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Preface

The problem of approximate computation of inverse
l.aplace transforms and, in particular, numerical inversion
arose out of the need to obtain a numerical solution where
existing tables of functions and their transforms (images,
or image functions) do not enable one to obtain the original
function from the image function or require excessive com-
putation.

Many methods of inversion have been constructed over
the past two' decades but they are still scattered among
specialized journals and books and, as a rule, are not gene-
rally known. As far as the authors know, there are no books
in the scientific literature that contain a systematic pre-
sentation of all these methods.!

The authors’ purpose here has been to write a book with
a full description of the present state of the inversion problem
and to make the text useful for problem solving with the
help of the Laplace transformation. The first aim was rela-
tively easy to attain since the literature on the inversion
problem is still slight and comparatively easy to survey.

1 In a way, reference [13] is an exception, but its purpose was
merely to unite all known auxiliary numerical tables connected with
computing the Mellin integral. The mathematical theory of inver-
nion of Laplace transforms is given only briefly, in the form of ex-
planations to the tables.



As to how useful this text will actually be, only time will
show, but the authors believe that a few remarks are in
order. Most important undoubtedly is the remark that the
problem has not been investigated with sufficient thorough-
ness and the results obtained are still small in number. For
those readers who are not acquainted with the problem of
inverting Laplace transforms, a few explanatory remarks
should be made. What follows is a nonrigorous (but picto-
rial) presentation.

The inversion problem is merely the problem of finding
the solution f (z) of an integral equation of the first kind:

(=]

f(z)e-P*dz =F (p) (*)

Oy

o

where F (p) is taken to be a known function of the complex
argument p, the function being analytic in a certain half-
plane of the form Re p >y (y << o).

The equation (s) is the Laplace transformation of the
function f (z) into F (p). The kernel of the integral, e-P*,
is an entire analytic function of the arguments z and p
with smooth variation, and the operation of integration
which performs the averaging of f with weight ¢-?* can
appreciably smooth the peculiarities in the behaviour of the
function f being transformed.

In the inversion problem, one uses the image function
F (p), which, due to its analyticity, varies very smoothly,
to restore all possible irregularities in the behaviour of the
original function f (z). It is therefore to be expected that
the apparatus used to solve the inversion problem cannot
be simple and rough but must be complicated and sensitive
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oeven Lo small nuances in the behaviour of F (p) in order to
porform the delicate work of recovering the original func-
tion f (z).

Note yet another property of the inversion problem—the
instability of the original function f relative to small varia-
tions in the image F. This instability is evident from a glance
at the transformation (). Indeed, suppose f is the given
original function and F is the corresponding image function.
Subject f to any change, even a strong one, but over a very
small interval. Call the new original function f,. Such
a change will hardly affect the integral and will alter the
image function F (p) only slightly, so that the new image
function F, (p) will be close to F (p).

We could have constructed a new original function f,
by changing f on many intervals (instead of one) of the half
axis 0 < z << oo, but in a way that the total sum of the
lengths of these intervals is a small quantity, for it will
still be possible to make the new image function F, (p) as
close to F (p) as desired so that to the close-lying image
functions F (p) and F, (p) there will correspond the original
functions f (x) and f, (z) that differ radically over many
intervals of the half axis 0 < z << oo.

We can now give a more complete explanation as to why
and in what respect the content of this text is to be regarded
as insufficient and we can attempt to indicate the reasons
why we believe that these defects will hardly be removed
in the near future.

At the present time we stand at the beginning of the
construction of a theory of approximate inversion of the
Laplace transform. In most published papers we find either

11



modifications of familiar methods of computation or newly
devised computational schemes that have no counterparts
in the past. Instances of the former kind are methods of
computing the complex Mellin integral based on the idea
of interpolation or the idea of Gauss of attaining the highest
possible degree of accuracy, and others. Now the use of
orthogonal polynomials for inversion appeared only in con-
nection with the Laplace transformation and did not have
closely related analogs in the past.

The construction of a computational method or any indica-
tion of the possibility of construction is only the first step
towards constructing a theory of the method. The steps
that follow include determining the conditions of convergence
of the rule and the rate of convergence, finding estimates of
a priori and a posteriori errors, elaborating ways of improving
convergence if it is not sufficiently fast, and so on. Such
investigations of the inversion problem are particularly
important due to its instability.

As the reader will see from the contents of this book, few
results of this kind have been obtained, and then only in
the simplest cases.

The main reasons that hamper a rapid solution of the
problems at hand are those two properties of the inversion
problem that were mentioned above: the unavoidable com-
plexity of the mathematical apparatus involved in inverting
Laplace transforms and the instability of the inversion
problem relative to variations in the functions F, which
instability must give rise to some form of instability in any
computational process of the solution of this problem.

The fact that the rules for approximate inversion of

12



transforms have not been studied with sufficient thorough-
ness makes this handbook incomplete in many respects.
It is hard to expect a rapid improvement in our knowledge
in these questions in the immediate future, and so for some
years to come this book will most likely remain incomp-
lete.

So far we have spoken only of inverting Laplace transforms
and have not mentioned harmonic analysis at all. This is
because in this book harmonic analysis is touched on only
lo the extent that it is connected with the inversion problem;
namely, we have taken from harmonic analysis only such
problems involving computation of Fourier integrals as are
closely related to inverting Laplace transforms; and comput-
ing Fourier integrals is for us one of several possible ways
of solving the inversion problem. For this reason, all that
has been said about inversion refers also to computing
Fourier integrals.

This text is aimed at a broad category of readers engaged
in the theory of the Laplace transformation or its scientific
and technical applications. For this reason, the authors did
not strive for particular brevity in presentation and attempt-
ed to make the text accessible to nonmathematicians as well.
It is assumed the reader has a basic knowledge of analysis
and the theory of functions of a complex variable as given
in any extended college course of mathematics.

The authors

13






Part One

INVERSION OF THE LAPLACE
TRANSFORMATION

Chapter 1

Introduction

1.1 Basic concepts in the theory of the Laplace transformation

The past few decades have seen particularly frequent and
successful use of operational methods on the basis of the
l.aplace transformation applied in mathematics, mechanics
and engineering. These methods have found extensive appli-
cations in the theory of thermal conductivity, in electric
and radio engineering, in the study of nonstationary pheno-
mena in electric networks, in problems of the dynamics of
nutomatic control systems, in the theory of linear differen-
lial, integral, and difference equations, and in many other
problems.

The operational method of problem solving may be divided
into four stages:

(1) one passes from the desired original function f (¢) to
the image function F (p);
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(2) operations are performed on F (p) that correspond
to operations on f (¢); an equation in F (p) is then obtained
which frequently turns out to be much simpler than the
equation in the original function; for example, an ordinary
differential equation is replaced by an algebraic equation,
a partial differential equation is replaced by an ordinary
differential equation, and so forth;

(3) the image equation thus obtained is solved for F (p);

(4) from the image function F (p) thus found one passes
to the original function f(t), which is the desired func-
tion.

In many cases, the most difficult stage is the fourth,
i.e. finding the original function f (f) from the image func-
tion F (p), or computing the inverse Laplace transform.
Extensive tables of correspondences between original func-
tions and image functions are available so that one can find
the original function from a given image function. However,
these tables do not by far encompass all cases that may be
encountered in practice and, what is more, it often happens
that the original function is expressed in terms of very
complicated functions that are hard to compute and are
not always tabulated. Then it is either impossible or unde+
sirable to find the exact original function. This necessitates
the construction of approximate methods for computing
inverse Laplace transforms that permit finding the original
function in a broad class of cases. These methods are dis-
cussed in Part One of this text.

Let us now recall certain familiar facts concerning the
theory of the Laplace transformation.

Given on the half axis 0 ¢t << oo a function f (¢) that
is integrable! with its absolute value on any finite interval
[a, b] (0 € a < b < ).

1 Here and henceforth we assume the Riemann integral.
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Let us introduce the complex parameter p = ¢ 4 it
and define the Laplace transform of the function f by

F(p)=\ f(t)e-rtdt (1.1.1)

ot—ﬂs

[Here, the value of the improper integral over the half axis
[0, oo) will be taken to mean the limit to which the integral
over the finite interval [0, B] tends as B —oo, so that

/

B

S f(®)e-rtdi=lim S f(t) -7t dt (1.1.2)
0 >0

We say that_the Laplace transformation is applicable to the
function f for the value p of the parameter if for that value of p
the integral (1.1.1) converges.

It can be verified that if the transformation (1.1.1) is
applicable to f for p = p, = 0, + iTy, then it is applicable
to f for any value p = ¢ 4 it for which Re (p — py) =
= g — 09 > 0. Indeed, consider the function ¢ (¢) =

t

:5 f(w) ePo* du. If the integral (1.1.1) converges for

0

P = Po, then ¢ (¢) has a finite limit lim ¢ (¢) and conse-
t—+oco

quently is bounded on the half axis 0 < ¢t << oo:

le () 1 <Q<

To prove the convergence of the integral (1.1.1), we take
advantage of the Bolzano-Cauchy criterion. Take three
arbitrary positive numbers a, b, ¢ and assume Re (p — p) =
=0 — 0y >¢. In the computations given below we made

2—0281 17



use of integration by parts:
a+-b atb

| [ roe mdz|~| S e-(-ro)t dp (

a+b
=|(p(t) e—(p—py)t laH’-{—(P—Po) \ cp(t e—-(P-pot dtl
a

0o

<e 20+ p—po| Q [ e-etdi = e=ee (2412220 ) @

a

The last term in this chain of relations does not depend on b
and for any fixed p (as a increases) becomes less than any
preassigned positive number. Therefore the Bolzano-Cauchy
criterion holds true for the integral under the limit sign
in (1.1.2), and the integral (1.1.1) converges.

Moreover, let p vary in a bounded closed region D lying
inside the half-plane Re p > o, Clearly, for p € D there
exist numbers ¢ and M such that the following inequalities
hold true: Re(p — pg) =0 — oy >cand | p — p, | < M.
From the inequalities thus obtained it follows that the
Bolzano-Cauchy criterion will hold uniforml;; with re8pect

to the parameter p in D. Since the integral 3 f (t) e? dt

0
is clearly an entire analytic function of p, it follows, from
its uniform convergence in D to the integral (1.1.1), that
F (p) is an analytic function regular in D and since D is
any interior region of the half-plane Re p > o¢,, the function
F (p) is regular throughout this half-plane.

We now consider the set £ of all real values p = o of the
parameter p for which the Laplace transform (1.1.1) is
applicable to the function f, and denote by y the lower bound
(the greatest lower bound of the values o) of this set:

vy =inf o
E

18



The value of y is determined on the basis of the following
fncls.

1. When y has a finite value, we can say that the Laplace
transform (1.1.1) is applicable to f throughout the open half-
plane Re p > v, and F (p) is a regular function of p at least
in this half-plane and will not be applicable to f for a single
value of p in the half-plane Re p << y.

2. When y = —oo, the Laplace transform (1.1.1) is
applicable to f for any value of p and F (p) is a regular
function over the entire complex plane p.

3. When y = o0, the Laplace transform (1.1.1) is not
applicable to f for any value of p.

The number y may be called the boundary of the index
of convergence, and the straight line Rep = ¢ = y the
boundary of the region of convergence of the Laplace trans-
form.

In this connection, one ordinarily refines the concept
of the original function. The function f is called the original
function if it has the following properties:

(1) fis defined on the axis —oo << ¢ << oo and is integrable
with absolute value on every finite interval;

(2) the function f vanishes for ¢ << 0;

(3) the Laplace transform is applicable to f for at least
one value of p. '

The following theorem holds true.

Theorem 1. To every original function f there corresponds
a number y (—oo < y << oo) such that the transform (1.1.1)
is applicable to { for any p, where Re p = ¢ = v; here, F (p)
is a regular functiorn in the half-plane Rep = o > y. The
transform (1.1.1) is not applicable to f for any value of p for
which Re p < y.

The function F is called the Laplace image function
of f.
It is sometimes difficult to find the value of y. There is
n simple procedure for estimating the upper bound of y
in many cases.
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Theorem 2. If there are two numbers M (0 <M < o)
and o (—oo << o << o) such that for any t > 0 the inequality

17 (0) | < Met (1.1.3)

holds true, then a > y.
Proof. Let Rep = 0> a

-]

S|f(t)e"1”|dt= f17 @ e-orar= [ pme-o-ox di =M < oo
0 0 0

Thus, for any real value p = ¢ exceeding a, the integral
(1.1.1) will be absolutely convergent, and since y is the
lower bound of such values of p, it must be true that y < «,
which completes the proof.

The condition (1.1.3) holds for a broad class of functions,
in particular for-most functions encountered in applications;
for this reason, the original functions f are frequently defined
somewhat differently: namely, the first two properties are
retained, while the third is replaced in the following fashion.

There exist two numbers M and a such that the inequality

@) | < Me®, 0<t<< oo

is wvalid.

Also note the variation of the image function F (p) as the
point p goes to infinity. A sufficient theorem for what follows
is

Theorem 3. If the integral (1.1.1) converges absolutely for
the value p = po = 0y + iy, then F (p) tends to zero as p
goes to infinity by any law as long as p remains in the half-
plane Rep = o > 0,.

Proof. Let p = ¢ + it and o > o, By assumption, the
integral (1.1.1) is absolutely convergent for p, = o, + it,
and so it will converge for the value of p that is taken.
Take a positive number A whose value will be determined

20



helow and split the integral (1.1.1) into two summands:
oo A

Fp)={ f(®ye-rdi— froerat [ feyera—n+1,
0 0 A

First estimate the second integral:

0o ©o

1L1< [ 17 @y evaje-o-onar | 1y at
A A

If we have an arbitrary positive number &, the number 4
can be chosen so that the last term of the inequalities is less
than ¢/3. Then we have | I, | << &/3 for any value of p for
which Re p = o > 0,. Therefore it suffices to be sure that I,
tends to zero as p — oo.

The function f is taken to be absolutely integrable on
any finite interval, say on [0, 4], and therefore there is
a function- g (¢), defined and continuously differentiable
on [0, A], for which the following inequality holds true:

A
flro—ewleoa< £
0
For the integral I, we have
A A

L={rO—g@nend+ [ gyera=I+1,
0 0

The integral I, may be estimated as follows:
A A

LI |11 —g@ e a< [ |1 —g@)|e-otdt <2

0 0
To estimate I,, first perform the integration by parts:

1 A
Li=—1g@er|

A
LT
0+7§)g(t)e”dt

21



Then
| LIS 57 U g )]+ g (4)] e=o4)
1

A
] oot df — 1
BT §|g (B)[emoot dt =2 M

A
M=g©|+]g@)]e-ot+ [ 1g (1) |e-owdi
0

If |p|>3M/e, then |I,|<<e/3 and
2
| LIS LI+ L|<5e

Finally, if we take advantage of the estimate of 7, obtained
above, we can say that when | p | > 3M/e the inequality

2 1
| F(p)ISI |+ [l <-get+ge=e

will hold for F (p), and since e is an arbitrary positive
quantity, it follows that lim F (p) =0 (Re p = 0> ay).

p—>oo

1.2 Complex integral for computing inverse Laplace transforms

We now give one of a number of possible general methods
for computing the inverse Laplace transform when such an
inversion is given with the aid of a complex integral in
which the integration is carried out along some straight
line parallel to the imaginary axis of the complex plane,

To obtain the rule for inversion we will proceed from the
Fourier double integral. Given on the real axis ¢ (—oo <<
<<t << oo) an arbitrary function g (¢). We say that the
function g is representable by a Fourier double complex
integral if for all values of t (—oo << ¢t << o0) the following
equation! holds true:

! The conditions that are sufficient for representing a function
by the Fourier integral are given in Chap. 7.
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T+ +g(t 0= [ e [ gl@eimardr (1.2)

This equation is called Fourier's formula.

The inner integral with respect to the variable x is as-
sumed to be absolutely convergent for all T, which is clearly
equivalent to the absolute integrability of g (¢). The outer
integral is regarded in the sense of the principal value, that
is, as the limit of the integral taken along the interval
[—b, bl symmetric relative to the point t = 0 provided
b —> oo.

Let us establish a connection between the Fourier formu-
la (1.2.1) and the inverse Laplace transform. Suppose that
f (t) is an arbitrary original function and that for a certain
value ¢ the product f(f) e-ctis an absolutely integrable
function on the half axis [0, o0). Suppose g (f) = f () e-<t.
Note that for negative ¢ the function f and, hence, g (¢)
are equal to zero:

We assume that g (¢) can be represented as the Fourier
integral (1.2.1). To simplify notation, we will assume that
at the discontinuity points of g (¢) the following equation
holds:

g (t) =5[g (t40)+ g (t—0)]

This condition only slightly alters the problem, since the
sot of discontinuity points of f and g is of measure zero and
altering their values on such a set will not affect the magni-
tudes of the integrals. It clearly holds at all points of conti-
nuity of g (t). The Fourier formula for the function g takes
the form \

g(t):—;T S eitt S g(z)e-i*dxdr
— 00 0

or, if we revert to f,

23



0o

fO) =5z | eorior | f@)e-crinmdzar (129)
0

— 00

Let us consider the Laplace transform of the function f:
F(p)={t@yerat
0

Due to the absolute integrability of f () e-¢*, on the straight
line p = ¢ + it (—oo << T << o0) the transform converges
for all T and, hence, it will converge in the half-plane
Rep = o > c. Besides, F (p) will be a regular analytic
function for Rep = o> c.

The value of the image function F (p) is of interest
when ¢ = ¢:

Fe+in) = S f (t) e~ (etine dt
0

The image function F (p) stands under the sign of the inner
integral in (1.2.2) so that for f () the equation

ft)= o S F (c + i) elc+ivt dy
holds true. This is exactly the representation of the original
function f in terms of its image function F; it is preferably
written with the aid of the complex variable p = ¢ + i7.
On the straight line p = ¢ + it (—o0 << T << 00) we haye
dp = i dt, and the resulting equation becomes

c}ioo
f)=—5 | Fp)erap (1.2.3)

This is called Mellirn's formula.

The foregoing enables us to regard the following theorem
as proven.
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Theorem 4. Let the original function f (t) be such that
for any value c the function g (t) = f (t) e~ satisfies the
conditions:

(1) g (t) is absolutely integrable on the half axis [0, oo);

(2) g (t) is representable by the Fourier double integral.

Then the representation (1.2.3) of the original function f
in terms of its image F is true; it is assumed here that the fol-
lowing equation holds at the points of discontinuity of f:

£(t) ==1f (¢4 0)+ 7 (¢ —O)].

Thus the problem of computing the inverse Laplace trans-
form reduces to the problem of computing the contour inte-
gral (1.2.3) of a certain regular function. Since it is by far
not always possible to find an exact expression of the inte-
gral (1.2.3) in terms of known functions, one can attempt
to set up rules for obtaining it numerically. But this is
a hard problem since, firstly, the contour of integration in
the integral (1.2.3) is infinite and, secondly, the integrand e?*
oscillates on thedine of integration, these oscillations being
the stronger, the greater the value assumed by the para-
meter .

On the other hand, the function F (p) under the integral
sign is not an arbitrary function but is an image function
with all the properties that were mentioned above. This
somewhat simplifies computing the integral (1.2.3) since
the properties of the image function F (p) may be taken into
account beforehand when setting up rules for a numerical
inversion of the Laplace transform.

Setting up rules for computing the Mellin integral (these
take into account the properties of the image function) will
he discussed in Chapters 4 to 6.

1.3 Representing functions by the Laplace integral

We list the conditions that are sufficient for a given
function of a complex variable, F (p), which is analytic in
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the half-plane Re p > a, to serve as the image function of
a certain original function; that is, so that it can be repre-
sented by a convergent Laplace integral.

Let us first recall, without proof, certain facts from the
theory of functions of a complex variable that we will need
in the sequel.

Jordan’s lemma. If on a certain sequence of arcs of circles
Cr,» | p | = Ry, Rep < ¢ (R, = oo, ¢ is fized), the function
F (p) tends to zero uniformly with respect to arg p, then for
any positive t

lim 5 F(p)ertdp=0 (1.3.1)
n-»00 cRn

If the same conditions hold on the sequence of arcs of circles
C;;n, fp| =R, Rep>c, then for any negative t

lim S F(p)ertdp=0. (1.3.2)

n—+oo &

Cnn

Theorem 5 (Cauchy’s theorem). If a function f (z) is analy-
tic in a simply connected domain D, then the integral of the
function along any closed contour C lying in D is equal to zero:

égf(z)dz=0.

Theorem 6 (residue theorem). Let a single-valued function
f (z) be continuous on the boundary C of a domain D and be
everywhere analytic inside this domain, excepl for a finite

number of singular points a;, a,, ..., a,. Then
n
jf(z)dz=2m'2 res f (ax) (1.3.3)
¢ Rt

where tes f (8) is the residue of the function { at the singular
point a.
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The residue of the function f (z) at a pole of order n may
be found from the formula

res (a) = gy lim ey e — )" ()] (1.3.4)

For poles of the first order the formula (1.3.4) can be simpli-
fied to

res f (a) = lim [(z— a) f(2)] (1.3.95)

Here, if in the neighbourhood of the point a the function f (z)
is defined as the quotient of two analytic functions at this
point,

and ¢ (a) =0 while v (z) has a zero of the first order at a
(that is, ¢ (a) =0, ¢’ (a) 5%0), then (1.3.5) can be replaced by

o6) . _ o6 _ 9
resf (@) =lim 4 i—a) = lim - =gy (1.3.6)
Z2—a

Now let us return to the proof of the theorem on the repre-
sentability of F (p) by the Laplace integral.

Theorem 7. If the function ¥ (p) is analytic in the half-
plane Re p > a and tends to zero as | p | & oo in any half-
plane Re p > ¢ > a uniformly with respect to arg p, and
the integral

04100
F(p)dp (1.3.7)
0~ o0
converges absolutely, then ¥ (p) is the image function of
c4-ioo
1 .
fO=—gr | Frerdp (1.3.8)
c~1ioo

which means it can be represented by the convergent Laplace
integral
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F(p)= | e (1)t
0

for Re p > c; here the Laplace integral converges absolutely.
Proof. Take a number p, such that Re py > ¢; then from
(1.3.8) it follows that

ioe‘“'f (t) dt = —— Eo et (CTM er'F (p)dp)dt  (1.3.9)
0 0 c—1ioo

Consider the inner integral. In it, p = ¢ + iy, dp = i dy
and hence it can be rewritten as

c4-io0 oo
eP'F (p) dp ==iect S eWtF (c +iy) dy
c—1oo — o0

Let us estimate the last integral:
©o

| § ewF ety ay|< f |F(c+iy)|dy (1.3.10)

By virtue of the conditions of the theorem, the integral
(1.3.7) is absolutely convergent and so the integral on the
left of (1.3.10) converges uniformly with respect to ¢ and,
hence, we can interchange the order of integration in (1.3.9):

oo c+ioo oo
ferar@ar=- | Fpyap  ew-roras
0 c—1ioo 0
1 c+ioco F(p)
= — S ——Pdp (1.3.11)

c—ioo
The last equation is true since the inner integral converges
due to the fact that Re (p — p)) << 0 and t > 0.
Consider the arc Cy: | p | = R, Re p > ¢. By the theo-
rem, on this arc max | F (p) | = ag— 0 as R — oo and
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hence

F (p) | @R
|CS p—r0 P|SE=Trol ~R
R

and this integral too tends to zero as R — oo. From this it
follows that the straight-line path of integration in (1.3.11)
can be replaced by the closed contour Cr made up of the
arc Cy and the line segment [c + ib, ¢ — ib] traversed
downwards. Then the formula (1.3.11) can be written as:

oo

Se-wf(t)dt: 1 S F®_gp (1.3.12)
0

2qi P—DPo
Cr

We drop the minus sign since we have changed the direction
along the straight line. We compute the integral in the
right member of (1 3.12) by using the residue theorem. The

F (p)

function inside the contour 53 has only one singular

point—a I;)lg of the first order at the point p = p,. Its
residue at this point can be computed from (1.3.6) and will
be equal to F (p,). 'Then from (1.3.3) we find

oo

S e-potf (£)dt = F (po) (1.3:43)
0

And since p, is any point of the half-plane Re p > ¢, it
follows from (1.3.13) that F (p) is a convergent Laplace
integral for all p for which Re p > c¢. Later on we will show
that this integral is absolutely convergent as well.

We will now show that if the conditions of the theorem
are fulfilled, then f (¢), which is represented by the integral
(1.3.8), will have property (2) in the definition of an original
function. Indeed, for ¢t << 0, we have by the Jordan lemma

lim \ ePtF (p)dp =0
R-+o00 ¥

Cr |
29



Hence, the straight-line path of integration in the formula

(1.3.8) may be replaced by the contour C which was defined
earlier. Then, for ¢t << 0, we get, by the Cauchy theorem,

1) =g § emF () dp=0
ER

since the integrand is analytic inside C . Hence, property 2)
is fulfilled for f. Besides, we will show that a condition of
the form (1.1.3) is fulfilled for the function f when o = c.
Indeed, from (1.3.8) follows
1 c+ioo
11O =| o | eF () dp]
6—1ioo

S zin et S | F(c+iy)|dy-= Met (1.3.14)

so that the inequality (1.1.3) holds.

Let us now return to the integral (1.3.13) and show that
it converges absolutely. True enough, let py = zo + iy,,
then by virtue of (1.3.14) and the fact that z, > c,

§|e Potf (¢ ldt<MSe (=e=)t df —
0 0

M

Io';c

1.4 Ill-conditioning of the problem of computing inverse
Laplace transforms
The problem of recovering the original function f ()

from the operational image function F (p) may be regarded
as a problem in solving the first-order integral equation

Sge-P‘f(t) dt=F (p) (1.4.1)
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which belongs to the class of what are called ill-conditioned
problems. These problems have two properties that greatly
complicate their solution: they are not solvable for all
values of the numerical or functional parameters defining
their solution, and small variations in these parameters may
be associated with a large change in the solution (the insta-
bility of such problems was mentioned in the preface and
we are compelled to repeat some of the things said there).
We now give a more detailed explanation of these properties
for the problem of computing inverse Laplace transforms
and for the associated integral equations.

For the sake of definiteness consider the case where the
image function F (p) is known on the real half axis p > a
and the argument p is a real variable. The equation (1.4.1)
does not have a solution for all functions F (p) that are
continuous or even smooth when p > a. In particular, it
is unsolvable if F (p) isnot an analytic function whenp > a.
Now suppose that F (p) is the image function of some func-
tion f and the equation (1.4.1) is, hence, solvable. Replace
f(t) by some other function f, (¢) that differs from f (f)
by a perturbation of large magnitude on a rather small
interval and is coincident with f () on the remaining portion
of the half axis [0, oo). The new original function f, will be
associated with the image function F, (p) that differs but
slightly from F (p) for arbitrary p > a. Hence, to a small
change in the right-hand member of (1.4.1) there can corre-
spond an arbitrarily large variation in the solution f in
a uniform métric. It can be demonstrated that a similar
situation will obtain in other metrics.

The ill-conditioning of the problem of solving equation
(1.4.1), which is equivalent to computing the inverse Laplace
transform, can complicate the numerical solution but does
not make it impossible. To the solution of equation (1.4.1)
we can apply the regularization methods developed by
A. N. Tikhonov, V. K. Ivanov and others. We will not dwell
on these methods here.
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Chapter 2

Some Analytical Methods for Computing Inverse Laplace

Transforms

2.1 Finding the original function via the inversion formula

It was shown in Chap. 1 that if f (¢) is the original function
and F (p) is the Laplace image function, then to compute
the original function from the image we can take advantage
of the complex integral

c+}ioo

FO =gz | Fperdp (2.4.1)

c—ioco

where ¢ is the abscissa in the half-plane of the absolute
convergence of the Laplace integral. True, it is rather
difficult to utilize (2.1.1) for a direct computation of f (2),
since it requires a knowledge of the function F(p) for com-
plex values p = ¢ + iy (—oo << y << o0) and the integral
is improper with an oscillating kernel. But since (2.1.1)
is an integral of an analytic function taken along a contour
in the complex plane, it can be transformed by applying
familiar methods of the theory of functions of a complex
variable, for example, by changing the path integration,
computing residues, and the like. In certain cases such
transformations permit obtaining an expression of practical
convenience for the original function, from which we can
extract important properties of the function defined by the
complex integral.
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B The methods of computing the original function with the
nid of such transformations of the complex integral (2.1.1)
will be considered in the following subsections.

2.1a. Expansion of the original function in series in
ferms of exponential functions. For an important class of
image functions F (p) we can obtain a series expansion of
the original function whose terms correspond to the singular
points of the image functions. Namely, the following theorem
holds true.

Theorem 1. (1) Let the function F (p) be meromorphic;
(2) let the function F (p) be analytic in some half-plane Re p >
> a; (3) there exisis a system of circles

Crni|pl=R., Bi<R,<... (Rp—> )

on which F (p) tends to zero uniformly with respect to arg p;
c}ioo

(4) for any ¢ > a the integral S F (p) dp converges
absolutely. o
Then for the original function of F (p) we have
f(t) =D res F (p) e® (2.1.2)

Pp Pp
Where the residues are computed with respect to all poles of
the function F (p) and the summation is over groups of poles
lying in the annular regions between adjacent circles C,,.
Proof. Under the conditions of Theorem 1, Theorem 7 of
Chap. 1 holds true; according to Theorem 7, Chap. 1, F (p)
is the image function of
c+ico

fO=5g | #Fp)dp (2:1.3)

c—-ioo

Denote by C;, the portion of the circle C, to the left of the
straight line Re p = ¢, by ¢ + ib,, the points of inter-
section of this straight line with the circle C,, and by
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I',, the closed contour that is made up of the section
[e — ib,, ¢ + ib,] and the arc C,, and is traversable counter-
clockwise. Since by the Jordan lemma, for ¢ > 0,

lim S ¢'F (p)dp =0

the integral in (2.1.3) can be replaced by the following
integral:

O =lim oo | e”'F (p) dp (2.1.4)

rp

Now, applying the Cauchy residue theorem, we get

f (@) =1lim )] resF (p)eP!

n—oo (I7) Py

where the residues are taken at all singular points of F (p)
lying inside I',. The equation thus obtained proves the
theorem.

2.1b. Special cases of expanding the original function in
series in terms of exponential functions. We consider the
case where F (p) is a rational fractional function. We
then have

Theorem 2. If the function F (p) = g((p) is rational frac-

tional and the degree of the polynomial A (p) is less than that
of the polynomial B (p), then its original function is

o« 1 lim ™7 n
10= 3 ot sy g (F () (p— P ") (2.1.5)
P

h=1

where py, are the poles of F (p), and ny are their multiplicities,
and the sum is taken over all poles.

Proof. First of all note that F (p) is an image function.
This follows from the theorem on the partial-fraction expan-
sion of a fractional rational function, from the linearity of
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the Laplace transformation, and from the validity of the
formula
pot . nt
© (p—pomt!
where the image function is on the right side and the origi-
nal function is on the left side. Hence
1 c+ioo
F () = S ePtF (p) dp (2.1.6)

c—1ioo

t"e

where ¢ > max Re p;, and py are the poles of F (p).

As in the preceding theorem, the integral (2.1.6) can be
replaced by the integral (2.1.4) because the Jordan lemma
is applicable due to the fact that F (p) > 0 as p — oo.

Applying the residue theorem to the integral (2.1.4) and
the formula (1.3.4) to compute the residues at the poles,
we arrive at formula (2.1.5).

In particular, if all the poles are simple, then (2.1.5) is
simplified to

n

f)= 2 eyl 2.1.7)

[we took advantage of (1.3.6) to compute the residues at
the simple poles].

Remark. 1f the polynomial B (p) has real coefficients,
then to each complex root p there corresponds a complex
conjugate root p. If the polynomial A (p) also has real
cocfficients, then

AP ot AW ot
B’ (p) "B ()

Alp)
B'(p)
in computed for the complex conjugate roots p, and py,

and, hence, the sum of the expressions——— e?* , which sum
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will be equal to QReM)— epk', and so formula (2.1.7)

B'(py)
can in this case be represented as
f (t) A (Pk) Pht + QBG 2 A (pk) Pht

where the summation in the first term is carried over all
real roots of B (p) and in the second term over all complex
roots with positive imaginary parts.

2.2 Expanding the original function into power series

Suppose that the image function / (p) is analytic at the
point at infinity. Then, as we know from operational calcu-
lus, F (00) = 0. Expand the function F (p) in a Laurent
series about the point at infinity and show that its original
function can be obtained by taking the sum of the originals
of the terms of this expansion. Knowing that the function
1™1/(n — 1)! is the original function of 1/p™, we state the
following theorem.

Theorem 3. If F (p) is analytic at the point at infinity
and in that neighbourhood has a Laurent expansion

oo

F(p)= = (2.2.1)
h=1 P
then the original function of F (p) is
2 (k t"‘ (2.2.2)

which is an entire functzon.
Proof. By the hypothesis of the theorem, the function

F (p) is analytic in the circle | p | > R. Set p = 1/q and

F(p) = F (%) = @ (g). The function @ (g) = hgi crg®

36



will be analytic in the circle | ¢ | < 1/R, and on the basis
of Cauchy’s inequality® the following inequalities will be
valid for its coefficients:

lew | < MR (=1, 2, ...)

From the inequalities just obtained we get, for any ¢,

f< Zlch] "'1),<MRZ B _ prRemiet (2.2.3)

From this it is clear that the series (2.2.2) converges over
the whole plane ¢, that is, f (¢) is"an entire function of the
variable £.

From the inequality (2.2.3) it follows directly that for
t>0,

L7 (1) | < CeRt

Thus, for the function f (¢) an inequality of the form
(1.4.3) holds and it is the original function.

Multiplying the series (2.2.2) by e ®, we get a series
that converges uniformly for all values of #, which means
it can be integrated termwise with respect to ¢ from zero
to infinity. Then

S ePf(t)d S Dler (kt ePt dt
0 0 k=1 ,
_ 3, fLe-pfdt_ S o
k) =) T L
k=1 0 =

1 Cauchy s inequality for coefficients: if a function f (z) is ana-
lytic in a circle D = | z — z; | < R and is continuous on the boun-

!
dary of that circle, then the inequality | f ™ (z,) | < %{?—%, where

M is the maximum modulus of f (z) in the domain D, holds true.

37



That is,
Fp)=2
P
which completes the proof.

2.3 Ezpanding the original function into generalized power
series

Theorem 3 can be extended to generalized power series
(see [6]). Here we confine ourselves to the simplest case.

Theorem 4. Let F (p) > 0 as p - oo, Re p < ¢ (¢ a posi-
tive number), and, in a finite p-plane, let it have no singulari-
ties except the™coordinate origin p = 0, which is a branch
point of the power type.

Then from the expansion of F (p) into a generalized power
series of the form

F (p)=p* Z:c,,phﬁ (2.3.1)

where B is a positive number, it follows that the original func-
tion of F (p) is the series

1
f(t)= tw Z o) 75 (2.3.2)

in which all terms with integral nonnegative o.4-kf are crossed
out.

Proof. Consider a closed contour C%, made up of the
segment [c — ib, ¢ + ib], the arc Cy of the circle | p | = R,
Re p <e¢, Im p << 0, the arc C% of the same circle defined
by the inequalities Re p << ¢ and Im p > 0, a two-sided
cut along a segment of the real axis —R << Re p << —r,
and the circle C,: |p | =r.
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Since the function e?* F (p) is analytic inside the contour
Ch.r, the integral of this function along theTcontour C% .,
is equal to zero and, hence, the integral along the segment
lc — ib, ¢ + ib]l may be replaced by an integral along the
remaining portion of the contour. Besides, by the Jordan
lemma, the integral of e* F (p) along Cg -+ Ck for t >0
will tend to zero as R — oo, and for this reason the inver-
sion formula can be written thus:

F(t)= lim o S F(p)e” dp = S F(p)ePdp (2.3.3)
R->oo 47U
ck - cF
where C} is the contour made up of the two-sided cut —oo <C

< Rep << —r and the circle | p | = r with the point p =
= —r deleted.

Substitute the expression (2.3.1) for F (p) into formula
(2.3.3) and integrate term-by-term! to get

ft)= i er (g | poHH0ePt dp)

k=0 C’r"

Introduce a new variable of integration by setting z = pt;
since t > 0, the shape of the contour of integration will
not change and we get

= 23 gt g | PHRed(23.9)
k=0 Cr

1 Termwise integration of the series along an infinite straight
line requires supplementary conditions. It suffices, for instance, to
require convergence of the integral, along the cut (— oo, —r], of the

(o]

sum of the series | e | 2 | e | | p|*B (see, for example, [23]).
k=0
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As we know from complex variable theory, the integral
representation of the function 1/T" (z) is of the form
1 _ 1 z,-x
T@  2Znb S e’z dz
C*

where C* is a contour of the form C¥%, and the function
vanishes at the points z =0, —1, —2, ... .
Therefore we can write formula (2.3.4) as

o 1 {1 s cn 1
(@) —'hz Cr (O FRBFT T (—o—kp) o1 k}.l T (—a—kp) 4°B
=0 =01

where terms with integral nonnegative o —+ kp have to be
crossed out. This completes the proof of the theorem.



Chapter 3

Methods of Numerical Inversion of Laplace Transforms

Based on the Use of Special Expansions

3.1 Computing inverse Laplace transforms by polynomials
orthogonal on a finite interval

In this chapter we construct some methods, which for the
most part permit only a fundamental possibility of carrying
out inversion of Laplace transforms with the aid of series.
The coefficients of such series can be found from infinite
systems of equations with triangular matrices solvable
sequentially or by other equivalent methods.

These systems are unstable with respect to the growth of
orrors. The problems of estimating errors and determining
the conditions of convergence of actual computational proc-
osses have not yet been investigated.

3.1a. Statement of the problem. The problem of computing
the inverse Laplace transform can be solved by methods
based on a series expansion of the original function in terms
of orthogonal functions, in particular, in terms of Chebyshev,
l.egendre and Jacobi polynomials. This problem, which in
final form reduces to the problem of moments on a finite
interval, has been studied by many mathematicians.

Let us consider the statement of this problem in the form
given in the works of V. M. Amerbaev and in the book [3]
of V. A. Ditkin and A. P. Prudnikov.

Suppose we know the Laplace transform F (p) of the
function B (2) f (¢):

Fipy={e"Btyryar (3.1.1)
0
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where f (¢) is the desired function and P () is nonnegative
and absolutely integrable on [0, o). Suppose that f () is
integrable on any finite interval [0, T] and belongs to the
class L, (p (¢), 0, oo):

oo

[Bolroprd<e (3.1.2)

0

It is required to construct the function f () from the image
function F (p) of the function B (¢) f (2).

