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Preface

The problem of approximate computation of inverse 
Laplace transform^ and, in particular, numerical inversion 
arose out of the need to obtain a numerical solution where 
existing tables of functions and their transforms (images, 
or image functions) do not enable one to obtain the original 
function from the image function or require excessive com­
putation.

Many methods of inversion have been constructed over 
the past two decades but they are still scattered among 
specialized journals and books and, as a rule, are not gene­
rally known. As far as the authors know, there are no books 
in the scientific literature that contain a systematic pre­
sentation of all these methods.1

The authors’ purpose here has been to write a book with 
n full description of the present state of the inversion problem 
und to make the text useful for problem solving with the 
help of the Laplace transformation. The first aim was rela­
tively easy to attain since the literature on the inversion 
problem is still slight and comparatively easy to survey.

1 In a way, reference [13] is an exception, but its purpose was 
merely to unite all known auxiliary numerical tables connected with 
computing the Mellin integral. The mathematical theory of inver­
sion of Laplace transforms is given only briefly, in the form of ex­
planations to the tables.
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As to how useful this text will actually be, only time will 
show, but the authors believe that a few remarks are in 
order. Most important undoubtedly is the remark that the 
problem has not been investigated with sufficient thorough­
ness and the results obtained are still small in number. For 
those readers who are not acquainted with the problem of 
inverting Laplace transforms, a few explanatory remarks 
should be made. What follows is a nonrigorous (but picto­
rial) presentation.

The inversion problem is merely the problem of finding 
the solution / (x) of an integral equation of the first kind:

00
1 f (x) e~p* dx = F (p) (*)J0

where F (p) is taken to be a known function of the complex 
argument p, the function being analytic in a certain half­
plane of the form Re p >  y (y <  oo).

The equation (*) is the Laplace transformation of the 
function / (x) into F (p). The kernel of the integral, e~px, 
is an entire analytic function of the arguments x and p 
with smooth variation, and the operation of integration 
which performs the averaging of / with weight e~px can 
appreciably smooth the peculiarities in the behaviour of the 
function / being transformed.

In the inversion problem, one uses the image function 
F (p), which, due to its analyticity, varies very smoothly, 
to restore all possible irregularities in the behaviour of the 
original function / (#). It is therefore to be expected that 
the apparatus used to solve the inversion problem cannot 
be simple and rough but must be complicated and sensitive
10



ovon to small nuances in the behaviour of F (p) in order to 
perform the delicate work of recovering the original func­
tion / (x).

Note yet another property of the inversion problem—the 
instability of the original function / relative to small varia­
tions in the image F. This instability is evident from a glance 
at the transformation (*). Indeed, suppose / is the given 
original function and F is the corresponding image function. 
Subject / to any change, even a strong one, but over a very 
small interval. Call the new original function /x. Such 
a change will hardly affect the integral and will alter the 
image function F (p) only slightly, so that the new image 
function Fx (p) will be close to F (p).

We could have constructed a new original function fx 
by changing / on many intervals (instead of one) of the half 
axis 0 ^  x <  oo, but in a way that the total sum of the 
lengths of these intervals is a small quantity, for it will 
still be possible to make the new image function Fx (p) as 
close to F (p) as desired so that to the close-lying image 
functions F (p) and Fx (p) there will correspond the original 
functions / (x) and fx (x) that differ radically over many 
intervals of the half axis 0 ^  x <  oo.

We can now give a more complete explanation as to why 
and in what respect the content of this text is to be regarded 
as insufficient and we can attempt to indicate the reasons 
why we believe that these defects will hardly be removed 
in the near future.

At the present time we stand at the beginning of the 
construction of a theory of approximate inversion of the 
Laplace transform. In most published papers we find either
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modifications of familiar methods of computation or newly 
devised computational schemes that have no counterparts 
in the past. Instances of the former kind are methods of 
computing the complex Mellin integral based on the idea 
of interpolation or the idea of Gauss of attaining the highest 
possible degree of accuracy, and others. Now the use of 
orthogonal polynomials for inversion appeared only in con­
nection with the Laplace transformation and did not have 
closely related analogs in the past.

The construction of a computational method or any indica­
tion of the possibility of construction is only the first step 
towards constructing a theory of the method. The steps 
that follow include determining the conditions of convergence 
of the rule and the rate of convergence, finding estimates of 
a priori and a posteriori errors, elaborating ways of improving 
convergence if it is not sufficiently fast, and so on. Such 
investigations of the inversion problem are particularly 
important due to its instability.

As the reader will see from the contents of this book, few 
results of this kind have been obtained, and then only in 
the simplest cases.

The main reasons that hamper a rapid solution of the 
problems at hand are those two properties of the inversion 
problem that were mentioned above: the unavoidable com­
plexity of the mathematical apparatus involved in inverting 
Laplace transforms and the instability of the inversion 
problem relative to variations in the functions F, which 
instability must give rise to some form of instability in any 
computational process of the solution of this problem.

The fact that the rules for approximate inversion of
12



transforms have not been studied with sufficient thorough­
ness makes this handbook incomplete in many respects. 
11 is hard to expect a rapid improvement in our knowledge 
in these questions in the immediate future, and so for some 
years to come this book will most likely remain incomp­
lete.

So far we have spoken only of inverting Laplace transforms 
and have not mentioned harmonic analysis at all. This is 
because in this book harmonic analysis is touched on only 
to the extent that it is connected with the inversion problem; 
namely, we have taken from harmonic analysis only such 
problems involving computation of Fourier integrals as are 
closely related to inverting Laplace transforms; and comput­
ing Fourier integrals is for us one of several possible ways 
of solving the inversion problem. For this reason, all that 
has been said about inversion refers also to computing 
Fourier integrals.

This text is aimed at a broad category of readers engaged 
in the theory of the Laplace transformation or its scientific 
and technical applications. For this reason, the authors did 
not strive for particular brevity in presentation and attempt­
ed to make the text accessible to nonmathematicians as well. 
It is assumed the reader has a basic knowledge of analysis 
and the theory of functions of a complex variable as given 
in any extended college course of mathematics.

13
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Part One

INVERSION OF THE LAPLACE 

TRANSFORMATION

Chapter 1 

Introduction

1.1 Basic concepts in the theory of the Laplace transformation
The past few decades have seen particularly frequent and 

successful use of operational methods on the basis of the 
Laplace transformation applied in mathematics, mechanics 
and engineering. These methods have found extensive appli­
cations in the theory of thermal conductivity, in electric 
and radio engineering, in the study of nonstationary pheno­
mena in electric networks, in problems of the dynamics of 
automatic control systems, in the theory of linear differen­
tial, integral, and difference equations, and in many other 
problems.

The operational method of problem solving may be divided 
into four stages:

(1) one passes from the desired original function / (t) to 
Ihe image function F (p);
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(2) operations are performed on F (p) that correspond 
to operations on / (t); an equation in F \p) is then obtained 
which frequently turns out to be much simpler than the 
equation in the original function; for example, an ordinary 
differential equation is replaced by an algebraic equation, 
a partial differential equation is replaced by an ordinary 
differential equation, and so forth;

(3) the image equation thus obtained is solved for F (p);
(4) from the image function F (p) thus found one passes 

to the original function / (£), which is the desired func­
tion.

In many cases, the most difficult stage is the fourth,
i.e. finding the original function / (t) from the image func­
tion F (p), or computing the inverse Laplace transform. 
Extensive tables of correspondences between original func­
tions and image functions are available so that one can find 
the original function from a given image function. However, 
these tables do not by far encompass all cases that may be 
encountered in practice and, what is more, it often happens 
that the original function is expressed in terms of very 
complicated functions that are hard to compute and are 
not always tabulated. Then it is either impossible or unde* 
sirable to find the exact original function. This necessitates 
the construction of approximate methods for computing 
inverse Laplace transforms that permit finding the original 
function in a broad class of cases. These methods are dis­
cussed in Part One of this text.

Let us now recall certain familiar facts concerning the 
theory of the Laplace transformation.

Given on the half axis 0 ^  t <  oo a function / (t) that 
is integrable1 with its absolute value on any finite interval 
Ia, b] (0 <  a <  b <  oo).

16

1 Here and henceforth we assume the Riemann integral.



Let us introduce the complex parameter p = a +  ix 
and define the Laplace transform of the function / by

00

F(P)= j f(t)e~P‘dt (1.1.1)
0

Mere, the value of the improper integral over the half axis 
[0, oo) will be taken to mean the limit to which the integral 
over the finite interval [0, B] tends as B ->oo, so that

oo B
\ f (0 e~vt dt=^ lim \ f (t) e-P* dt (1.1.2) 
Jo Jo

We say that-the Laplace transformation is applicable to the 
function f for the value p of the parameter if for that value of p 
the integral (1.1.1) converges.

It can be verified that if the transformation (1.1.1) is 
applicable to / for p = p0 = a0 +  ix0, then it is applicable 
to / for any value p = a +  ix for which Re (p — p0) =
— a — a0 >  0. Indeed, consider the function cp (£) =?
= j f (u) e~p°u du. If the integral (1.1.1) converges for 

oP = Po> then (p (t) has a finite limit lim cp (t) and conse-
t-+ oo

quently is bounded on the half axis 0 t <  oo:

I <p (0 I <  Q <  °°
To prove the convergence of the integral (1.1.1), we take 

advantage of the Bolzano-Cauchy criterion. Take three 
arbitrary positive numbers a, b, c and assume Re (p — p0) =
— a — g0 ^>c. In the computations given below we made
2 - 0 2 8 1 17



use of integration by parts:
a-\-b o-j-b
| | =| j  e-(p-Po)' dy (t)

a-f-6

cp(t) 6?“(p-Po)Hafb-f (p — p0) [ <p (t) e - t v - V o ) 1 dt I
[a J  |

a
oo

<e-«=“.2(? +  | p - p 0|<? J e-ct^  = r “(2+  |p~ Po1 ) Q

The last term in this chain of relations does not depend on b 
and for any fixed p (as a increases) becomes less than any 
preassigned positive number. Therefore the Bolzano-Cauchy 
criterion holds true for the integral under the limit sign 
in (1.1.2), and the integral (1.1.1) converges.

Moreover, let p vary in a bounded closed region D lying 
inside the hatf-plane Re p >  a0. Clearly, for p £ D there 
exist numbers c and M such that the following inequalities 
hold true: Re (p — p0) = a — a0 ^  c and I p — Po I ^  Af. 
From the inequalities thus obtained it follows that the 
Bolzano-Cauchy criterion will hold uniformly with reSpect

b
to the parameter p in D. Since the integral j  / (t) e~pt dt

ois clearly an entire analytic function of />, it follows, from 
its uniform convergence in D to the integral (1.1.1), that 
F (p) is an analytic function regular in D and since D is 
any interior region of the half-plane Re p >  or0, the function 
F (p) is regular throughout this half-plane.

We now consider the set E of all real values p = a of the 
parameter p for which the Laplace transform (1.1.1) is 
applicable to the function /, and denote by y the lower bound 
(the greatest lower bound of the values a) of this set:

y = inf a
E

18



The value of y is determined on the basis of the following 
facts.

1. When y has a finite value, we can say that the Laplace 
transform (1.1.1) is applicable to / throughout the open half­
plane Re p >  y, and F (p) is a regular function of p at least 
in this half-plane and will not be applicable to / for a single 
value of p in the half-plane Re p <  y.

2. When y = — oo, the Laplace transform (1.1.1) is 
applicable to / for any value of p and F (p) is a regular 
function over the entire complex plane p.

3. When y = +  oo, the Laplace transform (1.1.1) is not 
applicable to / for any value of p.

The number y may be called the boundary of the index 
of convergence, and the straight line Re p = a = y the 
boundary of the region of convergence of the Laplace trans­
form.

In this connection, one ordinarily refines the concept 
of the original function. The function / is called the original 
function if it has the following properties:

(1) / is defined on the axis — oo <  t <  oo and is integrable 
with absolute value on every finite interval;

(2) the function / vanishes for t <  0;
(3) the Laplace transform is applicable to / for at least 

one value of p.
The following theorem holds true.
Theorem 1. To every original function f there corresponds 

a number y (— oo y <  oo) such that the transform (1.1.1)
is applicable to f for any p, where Rep = a >  y; here, F (p) 
Is a regular function in the half-plane Rep = a >  y. The 
transform (1.1.1) is not applicable to f for any value of p for 
which Re p <  y.

The function F is called the Laplace image function 
of /.

It is sometimes difficult to find the value of y. There is 
n simple procedure for estimating the upper bound of y 
in many cases.

2* 19



Theorem 2. If there are two numbers M (0 ^  M ^  oo) 
and a ( — 00 <  a <  00) such that for any t 0 the inequality

1/(0 | <  (1.1.3)
holds true, then a y.

Proof. Let Re p = a >  a
00 00 00

J|/(0«“P'|*=  jl/(OI«“0' = <  00

0 0 0
Thus, for any real value p = a exceeding a, the integral 
(1.1.1) will be absolutely convergent, and since y is the 
lower bound of such values of p , it must be true that y ^  a, 
which completes the proof.

The condition (1.1.3) holds for a broad class of functions, 
in particular for most functions encountered in applications; 
for this reason, the original functions / are frequently defined 
somewhat differently: namely, the first two properties are 
retained, while the third is replaced in the following fashion. 

There exist two numbers M and a such that the inequality
1/(0 1C Me**, 0 <  t <  00

is valid.
Also note the variation of the image function F (p) as the 

point p goes to infinity. A sufficient theorem for what follows 
is

Theorem 3. If the integral (1.1.1) converges absolutely for 
the value p = p0 = a0 +  î o* then F (p) tends to zero as p 
goes to infinity by any law as long as p remains in the half­
plane Re p = a >  a0.

Proof. Let p = a +  ix and a ^  cr0. By assumption, the 
integral (1.1.1) is absolutely convergent for p 0 = a0 +  i*o 
and so it will converge for the value of p that is taken. 
Take a positive number A whose value will be determined
20



below and split the integral (1.1.1) into two summands:
oo A oo

F (p) = j  / (t) e- ? 1 dt= j  f(t) j  / (t) e~P* dt = I 1 -j- I 2

0 0 A

First estimate the second integral:

|/2|< j  \f (t) e ^ f d t^  jj f(t)e~Pot\dt
A A

If we have an arbitrary positive number e, the number A 
can be chosen so that the last term of the inequalities is less 
than 6/3. Then we have | /2 | <  e/3 for any value of p for 
which Re p — a ^  a0* Therefore it suffices to be sure that Ix 
tends to zero as p — oo.

The function / is taken to be absolutely integrable on 
any finite interval, say on [0, A], and therefore there is 
a function- g (t), defined and continuously differentiable 
on [0, A], for which the following inequality holds true:

A

0
For the integral I x we have

A

0

A

dt +  j  g (t) dt = /3 +  /4
o

The integral I 3 may be estimated as follows:
A A

\h\<\\f(t)-g(t)\e-°‘d t^  j \f(t)-g(t)\e-°.*dt<±
0 0To estimate /4, first perform the integration by parts:

h  = -  — g(t)e-pt A

0

A

+_p J 8' W e~ptdt0
21



Then
|/.K -I£r ll«<0)|+|*M)|«-'v1]

0
A

^  = k(0)| +  |*M)|e-°.A+ J \g' (f)|e-V dt
o

If \p\~>ZMIz, then |/4|<;e/3 and

|/iKI/3 l + |/4|<4 e
Finally, if we take advantage of the estimate of /2 obtained 

above, we can say that when | p | >  3Mis the inequality

|^(p)|<|/i| + |/2| < 4 e+ T 8 = 8
will hold for F (p), and since e is an arbitrary positive 
quantity, it follows that lim F(p) = 0 (Rep = o!>-ao).p-̂ OO

1.2 Complex integral for computing inverse Laplace transforms
We now give one of a number of possible general methods 

for computing the inverse Laplace transform when such an 
inversion is given with the aid of a complex integral in 
which the integration is carried out along some straight 
line parallel to the imaginary axis of the complex plane4 

To obtain the rule for inversion we will proceed from the 
Fourier double integral. Given on the real axis t ( — oo <  
<  t <  oo) an arbitrary function g (t). We say that the 
function g is representable by a Fourier double complex 
integral if for all values of t (—oo <  t <  oo) the following 
equation1 holds true:

1 The conditions that are sufficient for representing a function 
by the Fourier integral are given in Chap. 7.

22



oo oo
4-[^(i + °) +  ̂ (f—°)]=-^r j  eixt j  g(x)e-ixxdxd% (1.2.1)

This equation is called Fourier's formula.
The inner integral with respect to the variable x is as­

sumed to be absolutely convergent for all t , which is clearly 
equivalent to the absolute integrability of g (t). The outer 
integral is regarded in the sense of the principal value, that 
is, as the limit of the integral taken along the interval 
[—6, 61 symmetric relative to the point % = 0 provided 
6 — oo.

Let us establish a connection between the Fourier formu­
la (1.2.1) and the inverse Laplace transform. Suppose that 
/ (t) is an arbitrary original function and that for a certain 
value c the product / (t) e~ct is an absolutely integrable 
function on the half axis [0, oo). Suppose g (t) = / (t) e~ct. 
Note that for negative t the function / and, hence, g (t) 
are equal to zero:

We assume that g (£) can be represented as the Fourier 
integral (1.2.1). To simplify notation, we will assume that 
at the discontinuity points of g (t) the following equation

This condition only slightly alters the problem, since the 
sot of discontinuity points of / and g is of measure zero and 
altering their values on such a set will not affect the magni­
tudes of the integrals. It clearly holds at all points of conti­
nuity of g (t). The Fourier formula for the function g takes 
the form \

— oo — oo

holds:

oo oo

-  oo 0

23
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/(£) = -r̂ - j  e(c+iT>* j  f (x) e~̂ c+ix̂ x dx dx (1.2.2)
- o o  0

Let us consider the Laplace transform of the function /:
oo

F(p)=\f{t)e~vtdt
0

Due to the absolute integrability of / (t) e~ci, on the straight 
line p = c +  ix (—oo <  t  <  °°) the transform converges 
for all t and, hence, it will converge in the half-plane 
Re p = o ^  c. Besides, F (p) will be a regular analytic 
function for Rep = a >  c.

The value of the image function F (p) is of interest 
when a = c:

oo

F(c~\-i%)= j  / (t) e-(c+iT)* dt 
o

The image function F (p) stands under the sign of the inner 
integral in (1.2.2) so that for / (t) the equation

oo

f (£) = -A- ^ F (c -j- ix) e(c+iT)* dx
— oo

holds true. This is exactly the representation of the original 
function / in terms of its image function F; it is preferably 
written with the aid of the complex variable p — a +  ix. 
On the straight line p — c ix (—oo <  x <  oo) we ha^e 
dp = i dx, and the resulting equation becomes

c+ io o

= J p (P)ePidP (1.2.3)
C- io o

This is called Meltin's formula.
The foregoing enables us to regard the following theorem 

as proven.
24



Theorem 4. Let the original function f (t) be such that 
for any value c the function g (t) = f (t) e~ct satisfies the 
conditions:

(1) g (t) is absolutely integrable on the half axis [0, oo);
(2) g (t) is representable by the Fourier double integral.
Then the representation (1.2.3) of the original function f

in terms of its image F is true; it is assumed here that the fol­
lowing equation holds at the points of discontinuity of f:

Thus the problem of computing the inverse Laplace trans­
form reduces to the problem of computing the contour inte­
gral (1.̂ .3) of a certain regular function. Since it is by far 
not always possible to find an exact expression of the inte­
gral (1.2.3) in terms of known functions, one can attempt 
to set up rules for obtaining it numerically. But this is 
a hard problem since, firstly, the contour of integration in 
the integral (1.2.3) is infinite and, secondly, the integrand ept 
oscillates on the-line of integration, these oscillations being 
the stronger, the greater the value assumed by the para­
meter t.

On the other hand, the function F (p) under the integral 
sign is not an arbitrary function but is an image function 
with all the properties that were mentioned above. This 
somewhat simplifies computing the integral (1.2.3) since 
the properties of the image function F (p) may be taken into 
account beforehand when setting up rules for a numerical 
inversion of the Laplace transform.

Setting up rules for computing the Mellin integral (these 
take into account the properties of the image function) will 
bo discussed in Chapters 4 to 6.
1.3 Representing functions by the Laplace integral

Wo list the conditions that are sufficient for a given 
I'mietion of a complex variable, F (p), which is analytic in
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the half-plane Rep > a, to serve as the image function of 
a certain original function; that is, so that it can be repre­
sented by a convergent Laplace integral. 

Let us first recall, without proof, certain facts from the 
theory of functions of a complex variable that we will need 
in the sequel. 

Jordan's lemma. If on a certain sequence of arcs of circles 
eR ' I p I = Rn, Re p < c (Rn-+ oo, c is fixed), the function n 
F (p) tends to zero uniformly with respect to arg p, then for 
any positive t 

lim ) F (p) ePt dp = 0 
n-+oo 0 

Rn 

(1.3.1) 

If the same conditions hold on the sequence of arcs of circles 
eR , I p I = Rn, Rep> c, then for any negative t n 

lim \ F(p)ePtdp=O. (1.3.2) 
n-+oo J 

c' Rn 

Theorem 5 (Cauchy's theorem). If a function f (z) is analy­
tic in a simply connected domain D, then the integral of the 
function along any closed contour e lying in D is equal to zero: 

) f(z)dz=O. 
c 

Theorem 6 (residue theorem). Let a single-valued function 
f (z) be continuous on the boundary e of a domain D and be 
everywhere analytic inside this domain, except for a finite 
number of singular points a1, a2, . . • , an· Then 

n 

) f (z) dz = 21ti ~ res f (ak) 
c h-1 

(1.3.3) 

where res f (a) is the residue of the function f at the singular 
point a. 
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The residue of the function f (z) at a pole of order n may 
be found from the formula 

1 . an-1 n 
resf(a)= (n-i)l ~~~difl-il(z-a) /(z)] (1.3.4) 

For poles of the first order the formula (f.3.4) can be simpli­
fied to 

res f (a)= lim [(z- a) /(z)l (1.3.5) 

Here, if in the neighbourhood of the point a the function f (z) 
is defined as the quotient of two analytic functions at this 
point, 

f (z) = cp (s) 
11> (•) 

and <p (a) =F 0 while '\j) (z) has a zero of the first order at a 
(that is, '\j) (a)= 0, 'lj)' (a) =rf:O), then (1.3.5) can be replaced by 

f( 1. cp(s) l' cp(z) cp(a) 3 
res a)=,.:~ 11> (s) (z- a)= .~~ 'I> (z) -11> (a) = 11>' (a) (1. .6) 

•-a 
Now let us return to the proof of the theorem on the repre­

sentability of F (p) by the Laplace integral. 
Theorem 7. If the function F (p) is analytic in the half­

plane Re p > ex. and tends to zero as I p I -+ oo tn any half­
plane Rep ::;;:::. c > ex. uniformly with respect to arg p, and 
the integral 

o-f-ioo 

J F (p) dp (1.3. 'Z) 
o-'oo 

converges absolutely, then F (p) is the image function of 
c+ioo 

f (t) = 2~1 J F (p) ePt dp (1.3.8) 
c-ioo 

which means it ca1~ be represented by the convergent Laplace 
integral 
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F(P)= j  e-J«f(t)dt
0

for Re p >  c; here the Laplace integral converges absolutely.
Proof. Take a number p 0 such that Re p 0 >  c; then from

(1.3.8) it follows that
OO OO C+io°
j  = j  c-p.'( j  ePtF(p)dp)dt (1.3.9)
0 0 c - i o o

Consider the inner integral. In it, p = c -f iy, dp = i dy 
and hence it can be rewritten as

c-j-ioo oo

j  ePtF (p) dp = iect j  e^F  (c -{- iy) dy
c - i o o  - o o

Let us estimate the last integral:
oo oo

I j  e^F ic +  iy) di/|< j  \F(c+iy)\dy (1.3.10)
- o o  - o o

By virtue of the conditions of the theorem, the integral
(1.3.7) is absolutely convergent and so the integral on the 
left of (1.3.10) converges uniformly with respect to t and, 
hence, we can interchange the order of integration in (1.3.9):
oo c- fioo oo

j  e-Mf (t) dt = — ■ j  F (p) dp j  efr-p.x dt
0 c - io o  0

c4-i°°

= — 77-^ ( F ̂  dp (1.3.11)2m J p—Po r ' '
C- io o

The last equation is true since the inner integral converges 
due to the fact that Re (p — p0) <C 0 and t >  0.

Consider the arc C'R: | p | = R, Re p >  c. By the theo­
rem, on this arc max I F (p) | = aR -*■ 0 as R oo and
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hence
F(P)
P — Po

dp OLr
R—I Po I nR

c 'r
nnd this integral too tends to zero as R oo. From this it 
follows that the straight-line path of integration in (1.3.11) 
can be replaced by the closed contour CR made up of the 
arc CfR and the line segment [c +  ib, c — ib] traversed 
downwards. Then the formula (1.3.11) can be written as:

J e--‘f «><# = ■
) 0

We drop the minus sign since we have changed the direction 
along the straight line. We compute the integral in the 
right member of (1 3.12) by using the residue theorem. The
f u n c t i o n i n s i d e  the contour CR has only one singular 

P — Popoint—a pole of the first order at the point p = p0. Its 
residue at this point can be computed from (1.3.6) and will 
be equal to F (p0). Then from (1.3.3) we find

' oo

j e-v,tf{t)dt^F{p0) (1.3.13)
0

And since p 0 is any point of the half-plane Re p >  c, it 
follows from (1.3.13) that F (p) is a convergent Laplace 
integral for all p for which Re p >  c. Later on we will show 
that this integral is absolutely convergent as well.

We will now show that if the conditions of the theorem 
are fulfilled, then / (t), which is represented by the integral 
(1.3.8), will have property (2) in the definition of an original 
function. Indeed, for t <  0, we have by the Jordan lemma

lim [ePfF(p)dp = 0
R~+ oo

CR \
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Hence, the straight-line path of integration in the formula
(1.3.8) may be replaced by the contour CR which was defined 
earlier. Then, for t <  0, we get, by the Cauchy theorem,

J ePtF(p)dP=°
cn

since the integrand is analytic inside CR. Hence, property (2) 
is fulfilled for /. Besides, we will show that a condition of 
the form (1.1.3) is fulfilled for the function / when a = c. 
Indeed, from (1.3.8) follows

C-fioo

l ^ l = |"ST [ evtF{p)dp\
0—ioo

oo

j  | F(c-\- iy) | dy--= Me*1 (1.3.14)
— oo

so that the inequality (1.1.3) holds.
Let us now return to the integral (1.3.13) and show that 

it converges absolutely. True enough, let pQ = x0 +  iyo> 
then by virtue of (1.3.14) and the fact that x0 >  c,

00 oo

j  I e-P>*f (<) I M j  r(v«)< dt =
0 0

1.4 Ill-conditioning of the problem of computing inverse 
Laplace transforms

The problem of recovering the original function / (t) 
from the operational image function F (p) may be regarded 
as a problem in solving the first-order integral equation

oo

j  e-ptf {t) dt = F (p)
0

30
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which belongs to the class of what are called ill-conditioned 
problems. These problems have two properties that greatly 
complicate their solution: they are not solvable for all 
values of the numerical or functional parameters defining 
their solution, and small variations in these parameters may 
he associated with a large change in the solution (the insta­
bility of such problems was mentioned in the preface and 
we are compelled to repeat some of the things said there). 
We now give a more detailed explanation of these properties 
for the problem of computing inverse Laplace transforms 
and for the associated integral equations.

For the sake of definiteness consider the case where the 
image function F (p) is known on the real half axis p >  a 
and the argument p is a real variable. The equation (1.4.1) 
does not have a solution for all functions F (p) that are 
continuous or even smooth when p >  a. In particular, it 
is unsolvable if F (p) is not an analytic function whenp >  a. 
Now suppose that F (p) is the image function of some func­
tion / and the equation (1.4.1) is, hence, solvable. Replace 
/ (t) by some other function /x (£) that differs from / (t) 
by a perturbation of large magnitude on a rather small 
interval and is coincident with / (t) on the remaining portion 
of the half axis [0, oo). The new original function will be 
associated with the image function Fx (p) that differs but 
slightly from F (p) for arbitrary p >  a. Hence, to a small 
change in the right-hand member of (1.4.1) there can corre­
spond an arbitrarily large variation in the solution / in 
a uniform metric. It can be demonstrated that a similar 
situation will obtain in other metrics.

The ill-conditioning of the problem of solving equation 
(1.4.1), which is equivalent to computing the inverse Laplace 
transform, can complicate the numerical solution but does 
not make it impossible. To the solution of equation (1.4.1) 
wo can apply the regularization methods developed by 
A. N. Tikhonov, V. K. Ivanov and others. We will not dwell 
o n  these methods here.
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Chapter 2

Some Analytical Methods for Computing Inverse Laplace

Transforms

2.1 Finding the original function via the inversion formula
It was shown in Chap. 1 that if f (t) is the original function 

and F (p) is the Laplace image function, then to compute 
the original function from the image we can take advantage 
of the complex integral

where c is the abscissa in the half-plane of the absolute 
convergence of the Laplace integral. True, it is rather 
difficult to utilize (2.1.1) for a direct computation of / (t), 
since it requires a knowledge of the function F(p) for com­
plex values p = c -f iy (— oo <  y <  oo) and the integral 
is improper with an oscillating kernel. But since (2.1.1) 
is an integral of an analytic function taken along a contour 
in the complex plane, it can be transformed by applying 
familiar methods of the theory of functions of a complex 
variable, for example, by changing the path integration, 
computing residues, and the like. In certain cases such 
transformations permit obtaining an expression of practical 
convenience for the original function, from which we can 
extract important properties of the function defined by the 
complex integral.

c-hioo
(2.1.1)

c-ioo
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0| The methods of computing the original function with the 
iiid of such transformations of the complex integral (2.1.1) 
will be considered in the following subsections.

2.1a. Expansion of the original function in series in 
terms of exponential functions. For an important class of 
image functions F (p) we can obtain a series expansion of 
the original function whose terms correspond to the singular 
points of the image functions. Namely, the following theorem 
holds true.

Theorem 1. (1) Let the function F (p) be meromorphic; 
(2) let the function F (p) be analytic in some half-plane Re p >  
!> a; (3) there exists a system of circles

i Cn l | p | = ^1 7?2 • • • (Ltn 00 )
on which F (p) tends to zero uniformly with respect to arg p;

c-f-ioo

(4) for any c >  a the integral j  F (p) dp converges
C—i  oo

absolutely.
Then for the original function of F (p) we have

f(t) =  '%TesF(p)evt (2.1.2)
Ph p*

where the residues are computed with respect to all poles of 
the function F (p) and the summation is over groups of poles 
lying in the annular regions between adjacent circles Cn.

Proof. Under the conditions of Theorem 1, Theorem 7 of 
Chap. 1 holds true; according to Theorem 7, Chap. 1, F (p) 
is the image function of

c-fioo

/W=2^- J ***<P)*P (2.1.3)
c- io o

Denote by C’n the portion of the circle Cn to the left of the 
straight line Re p = c, by c ± ibn, the points of inter­
section of this straight line with the circle Cny and by
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rn, the closed contour that is made up of the section 
Ic — ibnJ c +  ibn 1 and the arc C'n and is traversable counter­
clockwise. Since by the Jordan lemma, for t >  0,

lim [ eptF (p)dp = 0
n->oo J

Cn
the integral in (2.1.3) can be replaced by the following 
integral:

/ if) =  lim —  j  eptF (p) dp (2.1.4)
7̂1

Now, applying the Cauchy residue theorem, we get 
/ (t) = lim 2  res F (P)ePt

n->°o (rn) Pk

where the residues are taken at all singular points of F (p) 
lying inside Tn. The equation thus obtained proves the 
theorem.

2.1b. Special cases of expanding the original function in 
series in terms of exponential functions. We consider the 
case where F (p) is a rational fractional function. We 
then have

Theorem 2. If the function F (p) = is rational frac­
tional and the degree of the polynomial A (p) is less than that 
of the polynomial B (p), then its original function is

I «> = i  ““ (P)(P- p.)"* «”'} (2.1.5)

where pft are the poles of F t(p), and nk are their multiplicities, 
and the sum is taken over all poles.

Proof. First of all note that F (p) is an image function. 
This follows from the theorem on the partial-fraction expan­
sion of a fractional rational function, from the linearity of
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Ihe Laplace transformation, and from the validity of the 
formula

tnev o‘ = --- ----
(p — Po)n+i

where the image function is on the right side and the origi­
nal function is on the left side. Hence

c+ io o

/(*)=2sr { ePtp(P)dP (2-1-6)
c - io o

where c >  max Re pk, and pk are the poles of F (p).
As in the preceding theorem, the integral (2.1.6) can be 

replaced by the integral (2.1.4) because the Jordan lemma 
is applicable due to the fact that F (p) 0 as p oo.

Applying the residue theorem to the integral (2.1.4) and 
the formula (1.3.4) to compute the residues at the poles, 
we arrive at formula (2.1.5).

In particular, if all the poles are simple, then (2.1.5) is 
simplified to

n

I we took advantage of (1.3.6) to compute the residues at 
Ihe simple poles].

Remark. If the polynomial B (p) has real coefficients, 
then to each complex root p there corresponds a complex 
conjugate root p. If the polynomial A (p) also has real 
coefficients, then

A (<P) Pp t  __ A (P) oV t 
B' (J) ~ B' (p)

j111< 1, hence, the sum of the expressions ept , which sum 
is computed for the complex conjugate roots ph and pk,
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will be equal to 2 Re -g > ^  gPft<, and so formula (2.1.7) 
can in this case be represented as

where the summation in the first term is carried over all 
real roots of B (p) and in the second term over all complex 
roots with positive imaginary parts.

2.2 Expanding the original function into power series
Suppose that the image function F (p) is analytic at the 

point at infinity. Then, as we know from operational calcu­
lus, F (oo) =0. Expand the function F (p) in a Laurent 
series about the point at infinity and show that its original 
function can be obtained by taking the sum of the originals 
of the terms of this expansion. Knowing that the function 
t^ lin  — 1)! is the original function of 1 !pn, we state the 
following theorem.

Theorem 3. If F (p) is analytic at the point at infinity 
and in that neighbourhood has a Laurent expansion

oo
* i0 >)=2 -T  (2-2.1)*-i p

then the original function of F (p) is
oo

/» = 2  (f V * - '  <2-2-2>k=\
which is an entire function.

Proof. By the hypothesis of the theorem, the function 
F (p) is analytic in the circle | p | ;> R. Set p = 1 Iq and

A \ 00
F (p) = F (--■) = <D (q). The function <D (q) = 2  chqhx q k = \
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will be analytic in the circle | q | ^  1/i?, and on the basis 
of Cauchy’s inequality1 the following inequalities will be 
valid for its coefficients:

I | <  MRh (k = 1, 2, . . .)
From the inequalities just obtained we get, for any t,

oo oo

/ ( * ) <  2 *  =  ™ - '  (2.2.3)
h= 1 h = 0

From this it is clear that the series (2.2.2) converges over 
the whole plane t, that is, / (t) is* an entire function of the 
variable t.

From the inequality (2.2.3) it follows directly that for
t > o J

I /  (0 I C  Ce*t
Thus, for the function / (t) an inequality of the form

(1.1.3) holds and it is the original function.
Multiplying the series (2.2.2) by e~pt, we get a series 

that converges uniformly for all values of t, which means 
it can be integrated termwise with respect to t from zero 
to infinity. Then
oo oo oo

j  e~ptf (t) dt= j  2  Ch 7F=I)T e~P‘dt
0 0 k=1

oo oo oo

ft=l 0 k=i F

1 Cauchy’s inequality for coefficients: if a function / (z) is ana­
lytic in a circle D =  \ z — z0\ <  R and is continuous on the boun­
dary of that circle, then the inequality | / (n> (z0) | whereHn
M is the maximum modulus of / (z) in the domain D, holds true.
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That is,

fc= l F

which completes the proof.

2.3 Expanding the original function into generalized power 
series

Theorem 3 can be extended to generalized power series 
(see [6]). Here we confine ourselves to the simplest case.

Theorem 4. Let F (p) -> 0 as p oo ,  Re p <  c (c a posi­
tive number), and, in a finite p-plane, let it have no singulari­
ties except the"coordinate origin p = 0, which is a branch 
point of the power type.

Then from the expansion of F (p) into a generalized power 
series of the form

= (2.3.1)

where p is a positive number, it follows that the original func­
tion of F (p) is the series

= 2  r(—a—ftp) TT  (2-3.2)
k=0

in which all terms with integral nonnegative a+&P are crossed 
out.

Proof. Consider a closed contour C%tT made up of the 
segment [c — ib, c +  ib], the arc C'R of the circle | p | = R, 
Re p <  c, Im p <  0, the arc C"R of the same circle defined 
by the inequalities Re p <  c and Im p > 0 ,  a two-sided 
cut along a segment of the real axis —R << Re p <  — r, 
and the circle CT: | p | — r.
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Since the function ept F (p) is analytic inside the contour 
the integral of this function along theTcontour CRir 

is equal to zero and, hence, the integral along the segment 
\c — ibj c +  ib] may be replaced by an integral along the 
remaining portion of the contour. Besides, by the Jordan 
lemma, the integral of ept F (p) along CR +  CR for t >  0 
will tend to zero as R oo, and for this reason the inver­
sion formula can be written thus:

f( t)=U m ^r J F{p)e^dp =  ̂ r \ F { p ) e ^ d V (2.3.3)
R"°° Cr , r C*

where C* is the contour made up of the two-sided cut —oo <  
<  Re^p <  —r and the circle | p | = r with the point p = 
= —r deleted.

Substitute the expression (2.3.1) for F (p) into formula
(2.3.3) and integrate term-by-term1 to get

/(<)= 2  J Pa+h*eptdp)
k= 0  c*

Introduce a new variable of integration by setting z = pt; 
since t >  0, the shape of the contour of integration will 
not change and we get

oo

I » -  3  a  2HT TOT+r J **♦*«■ *  <2-3-4)/i=0 c\

1 Termwise integration of the series along an infinite straight 
line requires supplementary conditions. It suffices, for instance, to 
require convergence of the integral, along the cut (— oo, — r ] ,  of the

oo
sum of the series \ ez \ 2  I ch I I P (see, for example, [23]).
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As we know from complex variable theory, the integral 
representation of the function 1/r (x) is of the form

I e'z'x i‘c*
where C* is a contour of the form C*t, and the function 
vanishes at the points x = 0, —1, —2, . . . . ,

Therefore we can write formula (2.3.4) as
oo oo

/(*)=" 2  Cft ,a+ftp+l r,(-  a -  fcB) ~  2 j TT^c^fcg)"fc=o ft=oj
where terms with integral nonnegative a +  ftji have to be 
crossed out. This completes the proof of the theorem.



Chapter 3

Methods of Numerical Inversion of Laplace Transforms 

Based on the Use of Special Expansions

3.1 Computing inverse Laplace transforms by polynomials 
orthogonal on a finite interval

In this chapter we construct some methods, which for the 
most part permit only a fundamental possibility of carrying 
out inversion of Laplace transforms with the aid of series. 
The coefficients of such series can be found from infinite 
systems of equations with triangular matrices solvable 
sequentially or by other equivalent methods.

These systems are unstable with respect to the growth of 
orrors. The problems of estimating errors and determining 
the conditions of convergence of actual computational proc­
esses have not yet been investigated.

3.1a. Statement of the problem. The problem of computing 
the inverse Laplace transform can be solved by methods 
based on a series expansion of the original function in terms 
of orthogonal functions, in particular, in terms of Chebyshev, 
Legendre and Jacobi polynomials. This problem, which in 
final form reduces to the problem of moments on a finite 
Interval, has been studied by many mathematicians.

Let us consider the statement of this problem in the form 
given in the works of V. M. Amerbaev and in the book [3] 
of V. A. Ditkin and A. P. PrudnikoV.

Suppose we know the Laplace transform F (p) of the 
Function p (t) f (t):

oo

F{p) =  \e-«${t)f{t)dt (3.1.1)
o
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where / (t) is the desired function and p (t) is nonnegative 
and absolutely integrable on [0, oo). Suppose that / (t) is 
integrable on any finite interval [0, T\ and belongs to the 
class L2 (P (t), 0, oo):

OO
j P (01/(0 !**<«> (3.1.2)
0

It is required to construct the function / (t) from the image 
function F (p) of the function |5 (t) / (t).

In the integral (3.1.1) we introduce the change of variable 
x = e~f; then (3.1.1) reduces to the form

1

F (p) — j  xp(D (x) (p (x) dx (3.1.3)
o

where

By virtue of the conditions that are imposed on the func­
tions/ (t) and p (t), the integral (3.1.3) converges everywhere 
in the half-plane Re p 0, and so to the variable p can be 
assigned the values 0, 1, 2, . . . and we can obtain the 
“weighted moments” of the function cp (x):

j.i
Pfc = F (k) = j  xhco (x) (p {x) dx (3.1.4)

'O'
Then the problem at hand can be formulated thus: find 
a function (p (x) from its “weighted moments” \ik or, what 
is the same thing, find the function / (t) from the values of
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Uio image function of P (t) f (t) at the integral points p = k 
(k = 0, 1, 2, . . .). In a particular case, this problem can 
1)0 simplified, and from the first n -f 1 “weighted moments” 
wo seek a polynomial

Q n  ( * )  =  2
k = 0

such that its “weighted moments” coincide with the specified 
moments of the function cp (x), that is, so that the equations

l
F (k) = j  xh(o (x)qn (x)dx = |xft (3.1.5)

o
hold.

