of the pyramid are equal.

Combinations of solids of revolution. A sphere is said to be in-
scribed into a right circular cone if it touches the base of the cone at
its centre and is tangent to the lateral surface of the cone along a circle.
A right circular cone is said to be inscribed in a sphere if its vertex and
the circle serving as its base lie on the surface of the sphere.

A sphere is said to be inscribed in a right circular cylinder if the
sphere touches the bases of the cylinder at their centres and is tangent
to the lateral surface of the cylinder along the circumference of the
large circle of the sphere which is parallel to the bases. A right circular
cylinder is said to be inscribed in a sphere if the circles serving as the
bases of the cylinder lie on the surface of the sphere.

A cone is said to be inscribed in a cylinder if the base of the cone
coincides with one of the bases of the cylinder and the vertex of the
cone coincides with the centre of the other base.

It is often convenient to solve problems dealing with combina-
tions of solids of revolution by constructing an auxiliary section which
divides the combination of the solids of revolution into two symmetric
parts. It is, as a rule, convenient to construct the auxiliary section so
that it passes through the axis of a cylinder (or the axis of a cone),
depending on the kind of the problem, and the centre of a sphere. As a
result, a rectangle is obtained in the section of the cylinder and an
isosceles triangle in the section of the cone, and the section of the
ball is a circle with the radius equal to that of the sphere. Thus, for
instance, if by the hypothesis a ball is inscribed in a cone, then the
axial section of the cone is an isosceles triangle and a circle inscribed
in it; if a sphere is circumscribed about a cylinder, then the section is
a rectangle circumscribed about a circle.

Example 4.4. The generatrix of a cone is I and makes an angle o
with the altitude of the cone. A plane is drawn through two genera-
trices of the cone which make an angle B. Find the distance from that
plane to the centre of the ball inscribed into the cone.

Solution. Assume that S is the vertex of the cone, O is the foot of
the altitude of the cone, SA and SB are the generatrices of the cone
which make an angle B (Fig. 12.17). From the right triangle
SOB (L SOB is a right angle, | SB| =1, £BSO = a) we find the
radius of the circle lying at the base of the cone and the altitude of the
cone:

| BO| =1Isina, | SO| = lcosa.



4 Combinations of Polyhedrons and Solids of Recvolution 319

From the isosceles triangle ASB (LASB =8, | AS|=|SB| =1
we find the length of the chord A B which is cut by the plane ASB
from the base of the cone:

| AB | = 2l sin —B—
2
The distance from the centre of the base of the cone to the midpoint
of the segment A B (point N) can be found from the triangle NOB by
the Pythagorean theorem:

|INO|= V |BO|*— |NB|t=1 ]/sin2 a—sinzg,

We draw a plane through the midpoint of the chord 4B (point N)
and the altitude SO of the cone. The section of the cone by the plane
is an isosceles triangle MS M, with the lateral side ! and the vertex

MY 0 M
Fig. 12.17 Fig. 12.18

angle 2a; the section of the ball, inscribed into the cone, is a circle
with the radius equal to the radius of the ball inscribed in the iso-
sceles triangle M S M,, and the planes MSM; and A SB intersect along
a straight line NS (Fig. 12.18).

Let us prove that the distance from the centre O, of the circle to the
line SN (i.e. the length of the segment O, K) is the required distance
from the centre of the sphere to the plane ASB.

Let us consider Fig. 12.17. The chord A B of the circle serving as
the base of the cone is perpendicular to the altitude of the cone and
is perpendicular to the radius OM passing through the midpoint of
the chord A B (point N). Consequently, the chord 4B is perpendicular
to the plane M S M, since it is perpendicular to two nonparallel straight
lines (SO and M M,) belonging to the plane. We thus have a plane
MSM,; and a straigflt line A B which is perpendicular to it. Since the
plane A SB passes through the straight line 4 B, which is perpendicular
to the plane MS M,, the plane A SB itself is perpendicular to the plane
MSM,, i.e. the two planes are mutually perpendicular.
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The centre of the sphere inscribed into the cone belongs to the
plane MSM,. If we drop a perpendicular from the centre of the sphere
to the plane ASB, then, according to the theorem on two mutually
perpendicular planes, that perpendicular entirely belongs to the plane
MSM,, i.e. the foot of the perpendicular (point K) lies on the line
of intersection SN of the planes as can be seen from Fig. 12.17.

Thus, seeking the distance from the centre of the sphere to the
plane A SB reduces to seeking the length of the segment | KO, | shown
in Fig. 12.18 from the problem of plane geometry. Let us find the
radius of the circle inscribed in A MSM;:

11 0] 14 o
100,] = | MO]| -tan (T——T)_]BOI-tan (T_T)
. n o
=lsina tan (—[-!———7),

Let us consider the triangles XSO, and NSO. These triangles are
similar (they are right-angled and have a common angle NSO). Let
us calculate the hypotenuse SO, of the triangle KSO,:

1S0,| = |S0| —10,0| = (cos a—sin a tan (%—%) ) .

The hypotenuse SN of the triangle SON can be calculated by the
Pythagorean theorem:

ISN|=VINOI>+ 1801

=] l/sin2 o —sin? jzs——}-cos2 a=1 cos—g—.

The similitude of the triangles KSO;, and NSO yields equations
|KOyl _ 18041

vo| sy 1Kol

—si x_2 in? o —sin? b

l(cosa smatan( A D) )) l/sm a—sin® -5
cos—g—

l l/sin2 a—sin’-b— (cosa—sinatan (-1—--1))

2 4 2
Answer. B .

008—2—

4.56. A sphere is inscribed into a cone. Find the volume of the
ball if the generatrix of the cone is I and makes an angle a with the
plane of the base.

4.57. Given a sphere of radius R about which a truncated cone is
circumscribed whose generatrix makes an angle a with the plane of
the larger base. Find the volume and the lateral area of the truncated
cone.
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4.58. A sphere is inscribed into a cone, the surface of the ball being
equal to that of the base of the cone. Find the vertex angle in the
axial section of the cone.

4.59. A sphere is inscribed in a cone. The radius of the circle along
which the cone and the ball are tangent is r. Find the volume of the
cone if the angle between the altitude and the generatrix of the cone
is a.

4.60. A cone is inscribed in a sphere whose surface area is S. The
angle between the generatrix of the cone and the plane of the base is
o. Find the area of the total surface of the cone.

4.61. A sphere is inscribed in a cone. Prove that the ratio of the
total surface of the cone to the surface of the sphere is equal to the
ratio of their volumes.

4.62. A sphere is inscribed in a cone whose generatrices make an
angle a with the plane of the base. Find the ratio of the volume of the
sphere to that of the cone.

4.63. A sphere is inscribed in a right circular cone. The ratio of
the volumes of the cone and the sphere is equal to 2. Find the ratio of
the total surface of the cone to the surface of the sphere.

4.64. The altitude of a cylinder is equal to that of a cone. The
lateral surface of the cylinder is related to that of the cone as 3 : 2.
In addition, it is known that the generatrix of the cone makes an angle
a with the plane of the base. Find the ratio of the volume of the cylind-
er to that of the cone.

4.65. A sphere of area s is inscribed into a truncated cone with
the lateral area S. Find the angle between the generatrix and the plane
of the base of the cone.

4.66. The vertex angle of the axial section of a right circular cone
is a, and the radius of the base of the cone is R. Find the volume of the
sphere with the centre at the vertex of the cone which divides the vol-
ume of the cone in half.

4.67. Three identical spheres of radius r are in the interior of a
right circular cone, with the vertex angle of 60° in the axial section of
the cone, so that each sphere touches the other two spheres, the lateral
surface of the cone amf the plane of the base. Find the radius of the
base of the cone.

4.68. Three spheres of radius r lie on the base of a right circular
cone. A fourth sphere of the same radius lies on the first three. Each
of the four spheres touches the lateral surface of the cone and the three
other spheres. Find the altitude of the cone.

4.69. Find the vertex angle in the axial section of a cone circum-
scribed about four equal spheres located so that each of them touches
the other three.

4.70. A sphere of radius r is inscribed into a cone. Find the volume
of the cone if it is known that the plane which touches the sphere and
is fperpendicular to one of the generatrices of the cone is at the distance
d from the vertex of the cone.

4.71. A sphere is inscribed in a truncated cone in which the radii
of the upper and lower bases are R and r. Find the radius of the second
ball whic% touches the first sphere, the lateral surface of the truncated
cone and the upper base.

4.72. Two cones have the altitudes k, and %, and a common base
of radius R, and their vertices lie on different sides of the plane of the

21-0263
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base. A ball is inscribed into the surface formed by the lateral surfaces
of those cones. Find the radius of the other ball which touches both
the lateral surface of the first cone (along an integral circle) and the
first ball.

4.73. A sphere touches the base of a cone at its centre. The surface
of the sphere cuts the lateral surface of the cone along two circles one
of which has a radius equal to that of the sphere and lies in the plane
which is parallel to the base of the cone. The radius of the base is known
to be 4/3 times as large as the radius of the sphere. Find the ratio of
the volume of the sphere to that of the cene.

4.74. A right circular cylinder is circumscribed about a sphere of
radius R. A point C lies in the interior of the cylinder on its axis and

is at the distance —2 R from the lower base. A plane P is drawn through

that point, which has only one common point with the circle of the
lower base. A right circular cone is inscribed into the sphere whose base
lies in the plane P and the vertex is above that plane. Find the volume
of the cone.

4.75. A right circular cone has the radius of the base r and an angle
o in the axial section. Two identical balls of radius R touch each other,
the lateral surface of the cone (externally) and the plane of the base
of the cone. Find the area of the triangle whose vertices are the centres
of the balls and the centre of the base of the cone.

4.76. Three identical spheres are inscribed into a right circular
cylinder with the radius of the base r =1 and the altitude

H=12/ (3 4+ 2 V¥ 3) so that the spheres touch the upper base of the
cylinder, its lateral surface and pairwise touch one another. Find the
volume of a right circular cone whose base coincides with the lower
base of the cylinder and which touches all the three spheres.

4.77. Given three identical right circular cones with the angle
a (@ < 27/3) in the axial section and the radius of the base r. The
bases of the cones lie in the same plane and pairwise externally touch
one another. Find the radius of the sphere which touches all the three
cones and the plane passing through their vertices.



Chapter 13

The Method
of Coordinates

1. Vectors in Coordinates

An ordered triple of noncoplanar vectors (e;, e,, e;) is called a
basis in the set of all vectors. Every vector a can be uniquely repres-
ented in the form

a = Xe, 4 Ye, | Zes, (1)

the numbers X, Y, Z are called the coordinates of the vector a in the
basis (e, e, e5). Representation (1) is also called a resolution of the
vector a into components (e;, e,, ;) and is written as a = (X, Y, 2Z).

The basis (e,, €4, €5) is said to be rectangular if the vectors e,, e,, eg
are pairwise perpendicular and have a unit length (a vector of a unit
length is called a unit vector). In that case the following designations
are accepted:

=1 e=4j, eg=k

If a point A has coordinates (a;, a4, ag) relative to the basis (e,,
e,, e5) and a point B has coordinates (b;, by, bg), then

—_—
AB = (by — ay, by — ay, by — ay). 2)

The actions on vectors defined by their coordinates relative to the
basis (e,, e,, e5) are carried out according to the following rules: if
a= (X, Y, Z), b= (X,, Y,, Z,), then

at+b= (X4 X, Y+ 7Y, Z, + 7)),
a—b=(X;—X, Yy —Y,, Z, - 2), ,
M = (A'le A'Y'lv }"Zl)v (4)
where A is a certain number.

The length of the vector a = (X; 4+ Y, 4 Z,), designating as.| a |
can be calculated from the formula

la|=V X+ Y]+ 2.
Example 1.4. Given the vectors
a=2i+3f,b=—3—2k,ce=1i4j—k

@)

Find the coordinates of the vector a—%b + ¢

21
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Solution. By the hypothesis
a= (2v 39 0)’ b= (01 —'3v _2)’ c = (il 1-! —i)‘
Using rules (3), (4), we get

1
a—5bte= (2—0+1, 3+-§-+1, 0+1-1) ,

1 1"
Answer. a-——2-b+c= (3, 5 0),
1.1. Given the vectors a = (—3, —1, 2), b = (4, 0, 6), ¢ = (5,
—2, 7). Find the coordinates of the vectors (a) 2a, (b) —a 4 3ec.
1.2. Given three vectors: a = (2, 4), b= (—3, 1), ¢ = (5, —2).
Find the coordinates of the vectors

(a) = 2a 4 3b — 5¢, (b) a 4 24b | 14e, (c) 2a — -;—b, (d) Se.

Example 1.2, Given three vectors: a = (5, 3), b = (2, 0) ¢ = (4,2).
Find nonzero numbers e, f, and y such that

aa -+ Bb 4 ye = 0.
Solution. Using rules (3), (4), we write
(5@, 3“) + (251 O) + (4Yv 2?) = (0,0),

or, taking into account the uniqueness of the representation of a vector
in terms of base vectors, we write a system of equations relative to the
unknowns e, B, y:

5a 4 2B + 4y = 0,

3a + 2y =0,
from which we can find the expression for o and y in terms of f: @ = 2f»
¥ = — 3f. Since f§ 5~ 0, we can assume, for example, that § = 1 an
obtain a =2, p=1, y=—3

Answer.a = 2, =1,y = —3.

Example 1.3. Points A(1, 1), B(0, 3), C(—1, —1) are vertices of
the triangle ABC. Find the coordinates of the vectors A—f, EE and C—j .
Prove that AB + B——E-}- CA = 0.

Solution. We find the coordinates of the vector 4B applying for-
mula @ X =0—1=—1,Y=3—1=2, ie 4B = (—1, 2).
By analogy we find that BC = (—1, —4), CA = (2, 2) and AB +
+BC4+CA=(—1 —1+4+22—442=0.
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1.3. Given vectorsa = (4, 5, 3), b = (6, —4, —2),¢ = (0, —5, 7)
and d = (—20, 27, —35). Find numbers «, B, y such that

aa 4 pb 4+ ye +d = 0.
1.4. Given a tetrahedron OABC. In the basis consisting of the
edges 07', OB and 5_2_;ﬁnd the coordinates
o (a) of t_hf vector DE, where D and E are the midpoints of the edges
0OA and BC,

(b) of the vector —5)1.7, where F is the point of intersection of the
medians of the base ABC.
1.5. In the tetrahedron OA BC the median AL of the face ABC is

— —>

divided by a point M in the ratio | AM | :| ML | = 3 : 7. Find the
—> . - =

coordinates of the vector OM in the basis formed by the edges 04, OB,

—_—
and OC.

1.6. Express the vector ¢ in terms of the vectors a and b in each
of the following cases:

(a) a= (4a '—'2)1 b= (3v 5)1 c = (11 —7);

(b) a= (5, 4), b= (-3, 0), e = (19, 8);

(c) a=(—6,2), b= (417, ¢= (9, —3).

1.7. Find the coordinates of the vector PQ from the coordinates
of the points P and Q:
(a) p (21 _31 0)1 0 (_1, 27 —'3);

wo(h—4.3). o(-2.0.2).

1.8. Given four points: 4 (0, 2), B (3, 1), C (—5, 3), D (2, 4).
Find the coordinates of a point Q such that

—_ = = =
Q4+ QB+QC+QD=0.

—_—

1.9. A vector AB = a is laid off from the point 4. Find the coor-
dinates of the point B in each of the following cases:

(a) A (Ov O)v a = (_2, 1),

(b) A (—1, 5), a= (1, —3),

c)A4@2, 7, a=(—2, —5H).

1.10. On the abscissa axis find a point M which is at the distance
% from the point A (3, —3).

1.11. On the axis of ordinates find a point M which is equidistant
from the points 4 (1, —4, 7) and B (5, 6, —5).

1.12. Find the coordinates of the point M which lies on the Oz
axis and is equidistant from the points 4 (1, 2, 3) and B (—3, 3, 2).

1.13*. Find the coordinates of the centre of gravity of the triangle
ABC if the points A, B, and C have the following coordinates:

(a) 4 (0, 0), B (0, 3), C (5, 0),

(b) A (0, 0), B (2, 5), C (—1, 7),

(c) A1, 3), B@3, 6), C(—2, 5).
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The condition of collinearity of two vectors a = (X,, Yy, Z,) and
b = (X,, Y,, Z,) has the form

Xy = MAX,y, Yy =AY, Z; = AZ,,
or, when A is removed, the form

1.14. In each of the following cases find the value of k for which
the vector a 4 kb is collinear with the vector c:

(a) a= (21 3)1 b= (31 5)v ¢ = (_11 3);

b)a=(1, 0, b=(2, 2), c= (3, —5)

(c) a = (Bv _2)1 b= (1! 1)1 ¢ = (01 5)‘

1.15. Using the condition of collinearity of two vectors, find wheth-
er the following vectors are collinear:

3 1 3 2 1 1
@ a=(7, 3, —g) mib=(7, 3. —7);
3 4 9 9

(b) e=(—5, 6, ) and d=(5 ., —5, —1).

1.16. For what values of X and Y are the vectors a = (X, —2, 5)
and b= (1, Y, —3) collinear?

1.17. Given four points: 4 (—2, —3, 8), B (2, 1_,»7), c (1, 4, 5),
and D (—7, —4, 7). Prove that the vectors A—E and CD are collinear

1.18. A seﬁment with the endpoints 4 (3, —2) and B (6, 4) is
divided into three equal parts. Find the coordinates of the points of
division.

1.19. Find the coordinates of the endpoints of the segment which is
divided into three equal parts by the points C (2, 0, 2) and D (5, —2, 0).

1.20. Given the vertices of a triangle: 4 (1, 0, 2), B (1, 2, 2),

—_—
and C (5, 4, 6). A point L divides the segment AC in the ratio 1 : 3;
CE is a median drawn from the vertex C. Find the coordinates of the
point of intersection of the straight lines BL and CE. -

1.21. For what values of o and f are the vectorsa = — 2i 4 3j 4
+ ak and b= Bi — 6j + 2k collinear?

The scalar product of the vectors a and b designated as a-b or ab

Ve
is the product | a |+| b | cos (a,\b). If the vectors a = (X,, Yy, Z;)
and b = (X,, Y,, Z,) are defined by their coordinates in a rectangular
basis, then their scalar product can be calculated from the formula

ab = X,X, + Y,Y, + Z,Z,. )

The cosine of the angle between the vectors a and b can be calculated
from the formula

X Xo+Y,Yo+ 242,
VXitYitz: - VXit i+ 23

The condition of mutual perpendicularity of two nonzero vectors a
and b is the following:

X1 Xy + V1Y, + 2,2, =0,

cos (a/, \b) = (6)
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Example 1.4. Given two vectors: a = (5, 2), b= (7 —3). Find
a vector ¢ which satisfies the conditions ac = 38, be = 30.
Solution. Assume ¢ = (X, Y). Then, by virtue of (5), we have

5X 4 2Y = 38,
7X — 3Y = 30.

Solving this system for X and Y, we get X = 6, Y = 4.
Answer. ¢ = (6, 4)

1.22. Given vectors a = (4,-—2, —4) and b = (6, —3, 2). Cal-
culate: (a) ab, (b) (2a — 3b)(a -1- 2b), (c) (@ — b)2, d) | %a—b |

1.23. Given a vector a = (—6, 8). Find the coordinates of a unit
vector which is collinear with the vector a and

(a) has the same direction as the vector a,

(b) is of the opposite direction to the vector a.

1.24*. The vectors a = (—12, 16), b = (12, 5) are drawn from
the same point. Find the coordinates of the vector which, being laid
off from tlll)e same point, bisects the angle between the vectors.

1.25. Knowmgthatlal—Slbl—-i,Icl—4anda+b+

¢ = 0, calculate ab 1 bec | ca.

1.26. Calculate the lengths of the vectors

(a) a=1i—3j+ b) b= 2i 4+ j — 3k.

1.27. The vector 1s '3 lon, Calculate the coordinates of the vector
if they are known to be equal.

1.28. Calculate the length of the vector 2a 4 3b if

a= (1,1, —1), b= (2, 0, 0).

1.29. Given the following vectors: a = (1,1, —1), b= (5, —3, —3)
and ¢ = (3, —1, 2). Find the vectors, collinear with the vector c,
whose lengths are equal E)) that of the vector a +—l1

1.30*. The vectors AB = — 3i 4 4k and BC = (—1, 0, —2)
are the sides of the triangle A BC. Find the length of the median 4 M.

Example 1.5. Calculate the angle between the vectors a = (—1,
2, —2) and b = (6, 3, —6).
Solution. By formula (6)
(—=1)-6+234+(—2)(—6)_ 12 4
VIF4+4V36+9+36 39 9°

cos (&f b)=

-\
Answer. (a, b)=arccos -3- .

1.31. Calculate the angle between the following vectors:
(a) a= (6 —2, =3), b= (5,

(b) a = (2, —4, 5), b= (O 2, O),
(c) a= (—2, 6, —3), b= (0, —3);
(d)ﬂ_( 41 _61 2)’b_(4 0 H
(e) a= (3 ‘_21 6)1 b = (O '_51 0);
(f) a= (4, —5, —2), b= (0, 0

| sone

.
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1.32*. What angle do the vectors a = (2, 3), b= (—2, 5), ¢ =
(—5, 1), and d = (—1, 1) make with the unit vector i?

1.33. Calculate the cosine of the angle between the vectorsa — b
and a - bifa= (1, 2,1) and b = (2, —1, 0).

1.34*. Calculate the cosines of the angles which the following
vectors make with the base vectors:

(@a=i+j+k (b)b=—3j—k, (c)e=—5i, (d d=3j+
4k.

1.35. Calculate the coordinates of the vector p which is collinear
with the vector ¢ = (3, —4) if the vector p is known to make an obtuse
angle with the vector i and | p | = 10.

1.36. The vector b is collinear to the vector a = (6, 8, —15/2)
and makes an acute angle with the unit vector k. Knowing that| b | =
50, find its coordinates.

1.37. Calculate the angle between the vectors a = 2i -{— j and
b = i — 2j and find the lengths of the diagonals of the parallelogram
constructed on these vectors as on sides.

1.38*. The vectorsa, b, and ¢ are equal in length and pairwise make
equal angll‘es. Find the coordinates of the vector ¢ if a =i + j and

1.39. A straight line makes equal angles with the edges of a right
trihedral angle. Find the angles.
— —
1.40. The vectors AB = (3, —2, 2) and BC = (—1, 0, —2) are
ailjacent sides of a parallelogram. Find the angle between its diagon-
als.

Example 1.6. Calculate the coordinates of the unit vector a if
i{.) is known to be perpendicular to the vectors b = (1, 1, 0) and ¢ =
©, 1, 1).

Solution. Assume that the vector a has the coordinates X, Y, Z.
Then, by the hypothesis,

X2 4 Y422 =1, *

From the condition of perpendicularity of the vector a to the vectors
b and ¢ we get an equations

X4+Y=0andY }+Z=0.

Substituting X and Z expressed in terms of Y in equation (*), we

obtain Y = + 1/} 3; consequently, there are two vectors which sat-
isfy the hypothesis:

=53 73 )
1 1 1
“a v )

1.41. For what value of Z are the vectors a ='(6, 0,12) and b =
(—8, 13, Z) perpendicular?
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1.42. For what X and Y is the vector a = Xi 4 Yj + 2k per-
pendicular to the vector b = i — j + k and the scalar product of the
vectors a and ¢ = i 1 2j is equal to 4?

1.43. The vector ¢ is perpendicular to the vectors a = (2, 3, —1)
and b= (1, —2, 3) and satisfies the condition ¢-(2i — j 4 k) =— 6.
Find the coordinates of c. )

1.44. Calculate the coordinates of the vector ¢ which is perpendi-
cular to the vectors a = 2j — k and b = — i 4 2j — 3k and makes
an obtuse angle with the unit vector j if | ¢ | = V7.

1.45*. Find the coordinates of the vector a = (X, Y, Z) which
makes equal angles with the vectors b = (Y, —2Z, 3X), ¢ = (2Z,
3X, —Y) if a is perpendicular to the vectord = (1, —1, 2), |a | =
2bV3 and the angle between the vector a and the unit vector j is
obtuse.

1.46. In the parallelogram A BCD we know the coordinates of three
vertices: 4 (3, 1, 2), B (0, —1, —1), € (—1, 1, 0). Find the length
of the diagonal BD.

1.47. Prove that the points 4 (1, —1, 1), B (1, 3, 1), C (4, 3, 1),
D (4, —1, 1) are the vertices of a triangle. Calculate the lengths of its
diagonals and the coordinates of their point of intersection.

1.48. Prove that the points 4 (2, 4, —4), B ii, 1, —3), C (—2, 0,
5) and D &——1, 3, 4) are the vertices of a parallelogram and calculate
the angle between its diagonals.

1.49. Find the cosine of the angle ¢ between the diagonals AC
and BD of a parallelogram if its three vertices are known: 4 (2, 1, 3),
B (5, 2, —1) and C (—3, 3, —3).

1.50. A triangle is defined by the coordinates of its vertices 4 (3,
—2,1), B 3, 1, 5), C (4, 0, 3). Calculate the lengths of the medians
AA, and BB,, the distance between the origin and the centre of gravity
of the triangle A BC, and the angles of the triangle.

1.51. Calculate the coordinates of the vertex C of the equilateral
triangle ABC if A (1, 3) and B (3, 1).

1.52. Calculate the coordinates of the vertices C and D of the square
ABCD if A (2, 1) and B (0, 4). -

1.53. Given points B (1, —3) and D (0, 4) which are the vertices
of the rhombus ABCD. Calculate the coordinates of the vertices A
and C if £BAD = 60°.

1.54. Given the vertices of a triangle: 4 (1, —1, —3), B (2,1, —2)
nndl(,' 51—-5, 2, —6). Calculate the length of the bisector of its interior
angle A.

1.55. Given the coordinates of three points: 4 (3, 3, 2), B (1, 1, 1)
and C (4, 5, 1). Calculate the coordinates of the point D which belongs
to the bisector of the angle ABC and is at the distance }/ 870 from
the vertex B.

1.56. Calculate the work done by the force F =i | 2j + k
il;n %ralilsfgx)'ring a particle from the position 4 (—1, 2, 0) to the position

@, 1, 3).

1.57. Given three forces: M = (3, —4, 2), N (2, 3, —5) and
P = (—3, —2, 4) applied to the same point. Calculate the work done
by the resultant of these forces when their point of application moves
recét)ilinearly and is displaced from the point 4 (5, 3, —7) to B (4, 1,
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1.58. Find the lengths of the sides and the angles of a triangle with
vertices A (—1, —2, 4), B (—4, —2, 0) and C (3, —2, 1).

1.59. Given the coordinates of the vertices of a triangle: A (1, 1,
1), B (2, 4, 2) and C (8, 3, 3). Determine whether the triangle is right-
angled or obtuse.

1.60. The vertices of a triangle are at the points 4 (2, —3, 0),
B (2, —1, 1) and C (0, 1, 4). Find the angle ¢ formed by the median
DB and the base AC.

1.61.* In the triangle ABC a point H is the point of intersection

of the altitudes. It is known that AB = (6, —2), AC = (3, 4). Find

the coordinates of the vector AH.

1.62. Prove that the triangle A BC, whose vertices are at the points
A4 (1,0,1),B1,1,0),C (,1,1), is right-angled. Find the distance
from the origin to the centre of the circle circumscribed about the

triangle.
1.63. A triangular pyramid is defined by the coordinates of its

vertices:
A @3,0,1), B (—1, 4,1), C (5, 2,3), D (0, —5, 4).

Calculate the length of the vector A_()}., if G is the point of intersection
of the medians of the face BCD.

1.64*. The volume of a right triangular prism ABCA,B,C, is
equal to 3. Calculate the coordinates of the vertex A, if the coordin-
ates of the vertices of one of the bases of the prism are known:

4(1,0,1),B20,0),C(©O,1,0).
1.65. Points 4 and B given in a Cartesian rectangular system of
— —-
coordinates Ozy on the curve y = z2? such that 04 -i = 1 and OB -i =

—_
— 2. Find the length of the vector 12-5:1 — 3.0B.

1.66. A point A(z,,y;) with the abscissa z;=1 and a point
B(z,, y,) with the ordinate y, = 11 are given in a Cartesian rectan-
gular system of coordinates Ozy on the curve y = 22 — 2z }
3 lying in the first quarter. Find the scalar product of the vectors

— —
OA and OB.

2. Problems on Analytic Notation of Lines
on a Plane and Surfaces in Space

A line on a plane in the Cartesian rectangular system of coordin-
ates Ozy can be defined by one of the equations (1)-(7):

Az + By 4+ C=0. @)

The equation of a straight line which passes through the point
M, (x,, y,) and is perpendicular to the vector n = (4, B):

Az —=z))+ By —y)=0. (2)

The equation of a straight line which passes through the point

M, (z4, yo) and is parallel to the vector a = (m, n):
T—2y _ Y—VYo 3
m n ° @)
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Intercept equation of a straight line:
Ty
a + b 11 (4)
where a and b are the z and y intercepts, respectively.
The equation of a straight line with a slope &:
y = kz 4 b. ()

The equation of a straight line passing through a given point
M, (x4, yo) with the given slope &:

Yy — Yo =k (x — o). (6)

The equation of a straight line passing’ through two points
My (24, y1) and M, (za, Yo):

z—z —
1 — Yy Y1 . (7)
Ty— T Y2—¥1
The angle between the straight lines l; and I, is the smaller of the
two adjacent angles formed by those lines. The angle between the
lini,-s 1, and 1, with the slopes %, and %, can be calculated from the for-
mula

N\ ky—k
tan (I3, I =|# v kyky £ —1. 8
(UTI?Y TF gk, 1°ky (8
If I, 1 l,orl | I,, then, respectively,
kl'k? = — 1., kl = ks. (9)

The distance from the point M, (z,, y,) to the straight line I, defin-
ed by the equation Az + By 4+ C = 0, can be found from the formula

| Azo+ By,+-C |
Va+E o

Example 2.1. The straight line ! passes through the point M(zg, yo)
at right angles to the vector n = (4, B). Write the equation of the
line 1 if M, (—1, 2) and n = (2, 2).

Solution. According to formula (2), we have 2 (x + 1) +
2(y — 2) = 0. Removing the brackets and collecting terms, we
obtain an equation z + y — 1 = 0.

p (Mo, D)=

Example 2.2. Write the equation of a straight line which passes
through the point M, (—1, 2) parallel to the vector a = (3, —1).
z-H1_ y—2

3 T -1

Solution. According to formula (3) we have
r+4-3y—5=0.

or

Example 2.3. Given a straight line i: —2z4y —1 =0, and
a point M (—1, 2). It is required:
(1) to calculate the distance p (M, 1) from the point M to the line J;
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(2) to write the equation of a straight line !’ which passes through
the point M at right angles to the given straight line ¢;

(3) to write the equation of a straight line !’’ which passes through
the point M parallel to the given line L.

Solution. (1) According to (10) we have

[(=2) (—=1)+1-2—1] 3
M, )= — = =
P Vi1 Vs
(2) Applying the first formula (9) for %k, = 2, we get k, = — 1/2.
According to (6) we have z 4 2y — 3 =0

(3) Applying now the second formula (b) and formula (6), we get
y—2=2(x+1), ie. y =2z + 4.

2.1. The straight line I passes through two points: M, (=, y,) and
M, (z,, y,). Write the equation of the line  for:

@) My (1, 2), My (—1, O);

(b) My (1, 1), M, (1, —2);

©) M, 2, 2), M, (0, 2)

2.2*. Derive the equation of a straight line which passes through
the point M (8, 6) and cuts off a triangle with area 12 from a coordin-
ate angle.

2.3. Write the equation of a straight line, which is parallel to
two given straight lines /, and I, and is equidistant from I, and l,, if:

(a) Iy 3z—2y—1=0,
l.z—i_Ay+3_
2° P] - 3
(b) 1yz 3z—15y—1=0,
z4+1/2 _ y+41/2
[P 5 = 1 .

2.4. The triangle A BC is defined by the coordinates of its vertices:
A (,2), B@, —2),C (6, 1).

Write the equations of the straight lines containing:

(1) the side 4B; )

(2) the altitude CD; calculate the length of » = | CD |.

(3) Find the angle ¢ between the altitude CD and the median BM.

(4) Write the equation of the bisectors I, and !, of the interior
and exterior angles at the vertex 4.

2.5. A ray of light emanates from the point M (5, 4) at the angle
¢ = arctan 2 to the axis Oz and is reflected from it. Write the equa-
tion of the incident and reflected rays (the equations of the straight
lines containing those rays).

2.6. Write the equation of a straight line which passes through the
point M (2, 1) at the angle n/4 to the straight line 2z | 3y 4+ 4 = 0.

2.7*. Two vertices of the triangle ABC are at the points
A (—1, —1) and B (4, 5), and the third vertex lies on the straight
liney = 5 (z — 3). The area of the triangle is 9.5. Find the coordin-
ates of the vertex C.

2.8. Given three points: A (2, 1), B (3, 1), C (—4, 0) which are
the vertices of an equilateral trapezoid A BCD. Calculate the coordin-

—_ —_
ates of the point D if AB = kCD.
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The equation of a circle with centre at the point C, (z,, y,) and radius
R has the form

(z — z)? + - Yo)? = R2,

Example 2.4. Derive an equation of a circle which passes through
the points 4 (2, 0), B (5, 0) and touches the Oy axis.

Solution. Assume that the unknown centre C, of the circle has
the coordinates (z,, ¥o). Then from the condition of tangency of the
circle and the Oy axis we infer that the abscissa z, of the centre is
equal to the radius R. Since the points A (2, 0) and B (5, 0) lie on the
circle, their coordinates satisfy the equation of the circle. Using the
indicated conditions, we get the following system of equations:

(zo — 2)* + y3 = R,
(zo — 5)2 4+ y} = RN,
Zo = Rl

which has two solutions: z, = 7/2, yo = & V' 10; R = 7/2.
72 vz 49 72
Answer. (z——z-) +(y—y'10) = and (3—7) +
49
+ @+ V0=

2.9. Derive an equation of a circle inscribed into a triangle whose
sides lie on the straifht lines z =0, y =0, 3z } 4y — 12 = 0.

2.10. Given a circle z2 4 y% = 4. Derive an equation of a straight
line I, which is parallel to the abscissa axis and cuts the circle at points
M and N such that | MN | = 1.

2.41*. A square ABCD is inscribed into a circle z2 4- y? = 169.
Find the coordinates of the vertices B, C, and D if 4 (5, —12).
* 2.42*. Given a circle z? 4 y2 = 9. Derive an equation of the
circle, which passes through the origin, the point A (1, 0) and touches
the given circle.

2.13. Derive an equation of the circle which passes through the
point A (2, 1) and touches the coordinate axes.

In the rectangular system of coordinates Ozyz the plane o can be
defined by an equation belonging to one of the following kinds:
The general equation of a plane:

Az +- By 4 Cz 4+ D = 0. (11)

The equation of a plane, which passes through the point
M, (zo, Yo, 2o) at right angles to the vector n = (4, B, C):

A(z—20)+BW—y)+C(z—z) =0 (12)

The angle between two planes a, and o, is the smallest of the dihedr-
al angles formed by those planes. The cosine of that angle can be cal-
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culated from the formula
L S0 S A4z~ B1B3+C1Cy
Imlimal VA5+BI+C; V A3+ B3+ C}

where n; = (4,, By, C;) and n,=(4,, B,, C,) are vectors which are
perpendicular to the planes @, and a, respectively.

o (19)

N\
€oS (alg, Og) =

Example 2.5. Derive an equation of the plane if it is known that
the point N (3, 5, 2) is the foot of the perpendicular drawn from the
origin to that plane and belongs to the plane.

—_
Solution. It follows from the hypothesis that the vector ON is
perpendicular to the required plane, where O is the origin, and N is

-—
a point belonging to the plane, and ON = (3, 5, 2). According to (12)
the equation of the plane which passes through the point N at right

—_
angles to the vector ON has the form

3c—3)+50—5+2E—2=0,

or
3z 4 5y 4 2z — 38 = 0,

Example 2.6. Find the angle between the plane passing through
the points M (0, 0, 0), N (4, 1, 1), K (3, 2, 1) and the plane passing
through the points M (0, 0, 0), N (1, 1, 1), D (3, 1, 2).