In the integral (3.1.1) we introduce the change of variable
z = e'; then (3.1.1) reduces to the form

1
F(p)= S zPo (z) @ (z) dz (3.1.3)
0
where

¢(z)=f(—1nz), m(x):ﬁL—;lﬂ

By virtue of the conditions that are imposed on the func-
tions f (¢) and P (¢), the integral (3.1.3) converges everywhere
in the half-plane Re p > 0, and so to the variable p can be
assigned the values 0, 1, 2, ... and we can obtain the
“weighted moments” of the function ¢ (z):

pwe=F (k)=

:!_’-...-

x"co (z)p(z)d (3.1.4)

r

Then the problem at hand can be formulated thus: find
a function ¢ (z) from its “weighted moments” p, or, what
is the same thing, find the function f (¢) from the values of
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the image function of B (Z) f (¢) at the integral points p = k
(k=0,1, 2,...). In a particular case, this problem can
be simplified, and from the first n + 1 “weighted moments”
we seek a polynomial

n
qn (z) = 2 chxh
k=0

such that its “weighted moments” coincide with the specified
moments of the function ¢ (z), that is, so that the equations

1
F (k)= S 20 (z) gn () dz = py (0<<k<<n) (3.1.5)
0

hold.

If such a polynomial exists, then the image functions
of B (2) ga (e‘tl‘)) and B (?) f (t) coincide at the points p = k
(k=0,1, ..., n) and g, (¢-*) may be considered a certain
approximation to f ().

Remark. 1f e, e,, . . ., e, constitute a system of vectors
in Euclidean space, then the Gram determinant (or Gramian)
for this system is

(ey €1) (eye5) ... (er €n)
(e 61) (es ) ... (ezen)

where (eye;) is the scalar product of the vectors e, and e;.
For a system of functions f; (z) (i =1, 2, ..., n) for
b

which the scalar product is defined as S o (z) fr (2) f; (2) dz,

a
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the Gram determinant is

b b b
forraz foptde foftide
! b b
forhds [ofids fofatnda
RRERRE EEREEE ERREE
foranaz ot fde ford

where ® and f; are functions of z.

The Gram determinant is always zero or greater than zero.
It is zero if and-only if the vectors e, e,, . . ., e, or the
functions f,, f,, . .., f. are linearly dependent.

Now we show that the conditions (3.1.5) uniquely deter-
mine the polynomial g, (z). Indeed, the equations (3.1.5)
constitute a system of n -+ 1 linear algebraic equations
in the n + 1 unknowns ¢,, ¢;, . . ., ¢,, which are the coef-
ficients of the polynomial ¢, (z). The determinant of this
system is the Gramian of the functions 1, z, 2%, ..., z",
and since they are linearly independent, the determinant is
nonzero, whence it follows that the system (3.1.5) has
a solution which is unique. This means the polynomial
g» (z) exists and the conditions (3.1.5) define it uniquely.

Note yet another property of the polynomial ¢, (z). In
the class of polynomials of degree not exceeding n the poly-
nomial ¢, (z) defined by the conditions (3.1.5) makes the
following functional an absolute minimum:

i n
J(Coy €1y o vuy €p)= S o (z) [(p(x)—z chzh]z dz (3.1.6)
0

k=0
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True enough, write the system obtained from the minimality
conditions of the functional (3.1.6):

1 n
;cj,, = —-—2§ @ (z) [cp(x)—go cia:i] z*dz =0
or

1 1
Sm(m)xhqn(x)dx= § o(z) e (z)dz (k=0,1, ..., n)
0

The latter system coincides with (3.1.5) and so the functional
(3.1.6) has a stationary value on the polynomial g, (z).
We now show that g, (z) makes the functional (3.1.6) an
absolute minimum in the class of polynomials of degree not
exceeding n.

Let P, (z) be an arbitrary polynomial of degree not
exceeding n, and P, (z) == g, (x). Represent P, (x) in the
form ;

Py (z) = gqn (2) + &, (2)
Then
1 - 1
fo@ie@—P.@prdz={ 0 (@19 @) —a. (@)Pds,
0

0

1
—2 [ 0(2)[9 (@) —ga @)1 a (2) d
0

i

-|-S o(2)ed)dz  (3.1.7)

0

The second term on the right side of (3.1.7) is zero due to
(3.1.5). Since P, (x) does not coincide identically with g, (z)
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and hence ¢, (z) is not identically zero, the last term in
(3.1.7) is positive and the following inequality will hold:

1 1
[ o@1e@—Pu@Pde> | 0@ [9(@)— ga (2)1dz
0 0

This completes the proof.

Note how the results just found are connected with series
in terms of orthogonal polynomials. Denote by p, (z)
(n =0, 1, 2, ...) asystem of polynomials orthonormal on
[0, 1] with respect to the weight o (x), and consider the
corresponding generalized Fourier series for ¢ (z):

1
¢ (@) ~ Z%m L= ©(2) 9(2) pa (2) de
0
We takeafinite sum of n terms of the series

Sn(2)= 2. cxpx (z

This is a polynomial of degree not exceeding n and it can
be regarded as a certain approximation to the function ¢.

It is easy to indicate an extremal property of such an
approximation. Take arbitrary polynomials P, (z) of degree
n and, among them, find one which has the least mean square
deviation from @. We already know that ¢, (z) is such a poly-
nomial; now show that ¢, (z) coincides with S, (z). The
polynomial P, can be expanded in terms of the polynomials

pr (k=0,1, ..., n):
Py (z)= hgo Appr (%)
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Compute the mean square deviation of P, from ¢:
1
8 = | 0@ l9(@)—Pu (@)1de

0
1 n

=fo@[o@—3 apn @] da

k=0

<

1 n
Ahph(x)dx—{— S (1)[2 Appr (x)]z dz
0 h=0

n
0P D)
e

m(pzda:—Q 2 Ahck—}— E Az

0

R=0 h=0
i n n
- S 0@? dz — 2 ch+ 2 (Ap —cp)?
0 h=0 h=0

It is only the last sum, whose terms are all nonnegative,
that depends on the choice of the polynomial P, (z) in the
equation obtained; therefore, 82 attains a minimum if and
only if A, =¢,(k =0, 1, ..., n). This means that the
polynomial P, that makes the value 62 a minimum, i.e.
gn (z), must coincide with S, (z):

n (%) = Sy (2) (3.1.8)
From (3.1.8) it follows, for one thing, that

lim ¢, (z) =lim S, (z) D) cxPr (%)

n-»co n-»oo k=0
and the convergence g, () > ¢ (z) (n — o) is equivalent
to the possibility of expanding the function ¢ (z) in a series
in terms of the orthogonal polynomials p, (z):

n

P (z)= 2 CcrPr (2)
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The conditions for the possibility of such an expansion
are in many cases known and, using them, we can obtain
conditions under which the original function f (f) can be
found as the limit of the sequence of approximations
B()gnlet) (n =1, 2, ...). Now consider certain special
cases of the weight function o (z).

3.1b. Inversion of Laplace transforms with the aid of
Jacobi polynomials. Let the weight function be of the form

o@=z*(1—28 a>-—1, p>—1 (3.1.9

Construct the polynomial g, (z). But first consider the so-
called shifted Jacobi polynomials P} ® (z). They differ
from the Jacobi polynomials PP (z) in that the interval
of their definition is reduced to the interval [0, 1] instead
of the usual [—1, 1], that is,

Prab (g) = P,@b (2z — 1)

Such polynomials depend on two parameters, which we
denoted by «, f, and for any values of these parameters can
be defined by

1)n

]

Py P ()= {0 a

z=%(1—z)~B—— (z%+" (1 —z)P+n)
(3.1.10)

which is often called Rodrigues’ formula for P ®. The

polynomials P}@ B (z) form an orthogonal system on

{0, 1] with respect to the weight 2 (1 — z)B, and for them

the following equations hold true:

1

S 20 (1—z)p Pp P (2) PR * P (2)dz=0, ns=m (3.1.11)

0

1
Fn= S 2% (1—z)B [Ph @ P (2))2dz
0

— I'(ntat+i)T (n+B41)
“rl@rnFatpFNT (n+atp+1) (3.1.12)




Here, the orthonormal polynomials, which in Subsection 3.1a
were denoted by p, (z), are

(@ B) gy 1

Dx ( ) vrh

The coefficients ¢, of the expansion of ¢ (z) in the polyno-
mials p, (z) have the values

PZ (a, B) (1‘)

1
en=| 0(2) 9(@) pr () da
0

1

=t S o(z) ¢ (z)PE P (z)dz=_%_
Ve ) Th

For this reason, the polynomial ¢, (z), which coincides with

the partial sum S, (z) of the generalized Fourier series, is of
the form

n () =8, () = Zj_:p,t(“"”(x) (3.1.13)
h=0

It is possible to construct a simple expression for a; in terms
of the coefficients of the polynomials P} ® and the quantx—
ty F (l) Let

) Pr@® (z)= ; Pzt (3.1.14)

then
1

ar S @ (z) ¢ (z) Pk @ P (2) dz

1}

2 "*’ o (z) z'e (z) dz

1-0

R
—-2, a(") 1= aiF (i) (3.1.15)
=0 =0
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Using this formula, we can compute the coefficients a; of

the expansion (3.1.13) since the numbers a} are known
and the values of F (i) are given.

Thus the problem of finding the polynomial ¢, (z) that
approximates the function ¢ (z) is solved.

In Subsection 3.1a we pointed out that the convergence
of the sequence of approximations ¢, (z) to ¢ (z) is equiva-
lent to the possibility of expanding ¢ (z) in a series in terms
of the shifted Jacobi polynomials

oo

— — 2k p* (o, B)
fO=0@ =3 PP
=lim S, (z)=1lim ¢, (z) (3.1.16)
n—oo n—»oo

We now state a theorem (see [21]) that provides conditions
sufficient for the possibility of such an expansion. We state
it for ordinary Jacobi polynomials P‘% P considered on the
interval [—1, 1] but it can readily be extended to the expan-
sion (3.1.16) in terms of shifted Jacobi polynomials.

First we give a theorem that yields a relationship between
partial sums of Fourier series and of series in terms of Jacobi
polynomials.

Theorem 1. Given on an interval [—1, 1] a measurable
function g (x); let the integrals

)

) L (3.1.17)
S (1 — &)x/2=1/4 (1 4 2)B/2-1/4 |g (z) | da < o0 }

24
have finite values. If S, (x) denotes the nth partial sum of the

series in terms of Jacobi polynomials for the function g (x)
and o, (cos 0) denotes the nih partial sum of the Fourier cosine

1
S (1—2)2 (1 +2)B| g () | dz << 00
1
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series of the function
G (0) = (1 — cos 8)*/2+1/4 (1 4 cos 0)B/2+1/4g (cos 6) (3.1.18)

then in the interval —1 <<x << 1 the relation
lim [S, (z) — (1 —z)~%/2-1/% (1 4-2)-B/2-1/k g, (2)] =0

n—oo

(3.1.19)

is valid. It holds uniformly with respect to x over any interval
of the form —1 + ¢ < x <1 — ¢, where0 < e < 1.

From this theorem it follows, in particular, that if for
some value 0 (0 << 6 << ) the Fourier series for the func-

tion G(0) converges to % [G (6 + 0) + G (6 — 0)], then for
the corresponding value z = cos 6 the partial sum S, (z)
will tend to % lg(z+0) + g(xz—0)).

As regards convergence of the Fourier series, the following
theorem (see [24], Chap. 2) is sufficient in many cases.

Theorem 2. Let G (0) be a 2n-periodic function integrable
with absolute value on | —mn, n] and let 1 be an arbitrary inter-
val on the x axis. If G (0) is of bounded variation on 1, then

the Fourier series for G (8) converges to the value % (G 0+

4+0)+ G (8 —0)] at any point 0 insidel. If G (6)
is also cantinuous on 1, then the Fourier series converges to G (0)
uniformly with respect to © on every subinterval within 1.

The function G (0) defined by (3.1.18) is 2n-periodic and
even. The associated Fourier series is a series in cosines of
multiple arcs. Its convergence can be determined by the
theorem that was just formulated. We assume that the inter-
val I lies inside [—m, m]. Since the factor on the right of
(3.1.18) in front of g (cos 0) is continuous on ! and assumes
values not less than a positive number, the continuity of
G (0) on ! is equivalent to the continuity on I of g (cos 0).
Besides, this factor is clearly of bounded variation on I
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and for this reason the bounded nature of the variations
of G (0) and g (cos 0) is the same.

Taking advantage of the two theorems given above, we
now state the following theorem with respect to the possibi-
lity of expanding the function ¢ () in a series (3.1.16)
in terms of the shifted Jacobi polynomials, or, what is the
same, with respect to the convergence of a sequence of appro-
ximations ¢, (z) to @ ().

Theorem 3. Suppose the following conditions hold true
for the function ¢ (x), 0 < x K1

(1) the integrals

1
jxwy—nﬂwunm

1
S.xa/z =14 (1 —z)Bi2-1/4 | @ (2) | dz
0

have finite values;

(2) @ (x) is of bounded variation on the interval 1 = [c, d]
lying inside [0, 1].

Then for any point x lying inside 1 the equations

00

limg, (z)= 3, 1 Py *? (2)

=1 19(2+0)+ ¢ (x—0)] (3.1.20)

are valid. If ¢ (x) is also conlinuous on 1, then on any interval
of the form ¢ +8 < x<d—8 0<8< +(d—0) the
following equation is valid uniformly with respect to x:

oo

limg, (z)= D) :—)’:PZ @By =) (3.1.21)
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Now, finally, let ns return to the original problem of
finding the function f (#) from the image function F (p)
defined by the equation (3.1.1). To do this, make the change
of variable z = ¢! in an equation of the form (3.1.3) with
weight function o (z) = z* (1 — z)B:

—

F(p)= \ ePle-(+t (1 —et)Bf (t) dt

Sl ¥

The same change must be made in the integrals taking
part in condition (1) of Theorem 3. The calculations are
simple and will not be carried out here.

Theorem 3 enables us to say that the assertion stated below
is true for the problem that interests us.

Suppose that the quantities v, and a, are computed from
the values, at integer pointsi (i =0, 1, 2, . ..), of the image
function F (p) and from the polynomials P3* B via the rules
(3.1.15) and (3.1.12); and also suppose the functions (assumed
to be approximations to f (t))

n
gn'(e7t) = Z %i:_p;:(a, B) (e™)
k=0

have been formed.
If (1) the integrals

fe-erori—etp)pi|ar
0
e (el 1g_1
Se‘z(“““z)’u—e-t)zﬂ 3|1 (t)|dt
0
have finite values, (2) the function f (t) is of bounded variation

on the interval [c, d] (0 < ¢ << d << o), then for any t,

a



c<<t<d, it is true that
limg, ()= > 2t p; @B (ot
n*an( ) k§0 ™ k ( )

=+ 1f (t40)+F (¢ —0)]

If, besides, the function f is continuous on [c, dl, then for
any § ( << %(d — c)) the following convergence occurs

uniformly with respect io t on the interval ¢ + 8§ <t K
<Ld—6:
lim g, (e) =1 (¢).
n—»o0o
In the next three subsections we consider special cases
of Jacobi polynomials, Legendre polynomials, and Cheby-
shev polynomials of the first and second kinds, all of which
are of special interest computationally. In these cases the
computations can be somewhat more complete.
3.1c. Inversion of Laplace transforms with the aid of
shifted Legendre polynomials. We consider the special
case of the weight function (3.1.9) when o = = 0:

o(z)y=1 or P(t) =et

The shifted Legendre polynomials P¥ (x) will be polynomials
orthogonal on the interval [0, 1] with weight o (z) = 1.
They are given by the formula (3.1.10) for « =0, § =0
or by the formula

S 1 2) ... k
1= (1 31 () e et

(n-Kk)!

== F =10 () Hm
h=0




The quantity r, here is equal to

ro— F'(nt+at+1)T(n4B41)
" nl@n4o+B+1)T (n4atB+1)
_T(r4+DT(n41) 1
TR CRENDT (nF 1) 2ni1
and the expansion of f (¢) in terms of shifted Legendre poly-
nomials is of the form

©o

ft)= D 2k +1)arPt (et (3.1.22)

h=0
The quantities a, are computed from (3.1.15), in which a{”
are coefficients of the shifted Legendre polynomial Pj ().

3.1d. Inversion of Laplace transforms with the aid of
shifted Chebyshev polynomials of the first kind. Now set
a = p = —1/2. The weight function is of the form o (z) =
=z-Y2(1 — 2)71/2 and B () = et/ (1 — e7?)"1/2. The shift-
ed Chebyshev polynomials of the first kind T} (x) are an
orthogonal system on [0, 1] with respect to the weight
212 (1 — x)712. The Jacobi polynomials P12 -U/nH (x)
differ from 773 (x) solely by a numerical factor, namely

AL AP (2) = C, T (2)

where
C, = — T (2n)
2" I (m) T (n41)
The polynomials 7% (x) are of the form

n" 1) ... (n—k—1
Ti(@)=(—1 3 (=1 () 22t i o
kR=0

The values of r,, are computed from the formulas

1
ro=| a2 2T @Az =5 (n#0, ro=m)
)
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and the expansion of f (£) in terms of the shifted Chebyshev
polynomials of the first kind is of the form

(@) =% [ao+2 > anTi (e-')] (3.1.23)
h=1
The coefficients a, (k =0, 1, ...) are computed from the

formula (3.1.15) in which a{® are the coefficients of the
shifted Chebyshev polynomial of the first kind T} ().

Computationally, it is more convenient to make use of
the trigonometric notation of the polynomials T3 ();
namely,

T} (x) = cos [n arccos (2z — 1)] (3.1.24)

Making the change of variable 2z — 1 = cos 6 (0 < 6 < n)
and taking into.account that z = e-t, ¢t = —2 In cos 5
we can rewrite the expansion (3.1.23) as

f(—21ncosg)=%[ao+2§ ancoskd | (3.1.25)

k=1

3.1e. Inversion of Laplace transforms with the aid of
shifted Chebyshev polynomials of the second kind. For
a = B = 1/2 the weight function  (z) and, respectively,
B (2) are of the form

® () =212 (1—2)112, B(t) =e-31/2 (1 —et)1/2

The system of shifted Chebyshev polynomials of the
second kind U} (z), which differ from the shifted Jacobi

polynomials P22  only by a constant factor,
2n-1)!

P,’:“/?“ 12) (z)=C,U% (z), where C, = ST E D)1 is an or-

thogonal system of polynomials with respect to the
weight function w(z) on the interval [0, 1]. The polyno-
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mials U3 (z) can be computed from the formula

« (o (—Dr2n @2n4 DI
Ur(z)= T2 (nFd) ... @nL D

r(n\2k(nt2) ... (n+k+1)
xgo(—i) (%) eyl >

For the polynomials Uj (z) the quantity r, is computed
from the formula
1
P, = S Z112 (1 —2)112 (U} (2) 2 dz =2
0

and the expansion of f(t) in terms of these polynomials
is of the form

f)=2 S aut (et (3.1.26)
h=

The coefficients a; are computed from the formula (3.1.15),

where o® are the coefficients of the shifted Chebyshev
polynomlal of the second kind.

It is also more convenient, for the polynomials U} (z),
to make use of the trigonometric notation:

sin [(n+ 1) arccos (Zz—i)]
( )_ 9 V.‘t (3-1.27)
The expansion (3.1.26) then takes the form

(e}

f(—2lncos%)=n—s?ﬂ— S @ sin (k41) 6 (3.1.28)

h=0

where we make the same change of variakie as in the preced-
ing case.

3.1f. An alternative way of computing the a,. Let

us return to the series expansion of f () in terms of the
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shifted Jacobi polynomials, that is, to (3.1.16), and let us
see what expansion of the function F (p), which is the La-
place transform of the function B (t) f (), corresponds to the
expansion (3.1.16). To do this, expand the function a?
(Relp > 0) in a series in terms of shifted Jacobi polyno-
mials:

(s <)
b »*
P __ k (a, B)
zP = Z . pry, (x)
k=0
where

1
by = 5 2% (1 — )8 2P} @ P () dz
0

To compute b, we make use of (3.1.10) for the polynomials
Ppe.® (z) and get

1
— 1)k
b= | a2 (1 —2par (S e (1 — )P
0
X o (ot (1 — )P do

1
=P (a0 Lo amhh (1 — )™M do
0

Now, integrating by parts k& times, we get

1

by = 2= I gpva (1 — 240 da

0

_T(ptat DT (k+p+1) (2)
T(pFotp+kt2 \k



Thus the expansion of zP in terms of the polynomials
Pxw.B (1) is of the form

 ATEad ) EEBED (P pr B

where r,, is found from the formula (3.1.12).

Remark. Denote by L3, the set of functions f that are
defined on the interval [a, b] and that are square integrable
there with respect to the weight p (z). Let the orthonormali-
zable system of functions ¢, (z) (k =1, 2, ...) be closed
in the set L3 (), that is, such that for f € L}, the Parseval
equation holds:

D8

b b
~[p@P@de, fi=[r@i@@n@dz ()

k

Il
-

Then for any two functions f (z) and g (z) belonging to
L3 ), we have the generalized Parseval equation

oo b !
S fugr = | p(2) (@) g (2) da (++)
< )

To prove this, consider the function f + g. Since it lies
in L} (), the following equation is, by (»), valid:

b
[ p@1f @ +e@Prde= S| (o2

h=1

2 fi+2 D g+ ) gk

h= k=t k=1

-



On the other hand,

b
[ r@@ +e@pas

S 4

= [ p@) P (@) dzt2 5 P (@)1 ()¢ () dz+§ p(@) (=) da

Q

=S 42 5 p@) @@+ g
k=1 a k=1
A comparison of the right members of the last two equations
immediately yields ().
Now let us take advantage of the generalized Parseval
equation and apply it to the expansions (3.1.16) and (3.1.29):

1
F(p)=jx°‘(1-—x)ﬂq>(x)x”dx
0
a,,b,, @ T(pdad DT (k4B41) [ p
“E Z T (pF ot BLET2) (k)“k

— Z k' Ck+o+ B+ )T (k+a+B+ T (p+at+1)T(k+B+1)
o F(k+a+T (k+B+T (p+a+p+k+2)

X (5)an=T(p+at+1) @k-+o+p+1)

k=0

« KT (k+oat-B+Np(p—1) ... (P—k+1)
T(k+a41)T (p+o+B+k4-2) k!

PldatPinpo... okt
X3 @kttt ToFoat DT (pFatBbrits %

k=0
(3.1.30)

ap=T(p4a+1)




Remark. The Schwarz-Bunyakovsky (Bunyakovsky-Cauchy)
inequality for convergent infinite series is

[~ ] 00 oo
A\l ) Q
2 (anba)?<< 2 an 2] bn
n=1 n=1 n=1
where a, and b, are coefficients of the series.

An analog of this inequality for convergent integrals is
the inequality

b b b
J1@e@ar<(fr@rdz)” ([ e@r)”

Taking advantage of the Schwarz-Bunyakovsky inequali-
ty, we can show that the last series converges absolutely and
udiformly in the half-plane Re p > 0.

For instance if p is put equal to a positive integer n,
the expansion (3.1.30) takes the form

F(@n)=nll'(n+a+1)

@kt+oa+p+1)I(k+atp+1)
X?_30(n—k)lr(k+a+1)r(n+a+ts+k+z)“" (3.1.31)
Setting n =0, 1, 2, ... in (3.1.31), we get an infinite.
triangular system of equations in the coefficients a,. (We
assume 0| = 1.)
To make the coefficient of a, in the nth equation of the
system equal to 1, rewrite (3.1.31) as

I @ntatB+1)
AT fatpgn £ ™

=T (n+a41) D) (k+o+B+1)T 2n+a+p+1)
k=0

@—RIT (it atp+1)

I'(k+a+p+1)
Thta+ )T (ntatptit2 ™ (3.1.32)

X
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The system (3.1.32) can be used to find the coefficients a;
of the expansion (3.1.16).

In the case of an expansion in terms of shifted Legendre
polynomials, put @ = f = 0 in (3.1.32), then the coeffi-
cients a, of the expansion (3.1.22) can be computed from
the system

T@nt1) (2k-4-1)T (2n+1)
ATy £ ()= Z I T (n kT 2) %

(n~0, 1, 2, ...)
or

() Fm=3 21 (5F)a  (34.33)
k=0

2n+41

For expansions (3.1.25) and (3.1.28) in terms of shifted
Chebyshev polynomials of the first and second kinds, we
cannot obtain a system for finding a; directly from (3.1.32)
because these polynomials differ from the polynomials
Pi(—=112, -1/2) () and P} (172, 1/2) (2) by a constant factor.
But if we carry out similar computations, we can obtain
triangular systems of equations to determine the coefficients
ay of the expansions (3.1.25) and (3.1.28). For the expansion
(3.1.25) the system has the form

FE 0=t (0) et 3 ([7) =0, 1,2
k=1

(3.1.34)
For the expansion (3.1.28) it has the form

n @ k41 (242 _

22F (n) = 3 (%k)ah (n=0, 1, 2, ...) (3.1.35)
k=0

3.1g. A remark on reducing the half-plane of regularity

of the image function to the form Re p > 0 (p 5= «).In all

preceding subsections we considered the problem of recover-
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ing the function f (¢) if we know the Laplace transform F (p)
of the function f () with weight factor f (¢), that is, the
function P (¢) f (¢), and the abscissa of absolute convergence
is zero. But in practice, for the most part, we know the
Laplace transform F (p) of f (f) with a certain abscissa of
absolute convergence y, that is not necessarily equal to zero;
namely, we know that the transform is considered under
the conditions

F(p)=Se‘P‘f(t)dt, Rep>=vo>v, (3.1.36)
0

Here we do as follows. Using the similarity and shift
theprems for the Laplace transform, we can rewrite (3.1.36)
as

hF(vo+ph)=S e vot/h f (7‘) e-Ptdt  (3.1.37)
0

for any 2 > 0. The abscissa of absolute convergence of the
integral (3.1.37) will be equal to zero.

Now, in order to obtain an expansion of the function f (Tt)

in the class of polynomials orthogonal with weight B (),
we write (3.1.37) as

WF (vo-+ph)= | e-71B (t) o (1)t (3.1.38)
0

where
BU)@(t)=1 () e ot (3.1.39)

or
t

e@)=[BM®If (—h—) e~"ot/h
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For the function ¢ (f) we obtain an expansion in terms of
orthogonal polynomials with weight P (f) via schemes de-
scribed in the preceding subsections.

Then the expansion for the function f (% is obtained by

multiplying the expansion for ¢ (f) into P (2) evot/h, as is
seen from formula (3.1.39).
Set h = y,> vy, and consider the expansions of the

function f (%) = P (1) ¢! ¢ (!) interms of shifted Legendre

polynomials and shifted Chebyshev polynomials of the first
and second kinds.

For the Legendre polynomials P% (e-?), the expansion
of the function ¢ (¢) is of the form (3.1.22), the weight
function P (f) = e, and so

/ (%) =p(tyele (t) =0 ()= D) (2k+1)anPE(e*)(3.1.40)
h=0

For Chebyshev polynomials of the first kind 77 (e-?),
the weight function B () is of the form

B() =t (t —etyin
and the function f(%) can be computed from the formula

F(£) =Bl @) =em (1—e)™"2 g (t) (3.0.41)

If we pass to trigonometric notation of the polynomials
T* () and make the change of variable{ = —2 In cos % ,
then (3.1.41) takes the form

f(—I—ZLIn cos%—):ai—e(p(—ancos—g—)
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Since the expansion of ¢ (6) is of the form (3.1.25), the

expansion of f (— %ln cos -g-) will be

i (—%lncos%) =R—S§ﬁ[ao+2 S an coske] (3.1.42)
k=1

For Chebyshev polynomials of the second kind, U% (e7),
the weight function P () is of the form

ﬁ (t) = e-3t/2 (1 __e—t)llz

and the function f (%) can be computed in the following
manner:

f (-ftb_) :B(t) etcp (t) =g~ t/2 (1 —g—t)‘/z (P(t)

If we pass to trigonometric notation of the polynomials
U# (e7!) and make the change of variable as in the preceding
case, then we get

f(—%lncos—g—) =-;—sin9(p (—QIHCOS-%)

Since for ¢ we have expansion (3.1.28), it follows that

f(—2imcos o) =4 aysin (k-+1)0 (3.1.43)
h=0

The coefficients a, of the expansions (3.1.40), (3.1.42),
(3.1.43) are computed from the corresponding triangular

systems of equations, and for the moments F (k) [see (3.1.4)]
we take the numbers

w=hF (b (k+1), k=012 ..

In the expansion (3.1.42) the factor 1/sin 6 can exert
a strong influence on computational errors for values of 6

5—0281 65



close to zero. And so this expansion can be used when it is
required to compute the value of f (f) not on the whole axis
but only at the point ¢ = ¢, and in its neighbourhood. In
this case we can choose the parameter & so that the substitu-
tion x = ¢! translates the point ¢t = ¢, to z = 1/2, that
is, 8 = n/2. Then the effect of the factor 1/sin 0 will be
reduced to a minimum. The value of 2 will be equal to
(In 2)/t,. Here, if the abscissa of absolute convergence of
the integral y, < 0, then no restrictions are imposed on the
quantity ¢,; but if y, > 0, then this method can be used if
0 <ty << (In 2)/y, since h = Yy > Vq-

All the methods described in this section have an essential
drawback, which consists in the following. The coefficients
of the Legendre polynomials, the Chebyshev polynomials
of first and second kinds, and other Jacobi polynomials,
and also the coefficients of triangular systems of linear
algebraic equations in the sought-for coefficients a, all
grow very rapidly with increasing k. For this reason, in
order for the coefficients of the series expansion'to be comput-
ed at least with a moderate degree of accuracy, the starting
values of p, must be specified with great accuracy.

Remark. The series (3.1.43) is the Fourier sine series of the

function f( —27 In cos %) . It may happen that the coef-

ficients a, of this series will not decrease fast enough and
the series will converge slowly. We can then improve the
convergence of the series if the functions F (p) and f ()
satisfy certain conditions. From the theory of Fourier series

it is known that if thefunction f (— %—ln cos —g-) is diffe-

rentiable a sufficient number of times and vanishes at the
endpoints of the interval [0, n], then the coefficients of the
expansion of this function in a Fourier sine series are of the
order of (1/k%. We can therefore attempt to represent the
image function F (p) as a sum so that the original function for
one term is computed exactly and for the other satisfies
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the conditions given above. If the equations
lim pF(P)=t1ng F(#&)=fo

p—>o0

lim pF (p)=lim f () = fw
p—>0 t—>o00
hold and the limits are finite, then F (p) can be represented at

F(p)=Fi(p)+ (L2 +12tz)

For the term in parentheses the original function is comput-
ed exactly; the original function f, (¢) for the function F, (p)
is equal to f (f) — fo — (fo — fw) € and, like the function
of 0, vanishes at the endpoints of the interval [0, n]. The
Fourier sine series of the function f; (¢) will converge faster
than the series for the function f ().

3.2 Computing inverse Laplace transforms with the aid of the
Fourier sine series

In this section we give another method for finding the
original function from the values of the image function at
equidistant points on the real axis. This method is based
on two assumptions, which however do not restrict its
generality. First, it is assumed that the image function F (p)
exists for Re p > 0. This can always be done if, instead
of F (p), we consider the image function F (p + a) for large
enough a. The latter is equivalent to multiplying f (?)
by e . Second, it is assumed that f(0) = 0. This can
be attained if we put f, (£) = f(f) —f(0) !, which is

tantamount to substituting F (p) — 1O g5 the image

p+1
function F (p).
We transform the Laplace integral
F(p)= S e-Pif (2) dt (3.2.1)

0
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via the substitution
e9'= cos 0 (3.2.2)

where ¢ is an arbitrary number exceeding zero. Then

f(t):f(—-é—lncose)=cp(6) (0<0< )23
/2

oF (0) = S (cos 0)P/°~* sin 6 ¢ () dO (3.2.4)
0

Expand the function ¢ (8) in a Fourier sine series of odd
multiple arcs

@(8)= D) cypsin(2k41)0 (3.2.5)
E=0
The coefficients ¢; here ace determined in the usual way:
n/2
= 5 () sin (2k 1) 0 do (3.2.6)

0

In order to express the values of the coefficients ¢, in terms
of the values of the image function F (p), we do as follows.
In the integral (3.2.4) putp = 2n +1) o (n =0, 1, ...)
to get

/2

o[F(2n+1)0] = S cos™"0sin0 ¢ (0)d0  (3.2.7)
0

The kernel of this integral can be represented as a linear
combination of the functions sin (2k + 1) 6:

cos?" 0sin O

—em 3 [(F)= () Jsne—pt0. (*)=0
h=0

(3.2.8)



Substitute into (3.2.7) the expressions (3.2.5) and (3.2.8).
Since
/2 0
f sin(2p.+1)esin(2v+1)6d0={ ) BV
3 /b, p="v

then for fixed n only such terms remain for which v=
=n—k(k=0, 1, ...., n), that is,

o n+1)01 =27 3 [(2) = () Jown
R=0

or
()= () Jeot 4L (7)) = (Z4) Jomnt oo oem
=22 6P [(2n+1) 0]
or
> ;’;i} (1) o= oF (@n41)0]  (3.2.9)
h=0
Substituting into this equation in successionrn = 0, 1, .. .,

we get a linear system of equations with a triangular matrix
for determining the coefficients cj:

Co= -::— oF (o)
42
o+ ¢y ZTOF (30)
2¢o + 3¢y + ¢4 =—4ni oF (50)

The choice of the value ¢ is determined by the magnitude
of the interval for which it is necessary to compute the value
of the original function f (¢); ¢ should be taken small for
large ¢ and large for small z.

69



Remark. The equation (3.2.3) defines the function ¢ (6)
on the interval 0 < 0 << m/2. The trigonometric series
on the right of (3.2.5) constitutes functions having two
peculiarities: these functions are odd or, to put it differently,
in a plane with Cartesian coordinate axes (0, ¢) they have
a graph symmetric about the origin and such that their
graph is symmetric about the straight line 6 = n/2.The tri-
gonometric series (3.2.5) yields a continuation of the func-
tion ¢ (8), which continuation possesses the indicated sym-
metry properties and is also 2n-periodic; what is more, it is
a Fourier series of the continued function.-All the familiar
theorems on convergence of a Fourier series are applicable
to any determination of its convergence.

3.3 Computmg inverse Laplace transforms with the aid of
series in terms of generalized Chebyshev-Laguerre polyno-
mials

In the preceding sections of this chapter we considered
methods of inverting the Laplace transforms in which the
original function f () was found from the values of the image
function F (p) at equidistant points of the real axis. In this
section we consider a method of recovering the original
function by using the value of the image function / (p) and
the values of its derivatives at a single point.

Given the Laplace transform

F(p)= 5 e-P!f (t) dt (3.3.1)
0
Suppose the function f () satisfies the condition
S ett=A | f (8) P dt < oo (3.3.2)
0

where A >—1.
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We know from the general theory of series expansions of
functions in terms of orthogonal polynomials that the Fourier
series of the function g (f) = t™» f (¢) in terms of the genera-
lized Chebyshev-Laguerre polynomials

> r_: LP (1) (3.3.3)
k=0

converges to this function in the mean. This means that
for the partial sums
N
a ()
Sw()=3 2 LP (1
k=0
we have the equation

lim S lg () —Sy (&) Ptre~t dt =0
N->oo
0

For certain supplementary restrictions on g (¢), which we
do not give!, the following equation is valid:

oo

gt)=23) 22 LY () (3.3.4)

k=0

The generalized Chebyshev-Laguerre polynomials are ortho-
gonal on the half axis 0 <z << oo with weight p (z) =
= z*¢~* and can be represented by the formulas

1 -adb

M) 1y —
Lh (t)_k_]t e ik

(e_t tk-{-k)
FE+A+1)  (—9m

M) gy
Ly” (t) = | T A1) ml (—m)!

3
I DM =

1 See [21], Theorem 9.1.5.
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The orthogonality property of the polynomials Ly (?) is

et LD (1) LY () dt=0 (k= m) (3.3.5)

OL’qg

rh= 5 et LP (P ar =LEEAED (336
0

If the function f (f) satisfies the condition (3.3.2), then the
Laplace transform F (p) is an analytic function in the half-
plane Re p > 1/2. True enough, by virtue of the Schwarz-
Bunyakovsky inequality we can write a chain of inequalities:

S [e=Ptf (1) | dt<< S the-te~(Rep- 11| g (1) | dt
0 0 ‘
<{ S t"e-te-zmep-ntdt}“z { S the=t| g (2) Izdt}”2
0 0

(=] 00

={ S t*e—umep-ndt}”z { S e=tt* | f () |2dt}”z
0 0

From this it is clear that the integral (3.3.1), under condi-
tion (3.3.2), converges absolutely and uniformly in the half-
plane Re p > 1/2. Hence, the function F (p) is analytic
in the half-plane Re p > 1/2.

To determine the coefficients a, of the expansion (3.3.4)
we expand the function e=®V* jn a series in terms of the
Chebyshev-Laguerre polynomials:

oo

b
e=-1t = 3 r_z LY ) (3.3.7
h=0
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where ry, is computed from the formula (3.3.6) and
by = S e-ttre-@- LM (1) dt
0
This formula is then transformed as follows:
by, = S e~Pt*[{M () di
0
From this we see that b, is the Laplace transform of the
function AL? (#) and,as we know (see [3]),it may be comput-
ed from the formula
1 1 \E T (k+A+1)
by =‘px+1 (1—7) k!

Thus,. the expansion (3.3.7) takes the form

[ ]

1
e-@-t = i (1_%)"L}f“) (t) (3.3.8)
h=0
We write the Laplace integral (3.3.1) as
F(p)= | te-te-0-1g (1) at (3.3.9)

0

Since the function g (¢) can be expanded in the series (3.3.4)
and the function e"® 1 in the series (3.3.8), then by apply-
ing to the integral (3.3.9) the generalized Parseval equation
we get

< 1 1\
F(P):Z a"pT+T(1__p—)
k=0

Making the change of variable 1/p = z, we find

w7 f () =3 mdi—a (3.3.10)

73



Since; we have shown that the function F (p) is analytic in
the half-plane Re p > 1/2, the function F (i) is analytic

1

in the circle | z—1 | << 1; hence, also is }:H F (—;) analy-

tic in this circle. Consequently, the coefficients ap in the
formulal (3 3.10) are coefficients of the Taylor series of the

function —ﬂ_—‘ F ( ) at the point z = 1. And so the coef-

ficients a; can be computed from the formula

ay — (—kli)hdi: {zxi-i F (%) }z=‘ (3.3.11)

Thus the expansion of the original function f (¢) in a series
in terms of generalized Chebyshev-Laguerre polynomials
is of the form

1) =t

2 ahm (M (t) (3312)
h=0

an% the coefficients a;, can be computed from the formula
(3.3.11).