If such a polynomial exists, then the image functions 
of P (t) qn and p (t) f (t) coincide at the points p = k 
(k = 0, 1, . . ., n) and qn (e~*) may be considered a certain 
approximation to / (t).

Remark. If ev e2, . . ., en constitute a system of vectors 
in Euclidean space, then the Gram determinant (or Gramian) 
for this system is

(ei «i) («i e») • • • («i «»)
(e2 e j  (ez e2) ... (e2 en)

(en «i) (en e2) ... (en en)

where (ekej) is the scalar product of the vectors eh and ej. 
For a system of functions f t (x) (i = 1, 2, . . ., n) for

b

which the scalar product is defined as \ co (x) fk (x) fj (z) dx,
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the Gram determinant is

b
j  afzf idx
a

b
j  tt /  2 fn  d x
a

where co and ft are functions of x.
The Gram determinant is always zero or greater than zero. 

It is zero if and only if the vectors e2, . . ., en or the 
functions /1? /2, . . fn are linearly dependent.

Now we show that the conditions (3.1.5) uniquely deter­
mine the polynomial qn (x). Indeed, the equations (3.1.5) 
constitute a system of n +  1 linear algebraic equations 
in the n +  1 unknowns c0, cn, which are the coef­
ficients of the polynomial qn (x). The determinant of this 
system is the Gramian of the functions 1, x, x2, . . ., xn, 
and since they are linearly independent, the determinant is 
nonzero, whence it follows that the system (3.1.5) has 
a solution which is unique. This means the polynomial 
qn (x) exists and the conditions (3.1.5) define it uniquely.

Note yet another property of the polynomial qn (x). In 
the class of polynomials of degree not'exceeding n the poly­
nomial qn (x) defined by the conditions (3.1.5) makes the 
following functional an absolute minimum:

1 n

J (c0, c,, . . c„ ) = J ffl(a:)̂ (p(x) —2  c***]2 dx (3.1.6)
0 ft=0
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True enough, write the system obtained from the minimality 
conditions of the functional (3.1.6):

or

dJ
d c h

1 n

— 2 j  <»>(x) ̂ cp(x) —2  Cjx'J xk dx =  0
0 ’ i=0

1 1
j  (0 (x) xkqn (x) dx = f to (x) xh<p (x) dx (k= 0, 1, ..., n)
0 0

The latter system coincides with (3.1.5) and so the functional 
(3.1.6) has a stationary value on the polynomial qn (x). 
We now show that qn (x) makes the functional (3.1.6) an 
absolute minimum in the class of polynomials of degree not 
exceeding n.

Let Pn (x) be an arbitrary polynomial of degree not 
exceeding n, and Pn (x) qn (x). Represent Pn (x) in the 
form )

Pn (̂ ) = Qn (̂ ) +  (x)
Then
l l
j  0)(x) [(p(x) — (x)]2 dx= j  (0 (x) [(p(x)— qn (x)]2dx;
0 0

i
— 2 j  CO (x) [<p (x) — qn (x)l en (x) dxi 

o
l

+  j  CO (x) Bn(x) dx (3.1.7)
0

I'he second term on the right side of (3.1.7) is zero due to 
(.3.1.5). Since Pn (x) does not coincide identically with qn (x)
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and hence en (x) is not identically zero, the last term in
(3.1.7) is positive and the following inequality will hold:

1 1

j  ©(*) [<P(*) — Pn(x)\2 d x >  j  <D(x)[<p(a;) — qn{x)fdx 
0 0

This completes the proof.
Note how the results just found are connected with series 

in terms of orthogonal polynomials. Denote by pn (x) 
(n = 0, 1, 2, . . .) a system of polynomials orthonormal on 
[0, 1] with respect to the weight (o (x), and consider the 
corresponding generalized Fourier series for (p (x):

oo 1
<P (x) ~  2  ChPk (*)» C* = j “ (X) *P (X) Ph (x) dxk= 0  0

We take a finite sum of n terms of the series
n

<$«(*) = 2  ChPh(x)h= 1
This is a polynomial of degree not exceeding n and it can 
be regarded as a certain approximation to the function (p.

It is easy to indicate an extremal property of such an 
approximation. Take arbitrary polynomials Pn (x) of degree 
n and, among them, find one which has the least mean square 
deviation from q>. We already know that qn (x) is such a poly­
nomial; now show that qn (x) coincides with Sn (x). The 
polynomial Pn can be expanded in terms of the polynomials 
ph (k = 0, 1, . . ., n):

n

Pn (#) — 2  AkPh (#) &*= 0
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Compute the mean square deviation of Pn from cp:
1

6* =  j  o) (x) [q> (x) — Pn (x)]2 dx
0

1 n 2=  j  CO(x)£<jp(x) — 2  AhPh (*)] dx
0 h=0

1 I n  I n
=  j  (0<p2dx — 2 j  (0(p2 AhPk(x)dx+ j  <o[2 Akpk (x )y  dx

0 0 h= 0 0 /i=0
1 n n

=  j  (D<p2dx —2 2  ^ c ft+ 2  A*
0 h=0 k=01 n n

=  j  (0(p2 dx — 2  Cft+2 (Ah — Ch)2
o fc=0 k=0

It is only the last sum, whose terms are all nonnegative, 
that depends on the choice of the polynomial Pn (x) in the 
equation obtained; therefore, 6* attains a minimum if and 
only if Ah = Cu ^k = 0, 1, . . ., n). This means that the 
polynomial Pn that makes the value 6* a minimum, i.e. 
qn (x), must coincide with Sn (x):

qn (x) ^  Sn (x) (3.1.8)
From (3.1.8) it follows, for one thing, that

oo
lim qn (x) = lim Sn (a:) 2  chph (x)n-> oo n->oo ft=0

and the convergence qn (z) — cp (x) (n oo) is equivalent 
lo the possibility of expanding the function cp (x) in a series 
in terms of the orthogonal polynomials pn (x):

n

<p (x) =  2  CkPh (x)A=0
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The conditions for the possibility of such an expansion 
are in many cases known and, using them, we can obtain 
conditions under which the original function / (t) can be 
found as the limit of the sequence of approximations 
P (0 Qn te'O (n = 1» 2, . . .). Now consider certain special 
cases of the weight function co (x).

3.1b. In v e rs ion  o f L ap la ce  tran sfo rm s w ith  the a id  o f 
J a cob i p o lyn om ia ls. Let the weight function be of the form

co (#)= xa (1 — :r)P, a >  —1, p >  —1 (3.1.9)
Construct the polynomial qn (x). But first consider the so- 
called shifted Jacobi polynomials P*<a»P> {x). They differ 
from the Jacobi polynomials />(®»P> (x) in that the interval 
of their definition is reduced to the interval [0, 1] instead 
of the usual [—1, 1], that is,

p*a,fr (x) =  p n(«,P) (2x — 1)
Such polynomials depend on two parameters, which we 
denoted by a, p, and for any values of these parameters can 
be defined by
Pn(a’ P) (x) = -■~))” ar®  (1 — x)~P (x“+n (1 — x)P+")

(3.1.10)
which is often called Rodrigues’ formula for P>. The 
polynomials P*<a» P) (x) form an orthogonal system on 
[0, 1] with respect to the weight xa (1 — :r)P, and for them 
the following equations hold true:
l
j  x«(1—*)»P* (<Xl P) (x) p) (x) dx = 0, n^km (3.1.11) 
0

1
rn =  j  **  (1 — *)p iK  (“*W (*)12 dx

_____ r (w + a-j-l) r + + /o a ao\
n\ (2/i+a+P +  l) T (w4-ot +  P +  l) V '



Here, the orthonormal polynomials, which in Subsection 3.1a 
were denoted by pu {x), are

pVa‘ e)( * ) = ~ / ^  p) (x)
V rh

The coefficients ch of the expansion of cp (x) in the polyno­
mials ph (a;) have the values 

1

Ch= j  <0 (x) <P (x) Ph (x) dx
0

1

= __L _ f (0 (x) (p (x) P£(<x> P) (x) dx = —%—
Vrh J Vrk

For this reason, the polynomial qn (x), which coincides with 
the partial sum Sn (x) of the generalized Fourier series, is of 
the form

n

qn (x) =£„ (*) =  ̂  Pi <«• p) (x) (3.1.13)
h= 0

It is possible to construct a simple expression for ah in terms 
of the coefficients of the polynomials Pj*(a*P> and the quanti­
ty F (i). Let

 ̂ P l (a'p) (x) = 2  a f v  (3.1.14)
i=0

then
l

ah = j  a) (x) <p (x) P l(a' (x) dx
o

h  1

=  2  f co (#) xxy (x) dx
i-0  0

= 2  afV , =  ii=0 i=-0

4-0281
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Using this formula, we can compute the coefficients ah of 
the expansion (3.1.13) since the numbers a\ are known 
and the values of F (i) are given.

Thus the problem of finding the polynomial qn (x) that 
approximates the function <p (x) is solved.

In Subsection 3.1a we pointed out that the convergence 
of the sequence of approximations qn (x) to (p (x) is equiva­
lent to the possibility of expanding <p (x) in a series in terms 
of the shifted Jacobi polynomials

k= 0

= lim iS'n(x)=lim qn (x) (3.1.16)
n->oo n-+oo

We now state a theorem (see [21]) that provides conditions 
sufficient for the possibility of such an expansion. We state 
it for ordinary Jacobi polynomials considered on the
interval [—1, 1] but it can readily be extended to the expan­
sion (3.1.16) in terms of shifted Jacobi polynomials.

First we give a theorem that yields a relationship between 
partial sums of Fourier series and of series in terms of Jacobi 
polynomials.

Theorem 1. Given on an interval [—1, 1] a measurable 
function g(x); let the integrals

l
(1 — x)a (1 +  x)$ | g (x) \dx<oo

(1 — #)a/2-l/4 ̂  _|_ #)P/2-1/4 jg ̂  | dx <  OO
(3.1.17)

have finite values. If Sn (x) denotes the nth partial sum of the 
series in terms of Jacobi polynomials for the function g (x) 
and on (cos 0) denotes the nth partial sum of the Fourier cosine
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series of the function
G (0) =  (1 -  COS 0)“/2+i/4 (1 +  COS 0)P/2+l/4g (C0S 0) (3.1.18)

then in the interval — 1 < x < 1  the relation
lim [Sn (x) -  (1 -  x) - «/2 -1/* (1 +  *) - B/2-1/4 CT„ (x)] =  0n->oo

(3.1.19)
is valid. It holds uniformly with respect to x over any interval 
of the form —1 +  e x 1 — e, where 0 < e < l .

From this theorem it follows, in particular, that if for 
some value 9 (0 <  0 <  rc) the Fourier series for the func­
tion G(0) converges to -j [G (0 + 0) +  G (0 — 0)], then for 
the corresponding value x = cos 0 the partial sum Sn (x) 
will tend to y  [g (x -f 0) +  g (x — 0)].

As regards convergence of the Fourier series, the following 
theorem (see [24], Chap. 2) is sufficient in many cases.

Theorem 2. Let G (0) be a 2n-periodic function integrable 
with absolute value on [—jt, Jt] and let 1 be an arbitrary inter­
val on the x axis. If G (0) is of bounded variation on 1, thenIthe Fourier series for G (0) converges to the value y  IG (0+
+ 0) +  G (0 — 0)] at any point 0 inside 1. If G (0)
is also continuous on 1, then the Fourier series converges to G (0) 
uniformly with respect to 0 on every subinterval within 1.

The function G (0) defined by (3.1.18) is 2jt-periodic and 
even. The associated Fourier series is a series in cosines of 
multiple arcs. Its convergence can be determined by the 
theorem that was just formulated. We assume that the inter­
val I lies inside [— jt, Jt]. Since the factor on the right of 
(3.1.18) in front of g (cos 0) is continuous on I and assumes 
values not less than a positive number, the continuity of 
G (0) on I is equivalent to the continuity on I of g (cos 0). 
liesides, this factor is clearly of bounded variation on I
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and for this reason the bounded nature of the variations 
of G (0) and g (cos 0) is the same.

Taking advantage of the two theorems given above, we 
now state the following theorem with respect to the possibi­
lity of expanding the function cp (x) in a series (3.1.16) 
in terms of the shifted Jacobi polynomials, or, what is the 
same, with respect to the convergence of a sequence of appro­
ximations qn (x) to cp (x).

Theorem 3. Suppose the following conditions hold true 
for the function cp (x), 0 <  x <1 :

(1) the integrals
1
j  xa (1 — | (p (x) | dx
u

1
j  .xa/2 -1/4 (1 _  X)W- 1/4 | (p (*) | dx
0

have finite values;
(2) cp (x) is of bounded variation on the interval 1 =  [c, d] 

lying inside [0, 1].
Then for any point x lying inside 1 the equations

lim g „ (x )= 2 -^ i> ra>P)(x)
A=0 h

= -I” l<f>(*+0)+ <j>(;r — 0)1 (3.1.20)
are valid. If cp (x) is also continuous on 1, then on any interval 
of the form c +  6 ^  x d — 6 (0 <  6 <  •— (d — c)) the 
following equation is valid uniformly with respect to x:

oo
limgn (*)= 2 ( * )  = ?(*) (3.1.21)
n->oo  '«
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Now, finally, let ns return to the original problem of 
finding the function f (t) from the image function F (p) 
defined by the equation (3.1.1). To do this, make the change 
of variable x = e~f in an equation of the form (3.1.3) with 
weight function co (x) = x* (1 — x)P:

oo
F (p) =  J t (i _  e-iff (t) dt

0
The same change must he made in the integrals taking 

part in condition (1) of Theorem 3. The calculations are 
simple and will not be carried out here.

Theorem 3 enables us to say that the assertion stated below 
is true for the problem that interests us.

Suppose that the quantities rft and ah are computed from 
the values, at integer points i (i = 0, 1, 2, . . .), of the image 
function F (p) and from the polynomials P^06’P) via the rules 
(3.1.15) and (3.1.12); and also suppose the functions (assumed 
to he approximations to f (t))

?;(«-<)= 2 — ^ (a’ pV orh
fr=0

have been formed•
If (1) the integrals

oo

J  < (1 —  I f  (t) I d t
0

00 1 / 3 1 1
j  g~2 (o4 i ) ' (1 _  e- t)2 **“■* I / ( 0 1 d t
0

have finite values, (2) the function f (t) is of bounded variation 
on the interval [c, d] (0 <  c <  d <  oo), then for any t,
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c <  t <  d, it is true that

limg„ («"')= 2  —  
n-+m k=o h

=  4-[/(* +  0) +  /(<-0)]
//, besides, function f is continuous on [c, d], JfeeAi /or

any 8 ^0 <  8 <  y  (d — c) J the following convergence occurs 
uniformly with respect to t on the interval c +  8 ^  t
c  d — 6:

lim qn (O=/(0-
n-> oo

In the next three subsections we consider special cases 
of Jacobi polynomials, Legendre polynomials, and Cheby- 
shev polynomials of the first and second kinds, all of which 
are of special interest computationally. In these cases the 
computations can be somewhat more complete.

3.1c. Inversion of Laplace transforms with the aid of 
shifted Legendre polynomials. We consider the special 
case of the weight function (3.1.9) when a = p = 0:

co (x) = 1 or p (t) = e~l
The shifted Legendre polynomials P% (x) will be polynomials 
orthogonal on the interval [0, 1] with weight co (x) = 1. 
They are given by the formula (3.1.10) for a = 0, p = 0 
or by the formula

p*h( x )= { - i)n 2 ( - i ) ft( ; ) (ra+1)(w+§ - "  {n+k)3*
fc=0

= (-*)• 2h= 0



The quantity rn here is equal to
_ r(ra +  « + l) r(n+ P+ l)
n n\(2n+a+ P +  1) T (n +  a+ P  +  1)

_  r(» + i)r(n+ t) _  i 
n! (2n+ l)  r ( r e+ l)~  2»+l

and the expansion of / (t) in terms of shifted Legendre poly­
nomials is of the form

/(*) = 'Z(2k + i)ahP*k(e~t) (3.1.22)
k= 0

The quantities ak are computed from (3.1.15), in which a\h) 
are coefficients of the shifted Legendre polynomial P* (x).

3. Id. Inversion of Laplace transforms with the aid of 
shifted Chebyshev polynomials of the first kind. Now set
a = p = —1/2. The weight function is of the form co (x) = 
-  x-V* (1 — x)~V2 and p (t) = (1 -  e"0~1/2- The shift­
ed Chebyshev polynomials of the first kind T* (x) are an 
orthogonal system on [0, 1] with respect to the weight 
x- 1/ 2 (1 — #)“1/2. The Jacobi polynomials Pn(“1/2’ ~1/2) (x) 
differ from T* (#) solely by a numerical factor, namely 

P*<-V2, -1/2) (*) = c nT*n (x)
where

q _______ r (2w)_____
n —  22 n - i r ( „ ) r ( B + l )

The polynomials T* (x) are of the form

r*0 r)= (- i) "2  (_1)»( * ) 2kn(n+^2k̂ -ini ' " **
ft=0

The values of rn are computed from the formulas 
i

x-V\{\ — x)~V2 [Tl{x)\2 dx^--^ (n =/= 0, r0 = n)
o
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and the expansion of / (t) in terms of the shifted Chebyshev 
polynomials of the first kind is of the form

oo

/(0=-[«o +  2 5 a ftn(e-*)] (3.1.23)
h=\

The coefficients ak (k = 0, 1, . . .) are computed from the 
formula (3.1.15) in which <Xjh) are the coefficients of the 
shifted Chebyshev polynomial of the first kind T% {x).

Computationally, it is more convenient to make use of 
the trigonometric notation of the polynomials 5T* (x); 
namely,

T* (x) = cos [n arccos (2x — 1)1 (3.1.24)
Making the change of variable 2x — 1 = cos 0 (0 ^  0 Jt)

0and taking into,account that x =  e~(, t = — 2 In cos y  ? 
we can rewrite the expansion (3.1.23) as

oo

/  ̂— 2 ln co sy j J^o +  2 ^  a/tCos&0j (3.1.25)
h= 1

3.1e. Inversion of Laplace transforms with the aid of 
shifted Chebyshev polynomials of the second kind. For
a = p = 1/2 the weight function a) (x) and, respectively, 
P (t) are of the form

0 ( a r ) = a ? i/ 2 ( i_ . ar)i/2f £(*) =  e -3//2 (1 —  e"*)1'2

The system of shifted Chebyshev polynomials of the 
second kind U%,{x), which differ from the shifted Jacobi 
polynomials Pn(1/2, 1/2' on]y by a constant factor, 
p*d/2, i/2) = c nU$ (x), where Cn = 24^(t+ l)!’ is an or‘
thogonal system of polynomials with respect to the 
weight function ca(-c) on the interval [0, 1]. The polyno-
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mials Ut{x) can be computed from the formula
TT* / r x _  ( I)712n (2/1+1)11

n W “  (/i +  2)(» +  3) . . .  (2m +  1)

v  ^  ( A \h I n \^h • • * (fl+fc+l) JkX 2 j  * ^ U /  (2*+l)l! ^
fc=0

For the polynomials £/£(x) the quantity rn is computed 
from the formula

1

r„  =  j  x'/H l-x)W lU*(x)]*dx=±
0

and the expansion of f(t) in terms of these polynomials 
is of the form

oo
/(*) =  T  S a^ ( e"') (3-1-26)

k=0
The coefficients ak are computed from the formula (3.1.15), 
where a\h) are the coefficients of the shifted Chebyshev 
polynomial of the second kind.

It is also more convenient, for the polynomials £7* (x), 
to make use of the trigonometric notation:

U*(x) sin [(ra +  1) arccos {2x — 1)] 
2 Yx (1—*)

The expansion (3.1.26) then takes the form
(3.1.27)

/ (—21ncos-|-) =  ns^ Q- 2  a*sin(*+1)0(3.1.28)
h=Q

where we make the same change of variable as in the preced­
ing case.

3. If. Ah alternative way of computing the a k. Let 
us return to the series expansion of / (t) in terms of the
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shifted Jacobi polynomials, that is, to (3.1.16), and let us 
see what expansion of the function F (p), which is the La­
place transform of the function |J (t) f (t), corresponds to the 
expansion (3.1.16). To do this, expand the function xv 
(Rep >0 ) in a series in terms of shifted Jacobi polyno­
mials:

To compute bk we make use of (3.1.10) for the polynomials 
Ppa, P> (x )  and get

oo
**= 2 - ^ - p)(*)

where

bh = j  (1 -  X)P xvP*k (ot’ p) (*) dx
0

0

i t  ] xV~ik [x*+k (1 ~ x)fi+k] dxo
Now, integrating by parts k times, we get

i

o
r(p+ a+ i) r( fc+P+ i)  / P \ 

r (p+a+P + &+2) \k)( 0
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Thus the expansion of xp in terms of the polynomials 
Pn a,P)(̂ ) is of the form

rP_ V r (̂  + a + ̂) r (fc+P+1) / P \ p* (a, P) / \ /q A oo\ X ~ 2j rfcr(fc + p+a+p + 2) U  r  A {X) W-1-™)
k=0

where rh is found from the formula (3.1.12).
Remark. Denote by L£(3C) the set of functions / that are 

defined on the interval [a, b] and that are square integrable 
there with respect to the weight p (x). Let the orthonormali- 
zable system of functions q)h (x) (k = 1, 2, . . .) be closed 
in the set Z,£(x), that is, such that for / £ L^x) the Parseval 
equation holds:

oo b b

'Z fl = jp(x)P(x)dx, /ft = j  p (x) f (x) <pft (x) dx (*)
h = \  a a

Then for any two functions f (x) and g (x) belonging to 
£p(x>7 we have the generalized Parseval equation

oo b '2 fhgk =  J p(x)f (*) g (x) dx (**)
k=\ a

To prove this, consider the function / +  g. Since it lies 
in Z/p(X), the following equation is, by (*), valid:

b oo
\ P (*) 1/ (*) +  g (a;)]2 dx = 2  (/ft +  Shf
a h= 1

oo oo oo
=  2 / ft+ 2 2 / ft^ +  2 ^ft

k= i k= i k = i



On the other hand,
b
J p{x)[f (a:) +  £(a:)]2da:
a

b b b
=  ^p(x)f (x) dx+2 J p(x)f (x) g(x) dx +  J p(x)g2(x) dx

a a a
oo b oo

=  S /* + 2 j  P(x)f(x)g(x)dx+ 2  gh
h = \  a k — 1

A comparison of the right members of the last two equations 
immediately yields (**).

Now let us take advantage of the generalized Parseval 
equation and apply it to the expansions (3.1.16) and (3.1.29):

i
F (p)=  ̂ xa (1 — x)p (p (z) xv dx 

o
__V  ahbk __ T (p +  a  +  1) T (& +  p-f-l) / P \
- Z J  rk rftr(p  +  a +  P-f^ +  2) \k ) Ukk= 0 h= 0

- S
ft=0

k \  (2ft+a+p-t-i)r(fc+a+ p + i ) r (P+a+i)r(fc+p+i)
r(fc+a +  l)r(A+p +  l)r(p+a + p + * + 2)

X ( £ ) ~~ r(p +  a - f l) 2  (2fc +  a +  P + 1)
h =  0

w Ag! r (fc+a +  P +  l )p(P- l)  . . .(p -k  + 1) , _ r /n , „  , iv
X r(fc +  a +  l)T(p +  a +  P + A: + 2)/f! “  1 P̂ +  a + 1)

X  2 j ^ «  +  a  +  p + l )  r /fc . a _L_l)P(n_i_a _i_p +  fc +  2)
A=0

(3.1.30)
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Remark. The Schwarz-Bunyakovsky (Bunyakovsky-Cauchy) 
inequality for convergent infinite series is

2  («A)2<  2  5  bln = l n = l n = l

where an and bn are coefficients of the series.
An analog of this inequality for convergent integrals is 

the inequality
b b b
j  / (z) g (z) d x ^  a
a a a

Taking advantage of the Schwarz-Bunyakovsky inequali­
ty, we can show that the last series converges absolutely and 
uniformly in the half-plane Re p 0.

For instance if p is put equal to a positive integer nt 
the expansion (3.1.30) takes the form
F (n) = nlT (n +  a +1)

v v  (27c+a+p+i) r (fc+q+fl + i)
A Z j  (n-k)\r{k + a+i)r(n+a + $ + k + 2)'Uh

h = 0

Setting m = 0, 1, 2, ... in (3.1.31), we get an infinite 
triangular system of equations in the coefficients ah. (We 
assume 01 = 1.)

To make the coefficient of an in the nth equation of the 
system equal to 1, rewrite (3.1.31) as
r(2tt +  q +  P +  l) 

nir(n +  a + f l + l ) F(n)

= r(n +  a + l ) 2
A=0

(2A+a +  p +  l)r(2w+ a  +  P+l)
(« — *)! I’ (n+a+p + 1)

r(A+a+P + l) .
i' (A +  ot +  1) T (n+a+P+A+2) k (3.1.32)
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The system (3.1.32) can be used to find the coefficients ak 
of the expansion (3.1.16).

In the case of an expansion in terms of shifted Legendre 
polynomials, put a = |3 = 0 in (3.1.32), then the coeffi­
cients ak of the expansion (3.1.22) can be computed from 
the system

r (2/1+ 1) F( Z  (2/c + 1) r (2n-{-1)
n\V(n + i) r Zj (»-/t)!r(« + H2)h=0

(n = 0 , 1, 2 , ...)
or

<3-<-33>h= 0

For expansions (3.1.25) and (3.1.28) in terms of shifted 
Chebyshev polynomials of the first and second kinds, we 
cannot obtain a system for finding ak directly from (3.1.32) 
because these polynomials differ from the polynomials p*i-i/2, -i/2) and p* (i/2, i/2) fa) by a constant factor. 
But if we carry out similar computations, we can obtain 
triangular systems of equations to determine the coefficients 
ak of the expansions (3.1.25) and (3.1.28). For the expansion 
(3.1.25) the system has the form

2’”-*f<„ )=4 ( 2„ ") «.+ £  = 0 , 1, 2 , ...)
k=i

(3.1.34)
For the expansion (3.1.28) it has the form

n

2^(«) = 2  (» = 0, 1. 2, ...) (3.1.35)
fc=0

3.1g. A remark on reducing the half-plane of regularity 
of the image function to the form Re p  ^  0 (p=j£= oc).In all
preceding subsections we considered the problem of recover-
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ing the function / (t) if we know the Laplace transform F (p) 
of the function / (t) with weight factor |J (/), that is, the 
function |3 (t) f (t), and the abscissa of absolute convergence 
is zero. But in practice, for the most part, we know the 
Laplace transform F (p) of / (t) with a certain abscissa of 
absolute convergence ya that is not necessarily equal to zero; 
namely, we know that the transform is considered under 
the conditions

F(p) = ^e~vtj{t)dt, R ep>7o>Y a (3.1.36) 
o

Here we do as follows. Using the similarity and shift 
theorems for the Laplace transform, we can rewrite (3.1.36) 
as

hF (Vo +  ph) = ^ e-yotlhf e-vt dt (3.1.37)
0

for any h >  0. The abscissa of absolute convergence of the 
integral (3.1.37) will be equal to zero.

Now, in order to obtain an expansion of the function / j
in the class of polynomials orthogonal with weight |3 (t), 
we write (3.1.37) as

oo
hF(y0-\-ph) = j  e-pt$ (t) (p(t)dt (3.1.38)

o
where

P W q > « = / ( T ) rV0,/ft (3.i.39)
or

<p(o=[|i(«)r1/(4-)e'Yo'/h
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For the function cp (£) we obtain an expansion in terms of 
orthogonal polynomials with weight p (Z) via schemes de­
scribed in the preceding subsections.

Then the expansion for the function / ^  j is obtained by
multiplying the expansion for cp (t) into |3 (t) ev*tJh, as is 
seen from formula (3.1.39).

Set h = Yo >  ya and consider the expansions of the
function / = p (t) el cp (t) in terms of shifted Legendre
polynomials and shifted Chebyshev polynomials of the first 
and second kinds.

For the Legendre polynomials P* (e-*), the expansion 
of the function cp‘ (t) is of the form (3.1.22), the weight 
function p (£) = e~*, and so

/ (x) =P(*)Vq>W = q>W=2 (2A +1)dkP£(e~*) (3.1.40)

For Chebyshev polynomials of the first kind (e~l), 
the weight function p (t) is of the form

P (t) = e-'P (1 -  e-*)-1*2

and the function f( j^  can be computed from the formula

/(x) = PW«V*H**'2(i-«-0"1/a<p(Q (3.1.41)
If we pass to trigonometric notation of the polynomials

0
Tn (e~*) and make the change of variable I = —2 In cos y  , 
then (3.1.41) takes the form

/ ( - T ln C0s T ) =  sine ( — 2 ln cos x )
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Since the expansion of 9 (0) is of the form (3.1.25), the 
expansion of / ^— -j l̂n cos ^  j will be

00

f ( - T lncosT ) = S ^ e [ a« +  22  fl*cosfce] (3.1.42)
h= 1

For Chebyshev polynomials of the second kind, U* (e~*), 
the weight function p (t) is of the form

P (t) = e- 3</2 (1 -  e-*)1'2
and the function / can be computed in the following 
manner:

/  ( x )  =  p (o **9 (*)= e~m a — e" ') 1/2 *p (0

If we pass to trigonometric notation of the polynomials 
U* {e~f) and make the change of variable as in the preceding 
case, then we get

/ ( — |~lncos-|-) =  -|- sin0<p ( — 21ncos-|-)
Since for cp we have expansion (3.1.28), it follows that

00

/ (— ^-lncos-|-) =  -̂ - 2  ak sin (& +1) 0 (3.1.43)
h= 0

The coefficients ak of the expansions (3.1.40), (3.1.42), 
(3.1.43) are computed from the corresponding triangular 
systems of equations, and for the moments F (k) [see (3.1.4)] 
we take the numbers

\ih =  hF (h (k +  1)), k = 0, 1, 2, . . .
In the expansion (3.1.42) the factor 1/sin 0 can exert 

a strong influence on computational errors for values of 0
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close to zero. And so this expansion can be used when it is 
required to compute the value of / (£) not on the whole axis 
but only at the point t = t0 and in its neighbourhood. In 
this case we can choose the parameter h so that the substitu­
tion x = e~ht translates the point t = t0 to x = 1/2, that 
is, 0 = jt/2. Then the effect of the factor 1/sin 0 will be 
reduced to a minimum. The value of h will be equal to 
(In 2)/t0. Here, if the abscissa of absolute convergence of 
the integral y0 ^  0 , then no restrictions are imposed on the 
quantity t0; but if ya >  0 , then this method can be used if 
0 <  £0 <  (In 2)/ya since h = y0 >  ya.

All the methods described in this section have an essential 
drawback, which consists in the following. The coefficients 
of the Legendre polynomials, the Chebyshev polynomials 
of first and second kinds, and other Jacobi polynomials, 
and also the coefficients of triangular systems of linear 
algebraic equations in the sought-for coefficients ah all 
grow very rapidly with increasing k. For this reason, in 
order for the coefficients of the series expansion]to be comput­
ed at least with a moderate degree of accuracy, the starting 
values of \ik must be specified with great accuracy.

Remark. The series (3.1.43) is the Fourier sine series of the
/ 2 0 vfunction /( — — In cos y  j . It may happen that the coef­

ficients ah of this series will not decrease fast enough and 
the series will converge slowly. We can then improve the 
convergence of the series if the functions F (p) and / (t) 
satisfy certain conditions. From the theory of Fourier series
it is known that if the function /
rentiable a sufficient number of times and vanishes at the 
endpoints of the interval [0 , it], then the coefficients of the 
expansion of this function in a Fourier sine series are of the 
order of (1/&3). We can therefore attempt to represent the 
image function F (p) as a sum so that the original function for 
one term is computed exactly and for the other satisfies

— In cos J is diffe-
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the conditions given above. If the equations 
lim pF (p) = lim / (t) = f0
p-+oo t-*  o
lim pF (p) = lim / (t) = /<*>
p-*0 t-*- oo

hold and the limits are finite, then F (p) can be represented at

For the term in parentheses the original function is comput­
ed exactly; the original function fx (t) for the function Fx (p) 
is equal to / (t) —/oo — ( /0 —/*>) e~* and, like the function 
of 0, vanishes at the endpoints of the interval [0, jx]. The 
Fourier sine series of the function fx (t) will converge faster 
than the series for the function / (£).

3.2 Computing inverse Laplace transforms with the aid of the 
Fourier sine series

In this section we give another method for finding the 
original function from the values of the image function at 
equidistant points on the real axis. This method is based 
on two assumptions, which however do not restrict its 
generality. First, it is assumed that the image function F (p) 
exists for Re p >  0. This can always be done if, instead 
of F (p), we consider the image function F (p +  a) for large 
enough a. The latter is equivalent to multiplying / (t) 
by e~at . Second, it is assumed that / (0) = 0. This can 
be attained if we put fx(t) = f (t) — f (0)erf9 which is
tantamount to substituting F (p) — —-^-for the image
function F (p).

We transform the Laplace integral
oo

F(p)=^e-i*f(t)dt (3.2.1)
0
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via the substitution
e~at = cos 0 (3.2.2)

where a is an arbitrary number exceeding zero. Then
/(*) = / ( - -  In cos 0) =  <p (0) (O<0 <  f  ) (3.2.3)

n/2
oF (a) =  j  (cos 0)p/c" 1 sin 0 <p (0) d0 (3.2.4) 

0

Expand the function q> (0) in a Fourier sine series of odd 
multiple arcs

oo
<p (0) = 2  CfcSin(2Zc +  l )0  (3.2.5)h= o

The coefficients ck here are determined in the usual way: 
n/2

cfe = ---j <p(0)sin(2Zc +  l)0d0 (3.2.6)
o

In order to express the values of the coefficients ck in terms 
of the values of the image function F (p), we do as follows. 
In the integral (3.2.4) put p = (2n +  1) o (n = 0, 1, . . .) 
to get

n/2
a[F(2rc +  l)or] = j  cos2n 0 sin 0 cp (0) dQ (3.2.7)

o
The kernel of this integral can be represented as a linear 
combination of the functions sin (2k +  1) 0*
cos2n 0 sin 0

=  [( ?) -  (*-i)] sm[2(»-fc) + U<i, (!“,)-»
ft=0

(3.2.8)



Substitute into (3.2.7) the expressions (3.2.5) and (3.2.8). 
Since

11/2f sin(2p +  l) 0 sin(2v-f-l)0 d0 = { ’ lXẑLv
[ n/4, \x = v

then for fixed n only such terms remain for which v = 
= n — fc(k = 0, 1, . ...,rc), that is,

aF|(2n + 1) 01 -  S [ ( ?)  -  («-,)]
k=0

or

[ («1 ~  (n-i) J c° +  ■ • •+[ (2i ) ~  (i-Bi ) ] + •  • • + c»
=  ̂ -aF[(2n +  i)a]

or

h= 0

Substituting into this equation in succession n = 0, 1, . . ., 
we get a linear system of equations with a triangular matrix 
for determining the coefficients ck:

c o =  ^oF{a)

co +  ci — ~~~ (3<t)
2c0 -f 3ct +  ca = aF (5a)

The choice of the value a is determined by the magnitude 
of the interval for which it is necessary to compute the value 
of the original function f (t)\ o should be taken small for 
large t and large for small t.
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Remark. The equation (3.2.3) defines the function <p (0) 
on the interval 0 ^  0 <  jt/2. The trigonometric series 
on the right of (3.2.5) constitutes functions having two 
peculiarities: these functions are odd or, to put it differently, 
in a plane with Cartesian coordinate axes (0, cp) they have 
a graph symmetric about the origin and such that their 
graph is symmetric about the straight line 0 = Jt/2.The tri­
gonometric series (3.2.5) yields a continuation of the func­
tion cp (0), which continuation possesses the indicated sym­
metry properties and is also 2n-periodic; what is more, it is 
a Fourier series of the continued function.'All the familiar 
theorems on convergence of a Fourier series are applicable 
to any determination of its convergence.

3.3 Computing inverse Laplace transforms with the aid of 
series in terms of generalized Chebyshev-Laguerre polyno- 
mia Is

In the preceding sections of this chapter we considered 
methods of inverting the Laplace transforms in which the 
original function / (£) was found from the values of the image 
function F (p) at equidistant points of the real axis. In this 
section we consider a method of recovering the original 
function by using the value of the image function F (p) and 
the values of its derivatives at a single point.

Given the Laplace transform
oo

F(P)=\ e~p*f(t)dt (3.3.1)
0

Suppose the function / (t) satisfies the condition
oo
j  e it~'k | / (t) \2dt <  o o (3.3.2)
o

where A,> — 1.
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We know from the general theory of series expansions of 
functions in terms of orthogonal polynomials that the Fourier 
series of the function g (t) = t~% f (t) in terms of the genera­
lized Chebyshev-Laguerre polynomials

(3.3.3)

converges to this function in the mean. This means that 
for the partial sums

N

$ * ( < ) = 2A=0

we have the equation
oo

lim f | g (t)—SN (t) |2the~l dt = 0i^oo J
For certain supplementary restrictions on g (t), which we 

do not give1, the following equation is valid:

*<*) =  2 — ^( * )  (3.3.4)

The generalized Chebyshev-Laguerre polynomials are ortho­
gonal on the half axis 0 ^  x <  oo with weight p (x) = 
= xxe~x and can be represented by the formulas

Lh w — k r t e I* * )
V r(fc+X + l) (— t)m

h  K , ~  Zj r(m + A,+ l) m! (n-m)!m= 0
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The orthogonality property of the polynomials (t) is
oo
j  e -W P  (t) 1$ (t) dt= 0 (k #  m) (3.3.5)
0

rh = j  e~H% [1$ (*)]2 dt (3 .3 .6)
0

If the function / (t) satisfies the condition (3.3.2), then the 
Laplace transform F (p) is an analytic function in the half­
plane Re p >  1/2. True enough, by virtue of the Schwarz- 
Bunyakovsky inequality we can write a chain of inequalities:
oo oo
j  I e-vtf (t) I d*<  j  (‘r'c- ffe  p-1)' I g (t) I dt
0 0

< {  j  t\-te-2(Kep-»tdty/2 { j  txe-t\g(t) 12df} 1/2

0 0

=  { j  ^e-<(2Rcp-i)^J1/2 | j  e-‘tx\f{t) \zdt}m
0 0

From this it is clear that the integral (3.3.1), under condi­
tion (3.3.2), converges absolutely and uniformly in the half­
plane Re p >  1/2. Hence, the function F (p) is analytic 
in the half-plane Re p >  1/2.

To determine the coefficients ah of the expansion (3.3.4) 
we expand the function e~(P~1)f in a series in terms of the 
Chcbyshev-Laguerre polynomials:

oo
e-(P - i><=2  £ -L p ( t)

fc=0 h
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where rh is computed from the formula (3.3.6) and 
00

bk = j  e~nle-(p-WL£)(t)dt
0

This formula is then transformed as follows:
oo

bh = j  e~p‘txL^y (t) dt
0

From this we see that bk is the Laplace transform of the 
function t%L^  (t) and,aswe know (see [3]),it may be comput­
ed from the formula

_ i (4 1 \ k r(*+x+i)k\
Thus, the expansion (3.3.7) takes the form

00

^ (p-1)<=S  (3-3.8)
/i= 0p p '

We write the Laplace integral (3.3.1) as
00

F (p) -  j  tKe-*e-<p-D' g (t) dt (3.3.9)
0

Since the function g (t) can be expanded in the series (3.3.4) 
and the function in the series (3.3.8), then by apply­
ing to the integral (3.3.9) the generalized Parseval equation 
we get

r < f > “ 2  ' > s r ( i 4 ) ‘fc=0 1
Making the change of variable Up = z, we find

oo

? i r f (T) =  2  «.(!-*)* (3.3.10)
k=0
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Since' we have shown that the function F (p) is analytic in 
the] half-plane Re p >  1/2, the function F Is analytic

1 / 1 \in the circle | z— 1 | <  1; hence, also is F I— J analy­
tic in this circle. Consequently, the coefficients ak in the 
formula' (3.3.10) are coefficients of the Taylor series of the 

1 1 / t \function F f — j at the point z = 1. And so the coef­
ficients ah can be computed from the formula

Thus the expansion of the original function / (t) in a series 
in terms of generalized Chebyshev-Laguerre polynomials 
is of the form

oo

/<<>-'■■ 2  °»n t+ 'n - i) aU(,) (3-3-,2)ft=» 0
and the coefficients ak can be computed from the formula 
(3.3.11).

Note that if the function F (p) has singularities far away 
from the origin, the transformation z = 1/p will carry them 
into the neighbourhood of the point z = 0 , which can reduce 
the radius of convergence of the series (3.3.10). And this, 
generally, can reduce the rate of decrease of the coefficients 
ah. Thus, if the Laplace transform has singular points 
located at a distance from the origin, the series in terms 
of generalized Chebyshev-Laguerre polynomials of the 
function / (£) may converge slowly and will therefore be of 
little use in practical applications; and, contrariwise, we 
can expect a rapid convergence of such a series if the singu­
lar points of the function F (p) are located in a small neigh­
bourhood of the origin.
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Chapter 4

Methods of Computing the Mellin Integral with the Aid of

Interpolation Quadrature Formulas

4.1 The general theory of interpolation methods
Let us consider methods of computing the Mellin integral

c+ioo
f(t)= 5 5  j  e*F(p)dp (4.1.1)

c - io o

based on replacing the integrand F (p) by another function 
that interpolates F (p) via its values at certain points.