Solution. According to formula (13), to calculate the cosine of the
angle between the planes, it is necessary to find the coordinates of the
vectors which are perpendicular to those planes. Assume that the vector

—_

n, = (4,, B;, C,) is perpendicular to the first plane. Then n, | MN
—_ — -—

and n; | NKX, and, consequently, n,-MN = 0,n;-NK = 0. Writing

these equations in the coordinate form, we obtain a system of equations

A3+ By +C1 =0,

34, + 2B, + Cy = 0,

whose solutions are the unknown coordinates of the vector n;. Since
system (*) consists of only two equations, one of the unknowns, say,
C,, can be taken as a free unknown. Assuming it to be equal to 1, we
get n, = (1, —2, 1). Reasoning by analogy, we find that the vector
n,, which is perpendicular to the second plane, has coordinates (—1/2,
—1/2, 1). Substituting the coordinates obtained into expression (13),
we find that the cosine of the required angle is

—124141 _ 1
Yev3ez ~ 2°

and, consequently, the angle between the planes is 60°,

(*)

cos Q=
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Example 2.7. Given a Elane 2z+42y — z+4 = 0 and a straight
line I which passes through the points A (2, 1, 1) and B (—3, 4, 0).
Calculate the coordinates of the point of intersection of the line ! and

the given plane.
Solution. Let us calculate the coordinates of the vector:

—_—
AB = (=3, —2,4—1,0 — 1) = (=5, 3, —1).

Assume that the point M (z,, y,, z,) is the point of intersection of
the given plane and the straight line passing through the points A and
B. This means that, first, the coordinates of the point M satisfy the
equation of the given plane, i.e. are related as

2z + 2yy — 20 + 4 =0, (*)
—_ —_
and, second, the vector AM is collinear with the vector A B:
: —_ —_
AM = kKAB,
whence it follows that
zg — 2 = — Ok,
Yo — 1 = 3k, (%*)
29— 1= —k.
Solving the system of equations (), (**), we find the coordinates of
the point M: zy = — 13, yo = 10, z, = — 2,

Answer. (—13, 10, —2).

2.14. Derive an equation of a plane if it is known to pass through
the origin and to be perpendicular to the vector n = (—6, 3, 6).

2.15. The straight line ! passes through the points A and B. Derive
an equation of the plane which passes through the point 4 at right
angles to the line I, ?or each of the following cases:

(@) A (4, 2, 3), B (@& 6, 9)

(b) A (_11 21 3)! B (3v '_‘21 1-)1

(c) A (1, 0, —3), B2, —1, 1).

2.16. Find the angle between the planes

@2r4+y—2=2, (b)3z—y—2z=1,

z 4 2y —z=1; 2z + 3y — 2z = 2
©z—y4+3=2,
—z—3y+2z2=2.

2.17*. Given a plane z — y 4 2z — 1 = 0 and a straight line
which passes through the points 4 (2, 3, 0) and B (0, 1, 1). Calculate
the sine of the angle between the straight line 4 B and the given plane.

2.18. The straight line is defined by the points 4 (1, —1, 1) and
Bl(—3, 2, 1). Find the angle between the straight line AB and the
plane: :

(@) 6z 2y — 32 —7=20; (b) 52 — y 4 82 = 0.

2.19. Calculate the distance between the plane 15z — 10y - 6z —

190 = 0 and the origin.
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2.20. Calculate the distance:
(a)Ofrom the point (3, 1, —1) to the plane 22z 4 4y — 20z —

(—b) from the point (4, 3, —2) to the plane 3z — y + 5z + 1 = 0;
(c) from the point (2, 0, —1/2) to the plane 4z — 4;_-}- 2z++ 17 =

2.21. Calculate the altitude (hs) of a pyramid with vertices
S (, 6, 4), A 3, 5, 3), B (—2, 11, —5), C (1, —1, 4).

2.22. Derive an equation of a plane which passes at the distance
of 6 units from the origin and intercepts line segments related as
a:b:c=1:3:2 on the coordinate axes. .

2.23. Find the coordinates of the point of intersection of the plane
2z — y 4+ z = 0 and the straight line which passes through the given
points A (—1, 0, 2) and B (3, 1, 2).

2.24. Find the point of intersection:

(a) of a straight line which is the line of intersection of two planes
3z — 4y = 0 and y — 3z = 6 with the plane2z — 5y — z — 2 = 0;

(b) of the straight line I5 7=y T 4= 24 5
3z—y+22—5=0.

The equation of a sphere with centre at a point C, (24, yo, 2,) and
radius R has the form

@ = 20)* + (v — yo)? + (2 — 2)* = RE. (14)
If the centre of the sphere coincides with the origin, the equation as-

sumes the form
z? | y? 4 22 = R2 (15)

Example 2.8. Derive an equation of a sphere which passes through
the given point A (1, —1, 4) and touches the coordinate planes.

Solution. Since the required sphere touches the coordinate planes
and the centre of the sphere is in the part of space for each point of
which z > 0, y < 0, z > 0 (since the point 4 (1, —1, 4) lies in that
part of space), the coordinates of the centre are (R, —R, R). On the
other hand, since the point 4 belongs to the sphere, its coordinates
satisfy equation (14):

(1 —RP+ (—1+R?4 (4 — R? =R,
whence it follows that
R?—6R +9=0,0r (R—3)2=0, i.e. R =3,
Answer. (z — 32+ (y+ 32+ (z—3)2=09.

2.25%, Calculate the distance from the plane 2z 4 2y — z 4
15 = 0 to the sphere z2 4- y2 4- 22 — 4 = 0.

2.26. Given a sphere z? | y? + 22 — 25 = 0 and a straight line
1 which passes through the point 4 (2, 1, 1) parallel to the vector
a = (2, —4, —1). Calculate the coordinates of the points of inter-
section of the straight line I and the sphere.

2.27. Find the set of points of space the sum of the squares of whose
distances from two given points 4 (2, 3, —1) and B (1, —1, 3) has
the same value m2.

and the plane
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3. Using the Method of Coordinates to Solve
Geometrical Problems

Geometrical problems presented in this section can be solved by
means of introducing a Cartesian system of coordinates on a plane or
in space. The problems given below can also be solved by methods of
clementary geometry. These solutions, however, require, as a rule,
the use of nontrivial artificial techniques. ;

Example 3.1. In the isosceles triangle ABC (|AB| = |BC| = 8)
a point E divides the lateral side A B in the ratio 3 : 1 (reckoning from

the vertex B). Calculate the angle between the vectors C_'Z‘ and CA if
|cA | = 12. '
Solution. Let us introduce a system of coordinates Ozy as indicated

in Fig. 13.1 (| OA | = | OC |) according to the property of an iso-
y
8
£
4 aq ’z
Fig.13.1

sceles triangle. From the triangle OBC we find that
|0B|=VT1BCI*—]|0C *=2 V7.
- 4 —> — > 4 > .
Since AE=Z-AB, we have CE=CA+TAB and the coordinates of
— —-
the vectors CA and CE are

CA=(=12, 0), AB=(6, 2 V7), EE=( 2 Jg)

-5

respectively. Substituting the coordinates obtained into the formula
of a scalar product of vectors, we obtain

(—12)-(—21/2) =31/7
2V ep+ (ViR 8

Answer. The angle between the vectors (,'_X and (,_'Z' is equal to

CosS oL =

urccos 3 ;/7
3.1. In the isosceles triangle ABC (|AB| = |BC|=15) a

point E divides the side BC in the ratio 1 : 4 (Egkonin_g_)f_rom the ver-
tex B). Calculate the angle between the vectors AE and AC if | AC | =

22-0263
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3.2. In the right triangle ABC the angle B is a right angle,
(|l AB | = 3, | BC | = 4). Calculate the angle between the medians
AM and BD.

3.3. Inaright triangle withlegs AB and BC (| AB | = 8, | BC | =
6) a straight line AD divides BC in the ratio | BD |: | DC | =

— —
4 : 5. Calculate the angle between the vectors AB and AD.
3.4. A straight line AD drawn in a right triangle with legs BC and
BA (| BC| = 4, | BA | = 3) divides the side BC in the ratio

| BD | :| DC| = 3:5. Calculate the angle between the vectors AD

and EZ’
3.5*. Given a right isosceles triangle ABC with a right vertex
angle B, BS is its altitude, K is the midpoint of the altitude BS,
and M is the intersection point of the
¥ straight line A K and the {side BC. Find
L the ratio in which the point M divides
the segment BC.

Example 3.2. Prove that if the feet of
the altitudes of the triangle ABC are
connected by line segments, a triangle
results for which those altitudes are
bisectors (Ptolemy’s theorem).

Solution. Let us drop the altitudes of

A the triangle from its vertices: A4, | BC,
B BB, 1 AC and CC, | AB; we designate

7 g the point of intersection of the altitudes
as 0. Next we choose a system of coordi-
nates such that its origin coincides with

A Y 8 2 the point C, and the Oz axis passes
Fie. 13.2 through the vertex B (Fig. 13.2). Then
1g. 19. the Oy axis will pass through the vertex C.

Assume that the coordinates of the verti-
ces of the triangle are the following: A (—a, 0), B (b, 0), C (0, ¢).
Let us prove that the altitude C,C is the bisector of the angle 4,C,B,.

The equation of a straight line passing through the points A and
C assumes the form

y=%z+c. (%)

The equation of a straight line which passes through the points B and
O at right angles to the straight line AC assumes the form

a ab
y=——zt+— (*%)

(to obtain the last equation, we have used the relation between the
slopes of two mutually perpendicular straight lines: k;-k; = — 1).
Solving the system of equations (*) and (**), we find the coordinates of
the point of intersection of those straight lines (point By):

a(ab—c?) ac(aDd)
Bl( a?+4c? ' a?4c? )
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By analogy, writing the equations of the straight lines passing
through the pairs of points B, C and 4, O, we find the coordinates of
the point A4,:

b(c2—ab) be(a+d)
AJ b2t cz ' b4l N

Writing the equations of the straight lines passing through the
pairs of points 4,, C, and B,, C,, we find the slopes of those lines:

_clt+d ¢ (a+b)

kae=—a—g + ko= H—a o

whence it follows that kg o, = — k4, ¢, Since a slope is a tangent of

the angle of inclination of a straight line to the positive direction of
the Oz axis, we obtain

LBCIBI = — Z.BC],A],'

whence it follows that 1 AC,B, = £ BC,4,, and since the straight
line C,C is perpendicular to the straight line AB, it follows that
£ ByC,C = £ A,C,C, i.e. the altitude C,C of the triangle ABC is
indeed the bisector of the triangle 4,B,C,. ’ :

We can grove by analogy that the other two altitudes of the triangle
ABC are bisectors of the respective angles of the triangle A4,B,C,

3.6. An arbitrary point P is taken on the altitude CC, of the
triangle ABC. The straight lines AP and BP cut the sides BC and
CA at points A, and B, respectively. Prove that the ray C,P is the
bisector of the angle 4,C,B,.

3.7*. Given a right triangle A BC with legs a and b, £ C = 90°.
Derive an equation of the set of points M for which

| MA |2 - | MB |2 = 2| MC |2

N 3.8. Given a point M in the plane of the rectangle ABCD. Prove
that

| MA|* 4 | MC |*= | MB |* + | MD |

3.9. A circle is inscribed into a rhombus with an angie of 60°.
The distance from the centre of the circle to the nearest vertex is equal
to 11. Prove that the following equation holds for any point P of the
circle:

| PA |24 | PB|2 4 [PC |2+ | PD |* = 11,

3.10. Prove that the sum of the squares of the distances from the
point M, taken on the diameter of a certain circle, to the ends of any
chords which are parallel to that diameter is constant. .

3.11. A square ABCD is circumscribed about a circle. Perpendicul-
ars AA,, BB,, CC,, and DD, are drawn from the vertices of the square
to an arbitrary straight line which touches the circle. Prove that

| 44, | 1€Cy| = |BBy| | DD, |.

3.12. Given an equilateral triangle ABC and a circle, passing
through the vertices A and B, whose centre D is symmetric with re-
spect to the vertex C about the straight line A B. Prove that if M is an

22*
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arbitrary point of the circle, then a right triangle can be formed by the
segments MA, MB and MC. :

3.13. A rectangle ABCD is inscribed into a circle. From an arbit-
rary point P of the circle perpendiculars are drawn to the straight
lines AB, BC, CD, and DA, which cut those lines at points K, L, M,
and N, respectively. Prove that the point N is an orthocentre of the
triangle KLM.

3.14. A circle is inscribed into a square. Prove that the sum of the
squares of the distances from a point of the circle to the vertices of
the square does not depend on the choice of a point of the circle. Find
that sum.

3.15. A circle is circumscribed about a square. Prove that the sum
of the squares of the distances from the points of the circle to the ver-
tices of the square does not depend on the choice of the points on
the circle. Find that sum.

If a problem deals with a cube or a right parallelepiped, then the
most convenient is a system of coordinates whose origin is at one of
the vertices of the lower base of those bodies, and the coordinate
axes pass through the edges drawn from that vertex.

Example 3.3. The length of an edge of the cube ABCDA,B,C,D,
is equal to 1. A point E taken on the edge 44, is such that the length
of the segment AE is 1/3. A point F taken on the edge BC is such that
the length of the segment BF is 1/4. A plane a is drawn through the
centre O, of the cube and the points E and F. Find the distance p from
the vertex B, to the plane a.

Solution. We choose a system of coordinates such that its origin
coincides with the vertex 4, and the axes Oz, Oy, and Oz pass through
the edges AB, AD, and AA,, respectively. In thatsystem of coordin-
ates

1

F(t. 7.9). B[00, 3)

1 1 1
01 (_2' ’ ’é' ’ 7) .

Let us derive an equation of the secant plane a. Assume that the
vector n = (n;, ny, ng) is perpendicular to the required plane. Since
the vectors

EF —( g, -1 1 )
o ’ 4’ 3/
- 1 1 1
E01=(—§', Z 'g)
belong to the required plane, we can use the condition of perpendicular-

—>-
ity of the pairs of vectors n, EF and n, EO; and get the following sys-
tem of equations for ny, n,, ng:

ny ng

—m—7 t+t3=0
LG TG B
2+4 2 :
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5

Assuming ng to be a free unknown, we obtain n, = g "s and ny, =

- —g—ns. Assuming ng =9, we get a vector n = (5, —8, 9) as
the vector perpendicular to the required plane. The equation of the
plane which passes through the point E (0, 0, 1/3) at right angles to

the vector n = (5, —8, 9) has the form
5z — 8y + 92 — 3 = 0.

The coordinates of the point B, in the chosen Cartesian system of
coordinates are (1, 0, 1). Let us calculate the distance from the point
B, (1, 0, 1) to the plane

52 — 8y 492 — 3 =0.
Assume that M (z,, Yo, 2,) is a point of the foot of the perpendicular
to the given plane which passes through the point B,. Let us calculate

the coordinates of the point M. Since the point belongs to the plane,
the coordinates of that point must satisfy the equation of the plane:

S5z — 8yo + 92 — 3 = 0. (»)

—_
On the other hand, the vector B; M is perpendicular to the given plane
—>
and, consequently, the vector BM is collinear with the vector n:

—
B,M = kn.

The last equation in the coordinate form yields the following three
equations:

Zog — 1= sk,
Vo= — 8k, (v0)
2y — 1 = OF.

Solving the system of equations (x), (**), we find the coordinates of
the point M:
15 _ 88 n
= YT T BPTTH

—_—
and the length of the vector | BiM |= which is precisely

11
Y170
the required distance from the point B, to the plane.
Answer. 11/V 170.

3.16. The length of an edge of the cube ABCDA,B,C,D, is equal
to 1. A point E taken on the edge BC is such that the length of the
segment BE is 1/4. A point F taken on the edge C,D, is such that the
length of the segment ¥D, is 2/5. A plane a is drawn through the centre
of the cube and the points £ and F. Find the distance from the vertex
Ay to the plane a.
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3.17. The length of an edge of the cube ABCDA,B,C,D, is equal
to 1. A point E taken on the edge 4 B is such that the len, t}x of the seg-
ment BE is 2/5. A point F taken on the edge CC, is such that the lengt
of the segment FC is 2/3. A plane a is drawn through the centre of the
cube and the points E and F. Find the distance from the vertex 4 to
the plane .

3.18. The length of an edge of the cube KLMNK,L,M,N, is
equal to 1. A point A taken on the edge M M, is such that the 1ength
of the segment A M is 3/5. A point B taken on the edge KN, is such
that the length of the segment K,B is 1/3. A plane « is drawn through
the centre of the cube and the points A and B. A point P is the pro-
je;:)tion of the vertex N onto the plane a. Find the length of the segment
BP. -

3.19. The length of an edge of the cube KLMN KL, M,N, is equal
to 1. A point A taken on the edge KL is such that the length of the
segment AL is 3/4. A point B taken on the edge MM, is such that the
length of the segment MB is 3/5. A plane a. is drawn through the cen-
tre of the cube and the points A and B. Find the length of the segment
BlP, where the point P is the projection of the vertex N onto the
plane o.

3.20. The length of an edge of the cube KLMN K,L, M, N, is equal
to 1. A point A taken on the edge KL is such that the length of the
segment KA is 1/4. A point B taken on the edge M M, is such that the
length of the segment M,B is 2/5. A plane a is drawn through the
centre of the cube and the points A and B. A point P is the projection
of the vertex K, onto the plane a. Find the length of the segment A P.

3.21. Given a cube ABCDA,B,C,D,; a point K is the midpoint
of the edge AA,, L is the centre of the face CC,D,D. Find the angle
between the planes BKL and AD,C.

3.22*, Find the area of the section of the cube ABCDA,B,C,D,
by a plane passing through the vertex 4 and the midpoints of the
edges B,C, and D,C,. The edge of the cube is equal to a.

3.23*. In the cube ABCDA,B,C,D, with an edge a a point K is
the midpoint of the edge A B, and a point L is the midpoint of the edge
DD,. Find the sides of the triangle A; KL and the ratio in which the
volume of the cube is divided by a plane passing through the vertices
of the triangle.

3.24. In the cube ABCDA,B,C,;D, with edge a the midpoints of
the edges A4,, A,B,, B,C,, C,C,CD, DA, and A4, are consecutively
connected. Prove that the figure obtained is a regular hexagon and
find its area.

3.25. The length of an edge of the cube ABCDA,B,C,D, is a.
E and F are the midpoints of the edges BC and B,C, respectiveiy. We
consider the triangles whose vertices are the points of intersection of
the planes, which are parallel to the bases of the cube, and the straight
lines A,E, DF, AD,. Find:

(a) the area of the triangle whose plane passes through the mid-
point of the edge 44,;

(b) the minimum possible value of the arca of the triangles being
considered.

3.26. A sphere is inscribed in a cube. Prove that the sum of the
squares of the distances from each point of the sphere to the vertices
of the cube does not depend on the choice of the point. Find that sum.
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Example 3.4. The base of the pyramid SABC is an equilateral

triangle A BC whose side is 4]/2 The lateral edge SC is perpendicular
to the plane of the base and is 2 long. Calculate the angle and the
distance between the skew straight

lines one of which passes through z
the point § and the midpoint of Ky
the edge BC and the other passes —=A
through the point C and the mid- PR
point of the edge AB. -

Solution. We introduce a rect- Cl -

angular system of coordinates /Z ay 7y
f—

assuming the point C to be the
origin and the straight line’CD to

be the axis of ordinates (D is the ¥
midpoint of the edge A4B), the 8

straight line CS to be the appli- Fig. 13.3

cate axis and the straight line

which belongs to the plane of the

triangle ABC and is perpendicular to the straight line CD to be
the abscissa axis, and the line segment whose length 'is 1 to be the
umt ]ength (Fig. 13.3). In that system of coordinates the vectors

CD and SE (E is the midpoint of the side CD) have the following
coordinates:

cb=(o, -‘g—ngl, 0)=(0, 28, 0),

SEo(LABL UCDL _ og)) oy, v, —2).

Therefore,
CHh-SE 12 V3 :
|¢h|-1SEl 2VeVIZ 27

and, consequently, the required angle is 45°. Assume that PQ is a
common perpendicular to the straight lines SE and CD (P € SE

0 € CD). Then there are numbers a and f such that SP = - SE
C() =f. CD It is clear that

—_ = = —

PQ—PS-}-SC-}-CQ——aSE—CS-{—ﬁCD
or, in the coordinate form,
PO=(—a V% —a/6+p- 21/6 22— 2).

Since PQ1CD and PQ_LSE, it follows that PQ CD =0,
0. The last two vector equations in the coordinate form loo

(—aV6+6-2V6)-2 V6=0,
—a V2. V24 (—a V6+B-2V8)-Vb+(2a—2) (—2)=0,

—-
cos (CD, SE)=

— —>
PQ-SE =
like
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or
a = 2§,
—3a+4+3841=0,
whence a = 2/3, p = 1/3. Thus

Answer. The angle is equal to n/4, the required distance is equal to
2/V'3.

3.27. The base of the pyramid SABC is an isosceles right triangle

ABC, the length of whose hypotenuse A B is equal to 4 }/ 2. The lateral
edge SC of the pyramid is perpendicular to the plane of the base and
is 2 long. Find the angle and the distance between the skew lines one
of which passes through the point S and the midpoint of the edge AC
and the other passes through the point C and the midpoint of the edge

3.28. The base of the pyramid HPQR is an equilateral triangle
PQR whose side is 2 /2 long. The lateral edge HR is perpendicular to
the plane of the base and is 1 long. Find the angle and the distance
between the skew lines one of which passes through the point H and
the midpoint of the edge QR and the other passes through the point R
and the midpoint of the edge PQ.

3.29. The base of the pyramid HPQR is an isosceles right triangle
PQR the length of whose hypotenuse PQ is equal to 2 2. The lateral
edge HR of the pyramid is perpendicular to the plane of the base and
it is 1 long. Find the angle and the distance between the skew lines one
of which passes through the point H and the midpoint of the edge PR
and the other passes through the point R and the midpoint of the edge

PQ.
£ 3.30. All the edges of a regular prism ABCA4,B,C, are a long.
We consider line segments with their endpoints lying on the diagonals
BC, and CA, of the lateral faces, the segments being parallel to the
plane ABB;A,.
(a) One of the segments is drawn through the point M of the diagon-
al BC, such that | BM | : | BC, | = 1 : 3. Find its length.
" (b) Find the least length of all the segments under consideration.
3.31. The side of the base ABCD of a regular pyramid SABCD
is @ long, and a lateral edge is 2a long. We consider line segments with
their endpoints lying on the diagonal BD of the base and on the lateral
edge SC, the segments being parallel to the plane of the face SAD.
Find the least length of all the segments under consideration.

4. Geometrical Problems Which Can Be Solved
by the Methods of Vector Algebra

This section contains problems which can be solved by the methods
of vector algebra. These methods are based on the property of unique-
ness of the resolution of a vector on a plane into components with
respect to two noncollinear vectors and on the property of unique-
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ness of the resolution of a vector in space into components with re-
spect to three noncoplanar vectors.

The problems ?resented below can be conventionally divided into
two types: “direct” problems and “inverse” problems. In direct prob-
lems we postulate that three points belong to the same straight line
(in a plane case) or four points belong to the same plane (in space).
In such problems it is usually required to establish or verify certain
relations between the lengths of segments.

In inverse problems it is required, as a rule, to establish the rela-
tions between the lengths of segments under which certain three points
A, B, C belong to the same straight line or certain four points 4, B,
C, D belong to the same plane, and sometimes it is required to establish
the fact that certain straight lines meet at one point.

The solution of direct problems in a plane case is based on the veri-
fication of the vector formula

-— —_
AB = kBC, 1)

whose satisfaction for a certain real k signifies that three points 4, B,
C lie on the same straight line, or on the verification of the formula

O_E-——*aO_Z-l-(l——a)O_ﬁ,

where 4, B, C are points belonging to the same straight line and O
is an arbitrary point.

When solving a number of problems on a plane, use is also made
of the following properties of noncollinear vectors:

(1) If two vectors a and b are noncollinear, then the equality
aa + Bb = 0 yields an equality a = f = 0.

(2) If the vectors a and b are noncollinear, then the equality
¢ = aya 4 B;b = a,a 4 B,b yields equalities o, = a,, B, = Pa
(the property of uniqueness of a resolution of a vector into components
with respect to two noncollinear vectors).

Example 4.1. Given a parallelogram ABCD. The straight line !
cuts the straight lines AB, AC, and AD at points B,, C,, and D, re-
. e > —_ - — —>
s[:ectlvely. Prove that if AB; = AAB, AD, = MAD, AC, = AAC,
then
411
As Ay Ay
(a direct problem).
— — —
Solution. Assume that AB=a, AD=Db and AC=a+ b
— — —
(Fig. 13.4). Then AB, = Aa, AD, = A,b and AC, = A, (a T b).
Since three points 4,, B;, C, tie on the same straight line I, the follow-
ing equality holds true:

— —
‘BICI = kBlDl’ (*)
but
—-— - —
B,Cy = AC; — AB; = (A — M) a + Ayb,

-
Blpl = ADl —_ ABI = — A.la + A«gh-
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- —-
Substituting the resolution of the vectors B,C; and B,D,; into com-
ponents with respect to the noncollinear vectors a and b into relation

/ 8 IA A M
Y2

Y 4
A A /) 5
Fig. 13.4 Fig. 13.5

~
=

=
]

(*), we obtain
(Ag — Ay) a 4 A,b = kAgb — KAja.

By virtue of the uniqueness of a resolution of a vector into components
with respect to two noncollinear vectors a and b we obtain a system
Ay — A = — KA,

Ay = kg,

Excluding the coefficient %, we find the relation between
Ay, Ay and Ag:

MAs + Apdy = AjA,.
Dividing the last relation term-by-term by A,A;A5, we have
1 1,1
Ay M Ay
and that is what we wished to prove.
Let us consider an example of an “inverse” problem.

Example 4.2. Points B and C are taken on the side ON of the paral-
lelogram AMNO and on its diagonal OM and are such that

— 1 — — 1 —>
OB==—O0ON, OC=——O0M.

n n-+1

Prove that the points 4, B, and C lie on the same straight line.
Solution. Let us express the vectors AB and AC in terms of the

—>- —
vectors ON and OA (Fig. 13.5):

— 1 —> —_ 4 >
AC = OM—04, AB=—ON—O0A.
n+1 n
— — —
Since OM = 0A + ON and, consequently,
L om=—L_ (@4+0N

it follows that
AC—=—r  (OA+ON)—OA= —L ON——"_ 04
=71 04+ 0N =04 = T ON— = 04
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Comparing the resolution of AB and AC into components with respect
— —
to the noncollinear vectors ON and OA4, we obtain

— —
AB=M\AC, where k=-ﬁ:——1-.

— —
since the vectors AB and AC are collinear and have a common origin,
the three points 4, B, C lie on the same straight line.

4.1. Points L, M and N lying on the same straight line are taken
on the straight lines BC, CA and A B respectively, which define the
triangle ABC. Prove that if

— —_— — —_ —> —
BL = aLC,CM = BMA, AN = yNB,
thenafy = — 1 (Menelaas’s theorem).
4.2. Givenatriangle MNP. Points A, B and C taken on thestraight

— —_— — _ —>
lines MN, NP, PM are such that MA = aAN, NB = BBP, PC =

—
yCM. Prove that if afy = — 1, then the points 4, B, C lie on the
same straight line (inverse Menelaas’s theorem).

4.3. The straight lines a and b are parallel. Arbitrary points 4,,
A,, Ag are taken on the line a and arbitrary points B,, B,, By are
taken on the line 4. Points C, C,, Cg taken on the line segments 4, B,
A,B,, A3B4 are such that

| A)C | =a | AyBy |, | AsCo | = a | A,B, |,
| AsC3 | = a | A3Bs |.
P’rove that the points C,, C,, C4 lie on the same straight line.
4.4. Points Cy, C,, C4 divide the line segment 4 B into four equal

—_ - —>
parts; D is an arbitrary point. Express the vectors DC,, DC,, DC,

in terms of the vectors 574 = a, D_E = bh.
4.5. Given three points M, A, B, and a fourth point C is such
—_ —_ —_ —_
that AB = 3AC. Express the vector MC in terms of the vectors M4

—_—
and MB.

4.6. Three points 4, B, M are taken on a plane. A point C taken
on the line segment A B is such that | AC | : | CD | = k. Express the

- —_ —
vector MC in terms of MA and MB.

Example 4.3. If the point 4 of the intersection of the diagonals
of the quadrilateral MNPQ and the midpoints B and C of its opposite
sides MN and PQ lie on the same straight line, then MNPQ is a
lrapezoid or a parallelogram (Fig. 13.6). =

— —_ —
Solution. Assume that AM = a, AN = b. Then AP = ka and
—_— .
AQ = Ib. Since B is the midpoint of the segment MN, we have

1 -_—>

— 1 — 1
AB =5 AM+ 5 AN = 5 (a+b).
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Similarly,
= 1> 1 = 1

By the hypothesis the points 4, B, C lie on the same straight line
M__ B ¥

Fig. 13.6

. —_— —_
and, therefore, there is a number m such that AC = mAB, i.e.

m 1
5 (a+b)= (ka+ib),
or
m—k m—1
Tn-{-——z— b=0,
whence it follows that m = k = 1. Then
-— —_—
MN=b—a, PQ=1Ib—Fka=—k(@a—Db),

—_ —_
i.e. PQ = kMN. Consequently, PQ || MN, i.e. MNPQ is a trapezoid
or a parallelogram.

4.7. The 1;;oint of intersection of the medians of a quadrilateral
coincides with that of its diagonals. Prove that the quadrilateral is
a parallelogram.

4.8. Prove that the midpoints of the bases of a trapezoid and the
point of intersection of the extensions of its nonparallel sides belong
to the same straight line.

4.9. Point M is the midpoint of the segment AB and point M’
is the midpoint of the segment A'B’. Prove that the midpoints of the
segments AA’, BB’ and MM’ lie on the same straight line.

4.10. Prove that the midpoints of the sides of an arbitrary quadri-
lateral are the vertices of a parallelogram.

4.11. (a) Prove that in an arbitrary quadrilateral the midlines,
when intersecting, are divided in half.

(b) Prove that in an arbitrary quadrilateral the line segment con-
necting the midpoints of the diagonals passes through the intersection
point of the medians and is bisected at that point.

The solution of a number of problems on a mutual position of three
points 4, B, C, which do not lie on the same straight line, is based on
the use of the formula

—_

oM =

— = =

(044-0B +-00), ()

o) =~
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where M is the centre of gravity of the triangle ABC, and O is an
arbitrary point.

Example 4.4. Assume that ABCDEF is an arbitrary hexagon and
U,V,W, X,Y, Z are the midpoints of its sides. Prove that the centres
of gravity of the triangles UWY and VXZ coincide (Fig. 13.7).

Solution. Since the points U, V, W, X, Y and Z are the midpoints
of a hexagon, it follows that

- 1 —
ou=7(o_ﬁ+6_§), 07:%(55-}-0_5), OW=% (0C+0D),

- { > = - f = = - 1 = =
0X == (0D+0E), 0Y=-5(0E+OF), 0Z=-(0F+04),
where O is an arbitrary point. Designating as M and N the centres of
gravity of the triangles UWY and VXZ, we have, by formula (2),

— —>

OM =5 (U +OW +0F) = 5 (0A-+ OB+ 0+ 0D+ 0E + OF),

—> f = => > { = = —> —> = —

ON == (0V+0X +02)= ¢ (0A+0B+ 0C--0D+0E+ OF).

Thus, O—JT{ = 0_1).\’ , whence it follows that the point M coincides
with the point N.

4.12. Given a triangle A BC. Prove that the equation 04 + ﬁ-{-

(72‘ = 0 holds if and only if O is the centre of gravity of the triangle
ABC.

4.13. (a) Assume that M and N are the centres of gravity of the
triangles ABC and DEF. Prove that

—_ > —> —>
AD 4 BE 4 CF = 3MN.

(b) Assume that 4, B, C, D, E, F are arbitrary points of a plane.
Prove that

— —_—  —> — —> —
AD 4 BE 4 CF = AE + BF 4 CD.
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. 4.14. Point M is the centre of gravity of the triangle ABC. Prove
that ’

—_  —> —
CA | CB = 3CM.
4.15. A straight line !, which cuts the sides AC and BC at points
P and Q, respectively, is drawn through the centre of gravity of the
triangle ABC. Prove that

14P] | 1BQI| _,
IPC| " 1QC|

4.16. The vertices 4,, B,, C; of the triangle ABC belong to the

sides BC, CA, and AB of the triangle ABC respectively, and the

cendres of gravity of the two triangles coincide. Prove that the points

A4, B,, and C, divide the sides of the triangle ABC in equal ratios.

When solving problems connected with calculations of the ratios
of the areas of some plane figures, use is often made of the following
property of the areas of triangles. If the
area of the triangle A BC is S and points M
and N chosen on the sides AC and BC are
such that

|CM|:|CA| =k,
| CN | :| CB | = k,,

then the area of the triangle MCN is
kykyS.

Example 4.5. In the triangle ABC a
point K taken on the side AB is such
that| AK | : | BK|=1:2, and a point
L taken on the side BC is such that
|CL|:|BL|=2:1. Assume that Q is the point of intersection
of the straight lines AL and CK. Find the area of the triangle A BC
if the area of the triangle BQC is known to be equal to 1.

-—

—_

Solution. Assume AB = a, AC = b (Fig. 13.8). Since | BL |/

| LC | = 1/2, we obtain Spqr = 1/3, Spqc=2/3 by virtue of the
property of areas formulated above.

Let us find the ratio | QL |/| AL |. The straight line which passes

through the point L parallel to the side AC divides the side AB in

—>

the ratio 2 : 1 (reckoning from the vertex 4) and AM = —g- a. The

straight line which passes through the point L parallel to the side AB

divides the side AC in the ratio 1 : 2 (reckoning from the vertex 4)

— 1
and AN = —3—b. Therefore,

- 2 1
AL =-§ a+§- b.

—_— —
Since the vectors AQ and AL are collinear (the points 4, Q, L lie
on the same straight line), we have

v
AQ=nAL = 3 (2a--b). (%)



4 Problems Solvable by Methods of Vector Algebra 351

Similarly, we can show for the point K that

> 27> 1> 1 3b
- - A
CO=MCK = (a—3b).

— = -

But 4Q=AC+CQ, whence
A
% (2a+b)=b+ 3 (a—3b).

From the condition of uniqueness of a resolution of a vector gnto
components with respect to two noncollinear vectors a and b, we get
a syst(;m of equations 2p = A, p = 3 — 3A, from which we find that
p = 3/17.

We can now find the relation llt(‘)l_ﬁll
|QLI _1AL1—14Q1 _, 14Q]
| AL | | AL | |AL |
. . | QL | 4.
and according to equation (*) we have AL =1—p=7 . Hence

Sapc_ 1 _ 7 , and since Sqgc=1, the required area of the

Sopc. 1—p 4
triangle is equal to 7/4.

Answer. 7/4.

4.17. In the triangle ABC whose area is equal to 6 a point K
taken on the side AB divides that side in theratio | AK | : | BK | =
2:3, and a point L taken on the side AC divides AC in the ratio
| AL|:| LC | = 5:3. The point Q of intersection of the straight
lines C K and BL is at the distance 1.5 from the straight lines 4 B. Find
the length of the side AB.

4.18. Given a triangle ABC. Points M and N are taken on the
sides A B and BC respectively; | AB| =5|4M|,| BC| = 3| BN |.
The segments AN and CM meet at a point O. Find the ratio of the
areas of the triangles OAC and ABC.

4.19. Point K divides the median AD of the triangle ABC in the
ratio 3 : 1, reckoning from the vertex. In what ratio does the straight
line BK divide the area of AABC?

4.20. A point taken on each median of the triangle divides the
median in the ratio 1 : 3, reckoning from the vertex. Find the ratio
of the area of the triangle with vertices at those points to that of the
original triangle.