Note that if the function F (p) has singularities far away
from the origin, the transformation z = 1/p will carry them
into the neighbourhood of the point z = 0, which can reduce
the radius of convergence of the series (3.3.10). And this,
generally, can reduce the rate of decrease of the coefficients
ay. Thus, if the Laplace transform has singular points
located at a distance from the origin, the series in terms
of generalized Chebyshev-Laguerre polynomials of the
function f () may converge slowly and will therefore be of
little use in practical applications; and, contrariwise, we
can expect a rapid convergence of such a series if the singu-
lar points of the function F (p) are located in a small neigh-
bourhood of the origin.
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Chapter 4

Methods of Computing the Mellin Integral with the Aid of

Interpolation Quadrature Formulas

4.1 The general theory of interpolation methods
Let us consider methods of computing the Mellin integral

c4io00

() =5 S e?F (p) dp (4.1.1)

c—1ioo

based on replacing the integrand F (p) by another function
that interpolates F (p) via its values at certain points.

The error of computation of the integral (4.1.1) will depend
mainly on the accuracy with which we can interpolate the
function F (p). To obtain good accuracy, it is important
to bring into agreement the mode of interpolation and the
properties of F (p), which is not an arbitrary function but
an image function.

To interpolate F (p) we can work via a choice of points p;
at which the values of F (p) are taken, and also through the
choice of functions {w, (p)} that form the foundation of
the interpolation. As we know, the image function F (p)
tends to zero if the point p goes off to infinity in a manner
such that the real part of p increases without bound in the
process. Of primary interest here is the case where F (p)
decreases by a power law. And so we assume that F (p)

can be represented in the form F (p) = ':_a), ¢ (p) (s >0),
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where the function ¢ (p) is regular in the half-plane Re p >
> a and is bounded in the half-plane Rep > ¢ (¢ > a).
If s is a fractional number, then by (p — a)® is meant the
branch for which arg (p —a) = 0 when real p > a. The
parameter a must satisfy the condition Rea < @ and is
chosen so that the function @ (p) in the half-plane Re p > a
has “better properties” than F (p). What we mean by improv-
ing the properties of a function is that the function F (p),
being an image function, is regular in the half-plane Re p >
> a. The peculiarities of behaviour of F (p) are determined
by its singular points lying in the half-plane Re p < a,
in particular, by how they are situated. The variation of
F (p) for Re p > a will, generally, be the smoother, the
fewer singular points F (p) has, the simpler they are, and
the farther they are from the straight line Re p = «a.

We can always makea = 0 < a << ¢ by a parallel transla-
tion of the coordinate axes. For this reason we will assume
that the function F (p) is of the form

F(p)=— 9 (p) (41.2)

where ¢ (p) is regular for Re p > a and is continuous in the
half-plane Re p > a, including the point at infinity. By
replacing the function F (p) in the integral (4.1.1) by the
expression (4.1.2), we get

c+41ioc0

f= 2:“- S e'p=*¢ (p) dp (4.1.3)

¢—-ioco

For the integral (4.1.3) we will construct an interpolation
quadrature formula based on interpolation of the function
¢ (p). This is performed with the aid of linear combinations
of a certain system of functions o, (p) (v=0, 1, ...).
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We subject the choice of the system to the following comple-
teness condition: no matter what the function ¢ (p) of the
type indicated above, for any! ¢ > a and e > 0 there

must be a linear combination S, (p) = Z a,0, (p) such

that in the region Re p > ¢ the mequahty

lo(p)— Z vy (p)|<e

holds true. Under our assumptions concerning the function
¢ (p), for w, (p) it is natural to take rational functions
(instead of polynomials) of p that are bounded as p - oo
and whose poles lie in the half-plane Re p < a. Besides
that, the functions o, (p) have to satisfy yet another require-
ment that is essential: computations involving them must
be sufficiently simple. Now the simplest computa-
tions occurif for w, (p) we take negative powers, i.e. p-v
(v=0,1, ...), and if we interpolate the function ¢ (p)
by polynomials in 1/p.

As for the points p, we will assume them to be arbitrary
and located to the right of the straight line Re p = a.
Particular cases of the location of points on the real axis
will be considered in the following sections of this chapter. -

Take the points py, py, - . ., pn lying in the half-plane

Re p > a and use them to construct a polynomial P, (—1;)
that interpolates the functions ¢ (p):

9(p)=Pn (+ )+rn(p)—S‘lh( ) @ (Ba) 4+ (p) (4:1.4)
k=0

1 As will be seen later on, the requirement that the completeness
conditien be fulfilled for arbitrary ¢ > o may be relaxed and re-
placed by the assumption that the condition holds for sufficiently large c.
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where

1
() =L§’) (4.1.5)

o iz_ﬁ o(LYTr (Lt
"(p) (_L_L)' (p) H(p p,-)

Substituting (4.1.4) into the integral (4.1.3), we get the
following computation formula:

c+1io00 n
fO=—m | @[3 4 (5) 0w +ra(p) ] dp
c—ico k=0
= A ()@ (Pr)+ R, (4.1.6)
k=0
where
1 e+4-ioco ]
Ay (1) =—5— 5 ePip= 3lh dP !
e | (4.1.7)
i | eprmap |

Discarding the remainder R, in (4.1.6), we get an approxi-
mate formula for computing the original function from the
image.
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Now let us take up the computatlon of the coefﬁcxents
Ay (). Expand the polynomial [, (—) in powers of -‘—).

L (_%) = a2t am LY anz + . akn _Z P
Then =0
c4-ioo n
Ay (t):T:u— S ePtp=+ D\ ap;p~idp
n c"“’;’ c+1oo]—0 sti1
= arypes S evtp-s-idp — 2, A (41.8)
=0 c—ioo

Using (4.1.8), it is easy to compute the coefficients Ay ()
for arbitrary values of ¢. All we have to know is the values
of a;, which depend solely on the chosen points p,. For
the most frequently encountered methods of choosing py,
the values of a,; can be computed beforehand.

4.2 The equal-interval inlerpolation method

Let us consider the case of equally spaced points p;, located
on the real half axis [a, oo):

pp=a+k+1Hr >0k=01,... n)
Without restricting the generality of the problem, we can
always assume 2 = 1, for which purpose it suffices to make
the change of variable p=a+ p'h. Then the points p,
will become integers: pr =k + 1 (k =0, 1, , N).

In this case the formula (4.1.6) becomes [without the
remainder R,. and with account taken of (4.1.8)]

O~ 3 hOek+r)=3 {2 ety
R= h= )=
0 B (4.2.1)
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Here the polynomials I, (

|-

) are appreciably simplified
and are equal to

h(5)

_ G ) ) ()
(%T_%) e (k_j——i_%) (%%"171—2) (kj—i_n_jﬂ)
_ (kD" (p=1)...(P—=B)(P—k—2) ... (p—n—1)
pn k(k—1)...21(—1)(—2) ... (k—n)
_ (=R (p—1) (p—=2) ... (P—n—1)

kl(n——k)l Pn(P—k—i) (4.2.2)

The coefficients a,; in the expansion of the polynomial 7, (%)

in powers of 1/p can be computed with ease.

A table of values of ap; (k, j =0, 1, ..., n) for n =
= 1 (1) 15 is given in [13].

For specific values of the parameter s we can tabulate

values of by; = %—, instead of the coefficients ap;.

The formula (4.2.1) was constructed by H. E. Salzer
for the special case of the parameter s = 1. He also computed
the values of the coefficients 4, (t) for certain values of 7.
For the same formula, Shirtliffe and Stephenson computed

the values of the coefficients ¢;; = &_"]—,11)"—” forn =1 (1) 9.

4.3 The unequal-interval interpolation method

The equally spaced points that were chosen in Sec. 4.2
for interpolating the function ¢ (p) when computing the
Mellin integral will clearly be the simplest and most conve-
nient but will not apparently yield the most exact result.
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Since computing this integral is frequently rather difficult
and complicated, it is desirable to try to choose the points
on the real axis so that interpolation of the function ¢ (p)
is more exact than equal-interval interpolation and, hence,
computing the Mellin integral is more exact as well.

We now consider a possible solution of this problem.

As in Sec. 4.1, we assume that the image function F (p)
can be represented as

F(p)= _a), ?(p)
Then the integral (4.1.1) becomes
cfioco
f(t) = = et (p"’(”)) dp (4.3.1)
c—ioo

To transform into a finite interval the infinite half axis
[, oo) on which the interpolation points are chosen, per-
form the linear-fractional transformation

p=‘4_+(14:;@3_ (4.3.2)
where 4 is a real number exceeding . This transformation
carries the half axis [a, oo) into the interval [ —1, 1]; the
line Re p = a goes into the unit circle | z | = 1 and the
half-plane Re p > o goes into the unit circle |z | <1
The point A transforms to the centre x = 0 of the unit circle.
The line of integration Re p = ¢ in the integral (4.3.1)
goes into a circle lying inside the unit circle and touching
its boundary at the point £ = 1. The length of the radius
of this circle will depend on the value of c. 1f ¢ approaches a,
then the radius will approach unity. Contrariwise, if ¢
increases, then it will decrease and can become arbitrarily
small. The function ¢ (p) is transformed into the function

( A+(11{——12a)z )=(D(x) (433)

Ll

o(p)=9
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Since @ (p) was regular in the half-plane Rep > a, it
follows that the function @ (z) will be regular in the circle
lz | <1

To compute the integral (4.3.1) we will now interpolate
the function @ (z) on the line of integration with respect
to its values at n + 1 points z, (k = 0, 1, ..., n) of the
diameter d of the unit circle | z | < 1 lying on the real axis.
Here we attempt to choose the pointsz,so as to minimize
the interpolation error.

Note that the integral (4.3.1) is a contour 1ntegral of an
analytic function of the complex variable p. It isbut slightly
dependent on the line of integration Rep =c¢ (¢ > a).
In particular, ¢ can be chosen arbitrarily large. Then, as has
already been pointed out, the line of integration under the
transformation (4.3.2) passes into a circle of small radius
that is symmetric with respect to the diameter d of the unit
circle | z | <1 and tangent to the circumference at the
point £ = 1. For this reason, when interpolating the func-
tion @ (z) we will want to obtain a good accuracy, especially
near the point z = 1.

We consider two ways of choosing the points z; and state
pictorial (not very rigorous) reasons for taking precisely
these points.

When investigating the convergenceof interpolation proc-
esses, for analytic functions, of great importance is the
limit distribution function of the points. This notion requires
some explanation. Before going into it, we begin with
the more general concept of the mass distribution function.
Let a unit mass be arbitrarily distributed on the interval
[—1, 1]. Take an arbitrary point z on [—1, 1] to the left
of 1 and denote by p (x) the mass lying strictly to the left
of the point z, that is to say, the mass belonging to the
mt;arval 5—1 x) Complete the definition of p (z) by putting
p(1) =

Clearly the function p (z) has the following properties:

(1) p(—1) = 0;

82



(2) p (z) is a monotone nondecreasing function of z contin-
uous on the left for z € [ —1, 1);

3 p (1) = 1.

Any function p (z), irrespective of its physical meaning,
that has the indicated three properties is termed a distribu-
tion function for the interval [—1, 1].

Suppose we have a sequence of distribution functions
R, () (n =0, 1, 2, ...). We say the distribution function
w (z) is a limit function for the given sequence if at every
continuity point of p (z) it is true that p, (z) - p (2)
(n - oo).

Now suppose we take n + 1 interpolation points
z(k =0, 1, ..., n)onthe interval[ —1, 1]. To each point
we assign a mass 1/(n 4+ 1). This defines a certain mass
distribution function p (z) which is called the distribution
function of the given set of points.

Finally, let us consider an interpolation process defined
by the following infinite triangular array of points:

W
X=) % &

The rows of the array contain interpolation points at the
separate steps of the process. Take the nth row with points
s (k=0,1, ..., n) and state the corresponding distri-
bution function p, (). We assume the array to be such that
the sequence p, (z) (n =0, 1, 2, ...) has a limit distri-
bution function p (z). The function p (x) is called the limit
distribution function of the interpolation points.

In the interpolation of analytic functions a special role
is played by a limit distribution function called the Cheby-
shev function:

O -
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If for the sake of pictorialness we assume that p (z) is con-
nected with the mass distribution on [—1, 1], then the
mass-distribution density will be p (z) = p' () = n-1 X
X (1 — 2?)-12 and the masses will, obviously, be arranged
symmetrically about the point z = 0 —rarefied near the
midpoint of the interval [ —1, 1] and compressed at its
endpoints.

It turns out that interpolation processes with points having
the Chebyshev function for the limit distribution function
are the best (in the following sense) for interpolating ana-
lytic functions of [—1, 1]: no matter what the function
g (z) that is analytic on [—1, 1], the interpolation process
for this function will converge everywhere on [ —1, 1] and
the convergence will be uniform in z. Besides, the uniform
convergence will also hold in a certain neighbourhood of the
interval —1 < z <1, but the form of the domain of con-
vergence will depend on the properties of g (z) (see [10]).

For this reason, when interpolating the function @ (z),
it is natural to take points z (k =0, 1, 2, . . ., n) on the
interval [ —1, 1] for which the limit distribution function
is the Chebyshev function.

It is also a fact that the roots of any system of orthogonal
polynomials on [ —1, 1] with anysummable and almost every-
where positive weight-function will have the Chebyshev
function for the limit distribution function.

When interpolating @ (z), we can take for the points
zp (k =0, 1, ..., n) the roots of a polynomial of degree
n + 1 from any known system of orthogonal polynomials,
in particular the roots of Chebyshev polynomials of the first
and second kinds, Legendre polynomials, and Jacobi poly-
nomials.

We refer to the end of the section the problem of a definite
choice of points z;, for the present we assume them to be
arbitrary and located on [ —1, 1].

Using the values of the function @ (x) at the points
z, (k =0,1, ..., n), we construct the interpolating poly-
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nomial

O ()~ S Ly (@) D (2)
h=0

Zp—20) - .. (T —2Zp-1) (Tn—Tn+1) ... (T —2Tn

— Z ( (x—x0) ... (2—2p_1) (T--Zps1) - .. (T— 1) )(D(xk) (434)
B=0

Now we return from the variable z to the old variable p:
—_p—A4
T= p+A—2a

Then

¢(p)~ kgﬂ In (P) 9 (Pr) (4.3.5)

where
A+ (A—20) zp
1—zp
n p—A4  pi—A4
. . p+A—20 pi+A—2a
lh (P) '—Lh (.’II) _I_I Ph_A-' . Pi—A
20 mtAd—2a pifA—2a

Let us simplify the expression for I, (p). Since

Pr=

p—4 _ _p—A _ 2(4—0)(p—pi)
p+A4—20 p;+A4—2a (p+A—2a)(p;+A—20a)
pr—A pi—A4 2(A—a) (Pr—pi)

Pt A—20" pitA—2a (Pt A—2a) (pi+A—2a)
it follows that

__ (prt+A—20)" @ (P)
" (P) =T A=) an (ow (4.3.6)
where
mu(p)=-;,‘%, o (p)=(p—po)(P—P1) -+ . (P—Pn)
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For the function ¢ (p) substitute the expression (4.3.5)
into the integral (4.3.1) to obtain the following formula
for its approximate value:

c+4ioco

1
fO=—3m | e Dsdp
€—100 . c+;im o n
e.
~ o S (p—a)® D) (p) @ (pr)dp
c—ioo h=0
=D A t) 9 (pr) (4.3.7)
=0
where
1 c+1ioo0 ) ( )
=g _‘rlP)
4, (8) =55 c_S,-m ept (p_a)'dp (4.3.8)

We can reduce the integral in the last formula to an inte-
gral that can be computed with the aid of the usual tables
for inversion of Laplace transforms. Indeed, expand the
polynomial ®, (p) in powers of p + 4 — 2a:

oy(p) = ;go bry (p+A—2a)"‘5

Then
I (p) = ]_go an; (p+A—20)~ (4.3.9)

where
ayy= Bt A2 4 (4.3.10)

op (Pr)



Substituting (4.3.9) into (4.3.8), we get

n ¢}+ioo
1 ept
Ay (t):E0 P S T O (4311

This integral is a tabular integral expressed in terms of
a confluent hypergeometric function (see [2], p. 231).
Finally, for A, (t) we get the following expression:

A (t) = Z an) prams €8 A0 F (5,54, (a4 A—2a))

(4.3.12)
Here, ,F, is a confluent hypergeometric function:

, _r® [ (a+v)
lFl(a’ B’ - r(a) 2 F(B-’—‘V)‘V! 2V

(IZI<°°

The equation (4.3.12) can be simplified for certain particular
values of @ and A. For instance, if the points @ and A are
located symmetrlcally about a, that is, if they are connected

by the relation o = (A + a), then
n 1 c+4ioco 4
= ; —_— f__p—
k(t) Z Thj 5oy S epP o
J=0 c—ioo

T ts+i-1eat
= 2 a“m (43.13)
j=0

The formulas (4.3.12) and (4.3.13) permit determining the
coefficients A, (t) of the quadrature rule (4.3.7) for any value
of t. For convenience in using them, we can set up a table
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of values of a,; that depend on the choice of the points z,
and also on the parameters o and 4.

_For & and A4 we can take the values 0 and 1, respectively;
this is no restriction of generality since any other values lead
to the given values by the change of variable p = o +
;+ (A - a) P'-

As for the points z;, they can, as indicated at the beginning
of this section, be put equal to the roots of a polynomial
of degree n + 1 taken from any system of polynomials
orthogonal on the interval [—1, 1].

Reference [13] :lists values of a; in the following two
cases.

1. For the points z, (k =0, 1, ..., n) one takes roots
of the Chebyshev polynomial of the first kind

Tp+q () = cos [(n + 1) arccos zl

The coefficients a,j of (4.3.12) or (4.3.13), that is, the
coefficients of the expansion I, (p) in inverse powers of
p + 1, can be computed in the following manner. Pass
from the variable p to the variable =z =§_—I—-: to find
Ly (2):

(z—=z0) (x—24) ... (Z—2p—y) (T—Zp41) -.. (T—2n)

r[ =
» () (zp-~Z0) (To—24) « o+ (Tp——Th—y) (Th— Tpst) - - (T —Zn)
— Tnai (2)
’ “E—wT,,, @
Expand the polynomial %:L in powers of 1—ux:
n
Ty,
z+£f’= S ens (1—zy (4.3.14)
=0

We get

2 erj(1—2)f n
Ly (@) == by, (1—2)
=0

Tos @)



where
Cr j

bry =
M Tn+i ()

Returning to the old varlable p, we find the expansion
of I, (p) in powers of +

=]_§:‘J ( p-H)

= by—2 2 (4.3.15)
(p+1>J e (p+1>1

i=0

2
ah,= bu? —‘T';’zj)

n+

To compute the coefficients a,; we have to know the coeffi-
cients cy; of the expansion of -L(h) in powers of (1 — z).

One way of finding them is as follows. In (4.3.14) put
z =1 and then

Tn+1 (1)

Cro = 11—z,

Now rewrite (4.3.14) as

n
Thy (2) _ . j

The value £ = 1 is a root of the last polynomial and we can
lower the degree of the polynomial by unity to get

T (2) G it
[zT‘zk——cuo] (1—2) ‘—g ey (1—2)
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Again putting z = 1, we get

-Tn+ -
Cpy = l_z_—i(x)—cko] (1—=2) 1lac=1

Th

We continue this process until all the ¢,; are found. Then
all the ay; are found from the formulas (4.3.15).

The numerical values of ay; and py for n = 1 (1) 14 are
listed in Table 6 of [13].

2. For the points z,, one takes the roots of a Legendre
polynomial of degree n 4 1. The coefficients a,; and the

points p, = 1i‘:: can be computed in exactly the same

way as in the preceding case.
Table 7 of [13] lists the respective values of a,; and of

the points p, = H_ for n =1 (1)14.

4.4 Other interpolation methods. Using the truncated Taylor
series

To compute the integral (4.3.1) we made use above of
interpolation with respect to the values of the function at
several points. But the same can be attained by making use
of a different type of interpolation, for instance, by interpo-
lation with multiple points, interpolation via the values of
the function and its derivatives at different points, and so on.

We now take up the case when interpolation is carried
out with a single multiple point. Then the interpolating
polynomial will, as we know, coincide with the truncated
Taylor series.

We now come back to interpolation of the function @ (x)
that is regular in the circle | x | << 1. On the interval 0 <
<L z <1 choose a point & (§ << 1). The function @ (z) is
regular in a circle with centre § and radius not less than
1 —E. For the approximate value of @ () in this circle let
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us take its truncated Taylor series at the point &:
n
_EW
@)~ 3 Lo
v=0
From the variable x pass to the old variable p and from the

function @ (z) to ¢ (p); note that for what follows it will
be more convenient to pass from ¢ (p) to the function

n _ .i )
v =(p+A—20" 9 ()~ 3 L g0 Q)
j=0
£ = A+ (A—2a)t
S B
Substitute the last expression into the integral (4.3.1) to
get the following formula for its computatlon

c+ioo

=g | o785 dp~zB,(t>w<f><f> (44.1)
where o
1 e t (P-t)j
B, (t)=—m-c {w o L ———dp (44.2)

If (p —0) is expanded in powers of (p + A — 2a), the
resulting integrals will be tabular integrals and the integral
in (4.4.2) can be computed.

In the special case where the function ¢ (p) is regular at
the point at infinity, it can be expanded in a series in nega-

tive powers of p of the form ¢ (p) = Da,p.

v=0
In this case, to compute the integral (4.3.1), we get the
formula

o 1 c+ico d
t
~ [— ot
f (t) ~ ‘Vgo o 2nt ] S‘loo ’ pv (p_a)'
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This is a tabular integral and 1268 4

{ c+4-ioo o dt t-+v—i F ;
o7 .i o Tegw L1 sV, al)
Cc—100

4.5 Some theorems on convergence of interpolation

4.5a. Introduction. In the preceding sections we consid-
ered the interpolation quadrature formulas (4.1.6) and (4.3.7)
for approximation of the Mellin integral. The remainder
terms of these formulas are

c+ioco
1
Ro(9, =3 | epra(®dp  (45.0)
c—1io0
i 1t:-i-‘iao
Boa(o =5z | #p—0ra(mdp  (45.2)

where r, (p) are the errors of interpolating the functions
9 (p).

The quadrature process (4.1.6) or (4.3.7) for the function
¢ (p) is convergent if the remainder terms (4.5.1) or (4.5.2)
tend to zero as n — oo. The convergence or divergence of
this process depends both on the properties of the function
¢ (p) and on the choice of the points p,. The problem of
investigating the convergence consists in determining the
relations between the properties of ¢ (p) and the points py,
under which we can be assured that the remainder R, tends
to zero.

Below, in Sec. 4.6, we consider the solution of this pro-
blem for some specified points p, and for certain particular
classes of functions ¢ (p).

From the formulas (4.5.1) and (4.5.2) it is clear that the
quadrature process will converge only if the interpolation
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converges. And so we begin the investigation by studying the
convergence of interpolation.

Starting with Sec. 4.3, when constructing rules for com-
putation, we performed the interpolation of the auxiliary
function @ (z) = g (p) (p = AHA2 2 U—202) with the aid
of an integral polynomial in z. Under the given conditions
a =0 and A =1, which do not restrict the generality
of the results, the relationship between @ and ¢ is @ (z) =

=@ (H_x) . Interpolation of @ (r) is equivalent to inter-

polation of ¢ (p) with the aid of rational functions which

. . p—1 . .
are polynomials in z = - An approximate expression

for ¢ (p) is given in the equations (4.3.5), (4.3.6).

In the integral representation of the original function
(4.3.1), the function ¢ (p) along the line of integration
P=¢—+ ioc(—oo<< o << oo, ¢ >0) and to the right of it
is everywhere regular except possibly at the point at

infinity. Under the transformation” p = i: , the line

p = ¢ + io goes into a circle that is orthogonal to the real
axis z of the complex plane and passes through the points
(C_i—_i) , 1. The centre of the circle lies at the point 1 —
— T-_i =1 — ¢ and the radius is equal to c_-|171'
¢ > 0 this circle, which we denote by T, lies inside the
circle | z | <1, with the exception of the point z = 1,
and it contracts to £ = 1 when ¢ increases without bound.

On the circle I'; and inside it the function @ (z) is every-
where regular with the possible exception of the point
z =1, where even though @ (z) is, by the assumption concern-
ing ¢ (p), continuous, it may not be holomorphic.

The convergence of algebraic interpolation of analytic
functions in a closed region with singularities on the bounda-
ry has not been investigated sufficiently. In particular this

= g. For

’
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refers to the case, to which the authors confine themselves in
this chapter, where the interpolation points are taken on the
real diameter of the circle I';, which is equivalent to the
location of the points on the half axis Re p > 0 of the
p-plane. The difficulty of this problem of convergence and
the fact that it has not been studied in depth prompted the
authors to confine themselves to considering a narrow class
of image functions F (p) and original functions f (f) when
¢ (p) is a regular function at the point at infinity of the
p-plane. In this case the appropriate function @ (z) is regu-
lar not only in the unit circle | 2] << 1, but also in the
neighbourhood of the point z = 1.

As-will become clear later on, the assumption just made
permits answering many questions concerning the conver-
gence of the interpolation of @ (x) and, hence, also questions
on the convergence of the process of approximate computa-
tion of the original function f (z).

Remark. Here we speak of a narrow set of original func-
tions f (¢) for the following reasons. If ¢ (p) is regular when
| pl > R, then the image F (p) = ¢ (p)p~® can be repre-
sented in this region by a power series

F(p)=p=* 2 cap™ |P|>R (*)
n=0
For the coefficients ¢, of the series the estimate given below
is true: for any & > O there is a number N = N (g) such
that the inequality

len | <N (R + €)" (%)
holds.

Throughout the foregoing, the exponent s in (+) was con-
sidered to be positive. But in the problem of finding the
original function f (¢) for F (p) that has the representa-
tion (*) we can assume that s > 1 since for 0 << s 1 it is
possible to isolate the first term c,p-* in the series on the
right. The original function of that term is known, it is ta-
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bular and is equal to colf( 5 Then we have to find the ori-

ginal function for the imagefunction F (p) — =2 T =p*ix

P
X 2 ch+1P" that corresponds to the exponent s + 1.

In the expression (4.1.1), for f () choose ¢ > R. Then the
line of integration (¢ —ioo, ¢ + ioco) will lie inside the

region of regularity of ¢ (p) and the series D) c,p™ on it

n=0
will converge uniformly. Besides, since the kernel ¢?’p~* in

c+ioo oo
1 \ 1
10 =5 5 iy E_Jocnp‘"dp (t=0) (x+x)

is bounded on the line of integration

1
<% o
and is absolutely 1ntegrab1e because s > 1, termwise inte-

gration is possible in (,,,). Besides, since the originals of
gnt+s=1

—8

the functions ¢, — e are known'and have the values ¢, =——— HCEDR
for f (t) we have a representation in the form of a power

series:
s—1 o n
fey=2t"" Y en Ty
n=0

Now the estimate (**) for thecoefficient ¢, indicates that the
power series in the right-hand member converges for all
finite values of ¢. The original functlon f (t) differs from the

entire function of a speclal type Z Cn TS by the power

n—=0 (n+ 5)
factor ¢*~! alone. Functions of this type do not by far ex-
haust all practically important types of original functions.

95



4.5b. Convergence of an interpolation process of the form
(4.3.4). In the construction of such a process we had to inter-
polate the function @ (z) on the line of integration with
respect to its values at n 4+ 1 points 2, (k =0, 1, . . ., n)
of the diameter d of the circle | z | < 1, into which the half-
plane Re p > a is carried under the linear transformation

A+ (A—20)z
b=—"1—7

We assume that in the given transformation A = 1 and
a = 0. This does not restrict the generality, as was pointed
out in Sec. 4.3.

Note that the line of integration on which we interpolate
the function @ (z) (if the number ¢ is taken sufficiently
large) is a circle of small radius lying inside the unit circle
and tangent to the. circumference at the point 1:

e —(1 —9)f=2 (O<e)

Let us first pose the following problem: to determine that
class of functions @ (z) for which the interpolation process
converges uniformly on the line of integration for an arbi-
trary choice of interpolation points on the diameter d of
the unit circle. Uniform convergence of interpolation will
mainly depend on the magnitude of the region of regularity
of @ (z). If this region is sufficiently broad near the diamet-
er d, then we can predict that the interpolation process will
most certainly converge uniformly, no matter how we choose
the points z;, on this diameter. We now indicate the smallest
region in which the function @ (r) must be regular in order
to be able to ensure uniform convergence of interpolation on
the line of integration for arbitrary points on [—1, 1].

The following theorem holds.

Theorem 1. If a function @ (x) is regular in a closed circle
| x + 1| < 2andin the neighbourhood |x —1|< 2e(0 <e <
< 1) of the point x = 1, then the interpolation process (4.3.4),
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which is constructed on the basis of any points lying on the
diameter d of the unit circle, will converge uniformly to @ (x)
on the line | x — (1 — &) | = e. The indicated region of re-
gularity is the smallest one that ensures convergence of inter-
polation for any system of points on the diameter d of the circle
Ix | <1 i

Proof. This theorem follows directly from a general the-
orem proved by V. L. Smirnov and N. A. Lebedev [20].
The following is the statement in which the problem is solved
by Smirnov and Lebedev.

Let F, B, G be three nonempty sets of points of the complex
plane z, Fc G, B G. We say that the condition {F, B, G}
is fulfilled if for_any function f (z), regular on G, for any choice
of interpolation points z§®? (k =1,2,..., n+1;, n=
=4, 2,...) in any bounded subset F* = F, a sequence of in-
terpolation polynomials P, (z) of the function f (z) converges
uniformly to f (z) as n - oo on any bounded subset B* = B.

It is proved that if F and B are two closed bounded sets of
points of the z-plane, and K is the smallest closed circle con-
taining the set B and having the centre at the point € ¢ F, then
the set G = |J K¢ is the smallest closed set for which the con-

F
dition {F, B G} holds true.

In our case, the set F is the interval —1 < z < 1, and the
set B is the circle |z — (1 — &) | = &. To find the set G,
we construct the two smallest closed circles centred at the
points z= —1, z = 1 that contain theline | z — (1 — )| =e.
The first circle is determined by the inequality | z + 1 | <2,
the second one by the inequality | z — 1 | < 2e. Their sum
is the sought-for set G.

Remark. Under the conditions of Theorem 1, uniform con-
vergence will occur not only on the circle |z — (1 —¢) | =
= g but inside it as well.

If we pass from the z-plane to the p-plane and from the
function @ (z) to the function ¢ (p), then Theorem 1 can be
stated as follows.
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Theorem 1a. If the function ¢ (p) is regular in the half-
plane Re p > —1/2 and in the region | p + 1| > 1/e (0 <
<< & < 1), then the interpolation process (4.3.5) construcled on
the basis of arbitrary points lying on the real half axis Rep > 0
will converge uniformly to ¢ (p) in the half-plane Re p > 1/e.
The indicated region of regularity ¢ (p) will be the smallest one
ensuring convergence of interpolation for Re p > 1/ relative
to any system of points on the nonnegative real half
aris.

We now pose a different problem. We know that the func-
tion @ (z) is regular in the unit circle | | < 1. Suppose
that it is also regular in the neighbourhood |z —1 | < 2¢e
of the point z == 1. Let us attempt to determine the largest
interval including the diameter d of the circle | x | << 1 such
that the interpolation process (4.3.4) based on any points of
this interval would converge uniformly to the function
@ (z) on the line | x — (1 — &) | = & for any function @ (2)
that is regular in the earlier indicated region.

Theorem 2. If the function ® (x) is regular in the circle
| x | <1 and in the neighbourhood | x —1 | <26 (0 < e K
< 1) of the point x = 1, then the interpolation process (4.3.4)
constructed on the basis of arbitrary points lying on the interval
[0, 11 will converge uniformly to @ (x) on the circle | x — (1 —
—e) | =e.

The interval [0, 1] will be the largest set belonging to the dia-
meter d of the circle and ensuring uniform convergence of inter-
polation with respect to arbitrary points taken in this set for
functions that are regular in the indicated region.

This theorem can be proved on the basis of the result ob-
tained by Smirnov and Lebedev [20]. They have established
that if B and G are two sets of points of a finite z-plane (a fini-
te plane is a complex plane with the point oo deleted) — B
is a closed bounded nonempty set, G is different from a finite
plane, and B G — then the largest closed set F for which
the condition {F, B, G} holds is the set of centres of all
closed circles K such that K< G and B< K.
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In our theorem, G is the sum of the circles | z | < 1 and
|z —1] <2, B is the circle |z — (1 — ¢)| = &. The
desired set F is the set of the centres of circles containing B
and contained in G. Besides, we imposed the requirement
that these centres belong to the diameter d of the unit circle.
Then it is clear that the set F is the closed interval [0, 1].

If we again pass from the z-plane to the p-plane, then
Theorem 2 becomes

Theorem 2a. If the function ¢ (p) is regular in the half-
plane Re p > 0 and also in the region | p + 1 | > 1/e, then
the interpolation process (4.3.5), constructed on the basis of
any points located on the real axis so that p, > 1 (k =1,
2, ..., n), converges uniformly to ¢ (p) on the straight line

Rep = L 1. The half azis [1, oo) will be the largest region
&

on the real axis that ensures uniform convergence of interpola-
tion relative to arbitrary points lying on it for functions @ (p)
that are regular in the above-indicated region.

In Theorem 1 we indicated the smallest region in which
the function @ (z) must be regular for the interpolation pro-
cess to converge uniformly on the line of integration for arbi-
trary points located on the diameter d of the unit circle.
Now suppose that the points are not chosen arbitrarily on
this diameter but have a very definite distribution. Then
there arises the problem of determining the region of regula--
rity of the function that ensures uniform convergence of inter-
polation on the line of integration |z — (1 — ¢&)| = e.

Very important for investigating the convergence of inter-
polation is the following logarithmic potential (see [10])

1
u(x)= Sln

where p () is the limit distribution function of the points.
We consider the level line u () = ¢,. For an absolutely
large negative value ¢;, such a line will contain the interval
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[—1, 1] and a sufficiently large region near it, in particular
the line; of integration |z — (1 —€) | = & as well. Let us
call this level line I.,; the portion of the plane bounded by it
we denote by B.. When ¢, increases, B, decreases. We
define the number A as the least upper bound of values of ¢,
for which the interval [ —1, 1] and the integration line | z —
— (1 — €) | = ¢ lie inside B.,. For ¢; << A the level line [,
will contain [ —1, 1] and the integration line. We denote by %
the open region of the z-plane in which u () << A and by §
the complement.

Theorem 3. If the function ® (x) is regular in some domain
D containing B, then the interpolation process (4.3.4) construc-
ted on the basis of points having a limit distribution function
p (x) will, as n — oo, converge uniformly on the integration
line | x — (1 — &)| = &; and what is more, it will converge
uniformly throughout the region B.

The proof of this.theorem is analogous to the proof of the
theorem on the convergence of interpolation on the interval
[a, b] with points located on the same interval (see [10]).

Consider the special case where the limit distribution func-
tion of interpolation points is the Chebyshev function. For
example, that will be the case when the points are roots of
the polynomials of Chebyshev, Legendre, and Jacobi. The
logarithmic potential will then be of the form (see [10])

1
1 1 dt 2
u(@)= _Si " Vice M TexvVeoi
The level lines u (z) = ¢, for ¢; << In 2 will be ellipses with

foci (—1, 1) and semiaxesa:%(p + %), b = -%- (p — %),

where ¢; = ln%, o> 1.
When p = Viete

2e —g2
contain the interval [ —1, 1] and the circle | z — (1 —e)| = &,

the level line u (2) = ¢, = ln—i—will
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the latter being tangent to the level line at two points
symmetric about the real axis. Hence the set p will consist
of an ellipse with foci (—1, 1) and semiaxes

“:]/’2_:?’ b:]/ Zia

and a portion of the plane lying inside it. This enables us to
state the following theorem.

Theorem 4. If a function @ (x) is regular in a closed region
P consisting of an ellipse with foci at the points —1, 1 and
semiazes a = Vzis, b = 28:, and the region lying
within it, then the interpolation process (4.3.4), constructed on
the basis of points which for the limit distribution function have
the Chebyshev function, will, as n — oo, converge uniformly
in the above-indicated ellipse and, in particular, on the circle
|x —(1 —eg) | =e.

This theorem is a special case of Theorem 3.

Remark. 1If the number & is taken sufficiently small —
this can be done by choosing ¢ sufficiently large—then the
ellipse indicated in the theorem will go outside the circle
| z | = 1 only in the neighbourhood of the points —1 and 1.
And since the function @ (z) is regular in the circle | z | << 1,
then to satisfy Theorem 4 it suffices to demand the regulari-

ty of @ (z) in the neighbourhood of the points z = — 1,
z = 1, for instance, in the neighbourhood |z — 1 | < 2¢,
|z 4+ 1] < 2e.

We again pass from the variable z to the variable p and
from the function @ (z) to the function ¢ (p). The following
theorem holds.

Theorem 4a. If the function ¢ (p) is regular in the half-plane
Re p >0, in the neighbourhood |p | < 1/R of the point
p = 0, and in the neighbourhood | p | > R of the point at infi-
nity, then the interpolation process (4.3.5) constructed on the

basis of the points p, = 1+ik , Where the points x, on the in-
— 4R
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terval [ —1, 1] have the Chebyshev function for the limit distri-
bution function of the points, will converge uniformly, as
n — oo, on the line Re p = ¢, where ¢ > R, and R, is a num-
ber not less than R.

Remark. Under the conditions of the theorem, the uniform
convergence of interpolation will hold not only on the line of
integration Re p = ¢, but also in a certain region D into
which the domain f of Theorem 4 passes under the transfor-

1+z

mation p = — in particular, uniform convergence holds

in the half-plane Re p > ¢, in the neighbourhood of the real
half axis 0 << p << oo, and in the neighbourhoods of the
points p =0 and p = oo; that is," |p| < 1/R, and
|p | > R, for some R,.

4.5¢.”! Convergence of an interpolation process of the form
(4.1.4). First of all perform the transformation p = 1/z. It
carries the half-plane Re p > o into a circle of radius
1/(2a) with centre at the point 1/(2a). The half-line a <
< p < oo passes into the diameter d, of this circle, which
diameter lies on the real axis; and the line of integration
Re p = ¢, where ¢ > a, on which we interpolate the func-
tion is carried into a circle lying inside the above-indicated
circle and tangent to its circumference at the point z = 0.
If ¢ is chosen sufficiently large, then the radius of this circle
may be made arbitrarily small. The function ¢ (p) which is
regular in the half-plane Re p > a is transformed into the
1
z_a .

Interpolation of the function @ (p) [see (4.1.4)] with respect
to points lying on the real axis Re p > a becomes algebraic
interpolation of the function @ () with respect to points ly-

. . . 1 1
ing on the diameter d, of the circle lx_ﬁ& |<< 3

function @ (x) which is regular in the circle | x — Zia <

n
D (z)~ kgo I, (z) @ (z) (4.5.3)
In this case we can formulate the follow.ing theorems.
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Theorem 5. If the function @ (x) is regular in the
circle |x — Zial<i'1& and in the neighbourhood | x | < 2¢

(23 < 2%) of the point x =0, then the interpolation process

(4.5.3) constructed on the basis of any points lying on the in-
terval [0, 1/(2a) will converge uniformlyto ® (x) on the line
| x — & | = &, which may be taken for the line of integration.