The error of computation of the integral (4.1.1) will depend 
mainly on the accuracy with which we can interpolate the 
function F (p). To obtain good accuracy, it is important 
to bring into agreement the mode of interpolation and the 
properties of F (p), which is not an arbitrary function but 
an image function.

To interpolate F (p) we can work via a choice of points pk 
at which the values of F (p) are taken, and also through the 
choice of functions {cov (p)} that form the foundation of 
the interpolation. As we know, the image function F (p) 
tends to zero if the point p goes off to infinity in a manner 
such that the real part of p increases without bound in the 
process. Of primary interest here is the case where F (p) 
decreases by a power law. And so we assume that F (p)
can be represented in the form F (p) = 9  (p) (s >  0),
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where the function cp (p) is regular in the half-plane Re p >
>  a and is bounded in the half-plane Re p c (c >  a). 
If s is a fractional number, then by (p — a)s is meant the 
branch for which arg (p — a) = 0 when real p >  a. The 
parameter a must satisfy the condition Re a ^  a and is 
chosen so that the function cp (p) in the half-plane Re p >  a 
has “better properties” thanF (p). What we meanby improv­
ing the properties of a function is that the function F (p), 
being an image function, is regular in the half-plane Re p >
>  a. The peculiarities of behaviour of F (p) are determined 
by its singular points lying in the half-plane Re p ^  a, 
in particular, by how they are situated. The variation of 
F (p) for Re p >  a will, generally, be the smoother, the 
fewer singular points F (p) has, the simpler they are, and 
the farther they are from the straight line Re p = a.

We can always make a = 0 ^ a < c b y a  parallel transla­
tion of the coordinate axes. For this reason we will assume 
that the function F (p) is of the form

where cp (p) is regular for Re p >  a and is continuous in the 
half-plane Rep > a ,  including the point at infinity. By 
replacing the function F (p) in the integral (4.1.1) by the 
expression (4.1.2), we get

For the integral (4.1.3) we will construct an interpolation 
quadrature formula based on interpolation of the function 
cp (p). This is performed with the aid of linear combinations 
of a certain system of functions wv (p) (v = 0 , 1, . . .).

F(p)=-^r(f(P) (4.1.2)

c-fioo
(4.1.3)

c- ioo
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We subject the choice of the system to the following comple­
teness condition: no matter what the function cp (p) of the 
type indicated above, for any1 c >> a and e >  0 there

n

must be a linear combination Sn (p) = - 2  f l « (0 v (p) such
v=0that in the region Rep the inequality

n

I< P (p ) —  2  a v ® v ( p ) | < 8
v = 0

holds true. Under our assumptions concerning the function 
cp (p), for cov (p) it is natural to take rational functions 
(instead of polynomials) of p that are bounded as p oo 
and whose poles lie in the half-plane Re p ^  a. Besides 
that, the functions o)v (p) have to satisfy yet another require­
ment that is essential: computations involving them must 
be sufficiently simple. Now the simplest computa­
tions occur if for cov (p) we take negative powers, i.e. p~v 
(v =  0 , 1, . . .), and if we interpolate the function cp (p) 
by polynomials in 1/p.

As for the points pft, we will assume them to be arbitrary 
and located to the right of the straight line Re p =; a. 
Particular cases of the location of points on the real axis 
will be considered in the following sections of this chapter. 

Take the points p0, px, . . pn lying in the half-plane
Re p >  a and use them to construct a polynomial Pn
that interpolates the functions cp (p):

n

<P(P) =  Pn ( y ) + rn(P) =  Z  lh (y )  <P(P*) +  rn(P) (4.1.4)
k = 0

1 As will be seen later on, the requirement that the completeness 
condition be fulfilled for arbitrary c >  a may be relaxed and re­
placed by the assumption that the condition holds for sufficiently large c.
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where

Substituting (4.1.4) into the integral (4.1.3), we get the 
following computation formula:

c-H«>

I eVtp~‘[ 7 i l* (/>)]<*/>fe=0

where

+  (4.1.6)
k=0

e-J-ioo

^ W = - 2s r  J ePtp-°l»(jr)dP
C -ioo

c+i<»J evtP~srn (p) dp !J
(4.1.7)

Discarding the remainder Rn in (4.1.6), we get an approxi­
mate formula for computing the original function from the 
image.
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Now let us take up the computation of the coefficients
( 1 \ 1 —j in powers of — :

h
Then

(t ) - ftko' a k i ak2 a kn ■■ 2  W
j = o

c-j-ioo n
A h ^ ’= :~ s ir  J ePtp ~ ‘2 i a h jP~ i d P

c - io o  j= 0
n c-f-ioo n +* 1= 2  J ‘" p - ’ip  -  S  T T ^ n r  <4-1'8>j=0 c-ioo j =  o

Using (4.1.8), it is easy to compute the coefficients Ak (t) 
for arbitrary values of t. All we have to know is the values 
of ahj, which depend solely on the chosen points pk. For 
the most frequently encountered methods of choosing pk, 
the values of akj can be computed beforehand.

4.2 The equal-interval interpolation method
Let us consider the case of equally spaced points pk located 

on the real half axis [a, oo):
pk = a + (h +  1) h (h >  0, k = 0, 1, . . n)

Without restricting the generality of the problem, we can 
always assume h = 1, for which purpose it suffices to make 
the change of variable p = a +  p'h. Then the points pk 
will become integers: p'h = k +  1 (k = 0 , 1, . . ., n).

In this case the formula (4.1.6) becomes [without the 
remainder Rn and with account taken of (4.1.8)]

n  n  ,  n  s + . _ x ^

/ ( * ) « 2  A(*)<p(fc+i) = 2  y i + n  [ (p(fe+ 1)
# fc=0 h= 0 U=0 J

(4.2.1)
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Here the polynomials lh j are appreciably simplified 
and are equal to

Ml)
/ 1 J_\ / J __1_\ / J_ 1 \ / I  1 \

_ \ p  1 / ’ * ’ V P A; /  \ p  k -\-2} ' * * \ p  n-{- 1 /
“ " / 1 1 \ / I  1 \ / 1 1 \ / I  1 \

VFFT“T/ • • * V̂ +T A: {-2/ • • • U+i~»+i /
(* +  !)* (P -1 )  . . . ( / > - * )  (P“ * - 2 )  . . . ( p _ n _ l )

pn A: (/c — 1) . . .  2-1 ( - 1 )  ( - 2 )  . . .  (k — n)

( — l) n~ft (/c+  l ) n ( p - - l ) ( p - 2 ) . . . ( p - i i - l )  ,4 2 2 v
k\(n —  k)\ p n ( p - k - i )  V '

The coefficients afe7- in the expansion of the polynomial lh J
in powers of 1/p can be computed with ease.

A table of values of ahj (k, j = 0, 1, . . ., n) for n — 
=  1 (1) 15 is given in [13].

For specific values of the parameter s we can tabulate
values of bkj = p » instead of the coefficients ahj.

The formula (4.2.1) was constructed by H. E. Salzer 
for the special case of the parameter s = 1. He also computed 
the values of the coefficients Ak (t) for certain values of t. 
For the same formula, Shirtliffe and Stephenson computed
the values of the coefficients ckj =  (^+1) akj for n __  ̂^  g

4.3 The unequal-interval interpolation method
The equally spaced points that were chosen in Sec. 4.2 

for interpolating the function 9 (p) when computing the 
Mellin integral will clearly be the simplest and most conve­
nient but will not apparently yield the most exact result.
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Since computing this integral is frequently rather difficult 
and complicated, it is desirable to try to choose the points 
on the real axis so that interpolation of the function cp (p) 
is more exact than equal-interval interpolation and, hence, 
computing the Mellin integral is more exact as well.

We now consider a possible solution of this problem.
As in Sec. 4.1, we assume that the image function F (p) 

can be represented as

*<*>“15=;j ^ )
Then the integral (4.1.1) becomes

C-Moo

1 I4-3-')
c- ioo

To transform into a finite interval the infinite half axis 
[a, oo) on which the interpolation points are chosen, per­
form the linear-fractional transformation

P = A-{-(A — 2a) x (4.3.2)
where A is a real number exceeding a. This transformation 
carries the half axis [a, oo) into the interval [—1, 1]; the 
line Re p = a goes into the unit circle | x | =  1 and the 
half-plane Re p ^  a goes into the unit circle | x | 1.
The point A transforms to the centre x = 0 of the unit circle. 
The line of integration Re p =  c in the integral (4.3.1) 
goes into a circle lying inside the unit circle and touching 
its boundary at the point x = 1. The length of the radius 
of this circle will depend on the value of c. If c approaches a, 
then the radius will approach unity. Contrariwise, if c 
increases, then it will decrease and can become arbitrarily 
small. The function <p (p) is transformed into the function

<P(P) = <p( A+{*Sx2a)X )=«>(*) (4.3.3)
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Since cp (p) was regular in the half-plane Re p >  a, it 
follows that the function (P (a:) will be regular in the circle
I *  I < 1 .To compute the integral (4.3.1) we will now interpolate 
the function O (x) on the line of integration with respect 
to its values at n +  1 points xk (k = 0 , 1, . . ., n) of the 
diameter d of the unit circle | x | ^  1 lying on the real axis. 
Here we attempt to choose the poin ts^so as to minimize 
the interpolation error.

Note that the integral (4.3.1) is a contour integral of an 
analytic function of the complex variable p. It is but slightly 
dependent on the line of integration Re p = c (c >  a). 
In particular, c can be chosen arbitrarily large. Then, as has 
already been pointed out, the line of integration under the 
transformation (4.3.2) passes into a circle of small radius 
that is symmetric with respect to the diameter d of the unit 
circle | x | 1 and tangent to the circumference at the
point x = 1. For this reason, when interpolating the func­
tion ®  (x) we will want to obtain a good accuracy, especially 
near the point x = 1.

We consider two ways of choosing the points xh and state 
pictorial (not very rigorous) reasons for taking precisely 
these points.

When investigating the convergence of interpolation proc- 
esseSj for analytic functions, of great importance is the 
l im it  d is tr ibu tion  fu n ct ion  o f th e points. This notion requires 
some explanation. Before going into it, we begin with 
the more general concept of the mass d istr ibu tion  fun ction . 
Let a unit mass be arbitrarily distributed on the interval 
[ —1, 1]. Take an arbitrary point x on [—1, 1] to the left 
of 1 and denote by \i (x) the mass lying strictly to the left 
of the point x, that is to say, the mass belonging to the 
interval [ —1, x). Complete the definition of p (x) by putting 
[i (i) =  i.

Clearly the function p (x) has the following properties:
(1) p (- l)  = 0 ;
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(2) p, (x) is a monotone nondecreasing function of x contin­
uous on the left for x £ [—1, 1);

(3) p (1) = 1.
Any function p, (x), irrespective of its physical meaning, 

that has the indicated three properties is termed a distribu­
tion function for the interval [—1, 1].

Suppose we have a sequence of distribution functions 
\in (x) (n = 0, 1, 2, . . .). We say the distribution function 
|jt (x) is a limit function for the given sequence if at every 
continuity point of p, (x) it is true that \xn (x) p, (a?) 
(n — oo).

Now suppose we take n +  1 interpolation points 
xk(k = 0, 1, . . n) on the interval [ —1, 1]. To each point 
we assign a mass 1 /(n +  1). This defines a certain mass 
distribution function p, (#) which is called the distribution 
function of the given set of points.

Finally, let us consider an interpolation process defined 
by the following infinite triangular array of points:

The rows of the array contain interpolation points at the 
separate steps of the process. Take the nth. row with points 
xj?' (/c = 0 , 1, . . ., n) and state the corresponding distri­
bution function p,n (x). We assume the array to be such that 
the sequence p,n (x) (n = 0 , 1, 2, . . .) has a limit distri­
bution function p, (x). The function p, (x) is called the limit 
distribution function of the interpolation points.

In the interpolation of analytic functions a special role 
is played by a limit distribution function called the Cheby- 
shev function:
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If for the sake of pictorialness we assume that u (a;) is con­
nected with the mass distribution on [—1, 1], then the 
mass-distribution density will be p (#) = p/ {x) = Jt_1 X 
X (1 —a:2) - 1/2 and the masses will, obviously, be arranged 
symmetrically about the point x = 0 —rarefied near the 
midpoint of the interval [ —1, 1] and compressed at its 
endpoints.

It turns out that interpolation processes with points having 
the Ghebyshev function for the limit distribution function 
are the best (in the following sense) for interpolating ana­
lytic functions of [—1, 1]: no matter what the function 
g (x) that is analytic on [—1 , 1], the interpolation process 
for this function will converge everywhere on [ —1, 1] and 
the convergence will be uniform in x. Besides, the uniform 
convergence will also hold in a certain neighbourhood of the 
interval — 1 x ^  1, but the form of the domain of con­
vergence will depend on the properties of g (x) (see [10]).

For this reason, when interpolating the function O (x), 
it is natural to take points xh (k = 0 , 1, 2 , . . ., n) on the 
interval [—1, 1] for which the limit distribution function 
is the Chebyshev function.

It is also a fact that the roots of any system of orthogonal 
polynomials on [—1,1] with any summable and almost every­
where positive weight-function will have the Chebyshev 
function for the limit distribution function.

When interpolating O (x), we can take for the points 
xh (k = 0 , 1, . . ., n) the roots of a polynomial of degree 
n +  1 from any known system of orthogonal polynomials, 
in particular the roots of Ghebyshev polynomials of the first 
and second kinds, Legendre polynomials, and Jacobi poly­
nomials.

We refer to the end of the section the problem of a definite 
choice of points xk, for the present we assume them to be 
arbitrary and located on [—1, 1],

Using the values of the function O (#) at the points 
xh (k = 0 , 1, . . ., rc), we construct the interpolating poly-
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nomial
n

0  (*)« 2  Lh (*) ®  (**)
fc=0

n

=  2
(x — Xp) . . .  (x — Xk - l)  (x — xk+i) . 

(xk — x0) . . . (xh — Xfc_i) (a:fe —  Xft+i)
(* —  Xn)
• (Xh — 2n)<b(xk) (4.3.4)

Now we return from the variable x to the old variable p :
p—A 

X p-\-A — 2a
Then

<p(p)» 2  M p)<p(Ps) (4.3.5)k=0
where

n __ A-\- {A —  2g) jfe

Pk 1—

W=-M*) =n T-T*
P f t + / 4  — 2 a  P i +  4 — 2 a

Let us simplify the expression for Zft(p). Since
P — A__________ Pj —A 2(A — a)(p — Pi)

p~\~ A —  2 a  Pi~\~ A —  2 a  {p-\-A— 2cc)i{Pi~\~A—  2a)

Pk — A________ pj — A 2(A — a)(pk — Pi)
Pk~\~ A— 2 a  Pi~\~A —  2 a  (Pk~\~A —  2 a )  (Pi~\~A —  2a)

it follows that
7 / - \ _  (ph + A-2a)n<i)k (p) / /  q cx
M p ) ~  ( p + i4 —  2 a ) n ©ft (pj,) ( 4 -3 ’6 )

where
® fc(p)=— — ® (P)=(P — Po)(P-Pl) ••• (P~Pn)
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For the function (p (p) substitute the expression (4.3.5) 
into the integral (4.3.1) to obtain the following formula 
for its approximate value:

/(*) = 2n i

c-fioo

J ew
<p(p)

(p—a)
C - ioo

c+ io o
1 r

~  2ni j. (
C — ioo k=0

=  2  Ak (o *p (Pk) (4-3-7)
fc=0

where
c-H°°
j  er' w ^ dr  <4-3-8>

C - ioo

We can reduce the integral in the last formula to an inte­
gral that can be computed with the aid of the usual tables 
for inversion of Laplace transforms. Indeed, expand the 
polynomial coft (p) in powers of p +  A — 2a:

Wft(p) =
n

2j=0
bh} (p +  A - 2a)n-j

Then

where

h(P)= 2  aM(p +  A — 2a) 3i=o
(4.3.9)

a k j  =
( p h  +  A -  2«)n 

©ft (Pft) (4.3.10)



Substituting (4.3.9) into (4.3.8), we get
n c-Hoo

,4,(1)= S  ------ 1ip (4.3.H)if, , L  <P+4 - 2«)> <?-,)•
This integral is a tabular integral expressed in terms of 
a confluent hypergeometric function (see [2], p. 231).

Finally, for Ak (t) we get the following expression:
n

Ah w  = 2  +  (a+  4 — 2a)t)
j—o

(4.3.12)
Here, lF1 is a confluent hypergeometric function:

iF, (a 8 z) — F(P) y  T(«+v) y l P l p ’ z> r(a) 2j r(p+v)v! z
v=0

(|z|<oo)
The equation (4.3.12) can be simplified for certain particular 
values of a and A. For instance, if the points a and A are 
located symmetrically about a, that is, if they are connected 

1by the relation a = y(^4 +  a), then

j=0 c-ioo ^  '

S is+ j-ieatT(s+j) (4.3.13)
;=0

The formulas (4.3.12) and (4.3.13) permit determining the 
coefficients Ah (t) of the quadrature rule (4.3.7) for any value 
of t. For convenience in using them, we'can set up a table
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of values of ahj that depend on the choice of the points xh 
and also on the parameters a and A.
. For a and A we can take the values 0 and 1, respectively; 

this is no restriction of generality since any other values lead 
to the given values by the change of variable p = a +  
;+  {A — a) p\

As for the points xk, they can, as indicated at the beginning 
of this section, be put equal to the roots of a polynomial 
of degree n +  1 taken from any system of polynomials 
orthogonal on the interval [—1, 11.

Reference [13] lists values of akj in the following two 
cases.

1.' For the points xh (k = 0, 1, . . ., n) one takes roots 
of the Chebyshev polynomial of the first kind

Tn+i (x) = cos [(n +  1) arccos x]
The coefficients ahj of (4.3.12) or (4.3.13), that is, the 

coefficients of the expansion lh (p) in inverse powers of 
p +  1, can be computed in the following manner. Pass
from the variable p to the variable
Lh (x):

to find

U lx)^ (X —  Xp) (X —  X j)  
(Xjf #q) (Xh X\)

Expand the polynomial

. . .  Q r - -S f r . i )  (x — xk+i) . . .  (x—xn)
, . .  (Xft —  Zfe-l) (xk — xh+i) . . .  (xk — xn)

Tn+l (x)
T n+1 0*0 
x — xk

(x — xh) rn+i (xk) 
in powers of 1 —

Tn+i (x)
x — xh 2  Chjii — x)* 

i*=o

2  eW (! —a;)i
Lh(x) = i^ -

n

=  2 &w ( 1i- 0

x)J

We get
(4.3.14)



where

Returning to the old variable py we find the expansion 
of lh (p) in powers of -ypy :

m p)=2 M i —f r f ) 'J«=0

j=0

— 7?. — — 11 Ch*

v____V n 1

( p + ! ) j £  '‘' ( P + l ) ' "

ahj =

(4.3.15)

To compute the coefficients ahj we have to know the coeffi-
T (x)cients ckj of the expansion of -n+u ; in powers of (1 — x).
X Xfr

One way of finding them is as follows. In (4.3.14) put 
x = 1 and then

CkO Tn+l(l)
i  — xh

Now rewrite (4.3.14) as

-CkO=^i Chj( i- x ) 3
i= l

The value x = 1 is a root of the last polynomial and we can 
lower the degree of the polynomial by unity to get

i—1
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Again putting x = 1, we get

We continue this process until all the ckj are found. Then 
all the ahj are found from the formulas (4.3.15).

The numerical values of ahj and ph for n = 1 (1) 14 are 
listed in Table 6 of [13].

2. For the points xk, one takes the roots of a Legendre 
polynomial of degree n +  1. The coefficients akj and the

1 I 2Jlpoints pk = t ** * can be computed in exactly the same
1 Xh

way as in the preceding case.
Table 7 of [13] lists the respective values of akj and of

the points ph = \̂ _Xh for n = 1 (1)14.
1 . xh

4.4 Other interpolation methods. Using the truncated Taylor 
series

To compute the integral (4.3.1) we made use above of 
interpolation with respect to the values of the function at 
several points. But the same can be attained by making use 
of a different type of interpolation, for instance, by interpo­
lation with multiple points, interpolation via the values of 
the function and its derivatives at different points, and so on.

We now take up the case when interpolation is carried 
out with a single multiple point. Then the interpolating 
polynomial will, as we know, coincide with the truncated 
Taylor series.

We now come back to interpolation of the function O (x) 
that is regular in the circle | x | <  1. On the interval 0 ^

x ^  1 choose a point | (£ <  1). The function O (x) is 
regular in a circle with centre | and radius not less than 
1 — £. For the approximate value of O (x) in this circle let
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us take its truncated Taylor series at the point £:

v=0
From the variable x pass to the old variable p and from the 
function ®  (x) to cp (p); note that for what follows it will 
be more convenient to pass from cp (p) to the function

n

(P) =(p +  A — 2a)n <p (p) « 2  -*£7T- ̂ 0> K)
i=o

,  A + (A-2 a )  E

1 - 1

Substitute the last expression into the integral (4.3.1) to 
get the following formula for its computation:

c-H<» n

fV) = 4 u  J (4.4.1)c-ioo j=0
where

c-}-ioo

B j W =  2ni i  ePt H(p +  A—2cc)" (p— a)s dp  (4’4-2)C-ioo
If (p — £); is expanded in powers of (p +  A — 2a), the 
resulting integrals will be tabular integrals and the integral 
in (4.4.2) can be computed.

In the special case where the function cp (p) is regular at 
the point at infinity, it can be expanded in a series in nega-oo
tive powers of p of the form cp (p) = 2 a\P'v.

v=0In this case, to compute the integral (4.3.1), we get the 
formula

fit) 2
v=0

1

2ji i
C-\-ioo

ept 

c - io o

d t
8
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This is a tabular integral and 1268 4
C-H»

f H - V - l

C-ioo r (*+v) iFi(s, s +  v, at)

4.5 Some theorems on convergence of interpolation
4.5a. Introduction. In the preceding sections we consid­

ered the interpolation quadrature formulas (4.1.6) and (4.3.7) 
for approximation of the Mellin integral. The remainder 
terms of these formulas are

where rn (p) are the errors of interpolating the functions 
<P (P)•The quadrature process (4.1.6) or (4.3.7) for the function 
<p (p) is convergent if the remainder terms (4.5.1) or (4.5.2) 
tend to zero as w - >  oo. The convergence or divergence of 
this process depends both on the properties of the function 
q> (p) and on the choice of the points ph. The problem of 
investigating the convergence consists in determining the 
relations between the properties of q> (p) and the points phJ 
under which we can be assured that the remainder Rn tends 
to zero.

Below, in Sec. 4.6, we consider the solution of this pro­
blem for some specified points ph and for certain particular 
classes of functions <p (p).

From the formulas (4.5.1) and (4.5.2) it is clear that the 
quadrature process will converge only if the interpolation

c-|-ioo

*) = “27a~ J ePtP~Srn(P)dp (4.5.1)
c - io o

c+ io o

tfn (q>, 0 = 2̂  5 ePt ~ 8 r" ^  dp (4-5-2)
c - io o
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converges. And so we begin the investigation by studying the 
convergence of interpolation.

Starting with Sec. 4.3, when constructing rules for com­
putation, we performed the interpolation of the auxiliary
function O (#) = cp (p) |p = j with the aid
of an integral polynomial in x. Under the given conditions 
a = 0 and A = 1, which do not restrict the generality 
of the results, the relationship between O and (p is (#) =
= cp (j— • Interpolation of O (#) is equivalent to inter­
polation of (p (p) with the aid of rational functions whichn_ |are polynomials in x = J+ l • An approximate expression
for (jp (p) is given in the equations (4.3.5), (4.3.6).

In the integral representation of the original function
(4.3.1), the function cp (p) along the line of integration 
p = c +  ia (—oo <  a <C oo, c >  0) and to the right of it 
is everywhere regular except possibly at the point at1 _j_ xinfinity. Under the transformation" p = the line
p = c +  io goes into a circle that is orthogonal to the real 
axis x of the complex plane and passes through the points

, 1. The centre of the circle lies at the point 1 —
1 1--- r = 1 — e and the radius is equal to —r-r = e. Forc + 1 ^ c+1

c >  0 this circle, which we denote by Te, lies inside the 
circle | x | ^  1, with the exception of the point x = 1, 
and it contracts to x = 1 when c increases without bound.

On the circle VB and inside it the function O (x) is every­
where regular with the possible exception of the point 
x = 1, where even though (p (a:) is, by the assumption concern- 
ing cp (p), continuous, it may not be holomorphic.

The convergence of algebraic interpolation of analytic 
functions in a closed region with singularities on the bounda­
ry has not been investigated sufficiently. In particular this
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refers to the case, to which the authors confine themselves in 
this chapter, where the interpolation points are taken on the 
real diameter of the circle Te, which is equivalent to the 
location of the points on the half axis Re p 0 of the 
p-plane. The difficulty of this problem of convergence and 
the fact that it has not been studied in depth prompted the 
authors to confine themselves to considering a narrow class 
of image functions F (p) and original functions / (t) when 
cp (p) is a regular function at the point at infinity of the 
p-plane. In this case the appropriate function ®  (x) is regu­
lar not only in the unit circle | x\ <  1,F but also in the 
neighbourhood of the point x = 1.

As will become clear later on, the assumption just made 
permits answering many questions concerning the conver­
gence of the interpolation of ®  (x) and, hence, also questions 
on the convergence of the process of approximate computa­
tion of the original function / (t).

Remark. Here we speak of a narrow set of original func­
tions / (t) for the following reasons. If (p (p) is regular when 
| p \ >  i?, then the image F (p) =  cp (p)p~8 can be repre­
sented in this region by a power series

F{P) = P-* S  cnP~n, |p |> fl (*)n= 0
For the coefficients cn of the series the estimate given below 

is true: for any e >  0 there is a number N = N (e) such 
that the inequality

\cn \ < N ( R  +  e)n (**)
holds.

Throughout the foregoing, the exponent s in (*) was con­
sidered to be positive. But in the problem of finding the 
original function / (£) for F (p) that has the representa­
tion (*) we can assume that s >  1 since for 0 <  s ^  1 it is 
possible to isolate the first term c0p-* in the series on the 
right. The original function of that term is known, it is ta­



bular and is equal to c0 tttt • Then we have to find the ori-
r  (s)

ginal function for the imagefunction F (p) — -p = p~*~x x
oo

X 2  cn+iPn that corresponds to the exponent 5 +  1.
n —0In the expression (4.1.1), for / (t) choose c >  i?. Then the 

line of integration (c — i oo, c +  i oo) will lie inside the
oo

region of regularity of (p (p) and the series 2  cnP~n on it
71=0will converge uniformly. Besides, since the kernel eptp~s in

c-j-ioo OO

f(t)==~!k r  j  eP+  2  °nP~ndp {t>0) (••*)
C —700 77=0

is bounded on the line of integration,

and is absolutely integrable because s >  1, termwise inte­
gration is possible in (***). Besides, since the originals of
the functions cn are known'and have the values cn = >n ,—r

71 ps+n ‘ nTl(n + s)1
for / (t) we have a representation in the form of a power 
series:

/ (0  = f 2  Cn I’(n+s)
71=0

Now the estimate (**) for the'coefficient ̂ indicates that the 
power series in the right-hand member converges for all 
finite values of t. The original function / (t) differs from the

oo

entire function of a special type 2  cn ~r \ by the powern=0 1 \n~T~s)
factor t*~* alone. Functions of this type do not by far ex­
haust all practically important types of original functions.
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4.5b. Convergence of an interpolation process of the form
(4.3.4). In the construction of such a process we had to inter­
polate the function ®  (x) on the line of integration with 
respect to its values at n +  1 points xk (k = 0 , 1, . . ., n) 
of the diameter d of the circle | x | 1, into which the half­
plane Re p ^  a is carried under the linear transformation

A + (A-2a)x 
P ” 1 - x

We assume that in the given transformation A = 1 and 
a = 0. This does not restrict the generality, as was pointed 
out in Sec. 4.3.

Note* that the line of integration on which we interpolate 
the function O (x) (if the number c is taken sufficiently 
large) is a circle of small radius lying inside the unit circle 
and tangent to the. circumference at the point 1 :

\x — (1 — e) | = e (0 <  e <  1)
Let us first pose the following problem: to determine that 

class of functions ®  (x) for which the interpolation process 
converges uniformly on the line of integration for an arbi­
trary choice of interpolation points on the diameter d of 
the unit circle. Uniform convergence of interpolation will 
mainly depend on the magnitude of the region of regularity 
of ®  (#). If this region is sufficiently broad near the diamet­
er d, then we can predict that the interpolation process will 
most certainly converge uniformly, no matter how we choose 
the points xh on this diameter. We now indicate the smallest 
region in which the function O (x) must be regular in order 
to be able to ensure uniform convergence of interpolation on 
the line of integration for arbitrary points on [—1, 11.

The following theorem holds.
Theorem 1. If a function ®  (x) is regular in a closed circle 

| x +  1 | 2 and in the neighbourhood |x — 1 2e (0 <  e <
^  1) of the point x =  1, then the interpolation process (4.3.4),
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which is constructed on the basis of any points lying on the 
diameter d of the unit circle, will converge uniformly to G) (x) 
on the line | x — (1 — e) | = e. The indicated region of re­
gularity is the smallest one that ensures convergence of inter­
polation for any system of points on the diameter d of the circle
I X I <  1.

Proof. This theorem follows directly from a general the­
orem proved by V. I. Smirnov and N. A. Lebedev [20]. 
The following is the statement in which the problem is solved 
by Smirnov and Lebedev.

Let F, B, G be three nonempty sets of points of the complex 
plane z, Fez G, Bcz G. We say that the condition {F, B, G} 
is fulfilled if for any function f (z), regular on G, for any choice 
of interpolation points (k = 1, 2 , . . . , n + 1 ; n = 
= 1, 2, . . .) in any bounded subset F*c= F, a sequence of in­
terpolation polynomials Pn (z) of the function f (z) converges 
uniformly to f (z) as n oo on any bounded subset B*cz B.

It is proved that if F and B are two closed bounded sets of 
points of the z-plane, and is the smallest closed circle con­
taining the set B and having the centre at the point £ £ F, then 
the set G = U is the smallest closed set for which the con-

IGFdition {F, B, G} holds true.
In our case, the set F is the interval —1 ^  x ^  1, and the 

set B is the circle | x — (1 — e) | = e. To find the set G, 
we construct the two smallest closed circles centred at the 
points z = —1, x = 1 that contain the line | x — (1 — e) | = e. 
The first circle is determined by the inequality | x +  1 | < 2 , 
the second one by the inequality | x — 1 | ^  2e. Their sum 
is the sought-for set G.

Remark. Under the conditions of Theorem 1, uniform con­
vergence will occur not only on the circle | x — (1 — e) | = 
= 6 but inside it as well.

If we pass from the z-plane to the p-plane and from the 
function O (z) to the function cp (p), then Theorem 1 can be 
stated as follows.
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Theorem la. If the function cp (p) is regular in the half- 
plane Re p ^  —1/2 and in the region | p + 1 | 1/e (0 <
<  e 1), then the interpolation process (4.3.5) constructed on 
the basis of arbitrary points lying on the real half axis Re p ^  0 
will converge uniformly to cp (p) in the half-plane Re p > 1/8- 
The indicated region of regularity cp (p) will be the smallest one 
ensuring convergence of interpolation for Re p ^  1/e relative 
to any system of points on the nonnegative real half 
axis.

We now pose a different problem. We know that the func­
tion 0 (x) is regular in the unit circle | x | ^  1. Suppose 
that it is also regular in the neighbourhood | x — 1 | ^  2e 
of the point x = 1. Let us attempt to determine the largest 
interval including the diameter d of the circle | x \ ^  1 such 
that the interpolation process (4.3.4) based on any points of 
this interval would converge uniformly to the function 
O (x) on the line | $ — (1 — e) | — e for any function 0  (x) 
that is regular in the earlier indicated region.

T h eorem  2. If the function 0 (x) is regular in the circle 
| x | 1 and ln the neighbourhood | x — 1 | ^  2e (0 <  e ^
^  1) of the point x = 1, then the interpolation process (4.3.4) 
constructed on the basis of arbitrary points lying on the interval 
[0 , 11 will converge uniformly to 0  (x) on the circle | x — (1 — 
— e) | =  e.

The interval [0, 11 will be the largest set belonging to the dia­
meter d of the circle and ensuring uniform convergence of inter­
polation with respect to arbitrary points taken in this set for 
functions that are regular in the indicated region.

This theorem can be proved on the basis of the result ob­
tained by Smirnov and Lebedev [201. They have established 
that if B and G are two sets of points of a finite z-plane (a fini­
te plane is a complex plane with the point oo deleted) — B 
is a closed bounded nonempty set, G is different from a finite 
plane, and S c  G — then the largest closed set F for which 
the condition {F, B, G} holds is the set of centres of all 
closed circles K such that Kcz G and S c  K.
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In our theorem, G is the sum of the’ circles | x | ^  1 and 
I x — 1 | 2e, B is the circle | x — (1 — e)| = e. The
desired set F is the set of the centres of circles containing B 
and contained in G. Besides, we imposed the requirement 
that these centres belong to the diameter d of the unit circle. 
Then it is clear that the set F is the closed interval [0, 1].

If we again pass from the z-plane to the p-plane, then 
Theorem 2 becomes

Theorem 2a. If the function cp (p) is regular in the half­
plane Re p ^  0 and also in the region | p + 1 | ^  1/e, then 
the interpolation process (4.3.5), constructed on the basis of 
any points located on the real axis so that pfe 1 (k = 1, 
2, . . ., n), converges uniformly to cp (p) on the straight line
Re p = —---1. The half axis [1, oo) will be the largest region
on the real axis that ensures uniform convergence of interpola­
tion relative to arbitrary points lying on it for functions (p (p) 
that are regular in the above-indicated region.

In Theorem \ we indicated the smallest region in which 
the function O (x) must be regular for the interpolation pro­
cess to converge uniformly on the line of integration for arbi­
trary points located on the diameter d of the unit circle. 
Now suppose that the points are not chosen arbitrarily on 
this diameter but have a very definite distribution. Then 
there arises the problem of determining the region of regula-' 
rity of the function that ensures uniform convergence of inter­
polation on the line of integration | x — (1 — e)| = e.

Very important for investigating the convergence of inter­
polation is the following logarithmic potential (see [10])

l
u(x)= j  In t| dn ( t )

where pi (t) is the limit distribution function of the points.
We consider the level line u (x) = cx. For an absolutely 

large negative value cx, such a line will contain the interval
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[—1, 1] and a sufficiently large region near it, in particular 
the line of integration | x — (1 — e) | = e as well. Let us 
call this level line lCt; the portion of the plane bounded by it 
we denote by BCl. When cx increases, BCl decreases. We 
define the number X as the least upper bound of values of cx 
for which the interval [ — 1, 1] and the integration line | x — 
— (1 — e) | = e lie inside BCt. For cx <  X the level line lCi 
will contain [ —1, 1] and the integration line. We denote by x 
the open region of the a;-plane in which u (x) <  X and by p 
the complement.

Theorem 3. If the function O (x) is regular in some domain 
D containing |3, then the interpolation process (4*3.4) construc­
ted on the basis of points having a limit distribution function 
[x (x) will, as n->- oo, converge uniformly on the integration 
line | x — (1 — e)| = e; and what is more, it will converge 
uniformly throughout the region 0.

The proof of this.theorem is analogous to the proof of the 
theorem on the convergence of interpolation on the interval 
[a, b] with points located on the same interval (see [10]).

Consider the special case where the limit distribution func­
tion of interpolation points is the Chebyshev function. For 
example, that will be the case when the points are roots of 
the polynomials of Chebyshev, Legendre, and Jacobi. The 
logarithmic potential will then be of the form (see [10])

l
/ \ 1 f i 1 dt i 2u(x) = — \ In -j--- ----------= In ----- y.n j) \x—*\ Y i—t2 \x+Y*2—1|

The level lines u (x) = cx for cx <  In 2 will be ellipses with
foci (—1, 1) and semiaxes a = + -M, b = ~  | p ---

2 P Pwhere cx = In —, p >  1.
P _

When p = 8 the level line u (x) = cx = In — will
1 ^ 2 e - e 2  v /  i  p

contain the interval [ —1, 1] and the circle | x — (1 — e)| = e,
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the latter being tangent to the level line at two points 
symmetric about the real axis. Hence the set p will consist 
of an ellipse with foci (—1, 1) and semiaxes

and a portion of the plane lying inside it. This enables us to 
state the following theorem.

Theorem 4. If a function O (x) is regular in a closed region 
P consisting of an ellipse with foci at the points —1, 1 and

within it, then the interpolation process (4.3.4), constructed on 
the basis of points which for the limit distribution function have 
the Chebyshev function, will, as n oo, converge uniformly 
in the above-indicated ellipse and, in particular, on the circle

This theorem is a special case of Theorem 3.
Remark. If the number e is taken sufficiently small — 

this can be done by choosing c sufficiently large—then the 
ellipse indicated in the theorem will go outside the circle 
| x | = 1 only in the neighbourhood of the points — 1 and 1. 
And since the function ®  (x) is regular in the circle | x | <  1, * 
then to satisfy Theorem 4 it suffices to demand the regulari­
ty of ®  (x) in the neighbourhood of the points x = — 1, 
x = 1, for instance, in the neighbourhood | x — 1 | ^  2e, 
\x +  l | <  2e.

We again pass from the variable x to the variable p and 
from the function ®  (z) to the function (p (p). The following 
theorem holds.

Theorem 4a. If the function (p (p) is regular in the half-plane 
He p >  0, in the neighbourhood | p | ^  1/R of the point 
p = 0, and in the neighbourhood | p | R of the point at infi­
nity, then the interpolation process (4.3.5) constructed on the
basis of the points p& = ■, where the points xh on the in-Xh

semiaxes and the region lying

| X -  (1 -  e) I = e.
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terval [—1, 1] have the Chebyshev function for the limit distri­
bution function of the points, will converge uniformly, as 
n — oo, on the line Re p = c, where c ^  Rx and Rx is a num­
ber not less than R.

Remark. Under the conditions of the theorem, the uniform 
convergence of interpolation will hold not only on the line of 
integration Re p = c, but also in a certain region D into 
which the domain |3 of Theorem 4 passes under the transfor-

1 Imation p = ; in particular, uniform convergence holds
in the half-plane Re p ^  c, in the neighbourhood of the real 
half axis 0 <  p <  o o , and in the neighbourhoods of the 
points p = 0 and p = oo; that is,' | p | ^  1IR1 and 
| p | ^  for some Rt.

4.5c/ Convergence of an interpolation process of the form 
(4.1.4). First of all perform the transformation p = Hx. It 
carries the half-plane Re p a into a circle of radius 
l/(2a) with centre at the point l/(2a). The half-line a ^  

oo passes into the diameter dx of this circle, which 
diameter lies on the real axis; and the line of integration 
Re p = c, where c >  a, on which we interpolate the func­
tion is carried into a circle lying inside the above-indicated 
circle and tangent to its circumference at the point x = 0 . 
If c is chosen sufficiently large, then the radius of this circle 
may be made arbitrarily small. The function cp (p) which is 
regular in the half-plane Re p >  a is transformed into the

x 2a < k -function O (x) which is regular in the circle
Interpolation of the function cp (p) [see (4.1.4)] with respect 

to points lying on the real axis Re p >  a becomes algebraic 
interpolation of the function O (x) with respect to points ly­
ing on the diameter dx of the circle I x— I ̂

1 2 a  1^  2 a

CD (x)
n

2  hk=o (x) 0) (x„ ) (4.5.3)
In this case we can formulate the following theorems.
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Theorem 5. If the function O (x) is regular in the
circle x — ,7- 

2a < 2-  and in the neighbourhood | x | ^  2e
^2e <  of the point x = 0 , then the interpolation process
(4.5.3) constructed on the basis of any points lying on the in­
terval [0 , l/(2a) will converge uniformly to d> (x) on the line 
| x — e | = e, which may be taken for the line of integration.
The interval ^0, ^  jwiZZ &e ^ e largest one belonging to the dia­
meter dx and ensuring uniform convergence of interpolation 
with respect to arbitrary points lying on it for functions are 
regular in the indicated region.

This theorem is proved on the basis of the theorem of 
Smirnov and Lebedev that we gave when proving Theorem 2.

I 1 1Here, the set G is the sum of the circle x — <  «-I 2a 2a
and | x | ^  2e, and the set B is the circle | x — e = e. 
To construct F it is necessary to find the set of the centres 
of the circles containing B and belonging to G and, besides, 
such that the centres lie on the interval [0, 1/a]. Clearly, 
this is the interval [0 , l/(2a)], and the theorem is proved.

Bemark. Under the conditions of Theorem 5, uniform con­
vergence of interpolation occurs not only on the contour 
| x — e | = e but inside it as well.

If we pass to the old variable p and the function <p (p), 
then Theorem 5 can be stated thus:

Theorem 5a. If the function (p (p) is regular in the half-plane 
He p >> a and in the neighbourhood | p | ^  R 0/ the point 
at infinity, then the interpolation process (4.1.4), which is 
constructed on the basis of arbitrary points (k = 0 , 1, . . ., n) 
lyings on the real axis so that ph 2a, converges uniformly to 
(l> (p) in the half-plane Re p ^  c, if c is chosen so that 
c R. The half axis [2a, oo)is the largest region on the real axis 
that ensures uniform convergence of interpolation relative to 
arbitrary points lying on it for the functions cp (p) that are re­
gular in the above-indicated region.
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Corollary. If the function cp (p) is regular in the half-plane 
Re p ^  1/2 and in the neighbourhood | p | R of the point 
at infinity, then by Theorem 5a the interpolation process will 
converge uniformly in the half-plane Re p ^  c R with 
respect to arbitrary points lying on the real half axis [1, oo), 
in particular, it will converge uniformly also for the equidistant 
points pfe = k +  1 (k = 0 , 1, 2, . . ., n; n = 1, 2 , . . .) 
considered in Sec. 4.2.