The solution of some problems presupposes the use of a vector ¢
which is collinear with the bisector of the angle between the vectors
a and b. It is convenient to represent the vector ¢ in the following

form: b
a
= _ 3
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Problems 4.21-4.24 can be solved with the use of formula (3).

-—

4.21. In the triangle ABC find A44,, where A4, is the bisector
of the interior angle 4 of the triangle.

4.22. In the triangle ABC the median BD meets the bisector AF
at a point 0. The ratio of the area of the triangle DOA to that of the
triangle BOF is 3/8. Find | AC | : | AB|.

4.23. In the triangle ABC the bisector A4, divides the side BC
in the ratio | BD | : | CD | = 2 :1. In what ratio does the median
CE divide this bisector?

4.24. The bisectors AD and BE of the triangle ABC meet at a
point O. Find the ratio of the area of the triangle ABC to that of the
quadrilateral ODCE knowing that | BC | = a,| AC | = b,| AB | =c¢.

It is convenient to use the following property of vectors in solving
certain problems. If three vectors a, b, and ¢ are noncoplanar, then the
equation

oa 4 b+ ye =0 ()
yields an equation a = p =y = 0.

The consequence of equation (4) is the uniqueness of the represen-
tation of any space vector as a linear combination of three noncoplanar
vectors a, b and ¢, the equations

d = a;a + B;b + yyc,

d = aja 4 fsb 4 yse
yields equations
oy =0y Bi=PBs V1= 7Va

The condition of coplanarity of three vectors a, b, and ¢ has the form

aa 4+ fb 4 ye = 0,
where o, p and y are certain real numbers at least one of which is
nonzero (i.e. a?® 4 P2 + 92 > 0).

Example 4.6. Given three noncoplanar vectors a, b and ¢. Prove
that the vectors a 4 b, b 4 ¢, ¢ — a are coplanar.

Solution. To prove this statement, it is sufficient to find numbers
a, P, y satisfying the following conditions:

a@+b)+Bd+e) 4 v(e—a) =0, *)
o? + B + v* > 0, (v#)

We reduce (x) to the form
a@—1+b@+B) +ec@+r)=0. (49)

Since a, b, ¢ are noncoplanar, it follows from equation (4) that «, B, ¥
must satisfy the system of equations

a—y=0 aff=0 PB4+y=0.
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The triple of numbers & = 1, f = —1, y = 1 is one of the solutions
of this system for which condition (+x) is satisfied. Consequently, the
vectors a 4~ b, b 4- ¢, ¢ — a are coplanar.

4.25. Given three noncoplanar vectors a, b and ¢. Prove that the
vectors a |- 2b — ¢, 3a — b + ¢ and —a 4 5b — 3e are coplanar.

4.26. Given three nonzero vectors a, b, ¢ each two of which are
pairwise noncollinear. Find their sum if the vector a |- b is collinear
with the vector ¢, and the vector b | ¢ is collinear with the vector a.

4.27. Given three noncoplanar vectors a, b and ¢. Find the numbers
p and g for which the vectors pa + gb 4 ¢ and a 4 pb | gc are
collinear.

4.28. ABCD is a parallelogram, O is its centre, Q is an arbitrary

—_ —_
point of space. Express the vector QO in terms of the vectors Q4 = a,
— —
CD = b and AD = c.

The solution of problems 4.29-4.33 is based on the use of the follow-
ing vector relation. If 4, B, C, D are four points belonging to the
same plane and O is an arbitrary point of space, then

— —_ —_ —_—
OD = a0A + OB 4 (1 — a — B) OC, (5)
where o and f§ are some numbers.

4.29. Given a parallelepiped ABCDA;B,C,D,. A plane cuts the
straight lines 4B, AD, AA,, AC, at points B,, D,, A, and C, re-
—— —_

— —_— — —
spectively. Prove thatif AC, = MAC,, ABy = A,AB,, ADy = A;AD,,
—_ —_

AA, = MAA, then
1 1 1 1
T R TR
4.30. Points K, L, M, N are taken on the sides 04,, A,4,, 4,4,,
and 440, respectively, of a nonplane quadrilateral 04,4 ,4 4, and
—_— — — —_ —_— —

— —
OK = aKA, AL = PBLA,, A,M = yMA, AN = 5NO.

Prove that for the four points K, L, M, N to belong to the same plane,
it is necessary and sufficient that the equality afy6 = 1 be satisfied.
4.31. Given two triangles A;4,4, and A ;A;4; which do not

T —

lie in the same plane. Prove that the vectors MN, PQ and RS are
coplanar if M, N, P, Q, R and S are the midpoints of the segments
AyAg, Ay, Asdy, Aghs, Agdy, AGA,.

4.32. Given two triangles ABC and A,B,C, which do not lie in
the same plane; M and N are the midpoints of the sides AC and BC,
and M, and N, are the midpoints of the sides 4,C, and B,C,. Prove

—_— —_—

-— — —_—
that if AB = A;B;, then the vectors M M,, NN,, and CC, are coplanar.
4.33. Given two skew lines m and n. Points P, Q, R are given
on the straight line m and points P, Q;, R, on the straight line =,

23-0263
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—_— = = ——
with PQ = kPR, Pﬁof = kP,R,. Prove that the straight lines PPy,
e

Q0Q,, RR, are parallel to the same plane.

When solving problems connected with the ratio of the volumes
of parts of a tetrahedron formed upon a section of the tetrahedron by
a plane, use is often made of the follow-
ing assertion: if the volume of the
tetrahedron ABCD is V and points M, N,
P taken on its edges DA, DB, DC re-
spectively are such that

|DM | =k | DA |, | DN |=k,| DB |,
| DP | = k3| DC |,

then the volume of the tetrahedron MNPD
is kykoksV.

Example 4.7. A plane passes through
the vertex A of the base of a triangular
pyramid SABC, bisects the median SK
of the triangle SAB and cuts the median
SL of the triangle SAC at a point D

such that 2| SD| = |DL|. In what
. ratio does the plane divide the volume
Fig. 13.9 of the pyramid?

. —_ —_ —_
Solution. We introduce the designations S4 = a, SB = b, SC = ¢

(Fig. 13.9). It is evident that k; = 1. Assume that SH = kb, SN =
kge, where M and N are the points of intersection of the plane of
the section and the edges SB and SC respectively. Let us find k£, and
ks. For that purpose we use the equations

el Gl > 1> 1

—_
Designating SM = kgb, we can use equation (5) to represent the vector

—
SM in the form

SM=oca+ (a+b)+ & (1—a—f) (a+t-c).
Using the uniqueness of a resolution of a vector into components
with respect to three noncoplanar vectors, we get a system of equations
5 1 1 1 1
O=fat+-zb+g, k=78 O=fl—a—p),

from which we find &, = 1/3.
| Similarly, from the equations

S_ﬁ=kac, S_IV= (—g-a+ -192-—{—%) a-l-%b-l-—é-(i—a—ﬁ)c

we find kg = 1/5.
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On the basis of the assertion formulated above, we obtain
1 1
Vsamn=1-3- 5 Vsapcs

and, consequently, the volume of the remaining part of the pyramid
is equal to % Vsapc. Thus the required ratio of the volumes is 1:14.

4.34. Parallel sections ABC and A4,;B,C, are drawn in a trihedral
angle with vertex S. Designating as V, V;, V,, V4 the volumes of the

tﬁtrahedrons SABC, SA,B,C,, SA;BC, SAB,C,, respectively, show
that

V=Y V3.V, and Vy3.Va=V.V,.

4.35. Given a regular quadrangular pyramid SABCD. A plane
is drawn through the midpoints of the edges AB, AD and CS. In
what ratio does the plane divide the volume of the pyramid?

4.36. The volume of the pyramid ABCD is equal to 5. A plane
which cuts the edge CD at a point M is drawn through the midpoints of
the edges AD and BC. With this ratio, the lengths of the segment D M
and of the edge MC are related as 2/3. Calculate the area of the section
of the pyramid by the indicated plane if the distance between that
area and the vertex 4 is equal to 1.

4.37. A plane cuts the lateral edges SA, SB and SC of the tri-
angular pyramid SABC at points K, L and M respectively. In what
ratio does the plane divide the volume of the pyramid if it is known
that | SK|:|KA|=|SL|:|LB| =2, and the median SN
of the triangle SBC is bisected by that plane?

4.38. All the edges of the triangular pyramid SABC are equal.
A point M taken on the edge SA is suci that | SM | = | MA |,
a point N taken on the edge SB is such that 3| SN | =| SB|.
A plane drawn through the points M and N is parallel to the median
AD of the base ABC. Find the ratio of the volume of the triangular
pyramid which is cut off from the initial pyramid by the drawn plane
to that of the pyramid SABC.

9. A Scalar Product of Vectors

A scalar product of two nonzero vectors is the product of the lengths
of those vectors by the cosine of the angle between the vectors:

/\
abh=|a]-| b|cos(a, b). )

The necessary and sufficient condition of the perpendicularity of two
nonzero vectors is the equality of their scalar product to zero:

a-b = 0. 2)
7\
If ¢ = (a, b), then
a.-b>0 for 0<(p<%; a-b<0, for %<cp<u. (3)

23e
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The scalar product of a vector by itself is
its logih y equal to the square of

a.-a=a?=|al|2 (4)
Properties of a scalar product:
a-b=bh-a (commutative law);
(Aa):b = A (a-b) (associative law);

a-(b-4c¢)=a-b}a-c (distributive law).

Formulas (1)-(4) make it possible to establish a relationship be-
tween vectors and elucidate the properties of vectors.

Example 5.1. It is known that the vectors 3a — 5b and 2a +b
are mutually perpendicular and the vectors a - 4b and —a +b
are also perpendicular to each other. Find the angle between the vectors

a and b.
Solution. By the hypothesis

(3a — 5b)-(2a 4+ b) = 0,
(@ 4 4b)-(—a 4 b) = 0.
Hence it follows that
6a? — 7a:b — 5b2 = 0, (*)
—a? — 3a-b + 4b2 = 0,
i.e. we have obtained two equations for three unknowns a2, b2 and
a-b. According to (1), the cosine of the angle between the vectors a and

b can be calculated by the formula
a-b

cos(a-b):———lal_lbI . (%*)
From equations (*) we find
19 25
a-b=Ea9, 52=E82. (%%#)

Squaring both sides of equation (##) and substituting the values of
(*+#) into the resulting equation, we obtain

-~ 192
cos? (a-b) = m 9

or
—~ 19 /"\ 19

h) =——, -b = e— —

cos (a 5V cos (a-b) 5V

19

57143

19
Answer. arccos or arccos { — .

57143

5.1. Given: |a| =3, | b| = 4, ({.\b) = 2a/3. Calculate:
(a) a% (b) (a+ b)%; (c) (3a — 2b)(a 4 2b).
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5.2. Knowing that|a| =3,|b| =1,|c| =4anda} b} c=
0, calculate a-b + h.c 4 c-a.

5.3. Find the vectorsa and bsuch that|a - b|=|a— b|.

5.4. Prove that the vector (ab) ¢ — (ac) b is perpendicular to the
vector a.

5.5. Prove that if a, b, ¢ are arbitrary vectors and a is not per-
pendicular to ¢, then there is a number k such that the vectors a and
b - ke are perpendicular to each other. Find k.

If the vectors a, b and ¢ are the sides of ABC then the equation
a4+ b4+ ¢=0 yields an equation
c? = a? - b? — 2a-bh,
which is a vector notation of the cosine theorem. Problems 5.6-5.21
can be solved with the use of a vector notation of the cosine theorem.

5.6. A median CC, is drawn in the triangle ABC. Prove that if
| BC| > | AC |, then the angle CC,B is obtuse.

5.7. Prove that the angle C of the triangle ABC is acute, right
or obtuse according as the median CC, drawn from the vertex C is

larger than, equal to or smaller than % | AB |.

5.8. (a) Find the length of the median | AD | of the triangle A BC
knowing the lengths of the sides | AC | = b, | AB| = ¢ and the
magnitude of the angle 4.

(b) Find the length of the bisector | AE | of the triangle knowing
the lengths of the sides | AC | = b, | AB | = ¢ and the magnitude
of the angle 4.

5.9. Given the sides of the triangle ABC. Find:

(a) the length of the median | AD | = my;

(b) the length of the bisector | AE | = I,.

5.10. In the triangle A BC the angle B is a right angle, the medians
| AD | and | BE | are mutually perpendicular. Find the angle C.

5.11. In the triangle ABC points D and E chosen on the sides BC
and AC respectively aresuch that| BD | = | DC |,| AE | = 2 | CE |.
Find | BC | : | AB | if it is known that AD | BE and £ABC = 60°.

5.12. In the quadrilateral ABCD the angle A is equal to 120°
and the diagonal AC is the bisector of that angle. It is known that

|AC | = %[ AB |= %I AD |. Find the cosine of the angle between

— —_—
the vectors BA and CD.

5.13. Prove that if the equality a2 4+ b2 = 2¢? holds true for the
triangle ABC, then am, + bmy = 2cm,, where m,, my, m are the
Iongtgs of the medians of the triangle, and a, b, c are the lengths of
ils sides.

5.14. In the triangle ABC a line segment A,B, is drawn parallel
to the side A B, the points A, and B, lying on the sides AC and BC

respectively. Show that if | AB, | = | B4, | then the triangle A BC
is isosceles.
5.15. The medians A4, and BB, arc drawn in the triangle A BC.
/N

: —_  —
't'lio‘z%tl}’lat if £C + (AA;, BB;) = 180° then | CA |2 + | CB |2 =
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5.16. Prove that if G is the centre of gravity of the triangle ABC
and O is some point of space, then

|0A |24 1O0B >+ 10C|>=3|0G|*4| AG |*4- | BG|*+|CG|?

(Leibniz's theorem).

5.17. Prove that if O is the centre of the circle circumscribed about
the triangle ABC and H is its orthocentre, then

_ - —_ —_—

(1) OH = OA + OB + 0C;

(2) 10H |2 = 9R? — (a® 4 b 4 ¢%);

3) |AH| = 2R |cosA|.

5.18. Prove that the centre O of a circumscribed circle, the centre
of gravity C of a triangle and the orthocentre H of an arbitrary triangle
belfi)ngzto the same straight line (Euler’s line), with | 0G| : | GH | =

5.'19.. Prove that the distance from the centre O of a circle cir-
cumscribed about the triangle 4 BC to its centre of gravity G is defined
by the formula

| 0G |3=R”—%(a"‘+b"‘+c9).

5.20. Prove thal if Q is an arbitrary point, H is the orthocentre
and O is the centre of a circle circumscribed about the triangle 4 BC,
then

—> 4 o> > = >
00 =5 (Q4+ QB+QC—QH).

5.21. A quadrilateral ABCD is inscribed into a circle. Prove that
if | AB |2 4+ | CD |2 = 4R?, where R is the radius of the circumscribed
circle, then the diagonals of the quadrilateral are perpendicular.

A scalar product can be used to prove the validity of certain in-
cqualities for the trigonometric functions of the angles of a triangle.

Example 5.2. Prove that the inequality
cos 24 4 cos 2B - cos 2C > —3/2

holds for every triangle ABC.
Solution. Assume that point O is the centre of the circle, with
radius R, circumscribed about the triangle ABC. It is evident that

—_— —_— —

(OA 4- OB 4+ 0C)?2 = 0. Removing the brackets, we obtain
—> — —> —> — — —= > >
0A%2+-20A4-0B*+0B*+-20B-0C+20C-0A+0C? > 0.

Since the central angle formed by the radii 04 and OB is double the
angle C inscribed into the circle, we have

—_ —
OA OB = R? cos 2C,
Similarly,

—_— — —_— —
OC+0A = R%?cos 2B, OB+0C = R? cos 24.



5 A Scalar Product of Vectors 359

—_ —_ P
Since 0A% = OB? = 0C? = R?, the last inequality assumes the form

2R? (cos 24 4 cos 2B - cos 2C) 4- 3R? > 0,

or
cos 24 4 cos 2B - cos 2C = —3/2,

and that is what we wished to prove.
5.22. Prove that the inequality
cos A 4 cos B  cos C < 3/2

holds for the angles of every triangle ABC.
5.23. Prove that the inequality

sin? A 4 sin? B 4 sin? C < 9/4

holds for the angles of every triangle ABC.
5.24. Prove that the inequality

cos 24 4 cos 2B — cos 2C < 3/2

holds for the angles of every triangle ABC. Under what condition
does this inequality turn into an equality?
5.25. Prove that the inequality

cosa 4 cos B 4 cosy > —3/2
holds for any trihedral angle with plane angles «, B, y.



Chapter 14

Combinatorics.
The Binomial Theorem.
Elements of the Theory
of Probabilities

1. Arrangements. Combinations. Permutations

Assume that a set is given which consists of n different elements
{a;, ..., ap}. We choose from it a set consisting of r elements, i.c.
take a sample of size r. Samples can differ from one another either
by the composition or by the order of the elements. If we assume that
there are identical elements in a sample, then in some cases the size
of the sample may exceed that of the initial set.

Telephone numbers are an example of these samples. Assume that
a number consists of 12 digits and the telephone dial contains 10 digits.
Then, when we dial a number, we are choosing 12 elements from a set
consisting of 10 elements. Since the dial returns to its original position
after a digit is dialled, there must be repeated digits in a telephone
number. This means that a sample can contain one element repeated
over and over again.

The number of different samples of size r with repeating elements,
taken from an original set containing n different elements, is equal
to nr. If the elements in the sample are not repeated, then the size
of the sample cannot exceed that of the original set. The number of
different samples containing r nonrepeating elements taken from an
original set of size n is

Ah=n(n—1) ... (n—r+1); )

AT, also indicates the number of different ways in which n elements
can be arranged in r positions and is, therefore, called the number of
permutations of n elements taken r at a time. If n = r, then the samples
only differ by the order in which their elements are taken. Samples of
that kind are known as permutations of n elements. The number of
different permutations is

Po,=nn—1)...1=nl (2)

In some problems the order of the elements in the sample is of no
importance, for example, a selection of 3 people to the presidium of
a meeting consisting of 200 people, or buying 5 goods in a shop where
there are 100 different items. In that case, samples of the same com-
position, i.e. samples whose elements coincide, are assumed to be
indistinguishable. The number of samples of different compositions of
size r taken from a set of size n is

_AL _n(n—=1...(n—r41)_ n! .
(f)—?T— = ==’ @)
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(:) is known as the number of combinations of n elements taken r
at a time.

Example 1.1. The letters of the Morse code are sequences of dots
and dashes. How many different letters can be formed by using 5 sym-
bols?

Solution. The original set in this problem consists of two elements,
a dot and a dash. Since five symbols are used, the sample contains five
clements which can be repeated. Thus the number of different samples
each of which represents a letter is equal to 28 = 32.

1.1*. How many seven-digit telephone numbers are there?

1.2*. How many different telephone numbers are there if it is
assumed that each number contains not more than seven digits (a
lelephone number may begin with a zero)?

1.3. Assume that the letters of a certain code are sequences of dots,
dashes and spaces. How many different letters can be formed from
5 symbols?

1.4. In some country no two citizens have the same set of teeth
(i.e. different ones are missing). What is the largest number of citizens
the country can contain (the largest set of teeth is 32)?

1.5. Assume that p,, ..., p,, are different prime numbers. How
many divisors are there for the number q=p’i"pg’ ce p:{", where
kyy . .+, ky, are natural numbers (the divisors 1 and g are included)?

1.6. How many different seven-digit telephone numbers are there
il the digits in the numbers are not repeated?

1.7*. How many different outcomes are there in an experiment
consisting of n tosses of a coin? (The outcomes of two trials are assumed
to be different if either the number or the order of the heads and tails
in the trials are different.)

1.8. How many permutations are there of seven students divided
into rows of three sitting side by side?

1.9. A collection of 30 volumes is on a book shelf. How many ways
are there of arranging the series

(a) for volumes 1 and 2 to be side by side;

(b) for volumes 3 and 4 not to be side by side?

1.10*. How many different chords can you strike on ten keys of
a piano if each chord contains from three to ten notes?

1.11*. A meeting of 40 people must choose a chairman, a secretary
and 5 members of a committee. How many different committees can
be formed?

If the number of different samples consisting of several hetero-
geneous groups of elements must be determined, it is convenient to
assume that the elements of each group are chosen from a different
original set, i.c. the number of initial sets is the same as the number
of different groups whose elements are represented in the sample. Thus,
for instance, let us assume that we must form a combined team of 24
sportsmen from eight regions, so that the team contains three sports-
men from each region. This sample contains 24 elements which are
chosen from eight original sets, three elements being taken from each set.
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Example 1.2, There are m white and rn black balls in an urn. In
how many ways can r balls be selected from the urn of which & balls
will be white? (It is assumed that the balls of each colour are distinct,
say, are numbered.)

Solution. There are ( ;: ) ways of selecting k£ white from m white

balls and (
balls from the group of r balls. Every way of selecting the k white balls

:__m) ways of selecting the remaining r—F% black

is associated with the (: . k) different ways of selecting the black

balls. Consequently, the total number of different samples is equal

to the product ( ';:) (:L—k) .

1.12. Wehave ten roses and eight dahlias from which we must make
a bouquet consisting of two roses and three dahlias. How many different
bouquets can we make?

1.13. There are 36 cards in a pack of cards, four of which are aces.
How many different hands of six cards are there containing two aces?

1.14. A team consists of two house-painters, three plasterers and
one joiner. How many different teams can be formed from a staff of
fifteen house-painters, ten plasterers and five joiners?

1.15. Six out of 48 numbers in a lottery are winning numbers. Those
who guess all six numbers get the main prize. Smaller prizes are
given to those who guess five, four, or even three of the six winning
numbers. How many different cards with all the possible numbers can
there be for which (a) five, (b) four, (c) three of the six numbers have
been guessed, if six arbitrary numbers are crossed out in each card
(cards with the same numbers crossed out are assumed to be identical)?

1.16. How many circles can be drawn through 10 points no four
of which lie on the same circle and no three lie on the same straight
line, if each circle passes through three points?

1.17. Ten cards have been taken from a pack of 52. In how many
cases will there be at least one ace among the selected cards?

1.18. How many ways are there of choosing a hand of 6 cards con-
taining an ace and a king of the same suit from a pack of 52 cards?

1.19. Ten men and six women participate in a tennis tournament.
How many ways are there of forming four mixed pairs?

1.20*. How many different four-digit numbers can be formed from
the digits 0, 1, 2, 3, 4, 5, 6, 7 so that each number contains one digit 1?

1.21. How many different four-digit numbers can be formed from
the digits 0, 1, 2, 3, 4, 5, 6, 7 so that each number contains a digit 1?
(The digits in the number cannot be repeated.)

2. Permutations and Combinations with a

Given Number of Repetitions

We shall consider here samples whose elements are repeated a
given number of times. Assume that a sample consists of m elements

among which one element (let us assume it is the first one) is repeated
ny"times, another element (the second) is repeated r, times and so on,
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the kth element being repeated n; times. It is evident that
np+ng+ ...+ np=m.

A collection of integers (ny, . . ., ny) is called the composition of a
sample. It defines the number of the groups of elements from which the
sample is chosen and the number of like elements from each group
present in it. Thus, for instance, a sample with the composition (1, 2, 4)
consists of three groups of elements, with one element from the first
group, two elements from the second group, and four repeated elements
from the third group.

The number of different samples with the same composition is
called the number of permutations of m elements with a given number
of repetitions ny, . . ., ny. It can be found from the formula

ml

ceey Np)=—7F—3 .
Pm ("11 ’ h) FYI nhl

)

Example 2.1. A train time-table must be compiled for various
days of the week so that two trains a day depart for three days, one
(rain a day for two days, and three trains a day E)r two days. How many
different time-tables can be compiled?

Solution. The number of trains a day (the digits 1, 2, 3) are three
groups of like elements from which a sample must be formed. In
the time-table for a week the number 1 is repeated twice, the number 2
is repeated 3 times and the number 3 is repeated twice. The number of
different time-tables is equal to

P2, 3, 2) =gt =210,

213121
The number of different compositions of a sample containing m
clements from k groups of like elements is*

(k+m—1)!
ml(k—1)! ° @

Example 2.2, R balls must be distributed among k¥ boxes. How
many ways are there of doing this? (Each box may hold all the balls.)

Solution. We shall assume for convenience that we have k boxes
in each of which the number of balls can vary from 0 to R. Then,
supﬁosing that each box is associated with a group of identical elements
we have £ different groups from which we form a sample containing R
clements with repetitions. The different ways of distributing™the balls
correspond to the different compositions of the sample, i.e.

(R+k—1)l
RI(k—1)

2.1. How many different combinations of letters can be formed
from the letters in the word “Mississippi”?

C (k, m)=C (k4-m—1, m)=

C(R+k—1, R)=

* Formula (2) can be obtained by counting the number of permu-
tations with repetitions from m 4 k — 1 elements, where m is the
number of elements of the original sample and ¥ — 1 is the number
of boundaries separating the groups of like elements.
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2.2*, How many different collections of cakes, eight cakes in each
collection, can be formed from four kinds of cake?

2.3*. A lift with seven people stops at ten floors. From zero to
seven people go out at each floor. How many ways are there for the
lift to empty? (The ways only differ by the number of people leaving
at each floor.)

2.4*, In a game of bridge a pack of 52 cards is distributed among
four players, 13 cards to each player. How many ways are there of
dealing the cards?

2.5*%. How many ways of tossing 12 dice are there in which each
of the values 2, 3, 4, 5, 6 occurs twice?

2.6*. There are m white and n black balls, with m > n. How many
different ways are there in which all the balls are put in a row so that
no black balls are side by side?

2.7*. We toss a coin and assume a head is a success and a tail is
a failure. How many trials will lead to 52 successes out of 100 tosses of
the coin? (An experiment is a series of 100 trials; two experiments are
asgumed to be different if the results of at least two tosses do not coin-
cide.)

2.8*. Two variants of a test paper are distributed among 12 stu-
dents. How many ways are there of seating of the students in two
rows so that the students sitting side by side do not have identical
papers and those sitting in the same column have the same paper?

2.9. Twenty books about mathematics and logic are on a book-
shelf. Prove that the greatest number of permutations of a collection
consisting of five books on mathematics and five books on logic is
when there are ten books in each science.

3. The Binomial Theorem

The natural power of the sum of two quantities can be found from
the formula

(a+b)n=((')‘)an+(;‘)an-lb+(;)an—2bz
+...+(;)a"*mb’"—}—...+(:)b". ()

The right-hand side of the formula is known as the expansion of

n!
“ml (n—m)!
coefficients. The general form of the terms on the right-hand side of the
formula is usually written*

T,,:( :)a""kbk, k=0,1,2, ..., n. @)

power of a binomial, and ( :l ): are called the binomial

The total number of terms in the series is n 4 1.
* Use is also often made of the formula

_[n R —1) ... (n—k+1) kbR
Th—(k)a" hbh = i an-hbk,
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10
Example 3.1. Find the term in the expansion of (’+‘:_4) which

does not contain z (i.e. contains z raised to the power zero).
Solution. According to formula (2) for a general term,

10 1 \k
= 10—k -_—
Tr ( k ) ’ ( x4 ) :
By the hypothesis, the number £ must satisfy the equation
10 — k — 4k = 0. (*)

The only root of equation (*) is k = 2. Thus the second term of the
expansion
10 1 10
n=(7)=w=(3)=%

is the required term.
Answer. 45.

Example 3.2. Find the sixth term of the expansion of (y/2+4 z'/3)®
il the binomial coefficient of the third term from the end is equal
Lo 45.

Solution. Let us first find the power of the binomial. According to
the hypothesis the number n must satisfy the equation

(2_2):( ;):%—_—_11245’

whose roots are n;, = 10, n, = —9. Since n, = —9 is not a natural
number, the root is n = 10, and, consequently, the sixth term of the
cxpansion can be represented as

Te— (1(? ) (Y1) (21/2)8 — ( 140) Y223 = 210y223,

A nswer. 210y223,

3.1. Find the sum of the binomial coefficients if the power of the
binomial is 10. ’

3.2. Which term in the expansion of (z 4 z-2)'2 does not contain x?

3.3*. Find out which term in the expansion of the binomial

(V'z + ¥z3)" contains 285 if the ninth term has the largest coef-
ficient.

‘ 8
3.4*, Find out which term in the expansion of (% ?:2—)

contains z2.

3.5*. Prove that the sum of all the coefficients of the expansion of
(2y — z)k is equal to 1 for any natural k.

3.6. The binomial coefficients of the second and ninth terms of
‘the expansion of (5z-3/2 — z/3)" are equal. Find out which term in
the expansion does not contain z.
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100
3.7**, Find the largest term in the expansion of (-%—}—%) .

100
3.8. Which is the greatest term in the expansion of (%—{—110) ?

3.9*. The sum of the binomial coefficients in an expansion is equal
to 1024. Find the term of the expansion of (12 + %)n which contains z

raised to the eleventh power.

3.10%. Prove that if the power n of a binomial is an odd number,
then the sum of the binomial coefficients of the even terms is equal
to the sum of the binomial coefficients of the odd terms.

3.11. In the binomial expansion of

(V 5—=)"

find the term containing a3 if the sum of the binomial coefficients of
the odd terms is 2048.

3.12. Find the greatest term in the expansion of (V5 4 ¥ 2)%°.
3.13. The third term in the expansion of (2::-}—7:?)1" does not

contain z. For which z's is that term equal to the second term in the
expansion of (1 4 z3)30?

3.14*. For which positive values of = is the fourth term in the
expansion of (5 4 3z)!° the greatest?

3.15*, Find z for which the fiftieth term in the expansion of
(z -+ y)'%° is the greatest if it is known thatz 4 y = 1,z> 0,y > 0.

3.16. Find z for which the kth term of the expansion of (z 4 y)»
is the greatest if z + y =1 and 2 > 0, y > 0.

Example 3.3. In the binomial expansion of
/3+V2)"

find the terms which do not contain irrational expressions.
Solution. A general term in the expansion is

5=k k
T=(5) VI WD = (] )87 2

The resulting expression is rational if §—;—k and 12‘- are integers. The
number % must, evidently, be an even number smaller than 5..We make
sure by direct verification that the only value it can assume_is 2.
Consequently, there is only one such term in the binomial expansion,
that is

5.4

r=( 5 )-32=652=00.

A nswer, 60.
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3.17. Find the terms which do not contain irrational expressions
in the expansion of (/3 4 7/2)%.

3.18*. How many rational terms are there in the expansion of
(V2 4 ¥/73)p00

3.19**, In the binomial expansion of (]/5-1- !

2yz
three coefficients form an arithmetic progression. Find all the rational

terms in the expansion.
3.20*. Prove that

= (1) (3 rrrioin (1) o

3.21. By comparing the coefficients in z on both sides of the equa-
tion

)n the first

A+ 2™ [ + )7 = (1 4 2™,
prove that

n m n m n m\_ (m+n
() (0)+(2a) (T)++(8) (%)=("%")-
3.22. Using the result of the preceding problem, find the sum of
the squares of the binomial coefficients. Prove that the sum of the

squares of the binomial coefficients is equal to (in) .
3.23*. Prove that the equality

1—10 (21”) 4102 (22") — 10 (23:‘)4-..._102"—1 (21") +102n = (81)n

holds true.

Some combinatorial formulas can be obtained by differentiating
;)r intﬁgrating both sides of the expansion of (1 4- z)®, which is valid
or all z.

Example 3.4. Prove that the equality

(50t ()t () =

holds true.
Solution. By differentiating the binomial expansion for (1 -}- z)7,
we have

(z"—l—( :) xn‘l—}—...—l—(:))'
=ngh14-(n—1) ( : ) 24, ., -{-( " )

n—1
On the other hand, the equality
i+ D" = n(t + 22
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holds true. Substituting the value z = 1 into the identity
n (14 2)71 = nz1 4 (n—1) ( ;‘) zn-2+...+( n ) ,

n—1
we obtain the required equality

n.2n-l=np ( 8)+(n—1) ( '; )—}—...—i—(nii) .
3.24. Prove that
n (n—1) (8)+(n—1)(n—2)(;‘)—}-...—{—Z(niz).
3.25*. Prove that

C(n, 0) C(n, 1)
n—+41 + n +
3.26*. Prove that

»(g)-e-n (1) re-n(3)

—(n—3) ( '3‘)+...+(—1)n—1 (n11)= 0.

C(n, 2) C(n,n)__ 2 1
e e R =1 it P

3.27*. Prove that

C(n, 1) C(n,2)
n  n—1

PR Y1 N (R s
2 - a1 n=21+41.

3.28*. Simplify the expression P; 4 2P, + ... 4} nP,.
3.29*. Prove that

(2D (2= (-3,
3.30. Prove the inequality

(Zn:—z) (Znn—-x) < (2:)2.

4. Calculating the Probability of an Event
by Means of Combinatorial Formulas

Assume that several people are to take part in a lottery in which
10 tickets are drawn. Each ticket is labelleg with the name of a par-
ticipant and then all the tickets are thoroughly shuffled. A ticket is
selected at random and the person whose name is on the ticket gets a
prize. What is the probability that a certain person will get the prize.
If the name of the person appears on only one ticket, he has one chance
in ten. If it is written on two tickets, he has two chances in ten and
S0 on.
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The selection of any of the tickets labelled with the name of that
participant is a favourable outcome. The number of favourable out-
comes is obviously the number of tickets with his name. The chance
a participant has of getting a prize is given by the ratio of the number
of favourable outcomes to the total number of outcomes that are
equally possible. To find that number, the number of favourable out-
comes must be divided by the number of all the outcomes of the ex-
periment.

When the experiment is carried out many times, the ratio of the
number of outcomes in which the participant wins to all the outcomes
of the experiment approaches the ratio of the number of the partici-
pant’s tickets to all the tickets in the lottery. Therefore, the ratio of
the number of the possible favourable outcomes to the number of all
the possible outcomes of the experiment is naturally considered to be
the probability of winning.

Let us now approach the concept of probability more formally. For
that purpose we introduce the following definition. Any one of the
equipossible outcomes of the experiment is called an elementary event
(in the example given above the selection of one of the tickets is an
elementary event). The set of all the equipossible outcomes is known
as the space of elementary events, or the sample space, and each elemen-
tary event is known as a point in that space (in the example given
above the space of elementary events consisted of ten points).

The collection of the elementary events combining all the out-
comes in which event A takes place is called the set of elementary
events which are favourable for event A. The probability of event A is the
ratio of the number of elementary events which are favourable for it
to the number of all the possible elementary events. If the number of
outcomes favourable to event A is m and the number of all points
constituting the sample space is n, then the probability P (4) of
the event 4 is

P (4) = m/n. O

In_the problems in which the number of all the possible elemen-
tary eventsis finite, the number of elementary events favourable to
event A can be found directly.

Example 4.1. Fifteen of a class of 20 students are members of a
mathematics society. What is the probability that a randomly chosen
student is a member of the society?

Solution. Assume that event A is the randomly chosen student
being a member of the society. Then the number of elementary events
favourable to the event A is 15, while the number of all the elementary
events in this case is 20. Consequently, the probability is

P (A) = 15/20 = 3/4.
Answer. 3/4.
Example 4.2. Two dice are tossed. Which event is more probable:
a score of 11 or a score of 4?
Solution. We associate the outcome of the experiment with an

ordered pair of numbers (z, y), where z is the number of points on the
first die and y is the number of points on the second die. Thus the sample

240263
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space consists of,a set of,pairs (z, y), where z and_y assume the values
from 1 to 6. The number of such_pairs is 36. Two elementary events to
which the pairs (6, 5) and (5, 6) correspond are favourable to event 4,
which is that the points on the two dice sum to 11. Three elementary
events to which the pairs (1, 3), (3, 1), (2, 2) correspond are favourable
to the event B (that the points on the two dice sum to 4).

The probabilities of events A and B are thus

P (4)=2/36 =1/18 and P (B) = 3/36 = 1/12
and consequently event B is more probable.

4.1. What is the probability that a leaf from a new calendar torn
out at random corresponds to the first day of a month? (The year is
assumed not to be a leap-year.)

4.2. What is the probability that a randomly chosen number from
one to twelve is a divisor of 12? (Unity is assumed to be a divisor of
any number.)