The interval [0, %Jwill be the largest one belonging to the dia-

meter d, and ensuring uniform convergence of interpolation
with respect to arbitrary points lying on it for functions are
regular in the indicated region.

This theorem is proved on the basis of the theorem of
Smirnov and Lebedev that we gave when proving Theorem 2.

. . 1 1
Here, the set G is the sum of the circle lx — 5 | <

and | z | < 2¢, and the set B is the circle |z — e | = e.
To construct F it is necessary to find the set of the centres
of the circles containing B and belonging to G and, besides,
such that the centres lie on the interval [0, 1/a]. Clearly,
this is the interval (0, 1/(2a)], and the theorem is proved.

Remark. Under the conditions of Theorem 5, uniform con-
vergence of interpolation occurs not only on the contour
| z —e | = & but inside it as well.

If we pass to the old variable p and the function ¢ (p),
then Theorem 5 can be stated thus:

Theorem 5a. If the function ¢ (p) is regular in the half-plane
Re p > a and in the neighbourhood | p | > R of the point
at infinity, then the interpolation process (4.1.4), which is
constructed on the basis of arbitrary points p, (k = 0,1, .. ., n)
lying on the real axzis so that p, > 2a, converges uniformly to
¢ (p) in the half-plane Re p > c, if cis chosen so that
¢ > R. The half azis[2a, oo)isthe largest region on the real axis
that ensures uniform convergence of interpolation relative to
arbitrary points lying on it for the functions ¢ (p) that are re-
gular in the above-indicated region.
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Corollary. If the function ¢ (p) is regular in the half-plane
Re p > 1/2 and in the neighbourhood | p | > R of the point
at infinity, then by Theorem Sa the interpolation process will
converge uniformly in the half-plane Re p > ¢ > R with
respect to arbitrary points lying on the real half axis [1, oo),
in particular, it will converge uniformly also for the equidistant
points pp=k+1(k=0,1,2,...,n n=1,2,...)
considered in Sec. 4.2.

In proving the theorem on the convergence of the quadra-
ture process for equidistant points, we will need, as in the
case above, uniform convergence of interpolation not only
in the half-plane Re p > ¢, but also in some neighbourhood
| p | > R, of the point at infinity. To achieve this, suppose,
as we did in Sec. 4.2, that the function ¢ (p) is regular in the
half-plane Re p > 0. Also assume that it is regular in the
region | p | > R. Then uniform convergence of interpolation
both for equidistant points and for any other points lying
on the half axis [1, oo) will occur not only in the half-plane
Re p > ¢ but also in a broader region. To demonstrate this,
pass to the variable £ = 1/p; then the function @ (z) will

be regular in the half-plane Re z > 0 and in the reglon

|z | <1/R. The interpolation points z, = 1_ i

(k =0,1, ..., n) will lie on the interval [0, 1]. P +
The following theorem is valid.
Theorem 6. If the function @ (z) is regular in the half-
plane Re x >0 and in the neighbourhood | x | < 1/R of
the zero point, then the interpolation process (4.5.3) constructed

on the basis of the points x, = 1 (k=0,1, ..., n) or

any other points lying on the interval [0, 1] will converge uni-
formly in the region B, which is the intersection of two circles:

| x| <1/R and | x — 1] < V1 + 1/R%. The region B will
be the largest region for which uniform convergence of interpo-
‘lation occurs for any set of points in [0, 1].
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Proof. This theorem follows immediately from the theorem
of Smirnov and Lebedev [20], where it is established that
if F and G are two closed sets of points of the z-plane and
Fc G while K¢ is the largest closed circle contained in G
and having its centre at the point § € F, then the set B =
= (] K is the largest set for which the condition {F, B,G}

F
(sefaE p- 97) holds.
In our case, the set G is the right half-plane and the region
| z | < 1/R; the set F is the interval [0, 1]. To find the set B,
construct the two largest closed circles contained in G
and with centres at the points # = 0 and z = 1. These
circlesare |z | < 1/R and |z —1| < V1 + 1/R%. The
desired set B is the intersection of these circles. The proof
of the theorem is complete.
Thus, uniform convergence of interpolation will take place

not only on the contour of integration lx —512‘ - 51‘-:

and inside it, if ¢ >> R, but also in a larger region, in par-
ticular in the circle | z | < 1/R; < 1/R, where
1 1 _ VR*F1—R
y 1/1 tm =T
If we now pass to the variable p, then we can say that uni-
form convergence occurs not only in the half-plane Re p > ¢,
but also in the region | p | > R,, where
R
R = — R
' YREF1—R =

4.6 Theorems on the convergence of interpolation methods of
inversion

The results obtained above on the convergence of inter-
polation permit stating certain theorems on the convergence,
as n— oo, of the quadrature processes (4.3.7) and (4.1.6).

On the basis of Theorem 4a we can prove the following
theorem.
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Theorem 7. Let the function ¢ (p) be regular in the half-
plane Re p > 0 and also in the neighbourhood | p | > R of the
point at infinity and in the neighbourhood | p | < 1/R of the
zero point.

Then the interpolation quadrature process (4.3.7) construct-

ed on the basisof the points py = itz’; , Where the points X

have the Chebyshev distribution on the interval [—1, 1],
will converge to f (t) as n — oo for all values of t, the conver-
gence being uniform with respect to t on any finite interval
0 <t LT < oo, that is,

c+ioo
1
Ro(9, ) =5 | € (p—a)*ra(p)dp—0 (4.6.1)

e,
€ — 100

as n— oo uniformly with respect to t for 0 <t LT << o0
for all values of T.

Proof. First consider the case s > 1. The representation
(4.6.1) of the remainder R, (¢, f) has a peculiarity that
simplifies investigating convergence: the integral on the
right is largely independent of the choice of ¢ due to the re-
gularity of the function being integrated in the half-plane
Rep >0 and due to the boundedness of r, (p) in the neigh-
bourhood of the point at infinity. In particular the number
¢ can be taken arbitrarily large. We choose ¢ >> R and re-
serve the possibility of increasing ¢ if necessary. On the basis
of Theorem 4a we can say that the remainder r, (p) of interpo-
lation willconverge uniformly tozero on the line of integra-
tion as n — oo, and for € >0 there is a number N independ-
ent of p such that for n > N it will be true that |r, (p) | <e.

We transform the integral expressing the remainder term
R, (p, t) by putting p = ¢ + io:

R, (o, t)=-§% S €0t (c—a+io)*r,(c+io)do
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and estimate it:

| Rn (@, t)|=2—‘ Y ei% (c —a+i0)~° ry (¢ + io) do

— 00

<%: S | €9t (c—a+i0)°r, (c +io)do|

<e

cT by
= | do 0<t<T) (4.6.2)

2 J le—aptorr

The last improper integral is convergent since s > 1. Thus
from (4.6.2) it follows that R, (¢, t) will tend to zero as
n— oo.

It remains to consider the case 0 << s < 1. We transform
the remainder term R, (¢, ?) thus:

c41io00

1 s
R"((P’ t)":m S ept(P_a)_ rn(p)dp
c—~1i00
1 c-{-ioo
=g | e (p— )17 (o) 47 (D)= ()l dp
c—1i00
c+ioo
=T ] Sy
" c-}-_ioo
tomr | P (p—a)*ra(p)—Ta(c0)ldp  (4.6.3)
The integral in the first term is equal to ——— and the

I‘()

interpolation error r, (oo) tends to zero as n — oo; hence,
the first term tends to zero as n — oo.
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Rewrite the second term thus:

c+ioc0

o | @ p—a) p {plra(p)—Ta (o)} dp  (4.6.4)

25
c—ioco

We show that the function p [r, (p) — r, (00)] will converge
uniformly to zero as n— oo on the line of integration
Rep =c.

By hypothesis, the function ¢ (p) is regular in the neigh-
bourhood |p| > R of the point at infinity; hence both the
interpolation error r, (p) and the function r, (p) —r, (o)
will be regular in this neighbourhood. Besides, in this
neighbourhood the function r, (p) —r, (oo) tends to zero
as 1/p, and hence the function p [r, (p) — r, (oo)] is regular
in the region | p | > R. From the remark concerning Theo-
rem 4a it is known that r,, (p) converges uniformly to zero as
n— oo in the region |p | > R; for a certain R; > R.
Consider the value of the function p [r, (p) — s (o0)] on
the boundary of this region as n— oo. The error r, (p,
tends to zero uniformly with respect to p and, besides)
rn (00) = 0, while the modulus of p remains equal to R,.
Hence the whole function converges uniformly to zero on
the boundary of the region |p | > R;. And since this func-
tion is regular in the closed region | p | > R,, uniform con-
vergence inside the region follows immediately from the
maximum modulus principle.

If ¢ > R,, then it has been proved that the function
p Ir, (p) —r, (o0)] converges uniformly to zero on Re p = c.

It has thus been proved that the function p [r, (p) —
— 1, (o0)] converges uniformly to zero as n — oo on the line
of integration Re p = ¢, that is, for any € > O there is an N
independent of p such that for n > N the inequality
| p lrn (p) —rn (00)] |[< & holds true.

Let us estimate the integral (4.6.4):
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¢+ioo
1 -
| 2ni S e’ (p—a)y*pipira (p)—rn(o0)lldp
c—ioo

ect

do
Seor

S [(c—a)2+ 02]3/2 (24 02)1/2

—00

The last improper integral converges for s > 0 and so the
second term in (4.6.3) will tend to zero as n — oo for any
s > 0. The proof is complete.

Remark. In Theorem 7 the convergence of the quadrature

was proved for points p; for which z, = p":ri have a limit

k

distribution function p (z) that coincides with the Chebyshev
function. A similar theorem can also be demonstrated for the
points p, that have a general limit distribution function
of interpolation points z,. The sole difference here is that the
region of regularity of the function ¢ (p) must be different,
namely, ¢ (p) must be regular in the region D into which the
domain P passes under the transformation z = p——l_—%.

On the basis of Theorem 6 we can prove the following
theorem for the quadrature process (4.1.6).

Theorem 8. If the function @ (p) is regular in the half-
plane Re p > 0 and also in the neighbourhood | p | > R
of the point at infinity, then the interpolation quadrature pro-
cess (4.1.6) constructed on the basis of the points p, = k +
+1(k =0, 1, ..., n) will converge if ¢ is chosen so that
c > R, that is,

(4.6.5)

c+ioo

R, (o, t)=% S e?'p=ra(p)dp—0
Cc—100
as n— oo.
The proof is strictly analogous to that of Theorem 7.
Note that under the conditions of Theorem 8 the quadra-
ture process (4.1.6) converges not only for equidistant points
but also for any other points located on the real half axis
(1, 00).
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Chapter 5

Methods of Numerical Inversion of Laplace Transforms via

Quadrature Formulas of Highest Accuracy

5.1 The theory of quadrature fomulas
To compute the Mellin integral

c-}-ioo
f) = S e?F (p) dt (5.1.1)

c—ioco

in Chap. 4 we constructed interpolation quadrature formulas
that are exact for polynomials of degree n — 1 in the argu-
ments% or p—Tl—ZJ . This degree of accuracy for the
given interpolation points in the half-plane Re p > a
was attained via a choice of the quadrature coefficients
Ay.
In constructing quadrature formulas it is natural to choose
not only the coefficients but the points as well. We may
hope in this way to increase the accuracy of the formula. In
this chapter we will construct a quadrature formula of
highest accuracy in the class of rational functions of a spe-
cial type.

But before constructing such a formula, let us transform
the integral (5.1.1) so that the parameters of the quadrature
formula do not depend on o and t. To do this make the
change of variable p = p’/t + a. Then the integral (5.1.1)
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hecomes
[ e+ioo0 e ’
1) =g & S e’ F* (p')dp’, £>0

FWPU:F(%L+a)

Since the function F (p) was regular in the half-plane Rep >
> o, the function F* (p’) will be regular to the right of the
imaginary axis Re p’ >0, and & can be any positive number.
Thus, computing the Mellin integral reduces to computing
the integral

1 g+-ioo
- P
J= 5— S ePF* (p)dp (5.1.2)
e—1o0
where the variable of integration is again p.

The function F* (p), being the image function, has regu-
larity in the right half-plane and tends to zero as p goes to
infinity in a manner so that Re p — oo. Suppose too that
F* (p) tends to zero like a certain power of 1/p, that is, sup-
pose that F* (p) can be represented in the form

F*(p) === 9 (p) (5.1.3)

where s > 0 and the function ¢ (p) is regular in the half-
plane Re p > 0 and has a finite limiting value as p = oo:

lim @ (p)= @ (co0)

p->00

Substitute the expression (5.1.3) into the integral (5.1.2):

Jw=i:5ﬁwwm@ (5.1.4)

e-—qoo
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To compute this integral we construct a quadrature formula
of the following kind:

T~ 3 Ao (pr) (5.1.5)

In (5.1.5) the coefficients A, and the points p, are arbitrary.
We can deal with them as we like. Let us try to choose them
so that formula (5.1.5) is exact for any polynomial of degree
2n — 1 in the variable 1/p. A necessary and sufficient con-
dition for this is provided by the following theorem.

Theorem 1. For the quadrature formula (5.1.5) to be exact
for all polynomials of degree 2n—1 in the variable x = 1/p it
is necessary and sufficient that the following two conditions
hold:

1. The formula (5.1.5) must be interpolatory, that is, its
coefficients A, must have the values

A—1B+imp-81 1) a 5.1.6
h—-me—simep h(;) 14 (5.1.6)

where

j=1 jo=
J£h j¥k

4

2. For every polynomial Q ( ) of degree not greater than

n—1, the following equality must hold:

g-}-ioo

— S P, (%)o(_;_)dp=o (5.1.7)
where o
on(3) =T (=)
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The proof is carried out in a manner strictly analogous to
the proof of the corresponding theorem on quadratures of
highest algebraic degree of accuracy (see [10]).

Necessity. 1f (5.1.5) holds for polynomials of degree 2n —1
in the variable z = 1/p, then it also holds for polynomials
of degree n — 1 in 1/p, and for this reason it must be an
interpolation formula. This completes the necessity proof
of the first condition.

Now let Q(%) be any polynomial of degree not greater

1 1 1y .
than n—1. The product (—5) = O, (7) Q (—p—) is a poly-
nomial of degree not greater than 2n—1, and for it the

formula (5.1.5) must be exact:

1 &--i00 4
— P -
T (L) ap
g-ioo

This sum is equal to zero since o, (-pi—h) = 0, which proves
the necessity of (5.1.7).

Sufficiency.Let (%) be an arbitrary polynomial of degree
2n — 1. Dividing it by o, (%), we get

(5) () e (3) +e (5)
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where Q and p are polynomials in 1/p of degree not exceed-
ing n — 1. Since o, (—;—) = 0, it follows that
) h
¢(“)_p( ) (k=1,2,...,n) (5.1.8)
We represent the integral of the function (%) as the sum
of the following two integrals:

8+ico

| P (5)
1 4 1) g
~z;&imep wn(y)Q(;) p
8+_1',oo
-+§%;&)w Pp- p( )dp  (5.1.9)

The first integral in the right member is zero by the ortho-
gonality condition. Since the degree of p(—:;) is not greater

than n —1 and the formula (5.1.5) is an interpolation
formula, the following equation has to be exact:

e+ico
Q%SﬁWM)W—Z&M )
Taking into acecollTnt (5.1.8) and (5. 1 9), we get
etioo
z | P (5)dr= Z A (57)
€—ioo

and (5.1.5) is indeed exact for arbltrary polynomials of
degree 2n — 1 in 1/p. The proof is complete.

Thus the question of the possibility of constructing a qua-
drature formula (5.1.5) that is exact for arbitrary polyno-
mials of degree 2n —1 is connected with the existence of a po-
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lynomial mn(i of degree n having the property of orthogo-
nality (5.1.7).

We now show that this polynomial exists and the condi-
tion (5.1.7) defines it uniquely. We seek the polynomial

Wy(2) = o, (%) in the form of an expansion in powers of x:

o, () =2+ a2+ ... 4+ a,
The orthogonality condition (5.1.7) is equivalent to
fulfillment of the system of equations
e+ioo

L S efo, (z) 2™ dp=0, m=0,1, ..., n—1 (5.1.10)

2mi

g—1ioo 1B+im
Since T 5 ezt dp:ﬁ, it follows that the system
e—ioo
(5.1.10) transforms to the system
1 ay an —
P@+n+mf+F@+n+m—ﬂ'+'”'*F@+m)_0 (5.1.11)
m=0,1, ..., n—1

Multiply the equations (5.1.11) by I'(s+nrn-+m—1) and
write down the system obtained as
1

s+n—_1—i-lh4“(“*'1'”—2)‘12

+...4+(64+n—2)(s4+n—-3)...s8a,=0,

1 .

m—ka1+(8+n—1)a2
4. Etr—1)(s+n—2)...(s+1)a, =0, (5.1.12)

ﬁ+al+(s+2n~3)a2

+ ...+ (+2rn—3)(s+2n—4)
c..(s+nr—1)a, =0
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The determinant of this system is
1 s+n—2 ...[(s+n—2)(s+nrn—3) ...s]
A 1 st+n—1 ... [(s+r—1)(s+n—=2) ... (s+1)]

1 s4+2n—3 ... [(s+2n—3)(s+2n—4) ... (s+n—1)]

It suffices to see that A 540, since in that case the system
(5.1.12) will have the solution a,, a,, . . ., a, and only that
solution. Consider a system of n functions z*"-2, z5"-1, |
..., 2?3 They are linearly independent on any interval
that does not reduce to a point. Let us construct a linear
differential equation of order n for which these functions
form a complete system of independent solutions:
’ 1)

y y ...y
sn-2 (xsm-a)r L (zsm—z)(m
Ln (y) == | pSth-1 (zsm—l)I . (Ism—l)m) =0

xsﬂn—s (xs+2n—3)l . (xs+2n—3)m)

If we expand the determinant in terms of the elements of the
first row and divide both sides of the equation by z™™**-%,
then the last equation can be written as

'y et Yyt P L ey =0 (5.1.13)

where ¢ = constant. _
Indeed, consider the cofactor of the element y:
(xs+n—2)l (1s+n—2)fl . (xs+n—2)(n)

(xsi'n—l)’ (xs+n-1)" .. (xun—l)(n)

(xs+2n—3)l (xs+2n—3)” . . (zs+2n—3)(n)
From the elements of the first, second, . . ., nthcolumns,
take "8, g7k . x°-2, respectively, outside the
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determinant. Then from the elements of the rows of the
remaining determinant take out the factors 1, z, . . ., z"-L
This yields the determinant 2"™**® D, where D is

s+n—2 (s+n—2)M ...[(s+n—2) ... (s—1)]
s+n—1 (s+n—1)M ...[(s+r—1) ...s] n

s4+2n—3 (s+2n—3)M ... [(s+2r—3) ... (s4+n—2)]

and the letter M denotes a factor less by unity than the
preceding one.
In strictly analogous fashion we establish that the cofac-

tors of the elements y’, y”, . . ., y™ are equal, respective-
ly, to
cz"xn(ﬂn-anl, c;-zxn(3+n—3)+2, cey crolxn(s+n-3)+n

This proves the expansion (5.1.13).

The equation (5.1.13) is Euler’s equation and it has two
singular points: £ =0, z = oo.

Write out the Wronskian determinant for the solutions

2 gttt L 228 of this equation:
W (xsﬂl-z . .‘, xs+2n-8)
"t (s+n—2) 2" L [(s+r—2) ...sz°7]

_|&*" (s+n—1) " L [(s+n—1) ... (s+1) 2]
3 (s4-2n—3) **" 4 L [(s+2n—3)...(s+r—1) **?)
(5.1.14)
Since the solutions z*"2, z%" !, , 23 of (5.1.13)
are linearly independent, the determmant (5.1.14) can va-
nish only at the singularities of the equation, that is, at

the points z = 0 and = oo. Itis nonzero at all other points,
say at = 1. But for z = 1 the determinant W (z*"~2, .
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., %23} coincides with the determinant A and there-
fore A £0; hence, the system (5.1. 12) has a unique solution.
This proves the existence and uniqueness of the poly-

nomial o, (i
Since in (5.1.7) the weight function depends on the para-
meter s, the polynomial o, (-:7) too will depend on s. We

denote it by of ( 1) . To finish investigating the possibi-

lity of constructlng the formula (5.1. 5), which is exact for
polynomials of degree 2n — 1 in 1/p, it is necessary to show

(8)

that all roots of the polynomials g for arbitrary

$ >0 lie in the right half-plane. This question will be
dealt with in the next section.

The most exact quadrature formula (5.1.5) for the integral
(5.1.4) was constructed for the special case s =1 by
H. E. Salzer (see [13]).

5.2 Orthogonal polynomials connected with the
quadrature formula of highest accuracy

5.2a. An explicit expression of the polynomials of ( ;)) .

(s)

To obtain an explicit expression for w;, ;) , let us con-

sider the following polynomial of degree n:

Py () =(—re?prret o (erpn)
n

=3 (:) (— D)k (nt-s—1) ... (nts+k—2) (5.2.1)

kR
k=0 4

which we wrote down in a form similar to the Rodrigues
formula for the Legendre polynomials.
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We now show that for this polynomial the orthogonality
condition

e fioo
| erepe (L) pmap=0 m=0,1,....,n—1) (6.22)
e - joo

holds true and this is equivalent to the condition (5.1.3).
To prove this, in the integral (5.2.2) we replace PY (?)
by its expression (5.2.1) and integrate by parts: o

e+4-ioo

S ePp* PP (%_) p™ d.p

£-{oo
e4-ioco n
=(—1)" S prm ;F(epp-n-sn)dp
e—ioo
—m-qp @1 —n-s e+tico
(A s L o e [
e4io0 -1
— (=" (e—m—1) | Pt (P dp
e—ioo

It is easy to show that the first term is zero, since each
summand obtained after differentiating the product e’p="**!
will be of the form ePp~* (k*> s) and, since the function e?
remains bounded on the line of integration, each summand
will tend to zero as p goes to infinity along the line of inte-
gration.

Integrating by parts n —m — 1 times, we obtain the
following expression for the integral (5.2.2):

e+ioo
1
+(n—m—1! | S @pdp
e—100
am e +io0
=4 (n—'m—" 1)! ‘d—pm— (epp n 'H'l) Il:_:m
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And since s> 0, n > 1, the expression obtained is also
zero. Thus the polynomial P,‘f’(%) given by (5.2.1) satisfies

the orthogonality condition (5.1.7), and, because of the
uniqueness of a polynomial satisfying this condition we can

conclude that the polynomial P{ (p ) will differ from
ol (%) only by a constant factor equal to the leading coef-

. (1Y,
ficient of P3, (p )

o1 _ _ _ 5) _1_
Py (7) =(n4s—1)(n+s)...(2n+s—2)of (p)

5.2b. A recurrence relation for the polynomials Pif) ( :, ) .

For the polynomials P% ( > ) we can obtain a recurrence for-
. . o (1 ) (1

mula connecting the three polynomials P,;” ( > ) , Py (!P )
P§), (-p—), as is done for ordinary orthogonal polynomials.

Take the product iPﬁf’ (%) ; it is a polynomial of degree
n+1in 1/p and can be represented as a linear combination

of the polynomials P§’ ( p) , Py (%) ) ey P},’.}.i (—;—)z
+1
—;-P;," (%) =nZ‘_, Cnx P (%) (5.2.3)
The coefficients of this expansion can be determined from
%’?e":{w ePp-s — 1 P(s) (%_) p;in (%) dp
Chn = B—Weﬁm (5.2.4)
a2 ol ()]
— 100
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from which it is evident that if k < n —1, then%Pﬁs) (%)

is a polynomial of degree lower than n, and by the condi-
tion (5.1.7) the integral in the numerator of (5.2.4) is zero.
Thus, in (5.2.3) only ¢;. 01y Cnns €n.n+:1 can be different
from zero:

72 (5) =en i (5)

+ennP () +en P (5)  (6:25)

Denote the variable 1/p by z and rewrite the relation
(5.2.5) as

P, (2) = (anz +by) P (2) +cnPry(2)  (5.2.6)

Since we know the explicit expression of PY (x), the coeffici-
ents a,, b,, ¢, can be determined with ease. Equating the
coefficients of z"! in the right and left members of
(5.2.6), we get (n+s)(n4s+1) ... (2n+s)=a, (n+
+s—1)(n+s) ... (2r+s—2), whence

__(nds)(nts+1) ... Cnd-5—2) 2n+s—1) (2n45s)

- (n+s—1)(n+s) ... 2n+s—2)
_ @2n+s)(2n4s—1)
- nd-s—1

an

To find b, equate the coefficients of z" in both members
of (5.2.6):

—(n+1)(nt+s)(n+s—1)... 2n+s—1)
=—apn(nt+s—1)(n+s)...(2n+s—3)
+bo(n+s—1)(n+s)... (2rn4s—2)
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From this follows

b — — (n+1)(n+s)... Cn+s—2) Cnts—1)
n (nt+s—1)(n+s) ... (2n+s—2)
+(2n+s——1) (2n+s) n(nts—1)(n+s) ... 2n+s—3)
(n+s—1) (n+s—1)(n+s)... 2n+5s—3) 2n}+s—2)
_ (r+1) @2rnts—1) 2n+s—1)(2n+s)n
- +(2n+s—2) (nFs—1)
2n+s—1)(s—2)
2n4s—2) (n+s—1)

Finally, we determine ¢, by comparing, for example, the
constant terms in the right and left members of (5.2.6):

(= 1) =bn (— 1) e (— 1™

T @nts—1) (s—2)
en=1+bn=1— @nfs—2) (nFs—1)
_@n+s—2)(nds—1)—@2nts—1)(s—2) n (2n-+s)
- (2n+s—2) (n+s—1) T @n+s—2) (nts—1)

We can thus state the following theorem.

Theorem 2. Any three successive polynomials P$ (x) are
connected by the recurrence relation

(2n+5—2) (145 —1) PS, (2)
=[@2r+s)(2n+s—1)(2n4s—2)x
—(s—2) @n+4s— )] PP (2) +n @n+5) PO, (2). (5.2.7)

5.2¢. A differential equation whose solution are the

polynomials P¢ (x). We can indicate a linear differential
equation of order two with variable coefficients satisfied by

the polynomials P{)(z)
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Indeed, as we have already established, Pﬁf’(—:;) obey
the orthogonality condition
g 1 1
= po-spo [ 1 1 _
m ) e (5)e(3) =0
g—100
where Q (%) is an arbitrary polynomial of degree not greater

than n—1. If we pass to the variable z = 1/p, then this
condition takes the form

o S eV/=z5-2PY (2) Q (z) dz =0 (5.2.8)
c
where C is a circle of radius 1/(2¢) with centre at the point

z = 1/(2¢).
To derive the differential equation, consider the following

integral:

1

T 2mi

J S (et/xz* P’ (z))’ 2" dzx

c
Integrating by parts, we get
1 ’ k _ ’
J =2—m[x"e‘/xx’P$f) (x)lc_m S 2" 181/xxsp£:) (z) dz
c

The first term on theright vanishes because if we again go to

the variable p, the expression p:ﬂ ePPﬁf"(l) will tend

to zero as p tends to infinity along the straight line Re p =
= g. If k = 0, then the integral J is zero too.
But if £ >0, then we integrate by parts once again:

k - s
J = —-—m[xk 1e1/22°PY) (2))¢
k s-2 (s -
*om i el/=g* 2P (z) |(k + s —1) 2* — 2" d
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The first summand on the right again vanishes. We con-
sider the second summand. In the square brackets under the
integral sign we have a polynomial of degree k; hence by
virtue of the condition (5.2.8), the integral is zero when
E=1,2, ..., n —1. We have thus proved that for k =
=0, 1,. .., n — 1 the integral J is equal to zero:

1 sp(s)’ ’
Jzﬁ S [e!/xz* P (z)) 2" dz
c

1

= S [—e/xz* 2Py (z) + set/z*1PY (z)

c
+ ez’ P’ (2)] 2 dz
:E—:l—l S el/xgps-2 [xzp.(,f)” (.‘Z) + (SI— ,1) PS)' (.’L‘)] xh dz =0
c
This last equation means that the polynomial of degree n in

the square brackets is orthogonal to 2* with weight e!/*z*-2
for k=0,1, ..., n —1. From this we conclude that the

polynomial differs from P!’ (x) only by a constant fac-
tor y,:

2Py (z) + (sz —1) PP’ (z) =P (2)

To determine the factor y,, one need only compare the
coefficients of z" in the last formula:

n(n—1)(n+s—1)...2r4+s—2)
+sn(nts—1)...2n+4s—2)
=v.(n+s—1)...2n+s—2)

From this, n(n —1) +sn =y, ory, =n(n+s —1).
This proves

Theorem 3. The polynomial PY)(x) defined by formula (5.2.1)
is a solution of the linear differential equation with variable
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roefficients
2P (z) 4 (st —1) P () —n(n-}-s — 1) PP (x) =0 (5.2.9)

5.2d. An integral representation of the polynomials P,‘f’(x).

We now show that the polynomials P{(x) have the fol-
lowing integral representation:

Pt -t [ s areiar G20

We verify this by evaluating the integral in the right-hand
member of (5 2.10):

(—1)" n+8— n ,~t

== (,(,:_13)_1) S fh+s-2 Z (_1)71- ( Z) (It)n—h e di

k=0

I‘(n:_t)in Z (— 1) Rk ( ) s Eotzms_h-ze—t dt
0

_ (= R

BUGRER 2( )™ ( )F(2n+s— —1)z"

The expression obtained coincides with (5.2.1) for the poly-
nomials P& (z), which proves the assertion (5.2.10).

5.2e. The generating function for the polynomials P (x).

The polynomials PYNx) can be regarded as coefficients in
the Taylor series expansion of some analytic function, which
is called the generating function of these polynomials.

To find it consider the function 75%: It is analytic
throughout the z-plane, except at the points z = 0 and
z = oo; for this reason it can be represented by the Cauchy
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integral at any point p of the z-plane, except at the two
indicated points:

el A1 ez dz
pnts-1 T 2qi znts—1 z—p

where I is a closed contour enclosing the point p and lying
in the region of analyticity of the function 7;;7—

The nth derivative of this function is given by the formula
dan eP n! ez dz
_(___)z__S__z % (5.2.11)

dpn \ pnts—1 27 n+s—1 (z_‘p)nﬂ
l

Perform the transformation
=2V T=t+1) (5.2.12)
It carries the point z = p to the point ¢ = 0. Make a cut in

the ¢-plane along the positive real axis from ¢ = 1 to infinity

and consider the branch J/1 — ¢ for which arg (1 —¢t) = 0
for real-valued ¢ << 1. The contour of ' integration [ will
go into the contour A that encloses the point ¢ = 0. Following
the transformation (5.2.12), the integral (5.2.11) becomes

dn epP
7 ()
dt
D (V1Ti41) £ —=
o % L Vi

2mi ) (%)ﬂ-l-s-i (V T=i4+1)™t (ﬁ)"“"(v'i—_t_i)mi

”(Vi i4+1)

|~

n!

21 (%

S _dat
2n+s (]/1—t+1)s 2]/1—t (__t)nﬂ

S— | B

2 (VT=it+1)
(—1)nn! e dt

i (§) 7 | T

2

(5.2.13)
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Now, substituting into the explicit expression (5.2.1) for
thepolynomialsPﬁf’(%) the expression (5.2.13) in place of
the nth derivative, we get

Py (%) =(—1)" e—ppnﬂ_";i'((;;))—:ﬂTr

2
p(Vi i+1)
XS dt
(-‘/1_!_1_1)3 21/‘1 tnti
E Vi-i-
_22n+s—2n|S (Vi-i-1) dt
premi ) (YI—t )Py 1=
or
Y I_’ -

Pn>(7)p o S pe2,2 (V1=i-1) & g
T2mal  2u) (Y1—i4) 2y 1 (5.2.149)

Consider the functlon

F(t)=

(VT=t+1)2y1—¢
It is analytic at the point ¢ =0; hence in the nelghbourhood
of this point it can be represented by its Taylor series

F(t)= i cat™

n=(0
where

_«15
n=3mi
7y

P(viti-1) R X (i)pn
P

1 2s-2¢2
—2_5 (VI—t4+1)2yT—¢ vt 2mpl
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Consequently

E(VTTi-1) o pup (L
928-202 14 =Z plpﬁ)(p)
(VI—+10) 2y 11— oo 23|

=

tn

Introducing the new variable ¢, = pt/4 and setting 1/p = «z,
we can rewrite the last formula as

1 S
5= (VI—htx-1) 0o
2s-22% _ P () m
(]/_1——4&-{—1)3‘2]/—1_44”"112_0 ~ @ (5.2.15)

where the variable is again denoted by &.

The function on the left of (5.2.15) is the generating func-
tion for the polynomials P{(z).

5.2f. The distribution of roots of the polynomials P*X(x).
At the end of the preceding section we pointed out that in
order to complete the investigation. of possibilities for con-
structing the quadrature formula (5.1.5) that is exact for
polynomials of degree 2n — 1 in 1/p, it is necessary to show
that the roots of the polynomials w(,f)(}p—) or the roots of the
polynomials P(,f)(x) that differ from ©'(z) only by a constant
factor lie in the right half-plane for all values of s > 0.

In this subsection we consider the question for certain
particular values of s. We prove the following theorem.

Theorem 4. Al roots of the polynomials

1 _ _y dn ep
P (2) = P (£) = (= t)repmet i (=)
lie in the right half-plane for all integral values of s > 2;
that is, the real parts of all roots are positive.
Proof. First take s = 2. In this proof we appeal to some
theorems of algebra. Let us recall them (see [8] pp. 112, 114):
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(a) A necessary and sufficient condition for the real parts
of all roots of the polynomial

On (@) =bz™ + b2 + b, a™2+ ... + by
with real coefficients to be of one sign is that the roots of the
polynomials

f(z) =bpa"™ —b, p2™ 2+ by ™t — ...
Q () =bpy2™ ' —b, 32" 3+ bpsz" 5 — ...
be all real and distinct.
(b) If all the roots of the polynomials F (z) = Af (2) +
~+ po (x) are real for arbitrary real values of A and p, then
the roots of the polynomials f () and ¢ (z) are real and

distinet.
Write the polynomial P{? (z) as

PP(2) = ana® + a,02" + an 02" + ...+ @7 + g
(5.2.16)

We have to prove that the real parts of all roots of the poly-
nomial (5.2.16) are of the same sign. To do this, it suffices,
on the basis of the theorems (a) and (b) above, to establish
the truth of the following facts:

(1) all roots of the polynomials

Qn(xr)=a,2"—a, 2" %+ ap "4 —...
Rpy () =apn 42" ' —an 2™ 4-a, 52" 0 — ...

are real and distinct;
(2) all roots of the polynomials

P& W (2) =hapz™ + Py 2"t — Aap_p2™ 2
— Uep3z™ 3 4 Aap " pap st — ..
are real for arbitrary real values of A and p.
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From (5.2.7) it is clear that the polynomial P{?(z) satisfies
the recurrence relation

PP (x) =2(2n—1)2P?, (z) + P2, (z) (5.2.17)
Here Py =1, P, (z) = 2z — 1.
Now let us find the recurrence relation for the polynomi-
als P ™(z). Write the polynomial P®(z) in the form
PR (2) = A, (7) + By (2) + Cp (2) + Dy (2)
where
A, (@)=a, 2" a2 +ap g™t ...
B () =apnq2™ ! 4 a, 52" 54 ang2™? + ...
Cr(2) =ano2™ 2+ a) 2" 8+ an_q02™ 104 ...

D, (2) =an_32" 3+ anq2™ " f-apy ™4 ...

(5.2.18)

Then P ™ (z) can be written as follows:
P ¥ (2) = A[An (&) — Cn ()] + 1 [B, (2) — Dn (2)]
The recurrence relation (5.2.17) takes the form
An (2)+ Bn (2) 4 Cn (2) + Dy ()
=2(2n—1) 2 [Aney (2) + Brey (2) 4 Cct (2) + Dy ()]
+ An-2 (2) + Bn—2 (2) + Cp—2 (2) + D2 ()

From this and from the equations (5.2.18) and similar equa-
tions for Pg”i (z) and P 5 (z) we get

An (2) =2 (2n—1) 2 Ap_y (2) +Crs (2)
B, (z)=22n—1)x Bp_y (2) + Dp-3 (x)
Cn(2)=22n—1)2Cphy(z)+ 4,5 (2)
D, (z)=2(2n— 1)z Dp_y (z) + B3 (z)
Multiply the first and third equations by A and —A respecti-
vely and the second and fourth equations by p and —p,
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and add them:
A4, (.’L‘)—Cn (@) +plB, (J,‘) —D, (1')]
=2(2n—1) 2A [An—1 (2) — Cpey ()] + A [Crg () — Any (2)]
+2(2n—1) Ty [Bn—i (x)_Dn—l (x)]"}"l“"[Dn—z (x)—Bn—z (.Z‘)]
Rearranging we have
AAn (2) — Cr (2)] + 1 [Bn () — Dy (2))
—2(2n—1) 2 {A[4noy (&) — Coy (2)) 4 1 [Byy (2) — Dy (2)1)
— {2 [Ans () = Cnsy (2)] 4 1 [Bos (2) — Doy ()1}
This last equation is nothing but the recurrence relation
for P® " (), namely,
PP W (z)=2@2n—1)z PV (2)— P& () (5.2.19)
where
P W (z)=n, PP (z)=2\z—p for A5£0
P W (2)=0, PPW(@)=—p  for A=0
The case p = 0, A = 0 is trivial and we disregard it. We
thus have the following sequence of polynomials:
P& W (z), P& W (z), ..., P& W (z) for A5=0  (5.2.20)
or
PO W (z), POW (), ..., POW(z) for A=0 (5.2.21)

In the latter sequence, P’ ™ (z) is a polynomial of degree
n —1.
This sequence of polynomials has the following properties:
(1) The last polynomial of the sequence is a nonzero con-
stant; namely, in the first sequence it is A, in the second
it is p
(2) For no value of x do two adjacent polynomials vanish.
Indeed, let z; be a root of P& "(x) and P {?(z). Then, due

to (5.2.19), z, will be a root of P4 (z) as well. Conti-
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nuing such reasoning, we would finally find that this
common root would also be a root of P(* ¥)(z) in the sequence
(5.2.20) or of P(»wW(zx) in the sequence (5.2.21), which is
impossible since these polynomials are nonzero constants.

(3) If some polynomial of a sequence vanishes for a real
value of z, then the two adjacent polynomials have values of
different sign for this z. True enough, from the formula

(5.2.19) it is evident that if P®% () = 0, then
PR M(2) = — PP (a)

Thus this sequence of polynomials forms a generalized
Sturm sequence. From algebra we know that if u (z) denotes
the number of sign changes in the polynomial sequence for
a given value of z, and r is the number of real roots of the
polynomial P& ¥(z), then we have r > u (—o0) — u (o).
And since thesequence P *)(z) contains polynomials of all
degrees with leading coefficients of the same sign, it follows
that u (00) = 0 and u (—oo) = n in the sequence (5.2.20)
and u (—oo) = n—1 in the sequence (5.2.21). Hence all
roots of the polynomial P®* ")(z) are not only real for arbitra-
ry real values of A and p, but they are also simple and the
roots of P (z) are mutually distinct from the roots of
P& W () (see [9]).