In proving the theorem on the convergence of the quadra­
ture process for equidistant points, we will need, as in the 
case above, uniform convergence of interpolation not only 
in the half-plane Rep but also in some neighbourhood 
| p | R± of the point at infinity. To achieve this, suppose, 
as we did in Sec. 4.2, that the function cp (p) is regular in the 
half-plane Re p >  0. Also assume that it is regular in the 
region | p | ^  R. Then uniform convergence of interpolation 
both for equidistant points and for any other points lying 
on the half axis [1, oo) will occur not only in the half-plane 
Re p ;> c but also in a broader region. To demonstrate this, 
pass to the variable x = i/p; then the function O (#) will 
be regular in the half-plane Re x >  0 and in the region

1 1| x | ^  1IR. The interpolation points xk = — = -r-ri " Ph ^ —(— 1(k = 0 , 1, . . ., n) will lie on the interval [0 , 1].
The following theorem is valid.
Theorem 6 . If the function O (x) is regular in the half- 

plane Re x >  0 and in the neighbourhood | x | ^  1/R of 
the zero point, then the interpolation process (4.5.3) constructed
on the basis of the points xh = (k = 0 , 1, . . ., n) or
any other points lying on the interval [0 , 1] will converge uni­
formly in the region B, which is the intersection of two circles:
| x | ^  1/R and | x — 11 ^  Y i +  1/R2- The region B will 
be the largest region for which uniform convergence of interpo­
lation occurs for any set of points in [0 , 1].
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Proof. This theorem follows immediately from the theorem 
of Smirnov and Lebedev [20], where it is established that 
if F and G are two closed sets of points of the z-plane and 
F a  G while is the largest closed circle contained in G 
and having its centre at the point £ £ F, then the set B = 
= fl K* is the largest set for which the condition {F, B,G}

I £F(see p. 97) holds.
In our case, the set G is the right half-plane and the region 

| x | 1 IR; the set F is the interval [0, 1]. To find the set 5,
construct the two largest closed circles contained in G 
and with centres at the points x = 0 and x = 1. These 
circles are | x 1IR and | x — 1 | Y\ +  1 IB2. The 
desired set B is the intersection of these circles. The proof 
of the theorem is complete.

Thus, uniform convergence of interpolation will take place
not only on the contour of integration x 2c 2c
and inside it, if R, but also in a larger region, in par­
ticular in the circle | x | ^  MR1 <  MR, where

Y R* + i — R
R

If we now pass to the variable p, then we can say that uni­
form convergence occurs not only in the half-plane Re p c\ 
but also in the region | p | ;> i?lT where

* i = R
yW + i — R > R

4.6 Theorems on the convergence of interpolation methods of 
inversion

The results obtained above on the convergence of inter­
polation permit stating certain theorems on the convergence, 
as 7z->- oo, of the quadrature processes (4.3.7) and (4.1.6).

On the basis of Theorem 4a we can prove the following 
theorem.

105



Theorem 7. Let the function cp (p) be regular in the half­
plane Re p >  0 and also in the neighbourhood | p | ^  R of the 
point at infinity and in the neighbourhood | p | ^  1/R of the 
zero point.

Then the interpolation quadrature process (4.3.7) construct-
1 I Xbed on the basis of the points pft = -y~-- ■ , where the points xh

have the Chebyshev distribution on the interval [—t, 1], 
will converge to f (t) as n -*■ oo for all values of t, the conver­
gence being uniform with respect to t on any finite interval 
0 < t  < T <  oo, that is,

c-j-ioo
^n(<P, 0 =-2 f ept (p — a)-*rn(p)dp-+ 0 (4.6.1)

c - ioo
as n oo uniformly with respect to t for 0 ^  t ̂  T <  oo 
for all values of T.

Proof. First consider the case s >  1. The representation
(4.6.1) of the remainder Rn (cp, t) has a peculiarity that 
simplifies investigating convergence: the integral on the 
right is largely independent of the choice of c due to the re­
gularity of the function being integrated in the half-plane 
Rep > 0  and due to the boundedness of rn (p) in the neigh­
bourhood of the point at infinity. In particular the number 
c can be taken arbitrarily large. We choose c R and re­
serve the possibility of increasing c if necessary. On the basis 
of Theorem 4a we can say that the remainder rn (p) of interpo­
lation willconverge uniformly to zero on the line of integra­
tion as n oo, and for e >  0 there is a number N independ­
ent of p such that for n ̂ >N it will be true that | rn (p) | ̂  e.

We transform the integral expressing the remainder term 
Rn (cp, t) by putting p = c +  io:

oo
#7. (<P, t) =  ̂  j  eiat (c — a +  io)~* rn (c +  ia) da
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and estimate it:

I ^ n ( q > ,  0 1  = - ^ - |  f  eiat(c — a +  io)-s rn (c +  io)do
— oo 
oo
j  \eiot(c — a +  io)-s rn (c +  ia)do\
— oo

cT °°
( -----   (O^t^T) (4.6.2)^  J [(c-a)2 + a2]s/2 ^  ^  ’ V '— OO

The last improper integral is convergent since s >  1. Thus 
from (4.6.2) it follows that Rn (cp, t) will tend to zero as 
n -> 00.

It remains to consider the case 0 <  s ^  1. We transform 
the remainder term Rn (cp, t) thus:

c-J-ioo
Rn(q>,t) = - j  ept(p-a)-srn{p)dp

c-ioo
c-j-ioo

=  2 “ T  J  ePt(p — a)~S\rn(°°)+rn(p) — rn(oo)]dp
c-ioo

c+ioo
= J *» (p-ardP

C - ioo
c+ioo

+  2^T j ept(p — a)~s [rn(p) — rn(oo)\dp (4.6.3)
c-ioo

The integral in the first term is equal to and the
1 (s)

interpolation error rn (oo) tends to zero as /i-f oo; hence, 
the first term tends to zero as n -+■ oo.
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Rewrite the second term thus:

—  j  evt(p — a)~‘p~1{p[rn(p) — rn (oo)]}dp (4.6.4)
c - io o

We show that the function p [rn (p) — rn (oo)] will converge 
uniformly to zero as n oo on the line of integration 
Re p = c.

By hypothesis, the function cp (p) is regular in the neigh­
bourhood \p | R of the point at infinity; hence both the 
interpolation error rn (p) and the function rn (p) — rn (oo) 
will be regular in this neighbourhood. Besides, in this 
neighbourhood the function rn (p) — rn (oo) tends to zero 
as 1 Ip, and hence the function p [rn (p) — rn (oo)] is regular 
in the region | p | R. From the remark concerning Theo­
rem 4a it is known that rn (p) converges uniformly to zero as 
72 —>- oo in the region | p | Rx for a certain Rx >  R. 
Consider the value of the function p [rn (p) — rn (oo)] on 
the boundary of this region as n-^ oo. The error rn (p, 
tends to zero uniformly with respect to p and, besides) 
rn (oo) 0 , while the modulus of p remains equal to R±. 
Hence the whole function converges uniformly to zero on 
the boundary of the region | p | ̂ >Rv And since this func­
tion is regular in the closed region | p \ ^  i?x, uniform con­
vergence inside the region follows immediately from the 
maximum modulus principle.

If c ^  i?1? then it has been proved that the function 
P (p) — rn ( oo)] converges uniformly to zero on Re p = c.

It has thus been proved that the function p [rn (p) — 
— rn (oo)] converges uniformly to zero as n oo on the line 
of integration Rep = c, that is, for any e >  0 there is an N 
independent of p such that for n ^  N the inequality 
I P frn (P) — rn ( oo)] e holds true.

Let us estimate the integral (4.6.4):
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(4.6.5)

c-fioo
—  j  ep,(p—a)-s p~lp [rn(p)—rn(oo)]]dp

2jx J [(c —
da

a)2 + a2p/2 (c2—|* a2)i/2
The last improper integral converges for 5 >  0 and so the 

second term in (4.6.3) will tend to zero as n ->■ 00 for any 
s >  0. The proof is complete.

Remark. In Theorem 7 the convergence of the quadrature
was proved for points ph for which xh =_  Ph~ have a limit
distribution function p (x) that coincides with the Chebyshev 
function. A similar theorem can also be demonstrated for the 
points ph that have a general limit distribution function 
of interpolation points xh. The sole difference here is that the 
region of regularity of the function cp (p) must be different, 
namely, cp (p) must be regular in the region D into which the
domain p passes under the transformation x

On the basis of Theorem 6 we can prove the following 
theorem for the quadrature process (4.1.6).

Theorem 8. If the function cp (p) is regular in the half­
plane Re p > 0  and also in the neighbourhood | p | R 
of the point at infinity, then the interpolation quadrature pro­
cess (4.1.6) constructed on the basis of the points pft = k +  
+ 1 (k = 0, 1, . . ., n) will converge if c is chosen so that 
c > R ,  that is,

# n  (<P, <) =  2 S T  5 eVtP~‘ r n ( p ) d p - ^ 0

as n —>■ 00.
The proof is strictly analogous to that of Theorem 7.
Note that under the conditions of Theorem 8 the quadra­

ture process (4.1.6) converges not only for equidistant points 
but also for any other points located on the real half axis 
[I* 00).
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Chapter 5

Methods of Numerical Inversion of Laplace Transforms via 

Quadrature Formulas of Highest Accuracy

5.1 The theory of quadrature fomulas 
To compute the Mellin integral

r+ioo
(5.1.1)

in Chap. 4 we constructed interpolation quadrature formulas 
that are exact for polynomials of degree n — 1 in the argu- 

1 1ments -- or p__A_ 2^ • This degree of accuracy for the
given interpolation points in the half-plane Re p >  a 
was attained via a choice of the quadrature coefficients 
Ak­

in constructing quadrature formulas it is natural to choose 
not only the coefficients but the points as well. We may 
hope in this way to increase the accuracy of the formula. In 
this chapter we will construct a quadrature formula of 
highest accuracy in the class of rational functions of a spe­
cial type.

But before constructing such a formula, let us transform 
the integral (5.1.1) so that the parameters of the quadrature 
formula do not depend on a and t. To do this make the 
change of variable p = p i t  + a. Then the integral (5.1.1)
no



becomes
2 fc-f-ioo

/ w - i - r -  J < f-W , '>»
e- ioo

^ ( p W ( 4 + a)
Since the function F (p) was regular in the half-plane Re p >  
>  a, the function F* (p') will be regular to the right of the 
imaginary axis Rep' >0, and e can be any positive number. 
Thus, computing the Mellin integral reduces to computing 
the integral

C-J-ioo

J==4u [ ePF*(P)dP (5-1-2)
e-ioo

where the variable of integration is again p .
The function F* (p), being the image function, has regu­

larity in the right half-plane and tends to zero as p goes to 
infinity in a manner so that Re p -> oo. Suppose too that 
F* (p) tends to zero like a certain power of 1/p, that is, sup­
pose that F* (p) can be represented in the form

F*(p)= jr <p(p) (5.1.3),

where s >  0 and the function cp (p) is regular in the half­
plane Re p >  0 and has a finite limiting value as p oo:

lim cp (p) =  cp (oo)
p->oo

Substitute the expression (5.1.3) into the integral (5.1.2):
e-f?oo

J ^ = Wt J ePp~S(f ̂ dp (5.1.4)
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To compute this integral we construct a quadrature formula 
of the following kind:

J  ($)« 2 4ft<p (Ph) (5.1.5)
k= i

In (5.1.5) the coefficients Ak and the points pk are arbitrary. 
We can deal with them as we like. Let us try to choose them 
so that formula (5.1.5) is exact for any polynomial of degree 
2n — 1 in the variable Up. A necessary and sufficient con­
dition for this is provided by the following theorem.

Theorem 1. For the quadrature formula (5.1.5) to be exact 
for all polynomials of degree 2n— 1 in the variable x = 1/p it 
is necessary and sufficient that the following two conditions 
hold:

1. The formula (5.1.5) must be interpolatory, that is, its 
coefficients Ah must have the values

e-M°°
5 eVP~>l* ( i; ) dP (5 J-6)

e -  ioo

where
n n

3ph j£k
2 . For every polynomial Q (“) of degree not greater than 

n—1, the following equality must hold:
z+ioo

s i  5 * > "“»(j )< ? <5-'-7>
e - i o o

where

-  (7 ) - n  ( ! - £ ) .h= 1
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The proof is carried out in a manner strictly analogous to 
I lie proof of the corresponding theorem on quadratures of 
highest algebraic degree of accuracy (see [10]).

Necessity. If (5.1.5) holds for polynomials of degree 2n— 1 
in the variable x = 1/p, then it also holds for polynomials 
of degree n — 1 in 1/p, and for this reason it must be an 
interpolation formula. This completes the necessity proof 
of the first condition.

Now let be any polynomial of degree not greater
than n — 1. The product^ ( — ) = (Dn Q J is a poly­
nomial of degree not greater than 2n—1, and for it the 
formula (5.1.5) must be exact:

e-i-ioo

shi J
e-ioo

e-fioo

e—ioo { r ) Q { j ) dp

This sum is equal to zero since (on = 0, which proves 
the necessity of (5.1.7).

Sufficiency.Let be an arbitrary polynomial of degree
2n — 1. Dividing it by » we get

* ( 7 M ( 7 ) - ( 7 ) + o(7 )
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where Q and p are polynomials in Up of degree not exceed­
ing n — 1. Since con ( — ) = 0, it follows that 

' Pk /

^ ( ^ - ) = p ( ^ )  (k =  t,2,...,n) (5.1.8)

We represent the integral of the function ^ ^  
of the following two integrals:

as the sum

8+ ioo

e - i o o
^  (7 ) dp

e+ io o

= 2Si I (7 )^ (7 ) ^
e - i o o e+ioo

+Wt J eVp-5p { ~ ) dP
e - i o o

(5.1.9)

The first integral in the right member is zero by the ortho­
gonality condition. Since the degree of Is not greater
than n — 1 and the formula (5.1.5) is an interpolation 
formula, the following equation has to be exact:

e+ io o  n

2k  .[ e^ ' sp ( 7 H  = 2 M — )
e - i o o  h = 1

Taking into account (5.1.8) and (5.1.9), we get
e+ io o  n

2HI J eP̂ ( 7 ) dp==2 ^ ( ~ )
e - i o o  h =  1

and (5.1.5) is indeed exact for arbitrary polynomials of 
degree 2n — 1 in Up. The proof is complete.

Thus the question of the possibility of constructing a qua­
drature formula (5.1.5) that is exact for arbitrary polyno­
mials of degree 2n—\ is connected with the existence of a po-
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lynomial con  ̂—J of degree n having the property of orthogo­
nality (5.1.7).

We now show that this polynomial exists and the condi­
tion (5.1.7) defines it uniquely. We seek the polynomial
i»n(x) = (on (-yj in the form of an expansion in powers of x:

con (x) = xn +  axxn~x + . . . +  an 
The orthogonality condition (5.1.7) is equivalent to 

fulfillment of the system of equations
e-H°°
j  epo)n(x) xs+m dp = 0, m= 0, 1, ..., n — 1 (5.1.10)

e-Hooi c  1Since J evxu dp = ^  , it follows that the system
e - i o o

(5.1.10) transforms to the system
____ -_____ I______ ^ ______ L J____^ __ = 0r(s + n+m) ' T (s+n-\-m — 1) ' ' ' ' ' T (s+ m) (5.1.11)

m  =  0, 1, . . ., n  — 1 
Multiply the equations (5.1.11) by r(s + rc + m—1) and 
write down the system obtained as

i +  0i 4- {s +  n — 2) a2 
+  . .. +  (s-frc — 2) (5 +  n — 3) ... san = 0,

^ + a i  +  (* + * —l ) *2

+ • • • +{s +  n— l)(s +  ?i —2) ... (s-\- 1) an - 0 , (5.1.12)

~ ~2n -2  +  «l +  (* +  2 t t - 3 ) f l2

+  ... +  (s 2n — 3) (s +  2» — 4)
... (s +  n — l)a„  = 0
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The determinant of this system is
1 s-fn— 2 . .. [(s \-n—2)(s-f-ra—3) .. • s)

A = 1 s+re— 1 . ,.. l(*+» -l)(*+n-2) .. • (*+1)1

1 s+ 2n—3 . .. [(s-J-2n—3)(s-(-2«—4) ... (s+n— 1)]
It suffices to see that A =7̂ 0 , since in that case the system 
(5.1.12) will have the solution ax, a2, . . ., an and only that 
solution. Consider a system of n functions x8*n~2, . . .
. . ., xs+2n“3. They are linearly independent on any interval 
that does not reduce to a point. Let us construct a linear 
differential equation of order n for which these functions 
form a complete system of independent solutions:

y y' •• • y (n>
2&+TI- 2 ( x s m - y  . . . ( x s+n- 2)m>

L n  {y) == x s+n- 1 . .  (a:s+n" 1)<m

x s+2n-3 ( x s+2'1" 3)' . ^ s+ 2 n -3 ym

If we expand the determinant in terms of the elements of the 
first row and divide both sides of the equation by xn(n+s~3\ 
then the last equation can be written as

Cq xny‘ny -f +  • • • -\-CnV=0 (5.1.13)
where cl = constant.

Indeed, consider the cofactor of the element y:
(xs+n-y ( x ^ -y  .. (xs+n-yn>

{Xs*11-1)" ^ S+n-xyn)

(xs+2n-y (xs*2n~3)" . ŝ+2n-3yro
From the elements of the first, second, . . ., rath columns, 
take xs+n~3, xs+n~fk, . . ., xs~2, respectively, outside the
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determinant. Then from the elements of the rows of the 
remaining determinant take out the factors 1, x, . . ., x71-1. 
This yields the determinant xn(n+s~3) D, where D is
s-\-n — 2 (s+rc—2) M .,■ • [(s+n—2) .,
s-frc—1 i) M .. -[(s+n—1) .. • *]

s-\-2n — 3 (s-f-2ra—3) M . .. [(s-\-2n—3) .• • (s+n—2)]

and the letter M denotes a factor less by unity than the 
preceding one.

In strictly analogous fashion we establish that the cofac­
tors of the elements y', i/", . . ., y{U) are equal, respective­
ly, to

An „ n(s+n-3)+i n n /rrus+n-3)+2 nn ~m s+n-3)+n» Ln-2T' * • • •» cou'
This proves the expansion (5.1.13).

The equation (5.1.13) is Euler’s equation and it has two 
singular points: x  = 0, x  = oo.

Write out the Wronskian determinant for the solutions 
xs+n-2, x8™-*, . . ., xs+2n~3 of this equation:
W(xs+n-\ ..., xs+2n~3)

xs+n~2 (s+/i—2) xs+n~3 ... [(s-f-rc—2) ... sxs~l]
^  ^s+n-i (s_|-ra— 1) x s+n~2 ...[(s+n— 1) ... (5+1) X8]

x8+2n'3(5+ 2rc-3) x*+*n-*... [(s+2n—3)...{8+ n - l)x s+n-2]
(5.1.14)

Since the solutions xs+n~2, â +n“1, . . ., a;s+2n"3 of (5.1.13) 
are linearly independent, the determinant (5.1.14) can va­
nish only at the singularities of the equation, that is, at 
the points x = 0 and x= oo. It is nonzero at all other points, 
say at x = 1. But for x = 1 the determinant W (x8+n~2, . . .
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. . xs+2n~3) coincides with the determinant A and there­
fore A =7̂ 0 ; hence, the system (5.1.12) has a unique solution. 

This proves the existence and uniqueness of the poly-
nomial con ( y ).

Since in (5.1.7) the weight function depends on the para­
meter s, the polynomial (on too will depend on s. We
denote it by co^  ( —) • To finish investigating the possibi­
lity of constructing the formula (5.1.5), which is exact for 
polynomials of degree 2n — 1 in 1 Ip, it is necessary to show
that all roots of the polynomials for arbitrary
s >  0 lie in the right half-plane. This question will be 
dealt with in the next section.

The most exact quadrature formula (5.1.5) for the integral
(5.1.4) was constructed for the special case 5 = 1  by 
H. E. Salzer (see [13]).

5.2 Orthogonal polynomials connected with the 
quadrature formula of highest accuracy

5.2a. An e x p lic it  ex p re ss ion  o f the p o ly n om ia ls  ©„ * (~^)*

To obtain an explicit expression for ©£* (*--) , let us con­
sider the following polynomial of degree n:

pin (-) =( -  1 re-V *"-1 (epp-n' s+l)

__ ^   ̂ n j  ( — l) n~fe (tt +  s— 1) . . .  (ft +  s+A: — 2) ^  2 ^

h= 0 P
which we wrote down in a form similar to the Rodrigues 
formula for the Legendre polynomials.
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We now show that for this polynomial the orthogonality 
condition
r. H°°
j  eVp-'P? (y)p-mdp = 0 (to = 0, 1, . . re— 1) (5.2.2)

« - ioo
holds true and this is equivalent to the condition (5.1.7).

To prove this, in the integral (5.2.2) we replace P^ jj
by its expression (5.2.1) and integrate t>y parts: 
b-H°°
J e r c ( y ) p - fflrfp

£ — ioo

E+too
= (-*)" J pn-m-i JL  (epp-n-s+i) dp

e - io o

e+ io o
j  pn-rn-*J*£L{ePp-n-s+l)dp

It is easy to show that the first term is zero, since each 
summand obtained after differentiating the product epp~n~s+i 
will be of the form epp~h (/#> s) and, since the function ep 
remains bounded on the line of integration, each summand 
will tend to zero as p goes to infinity along the line of inte­
gration.

Integrating by parts n — m — 1 times, we obtain the 
following expression for the integral (5.2.2):

e+ io o

± (re —m— 1)! j  Jj— {ePp-™')dp
e - ioo

- ± i)i
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And since s >  0, n 1, the expression obtained is also
zero. Thus the polynomial PnS)(~) given by (5.2.1) satisfies
the orthogonality condition (5.1.7), and, because of the 
uniqueness of a polynomial satisfying this condition we can
conclude that the polynomial P̂ s) ) will differ from 
G)̂  j only by a constant factor equal to the leading coef­
ficient of PnS) (y ) :

P'n ( —) = (tt +  S— 1) (W +  S) • . . (2/2 +  5— 2) COn* (~) 
5.2b. A recurrence relation for the polynomials ( ^ ) • 

For the polynomials P„s) we can obtain a recurrence for­
mula connecting the three polynomials Pn-i J , Pn} , 
Pn+i (~)» as *s done for ordinary orthogonal polynomials.
Take the product ^P^n ; it is a polynomial of degree 
ra-j-1  in Up and can be represented as a linear combination 
of the polynomials P(0s) (-i-) , P[s) (-£-) , ../>$_! (-i) :

( 7)  =  2 <’« ' « ”  ( } )  <5-2.3)k=0
The coefficients of this expansion can be determined from

e-H<»
s j  5 (-) n» ( j) op

e-H °°

dh 1
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from which it is evident that if k <  n — 1, then-- • j
is a polynomial of degree lower than n, and by the condi­
tion (5.1.7) the integral in the numerator of (5.2.4) is zero. 
Thus, in (5.2.3) only cntJl^  cnn, cn,n+1 can be different 
from zero:

(£)-*, »->p;".,(j)
+c„ »W ( j)  +e». (-) (5.2.5)

Denote the variable Up by x and rewrite the relation
(5.2.5) as

PZ , (x) = (anz +  bn) P™ (x)+enPn-i (x) (5.2.6)

Since we know the explicit expression of P ^  (x), the coeffici­
ents an, cn can be determined with ease. Equating the
coefficients of xn+1 in the right and left members of 
(5.2.6), we get (rc-f-s) (/i +  s-f-l) ... (2rc +  s) = an (rc 
-f-s— 1) (rc +  s) ... (2rc-j-s — 2), whence

(n +  s)(n +  s+ i)  ... (2n +  s-2) {2n +  s — 1) (2n +  s) 
a n ~  (» +  * —1)(» +  «) ... (2n +  s-2)

_ _ (2n +  s) (2n +  s-\) 
n +  s—1

To find bn equate the coefficients of xn in both members 
of (5.2.6):
— (n +  1) (n +  s) (n +  s— 1) ... (2re + s — 1)

= —ann (ra +  s — 1) (n +  s) ... (2n +  s— 3)
+  &„ (n +  s—1) (n +  s) ... (2n +  s — 2)
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From this follows
(ra+!)(» +  *) ... (2n+s-2) (2n +  s - 1)

(n +  s — l)(n +  s) ... (2n +  s— 2)
(2n4-« — 1) (2/i +  s) n (/i-fs — 1) (n +  s) ... (2n +  s — 3)

(n +  s-1) (/i +  s - l )  (n +  s) ... (2n +  s-3) (2n +  s-2)
_ (/i+1) (2rc-|-s—1) , (2n +  s— 1) (2/1 +  5) n

rc +  s — 1 (2/i-fs — 2) (n +  5— 1)
__ (2/i + s - 1)(s-2)

(2n +  s —2) (n +  s — 1)

Finally, we determine cn by comparing, for example, the 
constant terms in the right and left members of (5.2.6):

(_l)"« = 6n(_ l) " +  Cn

Cn — 1 “1" — 1
(2n +  s— 1) (s— 2) 

(2« +  s-2) (n +  s — 1)
(2n +  s-2) (w-f«-l)-(2n +  i- i) ( s-2 )  

(2n + s - 2) (m + s - 1)
n (2n -f- s)

(2/i-j-s— 2) (n -{- s—1)

We can thus state the following theorem.
Theorem 2. Any three successive polynomials PnS)(x) are 

connected by the recurrence relation

(2n +  « — 2) (* +  * — 1) PZ, (*)
= [(2n +  5) (2n +  s— 1) (2n +  s — 2) x 

-  ( s- 2) (2n +  s -  1)] PZ (x) + n (2n +  s) /** (x). (5.2.7)
5.2c. A differential equation whose solution are the 

polynomials JPZ (x). We can indicate a linear differential 
equation of order two with variable coefficients satisfied by 
the polynomials Pn\x)
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Indeed, as we have already established, P^ j obey
the orthogonality condition

e-fioo

m  J ‘’r - K ^ Q ^ i p - o
8 — ioo

where Q j is an arbitrary polynomial of degree not greater
than n—1. If we pass to the variable x = 1/p, then this 
condition takes the form

^  j ei/xxs~2Pin (x) Q (x) dx = 0 (5.2.8)
c

where C is a circle of radius l/(2e) with centre at the point 
x = l/(2e).

To derive the differential equation, consider the following 
integral:

J =  ̂  j [eV*x‘P%y (x)Y xh dx 
c

Integrating by parts, we get
/ = ^-\xheVxx,P(*y (x)]c j xh-leVxx*P{*y (x) dx

c
The first term on the right vanishes because if we again go to
the variable p, the expression evPn)' ( )  will tend
to zero as p tends to infinity along the straight line Re p = 
= e. If k = 0, then the integral J is zero too.

But if k >  0, then we integrate by parts once again:
J = -  (x)]c

+  2^1 j  e'/xx^P^ (x)l(k + s - l ) x h- x*-‘l dx 
c
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The first summand on the right again vanishes. We con­
sider the second summand. In the square brackets under the 
integral sign we have a polynomial of degree k; hence by 
virtue of the condition (5.2.8), the integral is zero when 
k = 1, 2, . . ., n — 1. We have thus proved that for k = 
= 0, 1,. . ., n — 1 the integral J is equal to zero:
J = 2^  j  [eVxxsPny (x)]' xh dx

c

= —  j  [ — e{̂xXS~2Pny (x)-\-Sê xXS~lPny (x)
c

+  eU*x§P{*)m(x)]a* dx
= —  j  e'l*xs-* [xzP{f  {x) +  ( sx - 1) PtY (*)] xhdx = 0 

c

This last equation means that the polynomial of degree n in 
the square brackets is orthogonal to xh with weight e{lxx8~2 
for k = 0, 1, ..., n — 1. From this we conclude that the 
polynomial differs from P ^  (#) only by a constant fac­
tor yn:

X2P(nr  (x) +  (SX — 1) P(nV (x) (x)
To determine the factor yn, one need only compare the 
coefficients of xn in the last formula:
n{n— l)(rc-f-s— 1) ... (2n-\-s — 2)

+ +  1) . .. (2rc +  s — 2)
= Vn(w +  « —1) • • • (2n +  s — 2)

From this, n (n — 1) +  sn = yn or yn = n ( n +  s — 1). 
This proves
Theorem 3. The polynomial Pn}(x) defined by formula (5.2.1) 

is a solution of the linear differential equation with variable
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coefficients
xlP\f (x) +  (sx -  1) p!;s)/ (x) -n(n - f- 5- 1) P(ns) (x) = 0 (5.2.9)

5.2d. A n in te g ra l represen ta tion  o f the p o lyn om ia ls  Pn\x). 
We now show that the polynomials Pn\x) have the fol­
lowing integral representation:

<30

**»*’ (*) = rd+V-D  J <n+" 2 ( 1 ~ xtr e~‘ *  (5‘2-10)
' 0

We verify this by evaluating the integral in the right-hand 
member of (5.2.10):

0

= r i ^T)  f 2 <-*>“-* (I) I* ' ) " - * i t
0 ft-=0

“r i S ^ T ,  2  ( I ) *-* j
k=0 0

=p(SSt) 2 < - ir‘ (I ) r<2»+s-*-i)*"-*'
ft=0

The expression’obtained coincides with (5.2.1) for the poly­
nomials P ^  (x), which proves the assertion (5.2.10).

5.2e. The gen era tin g  fu n ct ion  fo r  th e p o lyn om ia ls  (x).
The polynomials Pn\x) can be regarded as coefficients in 
the Taylor series expansion of some analytic function, which 
is called the generating function of these polynomials.

ezTo find it consider the function • It is analytic
throughout the z-plane, except at the points z = 0 and 
z = oo; for this reason it can be represented by the Cauchy
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integral at any point p of the z-plane, except at the two 
indicated points:

eP _  1 f  e* dz 
pn+&-i 2jxi J z î+s-i z — pl

where I is a closed contour enclosing the point p and lying
ezin the region of analyticity of the function zn+8_{ ■.

The rath derivative of this function is given by the formula
dn / eP \ n! r e* dz / r  o 11^
dpn \ p n + s- i) 2n i J (z — p Y *  i V 'I

Perform the transformation
g=± (Y T ^ i + i) (5.2.12)

It carries the point z = p to the point t = 0. Make a cut in 
the £-plane along the positive real axis from t = 1 to infinity 
and consider the branch Y 1 — t f°r which arg (1 — t) = 0 

for real-valued t <  1. The contour ofj integration I will 
go into the contour X that encloses the point t = 0. Following 
the transformation (5.2.12), the integral (5.2.11) becomes
—  ( eV \ dpn \ pn+s-l )

UVTTt+i)_______£_______________
({)n+s' V i“ + i r ‘

p  dt
* 7 P i

n\ -j- 4
2ni ( i )

cJ (V i- t
dt

2n+s J ( / i - f + i ) ‘ 2l / i —t (— 0n+1

(—i)nni r _____
J ( i f ~ t

liYTTt+i)
(V i- t+ i) s~2iAi

dt
=t I " 7*"
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Now, substituting into the explicit expression (5.2.1) for 
thepolynomialsP^^--j the expression (5.2.13) in place of 
the rath derivative, we get
p<s) / 1 \   / /j \n ^-p n+s-i ( — \)n n\
U '  P ”  /  p \ 2 n + s - l4jxi ' 1( t ) ‘

l(Y—t+i)
X dt

(>/i—<+i)* 2 i ^ i—t *n+1

22n+a-2n|
tn+l________ =

pn2ni J ( ̂ 1  — l)a~2 1 — (

or
|(VTr<-i)P", (p ) pn_  i r 2«-«**" - dt (5214

22«re! 2ni J { Y ~ it+l)s-2 Y ~ t  tn+l W '
Consider the function

2a-2e2

It is analytic at the point i — 0; hence in the neighbourhood 
of this point it can be represented by its Taylor series

where
^(0 = 2  Cntn

71=0

C n — F(t)
2n i J <n+iX

A

_  i r 2*-\ 
~ 2 n i  J ( V ~ t

u y —t-i)
> -2e 2 dt

( /— t+ l)s-2 / — < <"+1 22nnl
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Consequently

2«-2e2 P"-Pks,(-) ____  V P / in
(Y i—<+i)*~2 Y  i —t n = 0

22"/i!

Introducing the new variable = p//4 and setting 1/p = x, 
we can rewrite the last formula as

2»-2e2*
( /1 —4«x + l)s‘2 Y l — itx ~  »!71—0

(5.2.15)

where the variable is again denoted by L
The function on the left of (5.2.15) is the generating func­

tion for the polynomials P (̂a:).
5.2f. The distribution of roots of the polynomials PnHae). 

At the end of the preceding section we pointed out that in 
order to complete the investigation of possibilities for con­
structing the quadrature formula (5.1.5) that is exact for 
polynomials of degree 2n — 1 in 1/p, it is necessary to show
that the roots of the polynomials wn)('“) or the roots of the
polynomials P(ns)(x) that differ from o>n\x) only by a constant 
factor lie in the right half-plane for all values of s >  0 .

In this subsection we consider the question for certain 
particular values of s. We prove the following theorem. 

Theorem 4. All roots of the polynomials

W  W =«■ (7 ) = ( - 1)" f T M £  ( t ^ t  )
lie in the right half-plane for all integral values of s ^  2 ; 
that is, the real parts of all roots are positive.

Proof. First take 5 = 2. In this proof we appeal to some 
theorems of algebra. Let us recall them (see [81 pp. 112, 114):
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(a) A necessary and sufficient condition for the real parts 
of all roots of the polynomial

Qn (X) =  Kxn +  bn-l* ”"1 +  bn -2*"~2 +  . . . +  b0
with real coefficients to be of one sign is that the roots of the 
polynomials

/ (x) = bnxn — bn-2xn~2 +  6n-4^n' 4 — . . •
<p (x) =  bn^x” ' 1 — bn-zxn~z +  bn̂ x n~b — .. .

be all real and distinct.
(b) If all the roots of the polynomials F (x) = Xf (x) +  

+  p,cp {x) are real for arbitrary real values of X and p, then 
the roots of the polynomials / (x) and cp (x) are real and 
distinct.

Write the polynomial P„2) (x) as
Pn\x) =  anxn +  an^xn‘x +  an.2xn~2 +  - • • +  axx +  a0

(5.2.16)
We have to prove that the real parts of all roots of the poly­
nomial (5.2.16) are of the same sign. To do this, it suffices, 
on the basis of the theorems (a) and (b) above, to establish 
the truth of the following facts:

(1) all roots of the polynomials
Qn (x) = anxn — an-2xn~2 +  a„ _4a;n- 4 — ...

#n-l (x) = flu- ] #71”1 — fln-3̂ 71”3 +  .
are real and distinct;

(2) all roots of the polynomials
Pn’ ̂  (x) =  Xanxn +  pan_1xw“ 1 — Xan-2xn~2

— iian-3xn-3 + Xan̂ x ^ k +  \ian.5xn 6 — ... 
are real for arbitrary real values of X and pi.
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From (5.2.7) it is clear that the polynomial P{n(x) satisfies 
the recurrence relation

P(n2) (x) = 2 (2n -1) xPZx (x) + P Z2 (x) (5.2.17)
Here P0 = 1, P1(x) = 2x — 1.

Now let us find the recurrence relation for the polynomi­
als Pn’ ̂ (z). Write the polynomial Pn\x) in the form

n 2> (X) = An (x) +  Bn (X) + Cn (x) +  Dn (x) 
where

An (x) = anxn -f an- 4̂ n' 4 + dn-8Xn~8 + ... ^
Bn (x) = an̂ xn-1 + an̂ xn~b +  an-9xn~9 + ... I 
Cn (x) - a n. / “2 +  aMa:n-6 +  fln_io/'10+  • • • [
Dn (x) -  an-3xn-3 +  an-ixn~7 + +  . .. J

Then Pn* ̂  (z) can be written as follows:
Pn' ̂  (x) = X [An (x) — Cn (x)] +  (i l£n (*) — Z)n (*)]

The recurrence relation (5.2.17) takes the form
An (x) +  Bn (x) 4“ Cn (#) 4* Dn (x)

= 2(2n — l)x [An-! (x) 4- Bn-i (x) 4- Cn̂  {x) 4- Dn-1 (x)]
4- An -2 (x) +  Bn- 2 (a:) 4~ Cn- 2 (x) 4- Dn -2 (x)

From this and from the equations (5.2.18) and similar equa­
tions for P(n11 (x) and PfiL 2 (x) we get

An (x)=2(2n — l)x An-! (x) 4-Cn -2 (x)
Bn (x) = 2(2n — l)x Bn-i (x) -f Dn -2 {x)
Cn(x)=2(2n — l)xCn-! (x)4- An-2 (x)
Dn (x)=2(2n—l)xDn-i (x) +  Bn-2 (x)

Multiply the first and third equations by X and —% respecti­
vely and the second and fourth equations by \i and — pf
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and add them:
^ [An (X) — Cn (̂ )l +  R \Bn (*) — A. (*)1 
= 2 (2n — 1) xX [An-i (x) — Cn-i (a;)] +  X [Cn_2 (x) — yln_2 (a;)] 
+ 2 (2n — 1) x\i (x) — Z)n_! (x)] +  fa [Dn.2 (x) — Bn.z (x)] 

Rearranging we have 
X [An (x) — Cn (x)] +  [Bn (x) — Dn (x)]
= 2 (2n — 1) x {X \An-i (x) — Cn-i (x)] +  |a [5n-i (x) — Dn_s (x)]} 

— {X \An-Z (X) — C„-2 (*)] +  R lA -2 (x) — Dn.2 (x)]}
This last equation is nothing but the recurrence relation 
for P ^’ M) (x), namely,

P?;' ̂  (x) -  2 (2n-1) x (x)- P£±p (x) (5.2.19)
where

^  (X) = X, p {t  w (x) =2A,x — |x for X=/=§
^ (x) =0, P[0’ w(x) = - ^  for A, = 0

The case \i = 0, X = 0 is trivial and we disregard it. We 
thus have the following sequence of polynomials:

P%L?(x), .. ., P$' w (x) for X ^O (5.2.20)
or

P'n-Pi*), ...., A°’w(x) for A, = 0 (5.2.21)
In the latter sequence, Pn' ̂  (x) is a polynomial of degree 
n — 1.

This sequence of polynomials has the following properties:
(1) The last polynomial of the sequence is a nonzero con­

stant; namely, in the first sequence it is X, in the second 
it is |x.

(2) For no value of x do two adjacent polynomials vanish. 
Indeed, let xx be a root of P§' and Pn-i\x). Then, due

to (5.2.19), xx will be a root of Pn-2* (#) as well. Conti-
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nuing such reasoning, we would finally find that this 
common root would also be a root of in the sequence
(5.2.20) or of P&* ̂ (x) in the sequence (5.2.21), which is 
impossible since these polynomials are nonzero constants.

(3) If some polynomial of a sequence vanishes for a real 
value of x, then the two adjacent polynomials have values of 
different sign for this x. True enough, from the formula 
(5.2.19) it is evident that if Pn-\* (x) = 0, then

P (n ‘ “V) =  - P (̂ '  (X)

Thus this sequence of polynomials forms a generalized 
Sturm sequence. From algebra we know that if u (x) denotes 
the number of sign changes in the polynomial sequence for 
a given value of #, and r is the number of real roots of the 
polynomial P^' ̂ (tf), then we have r ^  u (— oo) — u (oo). 
And since the sequence P^' ̂ (s) contains polynomials of all 
degrees with leading coefficients of the same sign, it follows 
that u (oo) = 0 and u (—oo) = n in the sequence (5.2.20) 
and u ( — oo) = n — 1 in the sequence (5.2.21). Hence all 
roots of the polynomial Pn* ̂ (z) are not only real for arbitra­
ry real values of X and \i, but they are also simple and the 
roots of Pn' î {x) are mutually distinct from the roots of
P't'Hx) (see [9]).

From this, on the basis of theorems (a) and (b) of algebra 
(see p. 129), we can draw the conclusion that the real parts 
of all roots of the polynomial Pn\x) are of the same sign. 
This sign can ̂ only be plus since the coefficient of xri~1 in 
P {n (x) is negative. We have thus proved that all the roots 
of Pn\x) for s = 2 lie in the right half-plane.

Now let us take the parameter s = 3. From the explicit 
expression (5.2.1) for the polynomials P(n(x) it is clear that 
the polynomial Pn\x) may be obtained from Pn\x) if the
coefficients ah of the latter are multiplied by
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Suppose for 5 = 2 the polynomial P{n (x) has the form 
(5.2.16); then for s = 3 the polynomial Pn\x) is of the form
W  (*) =  »»•*”

+  (5.2.22)
For what follows we will need the following familiar theorem 
of calculus [181.

(c) Let
/ (2) = 60+  ( 1 ) h z+  ( I ) V 2 +  ( 3 ) 63z3

+ ••• +  („ " i)&n-lZn-‘ +  6nZn
be a polynomial of degree n, all zeros of which lie in the 
“circle”1 K\ furthermore,

g (z) = c0+ ( 1 ) C1Z +  ( 2 ) c2z2+  ( 3 ) W3
+  - - -  +  ( n l i ) c n - l Z n ' l  +  C n Z n

is an nth degree polynomial with zeros p1? p2, ..., P ;̂ 
Then each zero y of the polynomial h(z)y made up of f (z) 
and g(z),
h (2) =  V o  +  ( 1 ) V iz +  ( 2 ) btC*z2 +  ( 3 ) V s*3

+  • • • +  (n 1 1) bn-1cn-1zn~' +  bncnzn (5.2.23)
is of the form y = — pvfc, where v is an index (1 ^  v ^  n) 
and k is a point in K.