4.3*. What is the probability of a randomly chosen two-digit
number being divisible by 3?

4.4. Find the probability that a randomly chosen term of the
sequence U, = n? +1 (n =1, 2, ..., 10) is divisible by 5.

4.5. There are ten white and three red balls in an urn. What is
the probability of drawing a red ball from the urn?

4.6**. A coin is thrown thrice. Which of the events is more pro-
bable: event 4 consisting in the tails occurring all three times or event
B consisting in the tails occurring twice and the head’s occurring once?
Calculate the probability of these events.

b 4.7. ;I‘wo dice are thrown. What is the probability of the score
eing 7

4.8. Two dice are thrown. What is the probability of the score
being even?

4.9. One standard article was lost when 100 articles 10 of which
were substandard were transported. Find the probability of a randomly
chosen article being up to standard.

4.10. Given the conditions of the preceding problem find the
probability that an article selected at random will be substandard.

4.11*. There are three children in a family. What is the probability
that all are boys? (The probability of a child being born a boy or a girl
is assumed to be the same.)

In some cases it is convenient to use combinatorial formulas for
calculations of the probability of an event.

Example 4.3. Find the probability that all the students in a group
of 40 were born on different days of the year.

Solution. The outcomes of the experiment are different samples of
an initial set of 365 taken 40 at a time. A sample may contain repeated
elements (since any day can be the birthday of several people). Con-
sequently, the sample space contains (40)3¢® different samples.The
samples which do not contain repeated elements correspond to the
favourable events. There are 442 samples of this kind. Thus the
required probability is P (4) = A43;/40365,
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Solve the following problems using the formulas for distributions,
combinations and permutations.

4.12. There are n white and m red balls in an urn. What is the
probability that two balls drawn at random are red?

4.13. As he was dialling a telephone number, a subscriber forgot
Lthe last three digits and, remembering only that they were different,
(liallﬁd at random. What is the probability that he dialled the right
number.

4.14. At the end of a day 60 melons remained in a shop, of which
50 were ripe. A customer chooses two melons. What is the probability
that they were both ripe?

4.15. There are n white, m black, and & red balls in an urn. Three
balls are drawn at random. What is the probability that they are all of
different colours?

4.16. An examination paper includes questions on four topics
taken from a curriculum of 45 topics. A student has not revised 15 of
the topics. What is the probability that he gets a paper in which he can
answer all the questions?

4.17. The integers 1 to 15 are written on individual cards. Two
cards are selected at random. What is the probability that the digits
written on the cards will sum to 10?

In the following problems it is convenient to use the formula for
the number of permutations with a given number of repeatitions.

4.18*. What is the probability that a random arrangement of
blocks with the letters i,1,i,¢,¢, n, n, 0, a, vin a row results in a
word “invitation”.

4.19. Seven students randomly occupy a row of seven seats. Find
the probability of three definite students sitting side-by-side.

4.20. Four books on algebra and three books on geometry are put
on a book-shelf at random. What is the probability that the books on
cach topic will be side-by-side?

4.21*. Find the probability that in a game of bridge (four players
get 13 cards each) each player gets an ace.

4.22. When a coin was tossed 10 times, five heads and five tails
were attained. What is the probability that all five heads came up on
the first five tosses?

Example 4.4. Ten out of fifteen building workers are plasterers
and five are house-painters. A team of five is chosen at random. What
is the probability that the team will have three painters and two
plasterers?

Solution. The sample space consists of all the samples of different
compositions containing five elements from a set of size 15. The number
of such samples is (155 ) . The favourable events are associated with
samples containing three painters and two plasterers. The number of

ways of choosing three painters out of five is ( g ) and, independent

of the preceding choice, two plasterers can be chosen in (120 ) ways.

24*
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Consequently, the number of samples corresponding to a favourable

event is the product ( i ) (1;) . Thus the probability is defined by

Pa=(5) ($)/(%)-
ar. (2)(9)/(5)

In a general case the probability of obtaining a sample of size
k -iL r, where & elements belong to a group of » elements and r elements
belong to another group of m elements, is given by

rar- (") (2)/(42).

4.23. There are 15 articles in a box, five of which are coloured. Five
articles are selected at random. Find the probability that four of them
are coloured and one is not.

4.24. In alotof N articles n articles are standard. A random choice
of m articles is made. Find the probability that k& articles out of the
chosen ones are standard.

4.25. What is the probability of winning the main prize_ in a lot-
tery in which six numbers must be guessed out of 48?7 What is the
probability of guessing five, four or three numbers?

4.26. What is the probability of getting one ace, or an ace and
a king when six cards are dealt from a pack of 52 cards?

4.27. There are six tickets to the theatre, four of which are for
seats on the first row. What is the probability that of three tickets
selected at random two will be in the first row?

4.28. Twenty teams take part in football matches. They are divided
at random into two groups, each group consisting of 10 teams. What
is the?probability that the two strongest teams will be in the same
group

the expression

5. Problems in Calculating
Probabilities by Geometrical Methods

There are some problems which cannot be solved by the direct
calculation of elementary event, which requires that each event is
equally possible and the number are finite. Let us consider an example.
Assume that a power line connecting points A and B has been damaged
by a storm. What is the probability that the damage occurred in the
part of the line between points C and D, which themselves lie between
A and B? In this case the set of elementary events is infinite since the
break may occur at any point along the line between A and B. It is
natural to assume that the probability of the break in any section of
the line is proportional to the length of that section. Since the prob-
ability of the damage along the whole segment is unity (the break has
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occurred), the probability of the break in CD is
P(A)=1CD\/| AB|.

Let us assume that the outcomes of an experiment which is carried
out an infinite number of times are distributed uniformly in a
domain S. This means that the probability of an event E, that the
outcome of the experiment lies in a certain part of domain S, is
proportional to the magnitude of that part and does not depend on
its position or shape.

Thus

P (E) = m (s)/m (3), )

where P (E) is the probability that a point chosen at random {rom the
domain S is in the domain s, and m (s) and m (S) are the magnitudes
of the respective domains.

Example 5.1. A telephone subscriber has ordered a call. He may
get it at any time in the next hour. What is the probability of the call
taking place in the last 20 minutes of the hour?

Solution. Assume that event E is the call taking place in the last
20 minutes ofTthe hour. Let us represent the sample space as a line
segment of length 60. The elementary events favourable to the event E
lie in the last third of the segment. Consequently,

P (E) = 1/3.

5.1. A mine-field is laid so that the mines are placed every 100 m
along a straight line. What is the probability that a ship 20 m wide
;\_'ill?blow up if it passes through the mine-field at right angles to the

ine

5.2. A circle of radius R surrounds a smaller circle of radius r.
Find the probability that a point thrown at random into the larger
circle will also fall in the smaller one. (The probability of the point
falling in a circle is assumed to be proportional to the area of the
circle and independent of its position.)

If a random event whose probability must be found reduces to
deciding whether a point lies within a certain section of a plane figure,
the boundaries of the figure and the section being the curves of known
functions, then the calculation of the areas in expression (1) reduces
to the calculation of definite integrals.

Example 5.2. Two real numbers, = and y, are selected at radom,
given that 0 < z << 1, 0 << y < 1. Find the probability that y2 < z.

Solution. Assume that a point with coordinates (z, y) corresponds
to the pair of numbers z and y. The sample space is a square whose
sides are unit”segments of the coordinate axes. A fizure whose set of
points corresponds to the outcomes favourable to the event y2 < z
is bounded by the graphs of the functions y = 0, z = 1 and »2 = =.
This area can be calculated by the formula

1

_ =2 gt 2
S—i Vzde= 37 =3
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Since the area of a unit square is unity, it follows that

P (4) = 2/3.
A nswer. 2/3.

5.3. Two real numbers z and y are chosen at random and are such
that | z | < 3, | y | << 5. What is the probability of the fraction z/y
being positive?

5.4. Two real numbers z and y are chosen at random and are such
that | z | <1, 0 < y << 1. What is the probability that 22 < y?

5.5. Two real numbers z and y are chosen at random and are such
tha??l z| <1 and | y | < 1. What is the probability that | z | <
|y

5.6*. Two positive numbers z and y each of which does not exceed
two are taken at random. Find the probability that zy < 1, y/z < 2.

5.7*. Two positive numbers z and y are taken at random, neither
of them exceeding unity. What is the probability of their sum not
exceeding unity if the sum of their squares exceeds 1/4?

5.8*. A parabola touches the base of a square and passes through
its upper vertices. What is the probability that a point thrown in the
square at random will fall in the domain between the upper side of
the square and the parabola?

5.9. A parabola touches a semicircle and passes through the end-
points of its diameter. What is the probability that a point thrown
into the semicircle at random will fall in the domain bounded by the
arc of the semicircle and the parabola?

5.10. Suppose a function f (z) given on the segment [0, 1] is such
that f (z) > 0 for z € [0, 1], with 7 (0) = 0, f (1) = 1. Prove that
when a point is thrown into a square whose sides are the interval [0, 1]
of the z-axis and the interval [0, 1] of the y-axis the greatest proba-
bility that it will fall in the domain bounded by the curves y = f (z),
y = f(a), y= 0, y = 1 is attained for a = 1/2.

5.11*. A domain is bounded by the curves z = 0, z = n/2,
y = sin z, y = sin a. A point is thrown into a rectangle whose sides
are the interval [0, 71/2] of the z-axis and the interval [0, 1] of the y-axis.
For what value of a is the probability of the point falling into the
domain is the least?

In order to solve some problems by geometrical methods, it is
convenient to introduce a Cartesian system of coordinates.

Example 5.3. Two friends agreed to meet at a definite place be-
tween 11 a.m. and noon. The first to arrive waits for his friend for a
quarter of an hour and then leaves. Find the probability of the meeting
taking place if each of them arrives at an arbitrary moment between
11 and 12 a.m.

Solution. Since the arrival of each friend is accidental, we can
choose a segment of unit length and associate the arrival of the first
person with randomly chosen point of the segment and the arrival of
the second person with another random segment of unit length. We
lay off those segments on the coordinate axes, the first on the z-axis
and the second on the y-axis. Thus the sample space is a square of unit
area inscribed in the first quadrant of the coordinate plane. Every
point with coordinates (z, y) is a pair representing the arrivals of the
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two friends. The elementary events (z, y) which are favourable to the
friend’s meeting must satisfy the condition

lz —y | <14 (*)

A geometrical interpretation of the required event is associated with

the intersection of the band (+) and the unit square consisting of the

points whose coordinates (z, y) satisfy the inequalities 0 << z << 1 and

0 << y << 1. The area of the figure where the band and square intersect

is the probability of a meeting since the area of a unit square is unity.
Answer. 7/16.

5.12. At arandom moment within a period of 20 minutes student 4
telephones student B, waits for 2 minutes and then puts down the
receiver. During the same 20 minutes student B arrives home at a
random moment, stays for 5 minutes and then leaves. What is the
probability that the two will have a talk?

5.13*. Two points, B and C, are thrown at random onto a unit
segment of the abscissa. Find the probability that the length of the
segment BC will be smaller than the distance between the origin and
the nearest point.

5.14. A person lives in a town B connected by a railway with
towns A and C. The trains running between towns 4 and C stop at
town B. A train leaves town B in each direction every hour. A person
arrives at the station at a random moment and takes the first train
to arrive at the station. How must the time-table be compiled for
the probability that the train will leave for 4 to bte 5 times the
probability that the train will leave for town C?

5.15*. Buffon's needle problem. A plane is ruled with parallel
straight lines at distance of 2a apart. A needle 2 long (I << a) is thrown
on the plane at random. Find the probability that the needle
will hit any of the lines.

6. Calculating the Probabilities
of Compound Events

Events are divided into certain, impossible and random events.
It follows from experience that certain events always occur, impossible
events never occur, random events may occur and may not occur. For
example, a certain event is that a white ball is taken from an urn which
contains only white balls, and an impossible event is that a white
ball is taken from an urn containing only black balls. If there are both
white and black balls in an urn, then the selection of a ball of a definite
colour from the urn is a random event.

A certain event coincides with the whole sample space Q and a
random event 4 is a subset of that space. An impossible event ¢ does
not contain any elementary events.

The sum of two events A and B is an event C being the occurrence of

cither the event A or the event B. The sum of two events is designated as
C =%4 + B. )

The following example elucidates the concept of the sum of two
events. Assume that a boy has bought tickets for two lotteries,
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“Sprint” and “Start”. Let us consider a random event C that the boy
wins in one lottery at least. The occurrence of this event is connected
with the occurrence of at least one of the following events: an
event A —there are winning tickets of the “Sprint” lottery among the
tickets the boy has bought; an event B—there are winning tickets of
the “Start” lottery among those bought by the boy.

The product of two events A and B is an event C which is the occur-
rence of both these events. The product of two events is expressed as

C=A-B. @

Events A and B are said to be mutually incompatible if their product
is an impossible event:
A-B= ¢,

The following example elucidates the concept of the product of two
events.

There are Mercedes and Jaguar cars among those involved in an
accident. Some of the cars turned upside down. An event 4 that a
randomly chosen car that did not turn upside down is a Jaguar is a
product of two events: event B—the car did not turn upside down and
event C—the car is Jaguar, i.e. A = B.C.

The definition of the probability of a compound event A, which
is a combination of sim Yer events A,, . .., Ay whose probabilities
are known, is based on the formulas for the addition and multiplica-
tion of probabilities. The following examples elucidate the meaning
of these formulas,

We conduct an experiment which consists in throwing two dice
and calculating the probability of an event C being that the score
does not exceed three. The space of elementary events occurring as a
result of the experiment can be represented as ordered pairs of integers
varying from 1 to 6. There are 367pairs of this kind. Among these
events, the events (1, 1), (1, 2), (2, 1) are favourable to the event C.
Thus, according to the definition given in Sec. 4, we infer that the
probability of the event C is

P (C) = 3/36 = 1/12.

Let us consider now the event C as a combination of more simple
events. For that purpose we note that the event C occurs if an event 4 —
the score is equal to two, or an event B—the score is equal to three,
occurs. Thus the’event C is the sum of'the events A and B: C = A+ B.
From the original space of elementary events onlyJthe pair (1, 1) is
favourable to'the event 4 and the pairs (1, 2) and (2, 1) are favourable
to the event B. Consequently, the probabilities of the events A and B
are equal to

P (A) = 1/36, P (B)=1/18
respectively. Thus, in the given case, there holds an equality
P (C) = P (A) 4 P (B).

Note that in this example the events A and B are incompatible (the
total cannot equal two and three at the same time).

Let us calculate the probability of an event C that a card drawn
at random from a pack of 52 cards is either an ace or a heart. The
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sample space in this example consists of 52 elements. The elementary
events wflich are favourable to the event C are either a card of hearts
being drawn from the pack (there are 13 cards of the same suit in a
pack) or an ace (there are 4 aces in a pack). Taking into account that
one of the aces is also of hearts and, consequently, 16 elementary
events prove to be favourable, we obtain

P (C) = 16/52 = 4/13.

Let us now represent C as a combination of more simple events: an
event A —the card drawn at random is a heart, and an event B—the
card drawn at random is an ace. Then, according to the definition of
the sum of two events, C = A - B. The probabilities of the events A
and B are equal, respectively, to

P (4) = 1/4, P (B) = 1/13.

We shall also need the probability of the product of the events A
and B, i.e. the event D = A -B is that the card drawn at random is
the ace of hearts. The probability of the event D is evidently equal to

P (D) = 1/52.
It is easy to verify that in the given case there holds an equality
P(A+ B)= P (4)+ P (B) — P (D).
The following formula generalizes the examples we have considered:
P 4+ B)y=P(4) 4 P (B) — P (AB). 3)

i.e. the ﬁrobability of the sum of two events A and B is equal to the
sun(xi of the probabilities of those events minus the probability of their
product.
When the events A and B are incompatible, formula (3) assumes
the form
P(A 4 B) = P (A) 4 P (B). ()

Let us consider an experiment consisting in throwing two dice
and calculating the probaﬁility of an event C consisting in the fact
that the number of dots appearing on the top face of the first die
exceeds 3 and that of the second die exceeds 4. The elementary events
favourable to the event C are ordered pairs of numbers (4, 5), (4, 6),
(5, 5), (5, 6), (6, 5), (6, 6). Thus

P (C) = 6/36 = 1/6.

Let us now represent the event C as a combination of more simple
events: an event A that the score on the first die exceeds three, and an
event B—the score on the second die exceeds four. Then, according to
the definition of a product of events, the event C can be represented
as a product of the events 4 and B: C = 4 - B.

Let us calculate the probabilities of the events 4 and B. Note
first of all that the sample spaces arising upon the throw of each die
separately consist of six equally possible outcomes. The elementary
events favourable to the event A consist in 4, 5 or 6 dots appearing
on the top face of the first die. Consequently, P (4) = 1/2.

f The elementary events favourable to the event B are that 5 or 6
dots appear on the top face of the second die. Consequently, P (B) =
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1/3. It is easy to verify that in this case there holds a relation
P (C)= P (A)-P (B). (5)

The events A and B for which relation (5) holds true are said to be
independent. Thus formula (5) can be used to calculate the probability
of the product of two events when they are independent. If condition
(5) is not fulfilled for events 4 and B, then those events are said to be
dependent. In that case we can speak of the so-called conditional pro-
bability of the occurrence of the event A provided that the event B
did occur.

Assume that we must calculate the probability of an event A

that the sum of the dots appearing on the top faces of two dice does not
exceed four, if it is known that one dot appeared on the top face of one
die (event B). Since the event B did occur, we can take it to be certain
and consider a new sample space consisting of 11 elementary events
which are favourable to the event B:
(4, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (3, 1), (4, 1), (5, 1), (6, 1).
In this new sample space, 5 elementary events, (1, 1), (1, 2), (1, 3),
2, 1), (3, 1), are favourable to the event A. Thus the probability of
the event 4 in this sample space is equal to 5/11. We ca Y the quantity
obtained a conditional probability of the event A provided that the
event B took place and designate it as P (4/B).

Let us now consider the original sample space arising from a throw
of two dice and calculate the probability of the event C = A B that
the score of the dice does not exceed four and a unity appears on the
top face of one of the dice. The elementary events favourable to the
event C can be represented by the following pairs of numbers: (1, 1),
a, 2), 1, 3), 2, 1), (3, 1). Thus P (C) = 5/36. Eleven elementary
events which are favourable to the event B have been considered above.
Colnsequently, P (B) = 11/36. It is easy to verify the validity of the
relation

P (C) = P (A/B) P (B).

The following formula for multiplication of probabilities generalizes
the examples we have considered:

P (AB) = P (A) P (B/A) = P (B) P (A/B), (6)

i.e. the probability of the product of two events A and B is equal to the
product of the probability of one of the events by the conditional pro-
bability of the other event calculated on the assumption that the
first event did occur.

For the case of three events the formula generalizing formula (6)
has the form

P (ABC) = P (A/BC) P (BC) = P (A/BC) P (BIC) P (C). (7

Example 6.1. Two balls are drawn from an urn containing n white
and m black balls. What is the probability of the balls being of differ-
ent colours?

Solution. We represent the event C that the selected balls will be
of different colours as C = 4 - B, where the event A is that the first
ball is white and the second ball is black; and the event B is that the
first ball is black and the second ball is white. Since the events 4



6 Calculating the Probabilities of Compound Events 379

and B are incompatible, we have, according to (4),
P (C)= P (A) + P (B). (*)

The probabilities of the events 4 and B can be calculated by formula
(6). We represent the event A as A = W, Bl, where the letters W
and Bl written in the indicated order mean that the first selected ball
was white and the second black. Then

P (4) = (P (W) P (BUW).

The probability of the event W is the ratio of the number of white balls
to that of all the balls in the run. The conditional probability of the
fact that the second ball is black, provided that the first ball is white,
is the ratio of the original number of black balls to all the balls in
the urn minus one. Thus

n m
P (4= n-+m .n—{-m——1 '
Similarly,
m n
P(B)= ntm ntm—1"
Substituting the expressions obtained into formula (), we get
2nm
P(C)= .
O=tFmmrn=1
2nm

Answer.

(nt+m)(nt+m—1)~

Solve the following problems using the formulas for multiplication
and addition of probabilities.

6.1. There are n white and m black balls in an urn. Two balls are
drawn. What is the probability of both balls being white; both balls
being black?

6.2*. Solve problem 6.1 under the condition that the selected
balls are replaced and their colour is recorded.

6.3. Four cards are drawn from a pack of 52 cards. What is the
probability of all of them being of different suits?

6.4. A die is thrown several times. What is the probability of one
dot appearing on the top face of the die on the third throw?

6.5. Twenty cars were driven to a service station. Five of them
had a fault in the running gear, eight had a fault in the motor and
ten had no faults. What is the probability that a car has faults both
in the running gear and in the motor?

6.6. 'When preparing for an examination in mathematics a student
must be ready with the answers to 20 questions in the fundamentals of
mathematical analysis and 25 questions in geometry. However, he
had only time enough to prepare answers to 15 questions in the analysis
and 20 questions in geometry. An examination paper contains three
questions, two of which are in analysis and one in geometry. What
is the probability:
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(a) that the student will pass the exam with an excellent mark
(will answer all three questions); (b) with a good mark (will answer
any two of the three questions)?

A complement of therandom event A (or an opposite event) is an event
C that during an experiment the event 4 did not occur. A complement
to the event A is designated as 4. The probabilities of the events 4 and

A are related as

P (A) - P (A) = 1. 8
If the compound event A4 is represented as
A=A, +...4 4, )

where A; are events whose probabilities are known, then it is some-
times convenient to calculate the probability P (4) using the formula

A=A4,4,... 4, (10)

which relates the complements of the events being considered. Thus,
if A; are independent, we obtain

PAY=1—P@A@A)=1—P@A,)...PAyY=1—[1—P(4)]...
o =P A (11)
If all the events A; are equally probable, formula (11) assumes a more
simple form
PA)=1—(1—ph (12)
where p is the probability of the event A;.

Example 6.2. One bomb is enough to destroy a bridge. Find the
probability of destruction if three bombs are dopped onto the
bridge with the probabilities of hitting equal to 0.3, 0.4, 0.7 re-
spectively. _

Solution. Let us calculate the probability of the event 4 consisting
in the destruction of the bridge. We designate as 4,, 4,, 4, the events
consisting in the first, the _secoxgi _and_ the third bomb not hitting the
bridge respectively. Then 4 = A4,4,A4;. Since the independence of 4;

yields the independence of 4;, we have
P{A)=P@A)P A, P (Ag) = 0.3.0.4-0.7 = 0.084.
Consequently, the probability of destroying the bridge is
P (A)=1— P (4) = 0.916.
A nswer. 0.916.

6.7. There are n white, m black and % red balls in an urn. Three
balls are drawn at random. What is the probability of at least two
balls being of the same colour?

6.8. There are 15 text-books on a book-shelf, 5 of which are bound.
Three text-books are selected at random. What is the probability of
at least one of them being bound?
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6.9. There are n tickets in a lottery, ! of which are winning tickets.
A ierson buys k tickets. What is the probability of at least one of the
tickets being a winning ticket?

6.40. In one radar|surveillance cycle a target is detected with
probability p. Ineach cycle the location of the target occurs indepen-
dently of other cycles. What is the probability of the target being de-
tected in n cycles?

6.11*. There is a target at which n shots are fired. Every shot
hits the target with the probability p. How many shots must be fired
for the probability of hitting the target to be not less than P?

The probability of the event 4 which can occur only upon the occur-
rence of one of several incompatible events By, B,, . . ., B, is equal to
the sum of the products of the probabilities of each of those events by
the conditional probability of the event A provided thadt the given
event did occur:

P (A) = P (B,) P (A/By) + P (B,y) P (A/B,)
4 ...+ P (B, P (A/B,). (13)

Equation (13) is called the formula for total probability.

Example 6.3. There are 6 Masters of Sport and 4 firstgrade sports-
men on the first team, and there are 6 first-grade sportsmen and 4 Mas-
ters of Sport on the second team. A combined team formed from the’
players of the two teams consists of 10 players, 6 sportsmen from the
first team and 4 sportsmen from the second team. One sportsman is
chosen at random from the combined team. What is the probability
of his being a Master of Sport?

Solution. Assume that the event B; (i = 1, 2,) is that the sportsman
chosen at random is from the ith team. Then the probability of the
events B; are equal to P (B,) = 3/5 and P (B,) = 2/5 respectively.
Assume that the event A consists in that the player chosen at random
is a Master of Sport. Then, provided that the event B; has occurred
(i.e. it is known to which team the sportsman belongs), the conditional
probabilities of the event 4 are equaPto P (A/By)=3/5and P (A/B,) =
2/5 respectively. Using the total probability formula, we obtain

3 3 2 2 13
PO=5-5+t5 5=

A nswer. 13/25.

6.12. An examination is carried out according to the following
scheme: if a certain paper has been drawn, the examinator puts it
aside, i.e. the other students cannot draw it. A student knows the
answers to the questions on k papers, k£ << n. In what case is the pro-
bability of the student drawing the paper he knows greater, when he is
the first to answer or the last?

6.13*. There are two balls in an urn whose colours are not known
(each ball can be either white or black). We put a white ball in the
urn. What is now the probability of drawing a white ball?

6.14. One gun is selected from five guns among which there are
3 sniper guns and 2 ordinary guns, and a shot is fired from that gun.
Find the probability of hitting the target if the probability of hitting
when firing the sniper gun is 0.95 and that using the ordinary gun is0.7.
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6.15. There are two urns. There are m white and n black balls in
the first urn and & white and ! black balls in the second urn. One ball
is taken from the first urn and placed into the second. What is the
probability now:

(a) of drawing a white ball from the first urn;

(b) of drawing a white ball from the second urn?

6.16. There are two lots of identical articles with different amounts
of standard and defective articles: there are N articles in the first lot,
n of which are defective, and M articles in the second lot, m of which
are defective. K articles are selected from the first lot and L articles
from the second and a new lot results. What is the probability of an
article selected at random from the new lot being defective?

6.17*. Under the conditions of the preceding problem find the
probability of at least one article out of three selected at random from
the new lot being defective?
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1.10*. . Hint. Designate z=2z2—52-}6. 1.11*, i:%ﬁ,
_5+'/5. Hint. Designate z — a? - 5z. 1.12%, —%, 0,
i—ﬁﬂ. Hint. Designate z—2z% 4 3z. 1.43. +3, 4 2.
L s 1 3 1 -
144, + ]/7. 1.15. 7(,/2+1), 7(_1/5+1). 1.16*. No so-
2
lutions. Hint. Designate y=—= 1tx +1.1.47. 0, 5. 1.18.——;— ) —43— ,
—14+¥5 —1—V5 5 . 2
tre V09, 1 12001, — L 245 —
1

—+ 3. Hint. Use the binomial formula. 1.22. 1, a+ Va, a— Va.

1.23. 4, 3, 2, —5. 1.24.

2a:tv26a2:1:22 ]/25a4+4b“. 125, 1, 12,

126, —SE V2 o 34128 —3. 2 120, —5 + YV,

6
—5+ yY5. 1.30*, —1, 0. Hint. Designate y=-z2+}=z.
—5+ Y2 1 5 3
L3, —5— . 132 =2, £, 5. 131, —, —5.
1.34, —2, % % 135, _—4tV® 121/18‘8 Ve

—4—1/6:I:2V18+8 V8 . . 181 —3, 5. 138, 2.
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1 2ab a“’—l—b2
= %
1.39. 5. 1.40. 3- 1.41. , 5. 1.42%, a0, 0, 255’ atb

Hint. Introduce the auxiliary unkmown z= —a—g—b—x. 1.43. 1,

1.44. —1. 1.45. % 1.46. [1, 2]. 1.47. —8, 2. 1.48. —4, —2, 0, 2, 4.

1.49. 0. 1.50. (— oo, 2U[3, o). 1.51. 0, = 1. 1.52, 1-2. o L 1 %

Sec. 2. 2.1. 8. 2.2, 5. 2.3. 8. 2.4. —1, 3. 2.5. No solutions.

2.6. 7i1—é/153. 2.7, 2. 2.8. No solutions. 2.9, —1, 2. 2.10. 3.
17

2.11. No solutions. 2.42. —5, 4. 2,13, 6" 2.14. No solutions.
12 Y21
—
11 1
2.19. —6, —5, -5 2.20. —1. 2,21, —2. 2,22, 0. 2.23, 1, —5-
—Bp + V B*p*+A[(PP+c—cy)*— 4p’]
24p

2.15. 1+—2‘/—“— 2.16. —61, 30. 2.17. 2. 2.18. 8, 8 +

2.24, +4. 2.25. —1. 2.26.

2

2,27*. +21. Hint. Rationalize the denominator. 2.28. 7 5.

2.29*, 3. Hint. Use the fact that Vz—2 Vié—z=} bz—z2—

2,30, —17, 23. 2.31. —7, 2. 2.32. —-5%, 2. 2,33. +£7. 2.34*. 5.

V’Jf“;‘/‘—" . 2.35%. 1. Hint. Use the

Hint. Designate y=

inequality —+a >2 which is valid for a > 0. 2.36. 1024. 2.37. 3, 5.
66

2,38, +2 V2. 2.39. —5, 2. 2.40. —2, 0. 2.41*. — . Hint. Note

119
that the product of the terms on the left-hand side of the equation

is 66. 2.42. 3——# 0, 3, §+4—‘/7‘°’ 2.43. 15. 2.44*. —3, 6.

Hint. Designate y—z?—3z-47. 2.45. % 2.46. —3, 4 2.47. 0.

2.48. 9. 2.49. [—1, 0]. 2.50. [0, 3]. 2.51. 2. 2.52. + ‘/5. 2.53. No
solutions. 2.54, 5. 2.55. [1, 2.5], 13. 2.56. [5, 10]. 2.57. . 2.8, +2.

2.59. 0. 2.60. %- , 5. 2,61, —1. 2.62*, —6, 1. Hint. Introduce the
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auxiliary unknowns u= yz—2, v=Vz+7. 2.63*. +1. Hint.
Factor out 'z+1. 2.64. No solutions. 2.65. 0. 2.66. 1. 2.67. 0,

63a C+VII"+1 2=Vt
5 - 2.68. C+V3—1 * e—y3)—1 - 2.69. 1.

Sec. 3. 34. (1, 2, 3). 3.2. (8, 4 2). 3.3. (1, —2, —1).

ab
. (1, =3, --2). 3.5. , .36, (| ————
3.4. (1, —3, —2). 3.5. (abc, ab+ac+ be,a+b+c). 3 ( =0 a—s
b a
@—Do—a ' &=0 (b—a)) . 3.7, For a = 0, a = —3 the system
is determinate, for a = —3 the system is indeterminate, for a = 0

the system is inconsistent. 3.8. For a 5= 0 the system is determinate,
for a = 0 the system is indeterminate. 3.9. For a = 0 the system is
indeterminate, for a = 2 the system is inconsistent, for the remaining
a it is determinate. 3.10. For a = 0, ¢ = 1 the system is inconsistent,
for a = —1, a = 2 the system is mdetermmate for the remaining a
it is determinate. 3.11. For a 4 b 5= 0 the system is determinate, for

a 4+ b = 0itis indeterminate. 3.12. Fora = 0, b 3= 0;a = 0, b = 0;
a # 0, b = 0 the system is indeterminate, for the remaining values
of the pair a, b the system is determinate. 3.13. The system is indeter-

minate for p= 3b—1};514a , m= 5b;{;2a . 3.14. They are consistent.

343.a=1,b= —1.3.16. (1, —1), (1, —2), (—1, —1), (—1, —2)s
3.17. a=1. 3.18. (0, 0, %) L (2, —1,1).3.19. a = —4.3.20. a = 3.

3.21. (1, 4), (4, 1). 3.22. (0.6, 0.3), (0.4, 0.5). 3.23. (3, 2), (2, 3).
3.24. (14, —11), (11, —14). 3.25. (4, 2), (2, 4). 3.26. (1, 4), (—1, 6).
3.27. (1, 2). 3.28. (4, 1), (1, 4). 3.29. 2, 1), (—2, —1).

3.30. (4, 1), (1, 4), ( 5i2 Vil , “5¢2‘/’“ ) , where the signs

are either both upper or both lower. 3.31. (:tl/ab:tlfzzbba_lgab ,

4 ~l/ab:F]/a;bb’—4ab ) 3.32. (1, 2), (2, 1). 3.33. (3, 1) (1, 3).

3.34. (1, 2), (2, 1). 3.35. (1,1).3.36. (£3, +2), (2, +3). 3.37.(%3,
+1), (+1, +3). 3.38. (£3, £2), (£2, =+3).3.39*.(2,1), (1, 2).
Hint. Pass to the unknowns u = z + 1, v = y 4 1. 3.40*. (2, 1),
(2, +1). Hint. Represent the first equatlon as a quadratic equation
with respect to the variable z = (z 4 y)/(z — y). 3.41*. (2, 3),

(——2—, —4) - Hint. Divide the first equation by the second.
3.42. (5, 1), 1,5), (3,2, (2 3). 3.43. (2, 1) (—1, —2),
M+V2, 1FV2). 3.44. (—2, —4), 3.45. (1, 4),

33
25-0263
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—5, 4),(5, —4), (—1,—4).3.46*. (3, 5), (5, 3), (—3, —5), (—5, —3).
Hint.Into the first equation represented in the form z* 4 y* | 2222 =
931 4 z%y? substitute (22 4 y2) whose expression is found from the
first equation. 3.47*. (2, 1), (1, 2), (—3, 0), (0, —3), (1, —2), (2, —1).
Hint. Represent the first equation as (z 4 y)? + (zy — 1)2 = 10.
3.48*. (5,2), (—2, —5). Hint. Factorz® — y5.3.49. (2, —1, —1),(—1,
—1, 2), (—1,2,—1). 3.50. All permutations of the numbers (1, 0, 0).

1 1 15 15
* - — — - — i =
3.51.(2, 2’4)1 ( 21 21 4)’( 212 2’

2 l/ 2 =3 I/E 2 I/T
V)= (Vo —2Ve —5V%)
Hint. Introduce new variables u = zy, v= zz, w = yz. Find the expres-
sions for u and w in terms of v from the first and the second equation

of the resulting system, the third equation, after the substitution,
will be quadratic with respect to v.

3.52. {0, 0, 0}. 3.53. t_a_%cm y=b(“;a"c'°2), gt (“;I"z),
2abc (ab—bc+ca)
3.54. (i l/(ab+bc—ca)(—ab+bc+ca) ,
2abc (ab-+bc—ac) 2abc (—ab—+bc+ca)
i]/-(ab—-bc—{-ac) (—ab- be+-ca)? + (ab—bc+-ca) (ab+bc—ca)) *

3.55. (1, 3, 9), (9, 3, 1). 3.56. (0, 1, —1), (—1, 2, —1), (—1, 1, 0).
3.57. (3, —1, —1), (0, 2, —1), (0, —1, 2). 3.58 All permutations of

1, 2, 3. 3.59. (3, 6, 10) and (6, 3, 10)

a b ¢
3.60. (i Vatbte '’ = Vatbote ' = VatbFfe )
3.61. (:i: 2 , + 2 )
V(—atbto)(@atb—e) Vie—=b+e)(—atb+to)
+ 1/( b+2c) 7D c))and (0. 0, 0). One of the coordinates has
7 — —

a positive sign and the other have like signs. 3.62. (0, 0, 0),
(=1, =1, £1),0, V2 £V2), (xV20, £V?2) and (= V2,

3 1 1
+ V3, 0). 3.63. (1, 0, —7), (—1, 0, T)' 3.64. (1,

+ 2, +5), one of the coordinates has a positive sign and the

other have like signs. 3.65. (0, 0, 0). 3.66. (—5, —3, 0), (3, 1, —2).
13 5 25 16

3.67. (2, —1).3.68. (2, 3), (—3-—-3-) . 3.69. (—3- \3 )- 3.70. 4, 4).