From this, on the basis of theorems (a) and (b) of algebra
(see p. 129), we can draw the conclusion that the real parts
of all roots of the polynomial P{(z) are of the same sign.
This sign can jonly be plus since the coefficient of z™! in
PP (x) is negative. We have thus proved that all the roots
of P¥X(z) for s = 2 lie in the right half-plane.

Now let us take the parameter s = 3. From the explicit
expression (5.2.1) for the polynomials P{)(z) it is clear that
the polynomial P{(z) may be obtained from P{)(z) if the

coefficients a, of the latter are multiplied by %
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Suppose for s = 2 the polynomial P{’ (z) has the form
(5.2.16); then for s = 3 the polynomial P{(z) is of the form

2n—|—1

P (z )_ n+n+1an—1x"-i
_1 e 2 1
2"+1an-2z o+t ee+ e (5.2.22)

For what follows we will need the following familiar theorem
of calculus [18].
(c) Let

@) =bo+ (1) buat (5 ) bar+( 5) bws®
+...+(n11) nazt 14 bpz"

be a polynomial of degree n, all zeros of which lie in the
“circle” K; furthermore,

g@)=co+ ( :)c1z+(;)0222+(;)0323
4., +( Z )c,,_lz"“—l—c,,z"

is an nth degree polynomial with zeros f;, B, .
Then each zero y of the polynomial % (z), made up of f(z)
and g (2),

h (3) =byco + ( ) bic1z + ( ) becez® 4 ( ) bycy23
+o4 (" 1) BaCnaz™ - bacns™  (5.2.23)

is of the form y = — Bk, where v is an index (1 < v < n)
and k is a point in K.

! The term ‘“circle” is to be understood as meaning either the
closed interior or the closed exterior region of a circle, or a closed
half-plane.
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Forming a combination like (5.2.23) made up of the
polynomial P3(x) and the polynomial

Q(x)—zfiil n+(n——1) T (," )Znn_-—#—;‘”n-2

n_2
n\n+t+2 n4+1
+...+(1)n+1 +ig (5.2.24)

we get the polynomial P3(x).

The roots of the polynomial P{(zx) lie in the right half-
plane, as has already been demonstrated. Now let us find the
roots of the polynomial Q (z). We will prove that Q (z) is
of the form

1 n—
Q (x) =n+—1(x—|— H™-@2n+1)z+n+1] (5.2.25)
First compare the coefficients of z* in the expressions (5.2.24)
and (5.2.25) for the polynomial Q (z). The coefficient of z*
in (5.2.24) is equal to nj—_ﬁ—i CP. Now compute the
coefficient of z* in the expression (5.2.25):

nLH[(n+1)C ~14@n+1) Cr71]

=_jL_1 [+ 1)2ECh+ @n+1) £ 4]

n(n+1>l(n+1>( K+ @nt1)]
k-
= (k) =" g
Consequently the polynomial Q (x) does indeed have the form
(5.2.25). From (5.2.25) it is immediately apparent that all
. n+41 .
roots of Q (x) are negative: r; =— —— and z = —1 is

2n+1
a root of multiplicity n — 1.
Thus the roots of the polynomial P3'(x) lie in the right
half-plane and the roots of Q (z) are negative. On the basis
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of theorem (c) of calculus, the roots of P{’(z), which is
n combination of P{(z) and Q (z), will also lie in the right
half-plane.

Knowing that the roots of the polynomial P{(x) have posi-
Live real parts, we can prove in exactly the same fashion
that the roots of P{#(z) also have positive real parts, and
so on.

This can also be proved differently. For the polynomials
P{¥(x) we have the integral representation (5.2.10). Diffe-
rentiate the indicated equation with respect to x to get

(=)t

R ey S ni™t (1 — )™ o~ dt

Py’ (2)

I'(nts

&

—n(nts—1) T2 5 491 (1 — gty ot
0

=n(nt+s—1) PP (x) (5.2.26)

We know that if the roots of a polynomial are located in
a certain half-plane, then all roots of its derivative are
located in the same half-plane. And so from (5.2.26) we
see that if the roots of the polynomials P’ (z) for s = 2
and s = 3 are located in the right half-plane, then all the
roots of all polynomials for integral s exceeding 2 are also
located in the right half-plane. The proof of Theorem 4 is
complete.

In Theorem 4 it was established that the roots of the
polynomials P} (z) have positive real parts for all integers
s > 2. This question remains open for other positive values
of the parameter s, in particular for positive rational values.
IHowever, in the calculations carried out for s == 0.01 (0.01)3
and n=1(1)10 (see [13]) the roots always lay in the right
half-plane, and their real parts increased with increasing s.

With this we conclude our investigation of the properties
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of orthogonal polynomials connected with the quadrature
formula of highest accuracy for inverting Laplace transforms.

Note that these polynomials are a special case of the so-
called Bessel polynomials y, (x, a, b) for a =s, b = —1
that have been investigated in the works of H. L. Krall,
O. Frink and W. A. Al-Salam.

5.3 Methods for computing the coefficients
and points of a quadrature formula

In Sec. 5.1 it was pointed out that coefficients 4 of a quad-
rature formula of highest accuracy for inverting Laplace
transforms have the values (5.1.6) or, in different notation,

eg}ioo P i
Ahzﬁe_simepp-s (i_%")(;;)) (pi) dp (5.3.1)
p (3 R

where the derivative of the polynomial PY (%) is taken with

respect to the variable z = 1/p.

To compute this integral we make use of an equation that
is an analog of the familiar Christoffel-Darboux identity.
Let us derive this equation.

Rewrite the recurrence relation (5.2.7) for the polyno-
mials P (z) in the form

zP, (2) = BpPpiy (2) + CoPp (2) + DpPry (2) (5.3.2)
where

B. — n4s—1
" @nts) @Rnfs—1)
s—2
Cn T (@nFs) @nFs—2) (5.3.3)
D n

= T @rts—1)(2rnts—2)
Here and henceforth the index s is dropped for the sake of
simplicity.
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Multiply (5.3.2) by P, (i):
2Py (2)Pp (1) = BpPriy (2)Pr (t) + CoPp ()P (2)

+D Py (2)Pr (1) (5.3.4)
Interchange the variables x and ¢ in (5.3.4) and subtract the
resulting equation from (5.3.4). Then the middle terms of the
right members cancel out and we get
(z—1) Py () P (t) =Bp [Prs1 (7) Pr () — Pr (7) Pryy (2)]

+ Dy [Py (2) Pn (£) — P (7) Pnoy (1))
Write down similar equations for n—1, n—2, ..., 1, 0:
(z—18) Pnoy (%) Py (t) = Bpa [Pr (%) Pry (2)
— Py (2) Py ()1 + Dy [Pres (7) Pra (2)

_Pn—l (.’t) Pn—2 (t)]’
(x — t) P,,—z (.’C) Pn—2 (t)

'_'-Bn-z [Pn—l (.’L‘) Pn—2 (t) ‘”‘Pn—z (x) Pn—l (t)]

+ Dy [Prg (%) Ppy (t) — Py—5 () Pn (2)],

.................................

(2—1) Py (z) Py (2) = By [Py (2) Py (t) — Py (2) Py (1))
+ Dy [P (2) Py (8) — Py (2) Py (1)),
(z—1) Py () Py (£) = By [Py () Po (1) — Py () P, (2)]

We now transform the resulting system of equations into
an equivalent system by changing its coefficients by the
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method indicated below:
(x—1) Pnoy (2) Pry (2)
=By [Prn (%) Ppoy () — Pry (2) Pr (2)]
+ Doy [Prs (%) Py (8) — Pry (2) Prs (2)],
BEL (@ —1) Poy (2) Py 0
=Dy [Py (2) Pny (t) — Pp—y (x) P ()]
+ 221282 (P (2) Pyog () — Pres (2) Poos (),

.................................

Dy _yDy_o ... D
BB (a—1) Py (2) Py (1)

= R P @ PO~ P @) P 0]

L

(x —1) Py (z) Py (2)

Dn 1Dn 2
Bn 2Bn 3 -

Dn_yDp_s ... Dy
Bn-2Bn_3 --. Bo

5L [Py (2) Py () — Po (2) Py (0)]

Now, combining these equations termwise, we get the
desired identity:

n-1
(@—1) D mPp (z) Py (2)
m=0
=Bp 1 [Pn () Ppoy (8) — Ppoy () Py (8)]1 (9.3.5)
where

DnyDp_g ... Dyym
Bn_an_3 .o Bm ’

Oy = m=0,1,...,n—2; o,,=1
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In (5.3.5) put ¢t = =pi—h, where z; is a root of the poly-

nomial P, (z). Dividing by z—=z, =%—-—p1: yields

n-1
S, P () P (2h) = Bpy T2 2ot (08
m=0

Multiply by e’p~® and integrate. The integral

" etioo 1
Pr(@) g | @P P () dp
g—100
is equal to zero when m > 1 by the orthogonality condi-
tion (5.1.7) and is equal to % for m = 0. Therefore, after
integrating we have
, 1
e+}-ioo P —_—
1 1 . " (
%) Te B, 1Py (z1) ST e’p~* 1—171) dp
e
Divide by P, (x;) to get
1
TG P, (en)
. 1
1 g+}ioo ) P, (_p_)
:Bn—lpn-l (zk) 2ni e p_-s 1 1 ” 1 dp
e (5a0) Pa(5y)

This integral is nothing more than the coefficient 4, of the
quadrature formula, hence

— (o 5/}
Ap " Bn_iT' (s) Pn_y (z3) P], (1) (5.3.6)

It now remains to compute ay/B,_;:

Qo — Dn—iDn—2 e Di
Bn_y Bpn_1Bn_s ... B1By
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To do this we first compute the ratio D,_,/B, ;:

Dpy _ _ (n—1)(2n+s—2)(2n+s—3)

By (2n+s—3) (2n+s—4) (n+s—2)
- (n—1) 2n+s—2) B ___1__
T (2n+s—4)(n+s—2)° 0~

whence
o (=)t (n—D)@2n+s—2)(2n+s—4) ... 2+39)s

Bni @nts—4) ...RFs)s(rts—2) (nts—3) ... AFss
(=)t (n— 1) @rts—2)
T s—2)(nts—3) ... (AL
_ (=) (n =) (2n+s—2)T (5)
= s —1) (5.3.7)
Putting (5.3.7) into (5.3.6) for A4,, we get the following
formula:

(=)t (=1 2n4s—2)
Ap = T (n+s—1) Pp_1 (zn) P, (28) (5.3.8)

which can be used to compute the coefficients of the quadra-
ture formula. i

Let us now go over to a method of computing the points p,
of the quadrature formula. The inverse powers of these points

are the numbers z; = p—1k ; as was found above, they are the

roots of the polynomials P¥)(z). And so to compute p, we
can find the coefficients of the polynomials P§’ (z) and then,
using some kind of method, find their roots. But this involves
considerable computational difficulties: first, for each value
of the parameter s we have to determine the coefficients

of the polynomials P{)(z) via a recurrence formula; second,

computation of the roots of the polynomials P¥)(x) via the
Newton method involves a great loss of accuracy, particu-
larly for large values of n.

So as to avoid computing the coefficients of the polynomi-

als P¥)(z) and thegreat loss of accuracy in the computations,
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we can take advantage of another method of finding the points
of the quadrature formula. For the roots z, of the poly-

nomials P$(z) we can construct a simple system of algeb-
raic equations containing only z;, and the parameter s. All we
have to do is proceed from the differential equation that is

satisfied by the polynomials P${(x):

2P (2) + (s2 — PP (2) —n (0 + s — 1)PP(2) = 0
(5.3.9)

Put z = z; in (5.3.9) and then the third term on the left
will vanish. Divide the resulting equation by zEP% (z),
which is possible since P{)(x) does not have a zero root or
any multiple roots. Indeed, from the explicit expression
(5.2.1) it is evident that the constant term of P{)(z) is not
equal to zero, hence x, 0. Furthermore, from (5.3.9) it
follows that if P®’ (z;) = 0, then also P{ (z) = 0.
Differentiating the equation (5.3.9) n times, we then have

PP (3) =<0, P9 (@) =0, ..., PY"(zx)=0

This last equation is invalid since Pﬁf)(")(xh) is a nonzero,

constant. Hence PY’ (z,) 0.
After the indicated manipulations, (5.3.9) becomes

p”
Pn W) s 1 (5.3.10)
P (an) Th Tk
- PY (an) .
Let us transform the expression To do this

PO’ (zy)
write the polynomial P’ (z) in the form

n

Pﬁf)(x)=a(x—x1) (z—2zg) ... (z—2z,)=0a [_i(z—xm)
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Then

PO@=aX [| (2= 2m)
i=1 m=1

m=i

n

Py (zn)=a || (zn—zm)
m=1
m=tk

Py (z) = aB Z II ( — Zpm)

i=1 i=1
i:£j m#i j

P1(1s) (.’l‘h)_QGZ [] .’L‘h —--:I,‘m)
J=f=k M#:J.

From this it follows that

2a2 H (zp —zm)

Psf)”(xk) . =1 m=i o

— i*h m*ij, k — 2 =
P (an) =L
a Tp — T, )=
m=1 *h
m3%R

Now equation (5.3.10) can be written as

n

2 s 1
z .‘L‘h—.’tj —;h———q: (5.3.11)
=1
ik

Replace z; by % and perform a few simple manipulations
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in (5.3.11) to get

n 2 .
3By op,— ph =0,

< pi—pn
j=1
i%k
D 2p;
Z p,—p +s—pr=0,
j=1
J':#:h
22( p—p )-}—s—ph—-O
J=l=h
. 2Ph _ —
1)+2 pi—pn TSP 0.
J*h
< 2 _2nts—2
a—ph_m 122 g (5.3.12)
3

Writing down the equation (5.3.12) for all values of
k(k=1,2 ..., n), weget asystem of equations for deter-
mining the points p, of the quadrature formula.

Equation (5.3.12) takes on a simple physical meaning if we
take advantage of a certain electrostatical analogy. Suppose
an electric charge of negative mass — (2n + s — 2) is placed
at point 0 of the complex plane. Also we consider n free
charges with positive mass 2 whose complex coordinates we
call pp, (k =1, 2, ..., n). We will assume they act on one
another with the ordinary force of a plane electric field,
where the numerical value of the force is inversely propor-
tional to the first power of the distance and the proportionali-
ty factor is equal to the product of masses of the charges.
We also assume that to each free charge p, is applied an
external force of magnitude 2 that is parallel to the real axis
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and in the positive direction of the real axis. In a state of
equilibrium of the system, the resultants of all forces ap-
plied to each of the free charges must equal zero:

n

Z 2X2  2@2nts—2) +2=0

=y Pr—Pj Pr—

%k
If we cancel the factor 2 and go over to complex conjugate
quantities, we get the system (5.3.12).

The equation (5.3.12) is a system of equations that per-
mits obtaining the points of the quadrature formula. Since
the points p, are complex numbers, it is possible, by re-
presenting p, as p, = s, + iop, to transform the system
(5.3.12) by separating the real and imaginary parts. We
then get the following system of equations for finding s,
and oy:

i 2 (sp—sy) _ (rts—2)sp _

5=21 (sp—s5;)2+ (op —0y)? +1 st+o} =0

ek (5.3.13)
é 2(op—oy) __@nts—2o _

fay (sp—sj)2+(on—0;)2 2407

kR J
The system (5.3.13) consists of 2r equations. Actually there
will be only n equations since p, are complex conjugate
numbers:

Pzzl;-u P4=P_3a s

Hence

Sp = 8y, S4 = 833 . .3 Og = — 0y, Op = — O3, ..

Tables 1 and 2 of [13] give the values of the points and
coefficients of the quadrature formula (5.1.5) that has the
highest degree of accuracy: for s = 1, 2, 3, 4, 5, n = 1(1)15
accurate to 20 digits and for s = 0.01(0.01)3, » = 1(1)10
to 7-8 significant digits.
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Chapter 6

Methods of Inverting Laplace Transforms via Quadrature

Formulas with Equal Coefficients

6.1 Constructing a computation formula

We assume that the problem of inverting Laplace trans-
forms has again been reduced to computing the integral
etioo
1 ‘ _
= | e ()dp (6.1.1)
g-—1ioo
To evaluate it we construct a quadrature formula with equal
coefficients:
e+tico

1
T3 S e’ p e (p)dp~C, D) @(pr)  (6.1.2)
g—1ioo k=1

The unknown quantities that we can deal with in (6.1.2)
are the numbers C, and p, (k=1, 2, ..., n). We choose
them so that (6.1.2) is exact for any polynomial of degree n
in the variable 1/p. This requirement is equivalent to for-
mula (6.1.2) being exact for the functions ¢ (p) = 1/p*

(=0, 1, ..., n). The factor C, is determined from the
condition that (6.1.2) be exact for the function ¢ (p) = 1:
g+ioo
2m ) epp—s dp:ncn
g—100
Hence
g1 R 1
Cn ZTW S epp-a dp—"——T(s)- (6.1.3)
£—100
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For the value of C, thus found, the rule (6.1.2) becomes

e+ioo n
1 . 1
T S e'p°e(P) AP = ry D e(ps)  (6.1.4)
e—ioo0 k=1

If we pass from the variable p to the variable £ = 1/p and
set z, = 1/py, then we get the following system of equations
for the unknowns z:

etioo

r s - r
.x1+$2+---+xn=-n2—n(:)— S ePp pidpz_—_r'zs_i(_s)i) ,
e—io0
2 2 2 _ nl (3) e+}°° D.—8 _Zd . nl (S)
St b=t | P =y
g—100
"4 zn n__ nl (s) 8'*Si°° Pp-s -1 4 nl (s)
‘» 2+"'+xn_ 2mi ) ep p p P(S+n)
e—ioo y
(6.1.5)

From this system we could obtain the values of z; and
hence also p,. But since this system is nonlinear, its solution
can give rise to certain computational difficulties. And so
we try to find a different method of computing z, similar
to what was done for the Chebyshev quadratures in the
field of the real variable (see [10]). We introduce the nth
degree polynomial w, (z) whose roots are the numbers zj:

On (2) = (2 —2) (2 —5) ... (T — )
Expand this polynomial in powers of z:
Op () = 2" + Azt + Aa™2 ... + A+ Ay

As we know, the coefficients 4, will be elementary symmet-
ric functions of the roots. Now the equations (6.1.5) yield
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sums of the powers of the roots zy:

Z zi = Fn(lFﬁs) (i=1,2,...,n) (6.1.6)

Now, appeahng to polynomial theory, we write down the
familiar relationships between elementary symmetric func-
tions of the roots A, (k =1, 2, ..., n) and the functions
S;(i=1, 2, ..., n). They are defined by the so-called
Newtonian relations

S+ 4,=0,
Sy+ 4,8 +24,=0,
S3+ AySs 4 AsS; + 345 =0, t(6.1.7)

Sa+A1Sp 1+ 4802+ ... +n4,=0

Substituting the values of S; from (6.1.6) into the system
(6.1.7), we get the following system of equations:

T (s+1) + nT (s) 4, =0,
1 1 2
T s+ 2) + T (s+1) A+ nT (s) 4,=0,
1 1 1 3 B
Tory T Ters At Tern ATare =% 6.4
1 1 1
T (st n) + T(s+nrn—1) A+ T (s+n—2) A,
1 n
ot T (s11) A+ nT (s) A, =0

/
All the values of 4, can be found in succession from this sys-
tem. The value of A, can be written out in explicit form as
a determinant of order k. Since the determinant of the

system (6.4.8) is triangular and equal to ;Wlk‘l—(s)?’ then
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a0,

Ay, = 7 A, where
1 1
T 0 0 ... 0 )
1 2 1
T G+1) aT (s) 0 e 0 TG+2)
1 1 3 0 1
A=|TG+2 I'(s+1) nl (s) I (s+3)
1 1 1 k—1 1
TGrk—2)T(s+k—3) T(s+k—4) """ nl(s) I (s+k—1)
1 1 1 1 1
TGHe—NDTGE+k—2)T(+k—3) """ TG+ Ttk
for 2 <k K n, and 4, = — nls.

Having found all the 4,, we can construct a polynomial
@, (). After we find its roots z;, we can determine all the
points p, = 1/z; of the quadrature formula (6.1.4).

6.2 Remark on the spacing of points

The formula (6.1.4) was constructed by H. E. Salzer for
the particular value of the parameter s = 1. He also com-
puted for this parameter s the polynomials ®, (z) for n =
= 1(1)10 and he determined their roots z; and, hence, the
points p, = 1/z; of the quadrature formula. The points p,
are tabulated to 8 significant digits in [13].

From the meaning of the problem, the points p, of formu-
la (6.1.4) must lie in the domain of definition and regula-
rity of the function ¢ (p), that is, in the right half-plane.

As may be seen from the table in [13], beginning with
a certain n, two of the points p, pass into the left half-
plane. Apparently, as n increases, more and more points py
will pass into the left half-plane since the real parts of py
decrease with increasing n. This is a drawback when using
formula (6.1.4) for computations.
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Part Two

FOURIER TRANSFORMS AND THEIR
APPLICATION
TO INVERSION OF LAPLACE TRANSFORMS

Chapter 7

Introduction

As is well known and as will be demonstrated below, the
problem of computing the Mellin integral can be reduced to
the Fourier transformation, which is the classical machinery
for investigating a broad range of applied problems. Many
methods have been devised for handling this transformation
numerically. In principle, each of these methods can be
applied to solving the inversion problem. A survey of the
most important of them will be given in Chapters 9 and 10.
Here we wish to note once again that all these methods have
one fundamental drawback; namely, they fail to account for
the fact that the integrand in the Mellin integral is not an
arbitrary function F (p) with complex values but an image
function that definitely has certain properties known before-
hand. These properties include, for instance, regularity in
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the half-plane Re p > a (o < ¢), a tending to zero as the
point goes to infinity, and so on. In this respect, the com-
putational methods of inversion that were considered in the
first part of this book are preferable since to a certain extent
they take into account the image properties.

Despite the foregoing drawback, we have retained in this
book the question of computing the Mellin integral by re-
ducing it to the Fourier integral; this is done for the fol-
lowing reasons. First, it is one of several possible methods of
computation when the points of the quadrature formula are
taken on the line of integration p =c¢ + it (—oo << T << 00).
Second, this method may be useful in practice at least as
a supplementary one for checking computations involving
other methods.

7.1 Fourier transforms

Below we consider the Fourier double integral

=3 {dau | 1@)cosu(z—tyar (7.1.1)
0 — o0

and assume the function f to be absolutely integrable on the
number axis —oo <<t << oo. The inner integral with re-
spect to the argument ¢ will be absolutely convergent for all
real values of z and u, and the convergence will be uniform
as well.

As for the convergence of the double integral (7.1.1) and
its numerical value, Theorem 1 given below is sufficient
(see, for example, [22]). The following remark will help the
reader to get a better grasp of the situation.

Remark. Suppose a function f(z) with finite values is
given on an interval [a, b]. Partition [a, b] into a finite num-
ber of parts using the points z, =a < z; < ... <<z, =D.
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Form the sum

n-1
V(2o i)+, Zp) =h§0|f(1’h+1)—f(xh)|

It has the meaning of the sum of absolute values of variation
of f on the subintervals [x;4,, z,,] and depends on the points
z,(k =1, 2, ..., n —1). The upper bound of possible
sums V (x4, 24, - - ., Zp),

Var (fy= sup V(xg Z1y ..., Tp)

a<x<d Xy o oo, XN
is called the total absolute variation of f on the interval [a, bl.
If Var (f) has a finite value, then we say that f is
asx<b

a‘function of bounded (finite) variation on [a, bl.

Theorem 1. Let f (t) be absolutely integrable on the
number aris —oo <<t < oo. If on a certain interval [a, bl
containing the point x the function f has bounded variation,
then the following equation is valid:

S @+0) 4 (z—0)

:%Sdu [ 1@ycosu@—yar (1.4.2)
0 — 00

But if f is of bounded variation on [a, bl and is continuous
there, then

f(x)=—:?Sdu | jW)cosu(@—t)dt  (7.1.3)
0 — 00

Here, the double integral converges to f (x) uniformly with
respect to x in any closed interior portion of [a, bl.

The equations (7.1.2) and (7.1.3) are called the Fourier
formulas.

In what follows we will assume everywhere that f (¢) is
of bounded variation in any finite interval of the ¢ axis.
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Then (7.1.2) will hold for all finite values of x. Besides, to
simplify notation we will assume that all discontinuities
of f are “regular” and the relation f(a:):—;-[f (x + 0) +
+ f (x — 0)] holds at all points z. Then under this condi-
tion the equations (7.1.2) and (7.1.3) will have the same
aspect and from now on we will make use of (7.1.3).

We can make the Fourier integral more symmetric if we
take advantage of complex quantities and replace the tri-
gonometric function by its expression in terms of exponential
functions:

‘;1,," Sodu S.? f (t) cos u (z —t) dt

oc

0

— 00

A
2n

If one performs termwise integration and if in the first
of the integrals one replaces the variable u by —u, it is
possible to reduce the Fourier formnla (7.1.3) to the form!

2n

f (@) = S et5 gy S f (@) et dr (7.1.4)

This equation is termed, for short, the complex Fourier
formula. With it are connected the following reciprocal (dual)

! In the Fourier formula (7.1.3), by the integral with respect to
the variable u taken along the half axis 0 < u < oo is meant the
limit to which the integral over the interval 0 < u < A tends when
A increases without bound. Accordingly, in (7.1.4) the integral over
the axis —oo < u < oo is taken in its principal-value meaning as
the limit to which the integral taken along the symmetric interval
—4 <u< 4 tends when 4 — oo.
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relations between pairs of functions:

¢ () = S f () et dt (7.1.5)

f(z) == 5 ® () e du (7.1.6)

The former is called the complex Fourier transformation !
and carries the original function f into the image function ¢.
The latter equation gives a rule of transition from the
image ¢ to the original f.

We now give two special-type formulas of Fourier which
together are equivalent to the general formula (7.1.3). If
we take advantage of the familiar expression for the cosine
of a difference of two arguments, then (7.1.3) can be cast
in a form similar to the Fourier-series expansion of the

1 In order to make the transform and its inversion formula more
symmetric, one often modifies the equations (7.4.5) and (7.1.8):

@ (1) =— Sf(t)e"“‘dt

o
to=—z [ o@etma

V2a

- 00

Since the numerical factor in the first equation is of no importance
in our discussion and only complicates the notation, we have chosen
the form (7.1.5) and (7.1.6). Similar remarks may be applied to the
Fourier cosine and sine formulas.
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function:

f(z)= S la (u) cos ux 4 b (u) sin uzx] du, (7.1.7)
0

a(u)=—;— S f (t) cos ut dt,
b (u) == S f () sin ut dt

When f is an even function, then

aw) == S ft)cosutdt, b(u)=0
-0
and (7.1.7) becomes the Fourier cosine formula:

f(x):%Scosxudqu(t)cosutdt 0<<z<<o0) (7.1.8)
0 0

Similarly, if f is an odd function, then (7.1.7) becomes the
Fourier sine formula:

f(x)=%5sinuzdqu(t)sinutdt 0<z< ) (7.1.9)
] 0

The general Fourier formula (7.1.3) may be regarded as
a combination of the particular formulas (7.1.8) and (7.1.9).
Indeed, every function f may be represented as the sum of
its even and odd parts:

J@=g@+h@), g@=—a1f@)+f(—2)]
h(z) =4 1f (2) —f (—2)]
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The inner integral of (7.1.3) will have the following expres-
sion in terms of g and h:

g f(t)cosu(x—1t) dt =2cos zu S g (t) cosut dt
J .

+ 2sinzu S h (t) sin ut dt
0

And so from (7.1.3) we get

flxy=g (x)+h(x) =% 3 cosxuduS g (t)cosut dt
0 0

-

OL’18

sin zu du S h (t) sin ut dt
0

and the general Fourier formula is indeed the sum of the
cosine formula for g (z) and the sine formula for & (z).

Connected with the Fourier cosine formula (7.1.8) is
a relationship between the pair of functions f and @:

o (1) = S f()cosutdt (0<z<oo)  (7.1.10)
0

f(a:):-i—s @c (u) cos zu du (7.1.11)
0

The first is the cosine transform of the original function f
into the image function ¢;, the second is the inversion.
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Also connected with the Fourier sine formula (7.1.9) is the
reciprocal relation between the functions f and ¢s:

(ps(u)-:Sf(t)sinutdt 0<z<o0) (7.1.12)
0
f(2) =% S @5 (v) sin zu du (7.1.13)-
0

The equation (7.1.12) is the Fourier sine transform, and
(7.1.13) is its inversion.

It will be seen that the complex Fourier transform (7.1.5)
can easily be reduced to the transforms (7.1.10) and (7.1.12).
In (7.1.5), replace f () by its decomposition into even and
odd parts: f (z) = g (x) + h (z), where g (x) and h (z) are
indicated above:

©o

o= | f@ear

— 00

= 5 [g ) + R ()] [cosut+isinut]dt

(-]

=2_S g (£) cos ut dt 4+ 2i S h () sin ut dt
0 0

—2g, (u) + 21k, (1)

Hence the complex transformation (7.1.5) is a simple linear
combination of the Fourier cosine and Fourier sine trans-
forms.
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7.2 Reducing integrals of the Mellin
type to the Fourier transformation

We now investigate a connection between inversion of
Laplace transforms and the Fourier transformation. Consi-
der the Mellin integral

c+ioco
f(2) =5 S F(p)ePdp (—oo<z<o0) (7.2.1)

c—1ioo

under the sole assumption concerning the function F (p) that
it is specified and absolutely integrable on the straight
line p = ¢ + it (—oo<< T << o0). The integral converges
uniformly with respect to z on the axis —oo << £ << oo and
is a continuous function of z on that axis.

If in (7.2.1) we put in place of p its value p = ¢ + it on
the line of integration and note that in the quantity ¢*? =
= e e** the factor e°* does not depend on the variable of
integration, then we can transform (7.2.1) to the form

2ni

e f (2) = — SF(c—{—ir)emdr (7.2.2)

which shows that computing the Mellin integral f (z) leads
to the complex Fourier transformation of the function
F (¢ + i7).

This simple fact permits us to apply to the Mellin inte-
gral all known methods of the numerical Fourier trans-
formation.

In Sec. 7.1. we noted that the Fourier transform of the
function F (¢ + it) can readily be reduced to the simpler
cosine and sine transforms of the even and odd parts of
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the function F (¢ + it):
Fle+in)=g (W +h(v),
g (V) = IF (¢ +i0)+ F c—iv),

b (%) = IF (c+i%) — F (c—i)],

e f (0) = 5 Slg(r)+h(f)]e’“dr

_—_-% S g(t)coszat d'c—}—l? S h(t) sinztdr
0 0
= [go (@) +ihs ()] (7.2.3)

The foregoing permits reducing the computation of Mellin
integrals to that of the Fourier cosine and sine transforms.

It is principally these transforms that we will be dealing
with from now on.
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Chapter 8

Inversion of Laplace Transforms by Means

of the Fourier Series

We start our investigation of the problem of applying
harmonic analysis to inversion of Laplace transforms with
a consideration of cases that may be regarded as degenerate,
when the computational problem is simplified and the Fourier
integral transformation can be replaced by a Fourier series.
Most likely this can be done in two cases: either when the
function f (z) rapidly diminishes in absolute value as z
goes to infinity or when its image function F (¢ + it) under
the integral sign of (7.2.2) rapidly tends to zero as | 7 |
increases. Here we confine ourselves to a description of com-
putation schemes since the problems of convergence and error
estimates are involved and require further study.

8.1 The case of a rapidly decreasing
original function f (x)

To abbreviate notation, we introduce
f(x)e* =g(x), F(c+iv) =G (7)
Then the Laplace transformation

F(c+it)= S f (t) e-(cH+ivt gt
0
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and its inverse (7.2.2) can be written as
G(x) = S g(t)e-ivt dt
0

g(2) = S G (1) et de (8.1.1)

— 00

Now suppose that the original function f (f) and, hence,
the function g (f) vanish or have negligibly small values
everywhere outside the finite interval [0, 7]. Expand g (%)
in a Fourier series on [0, T] and write the expansion in com-
plex form:

gln)= 3 ciehot (8.1.2)

where ® = 2n/T and

T
1 . X
ch =3~ S g (t) e-ihot dt (8.1.3)
0
Since g (t) has a vanishingly small value outside [0, T1,
we can assume approximately that

©o

o R | g tye-inor dt = -G (ko) (8.1.4)
0
The error of this equation has the value

1 -7 .
TG lw)—cr=— {g(t)e-irords

T
and can be estimated by the following inequality:
1 1 ¢
-T_G(km)—ch|<TS|g(t)|dt (8.1.5)
T
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Take (8.1.2); if instead of ¢, we introduce their approxi-
mate values (8.1.4), we get the following expression of g ()
in terms of the values of the image F at equidistant points
¢+ iko (k =0, 1, 2, ...):

fyet=g(t)~ 21 Z F (c+ikw) ettt (8.1.6)

When using this equation, it is important that the func-
tion F (¢ + ikw) fall off sufficiently rapidly as the absolute
value of k increases without bound. In certain cases this can
be attained via a preliminary preparation of the image
F (p) and an acceleration of approach of F (p) to zero as
p — oo. This preparation is discussed in Part Three of
this book.

8.2 The case of rapid decrease of the modulus
of the image function F (p)

We consider the function G (1) = F (¢ + it) to be abso-
lutely integrable on the axis —oo << T << oo and negligibly
small outside the finite interval [ -7 << v < T]. As to its
behaviour on the interval [—7, T], we find that G (7) is
a regular analytic function with values equal to zero to’
acceptable accuracy at the endpoints of the interval. It can be
expanded in a Fourier series, which we write down in com-
plex form:

G()= D) cre-it, Q= (8.2.1)
R=-o00
1 T
Cm = STG(t) gimt it (8.2.2)

Since outside [ —T, T'l the function G (1) is regarded as negli-
gibly small, the following equation holds true within the
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accepted accuracy:

T
g (x) zzi SG(t)e"“dr (—T<<z<T) (8.2.3)
By

The error can be roughly estimated with the aid of the in-
equality

'g(z)—% § G(t)ei“d'rl
-

G (7) eix® drl

|
%iqu)HlG(—nnm

In the integral (8.2.3) we introduce the expansion (8.2.1)
instead of G (t) and perform term-by-term integration of the
series 1. If we take into account the equation
T
j eix—hT o —
r

1 5 [ei(xT-hn)_e-i(xT—kn)]

i(z—kQ)

—(—tor ST serk@ (8.2.4)

1 In the inversion problem, the function G (t) = F (¢ + it) will
be analytic on the interval —7 < t < T, but can assume distinct
values at the endpoints. The Fourier series will converge umformly
to G (7) with respect to v on an interval of the type [—T +6, T —
— &) for any positive § and will converge without bound to G (1:) on
the semi-intervals ( y —T + 6], [T — &, T). Termwise integration
of the series is possib
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then for the original function f (z) we get the following ap-
proximate expression:

flz) e = % 2 e ( —z‘j“_’,fn (8.2.5)

z;&kT, —T<az<T

When 2 = m % = mQ, then, as follows immediately from
(8.2.2) and (8.2.3), we get the following value for the func-
tion f (x):

f(mQ)e-eme~ Lo, (8.2.6)
Applying (8.2.5) to computing the original function re-
(uires computation of the Fourier coefficients (8.2.2) of the

function F (¢ + it). Methods of such computations are
discussed in the literature (see [11], [19]).
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Chapter 9

Interpolation Formulas for Computing Fourier

Integrals

9.1 Some preliminary remarks

In order to carry out the Fourier transformation numeri-
cally, that is, to compute the integrals

pe (u)= S f (¢) cos ut dt (9.1.1)
0

s (1) = S f () sin ut dt (9.1.2)
0

@ (1) = S f () et dt (9.1.3)

use can be made of many familiar classical rules of integra-
tion, such as, for instance, the trapezoidal, parabolic, and
other rules based on the formulas of Cotes, Gauss, and so on.

We will not dwell on these rules for two reasons: first,
these formulas and their errors are well known and have been
thoroughly studied; second, they all have an essential draw-
back, to which it is worth calling attention in order to
explain why one should not confine himself to these rules
but should construct other formulas that are more conveni-
ent for computing Fourier integrals.
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I'he formulas that we have just been speaking about are
ohtained by replacing the integrand over the entire interval
of integration or any of its parts by an algebraic polynomial
of low degree. For this reason, they will most likely produce
pood accuracy if the function being integrated is sufficiently
rmnooth and does not vary rapidly.

The function to be integrated in (9.1.1) is the product
[ (1) cos ut. If the parameter u is a large number, the function
cos nut will oscillate rapidly and so as to more or less precise-
ly follow the variations of the product f (¢) cos ut and
obtain the value of the integral with admissible error, in
the quadrature formula one has to take a large number of
points even for a slowly varying function f (£). This can make
the computations difficult or even impossible of solution.
Something quite similar may be said of the integrals (9.1.2)
md (9.1.3).

The use of general quadrature formulas may be only of
restricted value: they may, practically speaking, be useful
for computing the integrals (9.1.1), (9.1.2), (9.1.3) only for
small values of u.

To set up rules of computation that suit variations of u
over wide ranges, it is necessary beforehand to take into
nccount the factors cos ut, sin ut, e¢i*!. One way this can
bo done is by taking Such factors for the fweight func-’
lions.

Besides, since u can assume many values, some of which
cannot be foreseen, it is advisable to set up the computation
rules so that they contain the parameter w literally and
are convenient in computations for arbitrary (even large)
values of u.

We will assume that the function f (f) tends to zero so
fast, as |t |— 0, that the convergence of the integrals

o~

5 |f (x) | dz or 5 |f ()| dz is ensured. For the sake of definite-.

(i}
noss we will assume that for large values of | ¢ | the inequa-
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lity
[F@<A|t]™'™®, >0 (9.1.4)
holds.

9.2 Algebraic interpolation of the function f (z)

Algebraic interpolation, that is, interpolation with the aid
of integral algebraic polynomials, is satisfactorily used for
approximating continuous and sufficiently smooth functions
on finite intervals. If the interval, over which a function
f has to be approximated, is a half axis of the whole axis
and the function is absolutely integrable there or even satis-
fies the contidion (9.1.4), then algebraic interpolation
cannot yield a good approximation. Then the interpola-
tion must be based on a different system of functions, for in-
stance a system of rational functions that are continuous on
the axis of the half axis and tend to zero with unbounded
growth of | ¢ |. We will discuss that type of interpolation
a bit later. As for using algebraic interpolation, we are
forced to partition the half axis or the axis into an infinite
number of finite intervals and resort to piecewise interpola-
tion, and not even necessarily “spliced” interpolation (now
called spline interpolation ).