1 The term “circle” is to be understood as meaning either the 
closed interior or the closed exterior region of a circle, or a closed 
half-plane.
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Forming a combination like (5.2.23) made up of the 
polynomial Pn\x) and the polynomial

we get the polynomial Pn\x).
The roots of the polynomial P(n(x) lie in the right half­

plane, as has already been demonstrated. Now let us find the 
roots of the polynomial Q (x). We will prove that Q (x) is 
of the form

Q (*) =  f (x + 1)"-‘ [(2b + 1 )  x +  n + 1] (5.2.25)

First compare the coefficients of xk in the expressions (5.2.24) 
and (5.2.25) for the polynomial Q (x). The coefficient of xk 
in (5.2.24) is equal to ■” Now compute the 
coefficient of xh in the expression (5.2.25):

[(tt +  1) Cn-l +  (2tt+ 1) Cn-l ]

^ I j [ ( B + l ) ( B - * ) + f t ( 2 B  +  l)]

n +  k-\-i fyh 
n+ 1 Un

Consequently the polynomial Q (x) does indeed have the form 
(5.2.25). From (5.2.25) it is immediately apparent that all
roots of Q (x) are negative: x1 = — and x = — 1 is
a root of multiplicity n — 1.

Thus the roots of the polynomial Pn\x) lie in the right 
half-plane and the roots of Q (x) are negative. On the basis
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of theorem (c) of calculus, the roots of P{n(;r), which is 
a combination of P(n(x) and Q (a;), will also lie in the right 
half-plane.

Knowing that the roots of the polynomial Pn\&) have posi­
tive real parts, we can prove in exactly the same fashion 
that the roots of Pn\x) also have positive real parts, and 
so on.

This can also be proved differently. For the polynomials 
Pln(x) we have the integral representation (5.2.10). Diffe­
rentiate the indicated equation with respect to x to get

oo
pny ( * ) = 5 " <n+s~i (! -  xt)n~i dt 

0
oo

= n(» +  « - l ) t ^ g  j
0

= ra(n +  «-l)^nti2)(a:) (5.2.26)
We know that if the roots of a polynomial are located in 
a certain half-plane, then all roots of its derivative are 
located in the same half-plane. And so from (5.2.26) we 
see that if the roots of the polynomials P(n(x) for s = 2 

and 5 = 3 are located in the right half-plane, then all the 
roots of all polynomials for integral s exceeding 2 are also 
located in the right half-plane. The proof of Theorem 4 is 
complete.

In Theorem 4 it was established that the roots of the 
polynomials Pff (x) have positive real parts for all integers 
s ^  2. This question remains open for other positive values 
of the parameter 5, in particular for positive rational values. 
However, in the calculations carried out for s = 0.01 (0.01)3 
and n = 1(1)10 (see [13]) the roots always lay in the right 
half-plane, and their real parts increased with increasing s.

With this we conclude our investigation of the properties
135



of orthogonal polynomials connected with the quadrature 
formula of highest accuracy for inverting Laplace transforms.

Note that these polynomials are a special case of the so- 
called Bessel polynomials yn (x, a, b) for a = s, b = —1 
that have been investigated in the works of H. L. Krall, 
0. Frink and W. A. Al-Salam.

5.3 Methods for computing the coefficients 
and points of a quadrature formula

In Sec. 5.1 it was pointed out that coefficients of a quad­
rature formula of highest accuracy for inverting Laplace 
transforms have the values (5.1.6) or, in different notation,

e-M°°
=>± (2tU J epp~'- p“'( j)

(7 - k ) Pk" ' ( p
where the derivative of the polynomial P ^  )

-dp (5.3.1) 

is taken with
respect to the variable x =  1 Ip.

To compute this integral we make use of an equation that 
is an analog of the familiar Christoffel-Darboux identity. 
Let us derive this equation.

Rewrite the recurrence relation (5.2.7) for the polyno­
mials P{n (x) in the form

xPji {x) = Bnpn+1 (x) +  CnPn (x) +  DnPn-! (x) 
where

D _  rt + S— 1
71 (2n +  s)(2n +  $ — 1)

/Hr __ S 2
71 ""(2n +  s) (2n +  s — 2)

(5.3.2)

(5.3.3)

71 “ (2n +  s— l)(2n +  s — 2)
Here and henceforth the index s is dropped for the sake of 
simplicity.
136



Multiply (5.3.2) by Pn (t):
xPn (x)Pn (t) = Bnp n+ 1 {x)Pn (t) +  CnPn (x)Pn (t)

+D nPn-1 (*)Pn (0 (5.3.4)
Interchange the variables x and t in (5.3.4) and subtract the 
resulting equation from (5.3.4). Then the middle terms of the 
right members cancel out and we get
(x - 1) Pn (x) Pn (it) = Bn [Pn+1 (x) Pn (t) -  Pn (x) Pn+1 (01

+ Dn [Pn-i (X) Pn (t) -  Pn (X) Pn (01

Write down similar equations for n — 1, n — 2, 1, 0:
(X — t) Pn (X) Pn (t) = Bn [Pn (x) Pn-i (t)

-  (X) Pn (01 +  Dn- 1 [P»-2 (*) Pfi-l (0
— Pn-x{x) Pn-2 (01.

(£ 0  ̂ n-2 (#) fn -2 (0

~ #n-2 [P/i-1 (#) Pn-2 (0 ^n-2 (̂ ) P 71-I (01

T B n-2 [Pn-3 (#) Pn-2 (0 —P7i-2 (x) Pn-3 (01*
(x -  0 Px (x) P i (0 = B i  [P 2 (x) P x (0 -  P i  (x) P 2 (01

+  ̂ 1 [P0 (X) Pi ( 0 — Pi (X) Po (01* 
(x — 0 Po (*) Po (0 = [Pi (x) Po (0 — Po (x) Pi (01

We now transform the resulting system of equations into 
an equivalent system by changing its coefficients by the
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method indicated below:
(x — t) Pn-i(x) Pn-i(t)

= Bji-i \Pn (x) Pn-1 (0 Pji-1 (x) Pn (01
+  ^71-1 [ P 71-2 (X ) P 71-1 (0   P 71-1 {X ) P 71-2 (01 »

^ xL { x - t)P n.2{x)Pn.2{t)
°n-2

— Dn-1 [Pji—1 {x) Pji-2 (0 Pn-2 (x) Pn-1 (01
+  Dn~iDn~2 [Pn. 3 (X) Pn-2 (t) -  Pn-2 (x) Pn_3 (01,

**71-2

=  bI~£:z : : :%  'p > w  w  <oi

+  i^o (*) (<) -  Pi w  Po w i.**7l—2**7i—3 •••**!

7̂1-1̂71-2 • • • Dj 
t̂i-2̂71-3 • • • Bq (x — t)P0(x)P0(t)

_ 7̂1-1̂71-2 • • • ^1

*n -2 *7 i-3  • • • B \ [Pi (*) Po (0 — Po (*) Pi (01

Now, combining these equations termwise, we get the 
desired identity:

71-1
(x —0 I] amPm(x)Pm(t)

771=0

: Bn_! (x) Pn_x (0 — Pn-1 (*) Pn (01 (5.3.5)
where

Dn-jDn-2 • • • Dj+m 
Bn-2Bn-3 • • • ^ tm
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{In (5.3.5) put t = xh — — , where xk is a root of the poly-
Ph 1 1  nomial Pn (x). Dividing by £■— = —— —  yields

2  amPm (x) Pm (xh) = Bn.,Pn {xh)
m =  0

Multiply by evp~s and integrate. The integral
e-fioo

P M 4 u j  e-p-P„ (±)dp
e - i o o

is equal to zero when m >  1 by the orthogonality condi-ltion (5.1.7) and is equal to r . for m = 0. Therefore, after
1 (5)

integrating we have
e+ioo

a° = Bn-iPn~i ~hr I ePp
e-ioo

Divide by P'n (xk) to get
1

a° rwp;(*fc)
e-f-ioo

= Bn-1Pn.1(xh)-^r  j  epp~
e-ioo

This integral is nothing more than the coefficient Ak of the 
quadrature formula, hence

Ah __________ 2°_________
B n- i f  (s) P n_ i (xh) P ’n (xh)

It now remains to compute
ao _Dn-\.Dn-2 • * •

Bji-1 Bn-iBn-2 • • • B{B0

(5.3.6)
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To do this we first compute the ratio Dn_1IBn 1̂:
Dn-i (n-l)(2n +  s-2) (2n +  s-3)

(2n “(- s — 3) (2w s — 4) {ti -|- s — 2)
_  (re—1) (2n+s—2) „  = J_

(2re+s—4)(re+s-2) ’ 0 s
whence

ao ( — l)n-‘ (re — l)!(2n +  s — 2)(2n+s — 4) ...(2 +  *)*
Bn_i ~  (2n +  s—4) ... (2+s)s(re +  s—2) (re +  s—3) ... (l +  s)s 

_  (— l)n-1 (ra—1)1 (2n-|-s — 2)
(n -f s — 2) (n +  s — 3) ... (1 +  s) s

_ ( _ 1)n-l(w_ l )!(2n +  s -2 ) r ( 5) .
“ r(n+«—l)

Putting (5.3.7) into (5.3.6) for Ah, we get the following 
formula:

a _ . ( - r 1(« -l)!(Hs-2)
h r ( n + s - i ) P n_ i ( I h ) p ;  (xh) (5.3.8)

which can be used to compute the coefficients of the quadra­
ture formula.

Let us now go over to a method of computing the points ph 
of the quadrature formula. The inverse powers of these points
are the numbers xh = —  ; as was found above, they are the
roots of the polynomials P„ \x). And so to compute ph we 
can find the coefficients of the polynomials (x) and then, 
using some kind of method, find their roots. But this involves 
considerable computational difficulties: first, for each value 
of the parameter s we have to determine the coefficients 
of the polynomials Pn\x) via a recurrence formula; second, 
computation of the roots of the polynomials Pn5)(z) via the 
Newton method involves a great loss of accuracy, particu­
larly for large values of n.

So as to avoid computing the coefficients of the polynomi­
als Pn\x) and the great loss of accuracy in the computations,
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we can take advantage of another method of finding the points 
of the quadrature formula. For the roots xk of the poly­
nomials Pn\x) we can construct a simple system of algeb­
raic equations containing only xh and the parameter s. All we 
have to do is proceed from the differential equation that is 
satisfied by the polynomials Pn\x):
x2P%y' (x) +  (sx -  1 )P(nV(x) -  n {n +  5 -  1 )P(n\x) = 0

(5.3.9)
Put x = xh in (5.3.9) and then the third term on the left 

will vanish. Divide the resulting equation by x%Pny (xh)j 
which is possible since Pn\x) does not have a zero root or 
any multiple roots. Indeed, from the explicit expression
(5.2.1) it is evident that the constant term of Pn\x) is not 
equal to zero, hence Xk =£0. Furthermore, from (5.3.9) it 
follows that if P'n ' (xk) = 0 , then also P ^  (xfe) = 0 . 
Differentiating the equation (5.3.9) n times, we then have

P t)m{xk) = 0, /*>"(**) = 0, ..., P ^ ( x h) = 0
This last equation is invalid since Pn^n\xh) is a nonzero, 
constant. Hence P„ y (xu) =/= 0- 

After the indicated manipulations, (5.3.9) becomes
P(nr i*h) s____ i_
P(ny (*k) +  Xh

T . 4Let us transform the expression — ------
*£> (**)

write the polynomial P%* (x) in the form

(5.3.10) 

To do this

P(n (x) =a(x — xx) (x—x2)
n

... (x — xn) = a IIm=l (x — xm)
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Then

P(ny(x) = D (X— Xm)
i = l  m = 1 

m=£i

PnV(Xh)=a I] {xh—Xm)
m —1 m=£A

2  II (x— xm)
j =  1 i = l  m = l

i  i= j m=f= i, j

Pny'(xh) =  2 a 2  0 (̂ fe — *m)j=l m—1 j=£A m̂=j, A

From this it follows that

P(nr (*k)
P%r(*k)

2a2  II (xk~ xm)
j = l  m = lj4=A wt=I=i» A_______

n

a H (xh — *m)m=im+A

=  2
i=ii+A

2
(*A~ *j)

Now equation (5.3.10) can be written as
n

2 — ---------------------hJ  1  = ° (5.3.11)"  xh — Xj xh x\ 7
;=1 i+A
IReplace xh by —  and perform a few simple manipulations
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in (5.3.11) to get

S P̂kPj . 2 A-J— ^  +  sPk~Pl= 0 -
i=ij+ft

2P;
i=ij=f=fc

Pj Pft ■S— Pft =  0,

2  2 (1+ 77^ 7r ) +s_f,* =0’i=l

i=ii4=fc
V ---?--- 1_1--- 2re±s—2_ _ o
^  Ph— Pj Pkj=itirh

(5.3.12)

Writing down the equation (5.3.12) for all values of 
k (k = 1, 2, . . ., n), we get a system of equations for deter­
mining the points ph of the quadrature formula.

Equation (5.3.12) takes on a simple physical meaning if we 
take advantage of a certain electrostatical analogy. Suppose 
an electric charge of negative mass — (2n +  s — 2) is placed 
at point 0 of the complex plane. Also we consider n free 
charges with positive mass 2 whose complex coordinates we 
call Ph (k = 1, 2, . . ri). We will assume they act on one 
another with the ordinary force of a plane electric field, 
where the numerical value of the force is inversely propor­
tional to the first power of the distance and the proportionali­
ty factor is equal to the product of masses of the charges. 
We also assume that to each free charge ph is applied an 
external force of magnitude 2 that is parallel to the real axis
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and in the positive direction of the real axis. In a state of 
equilibrium of the system, the resultants of all forces ap­
plied to each of the free charges must equal zero:

2x2______2 (2n-\-s — 2)  ̂ q _ q
Pk — Pj Ph~®

j+A
If we cancel the factor 2 and go over to complex conjugate 
quantities, we get the system (5.3.12).

The equation (5.3.12) is a system of equations that per­
mits obtaining the points of the quadrature formula. Since 
the points pk are complex numbers, it is possible, by re­
presenting ph as pk = sh + ioh, to transform the system 
(5.3.12) by separating the real and imaginary parts. We 
then get the following system of equations for finding sk 
and ok:

2 (sh — sj)
“  (sh — Sj)*+(Oh — Oj)* 
3 = ii+A

^ (2n-\-s — 2) Sh __ |

2(ok-oj)
3=  1 j*A

(sh~ ̂ )2+(<̂ A — Oj)2
(2n +  s- 2 ) ok _ n

(5.3.13)

The system (5.3.13) consists of 2n equations. Actually there 
will be only n equations since pk are complex conjugate 
numbers:

P i  —  P n  P k  —  P  3? • • •
Hence

$2 =  1̂) = • • • » ^2 ^1* 4̂ • • •
Tables 1 and 2 of [13] give the values of the points and 

coefficients of the quadrature formula (5.1.5) that has the 
highest degree of accuracy: for s = 1, 2, 3, 4, 5, n = 1(1)15 
accurate to 20 digits and for s = 0.01(0.01)3, n = 1(1)10 
to 7-8 significant digits.
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Chapter 6

Methods of Inverting Laplace Transforms via Quadrature

Formulas with Equal Coefficients

6.1 Constructing a computation formula
We assume that the problem of inverting Laplace trans­

forms has again been reduced to computing the integral
e+ io o

To evaluate it we construct a quadrature formula with equal 
coefficients:

The unknown quantities that we can deal with in (6.1.2) 
are the numbers Cn and pk (k = 1, 2, . . ., n). We choose 
them so that (6 .1.2) is exact for any polynomial of degree n 
in the variable Up. This requirement is equivalent to for­
mula (6 .1.2) being exact for the functions cp (p) = 1 lph 
(k = 0, 1, . . ., n). The factor Cn is determined from the 
condition that (6 .1.2) be exact for the function cp (p) == 1:

(6.1.1)

e+ io o n
(6.1.2)

e+ io o

e - io o
Hence

e+ io o

(6.1.3)
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For the value of Cn thus found, the rule (6.1.2) becomes
e+ io o  n

-sr J ePp'S(p (p) 2  <p (p») t6-1 -4)
e - i o o  f t= l

If we pass from the variable p to the variable x = 1 Ip and 
set xh = 1 lphy then we get the following system of equations 
for the unknowns xfe:

e-Hoo

x1 +  x2+ . . . + x n= ^ ~  j  ^ - p - * d Jp = T ^ r t
e - io o
e+ io o

e - io o

e+ io o
t H - L t H I  > f  e v V~s T)~n  d  D —*1+*2+• • • +*« - 2ni J e p p  a p ~ T { s+ n )

e - i o o  „
(6.1.5)

From this system we could obtain the values of xh and 
hence also pk. But since this system is nonlinear, its solution 
can give rise to certain computational difficulties. And so 
we try to find a different method of computing xh similar 
to what was done for the Chebyshev quadratures in the 
field of the real variable (see [10]). We introduce the nth 
degree polynomial coR (x) whose roots are the numbers xh:

(on (x) = (x — xx) (x — x2) . . . (x — xn)
Expand this polynomial in powers of x:

(On (X ) =  Xn +  A & ” - 1 +  A 2Xn ~2 +  . . . +  A n-!X +  A n
As we know, the coefficients A k will be elementary symmet­
ric functions of the roots. Now the equations (6.1.5) yield
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sums of the powers of the roots xk:

= (i= 1 - 2- ••••«) (6 -1-6)k=\
Now, appealing to polynomial theory, we write down the 
familiar relationships between elementary symmetric func­
tions of the roots Ah (k = 1, 2 , . . n) and the functions 
Si (i =  1, 2, . . ., n). They are defined by the so-called 
Newtonian relations

+  Ax — 0 ,
S 2 -f" AiS i -f- 2 A2 = 0,
S3 H” AiS2 ~f" -̂ 2^1 3i43 — 0 , (6.1.7)

$n +  AiSn-i +  -42*5^2 +  • • • +  nAu — 0 
Substituting the values of S t from (6.1.6) into the system
(6.1.7), we get the following system of equations:

r( s+ i)  +  nr(s) Al
1 1  2

r(s+2) r ( s+ l)  A l+  nT(s)
1 1  1 3

r(«+3) r(s+2) A l^~ r (*+i) A nr(«) j43=0. (6.1.8)

1 | 1 A , 1 A
r(*+n) r(s+n —1) A l+  r(s+n —2)

r(s+i) ^ n-1 +  nr(s) An =0 ,
All the values of Ah can be found in succession from this sys- 
tom. The value of Ah can be written out in explicit form as 
a determinant of order k. Since the determinant of the
system (6 .1.8) is triangular and equal to ^  [rfo)]̂  * t*len
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Ah — — n A, where
1 0 0 ... 0 1

nr (s) r(H-i)
1 2 0 ... 0 1

r (s+i) nr (*) r ( s+ 2)
1 1 3 ... 0 1

r(«+2) r (s+i) nr (s) r (*+3)

1 1 1 k— 1 1
r (5+  ̂— 2) r(s+ fc-3) T(s+k — 4) ••• nr (5) r(«+fc—1) 

1 1 1  1 1

T( s+ k—i)T(8 +  k — 2)T(s +  k — 3 ) ' "  r(s +  l) T(s +  k)
for 2 k n, and Ax = — n/s.

Having found all the AhJ we can construct a polynomial 
con (x). After we find its roots xh, we can determine all the 
points ph = l/xh of the quadrature formula (6.1.4).

6.2 Remark on the spacing of points
The formula (6.1.4) was constructed by H. E. Salzer for 

the particular value of the parameter 5 = 1. He also com­
puted for this parameter s the polynomials con (x) for n = 
= 1(1)10 and he determined their roots xh and, hence, the 
points ph = 1 !xh of the quadrature formula. The points ph 
are tabulated to 8 significant digits in [13].

From the meaning of the problem, the points ph of formu­
la (6.1.4) must lie in the domain of definition and regula­
rity of the function cp (p), that is, in the right half-plane.

As may be seen from the table in [13], beginning with 
a certain n, two of the points ph pass into the left half­
plane. Apparently, as n increases, more and more points pk 
will pass into the left half-plane since the real parts of pk 
decrease with increasing n. This is a drawback when using 
formula (6.1.4) for computations.
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Part Two

FOURIER TRANSFORMS AND THEIR

APPLICATION

TO INVERSION OF LAPLACE TRANSFORMS

Chapter 7 

Introduction

As is well known and as will be demonstrated below, the 
problem of computing the Mellin integral can be reduced to 
the Fourier transformation, which is the classical machinery 
for investigating a broad range of applied problems. Many 
methods have been devised for handling this transformation 
numerically. In principle, each of these methods can be 
applied to solving the inversion problem. A survey of the 
most important of them will be given in Chapters 9 and 10. 
Here we wish to note once again that all these methods have 
one fundamental drawback; namely, they fail to account for 
the fact that the integrand in the Mellin integral is not an 
arbitrary function F (p) with complex values but an image 
function that definitely has certain properties known before­
hand. These properties include, for instance, regularity in
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the half-plane Re p >  a (a c), a tending to zero as the 
point goes to infinity, and so on. In this respect, the com­
putational methods of inversion that were considered in the 
first part of this book are preferable since to a certain extent 
they take into account the image properties.

Despite the foregoing drawback, we have retained in this 
book the question of computing the Mellin integral by re­
ducing it to the Fourier integral; this is done for the fol­
lowing reasons. First, it is one of several possible methods of 
computation when the points of the quadrature formula are 
taken on the line of integration p =̂ .c +  ix (— oo <  t  <  o o ) .  
Second, this method may be useful in practice at least as 
a supplementary one for checking computations involving 
other methods.

7.1 Fourier transforms
Below we consider the Fourier double integral

oo oo
-i- j du j  f (t) cos u(x — t) dt (7.1.1)

0 - O O

and assume the function / to be absolutely integrable on the 
number axis — oo <  t <  oo. The inner integral with re­
spect to the argument t will be absolutely convergent for all 
real values of x and w, and the convergence will be uniform 
as well.

As for the convergence of the double integral (7.1.1) and 
its numerical value, Theorem 1 given below is sufficient 
(see, for example, [22]). The following remark will help the 
reader to get a better grasp of the situation.

Remark. Suppose a function / (x) with finite values is 
given on an interval [a, b]. Partition [a, b] into a finite num­
ber of parts using the points x0 ^  a *< <  . . . <  xn — 6 .
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Form the sum
n - 1

V (xo, Xi, ...» #n) = 2  I / (̂ ft+i) / fah) I
fc=0

It has the meaning of the sum of absolute values of variation 
of / on the subintervals xh] and depends on the points
xh (k = 1, 2, . . n — 1). The upper bound of possible 
sums V (x0, xly . . xn),

Var (/) = sup V (x0, xx, .. ., xn)
a ^ x ^ b  x i ,  . . ., x n - 1

is called the total absolute variation of f on the interval [a, b]. 
If Var (/) has a finite value, then we say that / isa^x^ba function of bounded (finite) variation on [a, b].

Theorem 1. Let f (t) be absolutely integrable on the 
number axis —oo <  t <  oo. If on a certain interval [a, b] 
containing the point x the function f has bounded variation, 
then the following equation is valid:
4 l /(* +  0) +  / ( * - 0)]

oo oo

= lT ^du  j  / (t) cos u (x — t) dt (7.1.2)
o  -°°

But if f is of bounded variation on [a, b] and is continuous 
there, then

oo oo

/ (#) = -i- j  du \ /(t) cos u (x — t) dt (7.1.3)
o

Here, the double integral converges to f (x) uniformly with 
respect to x in any closed interior portion of [a, bl.

The equations (7.1.2) and (7.1.3) are called the Fourier 
formulas.

In what follows we will assume everywhere that / (t) is 
of bounded variation in any finite interval of the t axis.
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Then (7.1.2) will hold for all finite values of x. Besides, to 
simplify notation we will assume that all discontinuities
of / are “regular” and the relation / (x)=-j*[f (x +  0) +
+  / (x — 0)] holds at all points x. Then under this condi­
tion the equations (7.1.2) and (7.1.3) will have the same 
aspect and from now on we will make use of (7.1.3).

We can make the Fourier integral more symmetric if we 
take advantage of complex quantities and replace the tri­
gonometric function by its expression in terms of exponential 
functions:

oo oo
— j  da j  f (t) cos u (x — t) dt

0 -- OO

=  —  j  du j  / (t) [eiu<3C~<) +  e-iu<x-(>j dt
o

If one performs termwise integration and if in the first 
of the integrals one replaces the variable u by —z/, it is 
possible to reduce the Fourier formula (7.1.3) to the form1

oo oo

/(*)-■ST J e~ixudu J f(t) eiut dt (7.1.4)
— oo —oo

This equation is termed, for short, the complex Fourier 
formula. With it are connected the following reciprocal (dual)

1 In the Fourier formula (7.1.3), by the integral with respect to 
the variable u taken along the half axis 0 ^  u <  oo is meant the 
limit to which the integral over the interval 0 u <  A tends when 
A increases without bound. Accordingly, in (7.1.4) the integral over 
the axis —  oo <  u <  oo is taken in its principal-value meaning as 
the limit to which the integral taken along the symmetric interval 
—-A u ^  A tends when A oo.
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relations between pairs of functions:

oo
q, (u) ={/(<)  elu‘*  (7.1.5)(7.1.5)

— 00
oooo

f{x)=—  j <p {u)e-™du (7.1.6)
— oo

The former is called the complex Fourier transformation 1 
and carries the original function f into the image function <p. 
The latter equation gives a rule of transition from the 
image (p to the original /.

We now give two special-type formulas of Fourier which 
together are equivalent to the general formula (7.1.3). If 
we take advantage of the familiar expression for the cosine 
of a difference of two arguments, then (7.1.3) can be cast 
in a form similar to the Fourier-series expansion of the

1 In order to make the transform and its inversion formula more 
symmetric, one often modifies the equations (7.1.5) and (7.1.6):

Since the numerical factor in the first equation is of no importance 
in our discussion and only complicates the notation, we have chosen 
the form (7.1.5) and (7.1.6). Similar remarks may be applied to the 
Fourier cosine and sine formulas.

oo

— oo

oo
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function:
oo

/(x)= [a (u) cos ux-\-b (u) sin ux] du, (7.1.7) 
o

oo

a(u) = "7T j  f(t) cos utdt,
— OO
oo

b (u) = -~ j  / (t) sin u/ d£
— oo

When / is an even function, then
oo

a(u) =-—• j f (t) cos utdt, b(u) = 0 

* o
and (7.1.7) becomes the Fourier cosine formula:

oo oo

/ (x) = -̂ - j  cos xu du j  f (t) cos ut dt ( 0 ^ x <  oo) (7.1.8)
0 0

Similarly, if / is an odd function, then (7.1.7) becomes the 
Fourier sine formula:

oo oo

/ (x) =-^- j  sin ux du j  / (£) sin u£ d£ ( 0 ^ x <  oo) (7.1.9)
0 0

The general Fourier formula (7.1.3) may be regarded as 
a combination of the particular formulas (7.1.8) and (7.1.9). 
Indeed, every function / may be represented as the sum of 
its even and odd parts:

f(x)=g (x) +  h(x), g (x) = ■[/ {x) +  / (— Z)], 

h(x)=-^lf(x)-f(-x) ]
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The inner integral of (7.1.3) will have the following expres­
sion in terms of g and h:

oo oo

 ̂ / (t) cos u (x — t) dt = 2 cos xu j  g (t) cos ut dt
-oo 0

oo

+ 2 sin xu j  h (t) sin ut dt
o

And so from (7.1.3) we get
oo oo

f{x) = g (x) -f h (#) = j  cos xudu j  g (t) cos ut dt
o o

oo oo

+  — j  sin xudu  ̂h (t) sin ut dt
o o

and the general Fourier formula is indeed the sum of the 
cosine formula for g (x) and the sine formula for h (x).

Connected with the Fourier cosine formula (7.1.8) is 
a relationship between the pair of functions / and cpc:

00

<pc (u) = j  / (t) cos ut dt (0 ^ x < o o )  (7.1.10)
o

oo

j  cpc (u) cos xu du (7.1.11)
o

The first is the cosine transform of the original function / 
into the image function cpc, the second is the inversion.
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Also connected with the Fourier sine formula (7.1.9) is the 
reciprocal relation between the functions / and cps:

(ps (a) = j / {t) sin ut dt (O^z <  oo) (7.1.12)
o

/ (#) jj 9 s (u) sin xu du (7.1.13)*
o

The equation (7.1.12) is the Fourier sine transform, and 
(7.1.13) is its inversion.

It will be seen that the complex Fourier transform (7.1.5) 
can easily be reduced to the transforms (7.1.10) and (7.1.12). 
In (7.1.5), replace f(t) by its decomposition into even and 
odd parts: f (x) = g (x) +  h (z), where g (x) and h (x) are 
indicated above:

oo

<p (u) = j  / (t) eiut dt

oo

= j  [g (t)+h(t)] [cos ut+ i sin ut]dt

oo oo

= 2 j  g (t) cos ut dt +  2i j  h (t) sin ut dt 
0 0

= 2gc (u)+2iha (u)
Hence the complex transformation (7.1.5) is a simple linear 
combination of the Fourier cosine and Fourier sine trans­
forms.
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7.2 Reducing integrals of the Mellin 
type to the Fourier transformation

We now investigate a connection between inversion of 
Laplace transforms and the Fourier transformation. Consi­
der the Mellin integral

C-Hoo
fi*)=4 a 5 F(P)e*pdp ( - o o < * < o o )  (7.2.1)

c-ioo

under the sole assumption concerning the function F (p) that 
it is specified and absolutely integrable on the straight 
line p = c +  ix ( — oo <  t  <  oo). The integral converges 
uniformly with respect to x on the axis — oo <  x <C oo and 
is a continuous function of x on that axis.

If in (7.2.1) we put in place of p its value p = c +  ix on 
the line of integration and note that in the quantity exp = 
= ecxeixx the factor ecx does not depend on the variable of 
integration, then we can transform (7.2.1) to the form

00

e~CXfW  = ~L J F(c +  ix)e^dx (7.2.2)

which shows that computing the Mellin integral f (x) leads 
to the complex Fourier transformation of the function 
F (c +  ix).

This simple fact permits us to apply to the Mellin inte­
gral all known methods of the numerical Fourier trans­
form ation.

In Sec. 7.1. we noted that the Fourier transform of the 
function F (c +  ix) can readily be reduced to the simpler 
cosine and sine transforms of the even and odd parts of
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the function F (c +  it):
F(e +  ix) = g ( T )  +  fc(T),

g (t) =  \  (c + ft) +  F (c — ft)],

W =  T  (c + iT)— ̂  (c ~ ix) 1 ’

<rc*/(x) =  -i- j  [g(x) +  h(x)]eixxdx

=  j  g (t ) c o s  art dx +  -i- j  h (t ) sin xx dx
0 0

=  4'tec(z) +  iM2)] (7.2.3)
The foregoing permits reducing the computation of Mellin 
integrals to that of the Fourier cosine and sine transforms. 
It is principally these transforms that we will be dealing 
with from now on.
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Chapter 8

Inversion of Laplace Transforms by Means 

of the Fourier Series

We start our investigation of the problem of applying 
harmonic analysis to inversion of Laplace transforms with 
a consideration of cases that may be regarded as degenerate, 
when the computational problem is simplified and the Fourier 
integral transformation can be replaced by a Fourier series. 
Most likely this can be done in two cases: either when the 
function / (x) rapidly diminishes in absolute value as x 
goes to infinity or when its image function F (c +  i%) under 
the integral sign of (7.2.2) rapidly tends to zero as | % | 
increases. Here we confine ourselves to a description of com­
putation schemes since the problems of convergence and error 
estimates are involved and require further study.

8.1 The case of a rapidly decreasing 
original function f (x)

To abbreviate notation, we introduce
f (x) e~cx = g (s), F(c +  ix)=G  (x)

Then the Laplace transformation
oo

F (c +  ix) = j  f (t) dt
o
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and its inverse (7.2.2) can be written as
oo

G (t) — j  g (£) e~ixt dt 
o oo

g ^ = 4 r  J G(x)e^dx (8.1.1)
— oo

Now suppose that the original function / (t) and, hence, 
the function g (t) vanish or have negligibly small values 
everywhere outside the finite interval [0, T]. Expand g (t) 
in a Fourier series on [0, T] and write the expansion in com­
plex form:

oo

*(*)= 2
k = — oo (8.1.2)

where co = 2nlT and
T

Ch=~Tr j  8 (*) e~ihat dt (8.1.3)
0

Since g (t) has a vanishingly small value outside [0, 3T], 
we can assume approximately that

oo

j  g(t)e-ihe>tdt = -^-G(ka>) (8.1.4)
0

The error of this equation has the value
oo

-jrG(ka)— j  g{t)e~ihmdt
T

and can be estimated by the following inequality:



Take (8.1.2); if instead of ck we introduce their approxi­
mate values (8.1.4), we get the following expression of g (t) 
in terms of the values of the image F at equidistant points 
c +  i/cco (k — 0, ±1, ±2, . . ,):

oo

f(t)e~ct=g(t)tt —  2  Fic +  ik^e*™ (8.1.6)
h—-oo

When using this equation, it is important that the func­
tion F (c +  ika) fall off sufficiently rapidly as the absolute 
value of k increases without bound. In certain cases this can 
be attained via a preliminary preparation of the image 
F (p) and an acceleration of approach of F (p) to zero as 
p ->■ oo. This preparation is discussed in Part Three of 
this book,

8.2 The case of rapid decrease of the modulus 
of the image function F (p)

We consider the function G (x) = F (c -f i t )  to be abso­
lutely integrable on the axis — oo  <  t  <  o o  and negligibly 
small outside the finite interval [— T ^  t  ^  T], As to its 
behaviour on the interval [—T, T], we find that G (t) is 
a regular analytic function with values equal to zero to' 
acceptable accuracy at the endpoints of the interval. It can be 
expanded in a Fourier series, which we write down in com­
plex form:

G(t)= 2  Q=-y- (8.2.i)
h = -o o

T
Cm=4r j G(t)eim0tdt (8.2.2)

-T
Since outside [ —  7\ T] the function G (t) is regarded as negli­
gibly small, the following equation holds true within the
11-0281 161



accepted accuracy:
T

g(x) j  G(%)eixxdx ( — T ^ x ^ T )  (8.2.3)
-T

The error can be roughly estimated with the aid of the in­
equality

T
| sjf j  G(x)eixxdx

-T
— T oo

j  G (x)eixTd x + \ G (x)eixxdx|
-oo T

oo
jl|G(T)| +  |G(-T)|]dT
T

In the integral (8.2.3) we introduce the expansion (8.2.1) 
instead of G (t) and perform term-by-term integration of the 
series x. If we take into account the equation
T
j  e i(x~kQ)x f a  
-T

___ z___ \p i (x T -k s i)  />-i(xT-AJl)l
i (x — JcQ) *■ J

= ( — 1/2 T sinx^ 
xT — kn ’ X *7̂= h£l (8.2.4)

1 In the inversion problem, the function G (x) =  F (c +  ix) will 
be analytic on the interval — T <  x <  Tt but can assume distinct 
values at the endpoints. The Fourier series will converge uniformly 
to G (x) with respect to x on an interval of the type [—7 + 6 ,  T — 
— 6] for any positive 6 and will converge without bound to G (x) on 
the semi-intervals (-J1, — T +  6], [T — 6, T). Termwise integration 
of the series is possible.
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I lion for the original function f (x) we get the following ap­
proximate expression:

/<*)«-“=»(*)*-£- £ <8-2-5>h=-oo
x ^ k ^ r ,  - T < x < T

When x =  m = mQ, then, as follows immediately from
(8.2.2) and (8.2.3), we get the following value for the func­
tion / (x):

/  (m£2) e~cmQ ~  -^-cm (8.2.6)

Applying (8.2.5) to computing the original function re­
quires computation of the Fourier coefficients (8.2.2) of the 
function F (c +  ix). Methods of such computations are 
discussed in the literature (see [11], [19]).
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Chapter 9

Interpolation Formulas for Computing Fourier

Integrals

9.1 Some preliminary remarks
In order to carry out the Fourier transformation numeri­

cally, that is, to compute the integrals
oo

xpc (u)= j  / (t) cos ut dt (9.1.1)
0 
oo

9s (u) = j  f it) sin ut dt (9.1.2)
o
OO

<p(w)— j  f(t)eluidt (9.1.3)

use can be made of many familiar classical rules of integra­
tion, such as, for instance, the trapezoidal, parabolic, and 
other rules based on the formulas of Cotes, Gauss, and so on.

We will not dwell on these rules for two reasons: first, 
these formulas and their errors are well known and have been 
thoroughly studied; second, they all have an essential draw­
back, to which it is worth calling attention in order to 
explain why one should not confine himself to these rules 
but should construct other formulas that are more conveni­
ent for computing Fourier integrals.
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riio formulas that we have just been speaking about are 
obtained by replacing the integrand over the entire interval 
of integration or any of its parts by an algebraic polynomial 
of low degree. For this reason, they will most likely produce 
good accuracy if the function being integrated is sufficiently 
Minooth and does not vary rapidly.

The function to be integrated in (9.1.1) is the product 
/ (/) cos ut. If the parameter u is a large number, the function 
a)Hut will oscillate rapidly and so as to more or less precise­
ly follow the variations of the product f (t) cos ut and 
obtain the value of the integral with admissible error, in 
I lie quadrature formula one has to take a large number of 
points even for a slowly varying function / (t). This can make 
the computations difficult or even impossible of solution. 
Something quite similar may be said of the integrals (9.1.2) 
and (9.1.3).

The use of general quadrature formulas may be only of 
restricted value: they may, practically speaking, be useful 
lor computing the integrals (9.1.1), (9.1.2), (9.1.3) only for 
small values of u.

To set up rules of computation that suit variations of u 
over wide ranges, it is necessary beforehand to take into 
nc-count the factors cos ut, sin ut, eiui. One way this can 
be done is by taking such factors for the [weight func- 
I ions.

Besides, since u can assume many values, some of which 
cannot be foreseen, it is advisable to set up the computation 
r u le s  so that they contain the parameter u literally and 
are convenient in computations for arbitrary (even large) 
values of u.

We will assume that the function / (t) tends to zero so 
last, as | t | — oo, that the convergence of the integralstxi 00
j  | f (x) | dx or j  |/(#) | dx is ensured. For the sake of definite-
0 V  - o o
ness we will assume that for large values of | t | the inequa-
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|/(f)|<A|*r1- t e > 0 (9.1.4)
lity

holds.

9.2 Algebraic interpolation of the function f (x)
Algebraic interpolation, that is, interpolation with the aid 

of integral algebraic polynomials, is satisfactorily used for 
approximating continuous and sufficiently smooth functions 
on finite intervals. If the interval, over which a function 
f has to be approximated, is a half axis of the whole axis 
and the function is absolutely integrable there or even satis­
fies the contidion (9.1.4), then algebraic interpolation 
cannot yield a good approximation. Then the interpola­
tion must be based on a different system of functions, for in­
stance a system of rational functions that are continuous on 
the axis of the half axis and tend to zero with unbounded 
growth of | t |. We will discuss that type of interpolation 
a bit later. As for using algebraic interpolation, we are 
forced to partition the half axis or the axis into an infinite 
number of finite intervals and resort to piecewise interpola­
tion, and not even necessarily “spliced” interpolation (now 
called spline interpolation *).

9.2a. Auxiliary formulas. We begin by obtaining simple 
auxiliary formulas that will serve to compute integrals of 
functions containing trigonometric factors.

Let [a, b] be an arbitrary finite interval and I (#) an algeb­
raic polynomial of degree n. Using rc-fold integration by

1 That is the term used for algebraic interpolation when a specific interpolating polynomial is built on each interval, and the polyno­mials are chosen so that at the points of contact of two adjacent in­tervals the corresponding polynomials and their derivatives up to a certain order have the same values.
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parts it is easy to obtain the following equation:
b
j  I (z) e%px dx
a

- e ip6[ il (b) , l’(b) r  (b) i
P 1 P 2 1 p 3 p*  ' ‘ ' J

il (a) , I 'M , U"(a) r  (a) n
e I. P 1 P 2 1 P 3 p 4 ”  ’ J

. b+a 
e P 2 /  f il (b)

1 V(b) 1
il" (b) r  (b) -| ■.

e u p 1 p 2 1 p3 p4

r  U (a) , l'(a) , il" (a) r  (b) . b-a
le~ tp 2 \

L p  1 P 2 1 p 3 P4
. . . J e  |

(9.2.1)

If we consider I (x) to be a real polynomial, and if we re­
place the exponential functions by their Euler expressions in 
terms of trigonometric functions and then compare the real 
and imaginary parts, we get useful formulas for computing 
the integrals containing trigonometric factors:
b
j  I (x) cos px dx
a

cos p a+ b
{[

1(b) + 1 (a) l"(b) +  l"(a) b — a

+ [
V (b)-V (a) r  (b) — lm (a)

•]

f- • • •] sin p 2
b — a

CO S  p - )
b — a+  sin p i + i  { [ i W r i f i L - . . . ]  e„ s p  ^  

- p . m m -  L-W +  --M  +  s i n P —- j~ }  (9.2.2)
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b
| I (x) sin px dx
a

= sin p b-\-a
~~iT~ {[

l(b) + l(a) 
P

+ (a) 
P3

b — a 
~2~

| ^ l'(b)-l'(a) r  (b) — r  (a) 
p4 cos p b — a 

2 }

— cos p b +  a 
2 { [

1(b)-I (a) 
P

I" (b) —I" (a) 
P3

+- . . . J  CO S  p b — a 
2

V (a) lm(b) +  lm(a) 
P4

f  . . . J s i n p - ^ - } (9.2.3)

The equations (9.2:2) and (9.2.3) were obtained on the 
assumption that I {x) is an arbitrary polynomial with real 
coefficients. But since the equations hold for arbitrary real 
coefficients of the polynomial I (x), they will also hold for 
complex coefficients and, hence, for any complex 
l (X).