3.71. (2, 3), (—2, —3), (2, —3), (—2 3). 3.72. (1, 1). 3.73. (25, 9),

(_‘343 871) . 3.4 (5, 4).
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Chapter 2

Sec. 1. 1.4.1. 1.2. ab(a— )% 1.3. a® 4 a4+ 1. 1.4% %

Hint. Use (4) to write all the logarithms to a certain common base
1.5. (log, z 4 1)

a+t-b
1.6. m . 1.7. 6. 1.8. 3.1 19. a (b+3). 1.10. 1T——b— .
b —_—— %
LA @-bee . 142, logy a=—g—p . 103% oo

Hint. Pass to the logarithms to the base z. 1.18*. Hint. On the left-hand
side of the expression pass to the logarithms to the base N. 1.19*. Hint.
When simplifying the expression, take into account the fact that the
root of an even degree is understood in an arithmetic sense. 1.20*. Hint.
See the Hint to 1.18*. 1.21*. Hint. See the Hint to 1.18*.

Sec. 2. 2.4, 4. 2.2, 2. 23. —. 2.4 —3. 25. — . 26—,
4 2. logy 2. 2.8. 12‘- 2k +-1), %-{—nk, keZ. 2.9. —5, %;i
240 +. 241, 81 242, 2 2.3, —2, 3 244 an, neZ
2.45. —24 VY 4—2Tog;5. 2.46. 5. 2.7, 2, —2. 2.18. logs (2+4+V'5),
logs @ 2.19. 3, log, 8. 2.20. 9, 81. 2.21. 1, —%, 2.22. 1,
—1,0.228, . 224 0. 225 —1, 1. 2.26. 1, log,3. 2.2T. =,
%‘_3, 228, 0. 229, —2, 2. 2.30. —2, 2. 231, —2, 2.
2.32.1.2.33. 1, 3. 2.3 ——. 2352, 3, 4, 1. 2.36, % 2, 4.

2.37. 1, a1/, 2,38, % 25. 2.39. 10, 10-4. 2,40*, 2. Hint. Divide

both sides of the equation by 2* and use the property of monotonicity
of an exponential function. 2.41*. 3. Hint. See the Hint to 2.40%,
2.42%, 1. Hint. Compare the greatest value of the function appearing
on the left-hand side of the equation and the least value on the right-
hand side. 2.43*. 1. Hint. Find y, and y, which are the roots of the
quadratic equation with respect to the variable y = 2%, solve the
equations y; (z) = 2* and y, (z) = 2* using the property of mono-
tonicity of the functions appearing in them. 2.44*. 3. Hint. See the
hint to 2.43*. 2.45*. 1. Hint. Make a substitution y = z — 1 and use
the hint to 2.43*,

Sec. 3. 3.1. —%, 32, 3, 2. 33. 2. 34 2. 35. —i, 1.
3.6. 1, 10-3, 10-2. 3.7*, 81—1’ 9. Hint. Take the logarithms of both

25%
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sides of the equation to the base 3. 3.8%. 10V 108(13/3) o=V loe(13/3)
10V 108 (7/3) 10~-V108 (773 Hint. Introduce the unknown y=zl08%,

3.9%, 101, 104+V3)/2 40(1-V3)/2 pyp;. Take the logarithms of
both sides of the equation to the base 10. 3.10*. 10, 0.1. Hint. See
the Hint to 3.9*. 3.11. 10. 3.12. 10, 10%. 3.13*. —10, —1. Hint. Use
the identity )/ 2? = —=z which is valid for z < 0. 3.14. log, 10

1 1

— * __ —
logs 28 — 3. 3.15%. 3 15
of the equation to the base 15. 3.16*. 1, 0.1, 0.01. Hint. Having
gimplified the right-hand side of the equation, take its logarithms to

the base 10. 3.17. 3, 3 + V2. 3.18. 3. 3.19. 7. 3.20. 1, 3. 3.21. —10.
3.22. 2. 3.23. 2, 3. 3.24. 1. 3.25. 1. 3.26. 3. 3.27. 3.

Hint. Take the logarithms of both sides

3. ¢
3.28. 1. 320, + . 3.30. 1, 3. 3.31. 4, X2 332,14 -1 .
2 2 4y8

1 11

[ 3.1. —_—
353 8, . 3. B4, 0>0 and bl % 3, .

3.36*. %, 3. Hint. Solve the quadratic equation with respect to

the variable y = logg z. When solving equations of the form logg z =
¥; (z) and logs z = y, (z), use the property of monotonicity of the
functions entering into different sides of the equation. 3.37*. 1. Hint.
Compare the greatest value of the function appearing on the left-hand
side of the equation with the least value appearing on the right-hand

4

side. 3.38%, 2. Hint. See the Hint to 3.37%. 3.39%. ——, 2. Hin. See
the hint to 3.36*.
1 3
Sec. 4. 4. (5, 5). 42. (4, 2). 4.3. (7 , —7). 44, (6, 6).

4.5. (3, 9), (9, 3). 4.6*. (1, 4). Hint. 4>, 2(x-V)/2, 23-V are successive
terms of a geometric progression. 4.7. (2, 2). 4.8. (2, 1). 4.9. (1, 9),
(16, 1). 4.10. (—2, 7). 4.11. (1, 1). 4.12. (2, 4). 4.13. (1, —1), (5, 3).

414, (16, 3), (61—4 L —2). 45, @1, 4), (-8’—1 —3) . 416, ¢, 1),

4.17. (6, 2). 4.18. (9, 16). 4.19*. (4, 1), (—4, —1). Hint. The first
equation is a quadratic equation with respect to z = oV = and the
second is a quadratic equation with respect to u = z?i—yy
4.20*.(V'3,1), (—V'3, 1). Designate z= z2 1+ y, u = 2¥~*" and use
6%~V =3%"-v/2u-*" 4.21. (2, 2, 1).
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Sec. 5. 5.4. 4. 5.2. 3. 5.3. 2. 5.4. 2. 5.5. 4. 5.6.1+V 1+1log2,

1—V TFTog2. 5.7, 1, 4. 5.8%*. 2, !

~Tog5 Solution. Dividing

3% _, 1 %2
both sides by 22.52, we get 5%-2.2%+H! =1©(5-2“‘") =

i
1<=>5.22H 1 or z2—2=0<>z= ——1——
log5

5.9. log-f:—/log V52—1. 5.10. 2 5.41%. —1—]/% log (1+V ),

—1+ l/-—%— log (14+V 11) . Hint. The numbers 103%"+7%, 40**+5%,

or z=2,

10~*+%*) are successive terms of a geometric progression. 5.12*, No

solutions. Hint. Investigate the behaviour of the functions appear-

ing on different sides of the equation. 5.13. —¥ 2, V' 2. 5.14. 1, 8.
1 1

5.45. — 5 g > 3. 5.16. (logy3 —2)"1, (1 — logs4)-t.

5.47. (5, 0.5). 5.18.10, 101/9. 5.19, [% , oo) 5.20. % 5.21. 2, 7/3.

522, 1. 5.23. 8. 5.24. 1. 5.25. 5. 5.26. 2. 5.27*, (3, 9). Hint. Take

the logarithms in the first equation to the base z. 5.28. ( - 21

3 2 8 k)
32 16 4
—_— —4 g —_— i
- ) . 5.29. (4, 2), (—4%, 2). 5.30% (1, 1), (81 ' 5 ) Hint. Taking

the logarithms in both equations, to the base 10, rationalize

the system with respect to the unknowns u = }gg;
1

1
100
5.32. (2, 6), (6.2). 5.33. (1, 1, 1), (4, 2, V2). 534 (a*, a, a?),

1 1
(a0 o)

Chapter 3

1

), Hint. Pass to decimal logarithms in the first equation.

Sec. 1. 1.4, (—oo, —2)U(2, +oo). 1.2. (_% —2) U (3, 4o0).
13, [—1, 3]. 1.4 (—o0, —2)U(—1, 0. 15. (—8, 4.
16, (—oo, —1) U (3, 7). 1.7. [—1, 2]. 1.8, (—o0, —2) U (1, 2) U

3, 4o00). 19. (1, 2]. 1.10. (—oo, —%) U (—3-.4), L1, (—oo,
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1)u(%, 2) UG, 4o L2, [—5, ;9};—‘/6—’—),
1.13. (Vi—_s,i]. 144, (—oo, —51U[1, 8+Tm)

115, [—46, 3). 1.16. (—iz‘/i 1], 1.47. [—6, 0) U 3, 4].
118, [—5, —1) U (1, +o). 1.49. [—1, o). 1.20. No solutions.

121, (-1, 5‘;/E) U@, o). 1.22. (—-—oo, ﬁg_—-ii]

123, z€R. 124 (5, o). 1.25. (—2, —uu[—% %)
1.26. zC¢R. 1.27. [% , %] 1.28. U—VT7, V5—1]. 1.29. z¢

(—mr VE-)U (VEH1, Fe). 130 (—2ELE 5)
1.31. (—oo, —2— V2] UM+V3, 4+ ). 1.32. (—0, —1— V3]

[1—V5, ). 1.33. [—1, 2) U (8, 5+V 18]

Sec. 2. 2.4. (—oo, logy (—1+ V7). 2.2. (—2, + ). 2.3. (—oo0,

—1]. 2.4 (——oo, —‘/210g2 @] U [‘/ 21og, V2+1'

—|—oo).2.5. [—Viogg4d, Vioggdl. 2.6. [—4, 2) U (0, + o).

2.7. [—10, +5]. 2.8. [0,1]. 2.9. [log35, 1]. 2.10. (—V'7, —V'3) U
(V'3, V7). 2.141. [2, 18). 2.12. (—10g,9, + ). 2.43. (— oo, log; 3).
2.14. (%logs& log,,s) . 245, [—1, 3). 246. (2, -oo).

2.17. (—oo, _-12—) U (% +oo), 2.18. [0, 4]. 2.19. (— oo, O) U

(logs 2, 1) 2.20. (—1/2-+k, k] U (A/4+k, 1/24 k), k€Z.
3

Sec. 3. 3.1. (——2-, —1) . 3.2, (3, +oo). 3.3. [—% %) U

(% 1] . 3.4. (—oo, —1). 3.5. [-i- 2]. 36. (—V3, V3.

3.7, (% 4) . 3.8, (—%—%) 39. (4 7). 3.0. (1, +oo).

341. (3, 7). 342 (10~ 10). 3.3. [—2, e)u[%, 7).
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3.44. (o, .%-] U9, +o0). 345. (1, 21U 3, 4). 3.46. (—7, 1).

3.47. (—5, —4)U(—3, —1). 3.18. (0, 1]U[2, + o). 3.19. [1, + o).
3/71A 8 Firm
3.20. (— oo, logy 2). 3.21. (_% —1) (/10—-3, ,/1020_.3)

3.22. (0,2) U (4 + o). 3.23. (0, 1) U (2, + o). 3.24. ( Vii— 3]
)

3.25. [—— —] 3.26. (1, 3) U @3, 5). 3.27. [‘/52 1

3.28. (2715, 29] |J [29, —oo). 3.29. (—2, —1) U [0, oo). 3.30.
(1/6 1, 5), 331. (0, HUL4 2!1V3). 332

0,
1
( 5
[1, 5) 3.33. 2-V 18, 1)y (1, ¥2). 3.34. (%]U (1, +o).
o, (F4)0 (5] s (1) (2] o
(%2) 337 (—4, —3) U1, +oo). 3.38. (1, 2). 3.39. (
3“;/5] U [3‘*‘;/5 , +oo), 3.40. (3"';/5 , 3]. 3.41. (—oo,

—TU(=5, —2]U[4, + o). 3.42. (— 00,0] U [loge 5, 1). 3.43. (2—1/2,

TIo[F 24v2). saa (0, —7=) U OV, fe)
3.45. (—;—logﬂ, log23], 3.46. (_1, _%)U(V%J).

1 3

s (5, _2.], 3.48. (1000, 4 o0). 3.49. ( 3/1_* 1) U, oo

3.50. (‘/5’2‘*1 , 2), 351. (1, 2). 3.52. (0, 1)U (1, 'V10).

3.53. (3, m) U (n, l;) U (37“ 5), 3.54 (an, 24 2;rtk) u

5 :
(2 + -, (2k+1)n) kCZ. 3.55. (%, %) . 3.56. (nk+%,

nk+f—] kcZ. 3.57. (2nk+arcsm ; , 2muk —|-%) (2:r1:k—i-1 ’
2

(2k4-1) n— arcsm?) , k€Z. 3.58. (7, 2) 0] ( _T’ 1] U

znk_F , 7.{_2:;1;) ,  k€Z, k0. 359% z=1, z=2,
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Hint. Find the domain of definition of the unknown z and verify the
validity (or nonvalidity) of the given inequality for every integer
fromzthe t}omain of definition. 3.60. z= —1, z=0, z =1,
z=2. 3.61. 6, 7, 8.

1 N
Sec. 4. 44,7, =+ 7(—1+]/1—4a) for a <0,
z=0 for a=0, for a>0 the equation has no solutions.

2. a>%. 43.2Vi<a< 13—1 4.4.——7—_2‘/15-
1

2 V3. 45. m>1. 4.6. For no m. 4.7. 7 <e<1. 48 —3<a<

<m< — 44

0o~ A

1 1
3. 4.9. ——Vg <a<W. 440, p=——=. 411. a;=6, a,=
3
—3 . 412. (0, 0), (1, —2). 4.13. (a) For a <O there are no solu-

tions, for a=0 there are three solutions, for 0<a <1 there are

four solutions, for a=1 there are two solutions,
for a > 1 there are no solutions. (b) For a <0 there are no solu-
tions, for a=0 there are two solutions, for 0 <<a <4 there are four
solutions, for a=4 there are three solutions, for a>4 there are

1 —
two solutions. 4.44. 5 <a<1. 4.15. a <—2. 4.16. For |a| < V2

the inequality has no solutions. For |a| <}2 the solution is

a—Va—iti<z<a+t YVad—1i—1. 447. For a<0 and a>4
the inequality has no solutions, for 0 < a <2 the solution is
—a<Lz<a, for a=2 the solution is —2<z<?2, for 2<a<<4

the solution is —-% Vaib—a<z< % Va(i—a) 418. a <50.

1 3 1 13
4.19.k<?,k>—2-.4.20. ——7<a<1. 4.21.* ——4-<a<3.

Hint. Writing the inequality in the form 3—z%2>|z—a|, con-
struct and investigate the graphs of the functions appearing on the

left-hand and right-hand sides of the inequalities. 4.22. a=1,
7 -
a=7. 423 a=1, a=0, 424. a=100. 425. | h | > V542,10 <

V5—2. 4.26. h> -“;l 427. h=Q2k+1)n, kcZ. 4.28. m=—2,

n=—4.4.29, z=1log, a for 0 < a < 1. For a <0 and a > 1 the equation
has no solutions. 4.30. z= + log,, (14 1/1 1—a for a<<1. Fora>1

there are no solutions. 4.31. 0 <a << ﬁ 432. a<—V7,a>

V7. 4.33. For a=0 there are no solutions, z<—2-logga for
a>0, z<logg (—a) for a<0. 434 oa>2. 435 a>1.
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—1— Y17 —1—V5

4.36.2 <<e << 3.4.37.0 < e < 8. 4.38. 3 <a< 5 ’

—1 —1 17
+‘/5<a<+1/. 4.39. 'a <—2. 4.40. —3I<z<—1.

2cosa

44. z>3. 442. (1, 0). 4.43. :c=—arcsxn—1—+1/_4—T;’—a
2

“Vithcosia
&+ +2nk and ST“—I— ik <a< Tt k. bk z=(—1)k X
arcsin 100~V @D 4k for a<— Y2 0or a> V32, z= (— Dk X
arcsin 10“iv-m)+nk for—Y2<a<—1, for -1<a<y2
the equation has no solutions. 4.45.b <—2— V8, b>2. 4.46. —3 <
<LaL—2, z=+ —;-arccos 2a+5-+nk, k€Z. 447, a1, =2,

(—1)™ arcsin +nn, k, n€Z, for 2“""—:;‘ <e<

b 1 1
4.48. z=nk-+(—1)k arcsinmforb <3 (b #* 3 b#0, bq&—i) .
For b>1/2 the equation has no solutions. 4.49. For a<<0 the
loga 3
equation has no solutions, z=sk + arcsin 2 2 | kegz, for
a>0. 450. 0<z<1 for a>1,0<z<arcsina, 1 <z<n/2 for
a<sinl, O0<z<1, arcsin a<z<<m/2 for sinl<a<i.
T 14
4.51. (0, 0), (1, 0). 4.52. k=1, z=tan T(i— V), y=cos T (14

V7). 453. a<—1, a=0.
Chapter 4
Sec. 1. 1.33. Tan (%—i—%—) for e € [0, —g—) U (-—g—-—}—n];
cot(—g--i-%) for ae[n, -37:”) U (-321, 2n]. 1.34. 2tan3a
for o 5= -g——{—nn.
1 V6 /2 L 2.5, 1.

Sec. 2. 2.4, —1. 2.2. . 23. - 247
3 —
2.6. 4. 2.7. 5 - 2.8%, L‘Z— . Hint. Use the equation

cos (3-18°)=sin (2.18°). 2.9%. %(VQ-V10+2 V5 —/5+1).



394 Answers and Hints

Hint. Use the equation sin 42°= sin (60°—18°). 2.10. 0.96. 2.11. 2.
3n—nd —m a?—p3

2.12. a*—4a%}-2. 2.13. 57— 2.14. TFm 2.15. a5

2.16. 3. 2.17. -ﬁ%gm-. 2.18*. —/3. Hint. Considering the

conditions as a system of trigonometric equations, find a and f as
the roots of that system which belong to the indicated intervals.
cotf _ pta 2 _ o __ 1
249, ot = P—q 2.20. tan 5 =2, tan 5 =—gF.
1 1 o
221, =2, — 5, 5, 2. 222 423 —3z—m=0. 2.23. tan 5-=m.

2 I 3 )
994 =225 Y 226.Y3 20177 208 4 V5. 2.20% n—2.
a 3 Z %
. . k11 k11
Hint. sin 2=sin (n—2) and n—2¢ (-——2- , —2—) .

2.30. —1—41130—_ 2.31. LZ 2.32. M—ﬁ 2.33. —3—+V—13
2V 2—V15 2 9 5 13
2.42**, Yes, it does. Solution. Designating z=cosy, we trans-
form the argument of the second term by the formula
-%—cos y—l-lfz—3 sin y=cos (%— ) . For the variable y the equa-

tion assumes the form arccos (cos y)-}-arccos [cos (—g—— )]:

or, after  simplification, the form y--

- ll_
y 3 -
. For y¢ [0, :n:_] the given equation turns into an identity.

2,43*. Yes, it does. Hint. See the Hint to problem 2.42.

244 % [n cos or— 08 [(n+2) a] cos na] . 2.45. 08 [(n+2) a] sin na.

sin o sina

1 o 1 n 1
—_ = — .9 —
2.46. on cot om 2 cot 2o, 2.47. 5 . 2.48. 5 . 2.49. 7 2.50. 0.

2.51. tan -(L‘#

Sec. 3. Unless otherwise specified, the letters n, I, m, k encoun-

tered in the answers assume integral values. 3.1. ———g— + 2mn,
(—1)m _g_+ mn. 3.2. mn. 3.3. :};-%——I—nn. 3.4 %—}—kn, + o+

2krt. 3.5.% [% +an, o + :rrnJ U [ZT“ + nn, ‘%“‘“”"]

Hint. Simplify the expression isolating perfect squares in the radicands.
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+v/5 V51
7 Z 3.7,

-+ nn, —arctan “+nn.

1 1
3.6. arctan arctan &

7 EL T
kn, arctan & -+km. 3.8. 5 +2kn, m(2k41). 3.9. £ 3+ k.

n 2 2nk n
3.10. — + 0k, + arctan—%—-{—nk, —5 H'(Zk‘H)‘

1 11
340, —o+2km, (—1)* 5+, 3.42. arctan 5 +-kr. 3.43. 7 X

k14 11 nk
(6k+1). 344 m(2k+1), 5 (Gk—1). 345, 5 Bk = 1) 3.46. .

kx 1
3.47%. z= 5~ & 5 arcsin I/Za for ac [ 5y ] , for the

other values of a there are no solutions. Hint. The values of
a for which the equation has solutions can be found from the con-

%11 7
dition |sinz|<1. 3.48. —+ kn, 1—’;+—7—. 3.19. — o5+

%, LzZ‘*‘% 3.20. —m5— 2;"‘ , 100—}— 2;5" .3.21. f—é x,
B 322 e, 2L T 393, No solutions. 3.26. —5+
2nn. 3.25. arctan %—*—nk, nk—arctan-;— . 3.26. ntk, + arctany’ 24
nk, +£—g-tmk 321 & Gk+1). 3.28. —-+2kn.
3.29. 2k, i+2kn.3.30.§£——{—nn, (—ty o ——+nn. 3.31% 2=

—--I—anj:arccos V-- for a € (—o0, —1) U (—1,—2(1/5—1) U

[2(V 241), 4+ o0). Hint. Represent it as an equation with respect
to the variable t=sin z4-cosz. The values of a for which the equa-

tion has solutions can be found from the condition |t]| <<V 2.

k 1 T 162 —1
332, 2% 333 r—kn o - arceos YT 02 =1 fora=£0, z=
3 2 4a
%1
kst 4+ —— for a=0. 3.34 ;’" . 335, 7+ 5. 336, .

LU
k
nn

5 @k1), - (241 3.40. 5 (2k+1). 34 50, o+

L ELS
3.37. W(Zk-}-i), —3—(3ki 1). 3.38. 3.39. T(Zk»]—i),

k 1
an. 342 + 5 -l-—n—-. 3.43. arctan 3--atk, arctan ——+ k.
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7 T 4 57
3.44. 4 (Bk+1). 3.45. o +km, g+ 2k, ~13 +2kn.

3.46. 2km, —-+2kn. 34T —+kn, ——7+kn, 2kn. 3.48, 7+

V3 nk

kn —1
o) +nn. 3.50, -3 -

E14

—5» 5 tkm.  3.49. (—1)"arcsin
3n 3 nn nn n n

351, ——+nn, g n+ - 3.52 —5» § (2n+1).3.53, —7+
25

ke, &~ 2. 354 K, (—1k*1 —kn, £ 5 + 2km.

19 n n 14
3.55. ——+km, 3+ . 3.56. 5 k+1), 2k +1).

nk T nk nn T
3.57. —2"—1, 70 (2k+1—1. 3.58. 7 - 359. 5, -8—(2n—|—1).

2
360, zan, n@n41), 5 Gntl). 361 5 Cntl), -

L) nn n nn
7y T(2n+1). 3.63. —4—'+(-—1)" 2% - 364 —3—.

3.65. o (4n—1), nn. 366, —(2n41), 2n, 5 (4n + 1).
n 1 X n
3.67. T(2n+1), fin + 5 arccos (sin? a). 3.68. —2-(2k + 1),
n 14 14 nk 11
(—Dr 5 +nk, - @k+1), 47 @k+1). 3.69. —~. 3.70, =X
k
@k+1), (=W o 3T x5 tan. 372 ——7 +an,
n
2nn, ——72t-+2nn, -Z—(2n+1). 3.73. —%-{-ﬂn, 3.74. T+

nn 1 nn n n in 14
< g8 3. 5 -tan, (—=Oropt+—. 376 4+

1 3

1[219 i—% +nn. 3.77. n, __4“___}_317".’ + E’&I‘CCOS (—T) +
7 no, nn L) nn

n. 398, ——7+tan, (=0 m+—5-. 379. an, 55+ 75
7 n £/ 7 nn

3.80. £+ 2, +—5 +an 385+, F+ -5

I in T n F11 11
3.82. 5+ .3.83. +5 . 3.84 + 3 +nn. 3.85. +— +an.
Ve _
3.86*. -+ arccos (-——4—) +2nn. Hint. Introduce the variable

n . . nn
t=z+T and set up an equation for y=sin¢4-cost. 3.87. e
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n : n nn n
3.88. (—1)"1 5+ nin. 3.89. —5tan. 3.90. <—, ——5+2mn.
n o, T no, mn n 1
391, (=) g5+ g+ » —g Tan 3.92. .

14 nn n 2nn n 2nn 11
398 (=) mt+—5 > T 7 § 13 -394, 70, — 7+

nk F14 nk
= > ?.4_ - -
2nn

3.97. %"'T , n=3l. 3.98%. (—%-—}-2::1:, 2) . Hint. Estimate

1 -
nn.  3.95. & 5 arccos (V3—1)+nk. 3.96.

n
the left-hand and right-hand sides of the equation. 3.99. —T+

14 n T F14 nk
nk, ——5 +2nk, —— + 2nk. 3.100. S +kn. 3.400. 7+,
7 nk nk 25k 3n nk 11
(—hrgy+—5-. 3.402. 35—, —5—. 3403, 5+, —7+
k )] 7
nk. 3404 ——tak, (—i)rqsto-. 3405 -+ 5.

n 3 nk n o

3.106, ———+-mk, grt—5. 3400, ——5+ 2k, (—1k 5 +
11 k11 k11 k11 k14

nk. 3.108. (—1)hT+nk, T-|-nk, 3.109. —-{54——2— k, T+
11 5

mk, 3410, — 7~k k. 3411, 5+ k, k. 3.412%, (arccos g3+

2nn, 2) . Hint, Estimate the left-hand and right-hand sides of the

1 14 H1 n

) 1.7 3
equation. 3.413, 5+ . 3Mh. —7 =, — 5, —7, 7 3 -

] 5n 2
3415, 5, W, 2, —5. 36, & 5, gk, k=0, +£1, 2,

11
£ 3. 3.447% —5 + V25425 (2k+1)
. 3.417%, 5 ,

k=-—2, —1,0,1,2,3,....
Hint. The values of k satisfying the equation must be obtained
from the condition of the existence of real roots.
A2 __
g.4qge, GntD n 1/1(§m+1) n1—240 ’
—(n+1)n + VEn + 1)d n3F240
12

, n is any number, m is any

number except for + 1 and 0. Hint. See the Hint to problem 3.117*.
14-@Gk+)n+ VIF2Gk+) o
3.119*, D)

, k is any integral non-
negative number. Hint. See the Hint to problem 3.117¢.
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; 3.120**, Solution. The initial equation can be written in the
orm

n , cosz+sinz n cosz—sinz
CcoS (T+_—_2_) cos (T-I—T) =0.
Solving the equation cos (%+_c_os_.z+Tsun_z) =0 by the method
of an auxiliary angle, we have }/ Zsin (%+z)=-g— (4k + 1).

Estimating the left-hand and 1ight-hand sides of the last equation,

we infer that it has no solutions for all k¢Z. We can prove by
. n cosz—sinz

analogy that the equation cos ( T—’r—z-) =0 has no solu-

tions either.
F1] 1 .9 .
3.4214*, 2kn £ @, 5 (4k 1) F o, @=-5 arcsin 4, the signs
are either bothiupper or bOtih lower. Hirizt. See the solu4tion of
—4)n
3.120%*, 3.122*. - arccot (k+-4—)+un, ( 2) arcsin 1 +
nn, ls=—1, 15%<0. Hint. See the solution of 3.120%*,

5n 3 3n 3 L] 3 n 3
3.123. _'—4—_{__2" —n+41, ’"T_'_?’ —T+?’ 1’T+7’

n I
3.424. —g+2nn. 3425 (@) O, 4, m (b) mn, 5+ 2.

7T
3.126. arctan ]/--—2-+nn.

3
3.127%*, Tu+2nn. Solution. The equation is equivalent to the

2 7 In
equation sinz= lg whose roots are x=-4—+2nn and z=—4+
2nn, 2m is the least common multiple of the periods of the equa-

)’
tion and the inequality and, consequently, the values 2 and

3n . e T . .
—— must be verified. Substituting v into the inequality, we

4
n
cos A s il

co
obtain a numerical inequality ZW >2 2, Since

7
COS——

7 = T
2 2 =1, cos —Z—L >0, cos3+sin3= V"2 cos (T—-3) < 0, the
numerical inequality obtained is not valid. We make sure by anal-

3
ogy that Tn satisfies the inequality,
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3
3.128*, 8” +mnk. Hint. See the solution of  3.127**.

3.129*. 58—n+nk. Hint. See the Hint to 3.128*. 3.130*. ——3—;-4-

2nk. Hint. See the Hint to 3.128%. 3.131, —- (4k—1). 3.132. (—;-x

(4k—+1), %(zmﬂ)), (%(4/:—1), —’2‘—(4,2—1)). 3.433. X
(4k1).

3.134%*, (%(Gm—i—h, %(sk.i-i)), (%(sm—.i), %(Gk—i)).

z
Solution. With respect to the variables u=tan— and v=tan %,

the initial equation assumes the form
1—u? 1—v? (1—u?) (1—0v?) 4uv _3
Fw T A o) T AT At 2
or, after simplification, the form wu2-v2—8uv49u2v241=0, the
last equation is equivaient to the equation (u—v)2+(3uv—1)2=0.
Returning to the initial unknowns, we have;

z V3 z V'3
tan7=T, tan?=———3——,
or
y_ V3 y__ V38
t,an—2-= 3 tan T=—T3

3.135. (%(4k+1),%(4z+1)). 3.436. (5 (4k—1), 5 X
W—1), S Um—1)). 3437 7 Bk+1). 3.138, (£ +

L
ma, T-I—ln) .

in k11 in k14
Sec. 4. 4.1. (T—nk — 7> —2—+ﬂk+T). 4.2, (nm +

+ — n — T
HE, TP ), (an g T, et g )

in each solution the signs are either both upper or hoth lower,

’

k
Y=arcsin 0.535, {=arcsin 0.185. 4.3 (nk+nn+%, l2——J'm+
n 1 L n ]
T)’ (nk-{—nn—T, nk—nn—T). 4.4, (7+nk+nn, -ZZ—I—

nk—nn), (2—2+ nk+nn,—7241+nk—nn), (—%-{-uk—i—
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n n )14 E
nn, —7‘+ﬂk—ﬂn) s (_T + nk—nn, —2—4--{- :tk+:rm).
7 n n n
a5, (5 +om, 5 +omp), (—4+om —5 +2ap).
21 2n
4.6. (2nm, 2mn), (T(3mi 1), T(S":F 1)) s (nm+n + @, n+
n n n 3—y 11
—G—;ttp) ) (J‘(—T:t P, 31:——6—=F(p) s (p=arccos 14#
14 4n] )14 4ml b1
4. (2‘”‘+T’ 3 tF ) (_T+2‘”" 3 —_2‘)’
3n 4n] b4 3n 4n] T
(7t F—5), (Tt F—).
4.8. (2nk + @, 2nl ), (2nk+n+ @, 2nl4-n F P), ¢=arctan

4 /500 LY
500 500
}/5 s Y =arcsin /5 and either both upper signs or both

lower signs are taken. 4.9. (2nn, 2nk-+mxn). 4.40. (nk, 27:n),
1 2 1 2
(arccos 7+2nk, ——g--{—Znn) s (——arccos 7+2nk,-—g—+2nn) .
) n 1
4.1, ((—1)"(—%—I—nk)+:rm, —Z-—{—:tk) ’ ((—-1)" arctan 7+
1
(=" ak-}-smn, arctan 5 + nk) . 4d2, (% + nk, nn) ’

3
(Tn + 2kn+nn, —% -+ nn) ’ (% — arctan 2 + 2kn 4+

n 1 2
ny, —arctan 2+nn) . 443. ((—1)"+1 g_r;_n, —garctan 12-—-—}—

B). e (o R, (w1 ).

4.15. (i3—,f+2nn, (—1)m%+nm). 4.16. ((~1)n%+
an, £ +2mm). &l (=g + 2, (—1ph 5+ 7k .
4.18. (—g--}—nk, Vi). 4.19. (i%+2kn, TI;+“T").
(o

arcsin —-1-
2 o 5

4.20. ('n—(2n+1),n(2p+l)) a21.

pa— —4\n

( Zi)narcsin +(k+n) 2 ’ ( 21) arcsm%——(—zi—) arcsin—g-—{—
T T 11z n Tn

(k—n) 5~ ) 4.22, 6 ’ ) ( —-) s (F’ g’) ’

(.ﬁ’l Mn).

= —p— 4.23. (T(2k+1), - + i, %-{-mn).
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—1 193
4.24. ((P*i-ﬂn, ’igt‘—(P—nn) , wherc @=arctan —5:7‘;——
4.25. (% (B (—1)k), %(61+3i1)). 4.26%, (-Z—+
nk, arctan2--ml, arctan3--nm ) , (nk-l—arctan 2, %-}—

nl, am--arctan 3), where k-+14+m=0. Hint. Calculating the tan-
gents of both sides of the first equation, rationalize the system

with respect to tan z, tan y, tan z. 4.27*, (arctan 2V'5 + nk, arctan

- 5

V'5 «+ xul, arctan lg —__G—:n:m) , if we take the upper signs, then

vfe have k+41+4+m=0 and if we take the lower signs, th't;n we

bave k-+14+m=2. Hint. See the Hint to 4.26*. 4.28. (%-}—
51 11in 13m0

ka, —3‘6—'-*—kn), (nn—T, nn—-Tﬁ—). 4.29. (T-—

k k — 1)k 2—-3Y3

— s = \ 4.30. (—%'—*—( 2) arcsin ——GL—}—

2 2% 2
kn @ — 1)k 2—3V3  kn 1 1
5 T—i_ ( 2) X arcsin —(5_1/_+—2—) . 4.31. (7 ’ —-) ’

(_%? %)9 (1’ 0)7 (_11 0)1 (01 1)1 (01 —1)- 4.32. a=21tl,

(£5+hn +in,  Fg—kmtn), e=n@+1), (£5+
n(2l4-1) n (2+1)
g Tk 3

—kn F %—) , a=mm: there are no

solutions.

3 1 V3 =
Sec. 5. 5.4. —3tani. 52. —5. 53. —5, —5= 5.4. V3.

5.5*%, cosa for ac (0, m], cos%aforae [—2m,0), forac (— oo, 2n) U

(v, +oo) there are no solutions. Hint. When solving the quadrat-
ic equation for the variable z=arccos z, take into account that

0<<arccos z<<m. 5.6. V2. 5.7. —% . 5.8. % 5.9.1.5.10. 0, 1.
2 2
5.11. No solutions. 5.12. —2. '5.13. 0, VT, —LZ_ 5.44. 0,

1 V3 1 1 1
—1, 1. 545. 5. 5.46. —5—.547.0, 5, —5. 5.8. —5,

1 1
0, 3549 5, 1. 520. [0,1]. 521 [—1, 0. 5.22. (0,1].

26-0263
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2
5.23. [12—, 1]. 5.24. [0, 1]. 5.25. [—1, 1]. 5.26. [0, o).
527. (—1, 1). 528. (0, 1). 529* z=22 )Y T1—a? for ac

[ %]

, for the other values of a there are no solu-

tions. Hint. The domain of the permissible values of a can he found

from the condition | 2arcsin a | < *g— . 5.30%, 2=V 1—4a® fora €

[0, %], for the other values of a there are no solutions.
Hint. See the hint to 5.29*.

Sec. 6. 6.1. (—%+Zﬂn,7—g+2nn) . 62 (arctan 2+ an,

%-an) . 6.3. (mn, arccot (— 3)+nn). 6.4. [1—%ﬂ+2nn, 1—
3+em]. 65 [o, ]/%] o[ V o,
l/%-kznk] U [—]/%, 0] U [—]/1—?14-2% ’

n St Sm
—l/—6‘+2ﬂk :I, k=0,1,2,... 6.6, (—4—,—4+2nn) .

6.7*. No solutions. Hint. Use the inequality |sinz| <1
6.8. [-—%—l—Znn, %—}— Znn] . 6.9, (%—i—nn, —341+nn) U
(3Tn-|-nn, n(n—}-i)) . 6.0, (—%—i—nn, —arctan2+nn) U
(—%—}—nn, %—{—nn) . 6.41. (—--;— arcsin —g——}—nn, nn) U (%—f—
xn, —;L—i—%arcsin%). 6.42. (5 (12k+1), & 12+3) y
(F @+, 5 @r+3). 6.3, (ZT“+2uk, 5—§+2nk).