9.2a. Auxiliary formulas. We begin by obtaining simple
auxiliary formulas that will serve to compute integrals of
functions containing trigonometric factors.

Let [a, b] be an arbitrary finite interval and [ (z) an algeb-
raic polynomial of degree n. Using n-fold integration by

1 That is the term used for algebraic interpolation when a specific
interpolating polynomial is built on each interval, and the polyno-
mials are chosen so that at the points of contact of two adjacent in-
tervals the corresponding polynomials and their derivatives up to
a certain order have the same values.
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parts it is easy to obtain the following equation:

b
S I(z) e'P* dx

a

i ’ ” b m b
pbl’ il (b) l b)_l_zl() lp(4)___.“]
gira il a) z' (a) il"(a)  1"(a)
l’ +— — . ]
b-a
t __ il b (b il” (b " (b - 1
N p {I’ i )+ ()_'_ng)_ p((l)_”.JIepz
. b-a
[ il@ |V (a) il (a) "o )
[ : + + o .. ] e }
(9.2.1)

If we consider I (z) to be a real polynomial, and if we re-
place the exponential functions by their Euler expressions in
terms of trigonometric functions and then compare the real
and imaginary parts, we get useful formulas for computing
the integrals containing trigonometric factors:

b
S I (z) cos px dx

b L(b)+1 ")+ . b—
:cospa_g {[ ()+ (@ _ (); (a)—}—...] sinp —;

V)= (a) 1" (b)—1"(a)
+[ - = +. ]cosp }
. b 1(b)—1 1" (b)—1 b—
tsin p £ {[ ()p (@ _ ”,,a (a)+_”] cos p 25
v; b l' 1" (b i . b—
,[ ();@)_ ()2—4 <a>+,_,]smp 2"} (9.2.2)
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b
S 1 (z) sin px dx

. b L(b)+41 1" (b)4+1" (
—sinp 2o ([LO4IEO _rOir@ ]y

;“}

b 1(b)—1 " (b)—1" b—
—~=CO0S p _;a{[ ()p (@ _ ()ps (a)—{—...]cosp 3

U@®)—1' @) 1" (b)—1" (a) b
+7[> = — A +...]cosp

} (9.2.3)

—[HEre _EOLRE 4 sinp s

The equations (9.2:2) and (9.2.3) were obtained on the
assumption that I (z) is an arbitrary polynomial with real
coefficients. But since the equations hold for arbitrary real
coefficients of the polynomial I (), they will also hold for
complex coefficients and, hence, for any complex
l ().
9.2b. Constructing formulas for computations. The idea
behind the construction of interpolation rules is simple in
the extreme. For the sake of definiteness, let us consider
the cosine transformation (9.1.1). We divide the half axis of
integration [0, oo) into finite intervals by the points 0 =
=g, << ;<< ..<<ap<<....Take one of the intervals
lag, ar+,] and on it interpolate the function f, assuming it to
be sufficiently smooth, with the aid of an algebraic polyno-
mial. Let us for instance choose interpolation with respect to
the values of the function. On [a,, a,+;] choose n, + 1
arbitrarily spaced points :z:;? =01, .. oLt
<...<zkt < ap+y) and perform the interpolation with
respect to the values f (x}) = f{ by means of a polynomial
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P, (x) of degree ny:
"y b
_ o () k) _ (k) k)
Ph(z)_z e @) f§ —Z 1§ (z) 117,
i=0 J J i=0
o (z) =(—25) ... (z—27,),
f (@) =Py (2)+r(x) (9.2.4)
Now consider an integral of the form (9.1.1), taking it
over the interval [a, aj+,] instead of over the half axis
|0, o), and replace the function f (z) on the interval by the

interpolating polynomial P, (z). This gives us the approxi-
mate equation

Thet Chyyq

S f(t)cosut dt ~ S Py, (t) cos ut dt
G o4
" %h41
=3 S I (¢) cos ut dt
=0 a,

Summing such equations over all subintervals, we con-
struct an approximate expression for the Fourier cosine ,
transform:

Pe (1) = S f (¢) cos ut dt
0

o M Oh4d
~ N A0 | P ) cosutar (9.2.5)
h=0 j=0 oy

Each of the integrals under the sign of doublesummation
can by computed, for example, from the formula (9.2.2).
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If we denote by r, () = f () — P}, (z) the error of inter-
polation on the interval [a;, ap+,], then the error of the
equation (9.2.5) will be

o Gpiy
Ro(u) =) S ry (¢) cos ut dt (9.2.6)
k=0 ap

At least in certain cases this representation of R, (u) can
be used to obtain an error estimate of the approximate re-
presentation (9.2.5) for ¢ (u). For example, from (9.2.6)
there quite obviously follows the following estimate R, (u)
uniform with respect to u:

oo Op,q
|Re@) <D | [ttt (9.2.7)
. =0 a;

In this notation, we assume that the right side of the.
inequality has a finite value. The value of the right side
depends on the choice of the points a,, the numbers n,,
the interpolation points z{", and the properties of the func-

tion f, in particular, on whether it has derivatives of suffi-
ciently high order, and on the rate of their approach to zero
as t increases without bound.

The investigation of the approximate representation (9.2.9)
for @, (1) in the general form is complicated and is mainly
of theoretical value. We confine ourselves to considering this
representation in a few simple and special cases.

Suppose the half axis [0, oo) is partitioned by the points
zp =kh(h >0, k=0, 1, 2, ...) into equal intervals of
length 2. We also assume known the values of the function f
at the division points: f (z3) = f (kh) = f.

I. Computation rules based on linear interpo-
lation. We first consider an analog of the trapezoidal
rule. Take an interval [kh (k + 1) k] and perform linear
interpolation of the function f with respect to the two values
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al the endpoints of the interval:
k+1) R
flay=2=UdDh gy 2B itz f) (9.2.8)

If f has a continuous second derivative, the error of inter-
polation r, (z, f) can, as we know, be represented as?!

1
ru(@, f) =12 | £ (h+h) [(E—1) EE—1)—E(1—D)] v
0

(9.2.9)
2= zy+hE=h (k+E)

1 This representation can be obtained if we take advantage of Tay-
lor's formula with remainder in the form of the integral

x
f@)=1fr+ (@—azn) fr,+ 5 @) (z—t)dt=Ffp+(z—zp) f+ @ ()
*p
Since the linear function f, + (z — z3) f; is interpolated exactly,
the errors of interpolation of f and ¢ coincide. But

rh (@ 9) =0 (&) + =2 @ (@) — 77 @ (zhat)

and since @ (z) =0, it follows that

x *p41
e h=n@ = | roe—a— | oI5 @a-na
xp, xp
*p+1 1
={ roE-2Ec—1—F @ @t+r-oa
*n

No¥ it remains to replace the variables z and ¢ by putting z = z; +
+ hE, t==xz,+ ht (0 <E v<1) to obtain the equation (9.2.9).
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where E (z) is the “quenching function”. This function serves
to eliminate extra intervals of integration and is defined by

1, x>0
0, z<0

Multiply both sides of (9.2.8) by cos uz and integrate
over the interval [kh, (k+1)%]. By means of integration
by parts or on the basis of (9.2.2), it is easy to compute the
integral with the interpolating polynomial:

(k+-1)h

[_I__(k}j_& fr+ I_hkh jhﬂ] cos ux dz

kh

=%jh+i sinu (k4 1) h—%—fh sin ukh
g (frn— ) [08 u (k4 1) o — cos ulh]

It can be seen that when summing over all intervals [kh,
(k + 1) r] (if we take into account that f, — 0 as k — oo)
the terms involving sines vanish. And the terms involving
cosines yield summands outside the integral for the cosine
transformation.

Finally, if by putting = = kh + hE we introduce the
variable & into the integral with error ry (z, f) instead of the
integration variable z, then we get an expression for the
error in the form of a double integral, and after summing
over the intervals [kh, (kK + 1)h] (k = 0, 1, . . .) we get the
following exact representation ! for ¢, (u):

1'In this notation we considered the function f (r) and its second
derivative f” (z) as decreasing so rapidly, as z goes to infinity, that
the series participating in the representation should converge abso-
lutely and uniformly. The same is assumed also for other representa-
tions in Sec. 9.2.
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e () = S f(t) cosut dt
0

1—cos uh 1—cos uh

=———fo+2——3— D) frcosukh+Re (u)  (9.2.10)

1

ﬁ'[\ds

where

1 1
Ro(w) =k | @& [ de1E—) E€—m)—E(1—7)]
0 0

X ) f" (kh+ k) cos u (kh + hE)

k=0

If we discard the remainder R (u), we get a formula for
the approximate cosine transformation with respect to val-
ues of the original function f at equidistant points.

The foregoing expression for the remainder R, of the for-
mula permits obtaining its estimates and indicating the
order of smallness relative to 2 for certain assumptions
concerning the function f. We now obtain the simplest of
these estimates. First note that the kernel of the double inte-
gral in square brackets has the values

—1(1—=8) for T<<§

(E—m) E(E—T)—EU—T).:{_EU_T) for T>¢

It is negative in the region of integration 0 << &, v << 1. The
double integral of the kernel is readily computed:

1 1
\ .gdg.i[(g—T)E(g——T)_EM—T)]dT:—_1%
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This permits estimating R, in the following manner:
1

1 oo
|ReI< | &8 | B0 —v)—(E—) EG—N 3] | /' (kh+ D) | e
0 0 k=0

=1’%Zlf"(kh+h@)l, 0<B8<1 (9.2.11)
k=0

The estimate of the sum depends on the properties of the
second derivative f”. Suppose that for f” the inequality

" B
| f (x)l<m, a>1,a>0

holds. Then
o 1
" (kh B I — B -
Eolf (k4 k) |< 2 T < 2 T

If » and a have been chosen, the value of the last sum can be
found by computation, and in certain cases with the aid of
tabulated functions. This estimate can be replaced by a sim-
pler but less exact one.

The inequalities given below are obvious and may be ob-
tained if ¢ is replaced in the left-hand integral by its least
value and in the right-hand one by its largest value:

k41 k

(  a 1 at
.2 (@a-+he)® < (a-+ kh)* < Si (a+ ht)®

Then from this, if we sum over the values of k£ from 1 to oo
and then add

1
dt 1
S (a+-ht)* =z
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to the left sides of the resulting inequalities and -17 to the
a

middle and last parts, we find

oo oo

dt 1 1 1 1
So @+ht*  (a—1) ha®~1 <§0 (a+ kh)* <a_°‘+(a—1)ha°‘"1

The thus constructed inequalities show that the sum at hand
is of the order of 1/h for small k. For R, from the inequali-
ties thus found, there follows the estimate

h? 1 h
|Rel< 77 [ gyt +35) (9-2.12)

The representation (9.2.11) for R, can serve as a source
of estimates of a different type, which can also turn out to
be useful in certain cases. From the foregoing expression for
the kernel of a double integral it is evident that it assumes
values not exceeding 1/2 in absolute value. And so for R,
the following inequality holds:

Z | f" (kh 4 h7) | dx

Oy —~

|mwn<%MS

k=0
1 R
=—h3s S F (k)| de
0 k=0
But
1 1 (k+1)h 1
" dt=— ") dt = — V "t
JIr@tmla=g ] 1rola=g, Ve 1
and since
Var f'(t)= Var f'(¢)
{ E=0 hh<t<(k+1)h 0<t<oo
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for Ry (u) we get an estimate of the form
| Ro (u) | <4-h2 Var f' () (9.2.13)
0<t<oo

Its use is particularly simple when f' (¢) is a monotonic or
piecewise monotonic function with simply determinable
intervals of monotonicity.

Using a similar approach, we can obtain rules based on
the linear interpolation of f for approximate Fourier sine and
complex transformations. We will simply state the rules
and refrain from all reasoning involved in their derivation.

For the sine transform (9.1.2), the following representa-
tion in terms of values of the function f at the points z, =
=kh (k =0, 1, ...) holds true:

1
Qs (u)=-; (1—Wsm uh) fo

u2h

42 =05k S f sinukh+ Ry (u)  (9.2.14)
h=1

1 1

Ryw=h | & | deit—v) E &)

0 0

—E(1—1)] 2 f” (kh 4 hv) sin u (kh + hE)

k=0

The rule of approximation is obtained if in (9.2.14) we drop
the remainder term R, (u). It is the error of the method.

The remainder R; is, in aspect, similar to R, in (9.2.10)
and differs from it in that in its representation the function
cos u (kh 4 hE) is replaced by sin u (kk + hE). When obtain-
ing the estimates of R, the absolute value of cos u (kh +
-+ hE) was replaced by unity. The same may be done with the
function sin u (kh + hE) when estimating R;. And so for
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Ry (u) the estimate inequalities (9.2.11), (9.2.12), (9.2.13)
hold true. What we have is this.

If the function f has a continuous second derivative on
[0, o0) that decreases sufﬁciently rapidly as £ — oo, then

| R () \12.5'_.If”(kh+h6)| 0<B<<1 (9.2.15)
h=0

| Ry (u) | <4 W Var f'(1) (9.2.16)
0<t<<oo
If the inequality

| (z)|<B(a+2)"* (@a>1, a>0)
holds for the second derivative, then

1 h
| Ry (u |<—h2[m+-ﬁ] (9.2.17)

Finally, for the complex transformation (9.2.3) we have
a representation in terms of the values of f at the equally
spaced points z, = kh (k =0, +1, +2, ...):

o= | fye™ar

uh

_9 1 —cos uh} 2 fre~ivhh L R(u) (9.2.18)

h=-oc0

i 1
uy=w | & | ariG—v) EG—m—t(—m)] x
0 0

X Z 1" (kh + k) e~ iutkh+-ht)
R=~—o00

The rule of computation is obtained if in (9.2.18) we drop
thetemainder term R (u). The latter has the meaning of the
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error of the rule and for it, from the indicated representation,
there follow the estimates

oo

|R(u (g B S |f (kh416)|, 0<8<<1 (9.2.19)

k=—o00
|R(u)|<~h Var f () (9.2.20)
2 —oo<t<oo
If the inequality
[1"(z) ISB (a+]z])™* (@>1,a>0, —c0o <2< o)

holds for the second derivative of f (), then
1, 1 h
(RSP ——partm] 022

II. Second-degree (quadratic) interpolation.
Take the interval [kh, (k + 2) k] of length 2k and interpolate
the function f with respect to its values fj, fu+q1, fr+o at the
points kh, (k + 1) k, (k -+ 2) h with a polynomial of degree
two;

(x) (I“zh-;li))(z’;h-’l;h+2) f + (z_z(h) (:)_hxhd-ﬂ) fh .
gl f o (2) (9.2.22)
To obtain the error ry (z) in the necessary form, take advan-
tage of Taylor’s formula with remainder in the form of an
integral, using the quenching function E:

f@) =ft@—an) fi+ g @— )l fi+ 7 | 170 (@ —tpde

*p
Xhyo
=Py(@)+7 | 1"()(@— 1P E(e—1)dt=Py(2) +¥ ()
*p
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Since the polynomial P, (z) is interpolated exactly, the
interpolation errors of f (x) and ¥ (z) coincide. Now the inte-
gral expression of 1 () permits reducing this error to the
interpolation error of the elementary function (x — ¢)? E (z—
—1):

*Re2
1

n@=g | ") [@—t2E@—1)

*B

+ (z—zh) z—$h+2) (Zhe1 — )2 E (Th4a —1)

1 (z— —
—5 (z xh)’g Thy1) (xk+2—t)z] dt

The first term in the interpolation polynomial that corre-_
sponds to the point z,

—zpey) (z—2z
(.’L‘(—Iz)i()izh) he2) (.’Eh—t)zE(.’th—t),

is dropped under the integral sign since E (z;, — ) = 0 for
zp < t < Tpto. The factor E (zp4, — ) is not indicated in
the last term in square brackets since it is equal to unity
for all values of t << xp4,.

Let us simplify the representation of the error r, (z) by
introducing the variables §, v and putting z = z, + kg,
t=x, +hv (0 <LE, 1 <<2):

a (2) ="—;Sf"'(zh+hr> [6—v*E@—7)

0
+HEE—(U—R E(1—7)— 7 EE—1)(2—7?]dt (9.2.29)

Multiply both sides of (9.2.22) by cos uz, integrate over
the interval [z, z,+,], and sum the result term by term over
the even values of k (k =0, 2, 4, . ..). We then get the
follpwing exact representation of the Fourier cosine trans-
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form in terms of the values of the functions f, (k= 0,1, . . .):

¢c (u) = \ f(x)cosux dx

o&.——;a

= 0afo+ V2 2 fars1cos (2k+-1)6
= - L (9.2.24)
+20;5 ) fon cos 260+ R,

k=1

0= uh, h-tay -5 024502 cos 20 — 03 sin 20,

by, =4072[071sin 6 — cos 0],

*h+a - 2 2
Re= S ra (@) dz =" S dE S [ E—12EE—7)
X, 0o 0

+EE—2)(1—1PE(1—1)
— % EE—1)(2 —1)2] 2 " (x9n + A7) cos u (zon -+ AE) (9.2.25)
h=0

To carry out the estimate R, it is first necessary to learn
about certain properties of the kernel (of the double inte-
gral) in square brackets. The region of integration is the
square 0 < &, v < 2 and for our purposes it is convenient
to divide it into 6 portions by the straight lines § = 1,
1t =1, § = 1. These portions are appropriately numbered
in Fig. 1. The signs of the kernel on the boundaries of the
portions are readily determined from the indicated expres-
sion of the kernel (9.2.25) and they too are labelled in the
figure. The signs and estimates of the kernel inside the
portions are investigated below.
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Portion I. Tt is defined by the inequalities0 < 7 < & < 1.
The kernel, which we denote by K (§, 1) = K, here has
the value of

K =1 +EE—2)(1—7—3EE—1) @2— 1
=_;_(g—1) E—2)% (9.2.26)

It is clearly nonnegative since the factors £ —1 and § —2

4
20 Ilv_i 2
0 (
. fil_
+

1
+
Vit
+
0 )
‘Z o, o,
0 1 2 %

(

Fig. 1

are both nonpositive. Besides, since (8 —1) (8 —2) <2
and 12 1, the inequalities

0 <LK (7)<

hold true for the kernel.

Portion II. Here 0 < v <1, 1 <& 2. The kernel K
also has the expression (9.2.26); the difference is that the
factor £ — 1 assumes nonnegative values and the kernel K
is hence nonpositive. Since 1> < 1,2 —f <1and § —1 K
:Z 1, we have for the kernel the estimate
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f’ortion III. Here 1 <1 <& <2 The kernel has the
value

KE 1) =E—1P—7EE—1)@—1

=3 @B +D P4 2EE—2)T—EE—2)

For each fixed value of £ in the half-interval 1 { & < 2,
the graph of the function K (&, 1) in the plane with axes K,
T is the parabola®’ concave towards positive values of K.
On the boundary of the portion, the kernel K assumes non-
positive values since for © = §,

KE b= —5EE—1) (2—E2<O
For t=1,
K@ 1)=E—1y—3EE—1)=@E—1)(5E—1)<0
For & = 2,
K2, =2 =1 —2 —1)?2=0
And so at all points of Portion III

K (§ 7 <0
On the other hand,

KEE9>—5EE—1) @—12>—2x2x1x12=—1
and, hence, at all points of the portion
0=KE 1>—1
Portion IV. Here, 1<E<{1<<2, K (§, T):—%E(g—i)x
X (2 —1)2.

1 Here and henceforth is meant a parabola with axis of symmetry
parallel to the K axis.
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Clearly
0=K(E )>—1

0<ESIKT<S?, KGE 1=

Portion V. Here,

1
= —ZEE—1(@—®
The kernel has the same expression as for Portion IV
with the difference that here the factor &€ — 1 is negative.
The kernel K (&, t) will be nonnegative and will satisfy

the inequalities
0<K (7)<
Portion VI. Here, 0 <t <t <1,

K (8 1) =EE—2)(1—12—75E(E—1)(2—1)
=t[ -5 B—ptor—t]

For each fixed value of § the graph of the kernel in the
Kv-plane is a parabola convex towards positive values of K.
On the boundary of the portion, K is everywhere non-

negative since
KEH=2(1—H@—BB>0 for t=1
K (0,7)=0 for £=0
K(E1)=5E1—8>0 for T=1

And so at all points of the portion the kernel is nonnegative.
Finally, in the above-indicated expression of the kernel, the
term & (8 —2) (1 — ©)? is nonpositive and hence

0K E D<FE(1—Y @—12<1

From this consideration of the kernel on all portions

follows the required inequality
K (E 1l <!
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It permits obtaining the estimate, given below, of the
remainder term R:

2 2 oo
|Re@I< | & [ de 3 |1 (eu b
0 0 k=0

2

ht S dt S | " (@ +h1)| (9:2.27)

0 k=0

If we note that

o

0

" A0 1 ,
Ydrglf (2on+ 1) | = §If () dz=7 Var_f'(a)
we thep get the estimate
| Ro (u) |<<h® Var 'f”(x)=h3S|j”’(a:)|dx (9.2.28)

0<x<<oo °

In this estimate, the integral may be replaced by a greater
quantity obtained in the following manner:

) 1 oo
(1rm@de=n| 3 17" @ntno)|ae
0

0 k=0

<h max Z | " (zp 4 Rt) |

o<t<t

and this permits replacing (9.2.28) by a rougher estimate,
but one which is more convenient computationally, at least

in certain cases:

| Re (u) |<<h® mzilx1 hi | " (xr + ht) | (9.2.29)
0<t<1 =0
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For the Fourier sine transform, similar formulas for
computations and for error estimates will be of the form

0 (1) = S f (z) sin uz dz
0

=Pafo+ V2 Z far+ysin (2k 4 1) 0

R=0
+205 D) fon sin 2k0+ R (), (9.2.30)
h=1
h B, =0"1—0"34 —;— 02 sin 204 673 cos 20

[the values of the parameters 6, a,, y, are indicated in
(9.2.24)],

2
Ry (u) =—’;—jd§5 dr[E—T2 E E—1)
0

+EE—2(1—1?E(1—1)—5 EE—1) @—1)

X S " (@on+ ) sin u (234 4 hE),

I<x<oo

lBs(u)l<h3S|f"'(x)]dx=h3 Var {'(z),
0

| Rs(u)| < h* max “ D" (2w +hi))

<<
Otik0
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Finally, for the Fourier complex transform the analogous
rules and estimates are:

o= | f@et=da

=20t Z fane=12R0 L, 2 fonr1e MR L R (u) (9.2.31)

h=-o00 h=-o00
2 2
Rw=" & [ ar[@—2EE—)
0 0
FEE—2)(1—T2E(1—7)

- % EE—1)(2— ;)2] N " (@on + hr) e~ IO (9.2.39)

h=-—00
IR@I<® | [/ @)de=k Var f(2)
oo =00 x<00

00

R()| <k max 3 | (@t o)

<<t , <

III. Interpolation of degree three. Above we consi-
dered rules underlying linear and quadratic interpolation.They
are analogs of the Cotes trapezoidal and parabolic rules.
Quite obviously, it is possible for the Fourier transforma-
tions to construct analogs of the Cotes rules of any order.
The higher the degree of accuracy of such rules, the more
complicated they will be, and their complexity increases
rapidly with increasing degree. We give rules here corre-
sponding to interpolation of degree three, which are analogs
of the “three-eighths rule” of Newton and Cotes.
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Tuke 4 points zy, Tp+q, Tat+os Trt+s and perform interpola-
tion of f with respect to the values at these points:

/(l‘) — 3_zh+i) (z—2zp4g) 3_$h+3)]¢

h (— 2h) (— k)
(r—2R) (2 —Zpao) (T—Zp43)
+ h(—h)(iZh) Tt
(2 —xp) (z— Zhs1) (T —Tpaa)
+ 2h-h (—h) > fata
+ ) (13;,;’;:;3 (== Zhes) fr+s+T13(2)

Multiplication of this equation by cos uz and integration
over the interval [z,, x; + 3h] with subsequent summation
over the values £k =0, 3, 6, ... leads to a representation
of the cosine transform in terms of the values f,, f;...,

@0 (W)= S f (z) cos ux dx
0

= asfo+ z (Vs cos 3k0 — 83 sin 3k0) f3n+4

h=0

+ D) (v3cos 3k0 -+ 85 sin 3kB) faui

k=1

+ 203 D) fan cos 3k0 + R, (u) (9.2.33)

k=1
3

3
R =% [ & [ crig—r -9
0

0
— S EE—2) E—3)(1—1PE(1—1)
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F2EE—1)E—3)@—1°E@—7)
—FEE—1) E—2) B—7)

X D) fV (23n + h1) cos u (23 + hE)

k=0
For the Fourier sine and complex transforms, we have

the following representations:

[ ]

@s (u)= \‘ f (z) sin uz dx
0

=Bsfo+ E (3 sin 3k0 + 63 cos 3kD) f3r+1

h=0

+ D) (y; sin 3k0 — 8; cos 3k0) fap-i

k=1

+2a5 ) fon sin 3k0 + R, (u) (9.2.34)
k=1
3

3
Ry =25 a [ ac[ = EE—7)

0 U

—3EE—DE—3) (1 -1 E(1—7)

+3EE—1)E—3) @~ E @—7)

—FEE—1)E—2) B—17| 31V (2 + 1) sin u (o0 +BE);
h=

0
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oo

go(n) = S f (x) e gy — (ys— i63) 2 fakt1€ FRIY)

R=-—00

+ (vs+85) D) fap-se 1310

R=- 00

+2a5 D) fone=i%9 4 R (u) (9.2.35)

R==—o00

3 3
=2 & | o g EE—1)
0 0

—3EE—E—3) (1 -1 E(1—7)

+3EE—1)E—3) @—*EQ—7)

R EE—1) E—2) B—1] 3 1V (zathr) e ot

Re==~— 00

In (9.2.33), (9.2.34), (9.2.35) the coefficients ag, B3, Vs, O3
have the following values:

0=uh
hotog = 262 — 04 G —% 62) cos 30+ 62 sin 30
B4y =07 — 207 - (04 — 672 sin 36— 02 cos 30
Bty =304 — 3072+ 3 (5 62— 6 ) cos 30 — 4072 sin 30

18, — 507343 (% 6-2—67) sin 30 +- 40 ? cos 30
(9.2.36)
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Above we gave computation formulas obtained with the
aid of interpolation of the funclion f with respect to the
values it assumes at the points z,. We can attempt to
increase the accuracy of the computations by appealing
to interpolation not only with respect to the values of
the function f but also to the values of its derivatives up
to a certain order. Then the interpolation will be with
“multiple points” or of the Hermitian type. In general form
it is involved and to simplify notation we will examine
the case of double points only, when the interpolation is
carried out with respect to the values of f and of the first
derivative f'. As before, we consider the points to be equally
spaced: z, = kh (k = 0,1, ...; h > 0). Take n 4+ 1 points
Ty, Zptqy - - oy Tpen and construct a polynomial P, (2)
of degree 2rn -+ 1 that satisfies the conditions

Ponty (2r+j) = fetis  Pontt (Tr+)) = foti
i=01...,n
The explicit expression of such a polynomial is well
known in the theory of interpolation and we will not derive

it here (see [1], Vol. 1, Chap. 2, Sec. 11, Subsec. 1). The
appropriate representation of the function f is

(@ —zp4g)? [0 (2R )]

f@)=" Ll
§=0
x {[1 -2t (:;yj; (2—hes) | frss

+ (2 — Zr4y) fk+5} +r) ()

= S‘ HP (2) 4P (2) (9.2.37)
i=0

Q(x)=(x—zp) (T—2Zp41) ... (T— Th4n)
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If we multiply both sides of (9.2.37) by cos uz, and then
integrate over the interval [kh, (k -+ n) k], and sum the
revnlts over the values k, which are multiples of n (k =

0, ny 2n, ...), we get a representation of the
I'ourier cosine transform in terms of the values of f, and f;

oo

@c () = D (@0 () fu+ ol () fr] + Re (w)  (9.2.38)

k=1

T'he coefficients af (v) and o} (v) may be expressed in

torms of the kernel of the transformation cos ux and the

cocfficients H® (z) of interpolation, the remainder R, ()

ol the representation is expressed in terms of cos uz and

the error r(® (z) on all intervals of interpolation [jr, (j + 1)r]
- 0, 1, .

The foregoing general arguments are given so as to illu-
minate the ideas underlying computation formulas of the
lype (9.2.38). As for computations, of greater importance
nre the particular cases of such formulas that correspond
to the first few values of n.

IV. Third-degree interpolation with two
double points. Take the interval [kh, (k1) h] and inter- |
polate f over it with respect to the values fy, fx+1, frs fryy With
the aid of a third-degree polynomial:

f(g) = C=t (14 92228) f, | (z— ) fi |
+— (z_xh) (1——2———:_;"“ )fh+1

+ (2 —2hr) frt | +74 (2) (9.2.39)
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To obtain the required expression for the error r, (z)
we can, as before, take advantage of Taylor's formula:

1(@)=fat (@—20) fa+ 5 (@— ) fi

x

+5@—ml fi g | V0 @—tpa
*n
*haq
=Py(2) 4+ S IV (t) (z— ) E (z—t) dl
*n

Since the polynomial P, (x) is interpolated exactly, the
errors of the interpolation of f and of the integral term of
the right-hand member of the equation coincide. And this
reduces finding the remainder for f to finding the remainder
for the function (z-—¢)® E (z —t):

“hed
n@=g | ™o {E—1EE—1
*n

— (.‘L'—h-:h)z [(1_2 I—;:’Hi )(.Z‘h.H——t)3

+ 3 (z — Tp+1) (Tp+1— t)z] } dt

To simplify the notation, set z = z, + kg, t = z, + ht
0<E 1K1 to get

i
r (@)= | 1V @+ {E—1P EG—v)
0
—PIB—2) (11 +3E—1) (1 —1l}de
1
=7 | M@+ e—pEE—T

0
+8 (1 —7)*13—28) v &)
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By multiplying (9.2.39) into cos uz, integrating over the
intorval [kh, (k 4+ 1) Al and summing the results over
h 0,1,2, ..., we can construct a representation of
yo (u), from which rejecting the remainder term yields
» computation rule for finding ¢ (1) from the values of
f, and fi:

g (1) = S f (z) cos uz dz =a'fo—vifo + 22} z fr cos k6
0

h=1
— 287 D) fasin k6 + R (v) (9.2.40)
Ra={

whore
0=uh
htay =12674 (1 —cos 0) —66-3sin 0
h 291 =02—60"4+203sin 04 604cos O
h=28] = 4673 —60~*sin 64 2073 cos O

In the representation of R (u), the variable z is replaced
hy the canonical variable § = h-! (z — x3), 2 = z» + hE&:

(9.2.41)

1

1
Mow) =2 [ (G2 EG—0+B -2 1B—2) 18]

00

X D IV (zy + k) cos u (z;, + hE) dr d (9.2.42)

k=0

' estimate R, let us first determine certain properties
of the kernel of the double integral in braces. We denote
I by K (g, 7):

K E—1P+B(1—12[3—28) 11—, I<i<i<i
‘& { B2(1—1)2[(3—28) t—E], O<t<t<<i
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First note that the limiting values of the kernel on the
boundary of the square of integration [0 < E, T < 1] are
equal to zero (Fig. 2). This follows immediately from the

T
c 0 8
D(1/2,1/2)
+ 0
(0] 0 A 3
Fig. 2

indicated expressions of the kernel. Also note that on the
diagonal OB of the square, the kernel has positive values:

KE§EH=2[E(1-pP>0 (0<t<)

The sign of the kernel in the triangle OBC above the diago-
nal OB is determined by the sign of the bilinear polynomial
(3 —28) v —E&. For any fixed § (0 << §E << 1), as T grows
from & to 1, the polynomial increases from the value
(3 —25)E —E=2E(1 —§ >0 to 3(1 —&) >0. For
this reason, the kernel K (§, 7) >0 when § v <1,
0 < & < 1. Besides, ordinary tools of analysis can be used
to prove that the kernel in the A OBC attains its maximum
value at the midpoint of the diagonal, D (1/2, 1/2), and

max K 1=K (3, 3)=%

osi<stst
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In the triangle OAB below the diagonal OB, the kernel
it u Lhird-degree polynomial in <:
(L1 + B (1 — )2 [(3—28) 1)
=1 =85> [3E—(1+28) 7]
lin sign is determined by the expression in square brackets.
Since € <1 and v < §, it follows that
BE—-(1+25)v>28-282>0

I'or this reason the kernel is nonnegative in the region
01t L<EL.

It can be demonstrated, by the usual methods for finding
oxtrema of functions in closed regions, that the kernel
nllains its greatest value at the point D (1/2, 1/2) and

max K (E, 1)=K (4 1) !

o<r<t<i 20 2) T3

Finally, it is easy to compute the double integral of the
kornel:

1
S dg S At {E—1PEE—1)+E (1 —1)2[(3—28)T—E]}
0 0
1 3 N 1
— & {] a—vre | a—vie—2 it} =
0 0 0

(9.2.43)

The foregoing properties of the kernel permit obtaining
ostimates R, (1) similar to those that were found in the
cnse of interpolation via the function values. If in the
ropresentation (9.2.42) for R. (v) we replace the kernel and
| cos u (zp, + hE) | by the greater quantities 1/32 and 1,
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respectively, then what we get is the estimate

1 1 oo
K51
|RwI<%5 | & v 3 1Y @tm)l
0 0 k=0
mo Rt .
=m5 | (@) dz =qg5 Var ["(z) (9.2:44)
1 <
Now if in the integral we replace all summands of the
infinite sum by their absolute values and | cos u (xy -+ hE) |
by unity, and if, by using the positivity of the kernel, we
apply to the integral the mean-value theorem for the weight,
then we get the inequality

| R )| < 30 | 7Y (an +10) |
R=0
i 1

X S dES dt{E—1)E E—1) + 8 (1 —1)2[(3—25) 1—E])
0

0

=2 Y @Hho)], 0<O<1 (9.2.45)

h=0

Similar reasoning concerning the Fourier sine and complex
transforms yields the following expressions in terms of the
values of f, and f;:

0o oo

% () = | /(2) sinuz dz =Bifo+81f;+2a; 3 fusin ko

0 k=1

+268; > frcoskB+ Ry (u)  (9.2.46)

h=1
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1 1
tyw) =5 | & { aeE—vp EG—7)
0 0
+EB (-9 E—28) 1)

X D\ f(xn+ k) sinu (zx +hE) (9.2.47)

h=0

Bt ry v, _ he ”
le(u)I<r,2§lf ()] dz =155 Var f* (),
5 o0
| By (1) | <o S 1 (20 +00), 0<®<1,
k=0

¢ (u) = S f(z)e-wxdz =2a; D) fae~ik0

h=-0c0

—2i8; D\ fre""04+R(u) (9.2.48)

R=-o00

The values of o, v;, 6;, 0 are indicated in the equations
(9.2.41), and, besides,

KB, - =603 cos © — 1204 sin 6+ 6-3 (6 + 62)

1 1
#w="4§ & | (e EE—7
0 0

+ &2 (1 —_ 1:)2 [(3— 2&) T—E] 2 f (xh + k1) e—iu(xk-}-hg)}
R=- o0
((9.2.49)
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e s "
|R@)|<gg | 11" @dz=g55_Var (@

— 00

|R@)<nggs 3 11V (@ +h0)], 0<d<1

h=-o00

V. Interpolation of the function with three
double points. Take the points zp, Tp+q, Tn+, and inter-
polate f with respect to the values of fu, fr.fu+1r fhtts
Tros ff;-;-z!

2

fl@)= 2 ( 2% (@)

=0 Z —pyj)? [0 (24 5)]?

X { [ ‘1 _ Ok zhei) zm)J frts

0" (Tpyj)
+ (@ —Znss) fors )+ (@), (9:2.50)
O (2) = (2 — 23) (¥ — Tptq) (T — Zr4o)

In order to study the interpolation error, let us drop
its integral representation (due to its relative complexity)
that was used in the foregoing cases and take advantage
of the familiar expression of r, (2) in the Lagrange remainder
form:

(@) =L Vg L 0, 0<O,<2 (9.2.51)

It will bring us there faster but will yield a somewhat
rougher estimate, since the exact value of ¥ is not known.

Multiplying (9.2.50) termwise by cos uz, integrating
over the interval [z, zp+,], and then summing the results
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over even values of k (k = 0, 2, 4, . . .) yield the following
oxpression for @ (u):

wo ()= | 1 (2) cosuz dz=aifo+- 9, 3} fanss cos (2k41)0
0

k=0

+20; ) fonc0s2k0 —8;f; —m; D) fary1sin (2k+1)0

h=1 k=0

—20, D fonsin 260+ R, (w)  (9.2.52)

h=1

The values of the coefficients o, y;, . . . are given at the
end of the section, and

[ -]

2
Ry w)=4 | @E—12€~27 3] 1V (@at duih)

0 h=0
X COS U (Zqy 1 hE) dE (9.2.53)

From this there follows the uniform estimate R (u)
with respect to u:

Re(v)|

2
<ifee—1pe—2ra3 mx |/ @ on)
) h—p 0S0<2

1 < VI
=—=—Ah Oh 9.2.54
9450 %0 max, |17 (@t 0R) | ( )

ol
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For the Fourier sine transform, a similar rule of compu-
tation and its error are:

90 )= | 1(2) sinuzde=pifo+v, 3} forsssin (2Kk+1)0
0 k=0

+ 20, Z for sin 2ke+§;ﬁ)+ M, Z fory1cos(2k+4+1)0

k=1 k=0

+28, D) fancos 2k0+ Ry (u)  (9.2.55)

h=1

]
R, = | BE—176—22
0

X 2 17 (2on +Ba) sinu (2o 4 HE) & (9.2.56)

k=0

IV=

1 oo
| Bs (@) |<gzgph” 3 mox | (em+ k)|
k=0

For the Fourier complex transform the analogous rule
and estimate are of the form

¢ (u)= S f (z) e-ivrdz =2a; 2 fone—i2k0
ihad h=—o00
+v; D) fonrreTiCRFEDO_2L: N fre-i2k0

R=—o00 . R=—o00
iy S fongre— @04 R (u) (9.2.57)
h= oo

200



2
7
!

R = | @E—12E—2?
0

XS (xan + BOgs) e 2O gE - (9.2.58)

h=—o00

1 o VI
| R (u) |<ggeo ¥ hgm ,max | 17 (zen + D) |

o<
The parameters o;, f;, ..., 0 in (9.2.52), (9.2.55) and
(9.2.57) have the following values:
0 =uh,

htubo, = 0 (156 — 762) sin 6 cos 6
13 (60 - 1762) cos? 0 — 15 (12 —562),
hbusp, = 0 (6* -}- 802 — 24) -I- 0 (762 — 156) cos?0
+ 3 (60 —176?) sin 0 cos 0,
hbuby, = 160 (3 — 62) sin 6 — 4862 cos 9,
h4u®, = 20 (62— 24) sin 0 cos 6
415 (62— 4) cos? 0 |- 6%+ 2762160,
hust, =0 (562 —12) 415 (4—6?) sin O cos 6
-+ 20 (62 —24) cos? 0
htu®n), = 160 (62— 15) cos 0+ 48 (5 —262) sin 6

9.3 Interpolation by rational functions

9.3a. Introduction. Choice of interpolation and its
error. At the beginning of this chapter we noticed that
although interpolation by means of algebraic polynomials
leads to practical rules of computation, it is not always

201



a convenient computational device. It requires a partition
of the half axis or the axis of integration into an infinite
number of finite subintervals, the number of which depends,
for one thing, on the rate of decrease of the function f as
| z | > oo. If the rate of decrease of f is not fast enough,
then many such subintervals will be required and this will
complicate the computations or, in some cases, make them
impossible.