9.2b. Constructing formulas for computations. The idea 
behind the construction of interpolation rules is simple in 
the extreme. For the sake of definiteness, let us consider 
the cosine transformation (9.1.1). We divide the half axis of 
integration [0, oo) into finite intervals by the points 0 = 
= a0<  ax <  ..<«&<•••• Take one of the intervals
[afe, aft+1] and on it interpolate the function /, assuming it to 
be sufficiently smooth, with the aid of an algebraic polyno­
mial. Let us for instance choose interpolation with respect to 
the values of the function. On [ah, ak+J choose nh +  1 
arbitrarily spaced points = 0, 1, * * nk] a* ^  x% <  
<  . . . <  x*k ^  flfe+i) and perform the interpolation with 
respect to the values / (xJ) = / by means of a polynomial
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P h (x ) o f degree nh:

Pk(*)='Z (Dfe (x)

i=0i-0 (*-*?) 
o)/t0r)=0r

f(x) = Ph (x) +  rk (x)
Xq) ... (#

(9.2.4)
Now consider an integral of the form (9.1.1), taking it 

over the interval [ak, afe+1 ] instead of over the half axis 
10, oo), and replace the function / (x) on the interval by the 
interpolating polynomial Ph (x). This gives us the approxi­
mate equation
\+i ak+i
j / (t) cos utdttt j  Pk (t) cos ut dt
a k a h

nk °ft+i
= 2  / f ^k) (o c°s ̂  ̂

;=o a{
Summing such equations over all subintervals, we con­

struct an approximate expression for the Fourier cosine , 
transform:

<pc (u) =  j  f (t) cos ut dt 
o

<» nk ah+l
( I f  (t) cos utdt (9.2.5)

k=o i=o
Each of the integrals under the sign of double summation 

can h| computed, for example, from the formula (9.2.2).
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If we denote by rk (x) = f (x) — Pk (x) the error of inter­
polation on the interval [ah, ak+J, then the error of the 
equation (9.2.5) will be

°0 ak+i
Rc(u) = 2  j  rh(t) cos utdt (9.2.6)

*=° ak

At least in certain cases this representation of Rc (u) can 
be used to obtain an error estimate of the approximate re­
presentation (9.2.5) for (pc (u). For example, from (9.2.6) 
there quite obviously follows the following estimate Rc (u) 
uniform with respect to u:

« ah+l
|-fic(w)|<2 j  | fft {t) I dt (9.2.7)

h=0
In this notation, we assume that the right side of the 

inequality has a finite value. The value of the right side 
depends on the choice of the points ah, the numbers nk, 
the interpolation points xW, and the properties of the func­
tion /, in particular, on whether it has derivatives of suffi­
ciently high order, and on the rate of their approach to zero 
as t increases without bound.

The investigation of the approximate representation (9.2.5) 
for cpc (u) in the general form is complicated and is mainly 
of theoretical value. We confine ourselves to considering this 
representation in a few simple and special cases.

Suppose the half axis [0, oo) is partitioned by the points 
xk = kh (h >0 , k = 0, 1, 2, . . .) into equal intervals of 
length h. We also assume known the values of the function / 
at the division points: / (xh) = f (kh) = fh.

I. C om pu ta tion  r u le s  based on lin e a r  in te r p o ­
la t ion . We first consider an analog of the trapezoidal 
rule. Take an interval [kh (k +  1) h] and perform linear 
interpolation of the function / with respect to the two values
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at the endpoints of the interval:
/(* *) = -*-̂ hi)h- A + ^ ~ / f t +i +  rh (*, /) (9.2.8)

If / has a continuous second derivative, the error of inter­
polation rk (x, /) can, as we know, be represented as 1

1

rh(x, f)=h2 j  /"(fcfc-f — t)£(| —t) — 5(1 — x)]dx
o

(9.2.9)
« = *ft +  ̂  = A(A: +  i)

1 This representation can be obtained if we take advantage of Tay­
lor’s formula with remainder in the form of the integral

X
f(x) =  h  +  (x — *ft)/ft+ j  f  (t) (x — t) dt =  fk +  (x — xh) f'k +  tp(x)

*ft
Since the linear function fh +  (x — xk) fk is interpolated exactly, 
the errors of interpolation of / and (p coincide. But

Tft (x, 9) =  <p (x) +  -X~£h+i <P (*ft) -  X~hXh <P (*fe+l)

and since q>(xk)=Ot it follows that

r Xk+i x — xrh (x, /) =  rfe (x, <P) =  J /" (<) (x-t) d t-  j  f  (t) *h (xft+1 —t) dt
xk xh

xh+l
=  j  f" (I) [ ( x - t)E ( x - t) -— (x -x h) (xk +  h-t)] dt 

xh
N ot it remains to replace the variables x and t by putting x =  x^ +  
+  hi, t =  xk +  At (0 <  x <  1) to obtain the equation (9.2.9).
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where E (x) is the “quenching function”. This function serves 
to eliminate extra intervals of integration and is defined by

E(x) =
1,

< 1/2, 
lo ,

x > 0  
x =0 
x<^0

Multiply both sides of (9.2.8) by cos ux and integrate 
over the interval [kh, (/c +  l)A]. By means of integration 
by parts or on the basis of (9.2.2), it is easy to compute the 
integral with the interpolating polynomial:
(ft-M)ft

f  f  x - ( k ~ \ - l) h  , . x — kh , 1  ,] L------ "h f* H--- h—  /ft+1 J cos ux dx
kh

1 1 =  — /ft+i sin u (k +  1) h — — fk sin ukh

(fh+i ~  icos u (k+ 4)h ~ cos ukh]
It can be seen that when summing over all intervals [kh, 
(k +  1) h] (if we take into account that fh -+■ 0 as k -*■ oo) 
the terms involving sines vanish. And the terms involving 
cosines yield summands outside the integral for the cosine 
transformation.

Finally, if by putting x = kh + h\ we introduce the 
variable £ into the integral with error rh (x, /) instead of the 
integration variable x, then we get an expression for the 
error in the form of a double integral, and after summing 
over the intervals [kh, (k +  1 )h] (k = 0, 1, . . .) we get the 
following exact representation 1 for cpc (u):

1 In this notation we considered the function / (x) and its second 
derivative f  (x) as decreasing so rapidly, as x goes to infinity, that 
the series participating in the representation should converge abso­
lutely and uniformly. The same is assumed also for other representa­
tions in Sec. 9.2.
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oo

oo
(|)c (u) — j  / (£) cos ut dt 

0

= ■-—f f —  /o +  2 ^  - S  /ftcosuto +  i?e(u) (9.2.10)
A=1

where

x 2 f ( t t  +  ̂ T)cos ̂  +  M>)
k=0

If we discard the remainder Rc (u), we get a formula for 
the approximate cosine transformation with respect to val­
ues of the original function / at equidistant points.

The foregoing expression for the remainder Rc of the for­
mula permits obtaining its estimates and indicating the 
order of smallness relative to h for certain assumptions 
concerning the function /.We now obtain the simplest of 
these estimates. First note that the kernel of the double inte­
gral in square brackets has the values

f —t( l —£) for t < 5 for x > 5

It is negative in the region of integration 0 <  1, T <C 1. The 
double integral of the kernel is readily computed:

l l
* j  [ ( | _T )£ ( l-T ) - i( l-T ) ld T = — 1.

0 0
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This permits estimating Rc in the following manner:
1 1  oo

|flc|<fe3 j at, j [6 (1 -t)-(6 -t)£ (6 -x )i2  \f"(kh+hx)\dx
0 0 h=0

oo

=  72-2 \f"(kh+hQ)\, 0 <  0 <  1 (9.2.11)

The estimate of the sum depends on the properties of the 
second derivative f". Suppose that for /" the inequality

(« + *)
holds. Then

2  |f(A* +  AT)|</?2
h=0 h=0

1
(a +  kh +  hx)a < s s

0

1
(a-f kh)a

If h and a have been chosen, the value of the last sum can be 
found by computation, and in certain cases with the aid of 
tabulated functions. This estimate can be replaced by a sim­
pler but less exact one.

The inequalities given below are obvious and may be ob­
tained if t is replaced in the left-hand integral by its least 
value and in the right-hand one by its largest value:

h+1 h
f dt 1 r dt
J (a-\-ht)a (a-\-kh)a J (a~\~ht)ah «-1

Then from this, if we sum over the values of k from 1 to oo 
and then add

( *  < - i
J (a+ht)a aa
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to the left sides of the resulting inequalities and —  to the
middle and last parts, we find
oo ooC dt 1

(a+ ht)a (a—1) haa— < 2
ft=0 (a+M)a

< + (a—1 )haa -1

The thus constructed inequalities show that the sum at hand 
is of the order of ilh for small h. For RCy from the inequali­
ties thus found, there follows the estimate

( 9 2 -12)

The representation (9.2.11) for Rc can serve as a source 
of estimates of a different type, which can also turn out to 
be useful in certain cases. From the foregoing expression for 
the kernel of a double integral it is evident that it assumes 
values not exceeding 1/2 in absolute value. And so for Rc 
the following inequality holds:

1 1 oo
J dg j 2 \f(kh +  hx)\dx

1 OO
= -fc3 j 2 \f(kh +  hx)\dx

0 k=0

0 fc=0

But
l (k+i)h
\\r{kh+hx)\d% = ±- ( |n <)|# = 4  Var /'(f)J fth hh t̂^h+l)h

and since
2  Var /'(*) =  Var /'(f)
h=0  k h ^ t ^ { h + l ) h  Os£«oo
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(9.2.13)
for Rq(u) we get an estimate of the form 

|i?c(« )|<i^V ar /'(<)
^  0 ^ * < o o

Its use is particularly simple when f  (t) is a monotonic or 
piecewise monotonic function with simply determinable 
intervals of monotonicity.

Using a similar approach, we can obtain rules based on 
the linear interpolation of / for approximate Fourier sine and 
complex transformations. We will simply state the rules 
and refrain from all reasoning involved in their derivation.

For the sine transform (9.1.2), the following representa­
tion in terms of values of the function / at the points xh = 
= kh (k = 0, 1, . . .) holds true:

(ps(“)= t ( 1—■ih siDuh)f0
oo

+  2 1 Uh 2  A sin Ukh +  Rs (u) (9.2.14)
h= 1

1 t
Rs (u) = h» j  dt j  dx [(£-•c) E (6-t)

0 0

— g (1 — t)] 2  f" +  h%) sin u (kh +  hQ
k=0

The rule of approximation is obtained if in (9.2.14) we drop 
the remainder term Rs (u). It is the error of the method.

The remainder Rs is, in aspect, similar to Rc in (9.2.10) 
and differs from it in that in its representation the function 
cos u (kh +  ft£) is replaced by sin u (kh +  h%). When obtain­
ing the estimates of Rc, the absolute value of cos u (kh +  
+  h%) was replaced by unity. The same may be done with the 
function sin u (kh +  hQ when estimating Rs. And so for
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/f8 (u) the estimate inequalities (9.2.11), (9.2.12), (9.2.13) 
hold true. What we have is this.

If the function / has a continuous second derivative on 
10, oo) that decreases sufficiently rapidly as oo, then

oo

\f"(kh +  M)\, O < 0 <  1 (9.2.15)
k—0

IAa( u ) l< ik 2 Var /'(f) (9.2.16)
Z 0i<t<oo

If the inequality
\f{x) |<j5(a +  ̂ )*”a (a >  1, a >  0) 

holds for the second derivative, then

( 9 '2 '17)
Finally, for the complex transformation (9.2.3) we have 

a representation in terms of the values of / at the equally 
spaced points xh = kh (k =  0, ±1, ±2, . . .):

oo
(p (u) = j  / (t) elht dt

— oo
oo

=  2 i-cosuK, ^  fhe-™» +  R (u) (9.2.18)
ft=— oo

1 1
R(u)=h3 j  dT[(i-T)£(S-T)-g(l-T)l X

0 0
oo

X 2  f"(kh +  hx)e~Mhh+l>V
oo

The rule of computation is obtained if in (9.2.18) we drop 
thetemainder term R (u). The latter has the meaning of the
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error of the rule and for it, from the indicated representation, 
there follow the estimates

oo
2  \f"(kh +  hQ)\, 0 < e < l  (9.2.19)

k= — oo
|i?(«)K4-fca Var /'(*) (9.2.20)" - oo<f<oo

If the inequality 
| f'{x) \^B  (a +  \x\)~a ( a >  1, a >0 , — oo <  x <  oo)

holds for the second derivative of / (#), then

(9-2'21)
II. S econd-degree (<quadratic) in terp o la tion . 

Take the interval [kh, (k +  2) h] of length 2h and interpolate 
the function / with respect to its values /ft, fh+2 at the 
points fcft, (k +  1) fe, (k +  2) h with a polynomial of degree 
two;

/(*) (x — xh+i) (x — Xk+2) f I (x — xh) (x — Xk+2) f
( — h)( — 2h) Jh'r  ( — h)h /ft+1

(x Xft) (X Xfi+i)
h-2h fk+2 +  rh (x) (9.2.22)

To obtain the error rk (x) in the necessary form, take advan­
tage of Taylor’s formula with remainder in the form of an 
integral, using the quenching function E:

X

f (x) =fh +  (x — Xk) fk+-j(x — xh)2f t + - ^ f m (t ) (x — t ) 2 d t

xk
xk+2

r=P2(x) +  y  j  fm (t)(x — t)2 E {x — t)dt = P2(x) +  \p(x)
xh
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Since the polynomial P2 (x) is interpolated exactly, the 
interpolation errors of / (x) and *ij) (x) coincide. Now the inte­
gral expression of (x) permits reducing this error to the 
interpolation error of the elementary function (x — t)2 E (x — 
-t):

Xh+2
rh(z)=Y j  /'"(*) [(* — t)2E(x — t)

xh
(x  Xfr) (X Xfr+2 )

h2 (x ^  — t)2 E (xh+1 — t)
1
2

(x —  Xk) (x —  x k + i) 
h2 (xk+2 — tf^dt

The first term in the interpolation polynomial that corre­
sponds to the point xkj

(x —  Xk+i) (x —  Xk+2) 
(-h)(-2 h) {xk — t)2E(xh — t),

is dropped under the integral sign since E (xh — t) = 0 for 
xk <  t xh+ 2. The factor E (xk+2 — t) is not indicated in 
the last term in square brackets since it is equal to unity 
for all values of xk+2.

Let us simplify the representation of the error rh (x) by 
introducing the variables g, t and putting x — xk +  
t = xh +  hx (0 <  t <  2):

2

rft(*)=-y- j r (Xh +  hx) [(I —t)2£(!—x)
0

+ 1  (I-  2) (1 -  x? E (1 -  T) - 1 1 (1-1) (2 -  T)2] dt (9.2.23)
Multiply both sides of (9.2.22) by cos ux, integrate over 

the interval [xk, xh+2], and sum the result term by term over 
the even values of h (k = 0, 2, 4, . . .). We then get the 
following exact representation of the Fourier cosine trans-
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form in terms of the values of the functions fh (k = 0, 1, . . .):

Tc (w) = j / (#) cos ux dx
o

oo
“ a 2/o 72 2  2̂ft+l C0S (2A +  1) 0

k=0 oo
-f- 2(%2 2  /2ft c o s  2/c0 -j- i? c ,

h=1
Q = uh, /r'a2 == — 0"2 +  y  0~2 cos 20 — 0~3 sin 20, 
tA-1Y2 = 40~2 [0-1 sin 0 — cos 0],

(9.2.24)

xk+2 2 2

i?c= J rk(x)dx=^- j  d| j  d-t[(|—xfE{\—x)
xk 0 0

+ i ( S - 2 ) ( l - T ) 2 £ ( l - T )
oo

— y  i  (I— 1) (2 — T)2] 2  /" (*2* +  ̂ T)cos u (^h +  *1) (9.2.25)
h=0

To carry out the estimate i?c, it is first necessary to learn 
about certain properties of the kernel (of the double inte­
gral) in square brackets. The region of integration is the 
square 0 ^  t <1 2 and for our purposes it is convenient 
to divide it into 6 portions by the straight lines £ = t, 
T =  1, 6 =  1. These portions are appropriately numbered 
in Fig. 1. The signs of the kernel on the boundaries of the 
portions are readily determined from the indicated expres­
sion of the kernel (9.2.25) and they too are labelled in the 
figure. The signs and estimates of the kernel inside the 
portions are investigated below.
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Portion I. It is defined by the inequalities 0 x g 1- 
'The kernel, which we denote by K (g, x) = K, here has 
I lie value of
A (I-1)2 + 1 ( I - 2) (1 — % f-  j  I (E-1) (2 -  t)2

=  i ( i - l )  ( | -2) T2 (9.2.26)

It is clearly nonnegative since the factors g — 1 and g — 2

are both nonpositive. Besides, since (g — 1) (g — 2) <  2 
and x2 ^  1, the inequalities

0 <  K (g, x) <  1
hold true for the kernel.

Portion II. Here O ^ x ^ l ,  l ^ g ^ 2 .  The kernel K 
also has the expression (9.2.26); the difference is that the 
factor g — 1 assumes nonnegative values and the kernel K 
is hence nonpositive. Since x2 1, 2 — g 1 and g — 1 ^
<  1, we have for the kernel the estimate

f 0 >  K (g, x) >  -1
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Portion I I I . Here 1 ^  t <1 £ 2. The kernel has the
value
K(t T)=(!-T)2-l£(£_l)(2-T)’

=  i - ( 2 - ^ ) ( l  +  ̂ )T2 +  2 i ( l - 2 ) T - i ( | - 2 )

For each fixed value of £ in the half-interval 1 ^  <  2,
the graph of the function K (£, t ) in the plane with axes K, 
x is the parabola1 concave towards positive values of K. 
On the boundary of the portion, the kernel K assumes non­
positive values since for t =

k  {%,%) = -4-£(S-i)(2-S)2< o
For t = 1,

K{\, i) =  (5 - i)*-{ s(5 - i)  = « - i ) ( j s - i ) < 0  
For 1 = 2,

K (2, t) =  (2 -  t)2 _  (2 -  t)2 == 0
And so at all points of Portion III

K&, t) < 0
On the other hand,

K{1, t ) > _ 1 | ( | _ 1 )  (2-t)2> - i X 2 x l x l 2= - l
and, hence, at all points of the portion 

0>K (l, t ) > - 1
Portion IV. Here, 1 ^ | ^ t ^ 2 ,  K (|, t) =  ——g(|— 1) X 

X (2 — t ) 2.

1 Here and henceforth is meant a parabola with axis of symmetry 
parallel to the K axis.
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Clearly

Portion V. Here, K(%, t) =
=  - 1 | ( | - 1 ) ( 2 - t)2.
The kernel has the same expression as for Portion IV 

with the difference that here the factor | — 1 is negative. 
The kernel K (£, t) will be nonnegative and will satisfy 
the inequalities

0 <  K (£, t) <  1 
Portion VI. Here, 0 ^  ^  t ^  1,

K(l, r) =  l( l- 2 ) ( l- x )2- ^ l ( l - l ) ( 2 - x f

= | [ — i-(3-?)r2 +  2 t-|]
For each fixed value of £ the graph of the kernel in the 

/fr-plane is a parabola convex towards positive values of K.
On the boundary of the portion, K is everywhere non­

negative since
K(i , | ) = 4 ( l - g ) ( 2 - ! U 2> 0  for £ = t
t f(0 , t )=0 for £ =  0

K ( l ,  l)  =  l g ( l - 6 ) > 0  for t  =  1

And so at all points of the portion the kernel is nonnegative. 
Finally, in the above-indicated expression of the kernel, the 
term | (£ — 2) (1 — t)2 is nonpositive and hence

<><*(£, T ) < i£ ( l - £ ) ( 2 ~ T ) 2< 1

From this consideration of the kernel on all portions 
follows the required inequality

I K (g, t) | <  1
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It permits obtaining the estimate, given below, of the 
remainder term Rc:

2 2 oo

J * 2  \lm(x*K +  hl)\
0 0 h=0

2 oo

\ dr 2  \r{x2k +  hx)\ (9.2.27)
0 h= 0

If we note that 
2

dx
0 k=0 0

2 I fm (xm + ̂ )l=x j I/"'(*) I dx= T  Var f" (*)
we then get the estimate

oo

I Rc (u) I< h3 Var f  (z) = h3 f | /• (x) | dx (9.2.28)0̂ ac<oo J
In this estimate, the integral may be replaced by a greater 
quantity obtained in the following manner:
oo 1 oo

\f{x)\dx = h j 2  I f" (xh +  ht) | dt 
0 0 ft=0

max 2  \F(Xh +  ht)\ 
0s£fasl *=0

and this permits replacing (9.2.28) by a rougher estimate, 
but one which is more convenient computationally, at least 
in certain cases:

oo
I Rc(u) max 2  \f* (Zk +  ht)\ (9.2.29)
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For the Fourier sine transform, similar formulas for 
computations and for error estimates will be of the form

oo
M’h (u) = j* / Or) sin ux dx 

o

“P2 /0 +  V2 2  /aft+i sin (2/fc+ 1) 0
A=0

00

+  2a2 2  /sft sin 2ft0 +.ffs (it), (9.2.30)
h=l

/r‘{52 = 0~* — 0-3 +  -l 0~2 sin 20+0~3 cos 20

I (.lie values of the parameters 0, a2, y2 are indicated in 
(9.2.24)],

2 2
/ f . ( u ) = - £ - j d g  J d T [ ( | - T ) 2 £ ( £ - T )

0 0

+  i  (i-2) (1 -  r)2 E (1 -T)- -  %( l - 1) (2 -T)2]
oo

X 2  /" (*2ft +  h-t) sin u (x2h -f hi),
k—0

I Bs (u) | <  h3 \ I r  (x) fdxr=h3 Var f" (*),* 0̂ ac<oo

I fis («) | <  max 2  I /" (** +  hl) I
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Finally, for the Fourier complex transform the analogous 
rules and estimates are:

oo
<p (u) = j  / (x) e~iux dx

— oo
oo oo

=  2 a 2 2  k « ' i2fte +  V2 2  h h + ie - W + W + R { u )  (9.2.31)
ft=— oo k— — oo

2 2
dg J dT[(|-T)2^(i-T)

0 0
+  U ^ - 2 ) ( 1 - T f £ ( l - T )

oo

—  - jM E — 1) (2 —  t) 2]  2  f m(*2k +  h r ) e - i(x**+hl)u (9.2.32)
k=-oo

oo

| R (u) | ^  h3 f | f" (x) | dx=h3 Var /" (x)
J — o o < x < o o— oo

oo

|i?(u)|<fe4 max 2  ir(*fc +  AT)|

III. In te r p o la t io n  o f  d egree th ree. Above we consi­
dered rules underlying linear and quadratic interpolation.They 
are analogs of the Cotes trapezoidal and parabolic rules. 
Quite obviously, it is possible for the Fourier transforma­
tions to construct analogs of the Cotes rules of any order. 
The higher the degree of accuracy of such rules, the more 
complicated they will be, and their complexity increases 
rapidly with increasing degree. We give rules here corre­
sponding to interpolation of degree three, which are analogs 
of the “three-eighths rule” of Newton and Cotes.
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'rake 4 points xh, xh+1, xh+2, xk+3 and perform interpola- 
Hon of / with respect to the values at these points:
/ /  „ \  __(x xk+i) (x xk+2) (x xh+3) x
,V} -h(-2h)(-3h) Jh

I {x xk) (x xh+ 2) (x xk+3) x 
"T" h(-h)(-2h) Jh+i

I (x xk) (x xk+i) (x xh+3) x
“1“ 2 h-h( — h) Jh+2

1 (x ' xk) (x xh+1) (x xh+2) 4 1 *• /  /v»\
+ -------- 3 F 2 0 -------------- +  r3 (*)

Multiplication of this equation by cos ux and integration 
over the interval [xk, +  3fe] with subsequent summation
over the values k = 0, 3, 6, ... leads to a representation 
of the cosine transform in terms of the values /0, fv ..,

00

(p0 (u) = j  / (x) cos ux dx
0

00

= «s/o +  2  (V3 cos 3A9 — S3 sin 3kQ) f3h+1 
ft= 0

OO

+  2  (Vscos 3A0 +  S3 sin 3/c0) /aft-!
h=1

00

+  2a3 2  /3ft cos 3ft0 +  i?c (u) (9.2.33)
A=1

3 3

(») =  - £  j  d S , J  d T [ ( 5 - T ) * ^ ( E - T )
0 b
- j 6 ( 6 - 2 )  (g — 3 ) ( 1 - t )3£ ( 1 - t )
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+  4-£(i-l)(i-3) (2-x)3£(2-x)

- l i ( l - l )  (g-2) (3 — t)3]

X  2  /IV (X 3h +  hT) 0015 U  (X 3h +  h i)
k=0

For the Fourier sine and complex transforms, we have 
the following representations:

oo

(p8 (u) =  ̂f (x) sin ux dx
o

=  Ps/o +  2  (Vssin 3£0 +  63 cos 3/c0) f3k+1
h=0

oo

+  2  (Ys sin 3&0 — 83 cos 3fc0) /3ft-i

+  2a3 2  fsk sin 3fc0 + i?s (u) (9.2.34)
k=\

3 3

*.(») = -£J <%, j dx[(6-T)3£(i-T)
0 0

+  16(6-1) (6-3)(2-x)3£ (2 — x)

- 1 6  (£-1) (|-2) (3 -  x)3 j  2  /IV (x3k +  hx) sin u (x3k +  h® ;
k=0
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iM/iO■r(»)= j  f(x)e-iuxdx = (y3 — i63) 2  fsh+i«
— OO h =  — o o

o o

+ (V3+^3) 2  fsk-ie~l3hQ
h=-o o  

o o

+  2a3 2  hhe-i3M +  R(u) (9.2.35)
k =  -  o o

3 3

W («*) = -£ j  dfi J cZt[(£-t)3£(£-t)
0 0
- y I(5-2)® -3) (1 —t)3£ (1 —t)

+  4-6 1) (6-3) (2 -T)3 E (2-T)
OO

— -i  6 (6 — 1) (|-2) (3- t)3] 2  f™ (** +  h*) e-i(x̂ +hi)u
k=-oo

In (9.2.33), (9.2.34), (9.2.35) the coefficients oc3, p3, y3, 83 
liave the following values:

Q = uh
hrJa3 =  ̂ -  0-2 _  0-4 +  (0'4 — -  9"2) cos 30 +  0"3 sin 30 
fc-4P, = 0"1 - 20~3 +  (0“4- - 0 "2) sin30-0~3cos30 
hrly3 = 30-“ -  30'2+3 ( y 0-2- 0"4) cos 30 -  40'3 sin 30 f 
hr %  = 50'3 +  3 (y 0'2-  0"4) sin 30 +  40 3 cos 30

(9.2.36)
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Above we gave computation formulas obtained with the 
aid of interpolation of the function / with respect to the 
values it assumes at the points xk. We can attempt to 
increase the accuracy of the computations by appealing 
to interpolation not only with respect to the values of 
the function / but also to the values of its derivatives up 
to a certain order. Then the interpolation will be with 
“multiple points” or of the Hermitian type. In general form 
it is involved and to simplify notation we will examine 
the case of double points only, when the interpolation is 
carried out with respect to the values of / and of the first 
derivative/'. As before, we consider the points to be equally 
spaced: xh = kh (k = 0, 1, . . h >  0). Take n +  1 points 
xh> xk+n • • •» xh+n and construct a polynomial P2n+i (x) 
of degree 2ra +  1 that satisfies the conditions

^ 2n+l ixh+j) = fh+ji ixh+j) = fh+j
j = 0 , 1, . . n

The explicit expression of such a polynomial is well 
known in the theory of interpolation and we will not derive
it here (see [1], Vol. 1, Chap. 2, Sec. 11, Subsec. 1). The 
appropriate representation of the function / is

n

+  (* — X h + } )  f k + 3  } +  r n 1 ( x )

n

=  2  Jfff (*) +  !■£>(*) (9.2.37)

(0 (x) — (X  X ^ )  (x xh+i) • • • ( x  x h+n)
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If wo multiply both sides of (9.2.37) by cos ux, and then 
Illiterate over the interval \kh1 {k-\-ri)h\, and sum the 
results over the values /c, which are multiples of n (k = 

0 , n, 2w, . . .), we get a representation of the 
I'ourier cosine transform in terms of the values of fh and /£

<Pc («) = 2  laft (w) /ft +  afe (u) /*1 +  R<> (u) (9.2.38)
fc=l

The coefficients al(u) and a\(u) may be expressed in 
terms of the kernel of the transformation cos ux and the 
coefficients Ĥ h) (x) of interpolation, the remainder Rc (u) 
of the representation is expressed in terms of cos ux and 
the error (#) on all intervals of interpolation [jn, (/ +  l)ra]
(I - 0 , 1, . . .).

The foregoing general arguments are given so as to illu­
minate the ideas underlying computation formulas of the 
type (9.2.38). As for computations, of greater importance 
are the particular cases of such formulas that correspond 
to the first few values of n.

IV. T h ird-degree in te rp o la t io n  w ith  two 
doub le p o in t s . Take the interval [Zcfe, (/c +  l)ft] and inter­
polate / over it with respect to the values fh, fh+2, f'h, f'k+i with 
the aid of a third-degree polynomial:

/(*)= [ ( i+ 2 ^ a )  />+(*-»»)/>]

-\-(x — ̂ ft+i)/i-fij+rft(a:) (9.2.39)
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To obtain the required expression for the error rk (x) 
we can, as before, take advantage of Taylor’s formula:
1 (*) =fk +  (x — Xh) fk -f Xk)2 fl

X

+ -  (x—xhy fk + -  j  /IV(t) (x—ty dt
xh
xh+i

=  p3(x)+± j  r( t)(x- tyE (x-t)<n
xh

Since the polynomial P 3 (x) is interpolated exactly, the 
errors of the interpolation of / and of the integral term of 
the right-hand member of the equation coincide. And this 
reduces finding the remainder for / to finding the remainder 
for the function (x '— t)3 E (x — t):

xh+1

rh (*) = 4  1 /IV W { (x ~ f)3 E  (x—0

[ (1 ~ 2 ̂ H r 1-) (**« - *)3

+  3 (x — xh+t) (xh+i — <)2] } dt
To simplify the notation, set x = xk +  t = xk +  hx 
(0 <  £, x <  1) to get

l
r*(x) = i r i  /IV(**+N  {(!-t)3£(|-t)

— £2[(3 —2£)(1—t )3 +  3(|—1)(1 — t)2]} dx 
1

=  T - J  frv( ^  +  hx){(l-xyE(l-x)

+S2(1 — x)2{(3 —2̂ ) t —11}
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Ity multiplying (9.2.39) into cos ux, integrating over the 
In I ni val [kh, (k +  1) h] and summing the results over 
A 0 , 1, 2 , . . we can construct a representation of 
•I |t (u), from which rejecting the remainder term yields 
n computation rule for finding q>c (w) from the values of 
lh mid fh-

oo oo
i|'„ (u) — j  f (x) cos ux dx = a'i/o — y\fo + 2a\ 2  fk cos &9

0 h = l

oo

— 26'i sin kQ-\-Re (u) (9.2.40)

W 1101*6
0 =  uh

h^a'i = 120 4 (1 — cos 0) — 60~3 sin 0 

hr2y\ = 0~2 — 60~4 +  20~3 sin 0 -f 60~4 cos 0 (9.2.41)

hr28 i -  40-3 -  60~4 sin 0 +  20~3 cos 0
In the representation of Rc (u), the variable x is replaced 

hy the canonical variable £ = fe”1 (x — Xh), z =  xh +  h\%:
i i^ ( u) = T- J J {(S-t)3£(S-t) +  £^1-t)21(3-2&)t-S]}
0 0

X 2  /IV (*ft +  ̂ T)cos u (xh +  h^)dxd^ (9.2.42)
fc=0

To estimate i?c» let us first determine certain properties 
of the kernel of the double integral in braces. We denote 
It by K (I, x):

f ( ? - t ) H ? ( 1 - t) 2[(3-25)t- ? ]1 0 < t < £ <  1
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First note that the limiting values of the kernel on the 
boundary of the square of integration [0 ^  6, x ^  1] are 
equal to zero (Fig. 2). This follows immediately from the

indicated expressions of the kernel. Also note that on the 
diagonal OB of the square, the kernel has positive values:

K (6, 6) =  2 ll (1 -  E)]» > 0  (0 <  I <  1)
The sign of the kernel in the triangle OBC above the diago­
nal OB is determined by the sign of the bilinear polynomial 
(3 — 2|) t  — £. For any fixed £ (0 <  £ <  1), as x grows 
from | to 1, the polynomial increases from the value 
(3 -  26) 6 -  6 =  2g (1 -  £) >  0 to 3 (1 -  I) >  0. For 
this reason, the kernel K (6, x) 0 when 6 ^  t 1, 
0 ^  ^  1- Besides, ordinary tools of analysis can be used
to prove that the kernel in the A OBC attains its maximum 
value at the midpoint of the diagonal, D (1/2, 1/2), and

max K (5, t ) -- K _1_
32
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Iii I,lie triangle OAB below the diagonal OB, the kernel 
M n third-degree polynomial in t :

(L-T)a +  S2( l- t) 2[(3-2i)T~S]
= (1 —g)2x2[3S— (1 +  2|) t]

I Is sign is determined by the expression in square brackets. 
Since ^  1 and t £, it follows that

3E -  (1 +  2£) t >  2£ -  2£2 >  0
I'or this reason the kernel is nonnegative in the region 
(I

It can be demonstrated, by the usual methods for finding 
extrema of functions in closed regions, that the kernel 
lit tains its greatest value at the point D (1/2, 1/2) and

max K(%, t)= k (±, |) =  —

Finally, it is easy to compute the double integral of the 
kernel:
i l
J J dT{(?-T)3JE(|-T) +  ̂ ( l-'t)2 l(3-2E)T-|]}
I) 0

1 I 1

= j { J (5-t)3 +  ̂ 2 j (1 —x)2[(3 —2|) t - E I * }  =  ±
0 0 0

(9.2.43)

The foregoing properties of the kernel permit obtaining 
estimates Rc (u) similar to those that were found in the 
case of interpolation via the function values. If in the 
representation (9.2.42) for Rc (u) we replace the kernel and 
| cos u (xh +  h\) | by the greater quantities 1/32 and 1,
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respectively, then what we get is the estimate
1 1 oo

0 0 ft=0

= r a j I / IVW I ^ - ^ < 9 - 2 - « )

Now if in the integral we replace all summands of the 
infinite sum by their absolute values and | cos u (xh +  /ft) | 
by unity, and if, by using the positivity of the kernel, we 
apply to the integral the mean-value theorem for the weight, 
then we get the inequality

oo

l* c(u ) l< - j-2  |/-IVK  +  M)|

X dx {ft -  x)*E ft -  X) + 1* (1 -  t)2 [(3 2 )̂ t a}

=  \flV(xh +  M)\, 0 <» <1  (9.2.45)
h=0

Similar reasoning concerning the Fourier sine and complex 
transforms yields the following expressions in terms of the 
values of fk and /*:

oo oo

<pg (u) =  \ f (*) sin ux dx = f>'J0 +  6'J'0 -f 2aj 2  fa sin A0

0 k—l

+  26; 2  fa cos *0  +  Re (u) (9.2.46)
a=i
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1 i
/ ' . ( « ) =  x j  ^ \ d x { { l - x f E { \ - x )

0 0

oo
X 2  / (*h +  hr) sin u (xk +  A|) (9.2.47)

fc=» 0
oo

l «• <“) \ < m  JI f "  <*> \ “ * ~ m  <*>.
0 ^
oo

| Rs (u) | < | S l / IV(^ +  M )- 0 <  0  <  1,
A=0

oo oo
<p (u) =  j  / (a;) e~iuxdx -■= 2aJ 2  fk^~ih0

- oo ft= - oo
oo

-2i6; 2  / ^ - ift0 +  i?(u) (9.2.48)
k=-oo

The values of aj, yI. 8J, 0 are indicated in the equations 
(9.2.41), and, besides,

-  60-3 cos 0 - 120-4 sin 0 +  0 '3 (6 +  02)
l l

« ( « ) = - r  j  ^  { < M ( i - T ) 3 £ ( £ - T )
0 0

oo

+ 12 (1 — t )2 [(3 — 2|) x — 5] 2  f(xh^hx)e-iv^ +m}
h=~ OO

((9.2.49)
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oo

l * W l 4  J Var /'(x)— oo < cc< o o— oo 

oo
2  \fry^k +  M)\, 0 < 0 < 1

V. In te r p o la t io n  o f  the fu n c t io n  w ith  three 
d oub le p o in t s . Take the points xh, xft+x, xh+2 and inter­
polate / with respect to the values of fk, f'hJh+u fh+1»

In order to study the interpolation error, let us drop 
its integral representation (due to its relative complexity) 
that was used in the foregoing cases and take advantage 
of the familiar expression of rk (x) in the Lagrange remainder 
form:

A (^)= :̂ r - / VI(^ +  ̂ ) .  0 < 0 fc< 2  (9.2.51)

It will bring us there faster but will yield a somewhat 
rougher estimate, since the exact value of is not known.

Multiplying (9.2.50) termwise by cos ux, integrating 
over the interval [xk, xk+2], and then summing the results

/fc+2> /fc+2»

+ (x — zk+J) fh+} | +  rk {x), (9.2.50)
CDft (x) = (x — xh) (x — xh+i) {x — xk+2)
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over even values of k (k = 0, 2, 4, . . .) yield the following 
expression for cpc (u):

oo oo
<IY. (") = j  / (*) COS ux dx = a'/o +  vJ 2  /sft+i cos (2k +1)0

0 h=0

oo oo
+  2az 2  /2hCos2A:0 — 6'J'o — v\'2 2  fzh+i s in  (2k + 1) 0

k=i h=0

-  2£; 2  /2fe sin 2*0 + (u) (9.2.52)
ft=i

The values of the coefficients aj, Y21 • • • are given at the 
end of the section, and

2 00

( » ) = - £  J  l 2 ( i - i ) 2 f t ~ 2 ) 2 2  / " " ( * » + < > » * )
0 ft=0

X  cosu (a;2h +  ft| )  (9.2.53)

From this there follows the uniform estimate Rc (u) 
with respect to u:
i?c (u) |

2 oo
£  f e(s - 1)2 ( ? - 2)2dg 2  max l/VI(**+w  i

1 0 ft-0 0̂ 2

oo
gTrn h1 2  max I /VI («ft +  ftft) I (9.2.54)
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For the Fourier sine transform, a similar rule of compu­
tation and its error are:

<p8 (w) = j  f (*) sin ux dx — 0 +  7' 2  Asft+i sin (2k + 1) 0
0 ft=0

00 00

+  2aa 2  fih sin 2A0 +  2  /2ft+l C0S (2ft + !) ek=i k=0
00

+  2?; 2  f2k cos 2kQ +  Rb (u) (9.2.55)
h=

a
ft=i

\2

X 2 / (*2k +  ̂ 2k) sin u (xik -f (9.2.56)
k=0

\ R s (“) l< g io ^ 2  max \fy l(**k +  M)\
*»0

For the Fourier complex transform the analogous rule 
and estimate are of the form

<p(w)= j  f (x)e~iuxdx = 2al 2  h k ^1i2k0
h= *-00

00 00

+*?; 2  w * - <(2M-1)e-2ic; 2  z^ - *2*9
h—-oo  & = - 00

00

-iri' 2  /k+ie-’̂+'X’ +  fl^) (9.2.57)
ft*=s -  Op
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2

0

oo
X 2  /VI(*2ft + M 2h) e-iu(̂ +hS)̂  (9.2.58)

h**=— o o

2  max |/VI(*2ft +  W>)|
y40U ,k = - o o

The parameters a2, pj, . . ., 0 in (9.2.52), (9.2.55) and 
(9.2.57) have the following values:

0 = uh,
h*u*a2 — 0 (156 — 702) sin 0 cos 0

+  3 (60 + 1702) cos2 0-15 (12 -  502), 
h*u% = 0 (04 +  802 -  24) +  0 (702 -156) cos2 0

+  3(60 —1702) sin 0 cos 0, 
hbu*y2 = 160 (3 — 02) sin 0 — 4802 cos 0, 

hku*6g = 20 (02 — 24) sin 0 cos 0
+15 (02 -  4) cos2 0 + 04 +  2702 +  60, 

hku%2 = 0 (502 —12) +15 (4 — 02) sin 0 cos 0
+  20 (02 — 24) cos2 0 

hku*r\2 = 160 (02 — 15) cos 0 +  48 (5 — 202) sin 0

9.3 Interpolation by rational functions
9.3a. Introduction. Choice of interpolation and its 

error. At the beginning of this chapter we noticed that 
although interpolation by means of algebraic polynomials 
leads to practical rules of computation, it is not always
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a convenient computational device. It requires a partition 
of the half axis or the axis of integration into an infinite 
number of finite subintervals, the number of which depends, 
for one thing, on the rate of decrease of the function / as 
| x | -*■ oo. If the rate of decrease of / is not fast enough, 
then many such subintervals will be required and this will 
complicate the computations or, in some cases, make them 
impossible.