7 1
6.14. ( o—-+2nk, “izuk) 645, (u-42nk, n+@-42k] U

1 T o,
[2nk—@, 2nk), ¢=arcsin 3- 6.16. (?-}—2::1:, T—r—Zuk) U

(542, SF-t2mk) . 617, [—E‘—+2nk, —5+2nk | and

n n o, 2nk 2nn 2nn 1n
T—I—2kn. 6.18. (—6—-"__—3_V 18 -zt -3 ) ( +—3 3 ' 18 1 T
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2’;" ) 6.19, (nn. -+ ﬂn) u (-nz—i— zn, 5—g+ “")'

. nn 7 o, T nn T nn 3n
s20. (g, ) v (T )
5 5n
62 (g, T +gp). 62 (gtenk 5o+
19 n 19 n
2nk) and —-—2—+2nk. 6.23. (—T-l"ﬂn, un) U (-Z-—*—nn, —2‘+

nn). 6.24. (-3%+2nn, QT“+2nn) U (—n425n, 2mn).

1
See. 7. T4 [—1, 1l 72 [—1, 1. 73. [f,1].
3

1.4, [—1, VT) 15 (—5=, o). 76 (—o, cot2).
1

7.7, (—oo, tan1). 7.8, g. 7.9, (—oo, o0). 7.10. [—1, cosi].
1 1

741, (=1, —1/—.2.) 7.42. [—1,0). 743, (1, o). T.14. [0, 7)-

7.15. (—‘@— 1) U (—1, —g)

2

Sec. 8. 8.8*. Introduce an auxiliary angle and use the ine-
quality |sinz | <1.

8.9**, Solution. Let us represent the oxpression we have to
estimate in the form

—g— (1—-cos Zz)+% sin 2z+% (1+4cos 2z)

atc 1
<> —5—+75 [(c—a) cos 2z+ bsin 2z] .

Then we must use the inequality proved in 8.8*.

8.10*. Hint. Represent the left-hand side as a function of half
the argument. 8.11*. Hint. Apply the technique used in 8.2.
8.12%, Hint. See the Hint to 8.11*.

8.14**, Solution. The initial inequality is equivalent to the
inequality

cos a+-cos fi 4 cos y 3
<.
2 4
Since cos -4 cos y=2 cos ﬁ'lz‘_Y_ cos %—Y— we can take into account
the hypothesis and use the reduction formula to obtain

cosa+cosﬂ+cosv<cosa+25in%.

26%
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Since cos ¢ =1—2sin? 2 , the problem reduces to finding the great-

2
est value of the function;1—2 sin? %-{-2 sin %. Isolating a per-
2
fect square, we get 1+%—2 (sin %—%) <—Ezi . Thus cos a +

cosP+cosy << % , whence follows the validity of the initial

inequality.

2
8.20%.'Hint. Estimate the difference cos z— ( 1— iz)iusing the rep-

%. 8.21*. Hint. Use the result of the

preceding problem and of Example 8.3. 8.22*. Hint. See the Hint
to 8.20%.

Chapter 5

resentation 1 —cos z=2 sin?

Sec. 1. 1.1. cos0+isin0. 1.2. 3(cos 4 isinxm). 1.3. cos% +

isin%. 1.4. Vil_(cos-zl—i—isin%). 1.5. V2 (cos——}-
.3 . 3

isin %) . 1.6, 2 (cos I%—&—ism 3—ﬂ) . 1.7.5 [cos (—~ arccosg-)J(-

isin (-—arccos-g—)] . 18.5 [cos (n+arccos 3 )+ i sin (n+

arccos%)] . 1.9. cos —§—+ isin —3—, 1.10. cos (?+ a )—{—

isin(3T"+a). 1.11. _%. 142, + (14-i). 143, +2(1—i).
— in (— —4/5

144, V5 [cos(nk+““"‘——§—’*’5>)+ism( oy 20008 (—49)) ]

(k=0, 1). 1.15. 1175, 146, L[ 31— (V3—1) 4],

+ [V§—1+(V§+1) i]. 1.17. cos %—I—isin—s— , COS T+isin-§

9 13 13
€08 —g— 8 -i—;sm g , COS Sn—l—ism 8“

B 21k +arccos % 21tk -+ arccos —g—
148. ¥5 |cos —_— -+ isin —_—
1.19. cos 3" +i sin 2“" (k=0, 1, 2).

See. 2. 2.1. A circle of unit radius with centre at the origin, 2.2. A
positive semiaxis Oz which includes the point 0. 2.3. A ray emanating
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from the origin (without the point O) which makes an angle of n/3
with the Oz axis. 2.4. The interior part of the circle bounded by con-
centric circles of radii 1 and 4 with centre at the origin. 2.5. The set
of all exterior points of a circle of unit radius with centre at the point
(1/2, 0). 2.6. The set of all points which lie in the interior of a circle of
radius 199 with centre at the origin. 2.7. The Oy axis. 2.8. The
straight line y = 2z + 3/2. 2.9. A half-plane lying above the straight
line y = —1/2. 2.10. The set of all points which lie in the interior of
a circle bounded by concentric circles of radii 1 and 4 (including the
circle) with centre at the point (0, —1). 2.11. The straightline y = —=z.
2.12.The set of all points of the rectangle | ¢ | < 1,]| p | < 2.2.13. (1)
The straight lines defined by thelequation ay + bz = 0. (2) The straight
lines defined by the equation y = —b. 2.14. The set of all points
which lie outside the circle with centre at the point (1, 0) and radius 10.
2.15. The Oz axis and points with coordinates which satisfy the con-

1 V3 V3

ditions z = — 5 ———2<y<—2,
4—2i 1. V3 3i
See. 3. 34, 1—1, 22 32,0, —1, 5 VI 33,2 %
3.4. 0, cos 2‘;’“ fosin ZE =0, 1,2,3,9. 35 @),

(%, %) 3.6. (6, 1). 3.8. —1. 3.9. z=1, =i, zH=—0i

3.10. (a) (i, i), (—i, —i), (b) @, i), (—i, —i). 3AL. Ja } bi| =1,

a 4 bi = —1. 3.12. All real and all purely imaginary numbers.

—a? -+ VZ — a2
a?—1

V2. Fora > V' 2 the equation has no solutions. 3.14*. a > 2. Hint.

Investigate the mutual positions of the circles | z - V2=

@*—3a+2 and |z+ i V2|= a2 3.15. —2—1<a < _3

i i 10 6
3.16. z=2—Q+i (Q- )

343.z2= —1 —ifora=1, 2= ifor1 <a<<

Chapter 6

Sec. 1. 1.2. The sequence increases monotonically. 1.3*. The
sequence increases monotonically beginning with the second term.
[lint. Compare the ratio y,,4,/y, and unity. 1.4. ¢ = 0,d % 0, a/d > 0
orc = 0,d/lc > —1, ad > bc. 1.5. y; = 0 is the least term, the greatest
term does not exist. 1.6. y; = 4 is the greatest term, the least term
does not exist. 1.7*. zg = 24 is the least term, the greatest term does
not exist. Hint. Find the extremal points for the function f (z) =
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2z 4+ 5%22, 1.8. (a) n > 31, (b) n > 301. 1.9*. None. Hint. Solve

the inequality 2 << | 22 — 5z 4 6 | < 6 in integral positive numbers.
1.10*. Beginning with n = 3. Hint. Consider the interval of mono-
tonicity of the function f (z) = 22 — 5z 4 6. 1.11*. For integers

belonging to the interval [1, [—iniq]] the sequence increases mono-

tonically, for integers belonging to the interval [[-l—ﬁ%]+ 1, oo)
the sequence decreases monotonically. If —1/In q is an integer, the
sequence decreases monotonically beginning with the term numbered
—1/In q. Hint. Consider the intervals of monotonicity of the function
f(z) = z¢*. 1.12. Itisz, € [1/2,2].1.13. Itisz, € [1, 4/3]. 1.44*. Itis
z, € [0, 132]. Hint. Verify the fact that the sequence f (z) = z? — 2z }-
3 increases on the interval [1, oo]. 1.15*. It is z, € [0, 1]. Hint.
Reduce the expression in parentheses to a common denominator.

Sec. 2. 2.7*. Hint. Take some neighbourhood of the point a and
compare the values of the terms of the sequence, which have not got
into that neighbourhood, and the endpoints of the neighbourhood.
2.8*. Hint. Take some neighbourhood of the point a which does not
include g. 2.9*%. No. Hint. Take the neighbourhoods of the points p
and ¢ which do not intersect. 2.11*. No, it does not. Hint. Consider
even and odd values of n. 2.12*. lim =z, = 0. Hint. Use the in-

n-
equality | sin z | < 1. 2.13. (a) lim o;n = 1; (b) the sequence has
n-o00

no limit.

Sec. 3.3.1. —1/2.3.2.1.3.3. 0. 3.4. 0. 3.5. —1. 3.6*. 7/15. Hint.
Divide the numerator and the denominator by 37+! and use formula
(3.4). 3.7*. 0. Hint. Verify the fact that for any n the power base is
smaller than 3/4. 3.8*. 0. Hint. See the Hint to 3.7*. 3.9*. 0. Hint.
Use the inequality | sinn 1| <<1. 3.10. 0. 3.41. —5/2. 3.12. 1/2.

3.43*. 0. Hint. Multiply and divide by n2 — ny 1 — n® 4

V (1 — n®)2. 3.14*. lim z, = 2. Hint. Find a recurrence expres-
n-o00
sion for the sequence (z%), n € N, and use formula (3.5).
3.15*%. lim =z, = a. Hint. Reduce the recurrence relation to the form
n-+00

Zn41 = z, + (2, — @)? and use formula (3.5). 3.16. lim z, = V a.

n->o00

Sec. 4. 4.1. 119/3. 4.2*. (¢, = 2,d = —3), (a;, = —10,d = —3).
Hint. Use formula (4.4). 4.3*. (1/3, 2/3, 1). Hint. Use formula (4.4).
4.4. a, = p + q — n. 4.5*. Hint. Use the fact that if the numbers
u, v, w are three successive terms of an arithmetic progression, then

p— = — v.4.6% Hint. Use the identity —= " [%_%]
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4.7. 29. 4.8. 9. 4.9. 7. 4.10*. Hint. Consider the sum of the terms,
which are equidistant from the ends, among aq,, ..

4.11*. 82350. Hint. An even number divisible by 3, by 6. 4.12. d— 2a1,
al s O0ord= 0,a, 5~ 0. 4.13*.1275. Hint. Use the formula z2 — y? =
(z — y) (:c + v). 4.14*. 1064. Hint. Use the Hint to 4.10*. 4.15. 98.
4.16*. a, = 8n — 4. Hint. Use formula (4.6). 4.17*. Hint. Express
the sums a, 4 agp, a; + ay,, a;+a, in terms of Sg3,, S,,, S, respec-
tively and use the relation aj, 4 a, = 2a,,. 4.18*. Hint. Use the
hypothesis to obtain a relationship between a, and d and use that
relationship when proving the assertion. 4.19*%. For a > 12. Hint.
Consider the set of values of the function f (z) = 25% 4+ 25-%

1/ 5—13
Vi—v2
is not a rational number. 4.23*. No, they cannot. Hint. See the hint
to 4.22%. 4.24*. Yes, it can. Hint. If the lengths of the sides are a, b, ¢
and d respectively, then the necessary and sufficient condition for

the possibility of inscribing a circle into a quadrilateral consists in the
fact that a +-c= b - d

St+x 4 51-x, 4,20. z = log, 5. 4.22*. Hint. Show that

Sec. 5. 5.2. b; = 5, bs = 405. 5.3. (7, —14, 28, —56). 5.4. S, =
40. 5.5. (1, 3, 9). 5.6. (1, 3, 9). 5.7. (3, 6, 12); (% (9+V65),

—8, %(9—1/%)). 5.8. (2, 4, 8, 16); (16, 8, 4, 2). 5.9. (2, 4, 8)
or (8, 4, 2). 5.10. (1, 5, 25); (25, 5, 1). 5.11. ¢ = 2.
Sn\n/2 1 1 1
542, (22)™°, 5.43. _ _ ...
(Sn) @+ V3)m-12 24 V3)m-22 (2+ V3™
u% (q2ﬂ_1) 2n+2 z4n+z P x2n+1 .
?—1 A—2)2" . Hint.
Square the expressions in the parentheses and sum up the resulting
1 n
oAz T gn-T -
Sh nzntl N+l g

the difference Sp — —*. 5.49% Sp= z—1)  (@—12 °

Hint. Multiply both sides of the equation’by z and subtract zS, from

Sn. 5.20. b= Tsﬁ—; q= -%— . 5.21%, % . Hint. Use the method proposed

5.14.

. 5.A7% Sp= 20t}

geometric progressions. 5.48%. S, =4— Hint. Consider

2
in Example 5.2. 5.22. (6, 3,—2-, ) 5.23. (6, _%) 5.24. 235_1

3

5.25%, £>0, 25 *+a, S= M. Hint. To find the common
4 (a—z)ax

ratio g of the progression, divide b, by b,. With respect to z solve the
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inequality of the form | ¢ (z) | < 1. 5.26. p = —Z—SLE—, S =2a2.

5.27. The condition has the form aP-mpm-kck-P = 1. 5.28. The num-
bers 11, 12, 13 cannot be terms of the same geometric progression.

Sec. 6. 6.1. (4, 8, 16); (215- , —é—g , g—’g) 6.2. (3, 6, 12);

(27, 18, 12). 6.3*. 931. Hint. Use the representation of a number in the
decimal notation, i.e. represent the required number in the form
a-102 + b.10 -+ ¢, where a is the number of hundreds, b is the num-
ber of tens and ¢ is the number of unities. 6.4. (32,16, 8, 0); (2, 6, 18, 30).
6.5.(2,10,18,...); (2,6,18,...).6.6.b, = 27. 6.7. (24, 27, 30, ..
..., 54) and (24, 24, 24, ...). 6.8. ¢ = 3/2, ¢ = 1.

Sec.7.7.1. Yes, z, € [O, 1 %] . 7.2. No, it is not. 7.3*. Yes, it is,

zn € [—8, 11]. Hint. See the hint to 1.4. 7.4*. Nine terms. Hint.
Use the formula for the sum of a geometric progression. 7.7*. Hint.
Use the property of the sides of a triangle. 7.8. lim S, = a?/2.

n—-+>o0o
7.9. 1/3. 7.10. 0.

7.11*. 630, 135, 765. Hint. Assume that z is the number of hun-
dreds, y is the number of tens and z is the number of unities. Then
the first condition of the problem leads to an equation z-100 + y-10 |
z = 45p, where p is an integer. Since, =z, y, z are successive terms
of an arithmetic progression, it follows that 2y = z -} z. Using the
conditions of the problem, we can form a system of two equations in
four unknowns:

2100 4- y-10 + z = 45p, 2y =z 4 3z,

which must be solved in the set of nonnegative integers.
7.12**, Solution. According to (4.3), using the conditions of the
problem, we obtain

aitan __ a;+ap
2

) =np, =kp.

Eliminating a, in the system, we get an equation fl_’%:p (n—k).

Using (4.2), we have d (n — k) = 2p (n — k), and, consequently,
d = 2p, a; = p. Using again formula (4.3), we obtain the required
expression:

2 2 —1
szmé(l’_),,:ps_

7.13*. Hint. Multiply and divide cach term by the expression
which is an adjoint of the denominator. 7.15*. (8, 4, 2, 1, 1/2, 1/4).
Hint. 1t follows from the first five equations that the numbers z, y, z, s
and ¢ form a geometric progression. 7.16*. Hint. Represent each
number entering into the expression being proved as the sum of terms
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of the corresponding geometric progression. 7.17%. A = 2, B = 32,

Hint. Use the Vieta theorem. 7.18. 0. 7.19. 0.5. 7.20*. 3 V' 3/2. Hint.
Under the limit sign is the sum of » terms of a geometric progression
with a common ratio ¢ = 1/3. 7121 1.5. 7 22. 1/3{ 7.23.1.25. 7. 241" 1.

, : _r 1 . 1
Hint. Use the relation FEFD k T 7.25*. o
Hint. See the Hint to 7.24*. 7.26. 1/4.

Chapter 7
Sec. 1. 1.8*%. Hint. Consider the sequences

2 2
1) — (2) p— —_—
o’ = = B an)

n(1+4n) *

Sec. 2. 2.1. 1. 2.2.0. 2.3. 1. 2.4. 2. 2.5. 0. 2.6. 0. 2.7. 6. 2.8. 3z2.
2.9. oo. 2.10. %— for a5~ 0, for a=0 there is no limit. 2.11. (a)

_% V3 (b) % l/% 2.42. (a) —1/3; (b) 1. 2.43%. —3/2.
Hint. Isolate the factor (z — 1)2 in the numerator and the denominator.

2.14. 4/3. 2.15. 3/2.2.16. V'2/2. 2.17. 0. 2.48. 3/2. 2.19. 4.
2.20.—2/3.2.21.1.5.2.22.1.5.2.23*. —1.75. Hint. Pass to the variable
y = —z. 2.24. 2. 2.25. 8. 2.26. 3/4. 2.27. n/m. 2.28*. cos a. Hint.
Use the formula sin z — sin a = 2 sin = 2_ ¢ cos < -2*_ 2. 2.29%. g
Hint. Designate n/n = z. 2.30*. n. Hint. Designate z - 2 = y and
use the formula tan s (y + 2) = tan my. 2.31. —1/1/2. 2.32*%. —24,
Hint. Reduce the expression appearing in the numerator to the form

tan z sin (z — nt/3) sin (z -+ 7/3) .
cos2 z cos? (1/3) and use the relation cos (:c—|— F) =

in (Z— . V3
sin (3 :c). 2.33+. L
in the denominator to the form 4 sin

. Hint. Reduce the expression appearing

“/32_’ sin “/32+’ . 2.34. 0.

2.35%. 1. Hint. Add and subtract a unity in the numerator.

Sec. 3. 3.9*. Hint. Use the formula cos (z 4+ Az) — cos z =
—2 sin AT sin (z+——) . 3.10*. Hint. Use the inequality
In (1 + z) < z. 3.11*. Hint. Use the result of the precedmg roblem
3.13. The functlon y = tan z is discontinued at points z = n/2 | nn,

n€Z. 3.144.F(0) = 1. 3.15.7 (0) = 2. 3.16. f(O)---1 3.17. 1(81)
1/6. 3.18. A = 1. 3.19. A = 0. 3.20. A = 3/2. 3.21. 1/2
3.22. A = 2/m?. 3.23*. A == 2/n. Ilint. When calculatmg the llmlt
lim f (z), introduce the designation z =1 — z. 3.24. b/a = n/2,
x—>1
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3.25.4 =1.3.26.2a — b = 0.3.27.3¢a — b =0.3.28.a + b }- 1 =
0.3.29. b = 4. 3.30. a = 3/2 4 2n. 3.31. a = 3/4.

Sec. 4. 4.4. —1. 4.2. 3/4. 4.3. Yes. (2 > —7/22 - 1/4). 4.4. Yes.
(/2 + V2> —3 1+ logh). 4.5. 3/7. 4.6. 2/3. 4.7. . 4.8. oo.

4.9. 1/cos® a. 4.10. —cot a. 4.11. cos® a. 4.12. V 2/4. 4.13. V 2)2.
4.144. 1/2. 4.45. 1/2. 4.16. 2 V' 2. 4.17. . 4.18. 1/2. 4.19. co. 4.20.

V' 3/3. 4.21. 2. 4.22. 0. 4.23. 2. 4.24. 2. 4.25. sin 2a. 4.26.1/2. 4.27.1.
4.28. 1/2. 4.29. sin 2a/cos? a. 4.30. —2sin 2a. 4.31. 3. 4.32. 3V 2.

4.33. — V2. 4.34. 0. 4.35. 2a/. 4.36. a/n. 4.37. 2. 4.38. 1/2. 4.39. a.

4.40. 3/2. 4.41. T (3) = 2. 4.42. f(0) = —1/8. 4.43. T (0) = —4.
444, A=3/4. 4.45. A=1/2.

Chapter 8
Sec. 1.1.1. ' (z)= _;1?. 1.2. /' (z)= —sin z. 1.3*. [’ (z)=e*.
. . edx—1 1
Hint. Use the equation lim =1. 14" [ (a) =—.
Ax -0 Az z

Hint. Use the equation lim M = 1. 1.5*%, f’' (z) =na™-1,
Ax =+ 0 Az

Hint. Use the binomial formula. 1.6. f' (z) = 0. 1.10*. Hint. See

problem 7.1.6*.

1.120 '_—2_-T 1-13. '—___zz—-. i’ 4'_COL—’-L__
Vze—y e Vi—zi(1+22) 4V z sinyz *
Vin (ax2Fbx+c)

1.15. e T Qazdb) g4 1
2V 1In (az2F bz + ¢) (az2+-bz}-¢) 142
2abmnzn1 (a - bz™)m-1 . .

1.17. (@ bz . 1.48. sin® =z cos?’ «z.
1 1 z—1

121, f (z)=A1.

( — —
119, ————— . 120 — — tan

1.22. f (2)=0. 1.23. ' (z)= —2z. 1.24. f' (z)= 1;mz(1"2”‘)/"‘+
3 1= paeemyn. 195, 1 (@) = —2 . 1.26. ' (2) = —— X
" Vits® V2

(8— )22 1.27. f () = % . 128, ' (z) = -:,T (22 — 1)-5/82z,

1.20. [ (2)= — W:IW . 130, (@)= V231 [ (7) =
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1./ a vy [ TEN, 2), o
T.I/T' 1.32% f (z)._{ 1 z¢ @ o) Hint. To simplify

the form of the function f (z), designate Vz—1=t¢t. 1.33. §' (z)=

21 16(01 1')1 ’ — —1/21x€(—°°1 0)1
{2/3, zed, o). 181 @ = { 1/2, z€(0, o).

) 0, 2€l2, 4), . —
1.35%, f'(z)= {1”/-:—5—_—2’ 2€ (&, o). Hint. Designate Voz—bh=t.

Sec. 2. 2.1. f (z) increases for z € (—oo, —2) U (—1, 4 ); f (z)
decreases for z € (—2, —3/2) U (—3/2, —1). 2.2. f (z) decreases for
z € (0, 1) U, e), f (z) increases for z € (e, o). 2.3. f (z) increases
forz € R. 2.4.f (z) increases for z € (2, 3), f (z) decreases for z € (3, o).
2.5. f (z) decreases for z € (—oo, 0) U (1, ), f (z) increases for
z € (0, 1). 2.6. f (z) decreasesforz € (— o0, 0) U (0, ).2.7*.a € (— oo,

—2, — V'5) U(V5, -+ o0). Hint. The hypothesisisequivalentto the
condition f' (z) > O for z € R. Find the values of the parameter a for
which the auxiliary function g (¢), which results from /' (z) upon the
substitutiont = cos z, is positive on the interval [—1, 1]. 2.8*. a € (6,
). Hint.Having calculated the value of the derivative, find the domain
of variation of a for which it is positive. Use the inequality | cosaz | <
cos Ofor any a. 2.9.zpax = —2, ypax= 8 Tmin = 2, Ymin = 0.

7 )’ 3 T
2.10. zmax=7+ ks, ymax == ?‘}‘kﬂ‘i“ —1/2-_; ITmin= — ?*F kx,

by 3 . 1
ymln=—’§‘+kn“‘—‘/§-—, kEZ-Z-“-l'mluz—'E‘, Ymin =

1
3 e 3/ zmax =1, Yymax=1. 2.12. Znax =3, Ymax ZT; ZTmin= —3,

1 —_—

Ymin= ——73-. 2.13. zpax = —2, Ymax = 25; zmin = 1, Ymin =

w)

—2. 244, zrp10 =€, Ymin = e. 2.45. zTpax = —1, Ymax = 17;
Zmin = 3, Ymin = —47. 2.46. zpax = 0, Ypax = —2, Ty = 2,
Ymin =

See. 3.3.1. max | (z)=3; min f(@)=1.
x€[-1, 1] x€[-1, 1]

3.2. max f(z)=17; min f(z)=0. 3.3. max [ (z)= 3V3 :
x€[-2,1] x€ 1] x€ [0,

[e ]

w

min f (z)=0. 3.4, min f (z)=0.5; max f@)= =,
x€ [0, 7] x €[0, m/2] x € [0, 7/2] 4

3.5. max [ (@)=, min i(@)=—
x€[-m/2, n/2) 4 x€[-n/2,1y2)

L}

«bl:l
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3.6. max ) =) min z)= —1. 3.7*, ma =
x € [m,” 31/2] 7@ x € [, 3:1/2]f( ) xe);tf(z)
4 4
—_— inf(z) = ———= . Hint. Pass to the variable y=
s— vz 5ed9= spyz - e
sin z-4cos z. 3.8. max f ()= ﬁ min I (@)=2.
x€[n/6, /3] 3 7 x€ (6, 1/3)
3.9*, min f (z)=3. . Hint. Pass to the variable y=cos z.
x € [0, n]
3.10. max f(a)=f (0)=1; min z)=f(—1)=0.
x€[-2,0] ) x€[-2, 0] =7 )

3.41. () max f(z)=f(2)=4, min f(2)=2, (b) max f (z)=
x € [0, 2 x €0, 2 x€l-2,0
f(—=2)=4, min f(z) =2. 3.12. max f(z) =2, min f (zr) =

] xER xER

x€E[-2,0
—2. 3.13. max r) = 21 31n 2, min = 0.
x€[1/2, 4] f ) + x€[1/2, 4] f@
1
814 zpun = &, max f(z) = 105.3.15. max f (z) = f (5) = 5,
x€[0, 3] x€[0, 10]
min f(z) = f (0) = f (10) = 0. 3.16*. max f(z)=Ff(3) =
x€[0, 10] x€[0,3]

4V'8, min f (z) = f (1) = 0. Hint. Pass to the variable y =
x€[0, 3]
(z — 1) and use the fact that g (u) = } u is a monotonically in-
creasing function.

Sec. 4. 4.1. [0, ). 4.2. [3, 3/cos?1.5]. 4.3. An empty set.
4.4*.[—1/3,1]. Hint. We can find the maximum and minimum values’of
the initial function, but there is also another way consisting in con-
sidering the values of y for which the equation y (22 — 3z 4 3) =
z — 1 has real solutions with respect to z. 4.5. (a) y € [0, 1/2],
(b) y € [—1/2, 1/2). 4.6*. Hint. Consider the inequality relating the
expressions which are inverse of the left-hand and right-hand sides of
the initial inequality. 4.7*. Hint. Represent f (z) in the form f (z) =
2 sin z — 2 sin® z and, using the substitution ¢ = sin z, reduce the
problem to the proof of the validity of the inequality min1 g @) >

te[-1, 1]

—7/9, where g (t) = 2t — 2. 4.8*. Hint. See the Hint to 4.7*.
4.9*%. Hint. See the Hint to 4.7*. 4.11*. Hint. See the Hint to 4.4*.
4.12*%. aE(—OO, ii_ﬁﬁ
obtain an inequality with a parameter with respect to one unknown.
Then find the least value of the function for each a and indicate the
set of all values of a for which that value is smaller than 4. 4.13*. 44.
Hint. Use the equation ag 4 a3 = a; + a;,. 4.14*%. a = —4/3, a =
—8/3. Hint. Use the property of a geometric progression: af =
ap_yaniy. 4.15. 2/3. 4.16. Y3 — 1. 4.47*. ¢ = 9. Hint. Find min

), Hint. Using the second equation,
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of the function y= .4 + 1. on the interval (0, =/2), see
sinz ' 1—sincz

also the hint to 4.7*. 4.18*. Hint. Use the relation between the arith-

metic mean and the geometric mean of two numbers. 4.19*. Hint.

Represent z in the formz= (z + y 4 1)? 4 (z — 2)2— 3. 4.20*. a=1.

Hint. Usethe Vieta theorem and represent the sum of the squares

of the roots of the equation as a function of a. 4.21*. Hint. Find the

greatest and the least value of the function i .1: e for z € R, see
also the Hint to 4.4*. 4.25*. Hint. See the Hint to 4.4*. 4.26*.
Hint. Use the representation sin®z 4 cos®r =1 — 3 sin? 2z.

A
Sec. 5. 5.4. 18 = 9 4- 9. 5.2. 36 = 6+6. 5.3. 40 - 80 - 60 =
180. 5.4. —;-+12‘-= . 5.5%. p= —2, ¢=0, the distance is

equal to 1. Hint. The distance from the vertex of the parabola to the Oz
axis is the ordinate of the vertex. 5.6. —4=- 5.7. The coordinates of

the vertices of the rectangle which lie on the! parabola are

(%a, + 2 l/'_ps_a) . 5.8. The altitude of the cone which has the

greatest surface constitutes 4/3 of the radius of the ball. 5.9. The
diameter of the base and the altitude of the cylinder are equal to

2/V'3. 5.10*. The area of the circle circumscribed about the isosceles

right triangle with legs /23S is the least. Hint. Use the fact that the
hypotenuse of a right triangle is the diameter of a circumscribed circle.
5.11*. ¢ = /3. Hint. Use the fact that the triangle ABD is a right
triangle and represent the lateral side and the smaller base in terms of
the diameter of the circumscribed circle. 5.12*. The triangle one of
whose base angles is equal to /2 — «/2 has the greatest perimeter.
Hint. Use the sine theorem. 5.13. 30 sq units. 5.14. 2a. 5.15. 5. 5.16.
=2 arcsinﬁ, H=-&

3 3V3
mula r = S/p, where S is the area and p is half the perimeter of the
triangle. 5.18. a = arccos —:;— 5.19. o = n/4. 5.20*. h =

(123 — d2/3)3/2. Hint. The rglation between the arguments of the
function whose greatest value we have to find can be found from the
similitude of right triangles whose hypotenuses are the exterior and
interior parts of the rigid bar with respect to the tower. 5.24. The

length is 30 cm and the width is 20 cm. 5.22. (a) z=y=L

- Ve
d 2

®) o=, y=a}/ 5 5.23. h= Vri . 5.24. The side of the

area adjacent to the wall must be twice as large as the other side.

5.25. AM = a5 (VP + V9L 5.26*. To! the |point of the seg-
ment AB which is at the distance of 1 km from B. Hint. The time in

i

. 5.47*%. a = n/3. Hint. Use the for-
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which the point B can be attained, as a function of the coordinate of
the point at which the boat must land, must be represented as the sum
of two terms onc of which is the time of sailing and the other is the
time of travelling along the bank. 5.27*. T (¢,)= 2 myg® (E_ﬂ?)
t 0127 k3 82
2m,
3k
m (t) V2 (t)
2

in time ¢,= —-% (s). Hint. The kinetic energy T at time moment ¢

is T ()= , where m (t) is the mass of the rain drop at the

moment ¢, and V () is the speed attained by the moment ¢. 5.28%.
20 km/h, 720 rubles. Hint. Use the fact that the cost of a unity way
consists of two quantities, the first of which is proportional to the
cube of the speed and the other is inversely proportional to the first

100

—, a ), where z is the
73 ) )
distance from the railway station to the point P. 5.30. 42%) h.

5.31*.1 2—7 h. Hint. Atthetime moment ¢ the distance between the train

43
and the car is the third side of a triangle whose other two sides are
the distance travelled by the train and the distance remaining for
the car to travel, respectively. 5.32*. In %} h. Hint. See the Hint

degree of the speed. 5.29. z (p) =min (

to 5.31*. 5.33. y=§h. 5.34. The diamond was broken in two.

5.35. The resistance must be the same and equal to g . 5.36*%, o =

k ,

messenger, as a function of the coordinate of the point of landing,
consists of the times of travelling by water and along the bank.

+ sino  V,
5.37*. _—sinﬂ =7,
angle of refraction of the ray. Hint. Express the ﬂath the ray traversed
in each medium in terms of the coordinate of the point of incidence
at the interface between the media. Find theratio of the paths traversed
in each medium to their projections onto the interface at which the
time of traversing the whole way between points 4 and B is the
minimal. 5.38*. a = B where a is the incidence angle and f is the

max {arccosi arctan %} . Hint. The time of travelling of the

, where o is the angle of incidence and f is the

IR
. 2 : * = —-’
refraction angle. Hint. See the hint to 5.37*. 5.39. I, RFR;’
IR o .
I, = 1__ . j.e. the currents must be branched in inverse pro-
* = R, +R, P

portion to the resistances through which the currents must be passed.
5.40. 6000 rubles. 5.41*. n = 8. The costis2.8 ¥ 2 mln rubles approx.

Hint. If f (z) is a function which expresses the dependence of the cost
on the constructed living area, then we must seek the least value of
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, where n is the number of constructed

)
the function F (n) = nf 40 3( 0
houses. 5.42*. 4 V' 2 m. Hint. Find the distance from which the tan-
gent of the angle of view is the largest (the tangent is a monotone
function of its argument). 5.43*. (V 4b% — 3a% — b)-3-1/2. Hint. Find
the distance for which the tangent of the angle formed by the
point of the stop of the busand two oppositesides of the facade of the
palace is the largest. Express that angle as the difference between the
angles at which the far and the nearest (with respect to the highway)
ends of the facade of the palace can be seen. 5.44*. ¢ = arctan K,

F— __KP
VIiF¥K:

plane of the movement must be equal to zero. 5.45*. a = f. Hint.

See the Hint to the preceding problem. 5.46. V 2ap/K. 5.47. p =
2.4 (zo = 5/3, y, = 5/9). 5.48*. (1/2, 7/4). Hint. The problem
reduces to seeking the point C of the parabola which is at the largest
distance from the straight line BD. 5.49*. The smallest perimeter of
the triangle A MB is V' 10 4+ 2V'5 4+ V' 34. The position of point
M for which the smallest perimeter can be attained is M (0, 0).
Hint. Consider the point which is symmetric with respect to the point 4
about the straight line y = z. 5.50*. The point M must bisect the
segment of the straight line which is included between the sides of the
anile. Hint. Investigate the variation of the area of the triangle upon
a change in the slope of the straight line passing through M. 5.51. The
two remaining vertices result from the intersection of the sides of the
angle by the straight line connecting the points which are symmetric
images of the point M with respect to the sides of the angle. 5.52.

2R sin ZTH . 5.53. 4% V' 36% — 42. 5.54. The length of the side of the

base is 2 cm, the volume is 4 cm3. 5.55. The sides of the rectangle which

has the largest area is R} 2/2. 5.56. 57/9. 5.57*. S, ,ax= R? tan %,
Hint. Consider two cases: in the first case two vertices of the required
rectangle lie on one of the radii which form the sector, and in the
second case one vertex lies on each radius and two vertices lie on
the arc of the sector. In the second case the sector must be divided into
two similar sectors, and then the problem reduces to the first case con-
sidered for each half separately.

. Hint. Use the fact that the sum of the forces in the

Sec. 6. 6.4. (V'2, 2—V'2) and (—V'2, 24+V2). 6.2. y=2.
6.3. y=—V 3z 4- W%Fi . 6.4, arctan 9, y= 9z —23 ——1— .

6.5*. (1/2, —15/32). Hint. The coordinates of the point of tangency
can, be-obtained from the equation f’ (z) = k, where k is the slope of
the tangent line. 6.6. (0, 2). 6.7. 2. 6.8. y = 8z 4+ 4. 6.9. z, =
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. 1 T T, Tn .
- arcsin 41/2+ 5. 6.10. 7tn, 8 + T n€Z. 6.41. 8, 0),
0, 0). 6.12*, (3, —15), 21/2, 21. Hint. The hypothesis;makes it pos-
sible to find at once the angle formed by the required tangent and the
positive direction of the Oz axis. 6.13*. a = 1. Hint. The condition of
intersection of a straight line and a parabola is equivalent to the
existence of two real roots of the respective quadratic equation, the
half-sum of the abscissas of those roots must be equal to 2 by the hypo-
thesis. 6.14. y = —32 — 4. 6.45. y =2 + 4, y = —z }+ 4. 6.17.
2, 8/3), (3, 771/2). 6.18. 3n/4.

6.19**. Solution. We differentiate each equation considering y
to be a function of z. We have y 4 y’z = 0 and 2z — 2yy’ = 0.
Finding the expression for y’ in each equation, we have y’ = —y/z,
y’' = zly, respectively. Consequently, at any point M (z,, y,) which
is a point of intersection of curves, the product of the slopes of the
tangents is equal to —1.