In order to avoid having to partition the region of integra-
tion into finite parts, we must change the system of func-
tions on which the interpolation is based. The choice of
such a system depends, firstly, on the region of integration,
which in our problem amounts to either the whole z axis
or the half axis z>0. We will only consider the Fourier
cosine and sine transforms and, accordingly, assume the
region of integration to be the half axis £>>0. Such an
assumption is not a restriction of the problem, since the
Fourier complex transform is readily reduced to the cosine
and sine transforms. Secondly, the choice depends on the
properties of the set of functions to be interpolated. Above,
we agreed to consider functions f that satisfy, for large
values of z, the condition |f (z) | <Az, s> 1. From
among them we select those functions that are frequently
encountered in applications and can be represented in the
form

F
f(x):u—fz-’)—,, s>1 (9.3.1)

where F (z) is continuous on the half axis [0, o0) and has
a finite limit, lim F () = F (o0). The function F (z)
‘x-»00

with such properties will be said to be continuous on the
closed half axis [0, co] and the limiting value of F (o)
will be considered its value at the point at infinity.

To approximate such functions F we can take many sys-
tems of elementary functions bounded on the half axis
[0, o). To simplify the computations, take for the basic
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functions the system of simple fractions (1—_}_1—;)? (m =
:0,1, 2, ...) and interpolate with the aid of polyno-
. . 1
mials in the argument -1—_l_—-
Z (1+,)m (9.3.2)

In the set of functions F (z) continuous on the closed
half axis [0, oo] the polynomials P, (z) form a complete
system in the metric C. True enough, the transformation

of the argument z =

1-|1-x carries the half axis [0, ool

into the closed interval [0, 1] of the z axis. The function
I’ (z) that is continuous on [0, ool goes into the function
VP (z) continuous on [0, 1], and the rational functions
P, (z) go into the polynomials p, (z) in z. Then it only
remains to refer to the Weierstrass theorem on the comple-
teness of a set of algebraic polynomials in the class of func-
tions continuous on a finite closed interval.

Now on the half axis [0, co) take n + 1 points z
<Ly <y<<... <z, << oo) and choose the coef-
ficients a of the function P, so that its values at the points.
z, coincide with the values of F:

n
P, (zp) =D} ai(14zp)" =F (zp) (k=0, 1, ...,n) (9.3.3)
i=0

These equations yield a linear system of equations for
the coefficients a;. The determinant is the Vandermonde

1
T_m’ (k:0, 1,..., n),

which is different from zero since all the z, are distinct.
The system has a unique solution and hence there exists
a unique rational function P, (z) of the form (9.3.2) that
satisfies the conditions (9.3.3).

determinant in the arguments
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When solving the system (9.3.3), the coefficients a; will
be found as linear functions of F (z) (k =0, 1, ..., n).
Their substitution into (9.3.2) will show that Pn is also
a linear function of F (z):

Py, (z) =1y (@) F(zo)+ L (@) F(z) + - .. + 1 (2) F (x)
(9.3.4)

Here 1, (x) are polynomials of degree n in ﬁ They

are influence functions of the interpolation points z, and
obviously satisfy the conditions

0 when is%=k
1 when i=k

Li (zn) ={
that define them uniquely.
It is immediately apparent that

1

n
1 1 -
b ("’)ZH (1—!—:): 1+z,) [H (1+zh 1+:,-)] (9.3.5)
g T

After simple manipulations for I, () we get other expres-
sions that show that the coefficients I, (z) differ by ex-
tremely simple factors from the familiar interpolation multi-
pliers of Lagrange:

_ O+ onn@)
I (2) = I+ 2™ (z—zp) ont1 (z1)
‘ (9.3.6)

Onts () = JIRCESED

In the future, it will be useful, for computing with the
rational functions P, (z), to find an expansion of P, ()

in powers of 1—_:_—:: It can conveniently be constructed
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in the following simple manner. Expand the polynomial
Wnst (#) 5, owers*of 1 + x:
I —Zp p )

n

On4t (T) 2 )(1—]—1)

T—Zp 1=0

and put the expansion into (9.3.6) and (9.3.4):

v (k) (-}ap)™ 1 ¢
P, (z)= 2 F (x4 )2_, ¢l o (o) T T (9.3.7)

[n the inner sum, the factors in front of (1 -- z)-7+! depend
solely on the points z; (i = 0, 1, ..., n), aud for frequently
used systems of points they can be computed beforehand
and tabulated.

Let us now investigate the interpolation error r, (z) =
= F () — P, (). Its exact integral representations for
classes of functions of sufficiently high smoothness in terms
of the derivatives of the function F have been constructed
for interpolation with respect to any system of coordinate
functions (see [1], Vol. 1, Chap. 2, Sec. 4). The representa-
tion we need can be obtained from these general results
as a special case. But this would require of the reader
a knowledge of the general results or their exposition by
the authors, which would take up a good deal of space, and
so we prefer to obtain the necessary representations in
a shorter way by taking advantage of the relationship
between our problem and that of interpolation via algebraic
polynomials. Recall that if we substitute z = ﬁz,
z= zi — 1, then the half axis 0 { z < oo goes into the
unit interval 1 > 2z > 0 of the z axis, the polynomial
P, (z) [see (9.3.2)] goes into an entire algebraic polynomial
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of degree n in z:
n .
P, (2)=Pn(5—1)=3 at=p.() (9.3.8)
=0

The function F (z) transforms to a certain function of the
argument z:

F(x):F(%——1)=1p(z)

The interpolation pointsz; go into the points z, = (1+x;) !
1>2y>2>...>2,>0) and on the z axis we
obtain the problem of interpolating 1 (z) by the polyno-
mial (9.3.8). In this new problem the interpolation error
coincides with the error ry, (z):

Pn (2) =V (2) —pn(2) = F (2) — Py (2) =1y (2)

But the expression for the remainder p, (z) is familiar.
We take advantage of the Taylor formula for 1 (z) assuming
that on [0, 1] the function ¥ (z) has a continuous derivative
of order n + 1:

Y@ =pA) + @ =DV 1)+ ...+ — DY (1)
+nLl S Po+HD (1) (z—1)" dT
1

1)

1
=11, (5) + = | o+ (@) (s — 2 o

z

1
=1, (5) + =" | gt (1) (r— )" E (v —2) dr

0
The polynomial TI, interpolates exactly, and p, (2)
coincides with the interpolation error of the integral term.
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Since

PO =% @~ 3 A% (@)

Q n
M) = s, @@ =11 G—2)

i=0

it follows that

1)

1
n (Z) = —_— S »lp(n+1) (T) {(T— z)n E (T—Z)

—2 Ax (2) (r—zh)"E(r—zh)}dr (9.3.9)

h=0

To obtain r, (z) let us return to the earlier chosen z axis.
Al — 1 — . — 1
Set T = 113 , L= ? — 1. Sincedt = — m—dt, the

oquation
T (9.3.10)

between the operators of differentiation with respect to T
and with respect to % holds true.

Applying it n + 1 times to the function ¢ (1) = F (1),
we get the following rule for computing the derivative with
respect to the variable =:

WD () = (= O™ (0 (02
(402 L F

It is easy to see that after performing the differentiation
we get an equation of the form given below in which now
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we will not compute the coefficients a,, .. ., a,:
YD (1) = (— )" (@0 40" PO )

+a (A" FP () +a (140" FO0 ()

"I" oo 'I“an—i (1 +t)zF" (t) +'an (1+t) F' (t)]
=(—=0)"" A4+ Ly, (F)  (9:3.11)
Consider the differential equation ¥™*¥ (1) = 0. The
general solution is a polynomial in T of degree n with arbit-
rary coefficients, for the complete system of independent

solutions we can take 1, «, <%, ..., "
An equivalent equation is

Lnis (F) =(A+" " FOD (@) a0, (149" FO )
+a(+)" PO 4.t an (L) F (1) =0 (9.3.42)

It is Euler’s equation! with the singular points ¢t = —1
and ¢ = oco. The complete system of n 4 1 linearly inde-
pendent solutions of it, into which solutions the powers
© (i=0,1, ..., n) go under the transformation 7 =
=@1+YLis1,d +),@+n2 ..., 1+ ™ This
points to a simple way of computing ¢;(j = 1, 2, .. .,n).

If we write down the equation (9.3.12) and then adjoin
the results of the substitutions into it of the solutions
M1@4+n1 1+972 ...,14+10" then after a few
simplifications we get the following system of n + 1 equa-
tions:

A+ FOD 4 g (41 F®
+ay (A" P4 b, (140 F' =0,
m+D)—anl+a,(n—)!— ...+ (—1)"ay11=0,
mequation of order n with singular points z = 0 and z =
e Agxny™ - Az iynh 4 A4,y=0
The equation (9.3.12) differs from it by the variable z= 1 + ¢.
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-2l —a (n+1)!4ap!l— ...+ (—1)"a,2! =0,

.............................

@2n)l—a;2n—D!+a, 2n—2)1 — ...+ (—1)"aynl = 0
I may be regarded as a linear homogeneous system of equa-
tions in the quantities 1, a;, a,, ..., a, that constitute

n nonzero solution of the system. The determinant of the
system must vanish, which permits writing (9.3.12) diffe-
rontly:

A+ )" FOD A Ly FD A 4" P A4t F

(n4+1)! —n! (n—1)! (—1)"1!

(n-+2)! —(n+41)! n! e (—=1)"21|=0

et S@net) @) . (—t)n
(9.3.13)

If we expand the determinant in terms of the elements of
the first row, an equation should emerge that differs from
(9.3.12) by a constant factor. Therefore the coefficients
a,, a, ... must be equal, respectively, to the ratio of
the cofactors of the elements of the first row of the determi-
nant (9.3.13), from the second onwards, to the cofactor
of the first element of the row. This must be done since
in (9.3.12) the coefficient of the derivative of highest order
is reduced to (1 + )™

Let us now return to transforming the integral (9.3.9)

to the old variables z, ¢; set t = T F T T Then

14z
P (1) goes to (—A)™ (1 + "Ly, (F).
It will be useful to clarify the significance of the kernel
of the integral (9.3.9) in the braces. We adjoin to the kernel
the multiplier (n!)-1.

In the function %(1: —2)"E (t —z), we consider z
as the independent variable and T as a parameter. For
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2 < %, when E (v — 2z) = 1, this function is a solution ol

1

the equation oy 0, which solution satisfies at the
dznti

point z = v the conditions y(t) =y'(t) =... = y™ V(1) =

=0 and y™(t) =1. For z >, when E (vt —2) =0,
this solution continues to be identically zero. And the
kernel itself is the error of interpolating such a function by
an algebraic polynomial of degree n in the values at the
points z, (k =0, 1, ..., n).

The separate parts of the kernel in the variables z, t
will have the following expressions:

n__ 1 1 n_ (z—t)n
(v—2) ‘(1+t"1+z) T dFyr I+

z—t °
Be—2)=E| g5ars | =B @,

_ (3=2) .- (3—2p1) (B—2pay) --- (3—2n)
An(a) = (zn—20) - . - (8 —3p—1) (B —2R41) - - (3 —2n)

~II (r—775) [T (Fm -]
J#+hR i#k

— (1+z)n W4 (T)
A+2™  (z—zp) ont1 (22)

n

di
Op4q =H (z—z;), dr= —TFr
=0

Their substitution into the integral (9.3.9) yields the
following value for the interpolation error r, (z):

Fa (@) = § Lo (F) sy { @ — 0" E (e —1)

-3 On41 (2) (2 — )" E (2, —1) g (9.3.14)
T+¢

o (E—2n) Ont1 (zh)
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The quantity within the braces under the integral sign
is nothing but the error of algebraic interpolation in the
variable z of the function (z — )" E (¢ — t) with respect
lo its values at the points x;. When ¢ is less than z, z,, . .

.« &n, then the interpolation is exact and the quantity
in the braces in (9.3.14) vanishes. But when ¢ is greater
than =z, z4, ..., ,, then all “quenching” functions
K (x —1t), E(xy —1t) are equal to zero, and the error too
is zero. The quantity in braces can assume values different
from zero only on the interval where z, z,, ..., z, are
located. For this reason, given continuity of L.+, (f), the
integral over the half axis 0 < ¢ << oo is actually a proper
integral.

9.3b. The general interpolation quadrature rule. For
Lthe sake of convenience, combine the Fourier cosine and
sine transforms into a single integral with exponential
function:

9 (u) = | et (2) da (9.3.15)
0

If f is a real-valued function, the cosine and sine trans-
forms of f will be the real and imaginary parts of ¢, respec-
Lively.

It was assumed above that f (z) = F (2) (1 + z)™® (s > 1)
and F (x) is a continuous and sufficiently smooth function
on the half axis 0 <z < oo.

Let us interpolate the function F with the aid of a poly-
nomial P, (z) of degree n in (1 + z)-! and write P, (z)
in the form (9.3.7).

If in the integral (9.3.15) we replace the original function f
by its expression

f@=0+2"F (@) =1+ 2)" [Py (2) + 1y ()]

we get for @, (u) the following representation which, after
dropping the remainder term R,, can serve as a rule of
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computation for ¢,:

Qe (u)= \ e (1+2)"F (z) dz

e (1 4 7)™ [P, () +Tn ()] dz

I
M 3 ot—g o3

F(zy) D) —r— (9.3.16)

=
I
=
-~
Il
c

% (14 2y ™ da -t Ry (),

X
ce—8

R, (u) = S ¢ (14 2)*r, (2) dz

0 J
ef) (14 zp)n
_lT’(a:_k)—— depend only
on the points z, and do not depend either on s or on the
function F. They can be tabulated for the commonest
systems of points.

[ ]

The integrals Se‘“" (1 + z)™"*dx depend solely on

Here, the coefficients Ap; =

0
the frequency- © and on s, that is, on how rapidly f (z) de-
creases as z increases without bound. In Subsection 9.3e we
give rules for computing these integrals.

From the representation for the error R, (u) in (9.3.16)
it is easy to obtain a uniform estimate with respect to u
in terms of the interpolation error r, (z):

00

| Rn (u)l<5'—(’ﬁ£—j))'7dx (9.3.17)
G
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I'rom it follows the theorem on the convergence of the
computation process corresponding to (9.3.16).

Let the process be defined by the infinite triangular array
of interpolation points »

z{0

z(®
x= ... (9.3.18)

(n)
zm (M zn

Suppose that the interpolation (9.3.7) of the function F
is carried out with respect to the pointszi (k = 0, 1, . . ., n)
in row n of the array X. Assuming that n — oo, we have
the following theorem.

Theorem 1. Suppose the following conditions hold:

(1) the interpolation process (9.3.7) defined by the array of
points (9.3.18) converges for the function F (x) for almost all
values of x on the half azis 0 < x << oo;

(2) for all sufficiently large values of n, the interpolation
error t, (X) satisfies the condition

Im@ <M< oo (0<z2< )

Then the remainder R, (u) of the appropriate computation
process (9.3.16) for transformation of @, (u) tends to zero
uniformly with respect to u on the axis —°°0<<u << oo as
n— oo.

This theorem is a direct consequence of the familiar
theorem on passage to the limit in the Lebesgue integral
(see for example [17]): if a sequence of functions g, (z)
on a set E converges almost everywhere on E to the func-
tion g (z) summable on E and there exists a function A (x)
summable on E such that for all » and z € £ we have the in-
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equality | g, (z) | <k (z), then

IS; gn (z)dz— i g(z)dz

A different representation of R, (1) obtained from (9.3.16)
by replacing r, (z) by its representation in the form (9.3.14)
may be useful, at least in certain cases, for finding the
error estimates R, (z) depending on the properties of the
function F (z):

v q ¢
R, (W)= S dx eiuxm S Ly (F)
0 0
_an . . \1 On4t (I)
emraen-3 ot

X (an — )" B (2n —1) } ij_t (9.3.19)
A remark is in order concerning the sign of the kernel of

the double integral:

1 "
Ty {C— " EE@—Y)

_ Z (I __Onyg (7)) (I) (xh — t)n E (zrn— t) }

—-.‘th) 0)

K*(z,t)=

1
TR+ (140

Its sign coincides with the signof the expression K (z, f)
in the braces. This expression was encountered in (9.3.9).
Recall that it is the kernel in the integral representation
of the error in the following problem of algebraic inter-
polation.

Let the points z; (¢ = 0, 1, . .., n) and the interpola-
tion point z lie on the interval [a, b] and let the function

K (z, t)
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¥ (z) be interpolated with respect to its values g (x3) by
the polynomial p, (z) of degree n. If g () has a continuous
dorivative of order n + 1 on [a, b], then the interpolation
orror o, () = g () — p, () can be represented in terms of
tho derivative of order n 4+ 1 of g in the form

nl

) = — S ™ (1) K (z, t) de (9.3.20)

On the other hand, for p, (z) we have the familiar Lagrange
representation

on (T) = ?:;_11(;) gm™h (B), a<<EH (9.3.21)

whence it follows that if the derivative gt () is dif-
ferent from zero on [a, b], then p, (z) does not vanish at
any point z, except at z, (k =0, 1, ..., n). Therefore,
for every fixed value of z differing from the points x, the
kernel K (z, t), as a function of #, does not change sign for
a <t Lb, because if the kernel K (z, ) changed sign,
then there would be a function g®+!) (t) that preserved
sign and such that the integral (9.3.20) would vanish,
which is impossible because z %=z, (k =0, 1, ..., n).

Besides, if we assume g (z) to be a polynomial of degree
n 4 1 for which g»+1) () = 1, then from both representa-
tions of the error p, (z) it follows that

b

1 __ On4y ()
i) K@ dt =-gmte)
a
Thus, for each fixed z the sign of the kernel K, (z,?)
coincides with the sign of w,4+; (2).
9.3c. Interpolation with equally spaced points. For
the interpolation points we take the equally spaced points
z, =kh(k =0,1, 2, ...; h > 0). In this case 0,4+, (z) =
=z (z —h) ... (x —nh) and the coefficients c{* are
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determined from

On4q (2) =z(x—h)...[x—(k—1)h)

T—zxp

X[z—(k+1) k] ... (z—nk)=D e® (142)! (k=0,1,...,n)

=0
In the case of uniform convergence

O (Tp) = kh (k—1)h ... h(—h)(—2h) ... (—1) (n—k)h
= " (—1)"*E! (n — K)!,

P (1 4 kr)n

(— )" RRnkl (n— k)1 (9.3.22)

Ap =

When compiling number tables for A;;, one can always
assume k& = 1 since any other value of % leads to unity via
a linear transformatien of the independent variable?! z =
= hx'.

The rule for computing (9.3.16) in the case of equally
spaced points takes the form

©o

iux  F(x)
(Pe(u):‘Se e d
0

= D\ F(kh) D} An | €**(1+2)" " dz + R, (u) (9.3.23)

h=0 =0

The convergence of the computational process when
R, (u) >0 as n— oo, in other words, the possibility of
an arbitrarily exact computation of @, (z) via the rule
(9.3.23) is very peculiar here and requires some explana-
tion. In the preceding subsection it was pointed out that

ot—m3g

1 Tables of the values Ay; (k, I =0, 1, ..., n) for n =1 (1) 15
and = 1 to 10 places are given in [11].
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underlying the convergence of R, (1) to zero is the conver-
gence of interpolation of the function # (z) by the rational
function P, (z) [see (9.3.4)] and that it is sufficient, for
n uniform approach of R, (u) to zero, that P, (z) boundedly
converge to F (z) almost everywhere on [0, ool.

To make the exposition more pictorial, let us return
to the variable z and put z = ﬁ . The closed half [axis
0 <z < oo goes into the closed interval 1>z > 0.
The function F (z), which we assumed to be continuous on

the half axis 0 {2 < oo, transforms to a certain function
PY(2) =F (%— 1) that is continuous on the unit interval

0 <z <1 and P, (z) goes into a certain algebraic poly-
nomial p, (z) of degree n that interpolates { (z) with respect

to the values P, = ¥ (z;) at the points z, = (k =

=0,1, ..., n).

As n increases, the old points remain and new ones are
adjoined. If we examine the set of interpolation points
z, (k=0,1, 2, ...), we find that they form a monotonic
decreasing sequence converging to zero.

The convergence of the interpolation process has to be
regarded only in those sets of functions where each function
is fully determined by the values that it assumes on a coun-
table set of all the points. If this condition is not fulfilled
and if there exist several functions that assume the same
values at all interpolation points and, hence, have the same
interpolating polynomials, the question of the convergence
of interpolation does not have the ordinary sense.

When considering the convergence of interpolation for
the set of all functions continuous on the interval [a, bl
or for the set of functions having continuous derivatives
up to a certain fixed order m, one takes into account that
each such function is determined by its values on a coun-
table set of points that is everywhere dense on [a, b]l. Accord-
ingly, in studies of the convergence of interpolation of

T+ kh
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such functions it is always assumed that the interpolation

points z® (i =0,1, ..., k; k=0,1,2, ...) are every-
where dense on [a, b].

In the problem at hand, the array of interpolation points
is of the form

Zy

z=| % % (9.3.24)

Zp 24 29

Its rows are subsequences of the sequence of points z,,
Zy, Zg, - - ., lzp = (1 + kh)-'l convergent to the unique
accumulation point z = 0. The simplest and most natural
set of functions that are determined by the values on such
a sequence is the set of analytic functions for which all
interpolation points and their limiting point lie inside the
domain of regularity. Let us now examine such a set of
functions; we will assume that the function v (z) is regular
in the domain of the complex plane z that contains the
interval [0, 1]. The broader the domain and hence the farther
away from [0, 1] the singular points of v (z), the smoother
the behaviour of ¢ (z) on the interval [0, 1] and the more
probable the convergence of interpolation to v (z) on [0, 1].
For this reason it is natural to pose the question of finding
the smallest region in which the regularity of 1 (z) ensures
such a convergence. In the theory of interpolation, proof
is given that the smallest such region is a closed circle of
unit radius centred at the origin (see [10], Ch. 12, Sec. 2):
|z | <1, and convergence in the circle and, in particular,
on its radius 0 < r <1 will be uniform. We omit the
proof of this result and merely confine ourselves to an expla-
nation of the pictorial aspect of the matter, which fortu-
nately is comparatively simple.

The question of convergence is determined by the beha-
viour of the interpolating polynomial p, (z) for large values
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of n. But if n is great, then most of the points will be close
lo the limiting point z = 0 and the interpolation will be
close to interpolation with the unique point z = 0 that
has multiplicity n. Now this is given by the truncated Taylor
sories
n
Sn(@ =0+ ¥ (O) + ...+ 9™ (0)

If the set of functions is characterized solely by the region
of regularity and if no special assumptions are made about
the behaviour of the function in this region, then the con-
vergence of S, (z) to P (z) on the closed interval [0, 1] can,
most likely, be guaranteed only when v (z) is regular in the
circle |z | < 1.

The foregoing reasoning cannot of course serve as proof
of the assertion we need but we believe that it gives a rather
simple and pictorial view at least of the probability of the
assertion.

Let us now return to the old variable z = % — 1. The

function 1 (z) goes into the function VP (z) = ¢ (%5) =

== F (z) that is regular in a certain region containing the
closed half axis 0 <z < oo, in particular the point at
infinity £ = oco. The unit circle |z | < 1 transforms into -
the region »l———i_:_xl <1, or |1+ z|>1, which is the
closed exterior of a circle of radius 1 with centre at the
point —1.

This permits us to state the following.

When a function F (x) is analytic and regular in a region
|1 4+ x| > 1, then the interpolation process for it relative
to equally spaced points x, = kh (k =0, 1, ...) by means
of a polynomial P, (x) of degree n in %‘ [see (9.3.4)]
converges uniformly in that region.

This enables us to say that the following theorem holds
true.
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Theorem 2. If a function F (x) is regular in the region
|1+ x| >1 of the complex plane x, then the computation
process obtained from the equation (9.3.23) when the remaind-
er R, (u) is dropped converges to @, (u) uniformly relative
to u on the axris —oo << u < 0o as N — oo.

9.3d. Computation rules associated with the roots of
orthogonal polynomials. The convergence of the interpola-
tion quadrature process (9.3.23) with equally spaced points
for a very narrow class of functions suggested the construc-
tion of other computation rules that are more favourable
as regards the region of convergence and sufficiently simple
computationally. We can also strive to make them compa-
tible with the use of available numerical tables. Such
a construction can be carried out in a variety of ways, two
of which will be given in this subsection and a third in
Sec. 10.2.

When choosing a’ computation rule—if one wishes to
preserve the interpolation-quadrature type—one has to
take into account certain results established in the theory
of interpolation and the theory of quadratures. The choice
may be made on the basis of the following two arguments,
the first of which was developed in Chap. 4.

1. When interpolating on a finite interval, say [—1, 1],
the following arrays of points are particularly favourable
with respect to convergence:

20
Z =z z» (9.3.25)
22 22 2z
They have the limiting Chebyshev density distribution
p(2)=— (1—29)-1/2 (9.3.26)

For example, an interpolation process with such an array
will converge uniformly on the interval [—1, 1] for any
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function that is analytic on [—1, 1] including the end-
points —1 and 1.

The most thoroughly studied tables of this kind are
tables of the roots of orthogonal polynomials.! Of particu-
lar importance in applications are the Jacobi polynomials
corresponding to the weight function

p@=01—2"U+2 (¢, p>—1)

that permits taking into account the power singularities
at the endpoints of the interval [—1, 1]. A particularly
important role in the interpolation problem is played by
the Chebyshev polynomials of the first kind. The inter-
polation process in which we take the roots of such a poly-
nomial of degree n for the interpolation points converges
uniformly on [ —1, 1] for any function ¢ (z) whose modulus
of continuity o (§) satisfies the condition ® (6) In 6§ - 0
(6 > 0) (see [16], p. 542).

Proof is also given in the theory of interpolation that
such an interpolation process will (as has already been
pointed out) converge uniformly to ¢ (z) if @ (z) is a func-
tion absolutely continuous on [—1,

2. From the theory of approximate quadratures we know
that when computing an integral with a weight function,
it is possible, in the computation formula2 ’

b

[ r@e@ize S Ao, (9.3.27)

a k=1

1 We know that if a weight function p (z) is almost everywhere
positive on the interval [—1, 1], then the table of the roots of the ap-
propriate system of orthogonal polynomials always has the limiting
density distribution (9.3.26).

2 The weight p (z) is assumed to be such that the integrals

b

.Sp(z)zmdz (m=0,1,...)

a
are absolutely convergent.
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lo substantially increase the algebraic degree of accuracy
if one computes, in a specific way, the points z, and the
coefficients A,; namely, proof is given that if the weight
function p (z) is of constant sign, then through a choice
of z, and Ay the equation (9.3.27) can be made to be exact
when ¢ (z) is an arbitrary polynomial of degree 2n —1;
here, z; and A, are determined uniquely: z, must be the
roots of a polynomial P, (z) of degree n taken from the
orthogonal system of polynomials corresponding to the
weight p (z), and

b
Py (3)
A=) P @) Ty s

This means that the quadrature rule (9.3.27) must be inter-
polatory.

Also note that the formula (9.3.27) converges on a very
broad set of functions: if the interval [a, b] is finite, and
the weight function on it is of constant sign and is not
equivalent to zero, then for the convergence of

n b
S 4o @) > [ @ @@ dz (n—oo)
h=1 a
it suffices that ¢ (z) be bounded and the set of its discontin-

uity points be of measure zero. Now take the integral
®. (1) (9.3.145) in the form

cpe<u>=50 &F (o) e (6>1)  (9.3.29)

As before, we consider the function F (z) to be continuous
and sufficiently smooth on the closed half axis [0, co]. The
factor (1 + z)-* has a single singularity: zero to the power s
at the point at infinity. We adjoin it below to the weight
function. The quantity e*** = cos ux 4- i sin uz determines

222



the oscillations of the integrand; e'** is a complex quantity
and its real and imaginary parts are of variable sign. All
this makes it difficult to refer £'** to the weight in the
ordinary way, without a preliminary transformation, and
then, when setting up the quadrature rule, to strive to
attain the highest possible degree of algebraic accuracy.
In the next section we will see what can be done about this;
for the present we adjoin this factor to the function to be

integrated.
In order to transform (9.3.28) to an integral with a clas-
sical weight function, make the substitution z = i%

or t = 1==. The half axis 0 <z < oo will go into the
interval [ —1, 1] and the integral (9.3.28) will take the form

1
e (u) =21° S e 1“*"’F

1+t ) (1+42)*2dt (9.3.29)

The power factor (1 4 ¢)*2 can be taken for the weight
function p (t) = (1 + t)°2. It is a special case of the Jacobi
weight (1 —8)* (1 + t)® for « =0, p = s — 2. We then
take the remaining portion of the integrand for the function
to be integrated: ’

=t

v =" (%)

Then the integral (9.3.29) can be computed by the rule for
integration with the Jacobi weight:

i n
Pe (1) =21 Slp(t) (A+0)2de 2 D) A (t) (9.3.30)

-1 h=1

Here, ¢, are_the roots of the Jacobi polynomial J&*~% ()
of degree n and A, are the quadrature coefficients corres-
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ponding to these roots. The numerical values of ¢, and
A, may be taken from published tables (see [12], [14]).

Since it is assumed Lhat F (z) = F (H—t)
uous on the half axis 0 {2 < o and the exponential
H—t} is bounded in absolute value by

unity and is continuous for —1 << ¢ <1, the function
P (t) will be bounded and continuous for —1 <<t < 1.
Hence, when n grows without bound, we have, for any
value of u, convergence of the computation process (9.3.30):

is contin-

factor exp { iu

lim 21- 'z Anp (br) =21~ 5 (O (140 2dt =0 (1)
-1

n—o0o
=1

The foregoing method of computation is clearly nothing
but a transfer to the-integral (9.3.29) of the idea of integra-
tion of highest degree of accuracy with Jacobi weight;
here the weight merely takes into account the rate of decrease
of f(2) = (H—x)) as z goes to infinity. We speak of this
method in order to point out its essential drawback for
computing ¢, () and to indicate a possible way of dimi-
nishing this drawback.

Recall that the rule of highest-accuracy integration (9.3.30)
presumes the function ¥ (¢) that is to be integrated to have,
on the closed interval [ —1, 1], a continuous derivative of
order not lower than 2r that takes on small values. When
this condition holds, we can hope to obtain a good accuracy.
But if such a derivative is absent, the rule may not yield
a high accuracy and will be inferior in this respect to other
rules having a lower degree of accuracy. We assumed the
factor F ( H—:) to be sufficiently smooth; as for the
other factor exp {zu

T } we see that its oscillations,
as t - —1, accelerate without bound and for it the point
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=: —1 is a point of discontinuity. For this reason, near
t = —1 the function ¢ (¢) will not be exactly approximated
by algebraic polynomials, and although the rule (9.3.30)
cnables one, in principle, to compute ¢, (1) with arbitrary
precision, to attain the required accuracy might require
a larger value of n.

Let us retain the points ¢, in (9.3.30) considering them
to be roots of the polynomial J¢*=? (). In this way
we will to some extent leave them coordinated with the
rate of approach of f (x) to zero as x — oo. As for the coef-
ficients 4,, we choose them without striving to attain the
highest degree of accuracy but taking into account the
oscillations of the functions 1 (). Let us refer the oscillating

factor exp {iu :I - } to the weight and set

. 1-t
pr@)=¢" T+, ¥ ()=F (=1

Now interpolate {* (f) with respect to the values at the
interpolation points 2:

V0= 2 B b* () +rr ) (9.3.31)

_ Q* (2)
RO = (t—1tr) Q* (2p)

Q*(t)y=(t—1t) ... (t—1tn) ,;:%;J;O.s-z) @

ITere g, is the coefficient of the highest degree of ¢ in the
polynomial J *=2 ().

If in place of ¢* (¢) and p* (f) we put their values into
(9.3.29), then we obtain the following expression of ¢, (u)
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in terms of the values of {* (¢;):

i n
00 (w) =2 [ p* (09" () dt=3] Aty* () +RE  (9.3.32)
-1

k=1

Ar=2 U pryia(nyde

Oy

!
-

Ry=2v" \ p*(t)rh(t)dt

Le—n

After R} has been dropped, this expression gives an appro-
ximate calculation rule for ¢, (u).

When constructing interpolation quadrature rules, their
interpolation points can, in principle, be chosen arbitrarily
or one can use this arbitrary character for certain specific
purposes. In the rule (9.3.32) an attempt has been made to
bring this arbitrary choice into agreement with the nature
of decrease of f (z) as z increases.

Here is another example of choosing the pomts t,. But
first we offer some general arguments. In the integral (9.3.29)
we take p* (¢) for the weight function and y* (¢) =F (i—;:)
for the function to be integrated.

Let us take an arbitrary Jacobi polynomial, J® (z),
of degree n with indices a, p > —1. We take its roots,
which, as before, we denote by ¢, (k =1, 2, ..., n), for
the interpolation points of the function y* (f), without
bothering for the time being about seeking the best points
or, to put the matter more precisely, the most suitable va-
lues of «, f.
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The interpolation formula will have the same form (9.3.31)
ns above but with.a different meaning of the ¢,:

P* (2) =k§1 ’ LY (0)¥* (tn) + 12 (t)

Q* (1)

M) =Fmer

@0 1) =|[ (¢ —ta) =gy TP ()

k=1 qs‘a‘ P
L (t)— t—_ig.lf,“' B (1) [J@ " ()] (9.3.33)

g ® is the coefficient of " in the polynomial J& B (2).
To obtain the necessary computation formulas,! let us
1—1t
m . We
denote the values of z that correspond to £ = #, by =, =
1—th
141, °
The computations that follow do not require any explana-
tion:

return to the earlier variable z and set z =

n

2 =] ¢~)=[I ({E—rr)

=1 =1
_ (__1)71211 " .‘l-'—xj _ an (ﬂn(-’t)
T (A+ar g (1+z,-)*(1+z)" on (—1)
o, (@)= [[ (z—2)),
j=1

1 Certain results that will be obtained are contained as special
cases in the equations (9.3.4) to (9.3.7). But since it is useful for com-
putational purposes to retain the possibility of using the classical
Jacobi polynomials, all the necessary formulas have been obtained
irrespective of the indicated equations.
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1— 1—=z
Q* (t) =] th—tj)—H( T — 1+zj )

i+hk
_ on-1 a);l(zk)
T (F ) ep(—1)
tt, e A—a 2z
h—1‘+1 Ttz A+z)(A+42p) ?
1 ’
110 L PO U
_ 1+1k n-1 ®n (I) -
= (5+) o @y — 2@ (9.3.39)

2
’q). (th) =F (.Z'h), dx = -—-m- dt

If in place of the function V* (f) = F (‘:L; ) =F @

we substitute into the integral (9.3.29) its interpolational
representation (9.3.33), this will yield the following equation

for @, (u):
n i -
9. (@)= 2-F (1) | ¢ TR L () (1402 di 4 RS ()
k=1 21

(9.3.35)
boguact
Rt (u) =2+ | "7 rt (1) (1412 dt
g}
The coefficient L} () is a polynomial of degree n — 1 in t.
Let us expand it in terms of powers of the binomial ¢ 4 1

n-1

L% (t) =l=20 a,® (t 1)}

This expansion can be constructed by ordinary algebraic
rules. If we introduce this expansion into (9.3.35), the
computation of ¢, (u) will be reduced to finding several
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simple integrals dependent on u and s:

.-t
e (1) = S‘ F (z4) Z a{Mot- 5 e TF (1+42y*-2dt 4 R% (u)
- - (9.3.36)

After returning to the variable z, the equations (9.3.35)
and (9.3.36) become

= F(z) Se*uxzh (x)(TfE,-+Rn(u) (9.3.37)
h=1 0

where R, (v) = R} (u).

If l, (z) is expanded in powers of H—Lz’
n-1
{14z \n-t 0y () . (k) -1
w@=(57)" T=mee ”EO A +)

then after a termwise integration the representation of
¢ (u) takes the form

n-1 oo
0 =3 Flan) 3} oY | e (1 42yt do+ Ry ()
h=4 =0 0

(9.3.38)

The evaluation of the integrals on the right will be discussed
in the next subsection; for the present we will say a few
words about the choice of the parameters a, B of the Jacobi
weight. In contrast to the formula (9.3.30), where the choice
of the points was coordinated with the nature of the decrease
of f (z) (x & o00), we now pay special attention to the inter-

polation of ¥* (Nf= F ( . +t)

Under the accepted aseumptlons P* (f) can be an arbitrary
continuous and sufficiently smooth function on [—1, 1].
Therefore we must first of all consider the Chebyshev poly-
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nomials of the first kind T, () (n =1, 2, ...) and the
roots of the polynomial of degree n that are taken for the
interpolation points. The polynomials T, (z) are a special
case of the Jacobi polynomials for « = p = —1/2. A table
of the values of the coefficients b{® in (9.3.38) for the Che-
byshev points is given in [11] (Table IV).

Of slightly less importance (though still very substantial)
is the case where 'for the interpolation points we take the
roots of a Legendre polynomial of degree n. The importance
of the choice of such points is due to the fact that interpola-
tion quadrature formulas with these points have the highest
degree of accuracy for a constant weight function and are
extremely useful when integrating functions without singu-
larities. The same reference, [11] (Table III), gives a table

of the coefficients b for such points.
9.3e. On compuiing the integrals .. a = S eivay¢
0

X(14+2x)™™*dx. Here, m is a nonnegative integer
and 0 < o << 1. We obtain a rule for computing only integ-
rals with the exponential function ei**. Similar rules for
integrals with the trigonometric functions cos uz and
sin uz can be obtained from this by separating the real and
imaginary parts in it.