In order to avoid having to partition the region of integra­
tion into finite parts, we must change the system of func­
tions on which the interpolation is based. The choice of 
such a system depends, firstly, on the region of integration, 
which in our problem amounts to either the whole x axis 
or the half axis x^O. We will only consider the Fourier 
cosine and sine transforms and, accordingly, assume the 
region of integration to be the half axis x^O. Such an 
assumption is not a restriction of the problem, since the 
Fourier complex transform is readily reduced to the cosine 
and sine transforms. Secondly, the choice depends on the 
properties of the set of functions to be interpolated. Above, 
we agreed to consider functions / that satisfy, for large 
values of x, the condition | / (x) | ^  Ax~* , s >  1. From 
among them we select those functions that are frequently 
encountered in applications and can be represented in the 
form

=  S > 1  (9-3' 1}
where F (x) is continuous on the half axis [0, oo) and has 
a finite limit, lim F (x) = F (oo). The function F (x)

X-+00

with such properties will be said to be continuous on the 
closed half axis [0, oo] and the limiting value of F (oo) 
will be considered its value at the point at infinity.

To approximate such functions F we can take many sys­
tems of elementary functions bounded on the half axis 
[0, oo). To simplify the computations, take for the basic
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Ifunctions the system of simple fractions - =
- 0 , 1, 2 , . . .) and interpolate with the aid of polyno- 

mials in the argument :

w  = 2  ji^S ss (9-3.2)
m=0

In the set of functions F (x) continuous on the closed 
half axis [0, oo] the polynomials Pn (x) form a complete 
system in the metric C. True enough, the transformationIof the argument z = carries the half axis [0 , oo]
into the closed interval [0, 1] of the z axis. The function 
F (x) that is continuous on [0, oo] goes into the function 
i|) (z) continuous on [0 , 1], and the rational functions 
Pn (x) go into the polynomials pn (z) in z. Then it only 
remains to refer to the Weierstrass theorem on the comple­
teness of a set of algebraic polynomials in the class of func­
tions continuous on a finite closed interval.

Now on the half axis [0, oo) take n +  1 points xk 
(0 x0 <  x1 <  ... <  xn <  oo) and choose the coef­
ficients ak of the function Pn so that its values at the points 
xk coincide with the values of F:

n

Pn (Xk) = 2  ai c1 +  xk)~l = F (Xh) (& = 0, 1, ...,n) (9.3.3)
i=0

These equations yield a linear system of equations for 
the coefficients a*. The determinant is the Vandermonde
determinant in the arguments = 0 , 1, . . ri),
which is different from zero since all the xk are distinct. 
The system has a unique solution and hence there exists 
a unique rational function Pn (x) of the form (9.3.2) that 
satisfies the conditions (9.3.3).
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When solving the system (9.3.3), the coefficients at will 
be found as linear functions of F (xk) (k = 0, t, . . ., ri). 
Their substitution into (9.3.2) will show that Pn is also 
a linear function of F (xk):

Pn (*) = h (x) P (*o) -f- lr {X) F (Xj) + • • • +  ln (X) F (Xn)
(9.3.4)

Here lh (x) are polynomials of degree n in jqrj. They
are influence functions of the interpolation points xh and 
obviously satisfy the conditions

( 0 when i ^ k  
h(xh) |  ̂ when i ̂ -k

that define them uniquely.
It is immediately apparent that

'*<*>=n <9-s -5>;=o i=oH=k j=j=k
After simple manipulations for lh (x) we get other expres­

sions that show that the coefficients lh (x) diSer by ex­
tremely simple factors from the familiar interpolation multi­
pliers of Lagrange:

hW ~ 0 + *)n (X- Xh) ^ +liXh)
n

® »+i(*)= n  (x —xj)i=o

>

►

/
(9.3.6)

In the future, it will be useful, for computing with the 
rational functions Pn (#), to find an expansion of Pn (x)
in powers of j-j—. It can conveniently be constructed
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iii the following simple manner. Expand the polynomial 
— *n Powers*°f 1 +

and put the expansion into (9.3.6) and (9.3.4):
n n

p,((x) = 2  m ) 2  c‘k>
h= 0 i=0 <o'n+l (*ft) (!+ *)”"'

(9.3.7)

In the inner sum, the factors in front of (1 -|- x)~n+l depend 
solely on the points xt (i = 0 , 1, . . ., ri), and for frequently 
used systems of points they can be computed beforehand 
and tabulated.

Let us now investigate the interpolation error rn (x) = 
= F (x) — Pn (x). Its exact integral representations for 
classes of functions of sufficiently high smoothness in terms 
of the derivatives of the function F have been constructed 
for interpolation with respect to any system of coordinate 
functions (see [1], Vol. 1, Chap. 2, Sec. 4). The representa­
tion we need can be obtained from these general results 
as a special case. But this would require of the reader 
a knowledge of the general results or their exposition by 
the authors, which would take up a good deal of space, and 
so we prefer to obtain the necessary representations in 
a shorter way by taking advantage of the relationship 
between our problem and that of interpolation via algebraic
polynomials. Recall that if we substitute z =
x ------- 1, then the half axis 0 ^  x ^  oo goes into the
unit interval 1 ^  z 0 of the z axis, the polynomial 
Pn (x) [see (9.3.2)] goes into an entire algebraic polynomial
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of degree n in z:
n

Pn (X) = Pn (4 -  1) =  2  ak*  = Pn (z) (9.3.8)

The function F (x) transforms to a certain function of the 
argument z:

F(x) =  F (± - i)  = *(z)
The interpolation points^ go into the points zh = (l-t- ^ ) - 1 

(1 ^  z0 >  zx >  ... >  zn >  0) and on the z axis we 
obtain the problem of interpolating (z) by the polyno­
mial (9.3.8). In this new problem the interpolation error 
coincides with the error rn (#):

Pn (z) =yp(z) -- Pn (Z) = F (x) — Pn (x) = rn (x)
But the expression for the remainder pn (z) is familiar. 

We take advantage of the Taylor formula fort|) (z) assuming 
that on [0 , 1] the function (z) has a continuous derivative 
of order n +  1 :

= * ( 1) +(* - l) V ( l)  +  • • • + -^(z - l) "^<n)(l)
Z

+  -~T j  i|>(n+1) (t) (z— t)" dx 
1

1

=n„  (z)+ — F "  J ^(n+1) (X) (T- Z)“ dx
z

1

= n„  (z) +  -(~ * F  1 v(n+r' W (T -  z)n E(t- z) dx
0

The polynomial IIn interpolates exactly, and pn (z) 
coincides with the interpolation error of the integral term.
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SincO

Pn (Z) =  'l’(z) — 2  Afc (Z) $> (Zft)k=Q

A»w=--( z - ^ % (zk)' o w = n ( * - * i );=o
it follows that

1

l»n (z) =  (~n-j--1- j ̂ (n+1) (T) {(T~ z)n E (x—z)
0

n

-  2  Aft (z) (T -  *k)B £ (T ■~ Zft)} dx (9.3.9)
k=0

To obtain rn (x) let us return to the earlier chosen x axis. 1 1  1 Set t = 7 TT, t -------1. Since dx = — ■ , cfo, the1 + J ’ T (1 + f)2 ’
oquation

W ----<1+0*4  <9-3'i0>
between the operators of differentiation with respect to r 
and with respect to h holds true.

Applying it n +  1 times to the function (t) = F (t), 
we get the following rule for computing the derivative with 
respect to the variable x:

= ( - i) n+,(i+i)! |-(i+ ;)2—

It is easy to see that after performing the differentiation 
we get an equation of the form given below in which now
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we will not compute the coefficients ax, . . ., an:
(̂n+l) (T) = ( _  !)«+' (1 +  <)n+1,l(l + f)”+1 i?<n+1) (t)

+  «,(*+ t)n F(n) (t) +  a2( 1 +  t)n~ 1 F̂ n-u (t)
+  • • • +  a„ -i (1 + tfF " (t) + an (1 + 1) F' (I))

= ( - l) n+1(l +  t)n+lLn+l(F) (9.3.11)
Consider the differential equation ty(n+1) (t) = 0. The 

general solution is a polynomial in r of degree n with arbit­
rary coefficients, for the complete system of independent 
solutions we can take 1, r, t 2, . . . ,  T n .

An equivalent equation is
Ln+i (F) = (1 +  t)n+i F(n+i) (t) +  a, (1 + t)n F(n) (t)

+  02 (1 +  t)n~ 1 Fn~ 1 (t) +  ... +  an (1 + 1) F' (t) = 0 (9.3.12)
It is Euler’s equation1 with the singular points t = —1 

and t = oo. The complete system of n +  1 linearly inde­
pendent solutions of it, into which solutions the powers 
xl (i = 0 , 1, . . n) go under the transformation t = 
= (1 +  *)-\ isl, (1 +  t)~\ (1 +  t)-\ . . (1 +  t)~n. This
points to a simple way of computing aj(j = 1, 2 , . . .,n).

If we write down the equation (9.3.12) and then adjoin 
the results of the substitutions into it of the solutions 
(1 +  0 "1* (1 +  t)~2, . . ., (1 +  t)~n, then after a few
simplifications we get the following system of n +  1 equa­
tions:

(1 +  t)n+1 F(n+1) +  Cj (1 +  t)n F(n)
+  a2 (1 +  t)n~ 1 F(n" » +  .. . +  an (1 + 1) F' = 0,

(re+ 1)1— ain\-\- a2 (re —1)! — ... +  ( — l)”̂  11 = 0 ,
1 E u le r’s equation  of order n w ith  singu lar po ints *  =  0 and x =

=  oo is
A0xny<n> +  ... -\-Any =  0

The equation (9.3.12) differs from it by the variable x=  1 +  t.
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(ft J-2)! — a{ { n i ) \ a 2n\ — ... -f ( — l)n«i 2! = 0 ,

(2ft)! — at (2ft — 1)! -\-a2 (2ft —2)! — . .. +  ( — l)n#i h! = 0
11, may be regarded as a linear homogeneous system of equa­
tions in the quantities 1, ax, a2, . . ., an that constitute 
a nonzero solution of the system. The determinant of the 
system must vanish, which permits writing (9.3.12) diffe­
rently:

(1 -f *)n+1/'(n+1) . . ( 1  +  0  F'
(« +  !)! — ft! (n — 1)! (— l)n 11

(n +  2)I -(» +  !)! ft! —l)n2!

(2 »)! — (2n— 1)! (2n—2)! . . ( - 1  )nn\
(9.3.13)

If we expand the determinant in terms of the elements of 
the first row, an equation should emerge that differs from 
(9.3.12) by a constant factor. Therefore the coefficients 
nv a2, ... must be equal, respectively, to the ratio of 
the cofactors of the elements of the first row of the determi­
nant (9.3.13), from the second onwards, to the cofactor 
of the first element of the row. This must be done since 
in (9.3.12) the coefficient of the derivative of highest order 
is reduced to (1 +  t)n+1.

Let us now return to transforming the integral (9.3.9)
1 1to the old variables x, t; set x = » z = Then

i|)<*+1) (t) goes to ( - l )n+1 (1 +  f)n+1Ln+i (F).
It will be useful to clarify the significance of the kernel 

of the integral (9.3.9) in the braces. We adjoin to the kernel 
the multiplier (ft!)*1.

In the function ( t  — z)n E ( t  —z), we consider z
as the independent variable and r as a parameter. For
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% <  t, when E (x — z) = 1, this function is a solution oi 
the equation = 0 , which solution satisfies at the
point z — x the conditions y(x) = y'(x) = ... = ym"l) (r) = 
= 0 and yim (t) = 1. For z >  r, when E (x — z) = 0 , 
this solution continues to be identically zero. And the 
kernel itself is the error of interpolating such a function by 
an algebraic polynomial of degree n in the values at the 
points zk (& = 0 , 1, . . ., n).

The separate parts of the kernel in the variables x, t 
will have the following expressions:

(■g-*)n= _____ U w-v ' \\ + t 1 + */ ~  (l-M)n(l + *)n *
E(T-z)=E[-(

Ah (z) (z—Zq) . . ■ (z —Zft-i) (z — Zft+l) • • • («—zn)
(Zft —*o) • • • (zft —zh-l) (zft —zh+l) • • • (*fc —zn)

=11 (r+i t+̂t) [II (t+^—r+̂ r)]
_  (!+*»)” <**71+1 (-1)

(°n+i= n  (x —xj)> d j=i= 0

( l  +  z )n — ^fe) C0n+1 (&h) 
dt

(1 + *)2
Their substitution into the integral (9.3.9) yields the 

following value for the interpolation error rn (x):

r« <*> -  J «  T O  {<* -  0 * *<*-»>
0

n

_ v  --- ® s±n^---- (X ft- l) n£(x k- t ) \ —  (9.3.14)
k=o(a:" Ih)<0n+l(:Ch) J 1 + *
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The quantity within the braces under the integral sign 
is nothing but the error of algebraic interpolation in the 
variable x of the function (x — t)nE (x — t) with respect 
to its values at the points xk. When t is less than x, x0, ...
. . ., xn, then the interpolation is exact and the quantity 
in the braces in (9.3.14) vanishes. But when t is greater 
Ilian x, x0, . . ., xn, then all “quenching” functions 
E (x — t), E (xk — t) are equal to zero, and the error too 
is zero. The quantity in braces can assume values different 
from zero only on the interval where x, x0, . . ., xn are 
located. For this reason, given continuity of Ln+1 (/), the 
integral over the half axis 0 t <  oo is actually a proper 
integral.

9.3b. The general interpolation quadrature rule. For
the sake of convenience, combine the Fourier cosine and 
sine transforms into a single integral with exponential 
function:

oo

(Pe (u) — j  eiuxf (x) dx (9.3.15)
o

If / is a real-valued function, the cosine and sine trans­
forms of / will be the real and imaginary parts of cpe, respec­
tively.

It was assumed above that / (x) = F (x) (1 +  #)~8 (s >  1) 
and F (x) is a continuous and sufficiently smooth function 
on the half axis 0 ^  x ^  oo.

Let us interpolate the function F with the aid of a poly­
nomial Pn (x) of degree n in (1 +  x)-1 and write Pn (x) 
in the form (9.3.7).

If in the integral (9.3.15) we replace the original function / 
by its expression

/ (x) = ( l+  x)~* F (x) = (1 +  x)-* lPn (x) +  rn (x)]
we get for (pe (u) the following representation which, after 
dropping the remainder term Rn, can serve as a rule of
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computation for (pe:

<pe (u) =  j  eiux (1 +  *)“* F (x) dx
0

=  j  eiux (1 +  x)-s [Pn (x) +  rn (a:)] dx
0

= 2  F (x*)
fe=0

ns C;ft) (l+*ft)n 
w'(xk)

X j e iu* ( l + a : ) - n+I- s ^  +  i?n (U),
0

oo

Rn (u) = j  eiu*(l +  a;)-*rn (x)dx 
0

(9.3.16)

Here, the coefficients Aki = c<ft) (! +  *„ )« depend only
(&k)on the points xk and do not depend either on s or on the 

function F. They can be tabulated for the commonest 
systems of points.

The integrals j  eiux (1 +  x) n+z~* dx depend solely on
o

the frequency u and on s, that is, on how rapidly f (x) de­
creases as x increases without bound. In Subsection 9.3e we 
give rules for computing these integrals.

From the representation for the error Rn (u) in (9.3.16) 
it is easy to obtain a uniform estimate with respect to u 
in terms of the interpolation error rn (x):

oo
\Rn( u ) \ ^ l - ^ ^ d x  (9.3.17)
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From it follows the theorem on the convergence of the 
computation process corresponding to (9.3.16).

Let the process be defined by the infinite triangular array 
of interpolation points *

M 0)
I xH
1 X(n) x (n) XW

(9.3.18)

Suppose that the interpolation (9.3.7) of the function F 
is carried out with respect to the points x™ (k = 0 , 1, . . ., n) 
in row n of the array X. Assuming that n <*>, we have 
the following theorem.

Theorem 1. Suppose the following conditions hold:
(1) the interpolation process (9.3.7) defined by the array of 

points (9.3.18) converges for the function F (x) for almost all 
values of x on the half axis 0 ^  x <  oo;

(2) for all sufficiently large values of n, the interpolation 
error rn (x) satisfies the condition

I rn {x) | ^  M <  o o  (0 <  a; <  oo)

Then the remainder Rn (u) of the appropriate computation 
process (9.3.16) for transformation of cpe (u) tends to zero 
uniformly with respect to u on the axis —  o o  <  u <  o o  as 
n — oo.

This theorem is a direct consequence of the familiar 
theorem on passage to the limit in the Lebesgue integral 
(see for example [17]): if a sequence of functions gn (x) 
on a set E converges almost everywhere on E to the func­
tion g (x) summable on E and there exists a function h (x) 
summable on E such that for all n and x £ E we have the in-
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equality | gn (x) | ^  h (x), then

] gn (x)d x~ +  j  g  (x) dx  
E  E

A different representation of Rn (u) obtained from (9.3.16) 
by replacing rn (x) by its representation in the form (9.3.14) 
may be useful, at least in certain cases, for finding the 
error estimates Rn (x) depending on the properties of the 
function F (x):

oo oo
Rn  (u) =  j  dx eiux (1 + x)n+s j  Ln+j (F)

0 0

X { (x-t)nE ( x - t) - y .  rl V V (X — Xh) (0 n+1 (Xh)
h= 0

x(xh-t)nE(xh- t)}  — ■ (9.3.19)
A remark is in order concerning the sign of the kernel of 

the double integral:

= {(*—<>" £(*—<)

- i  ,7 ^ 7
1

=  nl (l +  z)"+»(l+<) K  ^
Its sign coincides with the sign of the expression K (x, t) 
in the braces. This expression was encountered in (9.3.9). 
Recall that it is the kernel in the integral representation 
of the error in the following problem of algebraic inter­
polation.

Let the points x k (k =  0, 1, . . ., n) and the interpola­
tion point x lie on the interval [a, b] and let the function
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g (x) be interpolated with respect to its values g (xh) by 
Hie polynomial pn (x) of degree n. If g (x) has a continuous 
derivative of order n +  1 on [a, 6], then the interpolation 
error pn (x) = g (x) — pn (x) can be represented in terms of 
I ho derivative of order n +  1 of g in the form

b
Pn (*) =-jj- j  g‘n+1) (t) K (x, t) dt (9.3.20)

a
On the other hand, for pn (x) we have the familiar Lagrange 
representation

(9-3-21)
whence it follows that if the derivative g(n+1) (x) is dif­
ferent from zero on [a, 6], then pn (z) does not vanish at 
any point x, except at xk (k = 0, 1, . . n). Therefore,
for every fixed value of x differing from the points the 
kernel K (x, t), as a function of t, does not change sign for 
a t <1 b, because if the kernel K (x, t) changed sign, 
then there would be a function g(n+h (t) that preserved 
sign and such that the integral (9.3.20) would vanish, 
which is impossible because x =^xh (k = 0 , 1, . . ., n).

Besides, if we assume g (x) to be a polynomial of degree 
n +  1 for which g(n+4) (x) = 1, then from both representa­
tions of the error pn (x) it follows that

b
- r  j  t)dt

a
^71+1 (s) 
(n+1)!

Thus, for each fixed x the sign of the kernel K, (x,t) 
coincides with the sign of con+i (x).

9.3c. Interpolation with equally spaced points. For
the interpolation points we take the equally spaced points 
xh = kh (k = 0, 1, 2, . . .; h >  0). In this case (0n+1 (a;) = 

x {x —h) ... (x —nh) and the coefficients are
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determined from
<071+1 (g) 
X Xfr

x (x — h) ... [x — (k— 1) It]

X [x— (&+1) h] .. . (x—n/t) = 2  c{A)(lH-ar)1 (k --=0, 1, ..., n)
1=0

In the case of uniform convergence
(o'(xh) = kh{k—i)h ...h(-h)(-2h) ... (-i)(n-k)h

= /»"( —I)"-**! (»_*)!,
cjft)(l+fcA)«

Ahl =  (— \)n~hhnk\ (n — k)l (9.3.22)
When compiling number tables for Ahh one can always 

assume h =  1 since any other value of h leads to unity via 
a linear transformation of the independent variable 1 x = 
=  hx’.

The rule for computing (9.3.16) in the case of equally 
spaced points takes the form

(»)= j  eiux 
o

F(x) 
(! +  *)• dx

n  n  oo

=  2  F(hh) 2  Ahl J (1 +  x)-n-’+l dx 4- Rn (u) (9.3.23)
h=0 1=0 0

The convergence of the computational process when 
Rn (u) 0 as n-+ oo, in other words, the possibility of
an arbitrarily exact computation of <pe (u) via the rule 
(9.3.23) is very peculiar here and requires some explana­
tion. In the preceding subsection it was pointed out that

1 Tables of the values Ahi (k, 1 =  0, 1, n) for n =  1 (1) 15 
and h =  1 to 10 places are given in [11].
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underlying the convergence of Rn (u) to zero is the conver­
gence of interpolation of the function F (x) by the rational 
function Pn (x) [see (9.3.4)] and that it is sufficient, for 
n uniform approach of Rn (u) to zero, that Pn (x) boundedly 
converge to F (x) almost everywhere on [0, oo].

To make the exposition more pictorial, let us return
lo the variable z and put z = .  The cl°sed half [axis
0 ^  x ^  oo goes into the closed interval 1 z ^  0 . 
The function F (z), which we assumed to be continuous on 
the half axis 0 ^  x ^  oo, transforms to a certain function
i|) (z) = F ^ —  1J that is continuous on the unit interval
0 ^  z 1 and Pn (x) goes into a certain algebraic poly­
nomial pn (z) of degree n that interpolates a|) (z) with respect
to the values = \|) (zk) at the points zh = — (ft =
= 0 , 1, . . ., n).

As n increases, the old points remain and new ones are 
adjoined. If we examine the set of interpolation points 
zh (Ic = 0 , 1, 2 , . . .), we find that they form a monotonic 
decreasing sequence converging to zero.

The convergence of the interpolation process has to be 
regarded only in those sets of functions where each function 
is fully determined by the values that it assumes on a coun­
table set of all the points. If this condition is not fulfilled 
and if there exist several functions that assume the same 
values at all interpolation points and, hence, have the same 
interpolating polynomials, the question of the convergence 
of interpolation does not have the ordinary sense.

When considering the convergence of interpolation for 
the set of all functions continuous on the interval [a, 6] 
or for the set of functions having continuous derivatives 
up to a certain fixed order m, one takes into account that 
each such function is determined by its values on a coun­
table set of points that is everywhere dense on [a, b]. Accord­
ingly, in studies of the convergence of interpolation of
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such functions it is always assumed that the interpolation
points z\h) (i = 0 , 1, . . ., ft; k = 0 , 1, 2 , . . .) are every­
where dense on [a, b].

In the problem at hand, the array of interpolation points 
is of the form

%
Z = Zq Zi 

Zq Zj Z2

(9.3.24)

Its rows are subsequences of the sequence of points z0, 
zx, z2, . . ., [zh = (1 +  kh)-1] convergent to the unique 
accumulation point z = 0. The simplest and most natural 
set of functions that are determined by the values on such 
a sequence is the set of analytic functions for which all 
interpolation points and their limiting point lie inside the 
domain of regularity. Let us now examine such a set of 
functions; we will assume that the function (z) is regular 
in the domain of the complex plane z that contains the 
interval [0, 1]. The broader the domain and hence the farther 
away from [0 , 1] the singular points of (z), the smoother 
the behaviour of (z) on the interval [0 , 1] and the more 
probable the convergence of interpolation to (z) on [0 , 1]. 
For this reason it is natural to pose the question of finding 
the smallest region in which the regularity of *i|) (z) ensures 
such a convergence. In the theory of interpolation, proof 
is given that the smallest such region is a closed circle of 
unit radius centred at the origin (see [10], Ch. 12, Sec. 2): 
| z | 1, and convergence in the circle and, in particular,
on its radius 0 r ^  1 will be uniform. We omit the 
proof of this result and merely confine ourselves to an expla­
nation of the pictorial aspect of the matter, which fortu­
nately is comparatively simple.

The question of convergence is determined by the beha­
viour of the interpolating polynomial pn (z) for large values
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of n. But if n is great, then most of the points will be close 
to the limiting point z = 0 and the interpolation will be 
close to interpolation with the unique point z = 0 that 
lias multiplicity n. Now this is given by the truncated Taylor 
series

(z) = t  (0) + j f  (0) +  ... +  > (0)
If the set of functions is characterized solely by the region 
of regularity and if no special assumptions are made about 
the behaviour of the function in this region, then the con­
vergence of Sn (z) to \|) (z) on the closed interval [0, 1] can, 
most likely, be guaranteed only when -i|) (z) is regular in the 
circle | z | 1.

The foregoing reasoning cannot of course serve as proof 
of the assertion we need but we believe that it gives a rather 
simple and pictorial view at least of the probability of the 
assertion.

Let us now return to the old variable x ------1. Thez

function \|) (z) goes into the function oj) (z) = =
= F (x) that is regular in a certain region containing the 
closed half axis O ^ z ^ o o ,  in particular the point at 
infinity x = oo. The unit circle | z | ^  1 transforms into
the region ^  or I 1 +  z I ^  which is the
closed exterior of a circle of radius 1 with centre at the 
point —1.

This permits us to state the following.
When a function F (x) is analytic and regular in a region 

| 1 +  x | 1, then the interpolation process for it relative
to equally spaced points xk = kh (k = 0 , 1, . . .) by meansIof a polynomial Pn (x) of degree n in -r—~ [see (9.3.4)]1 “J- X
converges uniformly in that region.

This enables us to say that the following theorem holds 
true.
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Theorem 2. If a function F (x) is regular in the region 
| 1 +  x | ^  1 of the complex plane x, then the computation 
process obtained from the equation (9.3.23) when the remaind­
er Rn (U) is dropped converges to cpe (u) uniformly relative 
to u on the axis — o o < u <  oo as n — oo.

9.3d. Computation rules associated with the roots of 
orthogonal polynomials. The convergence of the interpola­
tion quadrature process (9.3.23) with equally spaced points 
for a very narrow class of functions suggested the construc­
tion of other computation rules that are more favourable 
as regards the region of convergence and sufficiently simple 
computationally. We can also strive to make them compa­
tible with the use of available numerical tables. Such 
a construction can be carried out in a variety of ways, two 
of which will be given in this subsection and a third in 
Sec. 10.2.

When choosing a* computation rule—if one wishes to 
preserve the interpolation-quadrature type—one has to 
take into account certain results established in the theory 
of interpolation and the theory of quadratures. The choice 
may be made on the basis of the following two arguments, 
the first of which was developed in Chap. 4.

1. When interpolating on a finite interval, say [—1, 1], 
the following arrays of points are particularly favourable 
with respect to convergence:

M«> \
Z  =  | jJD 2” i | (9.3.25)

I Z<2> z[2) zi2) I

They have the limiting Chebyshev density distribution
p(z) = -i- (1 — z2) - 1/ 2 (9.3.26)

For example, an interpolation process with such an array 
will converge uniformly on the interval [—1, 11 for any
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function that is analytic on [ —1, 1] including the end­
points — 1 and 1.

The most thoroughly studied tables of this kind are 
tables of the roots of orthogonal polynomials.1 Of particu­
lar importance in applications are the Jacobi polynomials 
corresponding to the weight function

P (*) = (1 -  *)“ (1 +  X? («, p >  -1)
that permits taking into account the power singularities 
at the endpoints of the interval [—1, 1]. A particularly 
important role in the interpolation problem is played by 
the Chebyshev polynomials of the first kind. The inter­
polation process in which we take the roots of such a poly­
nomial of degree n for the interpolation points converges 
uniformly on [—1, 1] for any function cp (z) whose modulus 
of continuity co (8) satisfies the condition co (6) In 6 ->■ 0 

(8 — 0) (see [16], p. 542).
Proof is also given in the theory of interpolation that 

such an interpolation process will (as has already been 
pointed out) converge uniformly to cp (z) if <p (z) is a func­
tion absolutely continuous on [—1, 1].

2. From the theory of approximate quadratures we know 
that when computing an integral with a weight function, 
it is possible, in the computation formula2

b n

 ̂p(z)q>(z)dz& 2  Aky(Zk), (9.3.27)
a k = \

1 We know that if a weight function p (z) is almost everywhere 
positive on the interval [—1, 1], then the table of the roots of the ap­
propriate system of orthogonal polynomials always has the limiting 
density distribution (9.3.26).

2 The weight p (z) is assumed to be such that the integrals
b

J p(z)zmdz (m =  0, 1, ...)
a

are absolutely convergent.
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to substantially increase the algebraic degree of accuracy 
if one computes, in a specific way, the points zk and the 
coefficients Ak\ namely, proof is given that if the weight 
function p (z) is of constant sign, then through a choice 
of zk and Ak the equation (9.3.27) can be made to be exact 
when cp (z) is an arbitrary polynomial of degree 2n — 1 ; 
here, zh and Ah are determined uniquely: zk must be the 
roots of a polynomial Pn (z) of degree n taken from the 
orthogonal system of polynomials corresponding to the 
weight p (z), and

a

This means that the quadrature rule (9.3.27) must be inter- 
polatory.

Also note that the formula (9.3.27) converges on a very 
broad set of functions: if the interval [a, b\ is finite, and 
the weight function on it is of constant sign and is not 
equivalent to zero, then for the convergence of

n b
2  Akcp (zh) -> j  p (z) <p (z) dz (n ->-oo)
k = i a

it suffices that (p (z) be bounded and the set of its discontin­
uity points be of measure zero. Now take the integral 
cpe (u) (9.3.15) in the form

oo

<pe (U) = j  e***F (X) (s >  1) (9.3.28)
0

As before, we consider the function F (x) to be continuous 
and sufficiently smooth on the closed half axis [0, oo]. The 
factor (1 +  x)~* has a single singularity: zero to the power s 
at the point at infinity. We adjoin it below to the weight 
function. The quantity e%ux = cos ux +  i sin ux determines
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the oscillations of the integrand; e u* is a complex quantity 
and its real and imaginary parts are of variable sign. All 
this makes it difficult to refer exux to the weight in the 
ordinary way, without a preliminary transformation, and 
then, when setting up the quadrature rule, to strive to 
attain the highest possible degree of algebraic accuracy. 
In the next section we will see what can be done about this; 
for the present we adjoin this factor to the function to be 
integrated.

In order to transform (9.3.28) to an integral with a clas-
sical weight function, make the substitution x = j —

1 “f-1^_or  ̂ — . The half axis 0 x oo will go into the
1 -j- X

interval [—1, 1] and the integral (9.3.28) will take the form
i i-i

(pe(u) = 2‘-s j  *,u )(* +  *)**# (9-3.29)
-1

The power factor (1 +  t)*~2 can be taken for the weight 
function p (t) = (1 -f t)s~2. It is a special case of the Jacobi 
weight (1 — t)a (1 + for a = 0, |3 = s — 2. We then 
take the remaining portion of the integrand for the function 
to be integrated:

^(t)=ew—  (— f)

Then the integral (9.3.29) can be computed by the rule for 
integration with the Jacobi weight:

1 n
<pe (u) =2‘-s j  ^  (0 (1 +  *)s- 2 d t« 21-s 2  (<0 (9-3.30)

-1 h= 1
Here, tk are^the roots of the Jacobi polynomial /n,s~2)(0 
of degree n and Ak are the quadrature coefficients corres-

223



ponding to these roots. The numerical values of tk and 
Ah may be taken from published tables (see [12], [141).

Since it is assumed that F (x) = F is contin­
uous on the half axis 0 ^  x o o  and the exponential 
factor exp { tu } *s bounded in absolute value by
unity and is continuous for —1 <  t 1, the function 
i|) (t) will be bounded and continuous for — 1 <
Hence, when n grows without bound, we have, for any 
value of u, convergence of the computation process (9.3.30):

n i
lim 21-* V (tk) = 21-s f i|j (f) (1 + 1)‘~2 dt = <pe (u)
n̂°° a=i -Ji

The foregoing method of computation is clearly nothing 
but a transfer to the integral (9.3.29) of the idea of integra­
tion of highest degree of accuracy with Jacobi weight; 
here the weight merely takes into account the rate of decrease

F  (x)of / (x) = as x goes to infinity. We speak of this
method in order to point out its essential drawback for 
computing (pe (x) and to indicate a possible way of dimi­
nishing this drawback.

Recall that the rule of highest-accuracy integration (9.3.30) 
presumes the function ij) (t) that is to be integrated to have, 
on the closed interval [—1, 1], a continuous derivative of 
order not lower than 2n that takes on small values. When 
this condition holds, we can hope to obtain a good accuracy. 
But if such a derivative is absent, the rule may not yield 
a high accuracy and will be inferior in this respect to other 
rules having a lower degree of accuracy. We assumed the
factor F j to be sufficiently smooth; as for the

1 — tother factor exp j  , we see that its oscillations,
as —1, accelerate without bound and for it the point
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t == —1 is a point of discontinuity. For this reason, near 
t = —1 the function (t) will not be exactly approximated 
by algebraic polynomials, and although the rule (9.3.30) 
enables one, in principle, to compute cpe (u) with arbitrary 
precision, to attain the required accuracy might require 
a larger value of n.

Let us retain the points th in (9.3.30) considering them 
to be roots of the polynomial /£0, s“2) (t). In this way 
we will to some extent leave them coordinated with the 
rate of approach of / (#) to zero as oo. As for the coef­
ficients Ah, we choose them without striving to attain the 
highest degree of accuracy but taking into account the 
oscillations of the functions (t). Let us refer the oscillating
factor exp | iu to the weight and set

p*(f)=e,u“ (l +  *)s-2, y*(t) = F (— f)

Now interpolate if* (t) with respect to the values at the 
interpolation points tk:

(*) =  s  It (t) r  (ifc) +  r* (t) (9.3.31)*=t

8 ( 0  = Q* «)
Q*' («ft)

Q*( t ) = ( t - t i) — 4 0,s~2)(<)
Hn

Here qn is the coefficient of the highest degree of t in the 
polynomial s~2) (£)•

If in place of ty* (t) and p* (t) we put their values into 
(9.3.29), then we obtain the following expression of <pe (u)
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in terms of the values of ty* (th):

1 n
<P. (») = 2‘-s f P* (*) ** (t) dt =  2  (fk) +  ffj (9.3.32)

-1 ft=l

1
^  =  2‘-  J p*(t)ll(t)dt

-i
i

JRJ = 21-' jp *  («)»*(*)*
-1

After R* has been dropped, this expression gives an appro­
ximate calculation rule for cpe (u).

When constructing interpolation quadrature rules, their 
interpolation points can, in principle, be chosen arbitrarily 
or one can use this arbitrary character for certain specific 
purposes. In the rule (9.3.32) an attempt has been made to 
bring this arbitrary choice into agreement with the nature 
of decrease of / (x) as x increases.

Here is another example of choosing the points th. But 
first we offer some general arguments. In the integral (9.3.29)
we take p* (t) for the weight function and i|)* (t) = F J
for the function to be integrated.

Let us take an arbitrary Jacobi polynomial, P) (x), 
of degree n with indices a, |3 >  —1. We take its roots, 
which, as before, we denote by tk (k = 1, 2, . . ., n), for 
the interpolation points of the function i])* (t), without 
bothering for the time being about seeking the best points 
or, to put the matter more precisely, the most suitable va­
lues of a, p.
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The interpolation formula will have the same form (9.3.31) 
as above but with, a different meaning of the th:

**(<)= 2  +k=i\
Q* (t)

r(a. P)
n

P ' W - I Ik=i
L\ (t) = -— /<?• P> (t) [/<?’ P)' (<h)]-»

w

(9.3.33)
q(a. P) is the coefficient of tn in the polynomial ^  (t). 

To obtain the necessary computation formulas,1 let us| _ £return to the earlier variable x and set x — t-,— . We1 + tdenote the values of x that correspond to t = th by x = 
_  1-fr
The computations that follow do not require any explana­

tion:

«»•<•>-u < * - w - n
3=  1 j = l

__ ( —l)n 2n TT  (X~ XJ\__  2n C0n (x)
(l+*)n I I  W +  *// (l +  x)» <on ( - l)  »j=l

n

<M*) = 0  (x — Xj),i= l
1 Certain results that will be obtained are contained as special 

cases in the equations (9.3.4) to (9.3.7). But since it is useful for com­
putational purposes to retain the possibility of using the classical 
Jacobi polynomials, all the necessary formulas have been obtained 
irrespective of the indicated equations.
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Q- ( « , ) = n « . - < ; ) = n ( 4 ^ - 4 + v )& h j=tk
_  271"1 wn (xk)
“ (l + *h)"-2 COn (—1) ’

f  f __ l — x  l —xh _  2(x — xk)
h i^ - x 1 + ̂/i (1 +x) (1 + xh) *

LI W =  7 = ^  W {t) [J”’ PK (ift)r‘
=  (4j -fft-)W~ S — <̂ P n - r  = lk(x), (9.3.34)\ l +  x } (x-xk)<i>'n (xh) >' v >

I))* (th) - F (zk), dx = — df

If in place of the function \|)* (t) = F j = F (x)
we substitute into the integral (9.3.29) its interpolational 
representation (9.3.33), this will yield the following equation 
for <pe (u):

n i . i -t
(pc (u) = 2  2l~sF(xh) j e%U H-* Lt(t)(l +  t y 2dt +  R*(u)

* = l - l
(9.3.35)

1 l - ‘
RUu) =  2l~‘ \ e u i+i r*(t)(l +  t)*"2dt

-i
The coefficient L* (t) is a polynomial of degree n — 1 in t. 
Let us expand it in terms of powers of the binomial t +  1:

«i(h) (*+i )l1=0
This expansion can be constructed by ordinary algebraic 

rules. If we introduce this expansion into (9.3.35), the 
computation of cpe (u) will be reduced to finding several
228



simple integrals dependent on u and s:
n n - 1 1 \- t

<P,(«)=2 F(xk)%  4k)2‘-5{ eiu~HT (I +  ty+l-*dt +  R*(u)
ft=l 2=0 -1 (9.3.36)

After returning to the variable x, the equations (9.3.35) 
and (9.3.36) become

n oo

<pe(u)=2 *(*») j«iû W - ( T ^ jr  +  ̂ ( “) (9.3.37)
h=\ 0

where Rn (u) = R% (u).
If lk (x) is expanded in powers of jq—̂ ,

w  “  (4 ^ ) ’ "  " I / 1 <1 + *>"
then after a termwise integration the representation of 
rpc (u) takes the form

n n - 1 oo

<pe («) = 2  F (xh) 2  bih) j eiux (1 +  x) -s- 1 dz +  Rn (u)
k = \  1=0 0

(9.3.38)
The evaluation of the integrals on the right will be discussed 
in the next subsection; for the present we will say a few 
words about the choice of the parameters a, P of the Jacobi 
weight. In contrast to the formula (9.3.30), where the choice 
of the points was coordinated with the nature of the decrease 
of / (x) (x-+ oo), we now pay special attention to the inter-
polation of t|)* (f)J= F ( - ^ f ) •

Under the accepted assumptions, (t) can be an arbitrary
continuous and sufficiently smooth function on [—1, 1], 
Therefore we must first of all consider the Chebyshev poly-

229



nomials of the first kind Tn (t) (n = 1,2, . . .) and the 
roots of the polynomial of degree n that are taken for the 
interpolation points. The polynomials Tn (x) are a special 
case of the Jacobi polynomials for a = p = —1/2. A table 
of the values of the coefficients b\h) in (9.3.38) for the Che- 
byshev points is given in [11] (Table IV).

Of slightly less importance (though still very substantial) 
is the case where for the interpolation points we take the 
roots of a Legendre polynomial of degree n. The importance 
of the choice of such points is due to the fact that interpola­
tion quadrature formulas with these points have the highest 
degree of accuracy for a constant weight function and are 
extremely useful when integrating functions without singu­
larities. The same reference, [11] (Table III), gives a table 
of the coefficients b\h) for such points.

9.3e. On com pu tin g  the in tegra ls Jm+a =  \ e iuso\

X(l+3e)”"m adx. Here, m is a nonnegative integer 
and 0 < a < l .  We obtain a rule for computing only integ­
rals with the exponential function eiux. Similar rules for 
integrals with the trigonometric functions cos ux and 
sin ux can be obtained from this by separating the real and 
imaginary parts in it.

We can construct a recurrence rule for reducing the value 
of m by taking advantage of integration by parts:

oo

0

oo

e iux oo

(m_  1 +a) (1 0

oo

m —  1 +  a J (l +  x)m
_____  f  e iu x________ dx_

(l +  ar)m" 1+a
dx
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1

77i— 1 - f a m —  1 - f a
dx

00

0
(l + l)m" l+a ’

m  —  1 - f a

This relation enables us to confine ourselves to obtaining 
rules for computing Ja (0 <  a 1).

Let us transform Ja by the change of variable 1 + x = t:

A  = e~iu [ j  dt +  i j  (ft] = -  e~lu [Ci (u) +  iSi (u)J

Here, Ci (u) and Si (u) are the integral cosine and the integ­
ral sine for which detailed numerical tables have been com­
piled. When 0 <  a <  1, from the equations given below 
we obtain the needed rule for computing the integral under 
study:1

oo

When a = 1, we get the equation
oo

1

(9.3.40)

u >0 , (9.3.41)
o
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j  «*“ • £ -  i
0 k=0

( iu ) h
k\

1

j  xk~adx
0

VI (iu)h 1
^  k\ (fc+1h= 0

/« = dx u*-T(l-«)«

i g-iu Y (ta)fc"rc Zi A!(Jfc+l—a)fe=0

a)

(9.3.42)



Chapter 10

Highest-Accuracy Formulas for Computation

10.1 Introduction
The problems dealing with constructing formulas of 

highest accuracy for the Fourier cosine and sine transforma­
tion^ are studied in a similar manner but have different 
solutions.