6.20*. Hint. Show that the product of the slopes at the points of
intersection of the curves of different families is equal to —1.

ra I’ I I3
6.21. (]/T’ bl/T+ 2), (.—1/—a-, Zc—b‘/T) for
ac >0, (9, 0) for c=0; for ac < 0 there is no solution. 6.22
(a+ V a>=(5a+b — 6); 2a2+ V a>— (5a+b—6) (2a — 5) —10a—b),

(e—V a2—(5a+b—6); 202—V a®— (5a+b — 6) (2a— 5)— 10a — b),
if a2 — (5a + b — 6) > 0; (a, 2a2—10a—b), if a—(5a-+b—6)=0;
now if a2 — (5a 4 b — 6) <0, then there 1is no solution.

13_1 , ifa=0, b+ 1:

for a0, b=1+%; zg=

1 2
6.23. y=— z—gz-i-z—o- —}-1, X where Zo =

1
b—1

Tog= %for a0, b=1;, zy=

—1+V 1T¥a(1—0b)
—b

for a}O, b1, b<1+%and for a < 0,

b1, b> 1-{—%, In the other cases (a=0, b=1; a >0, b>1+

1/a; a <0, b <1 4 1/a) there is no solution. 6.24*. y = —z 4
5/2. Hint. The condition of intersection of two curves y = f; (z)
and y = f, (2) is equivalent to the consistency of the system of equa-
tions y = f, (z) and y = f, (z) whose solutions are the coordinates of
the intersection points. 6.25. (1/8, 1/16). 6.26*. ¢ = /3. Hint. The
equired angle is the angle between the tangents to t,h.e circle which
are drawn through the point (8, 0). 6.27. (—0.4, 8.8) if the point M
moved along the circle counterclockwise; (6, 4) if the point M moved
in the inverse direction. 6.28. p = 2bk. 6.29%. The straight line
y = —1/2. Hint. The locus of points from which the parabola can be
seen at right angles is the set of intersection points of the tangents
to the parabola which form a right angle. 6.30. arctan (—4/3). 6.31*.
The circle z® 4 y2 = a® 4 b2. Hint. See the hint to 6.29%.
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Sec. 7. 7.1*. —1/5 m/s (the minus sign signifies that y (f) de-
creases). Hint. If y (t) is the law of variation of the way traversed by
the upper end, and z (¢) is that of the lower end, then it must be taken

into account that z2 4 y% = 25. 7.2. v (t)= —v—h;z-;
signifies that the shadow decreases. 7.3. It decreases with the speed of
0.4. 7.4*. 15 cm/s. Hint. The moment of the meeting can be found
from the condition z; (t) = z, (¢).

the minus sign

7.5%* 2v |sin (2—;‘, t) i Solution. We introduce a system of

coordinates such that the wheel would roll along the Oz axis and the
Oy axis would pass through the centre of the wheel for £=0. Then,
by virtue of the law of independence of motions, we have the following
laws of the variation of the abscissa and the ordinate of the nail:

v

z(t)=vt—Rsin( 7 t), Yy (t)=R—R cos (%t).

Thus,
z’ (t)=v—--% R cos (% t) =v [1—cos (L t)] ,

R
, R (v . [V
y (t)=7 vsin (7 t) =v sin (7 t) .
The speed of the nail at the time moment ¢ is

v=V @)+ (y)2=v ]/1—2005 (va t)+1

=2v

in —v—t)
si (2R

7.6*. The velocity is equal to zero. Hint. When the point moves
along the circle, the abscissa varies according to the lawz = R cos ot.
v? sin? ’

7.7%. h=—2—£’ﬁ.i . Hint. The variation of the height of a body pro-

2
ceeds according to the law A (t) = v sin at—8L , the vertical com-

ponent of the velocity at the point of the maximum height is equal to
zero. 7.8. 12 rad/s. The wheel will stop in 2 s. 7.9*%. v (t)=

2t3—612412¢
Vi—iptize’
at the moment ¢ as the third side of a triangle whose other two sides are
S; () and S, (¢). 7.10. 40 km/h.

Hint. Express the distance between the bodies

7.14**, At the time moment ¢ = Hth the object must move

with the speed v = v, - at,. The law of motion of the object has the
27-0263
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form

vot+ atyit—at/2, t; < t < (414-85)/2,
vol+att—atd/2, t > (8,4 1,)/2.

Solution. The object is <eparated from the rocket at time moment
t, and moves uniformly with the velocity attained by the rocket by
the moment of the object separation. At a certain moment ¢ the object
increases its velocity instantaneously to some value v and again moves
uniformly until it encounters the rocket at time moment ¢,, their
velocities being equal at that moment. Consequently, the law of
motion of the object without the rocket is a polygonal line whose
segments are tangents to the parabola S (1) = v ¢t + (at?)/2 at points
t; and ¢,. The abscissa ¢ of the point of intersection of those tangents
is the required moment of time. The velocity of the object at time
moment ¢ coincides with that at moment ¢, and can be found as the
derivative of the function § (¢) at the moment ¢,. Since S’ (¢) =
vy + at, the tangents to the parabola S (¢) at points ¢, and ¢, have
the form

vot+at?/2, t < ty,
S (t)={

S (@) =8 () + (vo + aty) (¢t — 1), (*)
St =S (t2) + (vo + aty) (& — ty).
Considering (*) to be a system of equations with respect to the pair
of unknowns (S, t), we find that ¢t = (¢; + ¢,)/2 and, consequently,

the law of motion of the object can be represented in the form given
in the answer.

7.42*. t, = t, —V 1%, — 25,. Hint. The law of motion of the
rocket, after switching off the engines, can be written as an equation of
a tangent to the curve which is the graph of the law of motion.

Chapter 9

z
2
the numerator by the denominator term-by-term and use formulas
(16) and (17). 1.2. % zs/s——173 28, 1.3% —%(1—@3/” +

Sec. 1. 1.1*. arcsin

—In(z+ Vz2+2)4¢. Hint. Divide

%’(1-—-75)5/2-}-0- Hint. Reduce f(z) to the form f(z)=V 1—z—

(1—z) ¥ 1—=z. To represent f(z) in such a form, it is convenient
to introduce a variable t=1--z, then j(z)=g (¢ (z)), where g (¢)=

- - - z\1/2 8 z\3/2

A=t Vi=Vi—tV7i 14~ —8(1——?) +?(1—2-) .
1

Hint. See the hint to problem 1.3*. 1.5%. — -:T (21—1)'1+—8— X

1 5/2
t—1)"24-c. Hint. See the Hint to 1.3*. 1.6*. ( +5$) _
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32 7)3
“——?L-kc. Hint. Represent f(z) in the form f(z):@—

141 2 5/8
‘WT-H" 17, S—ate. 18 tln el +e 19, 12’;’ Lo

1.10. —%za/z—}-éz‘lﬂ—}-c. 1.11. 211/3—%z3/2+c. 142, —z+-c.

3
1.13. x———%——}—c. 144. z+z2+4c. 1.45. malt/™ 4 3nzl/n 4 c.

3/2
1.46. 22 —z+4c. 147, Z(HT’)’JM. 1.48. 2z — 81n|z| + c.

1.49. z+21n |2—2|+c. 1.20. ¥ 2z4c. 1.21% ——112—cos1zx_

T10— cos 10:5———% cos 9z — “ cos 11z +c. Hint. Reduce the integrand
to the form sin12z-}sin 10z 4sin 9z +sin 11z and use rule (4) and

formula (4) in the table of antiderivatives. 1.22. —% cos 4z -

% cos 5x-|-~% cos Gz—% cos 7x4-c. 1.23. sin a —cos a-}-%sin 3o —

1 1
-?cos3oc—} c. 1.24. — z+ 32 sin 8z+c. 1.25. — (:c+?cos4z)+c.

1.26. — /2 cosT-l-c. 1.27. —% cos2z+tc. 1.28. —2cosz}c.
1.29. —— cos8z-c. 1.30. —— cos4hz+tec. 1.31. —;-z—S";z +e.

8 8
1.32. Tsin Za—%a--}—c. 1.33. tanz—z4-c. 1.34. —cotz—zx+4-c.

1

2
Sec. 2. 2.4, y=a23-+1. 2.2. y=22, 2.3. y=5z—1. 2.4. y—"T—
1 3 3
5 - 2.5, y=—3—-{—T and y=—+1 26. y=3Inz41. 2.7.
S(t)—% 0.25 cos 2t (m). 2.8, p> 2 the pedestrians will once meet
at p=

Sec. 3. 3.1. 8. 3.2. 1/2. 3.3. 0. 3.4. 8. 3.5*. —21 . Hint. Make

3
T 73 . .
a change t=2—?. 3.6*. ——-1W. Hint. See the hint to 3.5%,
3/2__ 93/2__
3.7%. i/—g/—1 Hint. Rationalize the denominator. 3.8. 445
. 46 —2 1 1 1
3.9. T 3.10. 4 . 341, In 2—7. 3.42. —5 - 3.13. 5"

274
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1
2

3.49. 2 V2. 320. 2V i+%(38/3—2=/2). 3.21. In25+425. 3.22.

344. V2. 3.45. 5 (tan 5 —tan &) - 3:46.2. 3.47.1. 3.18. 2—1/72.

3 6

41n_’;_. 3.23. 2V 2. 3.24 2 Y 3—1.

Sec. 4. 44. min F(z)=F (0)=0, max F(z):F(%)=1.
x€[0, 7/2]

x€[0, 71/2] /2
4.2. min F(z)=F (2.5)= —6.25, max F(z) = F(—1) = 6.
x€[-1, 3] x€[-1, 3]
16
43. min F(z)=F (0)=0, max F(z) =F(4)=—73- 4.4,
x€[0, 4] x€[0, 4]
1 3 . 1
max F@)=F5=—%, min F(:c)=F(—-2—)=

x€[-1/2, 1/2] x€[-1/2,1/2]

—-%. 45, y=2—z; y=z—3. 4.6. The curves coincide, z€ R.

6 36 z3 5z2 1
4.7, (3—, '2—5-) . 4.8. -—3———'T+6.‘t. 4.9. y—z——[r, Yy = I+
1

3
"—4—. 4.10. S(t)=—2§—. 4.41*, A (z)=2522+4+100z. Hint. The law of
variation of the force F as a function of the path traversed z can
be represented by the formula F (z)=az-+b, where the parameters
a and b can be found from the hypothesis. The work done by the
variable force is its antiderivative which vanishes for z=0.

2
412, 8 ()= 2‘25‘ —t 443. 8 (t)=% :2+%’— ‘.

Sec. 5. 5. (—oco, —2)U(1/2, 3). 5.2. (2, 3). 5.3. [4, + ).
5.4. A=—2/n, B=2. 55. a=1. 56. V2x, w

5.7. Gs. 5.0. Yes. 5.1. A=7, B=—6, C=3. 5.42. 5, —76i
3n 1in b
T 2 —6—— 5.13. 1/2, 2. 5.4, —x, —? , 0.
Sec. 6. 6.4, o, 6.2.9. 6.3.3T43, 64 5+In2. 65 3%
1 1 15 8
(1—m), 6.6. 4 -, 6.7. 12—5In5. 6.8. - —In2. 69. .
3 9 1 3
6.10. 1. 6.11. 4—?2'. 6.42, 7In3. 6.13. 7, 6.14. 6?—4—10_2-.
6.45. In2. 6.46. 42 6.47. L1n2. 6.48. > . 6.19. 15—161In2.
45, In2. 646 oo, 6.47. 5 In2. 6.48. .
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8 1 1 -
6.20.31—5. 6.21. T 5" 6.22. 9—8In2. 6.23*. 8/9. Hint.

To calculate the area of this figure, it is more convenient to use formula
(6.3). 6.24*. % nr2. Hint. The domain of integration must be divided

into two domains, the coordinates of the point of division can be

24y = r?,
found as a solution of the system< ¢ — y =0, 6.25*.1 — n/4. Hint.
y=0.

max (z, y) = 1 are points which are two adjacent sides of a unit square
inscribed into the angle of the first quadrant. 6.26. 1/3. 6.27. /2 — 1.
6.28. 1. 6.29*. nab. Hint. Express y in terms of z for y > 0 and

a

z > 0, when calculating the definite integral 4 S b V1i—z%a?dz
0

use formula (9.3.4). 6.30*. x. Hint. Isolate a perfect square with

respect to the variable z.

6.31**. 4.3. Solution. The equation of the tangent to the curve
Y& 222 at the point with abscissa 2 has the form y — 8 = 8 (z — 2)
since y (2) = 8, y’ (2) = 8. The point of intersection of the tangent
and the abscissa axis can be found from the equation 8z — 8 = 0 <>

<= z=1. The domain of integration must be divided into two inter-

vals [0, 1] and [1, 2]. On the interval [0, 1] we must calculate the area
of the figure included between y = 2z2 and y = O (the abscissa axis)
and on the interval [1, 2], the figure included between y = 2z2 and
y = 8z — 8. Thus

1

223 |1 213 822 2
S = S2z’dz+ g (222 —8z+8)dz=—3 0+( 33 -{—81)1
0 1
2 (16 32 2 . 8 4
=5+ (F—FHo—3t+7-8)=7.
6.32. 9. 6.33. In2— . 6.34%, 2%. Hint. The figure must be

divided into two curvilinear trapezoids; the abscissa of the point of
division is the abscissa of the point of intersection of the tangents.
45

6.35. %

6.36**. The parabola partitions the square into two parts whose
areas are related as 1 : 2. Solution. We choose a system of coordinates
such that the vertex of the parabola coincides with the point (0, 0)
and the Oy axis is the axis of symmetry. Then the equation of the

arabola assumes the form y = az?. The parameter a is chosen in the
ollowing way: we designate the length of the side of the square, the
midpoint of whose base coincides with the origin, as I; then the point
(1/2y ¥f is the right upper vertex of the square which lies on the parab-
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ola, i.e. I = a (//2)2. From this equation we find that a = 4/1. The
area S of the square is [2 and the area cut off by the parabola can be
found by the formula

Thus the parabola partitions the square into two parts whose areas
are related as 1:2.
Sn 3n—8 .

6.37*, 5 = 3n where S is the area cut off by the parab-
ola from the semicircle. Hint. Choose a system of coordinates such
that the vertex of the parabola coincides with the origin and the Oy
axis is the axis of symmetry of the parabola. Then the equation of the
parabola has the form y = ax? and the equation of the circle has the
form (y — R)? | z2 = R2?. The relation between a and R can be
established from the hypothesis (see the solution of problem 6.36**).

6.38%*. % Hint. The parameter a in the equation of the parabola
can be found from the condition f' (—5) = tan (m — arctan 20).
6.39*. a = 8, a :%(6—]/2_1). Hint. Consider two cases: a > 2

and a < 2. In the second case take into account that in the passage
1
2z — 1

), 6.41*. S —b for a V&30 —1;

through the point z = 1 the sign of the difference %——

9 1
changes. 6.40. (1_%772

the problem has a solution for b € (0, 8/3). Hint. To express a as a
function of b, we must solve for a an equation whose right-hand side
is equal to b and the left-hand side is the area of the figure indicated
in the hypothesis. The value of b for which the problem has a solution
can be found from the condition a (b) > 0, where a (b) is the required
function. 6.42*. —n/6, n1/3. Hint. Take into account that the required
value of a may be both larger than n/6 and smaller than =/6 (in the
second case the area can be found by the formula

/6

. 4 16 .
S = K Ism21|dz) . 6.43*. ac (0,?) ; b= 922 —1. Hint. See

Y
a

. . V2 4
the Hint to 6.37%. 6.44*. =[ —aresin (1— X2 ]?
e Hint to y z—a ( A ) 1/2(4—1/2)+
—‘ZL?'—VS V2—2. Hint. When solving the problem, use the formula
VY 1¥cos 2z= V2|cosz|.
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Sec.7.7.1.3/4.7.2. a = /3. 7.3. a = 1. T.4*. § (—1) = 125/6,

min S (k) = S (2) = 32/3. Hint. The limits of integration can be
KER

found as the roots z; (k) and z, (k) of the equation z2 | 2z — 3 =
kz + 1. It should be borne in mind that the inequality y, (z) <
¥, (z) is always satisfied on the interval [z, (k), z, (k)]
4y\_ %5 48
7.5. min § =S —)= — 5. 1.6*.  (3/2, 13/4).
e 4 @) (5)=V 1%

Hint. Use the equation S=h( atb

) ), where k=1, “=fx0 1),

b= fy (), fy, (), Is the equation of a tangent to y=22-41 at a
point with the abscissa z, € [1, 2].

7.7*. a = —1. Hint. The function f (z) = 2® 4 322 + z | a is
monotonic between two successive extrema. The further proof of the
problem can be based on the following lemma.

Lemma. The area of the figure bounded by the straight lines
z=1¢, x=~5b, b >c, by the graph of the differentiable monotone
function f (z) and the straight line y = f (a), where a € [¢, b], attains

its least value in the case when y = f (b + c) .

2
Proof. For the sake of simplicity, let us prove this result in the
case when ¢ = 0, b = 1 and f (b) = 1. For a fixed value of a the area
can be represented as the following function:

[f(2)—1 ()] dz

Qe

S (0)= § [f (@) — () dz+
0

=[f (a) z—F (2)]

1
a

P& [~ @)
=1 @a—F@+FO+FA)—F@—f@+f@a

where F (z) is a certain antiderivative of f (z). Collecting terms in
(*), we obtain

S(@=1(a)@—1)—2F@+F©0)+F®. (x5)

Differentiating S (a) with respect to a with due account of the fact
that F’ (a) = f (a), we get an equation for finding critical points:

S (@) =1 (a) 2a—1) +2f (a) —2f (@) = 0.  (s#%)

Since f (a) is monctonic by the hypothesis, it follows that f' (a) 5« 0
on the interval [0, 1] and, consequently, equation (**x) has a single
root a = 1/2. For a > 1/2 we have S’ (a) > 0 and S (a) increases, and
for @ << 1/2 we have §’ (a) < 0 and S (a) decreases. Consequently,
S (a) attains its minimum value for ¢ = 1/2.

7.8*. For a = 1 the area assumes the greatest value and fora = 1/2
it assumes its least value. Hint. Use the lemma indicated in the Hint
to problem 7.7*. 7.9*. a = 2/3. Hint. Use the lemma in the Hint to
problem 7.7*. 7.10*. For a = 1/2 the area has the least value and for

4 = 0 it has its greatest value. Hint. See the lemma in the Hint to
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problem 7.7*. 7.11*. a = 0. Hint. See the lemma in the Hint to
problem 7.7%.

Sec. 8. 8.1. 2n. 8.2%, %n. Hint. Consider the difference be-

tween the volumes of the bodies resulting from the rotation of the

[ efb—e2a  g-2a_ g-2b
8.3. T[ i

2 (b—-a)] . 8.4% —g—n. Hint. Pass to the functions z, (y)=1+4
Vi—y, z, (¥} =1— V1 —y and consider the volume of the
required body as the difference of the volumes of two bodies resulting
from the rotation of the figures bounded by the curves z, (y) and z, (y)
about the Oy axis. 8.5*. n?/4. Hint. The required volume is equal to
that of the body resulting from the rotation of the curves y = sin z,

z=mn/2 about the Oz axis. 8.6*. izn- Hint. See the Hint to 8.5*.

curves y=Vz and y=z2.

Sec. 9. 9.1. a = 18. 9.2*. 288. Hint. At the moments of the begin-

ning of motion and of the st;)p thefs%eed of t:l_}le body is equal to zero.
_rt if 0<<t<3, . ;

9.3. 216 m. 9.4. S (t)—{6t+9 if >3 9.5*. 14/15 (J). Hint.

F (z) = k/z%, where k can be found from the hypothesis. 9.6*. 33.75 (J).
Hint. F (z) = kzx, where k can be found from the hypothesis.

Chapter 10

Sec. 1. 1.1. 32.5 km/h. 1.2, -i—;- 13. 60 km/h. 1.4. 8 m/s.

15. 34 km. 1.6. 12 km/h, 10.5 km/h. 1.7. 6h and 2 h.
18, 5~ @—VE), 2 (V5—1). 19. 30 km/h. 10. 20 km/h,
60 km/h. 1.41. 56 km. 142, v;=1 km/h. 1.13.
33“”+V%S’+25”+”” km/h. 144 14 h. 145, 60 km/h.

1.16. 48 km/h. 1.17*. 50 km and 150 km. Hint. Introduce the unknowns
®, = 1/V; and 0, = 1/V,, where V, and V, are the speeds of the
motor-cyclist and the cyclist, respectively. 1.18. 100 km/h. 1.19.

100 km/h. 1.20. 9 & V' 11 km/h. 1.21. The speed of the ships is
15 km/h and that of the river flow is 3 km/h. 1.22. 6 km/h, 21 km/h,
45 km. 1.23. 63 km/h. 1.24. The speed of the cyclist is 20 km/h and that
of the car is 80 km/h. 1.25. The speeds of the pedestrian, the cyclist
and the horseman are 6 km/h, 9 km/h and 12 km/h, respectively. The
distance is 42 km. 1.26. 30 km/h, 20 km/h and 30 km. 1.27. 480 km.
1.28. 2 min. 1.29. 15 km. 1.30. 3 km/h, 45 km/h. 1.31. 3 km/h, 45 km/h.

!
1.32. 6 km/h. 1.33. 3u—3}-v' 1.34*. 50 km/h. Hint. Take into account
the fact that the speed of the train proceeding from opposite direction
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with respect to the observer who is on the other train is equal to the
sum of the speeds of the trains relative to a stationary observer.
1.35. 108 km/h. 1.36. 28 km, 20 km/h. 1.37. 11 h 55 min. 1.38. 7 km/h.
1.39. The passenger train, 21 h, the goods train, 28 h. 1.40. 15 h
and 12 h. 1.41. 6 h and 4 h. 1.42. The speed of the first car is 9/8 times
as high as that of the second. 1.43. 16 h. 1.44. The speed of the motor-
cyclist is 4 times as high as that of the cyclist. 1.45. 20/3 h and 10/3 h.
1.46. In 4 h. 1.47. 1:2, 1:3. 1.48*. 20 km/h and 40 km/h. Hint. The
condition of proportionality of the speeds and times signifies that
v,/t; = v,/t,, where ¢, and t, are the times of movement with the speeds
v; and v,. 1.49. The ]length of the circumference of the front wheel is
2 m and that of the rear wheel is 3 m. 1.50. 90 km/h, 75 km/h, 60 km/h.
1.51. 117 km, 24 km/h, 22.5 km/h.

1.52. 14—3t, %—t. 1.53. 4<v<8+3—‘/61. 1.54. With the speed

(S — )2 L 4tvl
higher than S+vt+1/(.29t o) +4tvl . 1.55. It will be enough.

1.56. 2 <<v <<6. 1.57. 5<<v <<10. 1.58. The village is farther away
from the highway than the school is from the river. 1.59. 4s and

6 s. 1.60. 1/80, 1/90. 1.61. 4 and 6. 1.62. —:;,ﬁ (]/-1+i:‘—:ti) .

— 3
163, —otVal+2at o e 4 1 n Hine. Use the fact
120t 11
that @pin/0p = 12, where wp1n and on are the angular velocities of
the motion of the minutes hand and the hours hand respectively.
1.65. By half a minute. 1.66. 11 m approx. 1.67. 9 km/h. 1.68. 3 min.
1.69.1/4h.1.70. 21 km. 1.71. In 7 s after the first body begins to fall.
1.72. 16 5. 1.73. 60°. 1.74. 10 s. 1.75. v, = 20 m/s. 1.76. In 55 0.5 m
short of the boundary of the field. 1.77. 20 m. 1.78. 20 km/h. 1.79. The

second car was the first to stop. a, = —8 m/s2. 1.80. 2 s. 1.81%,
a; t a; = 7/9. Hint. Bear in mind that the times of the accelerations
2 1

of the two trains are different. 1.82*%. §; = 5S, Sa=? S. Hint.
See the Hint to 1.81*.

Sec. 2. 2.1. 24 m3® aday. 2.2. 45 h. 2.3. 132 min, 110 min. 2.4. 6 min
and 10 min. 2.5. 6 min, 8 min, 12 min. 2.6. T 4+ V' T (T — 1),
T—t+VT(T—1),VT(T —8(T>1t). 2.7.t, = 3h,t, = 6h,
tg = 2h. 2.8. 400 parts. 2.9. In 14 days. 2.10. In 10 days. 2.11. Trac-
tor of make A does 12 hectares, tractor of make B, 16 hectares.
2.12*. 4 times. Hint. The condition in the form of an inequality is
used to choose the unique value of the required unknown out of the
two values obtained. 2.13. 50 h. 2.14. 9 days. 2.15. 10 h and 8 h.

1

2.16. 9 km a month. 2.17. 6 %h and 5 3 h. 2.18. 5/2 m3. 2.19.

3 m¥%h.2.20. 60%. 2.21. In 14 and 11 days. 2.22. 4 h and 6 h. 2.23.
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The first has to read 20 pages a day and the second, 35 pages a day.
2.24. 12 h. 2.25. ¢ = 9:—;, 2.26. 600 m3. 2.27*. 20 m3. Hint. Verify
the solutions obtained by substitution into all the equations of the
system. 2.28%. In 40 h. Hint. Use the formula for the sum of an arith-
metic progression. 2.29*. (5/4) V. Hint. See the Hint to 2.28*. 2.30.
Assume that T; (i = 1, 2, 3) is the time needed for the ith pump to
pump out the water from its reservoir. Then 7, > T3 > T,, and

Iy Te:Ty= U4Vt :la(t + VA, it o< 2= Y5

TI:T3:T2=1;OL: 1:1_‘"a, if3——2KE-<a<—- 2.31*.

n—1
t

. Hint. ﬁsing the hypothesis, first show that all the pipes

began operating before the reservoir was half full.

Sec. 3. 3.1. Approximately in 23 years. 3.2. Approximately in
55 years. 3.3. 12 kopecks, 80 kopecks. 3.4. 5%. 3.5. 10%. 3.6. 10%.
3.7. 200 rubles, 3-per-cent. 3.8. 42.3%. 3.9. 726. 3.10. 50%. 3.11. In
the number of years which is larger than

s (77 =) [ 1 (18 )

3.12. More than in log (%’L—)/log (1+——1(§0 ) h.

Sec. 4. 4.1. Eleven 4.0 grades, seven 3.0 grades, ten 2.0 grades,
and two 1.0 grades. 4.2. Two 2.0 grades and seven 3.0 grades. 4.3. Nine
5-storey houses and eight 8-storey houses. 4.4. 10 Moskvich cars and
19 Volga cars. 4.5. 33. 4.6*. 25 boxes of the second kind and 4 boxes
of the third kind. Hint. First find the cost of transporting one article
in a box of each kind. 4.7*. The first worked for 3 days and the second
for 2 days. Hint. Find the number of days each excavator could operate.
4.8*. 45.20. Hint. Bear in mind that the given condition is associated
with two systems of equations, one of which is inconsistent. 4.9.
13 min. 4.10. 20 rafts. 4.11. 15 or 95. 4.12. 48. 4.13. 32. 4.14*. 5.
Hint. By adding a certain digit to a number on the right we pass to
a new number in which the number of unities is equal to the digit
added and the number of tens, to the initial number. 4.15. 6464.
4.16*. 285 714. Hint. See the hint to 4.14*. 4.17. 32. 4.18*. 45 or 54.
Hint. To obtain the sum of all even two-digit numbers, use the formula
for the sum of the terms of an arithmetic progression with the difference
d = 2 and ¢, = 10. 4.20. 21 and 10. 4.21. 31 and 41. 4.22*%. A = 42,
B = 35. Hint. Use the formulan == m-p ++ k, where n is the dividend,
m is the divisor, p is the quotient and k is the remainder. 4.23*. N =

37. Hint. See the hint to 4.22%. 4.24*. % '] ’26‘ Hint. The

Qs
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problem reduces to solving a system of quadratic inequalities in the
set of natural numbers.

Sec. 5. 5.1. 1.5. kg. 5.2, ir—2.4, 32~i r, 125 <r<ﬁ,
5 57 % Z
—_ ' 2. 2
53. 7 ke. 5.4. 60 kg. 5.5 2 ’”*;/’" thn?
2 1 An?
2nt-m+ Y m?tihn . 5.6*, mn Hint. Introduce z, which
2 m—n

is the weight of the cut-off piece, as an unknown; ¢; and c, are the
concentrations of copper in the first and the second piece respectively.
5.7.5% and 11%. 5.8*. In the volume of 4 cm3. Hint. Use the formula
m = pV relating the mass, the density and the volume. 5.9. 12%,
24%, 48%. 5.10*. 29%. Hint. Introduce the concentrations c,, c,, cj,
¢, as unknowns. The hypothesis produces a system of three equations
for four unknowns ¢,, ¢,, c5, ¢, When investigating the system, take
into account that we seek the combination of the unknowns —2—0%‘3 .
5.11. 13/4 times. 5.12. 5gand 20g. 5.13. 14 kg, 7 kg, 16 kg. 5.14. The
first pipe feeds the liquid two times quicker than the second. 5.15.50%.

5.16. 12.5 g. 5.17. 170 kg. 5.18. 40%, 43 % %. 5.19. 2 litres. 5.20.

10 litres and 90 litres. 5.21. 10 litres. 5.22. 1/6. 5.23. If p = q, then
any number of pannings retain the percentage of gold; in that case the
problem has a solution if r < k, the number of pannings being arbit-
rary. If ¢ < p, then the number of pannings n is defined by the in-

r (100 — k) 100—¢q
) /log

equality n > log . Now if p < ¢, then n<

% (100— 100 —p
r (100 —k) 100—¢q

log k(100—r)/10g 100—p

Chapter 11

2bc cos (a/2)

Sec. 1. 1.1. 20 cm. 1.2, . 1.3. 75. 1.4. m (m cos B+

b+c
V E—m?sin?f)sinp. 1.5. No. 1.6. %2-sin 2. 1.7. %tana. X
(r cosa—c). 1.8. % % 1.9. —2Scos?acos2a. 1.10.
288 em?. 1.41. V3—1. 1.12. — % ;“(‘1‘2:*;‘0’;1")‘ . 1.43. 4. 1.14.
b Si““(i’ssi‘i‘nﬂ(jj_%‘;sﬁta“ ) PRT % 6. S
edk(g,pizg)sc?sng—l—ﬁ) L AATE, L2E— Hint. Complete the triangle
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to obtain a parallelogram and use Hero’s formula. 1.18. -‘4—
1

9 7 2+V3 =
{49, S-tanacotft— . 1.20. (T) 121. V3.

— 2 17
4V13. 1.23. 75. 1.24, =12, 1.25. |MF|= “‘1/217 . 1.26.3,5, 7.

5
1.27. 14+ V2. 1.28. % =+ arccos ——1+2 V2 ’ i,:— F arccos —1 +2 V2

1.29. |BCI=Vb5(6+F0). 1.30. 3‘/2. 1.31. %—cm” 1.32. 21/1"/3'

1 1
or =9. 1.35. - arccos Z—}—

INC| 3 [AN| 1
=1 "% Ner=v

f—::n—arcsml/s. 1.36. 4(1—a). 1.37. 23 1.38. %

1.33.

2
1 n ﬁ(1+2a+aﬁ)
1.39. ——. 1.40. —. 1.41.
- M 5 M e aFatah
Sec. 2. 2.4, s=16 V'3, 1=8. 2.2. 256 cm?®. 2.3. ¥ 3 m. 2.4. 2 cm.
\ iy
25, 6 m. 2.6. 9.6 cm®. 2.7, 2% sin 2. 2.8, 2 .29, Y10
2 (V'3+1)? 2
. 12
2.10. ]/ b+_4cos“a . 2411 242, Side CD. 243. —.
('1—’—3tan€ft)2 T 1 _ 2 o
2.14, 1+——2taT——'? ]/a —16. 2.15. T(G b) Sin .

2.16. 4h? cot . —2h V a®—4h2. 2.17. %. 2.18. 2. 2.19. |AB|=
|BC| =2, |AD|=V3, |DC|=7, s=%1/§. 2.20. % 2.21.

aV 13 |AM|
5 - 22 Trpi=

13-2‘5’ cm3. 2.22. 23 om. 2.23. |MK| =

ma 1 2
—§~- 2.25. —M. 2.26. is. 2.27.s=“+b V @F0 Gr—a).
4 5 11 37
228. —S.2.29. V' 35. 2.30. g3 28 5. 2320 —-. 2.33.1.
1 ¢/ V1T—1 PRy 4
236 5 ) ——5—. 235 IEM|=2VQV3, ILNI=, V3

2

_ B . ]

Sec. 3. 3.1. E_ﬂ_ 3.2. 2V Rr. 3.3. 8. 3.4. -‘3— B+n—3V3).
35, 1—Y34+2 o 3.6 130 e 3.4 %R”(Z V345m).

cm
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3.8. —;—R! cota—-—;—}zﬂ (%—a). 3.9. 8. 3.40. 7. 3.1, S=

n (4R2—12)2 d*—(Ry—R,)?
TR ) 342, r= 72 343, 8 cm. 3.4
64R% 4(VR+V Ry)?

aV§+r—V4r’+2ar V3 2 = 3
5 . 345, 5 (B—V3). 36 (—5—h'

12 — 8 32
T") .347. 3V T3, 3.48. - om 349, ——(arccosm—m X

— 2sin%a
—m?
V1i=m?). 3.20. AFsin2aFsinta) 3.24. The area of the

square is larger than that of the circle. 3.22. |AB| =—_;.—3.

e b |cos (3a/2)| -
Sec. 4. 4.1. 1+‘7.—§— . 4.2, m . 4.3. r=
R sin (a./2) bk abe

f+sin(@/2) © " yY{a+b+te)(@Ftb—c)(@atc—0b)(b+tc—a)
a2 (3Y 3—n) b4¢e—2V becosa 3 o/3
— g 4b. . 47. V3, 2V3

4.5.

28in2 ¢
(or 2V'3, V'3). 48. 5‘/13. 49. 2r: S (:‘l'l*l‘g’ sinf
__ . sin(a/2) cos (B/2) _
410. V15+6V3. 4il. R=c oos oI R~ W2 S=
1 R2 (a+R)3 5n—6 V3 a
_2“ Z(G—R) (a2+R2) . 4.13. —72—— a". 4.14. 7 X
1—sin(@/2) @ l/ 13—4V7 _
"————l+sin (a/2) tan 5 - 4.15. a —2—. 447. S=
. 1 —sin —
= “/3 (-—u—]/3) 418. ‘2”_;‘_‘;‘“ i . 419. R=2.
1+sin7
4.20. %, &.21. r1*=-V—66— 14—V 7), r,=-#- 21—V 105).
a2z, BYBOTHS)  1on 4oa 404 150420 425, 3V 15,
V7 : V 3 2
5/4—cos P bsina V’—l 125
4.26. 5P Sm@iP 421, T—. 428, —(3+ V3.

520, 26—V 430 128342V D:49. 43, ]/4_ﬂ.
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_— - 2 qi 4
432, |AC|=VT0, |AB|=3V3. 433 2Rsinacosta .

cos 3a
a? V'3 _ 1 . 1 . B
op— - 435, 22. 4.36. S= 1 (l—n)sin B (H‘z_n smﬂtani)_

3V'3 _ sinC 3—27 2cos B
4.87. Bn—3 ° 438, Ry = sin (B+C) 4sin B ’
sin C 342V 2cosB
sin (B4 C) 4sin B :

Ry=

4.39. tan isin 200, 4.40. - ! . The ratio is the
2 sin a4 cosa—1
— ro sin (o¢/2) sin 2a

least for a=145°. 4.41. St (3a/4) sin (Ta/d) 4.42. arctan Pyt

| AE| __ cos? ((f—7)/2)
B TDET T st (BFVD)

where y= 4 ACB, f= £ ABC.

4.44. V3T1 . 4.45.25m. 4.46. 5 cm. 4.47, arccos-i , 2 _arccos 3
V6 5 2 5

4 1 4
Or arccos 5 —~—arccos 5 4.48. 14 cm. 4.49. 3, 4, 5.
4.50. —;—dm. 451. V9T cm. 4.52* 2 V5. Hint. Introduce the

acute angle of the triangle o as an unknown and set up an equation
to find o by means of the theorem on a tangent and a secant.