We can construct a recurrence rule for reducing the value
of m by taking advantage of integration by parts:

oo

iux dz
Imta = S €
0

(14 z)mte
eiux o0

T (m—14a)(A+o™ e |

iu fux dzx
+ m_1+a §e (1+x)m-—H-a
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_ 1 iu ¢ fux dz
T m—1+4a + m—1+4+a S;e (1_|_I)m—i+a '

1 in
'Im+a-= m—1ta + m—1ta Jm_H.g, (93.39)

This relation enables us to confine ourselves to obtaining
rules for computing J, (0 << a << 1).
Let us transform J, by the change of variable1 4- z = :

00
Jzz :e_iu 5 eiut ﬂ
1 t*

When o = 1, we get the equation

Jy=et[ {22t S BEM it ] = — e [Ci () + 181 ()]

1

(9.3.40)

Here, Ci (¢) and Si (u) are the integral cosine and the integ-
ral sine for which detailed numerical tables have been com-,
piled. When 0 << a@ << 1, from the equations given below
we obtain the needed rule for computing the integral under
study:?

o i

jux dz ' dz \ dz
glux 2% 3 eiux_a_ 5 elux__u_,
z 0 z x

3

oo . T
5 x_:= ue—1T (1 — ) ¢z uso, (9.3.41)
0

"1 See [15] See [15] concerning the relation (9.3.41).
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) 1 oo
(iu)k a (iu)k 1
== S"‘h vde =2 )
=0 0 k=0
dz i[%(i—a)-—u]
1o =u*1I'(1l—e)e
pen S W (9349
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Chapter 10

Highest-Accuracy Formulas for Computation

10.1 Iniroduction

The problems dealing with constructing formulas of
highest accuracy for the Fourier cosine and sine transforma-
tion$ are studied in a similar manner but have different
solutions.

We will assume the original function f (z) to be repre-
sentable in the form f (z) = (1 4+ z)~°F (x), where s >1
and the function F (z) is continuous on the half axis 0 <
Lz K oo

We consider the Fourier cosine transform

(= oo

Qe (1) = § f(x)cosuz dz = S (ioj_u”;, F (z)dz

For the weight function we take the factor (1 + z)~°cos uz
and for computing the integral we construct a quadrature
formula of the form

S e F (@) da 2 ALF (z3) (10.1.1)
0 h=1

It has 2n parameters A, and z, and we can attempt to

choose them so that (10.1.1) is valid exactly when F (z)

is an arbitrary polynomial in (1 + z)™ of degree 2n —1

or, what is the same, that for the 2n simple fractions
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(1 +2)%@=0,1,... 2n —1) the following relations
hold:

S (1+2z)**cosur dz = 2 Ay (1-{-:6,;)“ (10.1.2)
0 h=1
(i=0,1,... 2n—1)

These equations form a system of 2n equations for finding
the parameters, the system being linear in A, and nonlinear
in z,. If it is solved, then it will turn out that even for
small values of n the points z; will lie outside the half axis
of integration [0, oo).

The reason for this drawback is the varying sign pro-
perty! of the weight function (1 4 z)~* cos uz, and in
order to circumvent this it is sufficient to make the weight
function of constant sign.

In the problem at hand this can be done with the aid
of an elementary transformation:

S cosuz f (z) dr = S (14-cosuzx) f (z) dz
0 0

—[t@de=n—1t
0

The integral I? has a simple form and via the transforma-

tion z = can be reduced to an integral with the

1—t
T+¢

1 In the theory of quadrature rules of highest algebraic degree
of accuracy, to which our problem reduces by the change of variable

T = H , we know that if the weight function is of constant sign,
then the points of the quadrature formula always lie inside the inter-

val of integration.
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Jacobi weight function with parameters 0, s — 2:

oo 0o

F
;= Sf(x)dx=S-(1—_|_£%;dx

0 0
1
—gt-s 51 F (1%) (1 +2)*2dt

It can be computed with the aid of formulas of the highest
algebraic degree of accuracy, the coefficients and points of
which are tabulated over sufficiently broad ranges.

Let us concentrate on the integral I 1t depends on the
parameter u. In order to make the points and coefficients
of the computation formula independent of u, perform the
transformation uz = z’ (u > 0) that reduces the parameter
under the cosine sign to unity and carries it from the weight
to the function being integrated:

oo 0o

i= S (1-|-cosx)—l—f (-—z—)dz—_— S (1+cosz) X (z) dz
0 0
(10.1.3)
X@ =1 ()
Suppose X (x) can be represented as
X (2) =%’)—, (s>1) (10.1.4)

where F (x) is continuous on the half axis 0 <z < oo.
Then the problem will be to establish a rule for computing
the integral

I= 5.(1 +cosz) X (z) = § TS EF (@)dz (10.4.5)

with the positive weight function 1 + cos zor (1 -{- cos z) X

X (1 + )%
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10.2 Constructing a formula of highest degree of accuracy

Such formulas can have a variety of aspects depending
primarily on the properties possessed by the integrand and
on how, in connection with such properties, the weight
function is chosen. We will speak of a rule suited to the
set of functions X (z) representable in the form (10.1.4).

For the weight we take the factor 1 + cos z. It takes
into account the oscillations of the integrand in (10.1.3)
but is not connected with the nature of decrease of X (z)
as £ — oo, which will be taken into account when choosing
the system of functions relative to which the highest degree
of accuracy will be attained.

In accord with the chosen weight, let us consider the
integral It [see (10.1.5)] and let us construct for it a compu-
tation rule of the form

) N n
Ii—= 5 (1+cos2) X () dz~ S AX (z1) (10.2.1)
0 k=1

We choose the parameters 4,, z, so that the equation is
exact for the functions (1 + z)™*% (s>0;i =10,1, 2, . ..
... 2n —1) or, what is the same thing, for all functions
of the form

A4zt Y c;(1+2)7 =1+ )P, (z)

=0
where P,, _; (z) is an arbitrary polynomial of degree 2n — 1
in z:
C 1
S —(1_1:2;—2,;_—1“.— P,,_(z)dzx

n

A n
= z (1_{_—%;127?—1T Py (T0) = Z ByP,, (zr) (10.2.2)

k=1 h={
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The problem of seeking B;, z; and, hence, the parameters
Ay, xp, has reduced to the classical problem of constructing,
on the half-open interval [0, co), a quadrature formula of
highest algebraic degree of accuracy with the positive
weight function (1 + cos z) (1 + z)~2n*i-s,

All integrals participating in what follows are assumed
to be absolutely convergent. Suppose we are considering an
integral over a finite or infinite interval [a, b] and suppose
the weight function p (z) is of constant sign and is not zero.
Suppose we use the following formula to evaluate the integ-
ral:

b

5 (@) f (z) dz ~ 2 Buf (23) (10.2.3)

a

For the formula (10.2.3) to be exact for all polynomials
of degree 2n — 1, it is necessary and sufficient that the
following conditions hold.

(1) The coefficients B, have the values

b
By — S p(a) —28___gp (10.2.4)

J (z—ap) @' (zr)

~ 11 (=)
k=1

That is, the rule of integration (10.2.3) is interpolatory.

(2) The polynomial  (z) is orthogonal on [a, b] with
welght p (x) to any polynomial Q (z) of maximum degree
n —

b
5 p@)e(z)Q(x)dz=0 (10.2.5)

It is very easy to see the necessity of these conditions.
Let the equation (10.2.3) hold for all polynomials of maxi-
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mum degree 2n — 1. Consider the polynomial o;(z) =
© (2) It is of degree n — 1, and (10.2.3) should

T (z—zj) 0 (z)) )
be exact for it. But ®; () has the following properties:
o; (zy) = 0 for k 4j, and o; (z;) = 1. And so for w; (z)
we should obtain from (10.2.3) the equation

b n
S p(2)w;(z)dz= 3 By o;(zx)=B;
a h=1

which proves (10.2.4).

To see the necessity of condition (2), take a polynomial
Q () of maximum degree n — 1. The polynomial f (z) =
= o (z) Q (z) will be of maximum degree 2n — 1, and for
it (10.2.3) must be exact; since f (z;) = o () Q (z3) =
= 0-Q (x,) = 0, it follows that (10.2.3) coincides with
(10.2.5).

Sufficiency is verified in just as simple a manner. Suppose
conditions (1) and (2) hold. Take an arbitrary polynomial
f (z) of degree 2rn — 1. Dividing it by ® (z) by the usual
rules of algebra, we can represent f in the form f (z) =
= o (z) Q (z) 4+ r (z), where Q (z) and r (z) are polynomials
of maximum degree n —1. Since ® (z;) = 0, we have
f (zz) = r (z3) and so

b b b
[r@1@dz={ p@ro@0@ds+ | p@)r@ da

The first of the integrals on the right is equal to zero by
orthogonality. Since by the first condition the rule (10.2.3)
is interpolatory, it is exact for any polynomial of degree
n —1, in particular for r (z), so that

b

[ p@r@de=3 Bur (@)= 3 But(an)
k=

a k=1 1
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And so ,
S (2)f(2) dz = 2 By (@)
=1
and the equatlon (10.2.3) holds exactly for f (z).

It need only be shown that the rule (10.2.3) cannot be
true for all polynomials of degree 2n. It suffices to find
at least one polynomial of that degree for which (10.2.3)
cannot be exact. Let us consider f (z) = w? (x). This is
a polynomial of degree 2n. For it, the left-hand side of
(10.2.3) is nonzero because of the constant sign of the weight
p (z), whereas the right-hand side is zero since f (z;) = 0
when £ =1,2, ..., n. Hence (10.2.3) cannot be exact
for f = ? (2).

From this it follows that if the degree of accuracy 2n — 1
is attainable in (10.2.3), then it is the highest degree. Now to
prove the attainability, it suffices to establish the existence
of a polynomial o (z) that satisfies the requirement of
orthogonality (10.2.5). Let us seek such a polynomial in the
form of an expansion in powers of z:

o) =2"4+aqa"t+ ... +a,
The condition (10.2.5) is tantamount to the following n
equations holding true:
b

Sp(x) 0@ 2tdz =0, i=01,...,n—1
a
If in place of o (z) we substitute its expansion in terms
b
of z and to save space set S p (z) z* dz = a,, we get a sys-

a
tem of equations for finding the coefficients a,, . .., a,:
Oty 10, +0noay + ... }-0pa, =0
Onty + 0ny + %o+ ..o 0@, == 0

Qan-1+ Gon-2@y + Xan-3ds + . . . + Apaa, =0
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To check the solvability of the system and the uniqueness
of its solution, it is sufficient to establish that the homoge-
neous system

Qn18y+ Cnas+ . . . + Agan, =0
nay +tpqgas+ ...t oa, =0

...................

Q-2 + Uon-382+ ... +0pqa, =0

has only a zero solution. Let us assume that a,, ..., a,
satisfy the equations of the system. Multiplying the equa-
tions by a,, ..., a, respectively and adding, we get

b

S p(z)(an+anaz+ ... +aa")2dz=0

a

Since the welght function p (z) is not equivalent to zero
and preserves sign, "this equation is only possible when the
polynomial in brackets is identically zero, which is only
possible fora;, = a, = ... = a, = 0 and the homogeneous
system thus only has a trivial solution.

Using the coefficients a,, ..., a,, we can construct
a polynomial o (z); and after finding its roots z, (k =
=1, ..., n) and computing the coefficients B, with the
aid of equations (10.2.4), we can set up the rule (10.2.3)
which is exact for polynomials of degree 2n — 1. From
what has been said, it is evident that such a rule will be
unique since the polynomial o (xr) and the coefficients 4,
are determined in unique fashion.

This result can be supplemented by proof of the fact
that the roots z, of the polynomials are distinct and all
lie within the interval of integration [a, b

In the integral (10.2.2) the interval of integration [a, b]
is the half axis [0, oo) and the weight function is p (z) =
=142 (1 4 cosz); it is positive everywhere
except at the points z = (2 + 1) n (j =0,1, ...). The
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polynomial o (z) = 2™ + az*~! + ... + a, is deter=
mined by the orthogonality condition

©o

S (14 z)2** (1 4 cos z) o (z) 2’ dz =0

0 (10.2.6)
(G=0,1,...,n—1)

Its coefficients a, can be found from the system

2 a; S (14 z)™2"**1 (1 4cos x) Vi gy —0
i=0 0

(Gj=0,1,...,n—1; ay=1) (10.2.7)

Tiw coefficients B, that figure in (10.2.2) and in the
quadrature rule of the form (10.2.3), if it is written for the
integral

S (14 2z)2"* (1 +cos z) f (z) dz,
0

must be found with the aid of a formula of the form (10.2.4).
Now the coefficients A, of (10.2.1), when it is exact for all
functions of the form

2n-1 .

X@=1+2" 3 ¢t+27=1+2) Py (),

j=
differ from By, as can be seen from (10.2.2), by the factor
(1 + z)®™**!; for them we have the following values:

An =2t | (4 22 (1 4 cos 2) 21—
0

(10.2.8)
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A table of values of z, and A, for (10.2.1) when s =
= 1.05(0.05) 4, n=1(1)10 can be found in [11]
(Table VI).

A similar table of z, and A, for the formula of highest
degree of accuracy

(<]

S(1+sinx)f(x') dzr D Awf(z)  (10.2.9)

0 h=1
F
@) =22, IF@)|<M
for the same parameters s and n can also be found in [11]

(Table V).

In conclusion, one final remark is in order concerning
the convergence of computational processes (10.2.1) and
(10.2.9) of highest degree of accuracy as n — oo. For the
sake of definiteness we will have in view (10.2.1). For our
purposes it will suffice to reduce (10.2.1) to the familiar
Gaussian-type rule in which the highest algebraic degree
of accuracy is attained and then take advantage of the
familiar theorems on the convergence of a quadrature proc-
ess of this kind.

Let us take the integral I![see (10.1.5)] in the form ob-
tained when replacing the function X (z) by its representa-
tion X () = (1 + 2)7°F (a).

Accordingly we now consider a rule that is equivalent
to (10.2.1):

0o

1
Ii= S dree F (@) dz
0

~ D) A;(1+2)F (z;) = D) AIF (z;)  (10.2.10)

=1 ju=1
When constructing (10.2.1), the parameters x, and A, were
chosen so that the equation held exactly when X (x) was
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2n-1 . .
any function of the form X (z) = D) ¢; (1 + 2)~°"". For
=

the rule (10.2.10), this is equivalent i‘; its yielding an exact
result for a function F of the form

2n-1

F(x)= 2 c;(1+42z)° =P2n—1 (14 2)™
1

Make a change of variable putting 1—_1?1- =tz = - = 1,

1 >t > 0. Then (10.2.10) goes into the new rule for a fi-
nite interval [0, 1]

i
Ii= S (14 cos z) £*-2F* (¢) dt
:0

~ 2 ARF* (t,) =04 (F*)  (10.2.11)

F*(t)=F(——1)=F(x), by =

14z

The equation holds exactly every time F* (¢) is a poly-
nomial of degree 2rn — 1 in ¢:

F* () = Pyntq (2)

From this it follows that (10.2.11) is a quadrature rule
of the highest algebraic degree of accuracy for the interval
[0, 1] and for the weight function p (£) = (1 + cos z) t*2.

Relative to such rules we know that as n — co the sequence
of approximate values QF (F*) converges to the exact value
of the integral I! for any function F* (t) bounded on [0, 1]
and such that the set of its points of discontinuity is of
measure zero,! in particular for any function F* bounded
on [0, 1] and continuous inside that interval.

1 For all Riemann-integrable (in the proper sense) functions on
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This enables®us to state a theorem on the convergence
of the quadrature process (10.2.1) as n — oo.

Theorem 1. If a function X (x) can be represented as (10.1.4),
where F (x) is continuous on the half azis 0 < x < oo, then
the quadrature process defined by the rule of highest degree of
accuracy (10.2.1) converges to the exact value of the integral
as n — oo.

A similar theorem is valid for the quadrature rule (10.2.9)
of the highest degree of accuracy for the Fourier sine trans-

form.



Part Three

ISOLATING SINGULARITIES OF A FUNCTION
IN COMPUTATIONS

In Part One and Part Two of this book we considered
two interrelated problems: the inversion of Laplace trans-
forms and computing Fourier integrals. Each of the problems
is solved within the set of its own conditions and by specific
methods, and for this reason the methods for isolating
singularities of a function in computations involving these
problems do not coincide and so will be considered here
separately.

Chapter 11

Isolating Singularities of the Image

Function F (p)

11.1 Introduction

For the sake of definiteness we will speak of methods
of inversion based on computing the Mellin integral, but
some of the arguments used in regard to this problem can
be carried over to other inversion methods as well. A

Computation of] the original function f () was based on
interpolation of the image function F (p) or the function
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¢ (p) connected with the image by the equation F (p) =
= ¢ (p) (p — a)~®. The interpolation was carried out with
the aid of a polynomial in (p —a)-! or a more general ration-
al function.

Recall that F (p) is an analytic function of p that is
regular in the half-plane Re p > 9 and tends to zero as p
goes to infinity in that half-plane. When computing the
Mellin integral

c+ioo

@ = | Fp)e™dp (11.1.1)
Cc—100

the line of integration Re p = ¢ was chosen so that the
inequality ¢ > 9 held. The interpolation points were taken
on the line of integration Re p = ¢, either on the real axis
or in the half-plane Re p > ¢, and the interpolating rational
function was chosen so that its poles were to the left of the
straight line Re p > v and besides so that the function
tended to zero as p — oo.

We can foresee that such interpolation will, generally,
be the more exact, the more smooth the variation of F (p)
and ¢ (p) is in the half-plane Re p > ¢. Now smoothness
depends, firstly, on the position of the singular points of F:
the farther they are removed from the half-plane Re p > ¢,
the more smooth will the variation of F and ¢ be there.
The smoothness of behaviour of F and ¢ depends, secondly,
on the nature of the singular points or, if to use a term that
is not quite exact but one that describes the essence of the
matter pictorially, on their influence upon the behaviour
of F and ¢.

Finally, the exactness of interpolation will be influenced
by the behaviour of F and ¢ near the point at infinity’

1 1f we speak of the fundamental aspect of this question, all the
facts mentioned above that affect the begaviour of F might be taken
into account beforehand when constructing the computational method.
This can be done, for example, via a choice of a system of functions
underlying the interpolation. The authors rejected that approach
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of the p plane, in particular the rate of decrease of | F (p) |
as p - oo.

We can attempt to improve the behaviour of the function
F (p), and with it @ (p) as well, in the half-plane Re p > ¢
if we eliminate from F (p) the singular points closest to
the straight line Re p = ¢ or at least if we weaken their
influence on the variation of F. This is usually done by
decomposing the function F into two summands, F (p) =
= F, (p) + F, (p), which are chosen so that the function
F, (p) has those singularities that we wish to eliminate
from F (p), or the principal parts of those singularities
when we wish to weaken them in F (p). What is more, the
function F, (p) must be such that it is the image function
and that the original function for it, f, (z), could be found
exactly. Now the second summand, F, (p), is defined by
F, (p) = F (p) — F; (p). We can expect that F, (p) will
vary in the half-plane Re p = ¢ > ¢ more smoothly than
F (p), and the original function f, (x) for it can be found
approximately with greater accuracy than for F (p).

11.2 Removing and weakening the singularities
of the image function F (p)

11.2a. Removing poles in the image function. Suppose
that at the points p, (k =1, ..., n) the function F (p)
has poles of orders m;, (k = 1, ..., n) respectively. Also
assume that we know the polar parts of the power expan-
sions in the neighbourhoods of the poles:

Gn (—1—) =3 (11.2.1)

— oV
p=pn ) = (p—pn)

because it could lead to setting up a large number of narrowly spe-
cialized methods of computation and they took into account before-
hand, in rough form, only the rate of decrease of F as the point p goes
to int(ipn)ity when they represented F in the form F (p) = (p — a)-* X
X @ (p).
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Set

n

Fi(p)=3 6 (=) (11.2.2)
Rwei

and
F,(p) = F (p) — F, (p)

For F, (p) the points p, (k =1, ..., n) will be points
of regularity.

The original function for F; (p) can be found exactly
(see, for example, [7]) and has the value

n Tk v-1
x
@ =3 3 o o
h=1 v=1

11.2b. Weakening ' the influence of branching singulari-
ties. Let us consider the case of a power branching singu-
larity and assume that F (p) is of the following form:

F(p)=(p —)"G(p), G(a)0

where p is a real number and a is a value that does not
belong to the half-plane of regularity of F (p) so that
Rea <y <<e¢, and G (p) is a function regular in the open
simply connected region containing the half-plane Re p > ¥
and the point o. Choose an arbitrary point b lying
to the left of the point e, that is, so that Re (@ — b) > 0.

We will seek the function F,; (p), which is close to F (p)
near the point a, in the form

Fi(p) =Sttt _ g (11.2.9)

where z = p — a.
Since F; (p) must be an image function and hence must

tend to zero as the point p goes to infinity, the exponent
r of the divisor must satisfy the condition r >m 4 p.
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Now let us choose the coefficients ¢, (k = 0,1, ..., m)
so that in the expansions

Gp=G(z+a)=g,+8&2+ -.. +8mz"+ ...

where g,,=ki—!G‘”’ (o) and
R(z)=(p —b7"(co+ez+ ... + cmz™

the coefficients of powers of z from zero to m coincide.
If we note that

-r
(=" =(@—b" (1+25)
r - 1) ... —1 n
= (o —b)” Z (_1)nr(r+ ) n!(r—i—n )(a_z_b)
n=0
then it is easy to obtain the expansion of R (z) in powers
of z. And a comparison of the coefficients of z* (k =
= 0,1, ..., m) in the expansions of G (z + @) and R (z)
yields the following system of equations for computing
¢c; (j=0,1, ..., m):
o= go (@ —b)",
er—r(a—b)tco =g (@a—b),

eo—r(@—b)tey + LD @by 2o = gy (@ by,

c3—r (a——b)“cz-}—%r (r+1) (x—0b)2¢;
— T (1) (r2) (a— b P eo = ga (b,

em—7 (@— ) emey +r 7 (1) (@— ) Py

(11.2.4)

— (=) e ) L (1)
X (@ —b)"™co == gm (& —b)" }
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From this system we can successively obtain c,, ¢, . . .
.« Cm. After finding ¢, for F, (p) we get the following
expression:

i
Fy(p)=(p— )" R (p—a) = S‘q%—_"‘#—

The original function of F; (p) can be computed exactly
(see [7]):

ruJiax

ch T (r— 1F1[T r— '—']’ (b a)z]
(11.2.5)
Here, ,F, is the confluent hypergeometric function
R L) T (a+k) z*
11 (% Bi 2) =555 2 T (B k) Al

At the point p = a the functlon F (p) —Fy (p) = F, (p)
will have a derivative of order m + 1 units higher than
F (p), and the original function f, () for it may be found
with the aid of approximate methods with, as a rule, less
effort and to a higher accuracy than for F (p).

In the particular case when the exponent p is negative,
the weakening of the influence of the branching point on
the variation of the function may be obtained in a more
simple fashion without introducing the auxiliary point b.
Choose m such that p 4+ m << 0 and set

m

-3 67 (@) (p—a)t

The onglnal functlon ]‘1 for F, has a simpler aspect than
that given above:

z—i-pn-1

fu@) = ngm e
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In this case the remainder function F, (p) = F (p) —
— F, (p) will be

m
'1 . .
F2(p)=(p—)* [ (p)— 3 5 69 (@) (p—a']
7=0
and if m is chosen so that —1 << m + p << 0, then it will
be zero at the point p = a.
Now consider the problem of weakening a logarithmic
singularity. We confine ourselves to the simplest case where
the image F (p) is of the form

F(p) =@ —a) " In(p —a)G (p)
G (a) %0, Reoa <7

Here, v is a real number and G (p) is a function regular
in some simply connected open domain containing the
half-plane Re p > y and the point a.

The greater the value of v, the faster the variation of F
for p close to a, and in order to make the variation of F
smoother (at least in the neighbourhood of the point a)
we can resort to the following transformation of F.

Take an integer m such that —v 4+ m << 0 and then
construct the expansion of G (p) about the point p = a
in powers of p — o = z and consider the following portion
of the expansion:

o+ &1z + .. + gmz"
Put

Fi(p)=X ¢;(p—)~"In(p—a)
The original f, for F, is tabular (see [7]):
< 1 . .
h@)=73) gty & e ¥ (v—j)—1nz]
=0

I" (2)

I'(z)

¥ (x)=
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As for the function
Fy(p)=F (p)—F,(p)

=(p—) ™ In (p—a)(6 (1)~ 3 & (p—Y)

we see that at the point p = « it has a power singularity
weaker than in the case of F (p) since the quantity in brackets
(for values of p close to a) is of order at least O [(p — a)™*1].

Up to now we have considered only certain typical ways
of removing and weakening singularities of an image func-
tion by means of isolating the “singular part” F, (p) from
that function. Now the aspect of F, (p) depends on the type
of singularities of F (p) and need not have the form given
in our description. In Sec. 11.4 there is a small table of
image functions F and their corresponding original functions
f that may come in handy in certain cases when construc-

ting F, (p).

11.3 A remark on the increase in the rate of
approach to zero of the image function F (p)

For approximate inversion of Laplace transforms an
important item is the rate at which the image function
F (p) tends to zero as p — oo. This can be illustrated picto-
rially in the problem of reducing the Mellin integral to the
Fourier integral. The line of integration in the Mellin
integral is the straight line Re p = ¢ and we can put p =
= ¢ + iT(—00 << T < o). If we take 1 for the new variable,
we get the following complex Fourier integral:

|
f(z) =e°’°21—n 5 F (c+ir)e*vdr
Most likely, the faster F (¢ -+ it) decreases as | T | grows
without bound, the more convenient the integral will be
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computationally and the more accurate the result that can
be obtained.

As was done in Sec. 11.2, we can attempt to accelerate
the rate of approach to zero of F (p), as p — oo, by decom-
posing F (p) into two summands: F (p) = F, (p) + F, (p)
and choosing them so that the first, F; (p), tends to zero
just as fast as F (p), and the original of it is computed
exactly, while the second summand, F, (p), tends to zero
faster than I (p). For example, when the function F (p) can
be represented in the form

Y(p)
() >0 (p—> ), >0
we,can put

A B L
Fi (P) ——"p—_|_T+T_i_—b— +... +Fl_ and F2 (p)
=F (p)—Fy(p)
The original function for F; (p) is found exactly:
fi () = Ae—% + Be % + ... + Le-i=

while the function F, (p) tends to zero faster than F (p).
Similarly, when the image function F (p) is of the form
m

A; Y (p)
F =
®) §1 (r+a) + (p+a)'m

YP) >0 (P> o), I<ki<hk<.. <kn
we can take

m

A;
Fi(p)=D) —— 5, F.(p)=F(p)—F:(p)
i=1 (p+a) i
The original function for F1 can also be computed exactly:

fi(@)= 2 Foir e

i=1
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11.4. A table of image functions F (p) and the corresponding
original functions f(x) for constructing the singular
part of the image function Fy(p)

(pP+a?)~V 12,

Rev>——;-

—__t

Vpi—at
1
(pz_az)n+i/2 ’

n=1, 2, ...

F () f(x)
1 e—ax
Vp+ta Vaz
2ngne—ax
+a -n—-1/2 —
(pta) 1%3 ... 2n—1) V 7z
(p+a)~ 2V oo
Rev>0 I'(v)
1
Vita To (@)
2 2\—n-1/2 1
b “:';)2 ' TX3x5 ... @D %
n=1, 2, ... z

X (T)nln (az)

Ty (&) e

I (az)

1
TxX3%5 ... @ni=1) X

% (Z)" 1n @)
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(Continued)

F (p) f(x)

1 Va z \V
(p2—a2)Vti/2 "’ r (v+_1_) (—a) Ty (az)
Rev> _1 ?

VT
Vpta ox
p+b l/m: +Va—b e
xerf YV (a—0b)z
—1= ! eox erf YV (b—a)z
(p+a) Vp+b Vi—a
3/12 (a—b)~3/2¢-bx erf Y (a—0b)z—
(p+a)"*(p+b) 2V .
Va(a—b)
1 a+b
e— 2 xI (a—b -‘l?)
Ve+a) (p+0) o\72
1 —b
(r+a) 2 (p+1)°? ze (7==)+

(p+a)!/(p+b)" Y2

+"( 7]

e_Tx {(a—b)xli X
X( a—;b z)+
+Hit+ @) 2l To (£572) }




(Continued)

F(p) f ()
(p—a)™ (p—b)"H, gviu-t eb% %
Re (v4+p) <0 I'(v+w
X 1Fq[v; v+u; (a—D) z]
In (p+a) [¥ (1) —Inz]emox,
pta T ()
YEO=T@
1
-l(l#_*‘ia)‘:l z[14T"' (1)—Inz] eax
In(p+a) _Inz4Ctlng .
Vpta Vnz
) C= —T'(1) is Euler’s constant
In (p+-a) ¥ (v)—In (2) V1gax
(p+a)¥ I'(v)
Rev>0
1 _ 0,0<<z<<a
) °, a>0 1,a<z
1 _ 1,0<z<<a
7(1~e ), a>0 0,a<z
1 0, 0<z<<a
— (e=aP —¢-b )
p (e7ap —e7op), { 1, a<z<b
0,b<z

0<a<gh
1
- (e7oP —e~bp),

0a<<h

z—a, a<<z<b

{ 0 l<z<<a
b—a, b<z

256



(Continuead)

B a=>0

{

F (p) f(x)
1 0, 0<<z<<2a
(eGP — ¢=bp)2
P (emap—e=om)?, z—2, 2a<<z<<a+bd
0<<a<d 2b—z, atb<<z<<2b
0, 2b<z
1 0, 0<z<<a
— e, g0 {
p+P e—ﬂ(x-a), a<z
Apt+p 0, O<z<a
e a=>0 { A cos [B (z—a)]+
! +ppisin[f(z—a)], a<z
Ap+p

0, I<z<a
A cosh [f (z—a)]+
+upptsinh [ (z—a)], a <z




Chapter 12

Isolating Singularities of a Function in the Fourier

Transformation

Computing Fourier integrals from the values of the
function f being transformed is based, just as computation
of the Mellin integral is, mainly on interpolation of the
function f by means of polynomials or rational functions,
the interpolation being carried out either throughout the
domain of integration or in its parts. The -accuracy with
which the integrals are computed depends both on the
rule that is chosen and on the properties of the function f;
ordinarily, however, the smoother the function f and the
faster it tends to zero as its argument goes to infinity, the
more exact the result that can be computationally obtained.

There are three directions in which we can carry out
a preliminary preparation of the function f to computation
of Fourier integrals:

(1) Improving the differential properties of the function f,
in particular, raising the order of its differentiability.

(2) Improving the smoothness of variation of the func-
tion f. A few examples will suffice to illustrate what this
means. The possibility of an arbitrarily exact and uniform
approximation of a continuous function by a polynomial
on a closed interval is well known. In certain cases, to attain
a given accuracy of approximation it is necessary to const-
ruct a polynomial of high degree with large and strongly
varying values of its derivatives. A difficulty of this nature
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is encountered even in the case of an analytic function f
when its singularities lie near the interval over which the
approximating polynomial is being constructed.

In cases of this kind, it is natural to attempt to simplify
the problem of approximation by a preliminary isolation
from f of the “singular, unsmooth part” so that the compu-
tations can be performed with the more smoothly varying
“remainder” . We have already encountered (in Sec. 11.2)
a problem of this kind concerned with increasing the smooth-
ness of variation.

(3) Accelerating the approach of the function f to zero
when |z | increases without bound.

We dwell here on two questions only: the removal of
discontinuities of the first kind and the acceleration of
approach to zero of the function undergoing transformation.

12.1 Removing discontinuities of the first kind

Let a function f be specified on an interval [a, b] and let z
be an interior point of this interval. Suppose that at the
point z the function f has a limiting value on the right,

fx+0) == ' lim f(2')

x'>x, x'’>x

and a limiting value on the left,
fz—0)= lim ()

x'ox, X<

If the values f(z + 0) and f (z — 0) exist but at least
one of them is different from f (x), then we say that f has
a discontinuity of the first kind at x.

If z is one of the endpoints of the interval [a, b], then
when determining the discontinuity we consider only one
of the limiting values: f(z + 0) or f(z — 0).

In almost the same way we determine discontinuities of
the first kind of the derivatives of the function f. For exam-
ple, consider the first derivative f* and assume that it exists
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at all points of some neighbourhood of the value z, with
the possible exception of the point z itself. Also suppose
that there exist the limiting values f’ (z 4- 0) and f’ (z — 0).
If it turns out that f' (x —0) =4/’ (x + 0), then we say
that the first derivative f’ has at the point z a discontinuity
of the first kind with the jump f' (z 4+ 0) —f' (z —0).

For the sake of definiteness, we take the cosine transform.
Suppose that f and its derivatives up to order m are every-
where continuous on the half axis [0, co) except at g points
Ty, Ty oo Zg (Bp=0<; <2, << ... <<zg) Where
they have discontinuities of the first kind. We denote by
kS the magnitude of the jump of /¥ (z) at the point z;:

kY =19 (2; + 0) — 10 (z; —0)
i=01,...,m; j=1,2,... 9

When it is necessary to remove the discontinuities only
of the function f, it suffices to introduce a piecewise con-
stant function F, (z) that is absolutely integrable on [0, oo)

and has the same jumps as f. For such a function we can
clearly take '

F, (x):i |E(z—z;) — 11K (12.1.1)
=

where E (z) is the “quenching function” (see p. 172).
On intervals of the half axis [0, o) between points of
discontinuity, F, has the values given below:

— (P B + .. ) =0, 0<z <z
— (P4 R =P, m<z<a,
__kq::;a(qm, .'L‘q_1<$<xq7
l O, Tl X
(12.1.2)
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The cosine transform of F, is found very easily:

oo q *y
5 F, (x)cos pzdz = | af S cos pz dz
0 j=1 xXj-1
1 - 1 <
1 (0 (gi —a —_ 1§ g
== 521 af® (sin pz;—sin pz;.y) = —— Zi K sin pz;
= i=

The difference @, () = f (z) — F, (z) is everywhere con-
tinuous except at the points z;, and at these points for it we
have @ (z; + 0) = o (z; — 0). If we redefine it at the
points z; by putting @, (z;) = @, (z; + 0) there, it will
be continuous everywhere on the half axis [0, oo).

Since outside the points z; the function F, (z) is piecewise
continuous, it follows that everywhere, except at the points
z;, the derivatives of all orders of ¢, (z) and f (z) coincide
if the derivatives of f exist.

If we wish to remove from f only the discontinuities of
the first derivative f* while leaving unchanged the discon-
tinuities of the function f itself and of its derivatives above
order one, we can take advantage of the function!

F@=3 (Ee—z) 114 e—z) (1203

It is piecewise linear and continuous on [0, oo) and becomes
identically zero when z > z4. The first derivative of it,

q
Fi(@)= 3 IE(@—z) — 11K

is piecewise constant outside the points z; and at these
points it has jumps equal to the quantities £{".

1 The reasoning behind the construction of F; (z) is so simple
that we omit’it.
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The dlfference ¢, () = f () — F; (z) will have a deriv-
ative ¢; () everywhere for =z = T Gj=1, 2 o Q).
Besides, at the pomts z; we have ¢ (z; + 0) = @ (x, —0)
and if we redefine ¢; (z) at the points z; by putting @; (z;) =
= @, (z; + 0) there, the function @; () will be continuous
on the half axis [0, oo).

The cosine transform of the function F; (z) is found by
means of simple manipulations. Since

5 [E (x —z;) —1] (x— x;) cos px dx

J
= 5 (z;— x) cos pxdx :A%(i — cos px;)
0
it follows that

S Fy(x)cos prdx
0

=) k¥ S [E (x —z;) — 1) (z — z;) cos pzx dz
0

q

1
=—r QK (1—cospz)  (12.4.9)

Also note that the difference

Qo (2) =1 (2) —Fy (z) —F, (2)
will have the following properties: @ (z; + 0) =
= Qo1 (z; —0), @g (x; + 0) = g5, (z; —0), and if @, is
redefined at the points z; by the equations g (z;) =

= @g; (z; + 0), then @, will be continuously differentiable
for x >0
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These arguments can be continued. For any i = 0, 1,
.., m put
zj)t
Z [E ( x—zj)—n KD (12.1.5)
=1

Such a function F; is continuously differentiable with
respect to x up to order i — 1 inclusive, and the derivative
of order i for z #z; (j =1, 2, ..., gq) has the value

q
FP () =2 [ (z—a) — 11K
].—

and is a piecewise constant function with jumps at the
points z;, the magnitudes of the jumps being respectively
kY. The equation F{” (z) = 0 holds for z > z,.

With the aid of F; (z) we can remove from the function f
the jumps of the ith derivative.

Now if we put

Por...m (@ =F(@)=IFo () 4+ Fy(2)+ ... +Fp (2)]

and then redefine @ ..., at the points z; by setting
Por....m () = Gor...m (¥, -+ 0), we_ get a function that is
m times continuously differentiable on [0, oo). In this way
we remove the discontinuities in f and its derivatives up
to order m.

12,2 Increasing the rate of approach to zero of the
function undergoing transformation

Suppose f (z) tends to zero exponentially so that for
a certain s we have (z + a)*f(z) > C %0 (a > 0).
many cases the parameter a, which depends on the beha-
viour of f near the origin, can be taken equal to unity.
The function f can be represented as

/@) =G +h@
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where f, (z) tends to zero faster than f (x) because (z 4+ 1)* X
¥ fi () >0 (z— o).

The exact Fourier transform of the principal part
C (z + 1)™® of the function f may be found by the method
indicated in Chap. 10.

If it turns out that the rate of approach to zero of f; is
not sufficient for the Fourier transformation to be carried
out, an attempt can in turn be made to isolate the principal
part from f,. Its aspect depends on the properties of the
function f; but it may turn out that f,, like f, tends to zero
by a power law and from f; it is possible to isolate the
principal part of the same type but with different values of
the) parameters C and s. By performing the operation of
isolating the principal part several times, it is occasionally
possible to construct a representation of f of the form

C C m
f@)=—=C 4 & 4 lnd¥n@
(z+a)?t  c(ztay)? (z4+am) ™

where
< <8, << ...<sp and 7y, (x) >0 (z— oo)

Now suppose that f tends to zero exponentially as £ — oo
and there exists a positive number a such that e**f (z) —
— C 5£0. Then for f it is true that

f(@) =Ce=+f; (2) (2>0)
[Tere, f; (z) tends to zero faster than f (x) so that the first
lerm of the right side, Ce—%*, is the principal term.

The Fourier transformation of the principal term is ful-
filled exactly:

o

oo

—-ax —_—e—
Se cos pr dz P
0

e=%*sin pz dx :a“——lrip“— (x>0)

CL’38
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In Part Three we have discussed only the very simplest
problems of preparing the function F (p) to inversion of
the Laplace transform and of the function f (z) to the Fourier
transformation. We believe this to be sufficient for the
reader to get a general idea of preparation. Actually, what
the preparation amounts to is this: one isolates from the
functions F (p) and f (z) the singular or principal parts
such that we can perform the computations for them with
sufficient simplicity and arbitrary exactness.

This problem of isolation is not a standard one and if
the reader encounters a case that is more complicated
than those given in this book, we refer him to other texts
that may be of help in preparing computations for a large
number of cases (see [2] and [7]).
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Harmonic analysis and the Laplace transformation are tools that

are frequently used to solve a wide range of theoretical

and applied problems. This text, contains most of the familiar methods
of approximate inversion of the Laplace transformation

and calculation of Fourier integrals.

This book is designed for scientists and engineers that have

to deal with the theory and applications of the Laplace transform
and Fourier integrals.

It will be a useful handbook in every computer centre

and designing bureau.
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