We will assume the original function / (x) to be repre­
sentable in the form / (x) = (1 +  x)~sF {x), where s >  1 
and the function F (x) is continuous on the half axis 0
^  x ^  oo.

We consider the Fourier cosine transform
oo oo

<Pc(w)-= j  f (x) cos uxdx=-- j  (c1° ^, F (X) dx
0 0

For the weight function we take the factor (1 +  a:)”*cos ux 
and for computing the integral we construct a quadrature 
formula of the form

oo n

J ~ ^ f^F {x)dx  « 2  (4<>-4-4)
0 h= 1

It has 2n parameters Ak and xh, and we can attempt to 
choose them so that (10.1.1) is valid exactly when F (x) 
is an arbitrary polynomial in (1 +  tf)"1 of degree 2ai —  1 

or, what is the same, that for the 2n simple fractions
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(1 +  x) ‘ (i = 0 , 1, . . 2n — 1) the following relations
hold:

oo n

[ (1 - f - c o s  ux dx = 2  +  (10.1.2)
0 fc=i

(i = 0 , 1, . . 2n — 1)
These equations form a system of 2n equations for finding 

the parameters, the system being linear in Ah and nonlinear 
in xh. If it is solved, then it will turn out that even for 
small values of n the points xk will lie outside the half axis 
of integration [0, oo).

The reason for this drawback is the varying sign pro­
perty* 1 of the weight function (1 +  x)~s cos ux, and in 
order to circumvent this it is sufficient to make the weight 
function of constant sign.

In the problem at hand this can be done with the aid 
of an elementary transformation:
00 oo

j  cos ux f {x) d x= ^  (1 -f cos ux) f (a;) dx 
0 0

oo

— j  / (x) dx =  I\ — II
0

The integral II has a simple form and via the transforma- 
tion x = -j-—  can be reduced to an integral with the

1 In the theory of quadrature rules of highest algebraic degree 
of accuracy, to which our problem reduces by the change of variable

1_t
x =  » we know that if the weight function is of constant sign,
then the points of the quadrature formula always lie inside the inter­
val of integration.
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Jacobi weight function with parameters 0 , s — 2 :

11= j  f (x) dx = j  (1_̂  dx
0 0

1

=2*-j  f (t t f  ) v + t r 2dt-i
It can be computed with the aid of formulas of the highest 
algebraic degree of accuracy, the coefficients and points of 
which are tabulated over sufficiently broad ranges.

Let us concentrate on the integral /£. It depends on the 
parameter u. In order to make the points and coefficients 
of tjie computation formula independent of u, perform the 
transformation ux = x' (u ^  0) that reduces the parameter 
under the cosine sign to unity and carries it from the weight 
to the function being integrated:

o o  o o

c = j  (1 -)-cosx)-^-/ ^-^-^dx = j  (1 -|-cosx) X (x) dx
0 0

(10.1.3)

Suppose X {x) can be represented as

X (s > 1 ) (10-L4)
where F (x) is continuous on the half axis 0 ^  x oo. 
Then the problem will be to establish a rule for computing 
the integral

o o  o o

I xc=  j (1 +  cosx) X (x) =  j  F (*) dx (10.1.5)
o: o

with the positive weight function 1 +  cosx or (1 j cosx) X 
X (1 +  x)-*.
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10.2 Constructing a formula of highest degree of accuracy
Such formulas can have a variety of aspects depending 

primarily on the properties possessed by the integrand and 
on how, in connection with such properties, the weight 
function is chosen. We will speak of a rule suited to the 
set of functions X (x) representable in the form (10.1.4).

For the weight we take the factor 1 +  cos x. It takes 
into account the oscillations of the integrand in (10.1.3) 
but is not connected with the nature of decrease of X {x) 
as x->- oo, which will be taken into account when choosing 
the system of functions relative to which the highest degree 
of accuracy will be attained.

In accord with the chosen weight, let us consider the 
integral II [see (10.1.5)] and let us construct for it a compu­
tation rule of the form

oo ' n

/£ = \ (1 +  cos x)X(x)dx& 2  AkX (xh) (10.2 .1) 
0 1

We choose the parameters AkJ xh so that the equation is 
exact for the functions (1 +  x)~s~{ (C> 0 ; i =  0 , 1, 2 , . . . 
. . ., 2n — 1) or, what is the same thing, for all functions 
of the form

(1 +  X)- *2* Cj (1 +  x)-> = (1 +  z)-,-2n+1P2n_1 (X)
j= 0

where P2n_i (x) Is an arbitrary polynomial of degree 2n — 1 

in x:
oo
r i+coa* p / vJ (1 £)2n-l+« 1 \x) ax
0

n n

«  2  ( l + x ^ n —  P *n -1 ( * * )  =  2  B * P *n~ 1 ( * * )  (1 0 -2 .2 )ft=l
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The problem of seeking Bhl xk and, hence, the parameters 
Ah, xh has reduced to the classical problem of constructing, 
on the half-open interval [0 , oo), a quadrature formula of 
highest algebraic degree of accuracy with the positive 
weight function (1 +  cos x) (1 +  a:)’2n+1“3.

All integrals participating in what follows are assumed 
to be absolutely convergent. Suppose we are considering an 
integral over a finite or infinite interval [a, b] and suppose 
the weight function p (x) is of constant sign and is not zero. 
Suppose we use the following formula to evaluate the integ­
ral:

b n
j  p(x)f (x) dx « 2  Bkf (xh) (10.2.3)
a k= l

For the formula (10.2.3) to be exact for all polynomials 
of degree 2n — 1, it is necessary and sufficient that the 
following conditions hold.

(1) The coefficients Bk have the values

(,a2-4>a
n

® (a;) = n  (*—xk)A=1

That is, the rule of integration (10.2.3) is interpolatory.
(2) The polynomial co (x) is orthogonal on [a, b1 with 

weight p (x) to any polynomial Q (x) of maximum degree 
n - 1 :

b
j  p(x)(o(x)Q(x)dx = 0 (10.2.5)
a

It is very easy to see the necessity of these conditions. 
Let the equation (10.2.3) hold for all polynomials of maxi-
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mum degree 2n — 1. Consider the polynomial coj (x) = 
=  1----0 * —r- 1̂  is of degree n — 1, and (10.2.3) should

\X Xj )  6) \Xj )
be exact for it. But ©/ (x) has the following properties: 
<oj (xh) = 0 for k =̂»/, and co7- (xj) = 1. And so for (Oj (x) 
we should obtain from (10.2.3) the equation

p (x) oij (x) d x = y i Bh Uj (xh) = Bj
A=1

which proves (10.2.4).
To see the necessity of condition (2), take a polynomial 

Q (x) of maximum degree n — 1. The polynomial / (x) = 
= © (x) Q (x) will be of maximum degree 2n — 1, and for 
it (10.2.3) must be exact; since / (xh) = © (xh) Q (xh) = 
= 0-Q (xh) = 0, it follows that (10.2.3) coincides with
(10.2.5).

Sufficiency is verified in just as simple a manner. Suppose 
conditions (1) and (2) hold. Take an arbitrary polynomial 
/ (x) of degree 2n — 1. Dividing it by (o (x) by the usual 
rules of algebra, we can represent / in the form / (x) = 
= (o (x) Q (x) +  r (x), where Q (x) and r (x) are polynomials 
of maximum degree n — 1. Since (o (xh) =0, we have 
/ (*h) = r (xft) and so

b b b
j  P(x)f (x) dx = j  p (x) (o (x) Q(x) dx +  j  p (x) r (x) dx
a a a

The first of the integrals on the right is equal to zero by 
orthogonality. Since by the first condition the rule (10.2.3) 
is interpolator, it is exact for any polynomial of degree 
n — 1, in particular for r (x), so that

b n n

j  p{x)r (x) dx = 2  Bhr (xh) = 2  Bhf (xh)
a A=1 A=1
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And so b n
f p (x) f (x) dx = 2  Bhf{xh)
a fc=l

and the equation (10.2.3) holds exactly for / (x).
It need only be shown that the rule (10.2.3) cannot be 

true for all polynomials of degree 2n. It suffices to find 
at least one polynomial of that degree for which (10.2.3) 
cannot be exact. Let us consider / (x) = co2 (a;). This is 
a polynomial of degree 2n. For it, the left-hand side of 
(10.2.3) is nonzero because of the constant sign of the weight 
p (x), whereas the right-hand side is zero since / (xh) = 0 

when k = 1, 2, . . ., n. Hence (10.2.3) cannot be exact 
for / = co2 (x).

From this it follows that if the degree of accuracy 2n — 1 
is attainable in (10.2.3), then it is the highest degree. Now to 
prove the attainability, it suffices to establish the existence 
of a polynomial co (x) that satisfies the requirement of 
orthogonality (10.2.5). Let us seek such a polynomial in the 
form of an expansion in powers of x:

(o (x) = xn +  a1£n“1 +  . . . +  an 
The condition (10.2.5) is tantamount to the following n 

equations holding true:
b

j  p (x) co (x) x{ dx = 0 , i = 0 , 1, . . ., n — 1
aIf in place of co (x) we substitute its expansion in terms

b

of x and to save space set j  p (z) xh dx = aft, we get a sys-
atern of equations for finding the coefficients cil7 . . ., an:

+  an-1% +  «n-2«2 +* • • • +  <*0a n =  0 
<*71+1 + i + <*71-1̂2 +  . - • +  ^  0

a27i-l -f" <*27i-2al +  <*27i-3a2 + • • • + a7i-la7l — 0
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To check the solvability of the system and the uniqueness 
of its solution, it is sufficient to establish that the homoge­
neous system

a n - l a l  “h  a n-2f l2 ■{“ •••+ a 0a n  =  0

an0i +  otn-1̂2 +  ... +  aia n =  0

a 2n-2a l  +  a 2n-3f l2 +  • • • +  & n - l a n ~  0

has only a zero solution. Let us assume that a±, . . ., an 
satisfy the equations of the system. Multiplying the equa­
tions by an, . . ., ax respectively and adding, we get

ft
j P (x) (#n + an-ix + ... + fli#71"1)2 dx = 0
a

Since the weight function p (x) is not equivalent to zero 
and preserves sign, this equation is only possible when the 
polynomial in brackets is identically zero, which is only 
possible for ax =  a2 = . . . = an = 0 and the homogeneous 
system thus only has a trivial solution.

Using the coefficients ax, . . ., an, we can construct 
a polynomial co (z); and after finding its roots xk (k = 
= 1, . . ., n) and computing the coefficients Bh with the 
aid of equations (10.2.4), we can set up the rule (10.2.3) 
which is exact for polynomials of degree 2n — 1. From 
what has been said, it is evident that such a rule will be 
unique since the polynomial <o (x) and the coefficients Ah 
are determined in unique fashion.

This result can be supplemented by proof of the fact 
that the roots xk of the polynomials are distinct and all 
lie within the interval of integration [a, 6],

In the integral (10.2.2) the interval of integration [a, b] 
is the half axis [0 , oo) and the weight function is p (x) = 
=  (1 + z )~ 2n~*+1 (1 +  cos x); it is positive everywhere 
except at the points x = (2/ +  1) n (j — 0, 1, . . .). The
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polynomial to (x) = xn +  ai* " -1 +  • • • +  an Is detex- 
mined by the orthogonality condition

j  (1 +  x f 2n~s+i (1 +  cos x) to (x) x} dx
o

(;' = 0 , 1, n— 1)

0

(10.2.6)

Its coefficients ah can be found from the system
n oo

2  <H ( (1 + x)~2n-s+l (1 +  cos *) xn-i+i dx =  0 

i=0 0
(/=0 , 1, — 1; a0 =  1) (10.2.7)

The coefficients Bk that figure in (10.2.2) and in the 
quadrature rule of the form (10.2.3), if it is written for the 
integral

o o

j  (1 +x)~2n~,+1 (1 +  cos x) {(x) dx,
0

must be found with the aid of a formula of the form (10.2.4). 
Now the coefficients Ah of (10.2.1), when it is exact for all 
functions of the form

2n- 1

X(x)  =  ( l + x ) - ‘ 2  cj( l +  x)~J =  (l+x)-2n- ^P 2n̂ (x),j=0

differ from Bh, as can be seen from (10.2.2), by the factor 
(1 +  xh)2n+t~i \ for them we have the following values:

00

A  =  (1 ■+ *hr +,-‘ j  (1 +  * ) -2”- ,+1 (1 +  cosX) (x_ ^ l  (Xft) dx

(10.2.8)
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A table of values of xh and Ak for (10.2.1) when $ — 
= 1.05 (0.05) 4, n = 1 (1) 10 can be found in [11] 
(Table VI).

A similar table of xk and Ah for the formula of highest 
degree of accuracy

oo n

f (1 -f sin x) / (x) dx fst 2  Ahf(xh) (10.2.9)
o A« 1

/W = j g r .  IF(x) \ ^M
for the same parameters s and n can also be found in [11] 
(Table V).

In conclusion, one final remark is in order concerning 
the convergence of computational processes (10.2.1) and
(10.2.9) of highest degree of accuracy as n-> oo. For the 
sake of definiteness we will have in view (10.2.1). For our 
purposes it will suffice to reduce (10.2.1) to the familiar 
Gaussian-type rule in which the highest algebraic degree 
of accuracy is attained and then take advantage of the 
familiar theorems on the convergence of a quadrature proc­
ess of this kind.

Let us take the integral I\ [see (10.1.5)1 in the form ob­
tained when replacing the function X {x) by its representa­
tion X (x) = (1 +  x)~8F (x).

Accordingly we now consider a rule that is equivalent 
to (10.2.1):

0
n n

« 2  Aj {\ +  xj)-F(xj) = 21 A*F (xj) (10.2.10)
j=l j**l

When constructing (10.2.1), the parameters xh and Ah were 
chosen so that the equation held exactly when X (x) was
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2 n - l .
any function of the form X (x) = 2  ci (1 +  x)~s~\ For

j= ithe rule (10.2.10), this is equivalent to its yielding an exact 
result for a function F of the form

2 n -1
*» =  2  c,(i+*)-,=P.„ -i[(i+*)-|i

1 1 Make a change of variable putting = t, x = -----1,
1 ^  t >  0. Then (10.2.10) goes into the new rule for a fi­
nite interval [0 , 1]

i
/c = j  (1 +  cos x) t*~2F* (t) dt

.0
n

*t 2 Af F * (*fc) =Qn (F*) (10.2.11)
3=1

r w = r ( ± - i ) - F t o .
The equation holds exactly every time F* (̂) is a poly­

nomial of degree 2n — 1 in t:
F* (t) =  P2n+1 (t)

From this it follows that (10.2.11) is a quadrature rule 
of the highest algebraic degree of accuracy for the interval 
[0 , 1] and for the weight function p (t) = (1 +  cos x) ts~2.

Relative to such rules we know that asn->oo the sequence 
of approximate values Q* (F*) converges to the exact value 
of the integral I\ for any function F* (t) bounded on [0 , 1] 
and such that the set of its points of discontinuity is of 
measure zero,1 in particular for any function F* bounded 
on [0 , 1] and continuous inside that interval.

1 For all Riemann-integrable (in the proper sense) functions on
10, 1].
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This enables *us to state a theorem on the convergence 
of the quadrature process (10.2.1) as n->- oo.

Theorem 1. If a function X (x) can be represented as (10.1.4), 
where F (x) is continuous on the half axis 0 x ^  oo, then 
the quadrature process defined by the rule of highest degree of 
accuracy (10.2.1) converges to the exact value of the integral 
as n — oo.

A similar theorem is valid for the quadrature rule (10.2.9) 
of the highest degree of accuracy for the Fourier sine trans­
form.



Part Three

ISOLATING SINGULARITIES OF A FUNCTION

IN COMPUTATIONS

In Part One and Part Two of this book we considered 
two interrelated problems: the inversion of Laplace trans­
forms and computing Fourier integrals. Each of the problems 
is solved within the set of its own conditions and by specific 
methods, and for this reason the methods for isolating 
singularities of a function in computations involving these 
problems do not coincide and so will be considered here 
separately.

Chapter 11

Isolating Singularities of the Image 
Function F (p)

11.1 Introduction
For the sake of definiteness we will speak of methods 

of inversion based on computing the Mellin integral, but 
some of the arguments used in regard to this problem can 
be carried over to other inversion methods as well.

Computation ofj the original function / (x) was based on 
interpolation of the image function F (p) or the function
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(p (p) connected with the image by the equation F (p) = 
= <P (P) (P — a)-*. The interpolation was carried out with 
the aid of a polynomial in (p —a) - 1 or a more general ration­
al function.

Recall that F (p) is an analytic function of p that is 
regular in the half-plane Re p >  y and tends to zero as p 
goes to infinity in that half-plane. When computing the 
Mellin integral

c-Hoo/(*)=-sr 5 F (p)eP*dP (11-1*1)
c - io o

the line of integration Re p = c was chosen so that the 
inequality c >  y held. The interpolation points were taken 
on the line of integration Re p = c, either on the real axis 
or in the half-plane Re p >  c, and the interpolating rational 
function was chosen* so that its poles were to the left of the 
straight line Re p >  y and besides so that the function 
tended to zero as p —>- oo.

We can foresee that such interpolation will, generally, 
be the more exact, the more smooth the variation of F (p) 
and cp (p) is in the half-plane Re p c. Now smoothness 
depends, firstly, on the position of the singular points of F: 
the farther they are removed from the half-plane Re p >  c, 
the more smooth will the variation of F and 9 be there. 
The smoothness of behaviour of F and cp depends, secondly, 
on the nature of the singular points or, if to use a term that 
is not quite exact but one that describes the essence of the 
matter pictorially, on their influence upon the behaviour 
of F and cp.

Finally, the exactness of interpolation will be influenced 
by the behaviour of F and cp near the point at infinity1

1 If we speak of the fundamental aspect of this question, all the 
facts mentioned above that affect the behaviour of F might be taken 
into account beforehand when constructing the computational method.
This can be done, for example, via a choice of a system of functions 
underlying the interpolation. The authors rejected that approach
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of the p plane, in particular the rate of decrease of | F (p) | 
as p -> oo.

We can attempt to improve the behaviour of the function 
F (p), and with it cp (p) as well, in the half-plane Re p > C  
if we eliminate from F (p) the singular points closest to 
the straight line Re p = c or at least if we weaken their 
influence on the variation of F. This is usually done by 
decomposing the function F into two summands, F (p) = 
= Fi (P) +  F2 (p), which are chosen so that the function 
F± (p) has those singularities that we wish to eliminate 
from F (p), or the principal parts of those singularities 
when we wish to weaken them in F (p). What is more, the 
function Fx (p) must be such that it is the image function 
and that the original function for it, f i (x), could be found 
exactly. Now the second summand, F2 (p), is defined by 
F2 (p) = F (p) — F1 (p). We can expect that F2 (p) will 
vary in the half-plane Re p == a c more smoothly than 
F (p), and the original function f2 (#) for it can be found 
approximately with greater accuracy than for F (p).

11.2 Removing and weakening the singularities 
of the image function F (p)

11.2a. Removing poles in the image function. Suppose ' 
that at the points ph (k = 1, . . ., n) the function F (p) 
has poles of orders mh (k = 1, . . ., n) respectively. Also 
assume that we know the polar parts of the power expan­
sions in the neighbourhoods of the poles:

mh
Gh (— -— ') =  y. ■■ a!,v — (11.2 .1)

' p - p k  > vt i  (p-P h f

because it could lead to setting up a large number of narrowly spe­
cialized methods of computation and they took into account before­
hand, in rough form, only the rate of decrease of F as the point p goes 
to infinity when they represented F in the form F (p) =  (p — a)”* X  
X <p (p).
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(11.2.2)

Set

r)
A-l

and
F2 (P) =  F (p) — Ft (p)

For F2 (p) the points ph (k = 1, . . ., n) will be points 
of regularity.

The original function for Fx (p) can be found exactly 
(see, for example, [7]) and has the value

n v _ i

/i<*) = 2  2  UhvTw>'eVk*
h= 1 v =  1

11.2b. Weakening' the influence of branching singulari­
ties. Let us consider the case of a power branching singu­
larity and assume that F (p) is of the following form:

F(p) = (p - a fG (p ) ,  G(a)=£0
where p, is a real number and a is a value that does not 
belong to the half-plane of regularity of F (p) so that 
Re a ^  y <  c, and G (p) is a function regular in the open 
simply connected region containing the half-plane Re p >  y 
and the point a. Choose an arbitrary point b lying 
to the left of the point a, that is, so that Re (a — b) >  0.

We will seek the function Fr (p), which is close to F (p) 
near the point a, in the form

F!(p) =  z» C0+Cl(+J&;r+Cmzm =z»R(z) (11.2.3)
where z = p — a.

Since Fx (p) must be an image function and hence must 
tend to zero as the point p goes to infinity, the exponent 
r of the divisor must satisfy the condition r >  m +  jx.
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Now let us choose the coefficients ck (k = 0, 1, . . m) 
so that in the expansions

G (p) =  G (z a) = g0 gxz +  . . . +  gmzm +  • • • 
where gh=-~G{h){a) and

ft (2) — (p — &)”r (̂ o +  CXZ +  . . . +  Cm2™)

the coefficients of powers of z from zero to m coincide.
If we note that

( p - > r = (« ~ i) - '( i+ - ^ r y r

n = 0

then it is easy to obtain the expansion of R (z) in powers 
of z. And a comparison of the coefficients of zh (k — 
= 0, 1, . . m) in the expansions of G (z +  a) and R (z)
yields the following system of equations for computing
Cj (/ = 0 , 1, . . m):
c0=--g0(a — b)r,
Ci — r (oc — h)"1 c0 = gi (a — b)r,
c2 — r(a — by1 cx + r(r2|~1) (a — b)~2 c0 = g2 (a — b)r.
c3—r(a—b) i c2 +  -^-r(r +  i)(a — b)~2c1

— 4 "r (r +  1) (r +  2) (a—h)~3c0 = g3(a — b)r, (11.2.4)

cm~r(a — b)~l cm.i + — r(r +  l) (a — b)~2 cm_2

• • • +  (— l)m r (r + 1) ... (r + m - l)
X (a — &)'mc0 - g m(a — b)\
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From this system we can successively obtain c0, cu . . . 
. . ., cm. After finding ch for Fx (p) we get the following 
expression:

m .

;=0

The original function of Fx (p) can be computed exactly 
(see [7]):

m . .r — jj, — 3 — 1 ocx
h (x) =  2  c} ~T(r-n-/) lFl fr; r -  M- - (b—a)x]

2=0 (11.2.5)
Here, 1F1 is the confluent hypergeometric function

i^i (a; P; z) rw
r(a) 2ft=0

r(a+fc) Z* 
Y($ + k) A:!

At the point p = a the function F (p) — Fx (p) = F2 (p) 
will have a derivative of order m +  1 units higher than 
F (p), and the original function / 2 (z) for it may be found 
with the aid of approximate methods with, as a rule, less 
effort and to a higher accuracy than for F (p).

In the particular case when the exponent p, is negative, 
the weakening of the influence of the branching point on 
the variation of the function may be obtained in a more 
simple fashion without introducing the auxiliary point b. 
Choose m such that p +  m <  0 and set

m
Fi(p) =  2 - j r Gihv>

2=o
The original function for Fx has a simpler aspect than 

that given above:
m _ i

h  (*) =  2  Si T(— *i) 6<XX 
2=0
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In this case the remainder function F2 (p) = F (p) — 
— Fx (p) will be

m
F, (P) = (p -  a f  [G (p) -  2  jj- G<’> (a) (p -  a)j]

i= 0

and if m is chosen so that — 1 <  m +  \i <  0 , then it will 
be zero at the point p = a.

Now consider the problem of weakening a logarithmic 
singularity. We confine ourselves to the simplest case where 
the image F (p) is of the form

F(p) = (p — a)~v In (p — a) G (p)
G (a) =£ 0, Re a y

Here, v is a real number and G (p) is a function regular 
in some simply connected open domain containing the 
half-plane Re p >  y and the point a.

The greater the value of v, the faster the variation of F 
for p close to a, and in order to make the variation of F 
smoother (at least in the neighbourhood of the point a) 
we can resort to the following transformation of F.

Take an integer m such that —v +  m <  0 and then 
construct the expansion of G (p) about the point p = a 
in powers of p — a = z and consider the following portion 
of the expansion:

£o +  &\z +  • . . +  gm2™Put
FI (P) = 2  gj (p — a)"v+,ln (p — a)j=0

The original fx for Ft is tabular (see [7]):
m

h (*) = ’2i g] r {*_})- xv~i~ieax [¥ (v —/) — In x]

251



As for the function
F*(P)=F(P) — Flip)

= (P ~ «)V In (P — a)( G (p) -  (p — a)*)

we see that at the point p = a it has a power singularity 
weaker than in the case of F (p) since the quantity in brackets 
(for values of p close to a) is of order at least 0 [(p — a)m+1].

Up to now we have considered only certain typical ways 
of removing and weakening singularities of an image func­
tion by means of isolating the “singular part” Fx (p) from 
that function. Now the aspect of Fx (p) depends on the type 
of singularities of F (p) and need not have the form given 
in our description. In Sec. 11.4 there is a small table of 
image functions F and, their corresponding original functions 
/ that may come in handy in certain cases when construe- 
ting (p).

11.3 4̂ remark on the increase in the rate of
approach to zero of the image function F (p)

For approximate inversion of Laplace transforms an 
important item is the rate at which the image function 
F (p) tends to zero as p — o o .  This can be illustrated picto- 
rially in the problem of reducing the Mellin integral to the 
Fourier integral. The line of integration in the Mellin 
integral is the straight line Re p = c and we can put p = 
=  c +  ix ( — °° <  t  <  o o ) .  If we take t  for the new variable, 
we get the following complex Fourier integral:

oo j
/ (#) = ecx j F (c +  ix)\eixx dx

— oo

Most likely, the faster F (c +  ix) decreases as | x | grows 
without bound, the more convenient the integral will be
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computationally and the more accurate the result that can 
be obtained.

As was done in Sec. 11.2, we can attempt to accelerate 
the rate of approach to zero of F (p), as p -> oo, by decom­
posing F (p) into two summands: F (p) = F± (p) +  F2 (p) 
and choosing them so that the first, Fx (p), tends to zero 
just as fast as F (p), and the original of it is computed 
exactly, while the second summand, F2 (p), tends to zero 
faster than F (p). For example, when the function F (p) can 
be represented in the form

F(p)= — ___I__ ____ l  _j__ k___lJ.W
(P) P + a  +  P + b  +  p + l  +

y ( p ) - * o  ( P ~ +  °°)> e > 0
we, can put
F* «= TT r+Tpr + •' • +7TT *“d 0»

= F(p)-F l (p) 
The original function for Fx (p) is found exactly:

{x) =  Ae-™ +  Be~bx +  . . . +  Le~lx
while the function F2 (p) tends to zero faster than F (p). 

Similarly, when the image function F (p) is of the form

y(p)
we can take

F(p) =

0 (p-»

y  A* | v (?)
i=i (P+ ® )*1 (/>+«)*"*
► °o), 0 <  <  /c2<  . . .  c k m

m
Fi (p) = ' Z - AlT7’ Fi (p)=F(p)-F1(p)

i=i (p + «) *
The original function for Fx can also be computed exactly:

m
/i( * ) = 2

i = l

Ai
r(A<) x kr i e~ax
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11.4. A table of image functions F (p) and the corresponding 
original functions f (x) for constructing the singular 
part of the image function F1(p)

F(P) /(*)

1
P+a

r<«

1 e-ax
YJ+a Y nx

(p+a)-"-‘/2 2nxne~ax 
1X3 ... (2n— 1) / iw

(P+«)“V 
Re v ;> 0 r  (v)

1
>V + < *2 /o (a*)

(p2 +  a2)-n-m j
n = l,  2, ...

1
1X3X5 ... (2n — 1) X

x ( - ^ ) nJn (ax)

(P2+ o 2)~v“1/2,
t> 1R e v > - T

r ( v + i . )  (»■)

1
Y p2— a2 /0 (a*)

i 1 V
(pi —a2)"+l/2 ’
n—i, 2, ...

1X3X5 ... (2/1-1) A

x  (■«■)"/n (**)
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(Continued)

FtP)

1
( p 2 _ _ fl2 )V + l/2  ’

Re v >  —

Yp+a
P  +  b

1
(P+«) Vp+b

_______ 1______
CP + a ) 3' 2 ( p + b )

_______ 1______
Y ( p + a) (p+&)

_______i________
( p + a )‘'2(p+ 6 )3/2

( p + a ) 1/2( / > + & r3/2

/(*)

g ax -. ■■■
i + y  a — b e-b*X y nx

X erf Y (a—b) x 
e~ax  erf 1̂ (6 — a) x

)/"  6 —  a
(a —  ft) 3/2e~hx e r f  | ^ ( a  —  b) x —

___ 2 Y* .-a.
a-fb

JI (a —  &)

: / a—b \
7° \ 2 *)

a+fr

a+6

M^')+
+/l ('HT"*)]

e 2 ~ | (a — b) x li X

x ( ^ i ± I ) +
+  [ l+ (a—6)*] Io  (— 2— x ) }
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(Continued)
F(P) /(*)

(p—o)"v (p—
Re (v+fi) < 0

/ + IA -1 
r(v+p) e x

X i ^ i [v; v +  |r, (a — 6) i]
In (p+a) [ f( l) - lm ]  e-«»,

P +  a ¥  ix \ — r> W  w  r (*)
In (p+a) 
(p+a)« *[l +  r  (1) — ln*]e-«*

In (p+a) ln x + C + ln  4
V P + a

£ =  — T'(l) is Euler’s constant

I11 ( P + fl) Y  (v) — In (x) v - i
( P + a ) *  9
Re v > 0

r(v )  *  *

1—  e“aP, a >  0 P
r 0, 0 <  x <  a 
\  1, a < . x

©A<3pTe1| Qh

( 1, 0 C x  <  a 
I 0, a C x

1
—  (e-aP —  e-bP), 
P

( 0, 0 < x < a  
< 1, a < x < b

0 < a < 6 I  0, b C x

J _ ( e- o p _ e-bp), ( 0 0 < a ;  < a  
< x  —  a, a < C . x < . b

0 < a < 6 1. b —  a, b <C.x
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(Continued)
F(p) /(*)

1---(e~ap — e-bp) 2
Pi

0 < a < 6

0, 0 < x < 2  a 
i x — 2a, 2a<ix <a-\-b 

2b — x, a-{-b<C.x<2b 
0, 2b<C.x

p + t> e~ap’ a > 0
( 0, 0 <  x <  a 
1 e-W*-«), a < x

«>»
( 0, 0 < i < f l
< X cos [P (x — a)] +  
l  +fxP-1 sin [P (x — a)], a < x

•>»
( 0, 0 <  x <  a 
< X cosh [P (x —a)] +
I +nP“1sinh[P(x — a)], a < x



Chapter 12

Isolating Singularities of a Function in the Fourier

Transformation

Computing Fourier integrals from the values of the 
function / being transformed is based, just as computation 
of the Mellin integral is, mainly on interpolation of the 
function / by means of polynomials or rational functions, 
the interpolation being carried out either throughout the 
domain of integration or in its parts. The accuracy with 
which the integrals are computed depends both on the 
rule that is chosen and on the properties of the function /; 
ordinarily, however, the smoother the function / and the 
faster it tends to zero as its argument goes to infinity, the 
more exact the result that can be computationally obtained.

There are three directions in which we can carry out 
a preliminary preparation of the function / to computation 
of Fourier integrals:

(1) Improving the differential properties of the function /, 
in particular, raising the order of its differentiability.

(2) Improving the smoothness of variation of the func­
tion /. A few examples will suffice to illustrate what this 
means. The possibility of an arbitrarily exact and uniform 
approximation of a continuous function by a polynomial 
on a closed interval is well known. In certain cases, to attain 
a given accuracy of approximation it is necessary to const­
ruct a polynomial of high degree with large and strongly 
varying values of its derivatives. A difficulty of this nature
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is encountered even in the case of an analytic function / 
when its singularities lie near the interval over which the 
approximating polynomial is being constructed.

In cases of this kind, it is natural to attempt to simplify 
the problem of approximation by a preliminary isolation 
from / of the “singular, unsmooth part” so that the compu­
tations can be performed with the more smoothly varying 
“remainder” . We have already encountered (in Sec. 11.2) 
a problem of this kind concerned with increasing the smooth­
ness of variation.

(3) Accelerating the approach of the function / to zero 
when | x | increases without bound.

We dwell here on two questions only: the removal of 
discontinuities of the first kind and the acceleration of 
approach to zero of the function undergoing transformation.

12.1 Removing discontinuities of the first kind
Let a function / be specified on an interval [a, b] and let x 

be an interior point of this interval. Suppose that at the 
point x the function / has a limiting value on the right,

/ (x +  0) = lim / (x')
x'->x, x ' > x

and a limiting value on the left,
/ (x — 0) = lim / (x')

x'-+x, x f<zx

If the values / (x +  0) and f (x — 0) exist but at least 
one of them is different from / (:z), then we say that / has 
a discontinuity of the first kind at x.

If x is one of the endpoints of the interval [a, 6], then 
when determining the discontinuity we consider only one 
of the limiting values: f (x -f  0) or / (x — 0).

In almost the same way we determine discontinuities of 
the first kind of the derivatives of the function /. For exam­
ple, consider the first derivative f  and assume that it exists
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at all points of some neighbourhood of the value x, with 
the possible exception of the point x itself. Also suppose 
that there exist the limiting values f  (x 0) and f  (x — 0). 
If it turns out that f  (x —0) (x +  0), then we say 
that the first derivative f  has at the point x a discontinuity 
of the first kind with the jump f  {x +  0) —f  (x — 0).

For the sake of definiteness, we take the cosine transform. 
Suppose that / and its derivatives up to order m are every­
where continuous on the half axis [0, oo) except at q points 
xl9 x2, . . ., xq (x0 = 0 <  x± <  x2 <  . . . <  xq) where 
they have discontinuities of the first kind. We denote by 
k̂ l) the magnitude of the jump of f %) (x) at the point Xji

=  (x j  +  0 ) —  f l) i x j  —  0 )

(i = 0, 1, . . m; 7 = 1,2,.. ., q)
When it is necessary to remove the discontinuities only 

of the function /, it suffices to introduce a piecewise con­
stant function F0 (x) that is absolutelyrintegrable on [0, oo) 
and has the same jumps as /. For such a function we can 
clearly take

lE ( x - xj)-l]k?' (12.1.1)j=i
where E (x) is the “quenching function” (see p. 172).

On intervals of the half axis [0, oo) between points of 
discontinuity, F0 has the values given below:

(k™ +  k(i0>+  ... +fc<°>) =a<°\ 0 < a : < x 1,
— ( k (r  +  . . .  +  tf9#)) =  o'®’, *1 <  X  c  x2,

kq Ctq , Xq—i X Xq,
0, X q C X

r
F0(x)={ ■
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The cosine transform of F0 is found very easily:
oo Q Xi
f F0 (x) cos px dx = 2  aT j| cos Px dx 
o j==i *M

1 q Q
=  — 2  aJ0) (sin PXJ ~  sin Pxj-\) = -----2  *(i0)sin PXJ

P i=  1 P ;= 1
The difference cp0 (a:) = f (x) — F0 (x) is everywhere con­
tinuous except at the points and at these points for it we 
have <p0 (XJ +  0) = (p0 (XJ — 0). If we redefine it at the 
points xj by putting q>0 (xj) = <p0 (xj +  0) there, it will 
be continuous everywhere on the half axis [0, oo).

Since outside the points Xj the function F0 (x) is piecewise 
continuous, it follows that everywhere, except at the points 
xj, the derivatives of all orders of cp0 (x) and / (x) coincide 
if the derivatives of / exist.

If we wish to remove from / only the discontinuities of 
the first derivative /' while leaving unchanged the discon­
tinuities of the function / itself and of its derivatives above 
order one, we can take advantage of the function1

Fl (x) = 2  [E {x-Xj) - i\ k y ( x - x }) (12.1.3).

It is piecewise linear and continuous on [0, oo) and becomes 
identically zero when x >  xq. The first derivative of it,

*■;(*)=2 [E{x-X])-\ \wj=i
is piecewise constant outside the points xj and at these 
points it has jumps equal to the quantities kf\

i The reasoning behind the construction of Fi (x) is so simple 
that we omit’it.
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The difference (px (x) = f (x) — Fx (x) will have a deriv­
ative cpj (x) everywhere for x =^Xj (/ = 1, 2, . . ., q). 
Besides, at the points xj we have cp̂ (xj +  0) = <jpj (#/ — 0) 
and if we redefine cpj (x) at the points Xj by putting cpj (xj) = 
= cpj (xj +  0) there, the function q>[ (x) will be continuous 
on the half axis [ 0 ,  o o ).

The cosine transform of the function Fx (x) is found by 
means of simple manipulations. Since
oo

j  [E (x — xj) — 1] (x — Xj) cos px dx
0

XJ
= \ (Xj — x) cos px dx —r  (1 — cos pxj) 

J p0
it follows that
oo

j  Fi (x) cos px dx 
o

q oo

= 2  j  [E{x — xj) — — Xj) cos px dx
i=i o

=  J r 2  (4 — cos Pxi) (12.1.4)
j= i

Also note that the difference
<Poi (x) = f (x) — F0 {x) — {x)

will have the following properties: cp01 (xj +  0) =
= <Poi (Xj — 0), cp̂  (Xj + 0) = y'ol (Xj — 0), and if cp0i is 
redefined at the points xj by the equations cp01 (xj) = 
= ^oi (xj +  0), then cp01 will be continuously differentiable 
for x ^  0.
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These arguments can be continued. For any i =  0, 1, ... 
. . ., m put

Ft (X) = 2  \E {X- Xj) -1] k f  (12.1.5)
i=i

Such a function Ft is continuously differentiable with 
respect to x up to order i — 1 inclusive, and the derivative 
of order i for x =£xj (/ = 1, 2, . . ., q) has the value

F ? (x) = S  \E (x-X]) - iV ^
i= l

and is a piecewise constant function with jumps at the 
points Xj, the magnitudes of the jumps being respectively 
k^\ The equation Fj7) (x) =  0 holds for x >  xq.

With the aid of Ft (x) we can remove from the function / 
the jumps of the £th derivative.

Now if we put
<P0l +  +  • • • +^m (#)]

and then redefine <p01...m at the points xj by setting 
9oi...rn (fy) = <Poi...m (&j +  0), we get a function that is 
m times continuously differentiable on [0, oo). In this way 
we remove the discontinuities in / and its derivatives up* 
to order m.

12.2 Increasing the rate of approach to zero of the 
function undergoing transformation

Suppose / (x) tends to zero exponentially so that for 
a certain s we have (x +  a)8f(x) C =£0 (a >  0). In 
many cases the parameter a, which depends on the beha­
viour of / near the origin, can be taken equal to unity. 
The function / can be represented as

/(*)
2cn

(*+!)'



whore fx (x) tends to zero faster than / (x) because (x +  1)* X 
x /i (*) 0 (x oo).
The exact Fourier transform of the principal part 

C (x +  l)"8 of the function / may be found by the method 
indicated in Chap. 10.

If it turns out that the rate of approach to zero of /x is 
not sufficient for the Fourier transformation to be carried 
out, an attempt can in turn be made to isolate the principal 
part from fv Its aspect depends on the properties of the 
function fx but it may turn out that /x, like /, tends to zero 
by a power law and from it is possible to isolate the 
principal part of the same type but with different values of 
the? parameters C and s. By performing the operation of 
isolating the principal part several times, it is occasionally 
possible to construct a representation of / of the form

o <  <  s2 <  . . . <  sm and ym (x) 0 (x -v oo)
Now suppose that / tends to zero exponentially as x oo 

and there exists a positive number a such that eaxf (x) -> 
-> C =7̂=0. Then for / it is true that

Here, (x) tends to zero faster than / (x) so that the first
term of the right side, Ce~ax, is the principal term.

The Fourier transformation of the principal term is ful­
filled exactly:

Cm +  Vm (x)
(* + am)*m

where

/ (x) = Ce~ax +  fx (x) (a >  0)

oo
j  e~ax cos px dx
o

oooo

0
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In Part Three we have discussed only the very simplest 
problems of preparing the function F (p) to inversion of 
the Laplace transform and of the function / (x) to the Fourier 
transformation. We believe this to be sufficient for the 
reader to get a general idea of preparation. Actually, what 
the preparation amounts to is this: one isolates from the 
functions F (p) and / (x) the singular or principal parts 
such that we can perform the computations for them with 
sufficient simplicity and arbitrary exactness.

This problem of isolation is not a standard one and if 
the reader encounters a case that is more complicated 
than those given in this book, we refer him to other texts 
that may be of help in preparing computations for a large 
number of cases (see [2] and [7]).
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Harmonic analysis and the Laplace transformation are tools that
are frequently used to solve a wide range of theoretical
and applied problems. This text, contains most of the familiar methods
of approximate inversion of the Laplace transformation
and calculation of Fourier integrals.
This book is designed for scientists and engineers that have 
to deal with the theory and applications of the Laplace transform 
and Fourier integrals.
It will be a useful handbook in every computer centre 
and designing bureau.
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