4.53. 240 cm?®. 4.54. 1—’; Z—g 4.55. % % 4.56. %,
n 4 1 n 4 1
4.57, ———arccos —_——:) , —— -} arccos (——_——_) .
4 (]/6 % . Ve V2
2 Sp 3V3(V13—1) m V k2 ¥ 2k cos A+1
4.58. —-. 4.59.3:_ T . 4.60. 5k 1) cos (A72)

3+ 2 V2sin(a/2)
2 cos? (a/2)

4.64*, ]/% , ‘/—g- Hint. Introduce the distance from the

point D to the point of tangency of the circle and the straight
line AC as an unknown. 4.65. The [triangle is equilateral, the
length of the side is 8. 4.66. | AB |=10, | BC |=6, | AC | =12.

4.61. arccos V' 2 (1—S). 4.62.

a.4.63. R= 12 cm.

_ a 9 V/3r2
= m . 5.3. % .

54.r V. 5.5.—723, 5.6. 2. 5.7. 10,0, |=%, 5.8. 12.5 cm.

Sec. 5. 5.4. h? V3. 52. R
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) - s 103 V17
5.9. %" 5.40. 2(YV6—V'2). 5.11. —%—- 5.12.

2 4R2 sin3 a
5.13. ( 2r _m)(r—im-tanl). 5.4, Str_ _ AREsinfacosa

4+3V3
— -

sin y 2 Seir n
9
5.15. %— , 3—2 5.16. 271 (cosec a-}-cosec f§). 5.47. -5 re.
5.18. 3 cm, 8 cm. 5.19. 41; .5.20. 8. 5.21. 12 ]/15 5.22. 14.4.

5.23. 3. 5.24. 10:11. 5.25. The trapezoid is isosceles; 75° and

. 9 | MN | }__ L O
105°.  5.26. 210. 5.27. " 5.28. \ND| = a + lsin - =
., O a ., @ 7 34
‘/a2+2al sin? T-—lﬁ cos? - sin®—-. 5.29. ——Vgg v B

0 2 31, 2
530 |AC|=77. 531>

Chapter 12

See. 1. 1.1. arccos —1_ 1.2. @ V3. 1.3.2a8sin & x
V3 2

o 3a b3 V cos 2o
'/Sln T sin —— 3 . 1.4. W . 1.5. P=
arccos (sina sin f).  1.6. 576 cm2, 1.7. ¥/ 2d? sin 2¢ cos (45°— o).
1.8. a?bsinasinf. 1.10. % 113 cos? a sina.
3 si 2) 2 6 3
141, $Y3sin@430) 2 142, sina=X8, y_2
cosa 3 6
a V4b® —a? V3 3 g O
1.13. 2 @) tana. 144 == H (3tan —1). 115 V=
a3 cos? (a/2) cot (ot/2) 1.16 a 147 c¢?sina cosa
3(83—4sin? (a/2)) 7 sing e 2cos B
1.18. V= le— ]/ 2 (a?+b2—c?) (a2 + c2—b2) (b2 +c2—a?),
1.19. —13 sin —l/cosz—-cosza 1.20. sin 3 &*—%ﬂsﬁ—

1.21. m—2 arcsin m 1.22, V_lana 1.23. aV}/Z—i.

2
126 —. 1.25. 12‘/2 V @+ b2 —c%) (a®+ c2—b?) (b2 + ¢ —a?).
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1.26. Q ]/' " cot? (a/2) 1.27. 2 13 608 (B/2) cos B )

{1 —cot? (a/2) 3 sin3 (§/2)
in?
1.28. M . 1.29. y=-2 pssin?(@/2) . 1.30. Q=
2cosf 3 cos o

V3V VaH® L3V. 1.31. 2 arcsin (Vé%) .
tanz o —1 13 cot o cot B

1.32, arccot I/T . 1.33. 3[i/sin® o F Golf B2 *

- - 2 2_ ——

1.34. 6V 2—V6+4. 1.35. V= W , Stat=V 1212 —a3x

d . V3—1 V3

—2—' . 1.36. 2 arcsin ——2— . 1.37. 2 arccos W .

\ _
1.38. ‘i(_sw 1.39. arctan (tanacos %) . 1.40. 0=

. [ cos(n/n) (a3—b3) V'3
2 arcsin (m) . 1.4, T.
2 1/3 g ) -
Sec. 2. 2.1. 22 4‘/3. 2.3. V6. 24 “},,/3.
2.5. P coincides with the point C. 2.6. V3 2.74 3 111—7201
3 2
l/ 5 2.9, 1441/3. 210, & 1/3cota.
5 sina
2

2.11. (b)) (@—b) tan2 a tan f. 2.12. arccot (cos a).

8

-4 = —
2.13. M . 2.44. arccos (tan i) . 245, M.
2 2sin (a/2)

2 gi —_—

246, 5. 2.17. —V—_m2 2.18. %.2.19.S3in¢p1/3 V3 cos ¢.
a?tana

2.20, T V 1562 4412, 224, 3. 2.22, Ssmptanp

(3m+2n)a®tanc _a’tana aty’3
: y S=
8n 8 4cosa

2.25. —;—(c-i-h)-S. 2.26, 7:17. 2.27, T76‘ V (a®Fb?) c®F4a%:2.

2.23. 2,24, 3%/3 .

213 -
2.28. <p=arcsin%. 229, s§=2 V3 cosa V4 +21cos® .

a2 l/3sm’ +231n—l/4sm ——1+1

2.30. 231, S=

sm ———|— 1/4 sin? - -—1
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V3 .

2(4tan2 ¢ +-1) cos a

a? sm2 5 ]/3 4 sm2 . 232, 3 ab. 2.33.

2.34. 2 AT a?. 2.35. 2a% cos? — % YV "2cos2a. 2.36. S=4V 3m.

49
ad 3 1/2 =y vicot?a col:2 o 4ab . o
2.37. fog5. 2.38. 2239, V33— — . 2.40. o sin—5-.
1 6sin%(1—_§_ sin2 %)
2.41.3:4.2.42. 5 2.43. .
2Sln——}—l/-1 —sm2 )
2.44, % 2.45. At the distance not large than— | SD | from the

5 _
point S. 2.46. 8:37. 2.47. ‘162“” . 2.48. T 12cosa. 2.49. 32V 3.

2.50. a2 (1.4-2 ]/1+ﬁ), 251, . 2.52.1:1. 2.53. 20 S.

5 16
3 2 : TS+ 3115
Sec. 3. 3.4, Leostasing o VA g4 wt )15
471 2 3
15 S 2,3
3.4. M. 35, Sr 36 S V_S. 37, 2. _mr
3 3 33 3 Tmr_1
38, Y5 39, 28=3V3 44 ?‘T"hs 341, — 3A2%
101433 41 cos P cos? %
12cos P _ r— -
3.12, o5t V sin (B 4- @) sin (p—a).
. TV b2—a2 (b2 cot? a— a? cot? P) 1
3.13. 5% (cot? o — GOVE p) 2 . 34— (281428, + nd?).
35, 2V 2=t p 2V241 o 3.46. r (1+2tan2 L &
2V 241 ' 2y 2—1 2

tan—]/3+4tan2 ) 3.17. r( VG) 3.48. 4 3.49. r,=

csinf _csina __csinasinf p?—(R—r)?

2sina ’ “2sinp’ "*" 2sin?(a+h)° 3.2 "4 (VR+V TS

2 2 _ 3

Sec. 4. 4.d. ﬁ’{-zi 42.5:1. 43. 2R* V3. 44 2+TV3.
kS = N2 2 3‘/7 3—V5 3+V5
4.5; % a(Y'3—1)>~ 46. 5 R 5. A=

28-0263
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48, 5 aVH 49. 0 BV3 410, R—bom. 44l R=
a V 3 cos g —sin V/—sm (60°
2V3 Vﬁ cos %—I—sin% 2V3 sin (60°+

acos —=
2 a3 5.2V

* 2l/sin (%—{%) sin (—g——%)

4.15. a13/3 (Vicot?a+1—2cota). 4.16.

)
)

m|9 m[g

[=21]

N.I
o

2nsin? o

3V 3(3+cos2a) °
4A7. b (1+]/%) b (1_1/2) 418, 2%/2

9. a(2b—a) 4 2 ﬁ a(y 3—1).
. S . n——(wt£+ ) a2 S

n 6 31 3sin?a-costa

4.22, 9= 5 Pa= 2 arctan 5. 4.23. V o
. 2 a

424 41‘[.—8111 o Ccosa . 4.25. 4R V 3tana
31V 31+ cosa)?

g1, Y3+

2V 24-V3+1
a? (4b% — a?)1/2? (4a2b2 — at—bt)~1/2. 4.31.

2

a
V 219p2 1
35 - 4.30. TX
b cos o sin (at/2)
cos (a/2)+1 °
432 — T 43, V. 434 —. 435 S=
r4V r’faH? 8

— - 2 a 2na?
2 —3 1 — — —
3V 15(V'5+1)% a=2arcsin V . 436, 4. 437, -

4.28. 4. 4.29

NJI

4.38. 4R?sin 2a. 4.39. 4R3cos o (sin a+ ¥ —cos 2a). 4.40. @ a.

1 — 4 (1+4cos @)3

— 2__r3), 42. —— RSB _
44. = rR (R +V R*=r). 442 4 R cos gt g sina -
4.43. S=2V 2R2cosa ( sina 4 ]/sin’a—}— -;— cns’a).

aitn L sect 2 445, asina cos o 46, —2

4 2 Vifcostatcosa V22—’
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c

4.48. .
V 2 (cos (¢/2) +cos (B/2))

war, Y3CVI g,

a Vé e 3 . ﬂ-
449, ————————. 450, V=4 10+41)3, o=2arcsin l/——
A+ V) (Viot e
3 — 3 Ip2
451 a? (2b_az_ . 452, RS . 4.53. S=£§i y V=
3V 2V 2% —g2 16 sin? o
_ — me 2ot 2_“)3
4V3 _ 4—sinta 32V (65‘“ Zn g sy
3 R3 —— . 4.54. - 4.55. 3
sin*a s sint 22
4 sin3 a cos3 a 2 4—sin?a
2 g ST XCOSTX -2 g 28 &
656 — w— 451. V=5 nRS — =
2 3 3 —
=—lf—3%. 4.58. n—4arctan —1— 4.59. qr? cot (u/4, /)
sin? o 2 3cos?asina
4.60. S sin a sin 2 cos? —;i 4.62. 4tan® % cota.  4.63. 2.

27 . ‘/—s— R i/' a &
4.64. m . 4.65. arcsin F . 4.66. -2— 3 cot i- cosec 7‘- .
1

5 r(3+2v2+VvV3) a1
4.67. V§ r. 4.68. V.g . 4.69. sin 5 —V-3.
art (4 Y FE@=T® R e vE)
4.70. Sy 471, ‘/T(Vﬂ+r—1/12),
R (hy+hy) VR:F+hi—R 9 48
2. 3. 2 &4 =5 RS,
Y VEn+VER VRgntr o R
. 4
4.75. R[r+Rcot (%+%)] 476, 5 471. R=
2r o«
vite (T—7)-
Chapter 13
Sec. 1. 1.1. (a) (—6, —2, 4), (b) (18, —5, 19). 1.2. (a) (—30,
21), (1) ©, 0), @ (5 ~o) @ @5, —10). 1.3.0=2,p=3,y=>5.

1.4. (a)(——;—,%,—;—), (b)(%.%,%). 1.5. (—1%

3 3

50 TO—) . 1.6. (a) e=a—b, (b) e=2a—3b, (c) c=———g- a.
—

7. @) PO=(~3,5, —3, O P0=(—q3, 5., —).

28¢
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1.8. (o, %) 1.9. (a) (—2, 1), (b) (0, 2), (c) (0, 2). 1.10. M, (7, 0)
and M,(—1, 0). 1A1. MO, 1, 0). 1.12. M(—1, 0, 0).

1.13%. (a) (% 1), (b) (% 4), (©) (-g— , 1_§) Hint. 1f

the vertices of the triangle ABC are defined by their coordinates
A(xy, Yy, 21), B (x4, Ys, 23) and C (z3, yg, 2z3), then the coordinates
of the centre of gravity G of the triangle can be found from

. 1 1
the cquations o= — (@1+@o+323), ¥=—3 (W1 + Vo + ¥a), 2=

1 | 9 5
?(21—‘—22"{—23). 1.14. (a) ,‘k=—H, (b) k=—'1—6‘, (C) k= —3.
3 4 5
1.15. (a) Yes, a=—2—b, (b) YeS, c= ‘—T d. 1.16. X=———3—- y
Y=%, 1.48. (4, 0), (5.2). 1.49. (—1, 2, 4), (8, —4, —2).
11 10 18
1.20. (-7- T 7), 1.21. o= —1, B=4. 1.22. (a) 22, (h)—200,
_ 3 4 3 4
© 41, (@) V105. 1.23. e;= (—T’ ?) : e,:(T , —3),
2 77 a . b
* = — — i = _—— JR——— .
1.24%, x-(65 ,65)  Hint. x=e;+e,= oo, 125 —13.

1.26.(a) |a |=V3,(0) b=V 1. 1.27.(V3, V3, V3) or (—V3,
—V'3, —V3). 1.28.6 V2. 1.29. (6, —2, 4 and (—86, 2, —4).

130 Y8  pint. am= L (AB+40)=ab+_L BC
30% Y2 int. AM= - (AB++4C)= 4B+ BC. 131, (a)

arccos —— 6 , (b) arccos ( —_ (c) arccos 3 , (d) arccos( —

757)

7 vl
2

Vi3’

2 ) arccos ( 5 ) 135°. Hint. i=(1, 0), j=(0, 1)

w—3 — == <nt. 1=\1, V), J=Y, 1).

V29 V% !

1 1 1 3 1

. 1.34%. - =, —=, b0, ———, ———,
® 3'Y3' V3 ®) Y10 Y10

(¢) —1, 0, 0, (d) 0, i % Hint. i=(1, 0, 0), j=(0, 1, 0),

k=(0, 0, 1). 1.35. p=(—6, 8). 1.36. b=(—24, —32, 30).
1.37. 90°, Y 10- 1.38*. ¢;=(1, 0,1) or ¢,= (_ 1 4 ! )

_4_

3YV’5 5)

(e) arccosi (f) arccos (—L_) 1.32*,  arccos
7’ 3y'5/°

arccos ( —

3373
Hint. Designating the coordinates of the vector ¢=(X, Y, 2),
derive a system of equations ca=1, cbh=1, e¢2=a?=b2=2 and,
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solving it, get the answer. 1.39. cosa=cosf=cos y=—l/i§-,
1.40. cp=3Tn. 1.41. Z=4. 1.42. X=0, Y=2. 1.43. ¢=(—3, 3, 3),

4 1 2 )
v3'® v3' V3l
Using the length of the vector a and its perpendicularity to the
vector d, set up two equations with respect to X, Y, Z: X—Y 4
22=0, X24Y242Z2=12. Noting that |b|=|e¢| we find that
2XY+YZ—XZ=0, whence, solving three equations for X, Y, Z

1.44. c-=( 1.45% a—=(2, —2, —2). Hint.

wo get the answer. 1.46. | BD | =2 1/ 6. 1.47. | AC | =5, (—g- 1,1).

1.48. arccos ()i_ . 1.49. 43__, 1.50. | 44, | = i ,| BBy | =
V6441 25 Y 13 2

@3’ | OG |=V;82, arccos :—1-5! 1.51. (24 ]/3, 24V3) or

(2—V'3, 2—V'3). 1.52. ¢;(3, 6), Di(5 3) or C3(—3, 2),

\ 14+7V3 14+V3 1—7V'3

Dy(—1, —1). 1.53. 4 ( ) ) c (—2—
1—V3

2

1.57. A=7.1.58. | AB|=5, |BC|=5V2, | AC|=5, £ A=90°,

). 156 1 44, |=% Y 10. 1.55. D (20, 23, 6). 1.56. A=4.

—_—

L B=/C=145°. 1.59. Acutc. 1.60. p=45°. 1.61*. AH=(2, 1).
—> — — -

Hint. Take into account that AH=(X, Y) | BC and BH=AH —

— - -3 &1

AB L AC. 1.62. | 04, |=1/%. 1.63. | AG |=@_ 1.64*. 4] (0,

—2, 0) and A7 (2, 2, 2). Hint. Knowing the volume of the prism,
we find its altitude H=] A4, |=) 6 and, designating the coordi-
nates of the vertex 4, (z;, y;, z;), we relate the coordinates of the
—
vector A44,=(z—1, y, z—1) and its length. We get the other
— >
cequation from the condition 44, | AC. 1.65. 18. 1.66. 26.

Sec. 2. 2.4. (a) 2 —y+1=0,(b)z—1 =0, (¢c) y — 2=0.
2.2%. 3z — 2y — 12 =0, 3z — 8y 4+ 24 = 0. Hint. Use the inter-
cept equation of a straight line (4).

2.3, (&) 3z—2y—5=0, (b) z—5y—%=0. 2.4. AB:4z+y—6=0,
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19 cos = 19 L s z—1 _

V17’ Viiss' VVB+sy T
y—2 PT 7 5%

—_—, Iy 265 17) (z—1 —4 26—17 —2)=0.

v m—y b VBV e 4V B-17) -2

25.y=2r—6,y= —2z 4 6. 26.z —5y 43 =00r5z 4 y —

— 11 = 0.2.7*. C; (5,10) and C, (3, 0). Hint. The area of the triangle
ABC can be found from the formnla

S:%|a| |b|]/1—(|a‘|‘—';]“)2=%1f(1al I'b1)*—(ab)?.

CD:z—4y—2=0, h=

2.8. D9, 0), 2.9. @— 1?24 (y —1)2=1. 2.10. y _VT

5 and
y= _Kg_s. 2.11*. B (12, 5), C (—5, 12), D (—12, —5). Hint.
The point C is symmetric with respect to the point 4 about the origin.

20200, (a— ) + =YD= (s—5 )+ G+ VD= T

Solution. The centre of the required circle lies on the straight line
which passes through the point (1/2,0) at right angles to the Oz axis

J

(51N
x

Fig. A.1

(Fig. A.1). The diameter of the required circle is equal to the radius of
the given circle. Writing the equation of the required circle in the

2
form (z—%) 4 (y — yo)? ::-2— and requiring that the circle in
question should pass through the point 4 (1, 0), we find y,.
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243, (@ — 12+ (y —1)2 =1, (x — 5)% + (y — 5)2 = 25. 2.14.
2z —y — 2z = 0. 2.15. (a) 3z + 4y 4 6z — 29 = 0, (b) 2z— 2y —

z24+9=0, () z—y+ 4z +11=0. 2.16. (a) arccos R (b)

arccos %, (c) arccos % 2.47*, —‘%9 Hint. Find the cosine of the
angle between the vector n of the plane and the vector A—§ Using the
definition of the angle between a straight line and a plane, find the

sine of that angle. 2.18. (a) arcsin 18 (b) arcsin 2.19. 10.

23
35’ 15 V10"
2.20. (a) % (b) 0, (c) 4. 2.21. 3. 2.22. 6z 4 2y -+ 3z = 42 = 0.

2.23. (—1, 0, 2). 2.24. (a) (0, 0, —2), (b) (2, 3, 1). 2.25*. 3. Hint.
The vector n = (2, 2, —1) is parallel to the straight line which passes
through the centre of the sphere at right angles to the given plane. The
distance from the centre of the sphere to the plane is equal to 5.

4 97 40 32
2.26. (4, —3, 0) and (-2—1 5 ﬂ) 2.27. (z—é—) + w124

2
(z-—1)2=mT—i—3; for m2>% it is a sphere; for m”=-32i it is

a point; for m2<% it is an empty set.

Sec. 3. 3.. arccos 3_;.
V1

3 . 3.4. arccos 1

V10 V5
of coordinates Ozy such that the axes Oz and Oy would pass through
the legs BC and BA respectively. 3.7*. 2az + 2by = a? 4 b2, where
a, b are the lengths of the legs. Hint. We choose a rectangular system
of coordinates such that the Oz axis coincides with the leg CA and the
Oy axis with the leg CB. 3.14. 3a2, where a is the length of the side
of the square. 3.15. 442, where a is the length of the side of the square.

. 3.2, n—arccos(-— 1 )

5V 13

3.3. arccos . 3.5%, % . Hint. Choose a system

6 3 1 1121 551
346, ——. 347, ——. 3.48. — - 3.19. RER -
V' 170 V' 170 3 170 850
1 1373 V7
3.20. —4— —§5—' . 3.21. arccos 3 .

702 V17
3.22%%, —%Z-. Solution. Introducing the system of coordi-
nates Ozyz asshown in Fig. A.2, we find the coordinates of the points:

A (a,0,0), E (O, %, a) , F (%, a, a) . Theequation of the plane

which passes through those three points has the form = 4 y + -2— z

a =.0! The cosine of the angle between the plane of the lower base
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and the given plane is cos (p=i_, The area of the projection of

the pentagon resulting from the section of the cube by the secant plane

2 2
onto the plane of the lower base of the cube is s= a%? — % = Ta

8
and, consequently, the area of the pentagon itself is S =
s 7 V 17a2
coseo 2%
3.23**, | 41K |=|4A,L | = ‘/2-5 a, | KL |= 1/2-6 a, 4—71 . Solution.

It follows from the hypothesis that K (% , 0, 0) , L (O, a, -g—)

1

2 2 5
(Fig. A.3). Then |A1L|2=a2+“T=5T“, |‘41Ll=az5

. -
| 4,K |2=~%+a2, | 4K | = i ;/5 . Let us consider two triangular

pyramids: NA KA, and NDML. In the second pyramid we designate
the unknown lengt]hs of the legs ND and DM as z and_ y respectively.

z
5, 4 U/ A/ Y/}
| ~ 1
a g IS
T 7 & ~J¢
/ I A%
/BL ! g Al
/ Z4- - I
i/ ey W >
ALK M J
A J r A
z
Fig. A.2 Fig. A.3

It follows from the similitude of the triangles A4A,N and DLN that
z = a, and from the similitude of the triangles A KN and DMN
it follows that

_a. 2=a2 2 % _ 3al _a 6 .
y=7: I|KLP*=—o+a+=—5, |KL|=—5—. Then

1 1 a ad 1 1 a a a®
VNaka, =3 g3 3%%=5i Viomr=g-5 3 7%=3g-

From this we find the volume of one of the parts of the cube into
which it is devided by the secant plane, Vi=VNaga,—VNDML=

3
1—‘;- . Then the volume of the second part of the cube is V2=2—g a3,
whence V;:Vy=17:41,
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21/ 3 2
3.24. &T‘/e‘ 3.25. (a) 55 (b) 3—72a2. 3.26. 8a%, where a is

1

the length of the side of the cube. 3.27. —g—, W . 3.28. %— , ﬁ .
14 1 a ]/5 a ]/5 . a 1/§

T ﬁ. 3.30. (a) 3 (b) 5. 3.31. 5 -

— 3 1 1

1 g > 3
Sec. 4. 4.4. DCl=za+Z b, ch=?a+— ) DC3="4— a']'--zb.

3.29.

—> 2 _—> 1 = —> 1 —_—> k —>
4.5. MC=§MA+?MB. 46. MC= 1 MA+ MB.
2

PER]
—
4AT. | AB | =4, 448, 2 . 419, 1.5. 4.20. 2> . 4.21. 44, =DEbe
11 A
1

b+tc
2

1
. 4.23, 3
(a+) (b+¢) (atb+0) — =
4.24. YCETEST) . 4.26. 0. 427, 'p=q=1. 4.28. Q0=
1

1 1 8
a——?b—l—?c. 4.35. 1:8. 4.36. 3. 4.37. W . 4.38. F.

—_
where AC=Db, AB=c and | AC | =b, | AB | =c. 4.22.

Sec. 5. 5.1. (a) 9, (b) 13, (c) —61. 5.2. —13. 5.3. The vectors a
and b must be mutually perpendicular. 5.5. k= —:—c . 5.8. (a) my=

%Vb2+2bccos‘4+c2, (b) 1a=2b—cgf_¥&. 59. () mg=
L — 2V'b — 2
5V =aFamtee, (b za=V+‘4’_(f-‘1. 5.10. arctan ‘g

sat, 3TV B g0 2 son s A— s B—30, 4 C—12P,

3 2.

Chapter 14

Sec. 1. 1.1*. 107. Hint. From the initial set (0, 1, 2, . . ., 9) we
take samples with replacements, which contain seven elements each.

7
1.2%, w . Hint. Find the sum of the numbers which represent
the quantity of different samples including one, two, and so on, to
seven elements of the initial set. 1.3. 243. 1.4. 232, 1.5. The number
of divisors ¢ is equal to the product (&, 4~ 1) (ky + 1) . . . (ky, + 1).
1.6. A7,. 1.7*. 2", Hint. The initial set consists of two elements (H, T)
and the samples with replacements consist of n elements. 1.8. 720.
1.9. (a) 2-29!, (b) 28-29!. 1.10*. 968. Hint. We must find the sum of
the nymbers of different chords containing three, four, and so on, to
teft~sbunds. One chord, consisting of k£ sounds, is a sample of k&
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elements from the initial set which contains 10 elements; the order
of the elements in the sample is inessential. 1.11*. 40.39.C3%,.
Hint. The chairman and the secretary form a sample without
replacements consisting of two elements of the initial set which
consists of 40 elements, five members of the commission form a
sample without replacements of a certain composition
taken from the initial set consisting of 38 members.

1.12. (2)(120) 1.13. (342)(3) 144, (2)(125)(1;))

1.15. (a) 42 ( g) differcnt cards; (b) (422) (2) different cards;

(c) (432) ( g) different cards. 1.16. 120.1.17%, (?(2))_([;3) Hint.
The required number is equal to the difference between the total
number of the ways to draw 10 cards out of the pack of 52 and the
number of the ways to draw 10 cards out of 48 so that there is no ace

among the selected cards. 1.18. 4(444) . 1.19. (140) (2) 1.20*.
1225. Hint. Take into account that the digit notation of the number
cannot begin with a zero. 1.21. 750.

Sec. 2. 2.1. 2520. 2.2*. 3465. Hint. A sample with a given number
of replacements of volume 8 is taken out of four groups of homogeneous
clements. 2.3*. (176) = (196) . Hint. A sample with a given number
of replacements of volume 7 is taken out of 10 groups of like elements.

2.4%. 30 - Hint. We seek the number of different samples of com-

position (13, 13, 13, 13). 2.5*. 172:— . Hint. Six different groups of homo-
geneous elements must form a sample with a specified number of re-
placements which contains 12 elements and has a composition (2, 2, 2,

2, 2, 2). 2.6*. (mji) . Hint. We must consider a sample with a

specified number of replacements which has a composition (m 4 1, n)
where m -+ 1 is the number of gaps between m white balls and n is
the number of black balls. The number of different arrangements is
equal to the number of different samples of composition (m + 1, n).

2.7%. 1% . Hint. We seek the number of different samples of com-

position (rn;- n,), where n, =52 is number of successes and n,+n,==
100. 2.8*. 2 (6l)2. Hint. The number of permutations in the left-
hand seats in the row must be multiplied by the number of permuta-
tions of the right-hand seats. Take into account that the right-hand
and left-hand seats can be interchanged. 2.9*%. Hint. Use the inequality
(an—k) (Znn k) < (2: )2 , which can be proved in a direct way.

Sec. 3. 3.1*. 1024. Hint. Expand the expression (1 4 1)!° by the
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binomial formula. 3.2. k—4. 3.3%. T,— (128) 25-5=153%-5. Hint.

Use the fact that the middle term has the greatest coefficient. 3.4.
28z%a-%. 3.5*. Hint. Use the hint to 3.1*. 3.6. —1375. 3.7**,

100
(15%0) (%) . Solution. Let us consider the relation between T},
and T,. Since
100 1100 100\ / 1 \100
T =) (z) > =(%) (2)
Tpyy 1001 K} (100—K4-1)!  100—k+1
Trp ~ (k+1)!1(100—K)-1001 " k41
100 — k41 100— k1
k+1 k1

The1 <<Tp. We find that for # <50 the terms of T, increase and
for k>50 they decrease. Consequently the greatest term is

100\ / 1\ 100

7= () (z) -
3.8. The tenth term is the greatest term of the expansion. 3.9*.
Ty = (13?)_,11. Hint. The binomial power can be obtained by the use

of the Hint to 3.1*. 3.10*. Hint. Use the expansion of (1 — 1)7.
3.11*%. —264a%7. Hint. Use the result of problem 3.10*. 3.12.
314 925.108. 3.13. z = 2. 3.14*. 5/8 << z << 20/21. Hint. See the
solution of problem 3.7**. 3.15%, 1/2. Hint. Using the hypothesis,
represent the 50th term of the expansion as a function of the argument
z and solve the problem on seeking the greatest value of the function

obtained on the interval [0, 1]. 3.16. 1=n——k 24

347, () 32,
3.18. 26. 3.19**, The first, the fifth and the ninth term of the exipansion
n n (n—1)

If >1 then Tp,y>Ty and if <1, then

are rational. Solution. Since the coefficients 1, 50 3 form
an arithmetic progression, we can form an equation

n(n—1

LIUS IR,

whose roots are n = 8 and n = 1 respectively; n = 1 is an extraneous
root. For n = 8 the general term of the expansion has the form
k 8-k R+8
T _( 8 )zz(l)s'kx_’*——zia-s ( 8 ) e
R\ k) 2 = k :
This term is rational if k¥ 4 8 a multiple of 4, where 0 << k¥ < 8. This
condition is fulfilled for ¥ = 0, 4 ,8. Consequently, the terms T,, T,, T4
are rational.

3.20*. Hint. Use the binomial expansion for (1 — 1)n. 3.23*. Hint.
Consider the binomial expansion for (10 — 1)22. 3.25*. Hint. Find
the increment of the antiderivative of the function (1 + z)® on the
interyal [0, 1] directly and by writing the echression for 1 4 z)® by
the binomial formula. 3.26*. Hint. Find the derivative of the function
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(x — 1)™ at the point z = 1. 3.27*. Hint. Compare the increments of
the antiderivative of the function (z — 1)"on the interval [0, 1] found
directly and by expanding (z — 1)" by the binomial formula. 3.28*.
(n + 1)l — 1. Hint. Add P, + P, + ...+ P, to the required ex-
pression and then subtract P, + P, + ... 4+ P,. 3.29*. Hint. Use

the identity ( Z )—+~(:_1)=(:+1),

Sec. 4. 4.1. 12/365. 4.2. 5/12. 4.3*. 1/3. Hint. The number of all
two-digit numbers is 90. The number of two-digit numbers divisible by
Zhree3c/z;rsl be found from the equation 99 = 12 + 3 (n — 1). 4.4. 0.4.

.9, .

4.6**, P (A) = 1/8, P (B) = 3/8. Solution. The sample space
consists of samples with replacements formed from the letters T and H.
It contains 23 = 8 elements. Only one sample (T, T, T) is favourable
to the event A and three samples (T, T, H), (T, H, T), (H, T, T) are
favourable to the event B. Thus, P (4) = 1/8, P (B) = 3/8.

4.7. 1/6. 4.8. 1/2. 4.9. 89/99. 4.10. 10/99. 4.11*. 1/8. Hint. See

the solution of problem 4.6%*. 4.12. (g)/("g"”) 4.13. 1/720. 4.14.

245/354. 4.15. n-m-k/C(n-+m-+k, 3).4.16. (?)/(f’) 4.17.4(125) .

4.18*. 1/15120. Hint. The sample space consists of all permutations,
with a given number of replacements, which have the composition
3,2,2,1,1, 1. Only one permutation of this kind is favourable. 4.19.
5.3141/7!. 4.20. 2.4131/71. 4.24*. 24.48113%/521." Hint. The sample
space consists of all samples which have the composition (13, 13, 13,
13). Samples of the composition (12, 12, 12, 12), to each of which an
ace is added, are considered to be favourable.

515! 50 C(n, kyC(N—n, m—k)

4.22. o, 423, THE 4.24. D) .
425 1 . C(6,5)C(42 1) C(6,4)C (42, 2) C(6,3)C (42, 3)
““9tC@48,6)' C(48,6) ' C@48,6) ' C®48,6)
4.26 C (48, 5)C (4, 1) . C (44, 4)C (4, 1) C (4, 1)
i C (52, 6) ’ C (52, 6) :

C4, 2)C2, 1) _ . 2.C (18, 8)
4.27, ——Tw:—s)——o.b. 4.28. m.

r2 1 2 1 « 143In2
Sec. 5. 5.1. 0.2. 5.2, R 5.3. 5 5.4, 3- 5.5. 7 5.6*. —g -

Hint. Consider the ratio of the total area of the figures bounded by the
curves y = é— , y=2z, z = 2, y = 0 to the area of a square with

1

side 2. 5.7*. 5 Hint. See the hint to 5.6*. 5.8%*. % Hint.

ad
16°
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Find the coefficients of the equation of the parabolay = az? + bz 4 ¢
from the condition of its passage through the three indicated points,
having chosen a requisitesystem of coordinates. 5.9. 3”;8 . 5.1, é—,
Hint. Use the statement made in problem 5.10. 5.12. Approx. 0.314.

5.13*. Lz . Hint. If we designate the distance from the point B to the

origin as z, and that from the point C as y, then the sample space will
be represented as a unit square inscribed into the first quadrant of the
coordinate plane. The elementary events favourable to the event
whose probability we must find are represented as points whose coor-
dinates satisfy the inequality | y — z | <X min (z, y). 5.14. The trains
going in the direction 4C must arrive 10 minutes after the departure

of the train going in the direction CA. 5.15*. j—i . Hint. Introduce the

system of coordinates Ozy, where z is the angle which the needle forms
with the parallel, and y is the distance from the centre of the needle
to the nearest parallel. In this case the sample space is associated with
a rectangle with sides a and n/2, and the elementary events favourable
to the condition of intersection of the parallel straight lines by the
needle are associated with the points whose coordinates satisfy the
inequality ! sin z << y.

n(n—1) 2nm

Sec. 6,  6.1. ntmy(ntm—1) °  (ntm (nfm—1) °

n? m2
(nFm)? * (ngm)?*
events connected with the colour of the successively drawn balls

39 26 13%0.1055. 6.4. 25 3

6.2%, Hint. If the balls are replaced, then the

are mdependent. 6.3. ?)T . '56 . E m- . 6.5. g .
20 15 14 42 81

6.6. (a) 2—5'% . E‘—g-s, (b) m . 6.7. 1—

bnmk 68. 1. 69, 1—

(n+m4+k) (n+m+k—1) (n+m+k—2)° n -
(n—1)(n—1—1) ... (n—1—k—+1) n .
=D (n—2) ... (n—F 1) 6.10. 1—(1—p)». 6.41*. n>
In (1 — P)/In (1 — p), where n is the number of shots fired. Hint.
The number of shots can be found from the condition stating that in
a series of n shots the probability of hitting the target (at least once)
is not smaller than P. 6.12. Hint. The probability of passing the
examination does not depend on whether the student is the first or the
last to take theexam. 6.13*. 2/3. Hint. Consider the following hypothe-
sis: A —there were two white balls in the urn, B—there were two black
balls.in the urn, C—the balls in the urn were of different colours. The
ptobabilities of the hypothesis are considered to be equal. 6.14. 0.85.
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(m—1) m 4 nm (kt1)mt kn
8.5 @ Graohmrn: ®  GrEDmEa
6.16%. % Hint. Sce the hint to 6.13%. 6.17%, [N (N —1) X

(N—Z)(k+L)(k +L—1) k+L—2)—KkE—1)Fk—2)X

N—n(N—n—1)(N—n—2)—k(k—1) LN — n) X(N —
n— 1YM—m)—k(L—1)(L—2) (N — n) (M—m)X(M—m—
1)——L(L—1) (L—2)(M—m) (M —m —1) X(M — m — 2)]/N
(N—1) (N —2)(k-+ L) (k- L —1) X (k 4+ L— 2). Hint. Consi-
der the following ypotheses H,—all the three articles are from the
first lot, H,—two articles are from the first lot and one is from the
second, H,—one articleis from the first lot and two from the second,
H s—all the three articles are from the second lot.
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